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NONPRODUCT TYPE ANALYTIC TUHF ALGEBRAS

BELISARIO A. VENTURA

ABSTRACT. We construct examples of nonproduct type real valued cocycles on
a UHF groupoid, and show that the analytic triangular algebras associated to
those cocycles, can only correspond to nonproduct type cocycles.

1. INTRODUCTION

Suppose that &/ is a UHF algebra. The usual approach to UHF algebras
considers ./ as a union of a nested sequence of matrix algebras. However,
&/ can also be realized as the C*-algebra of a groupoid R, which is actually
an equivalence relation on the Cantor set (cf. [R], page 128). Regarding UHF
algebras as groupoid C*-algebras is useful for the study of analytic triangular
subalgebras of &/ (or analytic TUHF algebras), and automorphisms of &/
associated with real-valued continuous cocycles on R (cf. [B], [PPW 2], [V]).
Given a cocycle d on the groupoid R (that is a homomorphism d : R — R,
where R is the set of real numbers) that vanishes only on the unit space of
R, there is an analytic TUHF algebra of & associated with d, and there
is also a one-parameter group of automorphisms induced by d. The TUHF
algebra associated with d is the algebra supported on the subset of R where
the cocycle is non-negative (cf. [V], Section 5, [PPW2], Section 1). The one-
parameter automorphism group induced by d, is given, for each ¢t € R, by
pointwise multiplication by exp(itd(-, :)) ([R], Proposition IL.5.1).

As far as these associated objects is concerned, the simplest class of cocycles
is given by those of product type (unexplained terminology will be defined in
the next section). They correspond to a factorization of % as an infinite tensor
product of matrix algebras, and this factorization provides sufficient eigenval-
ues and eigenvectors for the automorphism group, as well as canonical finite-
dimensional approximants for the TUHF algebra.

In this paper, we continue the study of analytic TUHF algebras begun in [V].
Our emphasis here is on cocycles that are not of product type. In fact, we give
some examples of such cocycles. These examples are all coboundaries, so their
associated one-parameter groups of automorphisms are inner. Having examples
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of both kinds of cocycles, prompts the following question: Can an analytic
TUHF algebra correspond only to cocycles of product type (resp. nonproduct
type)? We show that the answer to this question is affirmative in the case of
nonproduct type cocycles. In fact, the analytic TUHF algebras induced by our
examples of nonproduct type cocycles can only be associated with cocycles of
that kind.

After we found the examples of nonproduct type cocycles described in this
paper, B. Solel showed us an example [S] he had found of a cocycle that is not
of product type and that corresponds to the standard embedding TUHF algebra
([V], Example 6.1). The standard embedding TUHF algebra corresponds canon-
ically to a product type cocycle ([PPW2], Theorem 2.2), thus Solel’s example
shows that it is also possible for an analytic TUHF algebra to be associated to
both kinds of cocycles.

Regarding the automorphisms implemented by the nonproduct type cocycles
described above, our examples implement nonproduct type actions of R on
UHF algebras, while Solel’s example implements a nonproduct type action of
Z . As far as we know, these constitute the first examples of nonproduct type
actions of R and Z. Previously, Kishimoto [K] and Handelman and Rossmann
[HR] have constructed nonproduct type actions for finite groups and compact
groups, respectively.

This paper is organized as follows. Section 2 contains the preliminaries and
the notational conventions. In Section 3 we give the examples of nonproduct
type cocycles to which we referred before. These examples are divided into
two groups (Example 3.1 and Example 3.6). In both cases we establish that
the cocycles are not of product type by showing that they are not locally con-
stant (Theorem 3.2 and Theorem 3.7). We also indicate how to obtain the
corresponding nonproduct type one-parameter automorphism groups. Sections
4 and 5 are devoted to the TUHF algebras associated with the cocycles given
in Section 3. In Section 4 we construct these algebras as inductive limits of
finite-dimensional upper triangular matrix algebras by exhibiting the embed-
dings ((4.1) and (4.6), respectively) and then proving, in Theorem 4.2 (resp.
Theorem 4.7), that the embedding (4.1) (resp. (4.6)) induces the same TUHF
algebra as the cocycle of Example 3.1 (resp. 3.6). In Section 5 we show that the
TUHEF algebras constructed in Section 4 can only be associated to nonproduct
type cocycles. These results, Corollary 5.5 and Theorem 5.10, are obtained as
consequences of Theorem 5.3, which is the main result of the section. In Sec-
tion 5 we also introduce the term Nonproduct Type Analytic TUHF algebras, to
denote those analytic TUHF algebras that can only correspond to nonproduct
type cocycles. With this terminology, Theorem 5.3, gives sufficient conditions
for membership in the class of Nonproduct Type Analytic TUHF’s.

Although the emphasis of this paper is on UHF algebras and product type
cocycles, the proof of Theorem 5.3 can be applied to AF algebras giving as a con-
sequence that the strongly maximal triangular AF algebras that are not generated
by their order preserving normalizers cannot correspond to a locally constant
cocycle. In Remark 5.13 we point out this fact, and indicate the changes that
are to be made in the statement of Theorem 5.3, in order to obtain an AF ver-
sion of it. Locally constant cocycles on AF groupoids, although not considered
in AF C*-algebra theory, are gaining importance within triangular AF algebra
theory, as recent work of A. Donsig and T. Hudson shows [DH].
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2. BASIC DEFINITIONS AND NOTATION
Let X =[], Y:, where Y; is a finite set for every i, with
Y| = N(1), |Yns1| = N(n+1)/N(n)

(here |Y| is the cardinality of the set Y ).

We denote by R, the Glimm groupoid on X, namely for x = (x,) and
y =(yn), x ~y iff x, =y, for all but finitely many n’s. We identify X with
the unit space X x X of R. The topology of R is given by considering the
graphs & of all the partial homeomorphisms ¢ that change only finitely many
coordinates of the points of X . The collection of such graphs forms a base
of compact open sets for the topology of R (cf. [R], I1.4.15 and 1.2.13, [V],
Section 2).

Z!(R, R) will denote the set of continuous, real valued one-cocycles on R,
that is, the continuous homomorphisms d : R — R. We will refer to all the
elements of Z!(R,R) simply as cocycles. We assume that all the cocycles
we consider vanish only on the unit space (or diagonal) X of R, that is, d
satisfies d—!(0) = X . We recall that a cocycle d is a coboundary, if there is a
continuous function b : X — R such that d(x, y) = b(y) — b(x). In this case
we say that 4 is implemented by b, and we will use the notation d = db to
refer to this relationship.

Definition 2.1. d € Z!(R, R) is of product type if it is of the form

d(x,y)= Z (xi, i) , whered; € Z'(Y; x ¥;, R).

Let &/ = C*(R) be the UHF algebra of the Glimm groupoid R ([R], Chap-
ter II and [V], Section 2). That is & is the closure, under a suitable C*-norm,
of the span of the characteristic functions of the graphs & that form a base for
the topology of R mentioned above. If we view & as a union of an increas-
ing collection of matrix algebras, each matrix unit v in the finite dimensional
approximants induces a partial homeomorphism ¢, that changes only finitely
many coordinates in some points of X, and the matrix unit v can be regarded
as the characteristic function x(9) of the graph ¢ of the partial homeomor-
phism o,. We will say that ¢ is the support of v. Given a matrix unit v,
the partial homeomorphism o, induced by v maps the support of the final
projection of v, vv* (which coincides with the range of the R-set 0 ), to the
support of the initial projection of v, 0*v (which coincides with the source of
the R-set 0). This set of correspondences establishes the connection between
the two approaches to UHF algebras.

The main simplification introduced by a product type cocycle is summarized
in the next lemma.

Lemma 2.2 (Lemma 5.4 of [V]). Let d be a cocycle of product type on R. There
lS a system of matrix units {e(")} in & = C*(R), such that d is constant on

the support of e(") It follows that d is locally constant.

x/ ’
Outline of proof. Given X = (X1, ... ,Xs), ¥ = W1, ... ,¥n) € [Ii-, Yi, we
consider the partial homeomorphism o (X, y) of X, defined on those w =
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(w;) for which w; = x; for 1 <i < n, and given by a(X, y)(w) = z, where
w=(w;), z=(z;), w;=x; for 1 <i<n and

yi ifl1<i<n,
2.2.1 =
(22.1) “ {wi ifi>n.
We can verify that on a(§’?37) (the graph of a(X, y)), d has the constant
value Y7 di(xi, yi), and that

n

(2.2.2) m:{a(x,y”):f,fe]'[n, n=1,2,...}
i=1

supports a system of matrix units for &/ . 0O

Definition 2.3. The system of matrix units supported on the sets in R is called
the system of matrix units induced by the cocycle d .

Consequently, the set ?® forms a base of compact open sets for the topology
of R.

Let = C(X). & is a maximal abelian subalgebra, actually a Cartan
subalgebra (cf. [R], I1.4.13), of &/ . A norm-closed subalgebra 7 of & is
called triangular if J NI * =<2 . A triangular subalgebra 7 of & is said to
be strongly maximal if (7 +9*)" =& .

It follows from [MS], Theorem 4.1 that any strongly maximal triangular sub-
algebra of &/ is supported on a clopen subset P of R, in the sense that
J = C(P) where

C(P)={fe% : f vanisheson R~ P}.

In the case of a strongly maximal triangular subalgebra .7~ of an AF C*-algebra,
P = |J{0 : v is a matrix unit in J }, thatis, (x, y) € P iff there is some matrix
unit v € S such that g,(x) =y . P has the following properties:

(1) PNP =X

(2 P-PCP

(3) PuP'=R
where ~! and - are the groupoid operations for R. Thus P is the graph of
a “total” order on X (total only on the orbits of R).

A strongly maximal triangular subalgebra 7~ = C(P) of & is called analytic
if there is d € Z'(R, R) such that P =d~'([0, o)), that is J is supported
on the set where the cocycle is non-negative. We usually say in this case that
g corresponds to d or that .9 is induced by d .

Let us view the UHF algebra &/ as the inductive limit of a sequence of matrix
algebras (of size N(n), if we want them to correspond to the factorization of
X given at the beginning of the section), and assume that the strongly maximal
triangular subalgebra .7~ of &/ has the form Lim_, (9, ¢,), where 9, are the
N(n) x N(n) upper triangular matrices. In this context, whenever we choose a
system of matrix units {ef}')} , we will always assume that

Fn=span{e” : 1<i<j<N(n)},

i

O ‘
.7=(span{e§j'.”: 1<i<j<N@n), n=1,2,...})"
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and we will say that the system corresponds, or is associated, to 7 .
The reader is referred to [MS], [P2], [PPW2], [R] and [V] for more informa-
tion about groupoid C*-algebras and their triangular subalgebras.

3. COCYCLES THAT ARE NOT OF PRODUCT TYPE

In this section we give two groups of examples of cocycles that are nonproduct
type. The motivation for both examples came from triangular UHF algebra
theory, but the proofs we give in this section are independent of that theory.
For simplicity, we only consider here the case of the 2°° UHF algebra for the
first set of examples. However, the examples and the proofs that follow can be
easily generalized to arbitrary UHF algebras.

Perhaps the simplest coboundary on R that we can write down is the one
implemented by the “trace” function on X, b(x) = Y72, x,/2". The cocycle
of Example 3.1 is basically that one, except that we reverse the order in the
cylindrical sets corresponding to the n-tuples of the form (1,0,...,0).

Example 3.1. We construct the cocycle d; as follows. Let Y; = {0, 1} and for
(it, ... ,in) €I, Yi, let P(iy, ..., i,) denote the n—cylindrical set

{xeX:x1=i1,... ,Xp=1In}

and let yx, denote the characteristic function of the n-cylindrical set
P(iy,... ,i,),where ij =1 and i, =0 for l<m<n.
Consider the function on X :
X = X 1—x
By b =24 Y (0o men i+ ()]

n=1

Clearly b; is a continuous function on X . We define the cocycle
(3.1.2) di(x, y) = bi(y) — bi(x).

We are going to prove that d; is not of product type.
Theorem 3.2. The cocycle d, defined in-(3.1.2) is not of product type.

We show that d; is not locally constant. We will need the following string
of lemmas. The first shows that d; vanishes only on the diagonal of R.

Lemma 3.3. d\(x,y)=0 iff x =y, that is b is one-to-one on the orbits in R.
Proof. Ttis clear that x = y implies that d;(x, y) = 0. We show the converse.
First note that d,(x, y) =0 iff
X1 =) and
(3.3.1) (1= xn))Yns1 + Xxn (V)1 = Yuy1)
= (1= xn(x))Xn+1 = Xn(X)(1 = Xpyy) forn=1,2,....
Hence, we only need to show that (3.3.1) implies that x = y. We do that by
induction.
Note first that (3.3.1) implies that x; = y,. Assume that x; = y;, for
i=1,...,m. Then xum(x) = xm(y). If both are zero, then (3.3.1) yields

Xm+1 = Ym+1 - If both are one, (3.3.1) becomes 1 — y,,.1 = 1 — x,,41 . Hence,
Xm+1 = Yms1 1IN any case. 0O
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Lemma 34. by(x) =1 iff x =(1,0,...), thatis x; =1 and x, = 0 for
n>1.

Proof. Clearly, b;(x) =1 for x =(1,0,...). In order to show the converse,
notice that b;(x) =1 iff

{ x =1 and
(1 = xn(X))Xns1 + Xn(X)(1 = Xpy1) = 1 for n=1,2,....
Just as in the previous lemma, it suffices to show that (3.4.1) implies that x =
(1,0,...).

An easy induction, along the lines of the one in the proof of Lemma 3.3,

shows that (3.4.1) implies that x; = 1 and x,(x) = 1, for n > 1. Hence
xyj=1and x,=0 for n=2,.... O

(3.4.1)

Lemma 3.5. b;(x)=0 if x=(0,0,...), thatis, x,=0 forall n.
Proof. Clearly b)(x)=0 if x=(0,0,...), and also b;(x) =0 iff

(3.5.1) x;=0and (I = xn(X))Xns1 + Xn(X)(1 = Xp1) =0, n=1,2,....

As before, a simple induction shows that (3.5.1) implies that x, = 0 for all »,
so bi(x) =0 implies x =(0,0,...). O

We give now the proof of Theorem 3.2.

Proof. From Lemmas 3.4 and 3.5, it follows that d; takes the value 1 only
at the point ((0,0,...),(1,0,...)). Hence, d, is not locally constant, and
therefore it cannot be of product type. O

We move to our second set of examples. We will require that all the factors
Y; of X, with the possible exception of the first, have the same cardinality
k . This cocycle is constructed by applying the trace function not to x, but to
the point whose n-th coordinate is the sum of the first n coordinates of x,
mod k. The motivation for this construction comes from triangular TUHF
algebra theory and it will be explained in the next section.

Example 3.6. Let Y, = {0, 1,..., N(1)-1},and Y, ={0, 1,..., k -1},
so that |Y,| = k for n =2, 3,..., where k is some fixed positive integer.
Consider
(3.6.1) by(x) = X1 +§: ! ix (mod k)

o N(1) = N \S '

where z (mod k) is the remainder of the division of z by k.
Notice that
NDH-1 k-1
by(x) < + — =1
LR (AP PRT)

so the series defining b, converges uniformly on X, and hence b, is a contin-
uous function.
We define the cocycle da(x, y) = by(y) — ba(x) .

We will prove that d, is not of product type.
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Theorem 3.7. d, is not of product type.

As in Example 3.1, we prove the theorem by showing that d, is not locally
constant. As before, the proof is reduced to a string of lemmas, the first of
which shows that d, vanishes only on the diagonal X of R.

Lemma 38. d>(x,y)=0if x=y.
Proof. Clearly x = y implies d,(x, y) = 0. It is also clear that dy(x, y) =0

iff
(3.8.1) x; =y, and (Zyi) (mod k) = (Zx,) mod k), n=2,....
i=1

We show, by induction, that (3.8.1) implies that x, =y,, n=1,2,....

Clearly (2.8.1) implies x; = y,. Assume x;=y; for i=1, 2,... , m. From
(Tt yi) (mod k) = (ZX"T‘ x.)( mod k), we get that Ypy1 = Xpet (mod k),
and as Xp41, Ym+1 € {0, 1, , k— 1}, we have that X, =Vmy1. O

Lemma 3.9. by(x) =1 iff

(1) xy=N(1)-1;

2) x1+x2=k—-1(mod k); and

(3) x,=0forn=3,4,....
Proof. If x, = N1)-1, x+x; =k-1(modk) and x, = 0, for n =
3, 4, ..., then an easy calculation shows that by(x)=1.

Now by(x) =1 iff

(3.9.1) x,=N(1)-1 and (Zx,): —1(modk) for n=2, 3,....

An induction similar to the ones in Lemmas 3.3, 3.4 and 3.5, shows that (3.9.1)
implies that x; = N(1), x; +x; = k- 1(mod k) and x; = O for i =
3,4,.... O

Lemma 3.10. b,(x)=0iff x,=0, n=1,2,....
Proof. If x, =0, n=1,2,...,itisclear that b,(x) = 0. Note that by(x) =0
iff

n
(3.10.1) x=0 and (Zx,) =0 (modk) for n=2, 3, ....

i=1
By induction, we see that (3.10.1) implies that x, = 0 for n =2, 3,... so
the proof is complete. 0O

We are ready to prove Theorem 3.7.

Proof of Theorem 3.7. From Lemmas 3.9 and 3.10, we see that d, takes the
value 1 only at one point, so d, is not locally constant. Therefore d, is not
of product type. O

Remark 3.11. The one-parameter groups of automorphisms induced by d, and
d, , respectively, are nonproduct type. In order to see this, let us recall that given
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a cocycle d on R, the one-parameter group of automorphisms «, of & =
C*(R) induced by d is obtained by extending to C*(R) the automorphisms

o (f)(x,y) =exp(itd(x, y))f(x,y) for fe€C(R)

where C.(R) is the algebra of continuous functions on R, with compact support
([R], Section IL5). If we express & = C*(R) as |J%,, where %, are the
finite-dimensional C*-algebras corresponding to the groupoids X, x X, (with
X, =TI}, Yi), then C/(R) =2, % . We also recall that, for a UHF algebra,
d is a coboundary iff the induced automorphism group is inner ([R], Proposition
11.5.3), and that a one-parameter automorphism group is induced by a cocycle
iff it restricts to the identity on the diagonal & = C(X) ([V], Corollary 3.7).
In particular, all automorphism groups induced by cocycles are representable in
the sense of [HR].

A one-parameter group o of automorphisms of the UHF algebra & is of
product type if it can be factored as a product of automorphisms of matrix
algebras along a decomposition of & as an infinite tensor product of matrix
algebras (see [B], Theorem 2.1, for the precise definition). Now, a factorization
of &/ as an infinite product of matrix algebras corresponds to a factorization
of X as a product of finite sets. Thus, o is of product type iff d is of product
type. It follows from Theorems 3.2 and 3.7, that the automorphisms induced
by d; and d, are both nonproduct type actions of R. Both actions are inner.

4. THE TUHF ALGEBRAS

In this section we exhibit the TUHF algebras associated with the cocycles of
Examples 3.1 and 3.6 of the previous section. ‘

We recall that a subalgebra ¥ of &/ is analytic if there is a real valued
continuous cocycle d, such that % consists of those elements of &/ that are
supported on d~'([0, o0)) (cf. [MS], [PPW2] and [V]). We denote that algebra
by C(d~1[0, o)) . If the cocycle vanishes only on the unit space X of R, the
algebra C(d~![0, 00)) is also triangular, actually, strongly maximal triangular.

Let M,» be the 2" x 2" matrices, and let 4, : M — M., be given by

1 1) ep - - . .
egil-—'—l),Zj—l +eg',+2j) ifi,j<2"ori=j=2",
+1 +1 [ .
(4.1) In(el?) =4 et et ifi<2n, j=2,
1 i o .
eéf,'f,’)zj_l +e§f,’f,_)l’2j ifi=2", j<2".

An satisfies that 1,(9,) C J,,1, where 7, is the upper triangular 2" x 2"
matrices.

Note that 4, is essentially the refinement embedding, but we flip the last two
rows and columns. 4, was introduced by Peters, Poon and Wagner ([PPW1],
Example 4.4), and has also been considered by S. Power ([P2], 6.4).

We will show that the embeddings (4.1) and the cocycle d; of Example 3.1
induce the same strongly maximal TUHF algebra.

Theorem 4.2. Let I be Lim_ (9, , A,), where , and A, are defined in (4.1),
and let d, be the cocycle of Example 3.1. Then C(d;'[0, oc)) is isometrically
isomorphic to I .

Proof. We will define a system of matrix units { j;(j")} in C(d~'[0, x)), such
that { f,.(f )} satisfies
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(4.2.1) the embedding (4.1); and

(4.2.2) that the linear span of the upper triangular matrix units f,
is dense in C(d] l[0 )).

The correspondence fl.(j”) el J , the latter satisfying (4.1), extends to an iso-

metric isomorphism between .7~ and C(d| ~1[0, o)), completing the proof of

the theorem.

Besides the notation of Example 3.1 and the proof of Lemma 2.2 let us also
consider

i<,

n—1
X1 l1—x
(4.2.3) "(x)=F+ [(1 - L) + 0 L 2m) 2J+{+‘)
j=1
Let 7 = (iy, ... , i») and let b (7') denote the common value of b(” on the

cylindrical set P(z)

Let d = 5b(", that is d"(x, y) = " (y) — b{"(x). Note that d\”
constant on P() x P(7) N R (where 7' = (ji, ... , jx)), with value b{"(j") -
b{"(7), on that set. Also, d\") — d, uniformly on compact sets.

Consider 7', j €[]i,Y:, and o(7; J) as defined in (2.2.1). For
(4.2.4) i=2"@)+1 and j=2""(7)+1

we define f(") to be the characteristic function of the graph a( 7)ofa(@; 7).
Notice that

(4.2.5) o 7) =0, 0;7,0)Ua(@, 1;7,1).
We begin by showing that all upper triangular f;] ™5 are in C(d~'[0, c0)).

Lemma 4.3. d\(x,y) >0 for (x,y) € ,.j" with i < j.

Proof. We show first, by induction, that given j:.(.") , df"“”)(x, y) > 0 for all
(x,y)ef:-(J-") and m=0,1,2,....

Let 7 and j° be the n-tuples associated to i and j according to (4.2.4). If
m = 0, we have that fi(lf') C P(I) x P(3)N R. As we have observed d,(") has
constant value b\ (7') — b{"(7) on P(I) x P(j)NR. Since i < j, we get, from
(4.2.4), that b"(7) < b(")(]) and therefore that (" is positive on f‘l .

Assume d\"*P)(x,y) > 0 for (x,y) € f,j and i < j. Then d"*"(x,y)
> 1/2*7 and "V (x, y) — d"P(x,y)| < 1/2P+1.  Therefore,
d"P*)(x, y) > 0 for any (x, y) € ﬂ(j").

It follows that d\"*™(x, y) > 0 for (x,y) € fi(j") with i < j, and m =
0,1,.... Since df"“”) converges uniformly on compact sets to d;, we get
that d, is nonnegative on fi(j"). But, as ff;” N X = @, we conclude that d; is

positive on ﬁ(j") .0

Next, we show that the upper triangular f.( ) have a dense span in

C(d'[0, 00)).
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Proposition 4.4. C(d['[0, o0)) coincides with the closed linear span of

W 1<i<j<2,n=1,2,..}.
Proof. Lemma 4.3 gives us one of the inclusions. Hence, the triangular algebra
C(d['[0, c0)) contains the closed linear span of the upper triangular J’[(J.") ’s,

which is a strongly maximal triangular algebra. Therefore, we must have the
other inclusion as well. O

In order to finish the proof of Theorem 4.2, we only need to show that the
system { f,(J")} satisfies (4.1)

Let i, j, 7, asin (4.2.4). Then, by (4.2.5) we must have that
ky = 2" (@ 0) 4+ 1,
I = 2"+'b§"+”(] L0 +1,
ky =2"1p"™ V(@ 1)+ 1,
L=21p" (G 1)+ 1.
We show that this coincides with (4.1), by considering the following cases.

Case 1. If i,j < 2", then (4.2.4) and (4.2.3) give that T # (1,0, ...,
0) # j, so xu(I) = xa(7) = 0. Hence, from (4.2.3), we obtain that for
p=0,1

(4.5) f fkn,rrl fk(zn,:l where

B, p) = b0 + g s
(5, p) = b”’(i)+2f+,

Thus, for p =0, 1, we must have
2T p)y = 22" (7)) +p=2i -2 +p,
2P (7 p)y = 22" (@) +p =2 — 2 +p.

f2(n+1) (n+1)

Therefore £ i—1,2j—1 t /o 5; as desired.

ij
Case2. If i = j =2" then (4.2.4) and (4.2.3) givethat ' =7 = (1,0, ... ,0),
s0 xn(T) = xx(7) = 1 and from (4.2.3) we obtain

b, p) = (z)+2n+f’ :

b, p) = b (F) + 2,,+f)-

Therefore f/" = fz(""f,f)z,,“ + D) meig

Case3. If i =2" and j < 2", then (4.2.4) and (4.2.3) give that 7 = (1,0, ...,
0),and 7 # (1, 0,..., 0). Thus x,()=1 and x,(j) =0, so, for p=0, 1
(4.2.3) yields

- l-p
b p) = b (@) + 5y
b, p) = (J“)+%~

(n) __ p(n+l) (n+1)
ThUS -/’2",1'_'[2"”,2j 1 jérwl ]21
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Case 4. If i < 2" and j = 2", we show that (4.1) holds with an argument
similar to the one of Case 3. O

Next, we exhibit the analytic TUHF algebra associated with Example 3.6.
Let N(1) and k be as in Example 3.6. Let M, bethe N(n)x N(n) matrices,
and let v, : M, — M, be given by

(n+1)
(4.6) Zek(, 1)4¢, k(i—1)+(g+j—i) ( mod k) *

Note that if %, is the algebra of N(n) x N(n) upper triangular matrices,
then v, (57) C 41 -

The embeddings y, are examples of nest embeddings, and they have been
studied in [HP]. Here all the permutations involved in the embedding of the
first superdiagonal are equal to the cyclic permutation (1 2---k) € Si, the
permutations on k elements, so the family y, defines a homogeneous nest
embedding ([HP], Definition 1.2).

We are going to show that the cocycle d, of Example 3.6 and the embeddings
given by (4.6) induce the same strongly maximal TUHF algebra.

Theorem 4.7. Let ¥ = Lim_ (%, v,), where %, and y, are given by (4.6),
and let d, be the cocycle of Example 3.6. Then C(d; 110, 00)) is isometrically
isomorphic to . .
Proof. As in the proof of Theorem 4.2, we will construct a system of matrix
units in C(d; 110, 00)) such that it satisfies properties corresponding to (4.2.1)
(for the embeddings (4.6)) and (4.2.2) (for the cocycle d> ). The same argument
given in Theorem 4.2 will yield an isomorphism in the present case.

In addition to the notation of the proof of Lemma 2.1 and Example 3.6,
consider

(4.7.1) by (x) = x‘ +ZN [(Zx,) modkl

Let 7' = (iy, ... , iy) and j‘ =(J1,.-- » jn)- We denote by bé”)(i’) the constant
value of 5" on P(7). If d\") = 6b\", then, as in Theorem 4.2, d{" is constant

on the set P(7)xP(7)NR, with value b(")(J) b{"(7), and d\" — d, uniformly
on compact sets.
For 7, j € [I._, Yi, and o(i'; j°) define

(4.7.2) i=Nmb"(@) +1  j=Nmb"(G) +1

and set f;; " to be the characteristic function of a( 7). Notice that instead
of (4.2.5) we have

(4.7.3) o7, 7) = U o7

Now, an argument similar to the one we gave in Lemma 4.3, with N(n)
instead of 2", establishes the following lemma.
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Lemma 4.8. d)(x,y) >0 for (x,y) € f;(j") with i < j.
. The same proof given for Proposition 4.4 will establish the following propo-
sition.
Proposition 4.9. C(d; 110, o0)) coincides with the closed linear span of
{fi(;'):lgigjgN(n), n=1,2,...}.

We finish the proof of Theorem 4.7, by showing that { fi(j")} satisfies (4.6).
Let i, j, 7,7 asin (4.7.2). Then, at the level of matrix units, (4.7.3) be-
comes:
k—1

(4.10) i = z o

(n+ )bV (@, p)+1, N(n+ DBV (57, p)+1

with
Siy i) (mod b)),
N(n+1)

= kN(n)b{"(7) + (p + Z 1,) (mod k) +

=k(i—1) <p + z z,) mod k) +1 by (4.7.2).

N(n+ DB DE, p) + 1 = N(n + D){p"(7) + [+

Similarly,
n
N+ )b (G, p)+ 1 =k(j - 1)+ (p + Zj,) (modk) + 1.

t=1

Note that {(p + ¥ ,i)(modk):p=0,... ,k—1}={0,1,...,k—1}
as the first set contains k consecutive positive integers.
Thus, we only need to show that if pe {0, 1,... ,k— 1}, then

(4.11) <p+ij,)z<j—i+p+2n:i,) (mod k).
t=1

t=1
In order to do that, we need the following lemma.

Lemma 4.12. Forany x € X
(N(m)BS(X) + Xpi1) = (Zx, +x,,+.) (mod k).

Proof. If n =1, then N(l)bg")(x) + x; = x; + X2, so above equality holds. If
n > 1, from the definition of b;") we see that
} + Xn+1

N(n)bS () + Xns1 = N(n ){ D) +z N(J) [(Zx,) ( mod k)
n J
=k"'x; + {Zk"‘f [(ZX,) ( mod k)} } + Xnii -
j=2 i=1
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Since k"~'x; = 0(mod k) and k"~/[(3)_, x;)(mod k)] = 0(mod k), for
Jj < n, it follows that

N()BY (X) + Xny1 = (Z x,~> (mod k) + Xn1 = Y Xi + Xnp1 (modk)

i=1 i=1

which proves the lemma. 0O

Applying Lemma 4.12to x such that x, =i, t=1,... ,n,and X,y =
p, p=0,..., k-1, weget

p+Zz,_ (@) +p=(i—1)+p

and similarly
p+ZJ = Nmb" () +p=0U-1)+p.

Therefore . .
P+Y ji=p+Y i+ (j—1i) (modk).

t=1 t=1

Thus (4.11) holds. Therefore, { f,-(j")} satisfies (4.6). O

5. NONPRODUCT TYPE ANALYTICITY

In the preceding sections we have exhibited examples of nonproduct type
cocycles and we have constructed their coresponding analytic TUHF algebras.
In this section we are going to show that the analytic TUHF algebras of Section
4 have the property that they do not correspond to any product type cocycle,
that is their support cannot be expressed as d~!([0, o0)), where d is a product
type cocycle.

Some analytic TUHF algebras are canonically associated to product type co-
cycles, which makes them more tractable. Among them is the standard embed-
ding TUHF algebra ([V], Example 6.1, [PPW2], Theorem 2.2). At the onset
of this research, we thought that algebras like the standard embedding TUHF,
corresponded only to product type cocycles. However, that is not the case, as
B. Solel has obtained a nonproduct type cocycle that also corresponds to the
standard embedding TUHF algebra.

We introduce the following definition.

Definition 5.1. Let 7 be a triangular analytic subalgebra of the UHF algebra
& . If there is a cocycle d of product type such that 7 = C(d~![0, )), we
say that .7 is Product Type Analytic. We say that .7 is Nonproduct Type
Analytic if it is not Product Type Analytic.

With the terminology just introduced, B. Solel has shown that not all the
cocycles corresponding to a Product Type Analytic TUHF are of product type.
We will show that there exist Nonproduct Type Analytic TUHF algebras. In
fact, Theorem 5.3 implies that the analytic TUHF algebras of Examples 3.1 and
3.6 are Nonproduct Type Analytic.
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We also remark that in [V], Section 5, we used the term Product Type Ana-
lytic, without making it into an official definition, for those TUHF algebras that
are associated (usually in a canonical way) with a product type cocycle. How-
ever, at the time, the results mentioned at the beginning of this section were not
known, so it was not clear what the right definition should have been.

Let d be a cocycle of product type on R, and let {e(”) 1<i,j<N(n),n=
1,2,...} be a system of matrix units induced by d Let d(i, j; n) denote
the constant value of d on é(") (cf. Lemma 2.2 and Definition 2.3).

We will denote by a(") the partial homeomorphism whose graph is e(").
The tnangular algebra C (d 110, o)) induces an order in its diagonal matrlces
{e } called the diagonal order (cf. [PPW1], Section 3) or the algebraic order
(cf [P1], Section 1). We denote that order by <. We consider that order
restricted to the sets X, {e(”) 1 < j < N(n)}, and will also regard a as
a permutation on the set X,,+k , when convenient. We can always assume that
el < el iff i< j. Thatis, d(i, j;n) >0 iff i</.

123
We recall the following result.

Lemma 5.2 (Lemma 5.5 and Lemma 5.6 of [V]). Let d be a product type cocycle,

fj") and a(") as defined above. Consider a( ) with i < j. Then a ) preserves

the dzagonal order induced by C(d 1[O oo)) on X,k for k > 0 That is,

if e, égq) C range(8\") (which is e™ ) for m > n, and e,(,';') eys) . then

7 () < 0] (e

S. Power has introduced the notions of strong normalizer and regular em-
beddings ([P1], Definitions 2.1 and 2.3, respectively). With this terminology,
Lemma 5.2 is saying that the matrix units induced by a product type cocycle are
contained in the strong normalizer semigroup, and that the embeddings relating
these matrices, are regular embeddings.

Lemma 5.2 has also an AF version, in which the hypothesis d is of product
type is substituted by d is locally constant, and the conclusion is that for any
point in the support of the triangular AF algebra, there is a matrix unit v such
© contains the point and d is constant on U (see Remark 5.13).

(m)

We will use the following terminology in the next theorem. We say that ey,

is a restriction of efj”) ,if el c e ‘(") , that is, ain’) is a restriction of J(J”)
We also say that a sequence of matrlx units {ex 1k =1,2,...} is nested, if
é12é,D....

We come to the main result of this section.

Theorem 5.3. Let 9 = Lim_(Y9,, ¢,) be a TUHF algebra, where 7, is the
N(n) x N(n) upper triangular matrices. Let {e(") 1 <i,j< NMn),n=
1,2,...} be a system of matrix units associated wzth T . Assume that there
is a nested sequence of matrix units {ek ")} among the {e(”)} such that a("")
does not preserve the order of Xpn,+1. Then I cannot have a system of matrix
units such that their corresponding partial homeomorphisms preserve the diagonal
order induced by 7 . In particular, if F is analytic, then I is Nonproduct
Type Analytic.

Proof. {é,((”k)} is a nested sequence of compact sets, so it has a nonempty inter-
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section. Moreover, as any system of matrix units forms a base for the topology
of R, the intersection of the sequence {é,((”")} , has only one point. Let (a, b)
be that point.

By Lemma 5.2, {e(”)} cannot be the system of matrix units induced by

a product type cocycle. Let { j;(]m)} be another system of matrix units such
that = (span{fi(j'") i <j,m=1,2,...})~. We will show that there is
no cocycle having constant values on all the fl("') by showing that there is a
matrix unit, among the f,( ), such that it does not preserve the diagonal order

on the set of minimal pI'O_]eCIIOIlS contained in its range.
Let /) be such that (a, b) € f). Find k such that &/ C f&). As o™

does not preserve the order of X, ;, there are minimal projections e,(,',',"“) R

elmtl) et and e{+!) such that

(5.3.1) el(,’;,k“) el (;'k"'l) < e‘SZ"“)
while e{%*! | glmth) ¢ glm) ¢ i)

Pick x e elp*V, y e é,(ﬁ"‘“) , we Pt and z e éelit! such that
(5.3.2) x<y, w<z and (x, z)€ epnk+1), (v, w)e églk+1) )

Let u, v be matrix units in the system { f, i } , such that (x,y)eaC é,(,Z"“)

and (w,y)ed C é 2+ Thus @, 9 C f,ﬁ,l,) . By considering the initial and
final projections of u and v, we see that f,; ) does not preserve the diagonal
order on the set of minimal projections contained in the final projection fj,,, )
of f(l) In fact (5.3.1) and (5.3.2) 1mp1y that uu* < vv* < v*v < u*u, with the
partial homeomorphism induced by fm, mapping uu* — u*u and vv* — V*v.

Thus no cocycle can have constant values on each of the ﬂj’") , and therefore

the system { } is not induced by a product type cocycle. O

It is interesting to notice that the proof of Theorem 5.3 holds also for strongly
maximal triangular AF algebras. However, for AF algebras, the proof shows
that the strongly maximal triangular algebra .~ cannot correspond to a locally
constant cocycle. In Remark 5.13 we expand on the AF version of Theorem
5.3.

In the remainder of this section, we obtain some consequences of Theorem
5.3, among them, that the TUHF’s of Sections 3 and 4 are Nonproduct Type
Analytic.

Corollary 5.4. Let .9 be an analytic TUHF algebra. If there is only one x € X
such that the orbit [x] of x has a largest element and a smallest element in the
order induced by 9 on X, then J is Nonproduct Type Analytic.

Proof. Let {eg.') :1<i,j< N(n),n>1} be a system of matrix units asso-
ciated to 7 . Let y (resp. z) be the smallest (resp. largest) element in [x].

Then y € el and z € el(\;l()n),N(n) for all n.

Choose ngy such that af"‘}z,("o)(y) = z. Then, some restriction of af"‘}v(no)

(no+1) (ng+1)

among the o;; should map y to z. That can only be O} N(no+1) - Moreover,
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af”‘}z,(n ) does not preserve the order of X, .. In fact, if ¢, is another re-

striction of {"y, ', we have that eV, 1w el et 5 et

("0+1)

Proceeding inductively, we conclude that {ei"‘}:&)o i k=0,1,...}isa
nested sequence of matrix units such that their corresponding partial homeo-
morphisms do not preserve the diagonal order. By Theorem 5.3, . is Non-

product Type Analytic. O

Corollary 5.5. .9, the TUHF algebra defined by the embeddings (4.1), is Non-
product Type Analytic.

Proof. Theorem 4.2 shows that .7 is analytic. (0,0,...) and (1,0,0,...)
are the smallest and largest elements, respectively, of their common orbit, for
the order induced by the cocycle d; (cf. Lemmas 3.4 and 3.5). Moreover, that
orbit is the only one with a smallest and a largest elements. Thus, by Corollary
5.4,  is Nonproduct Type Analytic. O

We should remark that in [V], Example 6.4, we showed, using different tech-
niques, that .7 cannot be associated to a product type cocycle. At that time,
we did not know that 7 is analytic.

In order to show that the TUHF algebra given by the embeddings (4.6) is
Nonproduct Type Analytic, we need the following terminology.

Definition 5.6. An embedding v : M, — M,., (here M,, are the m x m
complex matrices), given by v(a;;) = (a;ju;;), where each u;; is a permutation
k x k matrix, is called a Nest embedding. If u;; = n/=', where = is a fixed
permutation k x k matrix, we say that v is a homogeneous nest embedding.
A subalgebra 7~ of a UHF algebra & is called a Full nest subalgebra if J =
Lim_ (%, ¢.), where 7, is the N(n) x N(n) upper triangular matrices, and
@, is a nest embedding.

Notice that the homogeneous nest embedding corresponding to the permuta-
tion = on {1,2,...,k} is given by

(n) n+1)
(5.6.1) Z% D40 k(j— 1)+~ (p) *
We will use the notation
(5.6.2) pn(el)) = ul) el

to denote the nest embedding ¢, in terms of the matrix units e ) of a system
associated with the full nest algebra Lim_, (7, ¢,).

Remark 5.7. The terminology of Definition 5.6 is due to Hopenwasser and Pe-
ters ([HP], Definitions 1.1-1.3).

As an example of nest embeddings, we have the ones defined by (3.1). In
this case, the number k of Definition 5.6 is 2, for all the embeddings, and the

matrices u(" ) are:

<(1) ?) if i<2" and j<2" or i=j=2",

(n) _

ij
<? (‘)) if i=2" and j<2" or i<2" and j=2".
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The following definition departs from the terminology of Hopenwasser and
Peters.

Definition 5.8. Let .9 = Lim_,(,, ¢,) satisfy
(1) S, is the upper triangular N(n) x N(n) matrices;
(2) there is a positive integer k satisfying N(n + 1) = kN(n) for all n;
and
(3) for all n, ¢, is the homogeneous nest embedding corresponding to a
permutation 7 of {1,2,..., k}.
G is called a stationary homogeneous nest embedding TUHF algebra.

As an example of a stationary homogeneous nest embedding TUHF algebra,
we have the TUHF algebra .¥ defined by the embeddings (4.6), which corre-
sponds to the k-cycle # = (1 2...k) on {1,...,k}. Note that n/~/(p) =
((j — i)+ p)(mod k), so (5.6.1) for this particular n coincides with the defi-
nition (4.6) of the embeddings for ..

The TUHF algebra 7, defined by (4.1), however, is not a stationary homo-
geneous nest embedding TUHF.

In order to show that . is Nonproduct Type Analytic, we show that all
stationary homogeneous nest embedding TUHF algebras corresponding to the
k-cycles (1 2...k), are Nonproduct Type Analytic.

Lemma 5.9. Let = Lim_(9,, (o,,) be a nest embedding TUHF algebra. If
(") # I;, (the identity matrix), then a ) does not preserve the order of X,,, .

Proof. Let kK = N(n + 1)/N(n), and assume that u ) # I, . Note that a(")

ij >
viewed as a map from {e((;'fl'))k P = k} (whose sum is e ) to

{e((;'fll))k+p :p=1,...,k} (whose sum is e (") ) satisfies
(") (n+1) _ (n+l) . (,,)
(e(, l)k+p) = € _1)k+q if i (Vo) =Vp

where {v;, ..., v} is the standard orthonormal basis of R* .
1 1 .
Let Y= {p: ai(jf‘)(e((;'_*”)kfp) £ e((;'_f]))kw} . Y is nonempty, as u;; # I . Let
po be the smallest element in Y . Then

(n)(e(n+l ) (n+1)

(i—=1)k+po e(] Dk+q for some q > Do

Let p; be such that ¢ (el ,"+l'))k ) = e((;'f :))kwo. Then pg < p;, and we have
that

(n+1) (n+1) o™ () o™ (D)
€lim)k+po ~ €(i—1)k+p, but i (€ kapy) 7 9 (€4 1)kap,)

(n+1) (n+1)
(i~ Dk+po) (-Dk+po - O

(n+1)

= €j—1)k+q

(n+1) ) e

(n)
and g;; (e(j Dk4p:

since o;; )(e

Theorem 5.10. Let = Lim_(%,, ¢,) be a stationary homogeneous embed-
ding TUHF algebra, where ¢, is associated to the k-cycle (12 ... k). Then
J is Nonproduct Type Analytic.

Proof. Let k be the positive integer such that N(n + 1) = kN(n), and let n
be the k-cycle. Define

h=1, jh=2and iy =k(in—1)+1, ju1=k(n—-1)+2.
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We show by induction that n/»~" = 1 # I;, the identity k x k matrix. In
fact, /1= =1 #£ I, and

njm+l-im+l — nk(jm_i’")"'l =7 ;é Ik .

It follows from (5.6.1), that {e,(:'j)” :n=1,2,...} is a nested sequence. Since

(n)

min—in = # I, we also have that o, j, does not preserve the diagonal order

in X, . Thus, Theorem 4.3 gives that .7 is Nonproduct Type Analytic. O

Remark 5.11. Notice that it follows from ([PPW1], Theorem 4.6), that all Full
nest algebras are trivially analytic. In particular, this proves that the TUHF
algebras of Theorems 4.2 and 4.7 are analytic. However, the cocycle obtained
in [PPW1], Theorem 3.16, although applicable to any trivially analytic TAF
algebra, is not easy to construct in practice, mainly because it involves an enu-
meration of all the increasing clopen subsets. The cocycles of Example 3.1 and
3.6 are not examples of the generic cocycles given in [PPW1], Theorem 3.16.
This generic cocycle was not helpful for the results of this paper for two reasons.
First, the already mentioned complication of dealing with an enumeration of the
clopen increasing sets, makes it difficult to express the generic cocycle in terms
of the coordinates of the points of X, and therefore eliminates any possibility
of obtaining direct proofs (like the ones in Section 3) that the cocycles are not
of product type. Second, the generic cocycle of [PPW1], Theorem 3.16 is not
linked to a representation of its corresponding analytic algebra (like Examples
3.1 and 3.6 are linked to the embeddings (4.1) and (4.6) respectively), in a way
that will allow the study of this algebras that we have carried out in this section.

Combining our Theorem 5.3 and Lemma 5.9 with [PPW1], Theorem 4.6, we
obtain the following theorem regarding Full nest algebras.

Theorem 5.12. Let .9 = Lim_(,, ¢,) be a Full nest algebra, with (o,,(ef]'.')) =
uﬁ-;) ® ef;') for the matrix units in a system associated with F (cf (5.6.2)). If

there is a nested sequence of matrix units eE”?) such that uﬁ.s";x) # I (the identity

s)s
. . (ns) . .
matrix of the size of uis"j: ), then J is Nonproduct Type Analytic.

Proof. By [PPWI1], Theorem 4.6, .7 is analytic, and by Theorem 5.3 and
Lemma 5.9 it is Nonproduct Type Analytic. O

Remark 5.13. As indicated after their proofs, Lemma 5.2 and Theorem 5.3
have AF algebra versions. Product type notions are exclusive to UHF algebras,
and there is no generalization of that concept to AF algebras. However, after
this paper was submitted, we became aware of recent work by A. Donsig and
T. Hudson [DH], which indicates that, for triangular AF algebra theory, locally
constant cocycles will constitute an appropriate generalization to AF algebras of
the notion of product type cocycles for UHF algebras. We wish to indicate what
the AF versions of the above mentioned results are, first, because the proofs
are virtually the same, and, second, because the hypothesis of Theorem 5.3,
namely that there is a sequence of normalizers that do not preserve the order
and such that the corresponding sequence of supports shrinks down to a point,
also appear, in a slightly different formulation, in the recent work of Donsig and
Hudson [DH]. This seems to indicate that said hypothesis will probably play an
important réle in triangular AF algebra theory.
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First, for Lemma 5.2, notice that the proof depends only on the fact that a
product type cocycle is locally constant. So, for AF algebras, the same proof
will show a version of Lemma 5.2 in which (a) the hypothesis d is product type
will be substituted by the d is locally constant; (b) the matrix unit system can
be any matrix unit system for the enveloping AF algebra; and (c) the conclusion
will be that for each point there is some matrix unit that contains the point and
that preserves the order.

For Theorem 5.3, the same proof establishes that if .7 is a strongly maximal
triangular AF algebra with a nested sequence of normalizers that do not preserve
the order, such that the sequence of supports shrinks down to a point, then .7~
cannot correspond to a locally constant cocycle.

Note that if a strongly maximal triangular AF algebra .9 satisfies the hy-
pothesis of Theorem 5.3, which can also be formulated as the support of T~
has a point (x,y) with a neighborhood base consisting of supports of non-order-
preserving normalizers, then (x, y) cannot belong to the support of a normal-
izer that preserves the order. Thus 7 is not generated by its order preserving
normalizers. The converse is also true, so the hypothesis of Theorem 5.3 is
equivalent to

(5.14) J  is not generated by its order preserving normalizers.

Thus an equivalent formulation of the AF version of Theorem 5.3 reads as
follows: if F satisfies (5.14), then J cannot correspond to a locally constant
cocycle. The embeddings (4.1) and (4.6) show non-locally-constant analytic TAF
algebras.

Donsig and Hudson [DH] have shown that the negative of (5.14) implies that
J is determined, up to isometric isomorphism, by its lattice of ideals.
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