TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 1, January 1995

ON THE COEFFICIENT GROUPS OF EQUIVARIANT K-THEORY

YIMIN YANG

ABSTRACT. We calculated the coefficient groups of equivariant K-theory for
any cyclic group, and we proved that, for any compact Lie group, the coefficient
groups can only have 2-torsion. If there is any 2-torsion, it is detected by 2-
primary finite subgroups of G. The rationalization of the coefficient groups
then can be easily calculated.

1. INTRODUCTION

Equivariant cohomology theory plays an important role in algebraic topology.
It is not a simple analogue of ordinary cohomology theory. Equivariant K-
theory is probably the best known example and has been studied for a number
of years. One of the significant differences between an ordinary cohomology
theory and an equivariant cohomology theory is that the coefficient ring of the
latter is indexed by all virtual real representations [3, 4]. Throughout this paper,
G will denote a finite group and |G| its order. K will denote equivariant K-
theory defined over all G-CW complexes. Let K§(S°) = Kg(S*) be the set
consisting of all K;(SY) as ¥ runs through all the virtual real representations
of G. Here, if ¥V is an honest representation, S¥ denotes the one-point
compactification of ¥ . For a virtual representation ¥ — W, S¥-% must be
interpreted as a G-spectrum. However, since S¥ "% AS?* = S¥+?¥ and S?¥ is
complex, it will suffice to focus attention on the S¥ for honest representations.
One of the primary problems is then the determination of this coefficient ring
K%(S% . Besides the famous Bott periodicity theorem [7] the calculations of
K g-groups are surprisingly difficult. The Bott periodicity theorem tells us that
Ks(SY) = R(G) for a complex representation ¥V of G, where R(G) is the
complex representation ring of G. This, of course, gives a partial solution to
the problem. However, since the coefficient ring is RO(G)-graded we have to
ask what happens when ¥V is a real representation of G. We can actually get
some help from the Bott periodicity theorem. If ¥V = V' ®W for some complex
representation W of G, then we have an isomorphism

Ks(S") = K(S¥'®%) = Ko(S¥' A S¥) = Ks(S).

It is therefore sufficient to work with those real representations which contain
no complex representations (I will call them pure real representations). Notice
that if |G| is odd, due to the lack of nontrivial pure representations, the Bott
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periodicity theorem does provide the answer for the problem. K¢ (SY) is either
R(G) or 0 depending on the dimension of V .

In this paper we shall provide results both on the torsion elements (if any)
and nontorsion elements of Ks(S") where ¥ is any real representation of G.
We begin with a result of James McClure [5, Proposition 2.1].

Proposition 1. Suppose that G is a finite group, n = |G|, and X is a finite
G-CW complex. Then restrictions to cyclic subgroups induce a monomorphism:

Ko() 3] = TTw00) 7]

where H runs through all cyclic subgroups of G.
More precisely, Kg(X)[1] is the inverse limit of Kp(X)[1].

n

The reason this proposition holds is that the map
1 1
o 2R ;| - ro) ;]
%jtrﬁ ; (H) || = R(G) |

is surjective by the Brauer induction theorem. Here H runs through all cyclic
subgroups of G and tr§, is the transfer map.

Corollary 2. Suppose that G is a finite group, n = |G|, and X is a finite G-CW
complex. If for every cyclic subgroup H of G. Ky(X) has no p-torsion for all
p not dividing n, then Kg(X) has no p-torsion for all p not dividing n.

Our study first considers the case when the group G is cyclic. Because any
odd-order cyclic group has no nontrivial pure real representations, we assume
that our group is Z,, with m = 2g an even number. It is easy to see that the
group Z,, has only one nontrivial one-dimensional pure real representation 4
and one nontrivial two-dimensional pure real representation 4 & 1. Here the
action of the generator of Z,, on 4 is multiplication by —1. We shall calculate
Kz, (S*) and Kz, (S*®!) in §§2 and 3, respectively. Here are the results.

Let x; be the one-dimensional complex representation of Z,, such that the
action of the generator is multiplication by e2%/i/™

MAIN RESULTS

Theorem A.
Kz,(S") 2 R(Zm)(xq - 1),

where R(Zp,)(xq — 1) denotes the ideal in R(Z,,) generated by x, =1.

Theorem B.
Kz, (S*®") 2 R(Zy)(x2 - 1).

In particular, the groups in K 2,,(S*) are of one of the following forms:
R(Zpm), R(Zm)(x1-1), R(Zg)(x2—-1), and 0.

Notice that K 2,,(8*) is torsion free. Applying Proposition 1, we have the
following
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Corollary C. The only possible torsion in K G(8*) is p-torsion for primes p divid-
ing n and the nontorsion part of Kg(S*) is completely determined by Theorem
A and Theorem B through the isomorphism
Ko(s™) H ~ lim Kg, (S*) H ,
n — n
ZnCG
where H runs through the cyclic subgroups of G.

In the same paper mentioned above, James McClure also proved a beautiful
theorem concerning restrictions to elementary subgroups. More precisely, we
call a group an elementary group if it is a product of a p-group and a cyclic
group having order prime to p.

Theorem 3 (James McClure). Suppose that G is a compact Lie group and X a
finite G-CW complex. Then restrictions to finite elementary subgroups induce a
monomorphism:
Ks(X) = [[Ku(X),
H

where H runs through all the finite elementary subgroups.

We therefore study the case where the group G is an elementary group.
The first thing we will prove is a lemma on the pure real representations of
elementary groups.

Lemma D. Suppose G = Z,, x P, where P is a p-group. Let V be a pure real
representation of G. :

1. If p isodd, then V= a®1. Here « is a pure real representation of Z,, .

2. If m isodd, then V=1® a. Here « is a pure real representation of P.

In particular, if G is an elementary group and P a 2-group, then every pure
real representation is of the form 1® «.

The following theorem discusses the possible torsion elements and reduces the
problem to that of computing the torsion of Ky(S*) where H isa 2-subgroup
of G.

Theorem E. If P is p-group with p odd, and Q is a 2-group, then

1. Kz, xp(S*) is torsion-free.

2. Kz,x0(S*) can only have 2-torsion.

As an immediate corollary of Theorems E and Theorem 3, we have

Theorem F. K (S*) can only have 2-torsion. In particular if Ky (8*) is torsion-
free for all 2-subgroups H, so is Kg(S*).

For example, if |G| = 2(2k + 1), then Eg(S‘) is torsion-free.
We shall prove Theorem A in §2 and Theorem B in §3. Lemma D and
Theorem E will be proved in §4.
I would like to thank the referee for suggesting a result of Graeme Segal which
greatly reduced the size of the last section. The author also wants to thank Peter
" May for his invaluable advice. I am very grateful to Gustavo Comezana for the
time he spent carefully reading and criticizing the drafts.

2. THE PROOF OF THEOREM A

Throughout this section and the next, G = Z,, will be a cyclic group of
order m = 2q . Bundles will mean complex vector bundles. Fix a generator g
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in G. Let A be the unique nontrivial one-dimensional real representation of
Z,, . Then the action of Z,, on A is given by gkt = (=1)kt for ¢t € 1. If we
identify S* with S', the action of Z,, then is given by

kz_{z, k even,
271z, kodd,

for z € S!. It is easy to see that 4 is the unique nontrivial irreducible pure
real representation. To determine Kz, (S*) is then to calculate Kz (S*) and
K3z, (S'®%). We shall prove Theorem A in this section.

Let X be any Zn,-space. Suppose that n and { are two equivariant bundles
over X. We shall write n = { if n and { are nonequivariantly isomorphic.
If n is nonequivariantly trivial, then # = X x C" for some ». In the case
where X = S*, every bundle is nonequivariantly trivial. Because our group is
cyclic, the action of the group is completely determined by the action of the
generator g. For x € X, g maps the fiber 7, to the fiber 7y, . This action
can be described by a matrix E(x) € U(n). That is,

8(x, u) = (gx, E(x)u)

for (x, u) € n = X xC". The action of g¥ is given by the matrix Hf;ol E(g'x).
Since the order of g is m, we have [[75' E(g’x) = I with I understood to
be the identity matrix. The main object of our attention in this section is called
a bracket. It should be viewed as another way of describing nonequivariantly
trivial Z,,-bundles. A bracket, denoted [n|E], consists of the dimension n and
the action F of g.

Definition 2.1.
1. Bracket: [n|E] is a bracket over X if E: X — U(n) is a continuous
function satisfying

m—1
[[EG@x) =1
i=0
for all x € X, where I is the identity matrix in U(n).
2. The associated bundle ©[n|E] of a bracket: We may recover Zp-bundles
from brackets. Namely, define its associated Z,,-bundle O[n|E] over
X by setting

®[n|E]= X xC* ™% x,
where the action of G is given by
9(x, u) = (gx, E(x)u)

forall x€ X and u € C".

3. Isomorphism of brackets: Two brackets [n|E] and [r|K] are said to be
isomorphic by ® (denoted [n|E] =[r|K]) if n=r and ®: X — U(n)
is a continuous function satisfying K(x)®(x) = ®(gx)E(x) forall x €
X.

4. We may also define homotopic brackets; direct sums of brackets; constant
(trivial) brackets; stable homotopic and stable isomorphic brackets; etc.
in obvious ways. We notice that homotopic brackets give isomorphic
bundles.
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Definition 2.2. From now on, let X =$* with Z,, acting on S* by

kz__{z, k even,
827\ 2, kodd

1. D(z) function: If [n|E] is a bracket over S*, define an auxiliary func-
tion D(z) as follows:

D(z) = E(Z)E(z) for z € §*.

The function D(z) represents the action of g?. Notice that D9(z) =1
by the definition of a bracket.

2. Special brackets: A bracket [n|E] is said to be special if D(z) is con-
stant over S*. :

3. Characteristic numbers: Let S° = {£1} c §* be the fixed point set of
S*.g(+1) = 1. For any bracket [n|E], define its characteristic number
Q[n|E] as

det(¢] — E(+1))

det(z — E(-1))’

where ¢ is an indeterminate.

It is easy to see that the range of this characteristic number is in the

field of rational functions C(z).

Q[n|E] =

Proposition 2.3. 1. Q([n|E] & [r|K]) = Q[n|E]- Q[r|K].

2. Q[n|El=1% E(+1) is similar to E(-1).

In particular, if [n|E] is a constant bracket, then Q[n|E]=1.
Lemma 24. 1. Let A be a matrixin U(n). Then the centralizer of A in U(n)
is connected.

2. Themap S' — U(2) defined by z — (3?) is nullhomotopic.

3. Any continuous map f: S' — U(n) is homotopic to a map z — ({ %)
for some k€ Z.

4. The map S! — U(n) defined by

zno ... 0
z—)( ) (ri,...,meZ
0 vee o zln

is homotopic to the maps
z— zr 0 and z — ro
0 I 0 zf

Proof. 1. As a unitary matrix, 4 = sDS™" , where S is unitary and

et ... 0
p=|: -
0 e e"n

is diagonal. The centralizer of A4 is conjugate to the centralizer of D by 5
and the latter is obviously connected.

where r=3%_r;.
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zZ2 0
0 z2
is nullhomotopic. The following is such a homotopy:
cos3t sinft) (Z 0) (cosit —sin%t (Z O
—sin%t cos%t 0 z sinZt cos %t 0 z)°
3. This is because 7, (U(n))=7.
4. Both maps have the same degree.

2. It suffices to prove that

Lemma 2.5. If [n|E] is a bracket over S', then there is a diagonal matrix A,
in U(r) satisfying A(Z)" = I for some r € Z and a special bracket [(n+r+1)|Hp)
such that [n|E]1® [r|Aol®[1]2%¥] is homotopic to [(n+r+ 1)|Hp], where [r|Ao]
is constant. In particular,

B[n|E] ® B[r|A¢] ® 8[1|z2X1 = 8[(n + r + 1)|Hy)

as Zp,-bundles over S*.

Proof. Let D(z) = E(Z)E(z) be the auxiliary function. We have already ob-
served that DI(z) =1.
Claim: There is an isomorphism A: S! — U(n + r) such that

D(z) 0\ _ D 0
( 0 D2> =A7) ( 0 Dz)A(Z)
with D;, D, diagonal, D =7, and D{=1.

Let n = S*xC" — §* be a Z,,-bundle over S'. The action of the generator
g is given by g(z, u) = (z, E(z)u). Let Z, be the cyclic group of order ¢
generated by b = g?. Considered as a subgroup of Z, by mapping b to
g2, Z, acts trivially on S*. 7 restricts to a Z,-bundle over S! with action
b(z, u) =(z, D(2)u).

Since Kz, (S 1) = 0, there are representations ¥ and W of Z, such that
n®V ~ WeV as Z,-bundles over S'. Here ~ means Z,-bundle isomorphism.
(=2 will denote Z,,-bundle isomorphism.) Let A be this isomorphism. Suppose
b € Z; acts on W and V through left multiplication by D; € U(n) and
D, € U(r), respectively. We may assume that D, and D, are diagonal. Then
there is a map A: S! — U(n + r) such that

nev ~ weVv

“. ”.

SIxC" —— S'x (WaV)

(z, (u, v)) — (z,A(z)(Z))

It follows from the fact that A is Z,-equivariant that

A(z)(Déz) 32>=(%' DOZ)A(Z).

This proves our claim.
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Suppose that A: ! — U(n +r) is homotopic to

I 0
Z=\o0 z+

for some k € Z through some homotopy A,. Set

)= (49 9):

Then ¥(z) is homotopicto () &) in U(n+r+1) for some k through ¥(z).
Pick a diagonal matrix Ay with A3 = D, and define a homotopy H by setting

E(z) 0 0
H(t,z>=\v,<f)( 0 A 0) ¥\(2),
0 0 1

where z € S!. Then direct calculation shows that
(H(t,Z)H(t, 2))? = L.

H gives a homotopy between ©[(n+r+1)|Hp] and [(n+r+1)|H;]. We want
to find out what kind of brackets [n + r + 1|{Hy] and [n + r + 1|H;] are. By
definition of H we find

—(E(z) O -
Ho(z) = H(0, z) = (A( )( OAO)A () ‘1’) ,
so that

E@2)E(z) 0 ,-
Ho(f)Ho(Z)=H(0,E)H(O,z)=(A(z)< 0 A )A '(2) o)

1
(A(z) (D(z) 32>A"(z) 0) - (Dol gz 8)
0 1 0 0 1

which is of order g .
This proves that [(n + r + 1)|Hp] is a special bracket. On the other hand,

E(z) 0 0
H(z) = 0 Ay O ].
0 0 z*

Therefore
[(n+r + 1)|Hi] = [n|E] & [r|Ao] ® [1]2%]

is homotopic to [(n+r + 1)|Hp]. Q.E.D.

Lemma 2.6. 1. Let [n|E] be a special bracket over S*. Then [n|E] is homo-
topic to some special bracket [n|K,] such that Ki(+1) is diagonal.
2. If [n|E] is special with E(+1) diagonal, then [n|E) < [n|K], where

0
k@ =(§ 3, ) B,
and [n|K] is a special bracket.
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In particular, ©[n|E]= O8[n|K] and
[rE1=[1A]® - [1IA]®[1zA1]1 8 - & [1]2An).

Ay - 0
E(+1) = ( s )
0 - A,

Each [1|A;] is a constant bracket.

3. Let [n|E] be any bracket. Then [n|E]® [1|z%*] is stably homotopic

to a sum of [1|zA] ’s, where each A is an mth-root of unity. In particular,
O[n|E] @ 8[1|2z%¥] is stably homotopic to a sum of ©[1|z4] ’s.
Proof. 1. Since D = D(z) = E(Z)E(z) is a constant, E(x1)" = E(£1)% =
D? = I, where m = 2q. Suppose E(+1) = TAT-!, with A diagonal and
A™ =1 for some T € U(n). Let r: [0, 1] - U(n) be a path in U(n) such
that r(0)=17 and r(1)=T.

Define K(t, z) = r~1(¢)E(z)r(t). Then

K(t, 2K, z) = " ()E(Z)E(2)r(t) = r~ ' () Dr(2).

Thus we have

Here

(F(t,2)F(t, 2))9 = r-Y(6)Dr(t) = I.

This proves that [n|K] is a bracket that defines a homotopy. Moreover, K(0, z)
= E(z), while K(1, z) = T~'E(z)T . Hence,
K(1,2)K(1, z) = r~Y(t)E(Z)E(z)r(t) = T"'DT = constant,
with
K1, +1)=r"Y(1)E(+1)r(1) = T"'E(+1)T = 4 diagonal.

This proves that [n|E] = [n|Kp] is homotopic to [n|K,]; the latter [n|K;] is
special with K;(+1) = A diagonal.

2. Since D = E(Z)E(z) = constant, E%(x1)=D. If E(-1) = SAS~! with
A a diagonal matrix, then E%(+1) = E?(—1) = SA2S~!. Because E%(+1) is
diagonal we may assume that E2(+1) = A?. Furthermore, we may assume

A= ({) —015) E(+1).

Then D = E%(~1) = SA’S~! = SDS~!. Accordingly, DS = SD. Using
Lemma 2.4, we get a path r(¢) in U(n) such that r(0) =1, r(1) =S, and
r(t)D = Dr(t) for t € [0, 1].

Define, for z = ¢ :

(e = { r(é)nt, 0<f<m,
K@) (r-2) (@), -z<6<0,
(), 0<o<m,
=V (F O 8\\~1(E(o—-i0))~!
{(0 o, JEGUO-D) B ), —a<o<0

Here K(z) = (¢, )E(+1) is diagonal and special .
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It is easy to verify that ® is well defined, K(z)®(z) = ®(Z)E(z), and P
gives an isomorphism between [n|E] and [n|K].

3. This is an immediate consequence of Lemma 2.5 and the previous two
statements.

Proposition 2.7. 1. For any Z,,-bundle n over S* there is a bracket [n|E] over
S* such that n = 6[n|E].

2. [1zF1=[1Zh).

3. [1)z%] 2 [1|z+-2].

4.

[1|z], k odd,
1|25 =
[1]z"] {[l|1], k even.
5. The bundle ©[1|zA) = A -0O[1|z], where A is the one-dimensional repre-
sentation of Zy, .
6. Any Z,-bundle n over S* is stably isomorphic to a sum of bundles
A-O[1|z] with A" =1.
Proof. 1. Every bundle over S! is nonequivariantly trivial. So any Z,,-bundle

over S! can be recovered from a bracket.
2. Let K(z)=%*, E(z) = z*, and ®(z) = z¥. Then

K(2)®(z) = ®(Z)E(z) =
This implies that & gives an isomorphism [1|F] = [1]|K].
3. Let K(z) = zk, E(z) = zK-2, and ®(z) = Z. Then K(z)®(z) =
®(Z)E(z) = z¥!, and thus [1]K] = [1]|E] by ®
Corollary 2.8. Let 6 = ©[1|z] be the Z,,-bundle associated to the bracket [1|z],

so that 6 = 8* x C is nonequivariantly trivial. Then Kz, ( (S%) is generated as

an R(Z,,)-module by & together with trivial Z,,-bundles. K 2, (S*) is generated
as an R(Z,,)-module by w =1-9.

We have defined the characteristic number for any bracket. We now are able
to define its analogue for any Z,,-bundle over S*:

Definition 2.9. Let n be any Z,-bundle over S*. According to Proposition
2.7, n = B[n|E] for some bracket [n|E].

Define
det(tI — E(+1))

det(¢I — E(-1))
and call Q[#n] the characteristic number of 7.

Proposition 2.10. 1. Q[#] is well defined.
2. Q: Kz, (8% — C(t) is “exponential”; that is,

Q[n & &] = Q[n] - QL]
3. If nn is trivial, then Q[n]=1.
Lemma 2.11.

Q[n] = Q[n|E] =

[1z)@ 1] - zle[11]e[1] - 1]
=[] e [1]- 1e[11]e[1] - 1]
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Proof. Let a: [0, 27] — [0, 27] be a continuous map such that a(0) =0, a(n)
=%, and o(2n) = 2xn. Define

ioy _ [ cosa(8) sina(0)
®i(e") = (——sina(ﬁ) cosz(ﬁ)) »  0=0<2m,
( o _ [ cosa(f) sina(6)
Q1™ = (—sina(@) COSa(B)) ’ O<f<m,

aey=1 e (0 o ()
— om0 (COSa(—G) —sina(—B)) ,

sina(—0) cosa(—0)

0 A(z)
-y )

It is not difficult to see that 4 and ®; are well defined. Furthermore, A(z) =
ZJA(Z)J , where J=(}°) and z€ S'.

(Z(’)J 3><D(z)=d>('z‘) (g JO.)

This implies that @ is an isomorphism between
[1]e(l-1e[l1]e[l]-1]

and
[lz]e (1] - z]le [11] & [1] - 1].

In particular, ©[1|z]® O[1| — z] is stably trivial. Q.E.D.
Corollary 2.12. 1. Kz (S?*) is generated by trivial bundles and O[1|Ekz] =
ko, 1 <k<gq, where 5 =8[l|z] and & = ein/m

2. Kz, (S*) is generated by {E*w}i<k<q With E1%Fw = —Ekw, where w =
1-6.
Theorem 2.13. _

K;, (SH=2Zwollwe - ©ZE 'w

with £+ w = =& w, w? =2w.

In particular, Kz, (S*) is torsion-free.

Proof. We begin by showing that w? = 2w.
It is not difficult to see that

O[1|z] ® 8[1|z] = ©[1|z?].
By applying Proposition 2.7 we get
O[1z]® ©[1]z] = 6[1|1] = 1.
It follows then that
w?=(1-06[1]z]) ® (1 - 6[1|z]) = 2 - 26[1|z] = 2w.

In order to prove the theorem we have to prove the following statement: If
Weonweniwd - on_ 1 o= V, where W and V are representations
of Z,, and ng, ... ,ng_1 €Z,then np=n; =---=n4_, =0.
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Using the characteristic numbers above we find that
1=Q)
=QW enwdméwd- - &n, ;&9 'w)
= Q(nw® niéw ® --- & nyg_1&97 ' w)
= Q)™ - Q)™ --- Q&I )

t—1\"™ (t—&\" [t—gamI\"
() ()" (8
But this can happen only if no=n,=---=n,;=0. Q.E.D.

Remark 2.14. Let x; € R(Z,,) be the one-dimensional complex representation
of Z,, defined by gz = e?ni/mz (Here g € Z,, is the generator.) Let S° =
{£1} c S* be the fixed point set and @ = O[1|z]. Then the Euler map

Kz, (S*) — Kz, (S°) = R(Zy,)

maps @ to 1 —yx,. _ 5
It follows that the image of Kz, (S*) in Kz, (S°) is R(Zm)(xq — Xo) -
Finally, let us prove

Theorem A. 5
Kz,,(5*) = R(Zm)(xq - 1)

as an ideal. Moreover the Euler map
K;,(8%) — Ky, (S°)
is an injection with image R(Z;,)(xq — Xo) -
Proof. We know that w = 1 — 9[1|z] is a generator of K z,(S*) and that the
Euler map sends @ to 1—x,. Suppose 1 € R(Z,,) is an element such that the

Euler map maps y-w to 0. Then u-(x;—1) =0 in R(Z,) and therefore
u=v-(xs+1) for some v € R(Zp,) . But then

Bo=v-(tg+ 1) 0=v-(x0+0)
=v-(-o+w)=0.

3. THE PROOF OF THEOREM B

Previous conventions remain in force. G = Z,, is a cyclic group of even
order m = 2q and g € Z,, is a generator. A will be the one-dimensional
nontrivial real representation of Z,, with action defined by gtz = (—1)*z. Let
b € Z, be a generator; Z; — Z,, is embedded by mapping b to g2.

Let S!, S*, and S!®* be the one-point compactifications of 1 =R!, 1, and
1 @ A respectively. The action of Z,, on $* is gz = Z for all z € §*, while
the action of Z, is trivial. Let D? be the unit disc in R? and 8D? = S! its
boundary. Suppose that S!®* is the right hemisphere of $'94, §!®1 the left
hemisphere, A, the upper hemisphere of $194 and A_ the lower hemisphere.
If 7: §191 _, §1®1 represents the action of g over S'® | then obviously ©
maps S1®* to S!® and A: to Az. Si® is Z,-invariant and contractible.

If we identify S1®* with D?, then 7 is just complex conjugation.
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Since S!®* is a 2-sphere, not every vector bundle over S!®* is trivial (how-
ever, we shall see that every Z,-bundle over it is nonequivariantly trivial). Our
previous definition of bracket is inadequate here. We have to consider clutching
functions for nontrivial bundles. Our modification of the notation of bracket
will be called a clutching bracket. The point of introducing such an object is
this: a Z,-bundle will be trivial when restricted to S!®* and S'®*. The ac-
tion of g on each of them will be denoted E, and E_ respectively. On their
boundary as;ﬁ* = §*, the clutching L is a Z,,-isomorphism. We have the
following precise definition.

Definition 3.1. 1. Clutching brackets: A clutching bracket over S'®* (denoted
by (n|L|E,|E-)) consists of an integer n called the dimension, a clutching
function L, and actions E. of g on S:'SB'1 x C". Here E+: D? — U(n) and
L:8D? — U(n) are continuous functions such that

(a) E_(2)L(z) = L(Z)E+(2) on 8D?,
(b)  (E.(@)E+(a))? = (E_(@E_(a)?=1 forae D

2. Di(a) functions: Two auxiliary functions are defined for any clutching

bracket (n|L|E.|E-).
D:(a) = E+(a)E+(a).

They represent the Z,-action on the bundle.

Notice that: (a) E. are defined on S1®* if we identify S1®* with D2?. (b)
On 0D? we have D_(z)L(z) = L(z)D4(z).

3. The associated bundle ©(n|L|E.|E_): For a given clutching bracket
(n|L|E,|E_), we associate a Z,,-bundle over S'® to it by using L as a clutch-
ing function. Explicitly:

O(n|L|EL|E_) = S}®* x C"u, S'®* x C".
The Z,,-action is defined by:

Sietxcn S siet x ¢,
(a, u) = (e(a), Ex(a)u).

4. Normal clutching brackets: (n|L|E.|E_) is normal if L is constantly
equal to the identity. For any normal clutching bracket we have

E_(z) = E_(z2)L(z) = L(Z)E+(2) = E4(2)

on 8D?. Thus E; defines a continuous function E over S'® . Accordingly,
D. defines a continuous function D over S!®* and D(a) = E(1(a))E(a) for
a € §'9 , We shall write a normal clutching bracket by (n|I|E|E), where
E = E+ =E_.

5. Special clutching brackets: (n|L|E,|E_) is special if it is normal and the
functions D, are constant on D?.

6. Constant clutching bracket: (n|L|E,|E_) is a constant clutching bracket if
it is special and the functions E. are constant.

7. Direct sum of clutching brackets: Just as in the case of bracket, we define
the direct sum for any two clutching brackets.

(n|LIEL|EZ) ® (r|J|K+|K-) = (n+r|L® J|(E © K)+|(E®©K)-),
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where, by our convention,

E: O
Eok.=Eoke= (%5 2.

8. Isomorphism of clutching brackets: ® = {®..} is said to be an isomorphism
between (n|L|E.|E_) and (n|J|K.|K_) if ®.: D* — U(n) is continuous and
Ki(a)®s(a) = ®+(@)Exr(a), on D?,
®_(z)L(z) = J(z2)®,(z), ondD?.

We shall write (n|L|E,|E_) = (n]|J|K,|K_-) for isomorphic clutching brackets.

If both (n|I|E|E) and (n|/|K|K) are normal clutching brackets, then the

function
<D+(a)9 a ES}—GM’

®(a) =
(@) {cb_(a), ae S,
is well defined and the equality
K(a)®(a) = P(a)E(a)
holds.

9. Homotopy of clutching brackets: H = {H.} is a homotopy between
(n|LIE+|E-) and (n|J|Ki|K-) if (n|['|Hi|H-) is a clutching bracket over
[0, 1] x §'®* such that

(n|T|Hy|H-)|o)xs102 = (n|L|E4|E-),
while
(RITVHL Ho )l gyxsies = (117K 4 1K-).
In particular, we have
Hy(0, a)=Es(a), Hx(1,a)=Ki(a)
for all a € D?, and
[0, z)=L(z), TI(l,z)=J(z2)
for all z € 8D?.
We shall write (n|L|E,|E-) ~ (r]J|K+]|K-) is homotopic clutching brackets.
10. Stable homotopy (or stable isomorphism): Two clutching brackets are sta-

bly homotopic (or stably isomorphic) if they become homotopic (or isomorphic)
after adding constant clutching brackets.

Proposition 3.2. 1. If (n|L|EL|E.) is a clutching bracket over S'9*, then L(z)
is homotopic to a constant map. In pa~rticular, B(n |~L|E+|E_) L’s nonequivari-
antly trivial. Thus the restriction map Kz, (S'®*) — K(S'®%) = K(S?) is zero.
2. If (n|L|E4|E-) is a constant clutching bracket over S'®*, then
O(n|L|EL|E_) is a trivial Z,,-bundle over S1®*.
3.

O((n|L|EL|E-) & (r|J|K+|K-))
= O(n|L|EL|E-) & O(r|J|K+|K-).
4. If ® ={D.}: (n|L|E,|E-) = (r|J|K.+|K_-) is an isomorphism, then
O(n|L|E|E_) = O(r|J|K,|K-)
as Z,,-bundles over S'9* .
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5. If (n|LIEL)E-) = (r|J|K+|K_) by H, then
O(n|L|EL|E-) = 8(n|J|K|K-)
as Zn,-bundles over S'*.

6. If we restrict the Zmy-action on O(n|L|E,|E_) to a Z,-action, we get a
Zg-bundle S'®* x C* over S'®*. The Z,-action is then given by:

Si@l x C" b:gz S:}:@l x C" ,
(aa u) - (a’ D:i:(a)u)‘
7. Any Zp,-bundle over S'®* is isomorphic to some ©(n|L|EL|E_).
8. Any Z,-bundle over S'®* is nonequivariantly trivial.
Proof. 1. By the definition of clutching bracket we have
E_(z)L(z) = L(Z)E.(z)
on 0D?> =S8'. Since E. is defined on D?, E.|sp: is homotopic to I. Thus
L(z) is homotopic to L(Z). This implies that, in 7n;(U(n)) = Z, we have
L(z)=L(Z)=-L(z), so that L(z) =0 in m;(U(n)).
Since the clutching function L is nullhomotopic, ©(n|L|E,|E_) is nonequiv-
ariantly trivial.
4. The isomorphism between O(n|L|E.|E_) and ©(r|J|K,|K_) is given by

Siet cr - Si%t 7,
(a,u) — (a, P+(a)u).
5. As an immediate consequence of the definition, we have
O(n|I'|H.|H-)|0)xs10+ = O(n|L|EL|E_)
and
O(n|T|Hy | Ho) 1y s101 = O(n]T|K4|K-)
as Zpy-bundles. Here ©(n|T'|H,|H_) is the Z,-bundle over [0, 1] x S1®* de-
fined by (n|I'|H,|H-). Thus
O(n|L|EL|E-) = O(n|J|K+|K-)
as Zpy-bundles.
7. Since S1®* is Z, contractible, each Z,-bundle 7 over S'®* will be
trivial if restricted to S_}__@’I . Letting L be the clutching function of 7 and

taking as F. the maps coming from the Z,,-action on S:}f*”1 we get a clutching

bracket. It is then easy to see that the bundle associated to this clutching bracket
is isomorphic to 7. Q.E.D.
Proposition 3.3. 1. Any clutching bracket (n|L|E,|E-) is homotopic to a nor-

mal clutching bracket (n|I\K|K).
2. Let (n|I|K|K) and (n|I|E|E) be normal clutching brackets. If

K(z(a))K(a) = E(z(a))E(a)
for all a e $'®*, and
E|A+ﬁA- = K|A+nA- >

then
(n|I|E|E) = (n|I|K|K).
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Proof. 1. By Proposition 2.2, we know that L(z) is homotopic to /. Take an
extension F of L over D?, thatis, F: D> —» U(n) with Flyp. =L, F(0)=1.
Now define
H.(1, a) = E.(a),
H_(t,a) = F(@)~'F(ta)E-(a)F (ta)"'F(a),
[(¢, z) = L(z)"'F(tz)L(z2),

for aeD*,t€[0,1],and z € 0D?.
Then (n|I'|H,|H-) gives a homotopy between

(nI'(0, 2)|Hos|Ho-) and (n|I(1, 2)|Hy4|H,_) = (n|L|EL|E_).
Since I'(0, z) = F(0) = I, (n|I(0, z)|Ho+|Hop-) is normal. In particular,
O(n|L|E.|E-) = B(n|I'(0, z)|Ho.|Ho-) .

2. Define
acl,,

I,
%@ ={ @@y, ach.
It is easy to check that @ is well defined and
K(a)®(a) = ®((a))E(a)
for a € S'9*, ® gives the desired isomorphism.

Lemma 3.4. Suppose (n|I|K|K) is a special clutching bracket; i.e., K(t(a))K(a)
is constant.
1. If (n|I|E\E) is another special clutching bracket with

ElmnA- = KIA,,nA_-
Then
(n|I|E|E) = (n|I|K|K).

2. (n|I|K|K) is stably homotopic to a special clutching bracket (n|I|F|F)
with F|a,na_ constant.

3. (n|I|K|K) is stably homotopic to a constant clutching bracket.

4. ©(n|I|\K|K) is stably trivial.
Proof. 1. Follows from Proposition 3.3.

2. First of all, S! = A, NA_ — §'®* has trivial Z,-action; i.e., 7(z) = z
for z € S'. Since (n|I|K|K) is special, we have that

K(2)K(1(2)) = K(2)* = Do
is constant and Dy is of the form T-!AoT for some T € U(n), with Ay

diagonal and Al =Df =1.
Let n =S! x C* be the bundle over S! with Z,-action defined by

8(z, u) = (z, K(z)u).

Since K(S!) = 0, there are representations ¥ , W of Z,, such that n@V = W
as Zpy-bundles over S!, say via ®. Suppose that the action of g on ¥ and
W is given respectively by diagonal matrices A; and A;. Since ® is Z,,-
equivariant we have

®(z) (ng) 1&) = AD(2).
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Hence,
m (5 ) =e @,
2
o (<0 1) -ermma- (5 8-+ (¥ 9)s.

In particular, A3 is similar to

Ay O
0 A?)°
Since both matrices are diagonal, we may assume
2_ (Ao 0 _
B=(7 x)=A

(after some permutations of rows and columns). Then (2) becomes
O (2)AD(z) = ST'AS.
If we put ®@(z) = ®(z)S™!, then ®;(z)A = AD(z). Suppose that

Ml - 0
A=( E ... E ),
0 - Ady

where I; are identity matrices, and A; # 4; if i # j. Since ®(z)A = AD,(z),
®,(z) must be of the form

m(z) 0
P (z) = ... )
0 - m(z)
where u;: S!' — U(n;). By Lemma 2.5 of §2 we may assume that

t; 0
u,:(zo I), ti € Z.

(zo I)-ﬂ,":]

Let r;: D* — U(n;) be an extension of

(zo ?)"‘f:’

to all of D? with r;(0) = I;. Define, for all a € D?,
n (a) - 0

Then

¥(a) = : .. :
0 - nfa)
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Let L
Di(z) = (ZO' (1))
Then
(Dy(z) - 0 )
(3) ¥o)=| : . @&
\ 0 .- Dk(Z)/
(Dl(z) 0 \
= : : d(2)S™!
\ 0 - Dk(Z))
=D®(z)S7!,
where
Di(z) --- 0
D=| : .
0 - Di(2)
We have ¥(a)A = A¥(a), as can be easily verified. Define, for all a € §194,
3 ¥(a), ac€l,,
¥a) = { Y(a), a€cA_,
and

K(a) ©

F(a)s-‘fi'(a)s( 0 A

) S~1¥-1(7(a))S.
Then YA = AY. Hence,
F(2(a))F(a) = $'¥(x(a))$ ( K(xa)k(a) 18%) S19-1((a))S

= S~ 1¥(1(a))A¥" ! (1(a))S = S~'AS = constant.
This proves that F is special. Using (1) and (3) we find

Fla,ra. =S7'9(2)S (ng) A ) ST191(z)s
= 571¥(2)S (ng) o ) ST (z)8
= S-1D®(z) (ng) 18] ) ®~'(z)D"'S
= S~'DA,D"'S
= S~ 'A,S = constant, with A, diagonal.
Now define
| E(t, a) = S~'%,(a)S (K(()“) 131 ) S8 (2(a))S,
with ~ Y(ta), a€A,,
Hila) = { Y(ta), acA_.
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£0.a- (KO )
and E(1,a)=F(a).

Thus E(¢, a) is a homotopy between
(rl1|E(0, a)|E(0, a)) = (n|I|K|K) & ({[T|A1]A1)

Then

and
(rlI|E(1, @)|E(1, a)) = (r|I|F|F)

with (/|I|A;|A;) a constant clutching bracket, (r|I|F|F) special, and E|s,na_
constant. This proves 2.

3. If (n|I|F|F) is a constant clutching bracket with F|s,~na_ a constant Fp,
then (n|I|Fy|Fp) is a constant clutching bracket with

Fola,ra_ = Fla,na_-
By 1,
(n|I|F|F) = (n|l|FolFy). QE.D.

Lemma 3.5. Suppose that n is a Zn,-bundle over S'®* such that n restricts to
0 in Kz (S'®%). Then n =0 in Ky, (S'®). In other words tes : Kz, (S'®) —
K3z,(S'®") = K4,(S?) is an injection.

Proof. res n =0 means that there are representations ¥ and W of Z,; such

that
resneW =V

as Z,-bundles, say via @ . According to Proposition 3.3, we may pick a normal
clutching bracket (n|/|K|K) such that

n = ©(n|I|K|K).

We know by Proposition 3.2 that the action of b € Z; on resy is defined by
D(a) = K(t(a))K(a). Since ® is Z,-equivariant,

®(a) (D(()”) 180) — AD(a),

where A and A, are diagonal matrices determining the actions of b = g? € Z,
on W and V, respectively. Now define

E(a) = ®(a) (K(()a) A(g/z) D~ !(1(a)).

Then
E(t(a))E(a) = A = constant.

Thus the bracket (r|I|E|E) is special. In particular,
O(r|[|E|E) = 0 € K4, (S'®%),
by Corollary 3.4. Let n(a) = ®(t(a)) for a € S'® . Then

E(a)n(a) = n(t(a)) (Kéa) 180) .
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This implies that 7 is an isomorphism between

(m(5 )15 &)

and
CUIEIE)
Hence
K 0\ (K 0Y) _
o (1 (5 )15 &) =ewixix e eaiisday
=~ O(r|I|E|E).

Since (/|I]Ag|A¢) is a constant clutching bracket, ©(/|I|Ag|Ag) is a trivial Z,,-
bundle. This proves that

n=06Mm|IK|K)=0ec Kz (5'®). QE.D.

Definition 3.6. Elementary clutching brackets and elementary bundles:

1. Set L(z) = (22) on 6D2. L(z) is nullhomotopic. Hence it extends to
all of D? and we may assume L(0)=1.

2. Let & = e?i/m  For each 1 < k < m define

Ey . (a) = ((1) f(l) forae S_}_el s

and
Ex_(a) = L(a) ( (1) 69‘) L~'(a) forae S,
Then -
Dis(@) = Beo(d@)Ecs(@ = (g gk )  foraesiel,
and '

Dy _(a) = Ex_(z(a))Ex_(a) = L(a) ((1) 5(2)" ) L~ Y(a) for a € 194,

Each ©(2|L|E,|E;_) is called an elementary clutching bracket.
3. The associated bundle J; = O(2|I|E,|E_) is called an elementary bun-
dle. We shall write § for J,. Q.E.D.

Proposition 3.7. 1. res: Kz, (S!9%) — I?zq(S"B‘) maps o t0 YDV ® X,

where y is the Hopf bundle over S* and ¥ its complex dual (= —7).
2. Let

n=(ny®x2)® (ny®x) @ & (ngy ® xzq)
®(D17® 22) ® (P27 ® Xa) © -+ ® (Pg7 @ X24)
in I?zq(sle’l) with ny+---+ng=py+---+p,;. Then n is in the subgroup
generated by {resd.}i_, .
3. resdy, ..., resd, generate the image of res in I?zq(S‘@‘) = I?z'(Sz).
4. The image of res: Kz, (S'®) — I?zq(S'e’l) is

res(R(Zp)01) = R(Z,)res 6, = R(Zg)resd.
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Proof. 1. The action of Z; on resd, is given by Dyy(a). Since Z; acts
trivially on S!94 res 6k Y- Homg, (x2i, k) ® x2:. Because the action of Z,
on each fiber of resd, is 1+ y»; , an easy argument g1ves 1€s0; =7 D7 ® Xok -
In particular,
1es(0x — Oks1) =7 @ X2k © ¥ ® Xoks2
=7 ® X2k+2 = 7 ® X2k-

N=m-D1)7®x20 (M2 —pP2)7 @ 4@ ®(Ng —Pqg)7 ® X2g
= —p)(y®X2—7® X4)
&M —p1+n—p)Y®xs—7®X)®
®(n—p1+n2—pa+-+ng_1 —Pg-1)(? ® X2g-2 — ¥ ® X2q)
& (n —p1+---+ng—Dg)? ® X2g
= — [(n1 — p1)res(d; — 62)
®©(ny —p1+ny—py)res(d, —93) S - -+
@®(ny —p1+ny—pa+---+ng_y —Pg-1)1€8(dq—1 — Iq)]
(because n; —p;+---+ng—p; =0).
3. For any Z,,-bundle  over S'®*,
resnOW =V o (my®x2)® (ny®xa) & &(ngy ® x2q)
O P17®X2) ® (D27 ®X4) B @ (Pg7 © X2q)
as Z,-bundles for some representations ¥ and W of Z,. By 1 of Proposition
3.2, n is nonequivariantly trivial. Thus, nonequivariantly,
(my®x2) @ (1Y @ xa) & -~ & (ngy ® X24)
O P17 ®X2) ® (D27 ® X4) © -+ & (Pg7 ® X24)
= —p1+---+ng— D)y
is trivial. Therefore,
—p1+"'+nq—Pq=O,

i.e.,
Ri+-4Ng =D+ +Dg
4,
resdy = (resd)) @ 12 ® (1686)) @ xa ® - -+ ® (1€801) ® Xox—2
=(resd)) ® (X2 + X4+ + Xok—2)
=res (9 ® (X1 + - + Xk—-1))-
Theorem B.

Kz,(S'®) = R(Z,)(y ®7 ® x2) = R(Zy)(x2 — Xo)

as ideals, where x, is the one-dimensional complex representation of Z, de-
fined by bz = e™/9z, and b € Z, is the generator and z € C. In particular,
K'zz ( Sleﬁ.) =0

Proof. Theorem B follows from, Lemma 3.5 and Proposition 3.7 .
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4. THE PROOFS OF LEMMA D AND THEOREM E

We proved in §§2 and 3 that the coefficient ring for any cyclic group is torsion-
free. This determines the nontorsion part of the coefficient group for any group
G, since the rationalization of K; is determined by the restriction to the cyclic
subgroups of G.

The main tool we shall use is the fact that the torsion part is completely de-
termined by its restriction to the elementary subgroups. The strategy, therefore,
is to prove the corresponding results for the elementary groups.

Definition 4.1. Recall that a group G = Z,, x P is an elementary group if P is
a p-group and the order of P is prime to m.

Lemma 4.2. Suppose G = Z,, x P. Let V be an irreducible pure real represen-
tation of G. Then V= u ® U for some one-dimensional pure real irreducible
representation u of Z,, and some pure real irreducible representation U of P.

Proof. Since V is pure real irreducible, by standard results in representation
theory we know that V®C is an irreducible complex representation of G. Now
suppose V® C = S ® W, where B is an irreducible complex representation
of P. (We do not know yet if V can be written as a tensor product of two
real representations.) Since V®C is irreducible, it has a nonsingular symmetric
bilinear Z,, x P-invariant form (, ). Since Z,, is cyclic, f is one-dimensional.
Thus, as a complex space, W = V® C. Therefore, (,) is nonsingular on
W = v® C and, when restricted to P, is a nonsingular symmetric bilinear
P-invariant form. This implies that W = U ® C for some irreducible real
representation U of P. In particular, W = W . But then

VeC=VRC=FQW =BQW=FW=8QW.
It follows that 8 ® W = B ® W . This implies 8 = f. Thus we have

{1 if m =o0dd,

= 1 or possibly A® C if m = even.

This proves that f = u®C for a one-dimensional real representation u of Z,,
defined by
_ { 1 if m =odd,
F=V1or possibly — 1 if m = even.

Hence,
VRC=B3W=uC)(U®C)=u®U®C

and therefore, V = u ® U. Since V contains no complex representations of
G, U contains no complex representations of P and W = UQ® C is irre-
ducible. Q.E.D.

Lemma D. Suppose G = Z,, x P, where P is a p-group. Let V be a pure real
representation of G.
1. If p isodd, then V=a® 1. Here a is a pure real representation of Zy, .
2. If m isodd, then V=1®a. Here a is a pure real representation of P.
In particular, if G is an elementary group and P a 2-group, then every pure
real representation is of the form 1 ® a.



98 YIMIN YANG

Proof. Suppose V=V, &V, ® --- & Vi, where each V; is a real irreducible
representation of G. Because V contains no complex representation, neither
do any of the V;. By Lemma 4.2, V; = u; ® U;.

1. This is because an odd order group has no nontrivial irreducible represen-
tations of real type.

2. Since m is odd, all y; are trivial. V=1® (3 ,;U;)) = 1 ® a, where

a=ZiU,'.

Theorem E. 1. If P is a p-group with p odd, then I?me p(S*) is torsion-free.

2. If Q isa 2-group, then I?ZMXQ(S") can only have 2-torsion.
Proof. 1. By 1 of Lemma D, we have to prove that if o is either A or 1 & 4,
where A is the nontrivial one-dimensional real representation of Z,, then
K 2, xp(S*®') is torsion-free.

But we can apply a generalization of a Graeme Segal proposition [7, Propo-
sition 2.2]:

Koxn(X) = Ky(X) ® R(G)
for any G x H-space X with G acting trivially. We obtained:
Kz,xp(S°®') = Kz,(S*) ® R(P).

The latter is torsion-free by Theorems A and B.
2. The proof is identical. We have the following isomorphism:

Kz,x0(S'®*) = R(Zm) ® Kxo(S*)

for a any real representation of Q.
The group Ky(S®) can only have 2-torsions because of the Proposition 1|
in the introduction.
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