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SINGULARITIES PRODUCED IN CONORMAL
WAVE INTERACTIONS

LINDA M. HOLT

ABSTRACT. Three problems on the interactions of conormal waves are consid-
ered. Two are examples which demonstrate that nonlinear spreading of singu-
larities can occur when the waves are conormal. In one case, two of the waves
are tangential, and the other wave is transversal to the first two. The third re-
sult is a noninteraction theorem. It is shown that under certain conditions, no
nonlinear spreading of the singularities will occur.

1. INTRODUCTION

In the first problem, we consider the initial value problem in two space di-
mensions,
Ou= ﬂus y Uli=0 =V|=0, Ui|t=0 = Vtls=0.

(Here O=082—-982—-98?2.) v e H(R®) satisfies Ov = 0 and is given by v =
v; +v2+v3 , where each v; has a restricted type of singularity at ¢ = 0: namely,
V1|s=0 and v,|,—¢ are both conormal with respect to {y =0, x =y = 0}, with
wave front set over the origin a single ray (in opposite directions), and v3|=o is
conormal with respect to {x = 0}, with its wave front set over the origin being
a single ray. (A distribution w is conormal with respect to such smoothly em-
bedded submanifolds S;, S2,...,S¢ if N---Njw € H1f)c(R3) for all smooth
vector fields N, ..., N;, each of which is tangent to all of Sy, 5>, ..., Sk.)
The aim is to show that if the initial data has this type of conormal regularity,
then a spreading of singularities can occur, even if v; = 0. These new singular-
ities have strength roughly H3 . If instead of having two functions conormal
to {y =0, x =y =0}, and one conormal to {x = 0}, the situation is reversed
(i.e. one and two, respectively), there is no spreading of singularities. Together,
these results clarify the roles of such conormal singularities in nonlinear inter-
action.
It has been shown previously that if u satisfies

(8xBy + 8x0: + 8,0, )u = Bu®, u=xk+yk 4 2%

for x+y+z < -2, k an integer (so we have singularities on three transversal
planes) then new singularities arise on the surface of the light cone over the
origin with strength roughly A3 . In the second problem, we examine a similar
situation, except that two of the characteristic hypersurfaces are tangential and
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290 L. M. HOLT

the other is transversal to the other two. This is the situation which would arise
if, at a later time, another plane wave intersected the line of tangency of the
light cone and one of the original plane waves in the above problem. We show,
for a solution to the following semilinear system:

U 0
EI ZZ = 8 s
3
Uy Buyusru;
U (I
U U
Uus = V3 >
Ua/ (10} 0/ (<o}

(here O is defined by O = 8,8, — 82 + y9? — (m — 1)8,) that u, has new
singularities on the surface of the light cone, with smoothness approximately
H>’™ microlocally away from the original singularities, where v; € H™ .

The research in this paper was conducted for my doctoral dissertation at
Rutgers University. I would like to thank my advisor, Professor Michael Beals,
for his generous help and encouragement.

2. PRELIMINARIES

Our aim is to show that, for solutions to Ou = Bu3, where O is the usual
wave operator in two space dimensions (0 = 82 — 92 — Byz) , a spreading of sin-
gularities compared to the linear case can occur for initial data of the conormal
type described above. We first recall some definitions and preliminary results;
see for example Chazarain-Piriou [7], Nirenberg [11], and Beals [4].

Theorem 2.1 (Linear Energy Estimate). Let p(x, D) be a partial differential
operator of order m on R™!, with coefficients of at most linear growth, strictly
hyperbolic with respect to the planes {x,., = c}, and let u satisfy p(x, D)u
= f(x). Assume that {x,., = c} are uniformly noncharacteristic. If f €
HZ™H (R™Y) and w € HE (X : |Xp1| < €) for some ¢ > 0, then u €
I-Ilix: (Rn+l) .

Recall, we say u € HS (xo, &) if there exists ¢ € Cg°(R"), ¢(x0) # 0, and
a conic neighborhood I' ¢ R” of & such that (£)xr(&)(ou)(&) € L*(R™).

Under appropriate regularity conditions, the microlocal singularities of u
will propagate along the null bicharacteristics.

Theorem 2.2 (Hérmander). Let p(x, D) be a strictly hyperbolic partial differ-
ential operator of order m on R™!, let p,(xo, &) =0, and let T" be.the null
bicharacteristic through (xo, &) for pm. If p(x, D)u= f(x), f € H5;"*'(I),
and u € H(xo, o), then u € H; (T).

For nonlinear problems, Schauder’s Lemma describes the action of smooth
functions f on the Sobolev spaces: If u € Hi_(R"), s > n/2, then f(u) €
H (R"). A microlocal analogue is the following:

Lemma 2.3 (Rauch). Let u;,u; € H(R") for s > n/2, and suppose that
I;WF(w;) C K; for i =1,2. If K3 C (K, UK3), then for any 6 > 0,

uuy € H3"P°(R™ x K;3).
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FiGURE 1. Illustration for H*:" &(R")

In this work, we consider singularities of a restricted type, called conormal.

Definition 2.4. Let S;, ..., S; be a family of smoothly embedded submani-
folds of R”, with pairwise intersections which are also smoothly embedded. A
distribution u € HS(R") is said to be conormal with respect to S;, Sz, ..., Sk
if NyNy---Nju € H*(R") for all Ny, ..., N; vector fields which are simulta-
neously tangent to all of Sy, ..., Sk.

In the case of smooth hypersurfaces with transverse intersections, this defi-
nition is standard. For more complicated intersections (and nonsmooth man-
ifolds) different notions of conormal are also useful; see for example Melrose-
Ritter [10] and Sa Barreto [16].

In order to measure strength of singularities in certain directions, we use the
microlocal algebra defined by M. Beals in [1]. Note that we assume that all
distributions considered have been multiplied by smooth cutoff functions so as
to be compactly supported, and that all results are considered to be local. (See
Figure 1.)

Definition 2.5. Let Q C S"! be a closed subset (possibly empty), and for
w € Q, let K¢ be the rays through +(1, @) in R"™1\0. Set B*®:*® =
K?, B~9:—® = K®

B*®>~® = B® = {tangent plane to char0 at + (1, w)}.
For w; # w;, W, w; € Q, set BX?1:%*2 = closure(KY' + K$?) .
Definition 2.6. For Q c S"~! closed and s <r < g, Hy" ¥ consists of those

distributions u satisfying
(1) If K4 is a small conic neighborhood of +(1, w), w € Q, then

xxk(T, E((7, Oy (t F |E)) "0 e L.
(2) If B is a small conic neighborhood of

(ros60) €« ) VBt Eu.| ) K2,

) ,02€Q WEQ
then
x8(t, &)((7, &) e L.
(3) If G is a small conic neighborhood of
(TO, éo) c Rn+1\ U B:twl ,tw; ,

W), W EQ
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then
x6(t, E)N(7, &))¥n e L?.

The above definition gives microlocal regularity for # in terms of three
sets: In the worst directions, ¥ € H® on Uwea K¥; in the better directions,
u € H on Uy,  4eqB? **2; in the good directions, u € H¢ away from
Uw,  wyeq BE?»*#2. The factor (7 F |£|)™=° controls the transition from the
worst set to the better set. The algebraic properties of this space are described
in the following theorem of Beals:

Theorem 2.7. Let n/2 < s; < 53,85 +1/2 <r; < g. If u; € H}'"™*%, then
uyuy € HY'"'? where p = min(ri,r,+5 — 8, 51+s—n/2—¢) and y =
min(gy, &,81 +ro—n/2—¢,so+r —n/2—¢). In particular, H*>">¢ is an
algebra for n/2<s,s+1/2<r<g,r<2s—-n/2,g<s+r—n/2.

The following result concerns the interaction of the forward fundamental
solution E for O and the spaces H*:"-8(0Fw = w, Ew = 8/8tEw = 0 for
t = 0). In general, E improves overall Sobolev regularity by one. However,
if we examine the result microlocally, we find that in the elliptic directions the
regularity is improved by two, and the transition between the characteristic and
elliptic directions is respected as in (1) of Definition 2.6.

Lemma 28. Let w € Hy""%, s < r, and let E be the forward fundamental
solution for O. Then Ew € Hy'>'*2:8*+1,

These algebra and propagation results are shown in [1] to lead to solutions
of Ou = f(u), f smooth, u and (§/8t)u at time zero singular only at the
origin, such that u is singular on the solid light cone over the origin. (In the
linear case, the singularities would only be present on the surface of the light
cone.)

3. DEFINITIONS
The following problem will be considered:

Ou = ,Bu3 , U0 =|1=0, U|t=0 = Vi|s=0-

Here v is a solution to the linear wave equation Ov =0, andat t=0, v isa
sum of functions, v = it, + #i_ + v, , the first two being conormal with respect
to {y = 0,x = y = 0} and having wave front set over the origin a single
ray (in opposite directions), and the other conormal with respect to {x = 0}
with its wave front set over the origin being a single ray. The aim is to show
that if the initial data has this type of conormal regularity, then spreading of
singularities can occur. (In the linear case, the subsequent wave front would
contain three null bicharacteristics with (¢, x, y)-projections onto two lines
through the origin.)

Define i, , &, and v, by their partial Fourier Transforms, as follows. Note
that d¢, where here & = (&, &) represents the dual variables, is normalized
to (2m)~" times the usual Lebesgue measure.

i = eitlfl ¢(J§El£':)y(¢2)
+ (62)s+l+e

= el f(&)



CONORMAL WAVE INTERACTIONS 293

where
1) = %Hfl@ iz = e~ f(=¢)
vy = el ((/’5(16)2511%‘1*2 = ikl g (&),
where

30 = FRE

Here ¢ > 0 is fixed, y isa C* function, supported in {x > 1/2} and 1 for
x>1. ¢ and B are Cg° functions, supported in a neighborhood of 0, and

f (&) is supported in {&; > 1}. Then

Iél|l+s <1
&

on supp f (&), while g(&) issupported in {& > 1}, and |&| < 1 on supp £(&).

Notation. The following notation will be used: a ~ b means a < ¢;b and
b < c;a for some constants ¢; > 0,¢; >0. a < b means a < ¢c3b for some
constant ¢3 > 0. The symbol > is defined similarly.

Note that f is conormal in the strong sense to the pair of submanifolds con-
sisting of the line {y = 0} and the point {(0, 0)}, i.e., it is infinitely differen-
tiable with respect to y9, , x3x, y9x . These are the vector fields simultaneously
tangent to {y = 0} and the point {x = 0, y = 0}. This fact is easily verified
by checking the action of &3, 78, , and &9, on f.

Also note that g is clearly conormal with respect to the line x = 0. It follows
immediately that the wave front set {(¢, x, y; 7, &, 1)} of v passing over the
origin (0,0,0) is {(r,0,-r;7,0,7):7>0U{(r,0,-r; -7,0,-7):7>
oyu{(r,-r,0;7,7,0):7>0}.

Theorem 3.1. Let s > 3/2, B = a® € C§°(R) with support sufficiently near to
0, >0, B(0) >0, and let u e H5(R") be the solution of Ou = Bu3, U0 =
V=0, Ut|lt=0 = Uili=0 With v as above. Then u has new singularities on
the surface of the light cone which are not present in v. In particular, we
have u € H3‘“”2“"(r r,0;71,-71,0),r>0,¢" -0as e -0, but u ¢

H” 1/2-¢ +‘5(r r,0;1,-1,0) forany § > 0. (Inthe linear case, Hormander’s
Theorem would yzeld ue Hx(r,r,0;1,-1,0).)

The proof of this theorem is contained in §§4-10.

In Beals [1], in the general (not conormal) case, it was shown that for H*
solutions to the semilinear wave equation, there is a choice of initial data such
that a nonlinear singularity is produced of order H3s*¢ . In a related problem,
Bony [5] and Melrose-Ritter [10], showed that for solutions conormal in the
past of strength H* with respect to three characteristic surfaces, the solution is
conormal in the future with respect to the original surfaces and the light cone
over the point of triple intersection. The solution has microlocal regularity of
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at least H>~"/2+1 on the light cone, where 7 is the number of dimensions. An
analogous result is proved for the Cauchy problem in [6].

4. LOWER BOUNDS FOR DOUBLE INTERACTION

We will be analyzing in detail two terms of v3, with v as in Theorem 3.1:
#,0i_v, and #2%_. In particular, we will be finding both lower and upper
bounds for these terms. We will begin by finding lower bounds for #,v,, in
order to analyze the &, #_v, term.

el &80 = [ ealt) [ a2 - oo dnds
= / a(r—[E—nl = n) (& - n&n)dn.

(We can assume without loss of generality that &(z) > 0.) By the rapid
decrease of &, we can assume that |t — |€ — 5| — |n|| < |€|° for small 6 > 0.

~

In the integrand, & is supported where
TP <IE—nl+Inl<T+IES.

This is a thickened ellipse in the (7;, 77;) plane, with foci at 0 and &, for fixed
7. See Figure 2.
For large 7, and |¢| < (1 — €)7, (|&|, T > 0), the thickness of the ellipse is

~[¢)°.
With f and g defined as in §3, we have

A 1
f€-n) = & i
for —(1/2)(&2 — m2) < (&1 —m)'*e < (1/2)(& — M), & — M2 > 1, and
. _ 1
&(n) = (m>s+l/2+e

AT
support of & (1~ & —n| ~Inl)

% m
support of £ (1)

A
f support of f(§-7)
— support of the integrand

Y

FIGURE 2. Regions of lower bounds
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A,

& -nl+Inl=1

Y

FIGURE 3. Intersection of ellipse with 7, axis

for ny >¢>1,—-1<n; < 1. Assume for simplicity that a(z—|E—n|—|n]) > 1
for |[t—|E—n|—1Inl|< 1.

The integral has bounds from below when the thickened ellipse, as well as
the two regions above, intersect. In particular, it is bounded from below on the
line segment connecting (&, &) = (1, 0) to (0, 7), for fixed large 7, and so
we restrict our attention to this set.

Claim. We get a triple intersection of the above regions for sufficiently large 7,
for & in a thin triangular wedge, with vertices:

(Ta O): ((1/2)11/(1+8)9 T)a (—(1/2)11/(1-”)3 1)'

. In order that we get a triple intersection, it is sufficient to have that the
positive 7, , where the ellipse | — 5|+ |n7| = 7 meets the 7, axis, lies between
the two points where |&; — n;|'+¢ = &, — 7, meets the 7, axis.

In other words (see Figure 3), it is sufficient to have b <a <c.
The ellipse intersects the positive #; axis at

_e-g-8
m=—5_ 2%, a.
The curve |£, —7;|!¥¢ = & — 7, intersects the n; axis at b =¢& - &/ and

at ¢ =¢& +&/0*),
If ¢ lies in the wedge defined above and & =57, 0<s< 1, then

T—s(t+(1/2)7/0) <& <7 s(7 - (1/2)7/0+9).

Claim. b < a for sufficiently large 7.
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Proof. We write

-8 1/(1+¢)
a—b—w—(ﬁl—fz )

_elfee _ &3 _

—62 2(7361)—'—1/2 él/2
+& sit?
> (s7)/0+8) _ I VATICT)
+1/2 = {t/2— (s/2)(r — (1/2)7"/(1+9))}

L= (1/4)7=¢/0+9)
_ J/(+e) L1/ (14e) _ 1/(1+¢)
s T (s/2)t (1 (/7)) -

Since s1/(1+8) > 5 and the quotient involving t~¢/(!+2) js near 1 for large 7, it
follows that a — b > 0 for large 7.

Similarly, a < ¢ for /sllﬁiciently large 7.
Lower bound for au, v, .

it (t, &, &) = [ (e[ - 1l = 1) FE - mamdn.
For ¢ within the wedge described in the claim above,

ar—E=m—|n)>1,
FE—m) = 1/(& — mp)* 1+ > 1/(E) e

since |&; — n2| < [¢], and

g(n) = 1/(my*1/2+e 2 1/¢g)s+i+e

since 71 S €], (m < T < V5E]). Set R={n:-1<t-|&~nl—|n <
1, 1€ —m|'*e <&, |m] <1, n >0} sothat R has measure comparable to 1.
Since the integrand is everywhere nonnegative, we have

— 1 1 1
ailyvi(1,8) 2 (E)s+1+e (Z)s+1/2+e /R dnz (_5)"2?1_3/—25 ’

5. UPPER BOUNDS FOR DOUBLE INTERACTION

Upper bound for aale . We are interested in estimates near the line segment
in (&, &) connecting (7,0) to (0, 7), but away from the endpoints (thus
|€] = |&;| = |£2] here). Note that the integral below is rapidly decreasing in
cones away from this line segment. From above,

adl 04(7, &, &) = /d(f — &= nl = NS & —m&mdn.

We have & < ¢ for some constant ¢. Moreover, on the support of the integrand,

R 1 1
fe-m< (&) — pp)s+i+e < (E)s+i+e”

since £ is supported where |72] < 1. Similarly, |5| = |7;| on supp &, and
(m) < (& = m) + (&) S (& — m2) + (E2) < (&) on supp f -
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"

;nl

FIGURE 4. Support for &(a+|n]), f(—n), eit,v.(t—0, &- 1)

Thus, 1
R 1
g(n) < (n)s+1/2+s 'S <€)s+1/2+e :

By the rapid decrease of &, we can assume that |t —|& — 75| —|n|| < || . From
§4, this ellipse in (7;, 72) has thickness |¢|°, and for the values of (¢, &)
under consideration, it intersects supp £ in a set S of size |£|° . See Figure 2.
Therefore for these values of (£, &),

(9% 1

1
R /s dns (V533w . (FyBAaAng

ol vy S

6. LOWER BOUNDS FOR TRIPLE INTERACTION
From §4,

Q21w (T, &1, &) = / o0 (t =0, & — mala + 1) f(~n)dn.

By the rapid decrease of &, we can concentrate our attention on those (o, 1)
with |o + ||| < 1. Assume &(o + |5|) has bounds from below where -1 <
o+ |n| £ 1, a thickened cone. We know that f(—#n) has support for #n, <
0, =lml<m*<Iml.

We can assume that «it v, (T — 0, & —n) has support in a wedge within a
cone which opens downward, with vertex (7, &). See Figure 4. This is the same
wedge that was found in §4, transposed. _

We need to find bounds from below on o?i,it_v, for (z, &, &) = (1, -1, 0),
7 > 0 (asin Figure 5). Again, it is assumed that (&, , &), aswellas (&;—#n;, &,—
n2), lie in a conic set away from the directions (1, 0) and (0, 1).

G _,(T, &, &) = / ailyv,(z — 0, & - m)a(o + 1) f(~n)dn

In the support of the integrand, |(o, )| must be large compared to |(7, &)| so
that the circles (o+|n| =0, |t1—0| = |¢—n|, for fixed ¢ < 0) are close enough to
allow a triple intersection of the regions involved. So (¢ —n) =~ (n) = (g, 1)) .

1 1

at v (t—0,E-n) > E =B ~ (g, p)yBeane
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Fixed 6<0:

i
support of a(o+ |T| | )
-1

- y .
support of
—_—
ou v (t-0,&-m)

support of f(-n)

intersection of supports

FIGURE 5. Region of support for triple intersection

For (¢ — ) in the triangular wedge determined by (7t — o) as described in
84, we can assume &(g+|n|) > 1 for |o+|n|| < 1. Moreover, for such (o, 1),
and on a conic neighborhood of (0, —1) in (n;, 72),

F=m) 2 1/ m)**1+ = 1/(a, p)+1+¢
for 7 in the region where the integrand has bounds from below.

Claim. We have a triple intersection of the sets described above for |o| > t!*¢,
and for fixed large o,
_|0.|—1/(l+e) s m+t s |a.|l/(1+e) — |0.ll—e/(l+e) .

Proof. The n; bounds come from the width of the wedge described above (see
Figure 5). Since we are always looking at the wide end of the wedge, the width
of the wedge in the intersection > (1/2)|g|/(1*®) . For |o| = 7!+, we have the
situation which is illustrated in Figure 5.

So, by the nonnegativity of the integrand

|l+:/(l+¢)

-t dn,dn do
a2u+u Vg 2 / /Ml —e/iee) a , ,1>3s+5/2+e
£1° 1

~ (T)3s+l/2+e' ~ (§>33+1/2+e'—6 ’

where & — 0 as ¢ = 0. (|¢|° comes from 7, integration.)

7. UPPER BOUNDS FOR TRIPLE INTERACTION
As before,

O v,(T, &1, &) = / aiizv, (1~ 0, & — n)a(o + ) f(~m)dn.
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1
In,| o<,

|« support of f(n)

-1&-nl -Inl < |&|3
" support” of
a(t-1&-nl-Inl)
common support

1€~ In,ll "'E<A§2—n2
support of f(§-m)

FIGURE 6. Bounded regions for double interaction

Here, once again, || > t!*¢ in the region of triple intersection. Since 7 €
supp f(—n) C {n2 < |m|}, we can use this fact, along with some elementary
trigonometry to obtain a constant ¢, 0 < ¢ < 1, such that || < c|o|+ 7 < |a],
the last inequality holding for sufficiently large 7.

ali\’lh(f — 0,8 ) <IHE — )RRl < | /(g g)RetIItD-d
in the region of triple intersection. Moreover,
é+n) <1 and f(-n) < 1/(p)** ~1/(g, n)*+'*,

in the region of triple intersection. So

— = dnadm d 1
2~ ndamn ac
ol i_v, < /_oo /—|a| (0, n)3s+5/2+3e=3 S (E)¥s+12+e

where ¢ is small and ¢ — 0 as ¢ — 0. So i, v, € g o
(T’ 8y 62) = (T’ -7, 0) .

Note that these bounds from above will hold for other directions, as long as
we stay away from the original singular directions of v, as well as the singular
directions of v?, resulting from the convolution of 9 with itself. (See Figure
6.)

9. BOUNDS ON DOUBLE INTERACTION FOR THE PRIMARY TERM

The other main term to be analyzed is the #2#_ term. The &, %2 term will
lgze similar bounds, and will not be considered separately. First, bounds on
~2 .
ai? :

ot = / G(t— | = 1| = I FE - mFm)dn.

Bounds from below on 12 . As before, assume & > 1 for |1—|¢é—n|—|y|| < 1.
We will find bounds from below in a slightly filled-in region of a small cone C
about the (7,¢;,&) = (1,0, 1) direction. The filled-in section of the cone
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FiGURE 7. Region of lower bound for ;Z

includes line segments connecting the points on the surface of the light cone
where f(&) is supported. See Figure 7. This is in contrast to the fact that for
%1, we could obtain bounds from below within only a fixed unit distance from
the surface of the light cone. Notice that since the projection on the Fourier
transform variables of the wave front set of #2 is also a cone about the (1, 0, 1)

direction, outside of that cone #2 is rapidly decreasing.
In C, where the integrand is bounded from below,

a(r=E=nl=In)=1.
Because (& — m2) < (&) = (£) in the support of the integrand,
FE—n) = 1/(& —my)1+e 2 1)+,
Also, (n) < (&), since (§) = 7~ | +n|+|n|, and so

F(n) = 1/(mys+1+e > 1/(g)+i+e.
So

1
a”+ < / / (é)23+2+2»: < RS ¢l on C.
(The height of the support is 2 ||, while the width is > 1). Thus

—_— 1

02
afly 2 @ zrivze o8 C.

Bounds from above on @3 .

ol = / &t — | = n| — | FE - mFm)dn.

Now, we will find bounds from above in the cone C, where 1? is not rapidly
decreasing. Here, we consider bounds from above in terms of (7 —|£|) , because
if we consider bounds only in terms of (£) or ((t, &)), we get only the original
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upper bound c¢/(&)**1*¢, since C contains ITWF(#2). Using (t — [£]), in
effect, excises the “bad” direction. We have a(t — & — 5| —|5|) < 1.
Case 1: (& — ) > (1/2)(&).

FE =) = 1/(& — m)™'*e S 1)1+,

By the rapid decrease of &, we can assume that |t—|E—n|—|n|| < |€]® for 6 > 0
small. Note that 7—|¢—n|—|n| > —|¢|°, and so 7 > |C—n|+[n|-[E]° > &]-1¢1° .
Therefore |&| — 7 < |€)°.

If |t— ||| < 2)E)°, then |E|°/(7 —|&]) > 1, and we estimate

1 <1< __EIJ__
(”)s+1+e ~ T~ (1-_ |é|>s+l+a

If |t—|&|| > 2J€)°, then since |¢]—1 < |€|° from above, we must have 7— || >
2|¢|° . Thus, since

Inl > 17— & —nl—E° > 7—(nl+1&]) - &I°,

we have
20l > =& - 1E1° > (1/2)(z = |&]) = (1/2)|r — [&]].

In this case,
1 1

(ﬂ)s+l+e ~ (‘( — |¢I)s+l+e :

In either case, we have

F(m) = 1/my+1¥¢ S ()% )z — gy +1+e.

Case 2: (& — m2) < (1/2)(8).
Then (n) 2 (£). Interchange the roles of # and & — n in Case 1. In either

case, we obtain
1 %
au+ ~ // (é)s+l+e |é|)s+l+e dn s @y +ire(r — g I€1- 1€
(The height of the support is < |¢|, while the width is < |€|°, as in §4.) Thus

1
(é)s+e-26(-[ - lf|)s+l+e .

2
aby S

9. BOUNDS ON TRIPLE INTERACTION FOR THE PRIMARY TERM
We focus on the direction (7, &, &) = (1, -1, 0), and have

TTa_ = [ il (10, &~ malo + n)f(=n)dn.

The essential support of a#t?(t — o, & —n) is a slightly filled-in section of an
inverted cone as shown in Figure 8.

The essential support of &(o+|7|) is an inverted, thickened cone, as in Figure
9. f (—n) is supported in an inverted parabola: —|n;|!*¢ > n,.

The three sets above intersect when the thickness of the slightly filled-in sec-
tion of the cone exceeds 7:

(T _ 0)1—28/(1+e) >71,



302 L. .M. HOLT

(t,8) fixed 6 < 0 plane
radius = 1-0

AN,

g
-« TS » T
FIGURE 8. Support of aii2(t—a,&—17)
A2
- > 1,
/ \
[ \
/ \
Y

FIGURE 9. Support of &(o + |5]) and f(—7)
—o 2 t(+9)/(-¢8) _ ¢ > (1+8)/(1=¢)  Thus the o integration is over the

1.e.,
—7(1+8)/(1-8) $o —o0.

interval from

Bounds from below.
Qi = [ aid(1-0,&-n)alo+|n)f(-n)dn

a(o+|n]) > 1 for 0 +|n| < 1. The 7, integration is over roughly the width
1/(1+6) .~ (We can assume that the arc is straight-

of the parabola, so 7, =
ened so that the 7, integration is between two constants.) Consequently, the

nonnegativity of the integral yields

_g(1+e)/(1—¢) —gl/i+e)

272\~ T 4 o+l d’IZ d”l do 1

e’ (t, ) 2 )3s+2+¢’ N e
O1/(1+2) g- a ’7 (T>

(see Figure 10.)
Bounds from above. By the rapid decrease of &, for upper bounds we can

assume that |o + ||| < |€]°. Also, ¢ < 0,7 >0, and | — 5| < 0 + cT for
some ¢ < 1, using trigonometry and the fact that the support of the integrand



CONORMAL WAVE INTERACTIONS 303

fixed 0<0

Up

> T,
-0,

s
support of &(c+Inl) support of au(1-6,§-1)

region of support

FiGURE 10. Support for triple intersection

lies below the lines #; =7, = 0, and between the lines 7, — & + 7, = 0, which
allows us to conclude that 7— o —|&—#| 2 © for sufficiently large 7. Therefore
on this set

— 1
272 (1 — - <
i u+(T g, é 7’) ad (T -0 - lé i n|>3+l+8<é - r,>3+8—25 A

—g(1+8)/(1=e) a0+ gpiEl dn dﬂ o
252 7 2 1
a?irii_(t,
+ ( é) / /mm) /a‘ a— ,7 Zs+l+25-5( >s+l+c

143
e o
5 (1) 35+ =26 °

Thus
odi2i_(t, &) € H¥3¢
. in the direction (7, —7, 0), but
(1, 8) ¢ Hyy
for any d > 0. Note that this term is less regular than the azﬁ:ﬁ\_m term. So

3. /- N 3s—3/2—¢" 3s—3/2—¢""+6
V= (i, +a_+v, ) e B o3 ¢ HETY ,
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10. ANALYSIS OF THE REMAINDER TERMS

The main terms of the function u given in Theorem 3.1 have already been
analyzed. What follows is a consideration of the remaining terms, demonstrat-
ing that they are indeed remainders, in the sense that they are microlocally more
regular than the worst term already analyzed.

We solve

Ou = ﬂu3 s Ul=0 =V|i=0, Utlr=0 = Vt|1=0

where v =i, +#l_ + v, asin §3. Then
u=v+EBud=v+EBv3+EBW —v3).

First, we write:

Line 1 v¥=u3 + 3k + 3, it + i
Line 2 + 3 vy + 6l it_vy + 3020,
Line 3 + 3,02 + 3a_v2 + 3.

We are concerned with the microlocal regularity in the direction (7, &, &) =
(t,-1,0),7>0.

Line 1: In the Fourier Transform variables, the wave front sets of a}, and
#3 each fill out a small section of cones about (7,0, 7) and (-7,0, —17),
respectively, and no more. For example, see [1]. In the (t, —7, 0) direction,
these are in HS. #24_ and @,%2 arein ans,'z’/ 2=¢  as was already shown.

Line 2: i, ii_v, € HX"'"¢. For, #i2v, and #?v,,since #2 and #2 have
only one direction in the wave front set ({(z, 0, 7), 7 >0} and {(-7,0, —17),
7 > 0}, respectively), and v, has only the direction {(z, 7, 0), T > 0}, #2v,
and #%v, have only the wedges {(&; +&2,¢1,8):£, 20,820, (6,8) #
(0,0)} and {(& +¢2,¢&1,82) : 61 20,8, <0, (&,&) # (0,0)}. So these
terms are in HZ5 in the {(7, —7, 0), 7 > 0} direction.

Line 3: Since v?2 is still conormal, it is microlocally in H* in the (7, —7, 0)
direction. v3 is still conormal, and v2iz; has only one of the wedges described
above in the Il WF set.

We conclude that, in the (7, —7, 0) direction, v3 € H;f,'3 /2-e

Next we write

EB(u? —v3) = 3EB(W2EBU) + 3EB(W(EBu®)?) + EB(EBu3)3.

We will use the spaces in Definition 2.6 with w; = (7,0, 1), w2, = (-1, 0,
-7),and w3 =(1,7,0), 1>0.

By Theorem 2.7 and Lemma 2.8, since u € H*-*:*, v € H>>*"*° and u =
v + EBu?, it follows that u € H*-5+2:5*1 ~and inductively that

ue HS,ZS—1-£,3S—2—6 , u2 € Hs,Zs—l—e,Bs—Z—e , u3 € Hs,2$—l—e,3s—2—e;
Eﬂu2 , (Eﬂu3)2 , (E/S’u3)3 € Hs+l,25+1—e,35—1—e .

AISO, ve H”°°’°°, ’U2 c Hs,2:—l—e,oo, ,03 € Hs,2.s—l—e,3s—2——e X
By the analysis above, since the set G corresponds to the location where mi-
crolocal bounds on the singularities were obtained, we have the better estimate

’03 € Hs,Zs—l—-e,3s—3/2—s .
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Also, Theorem 2.7 yields
v(E,Bu3)2 € Hs,Zs—e,I&s—l—e’ vz(Eﬂu3) € Hs,2s—l-e,3s—l—e.

Finally we conclude that EB(v(EBu3)?) € Hs+1,25+2-¢,35—¢  ER(v2(EBu?)) €
Hs+1,2:+l—z,3s—e , Eﬂ((Eﬂu3)3) € Hs+2,23+3—e,3s-—e X

Now, EBv3 € Hs+1,2s+1-¢,3s—1/2=¢ _ and the bounds from below on the
Fourier transform of fv3 yield fv3 ¢ H,ff,":*/z"z'“s for any 6 > 0. It fol-

lows easily as in [1] that Efv3 ¢ H>™'/?75%0,
Since

u=v+ EBv® + 3EB(WA(EBu3) + 3EB(v(EBu3)?) + EB(EBu’)?,

overall,
u— (’U + E,Bv-”) c Hs+l,25+1,3s—e .

Thus, u—(v+EBv3) € ij,"z(l“) , where T" represents the point (¢, x, y; 7, &,
&) =(0,0,0;1,-1,0). Since v € H3(I'), and we have seen that EBv3 ¢
HXT1275% (1) | it follows that u ¢ H~'/27*+(T).

Our proof also shows that the interaction of the singularities conormal with
respect to the pair {y = 0}, {x = y = 0} is in itself responsible for the appear-
ance of nonlinear singularities.

Corollary 10.1. Let s, B, it, and i_ be as in Theorem 3.1. Let v = @i, + i1,
and suppose that u solves Ou = Bu3, u|;=0 = V|i=0, Ust|r=0 = Vtli=0. Then u
has new singularities on the surface of the light cone, and in particular, u ¢
H;'fl-l/z_”"s(r,r,o;t,—1:,0), r>0. ’

Proof. The microlocal analysis of fv3 above, on a neighborhood of {(z, x, )
= (0, 0, 0)}, yields new singularities for EBv3 on the corresponding null-
bicharacteristic by Hormander’s Theorem. The remaining terms in the expres-
sion for u are strictly smoother microlocally over {(¢, x,y) = (0,0, 0)},
and hence, again by Hérmander’s Theorem, are strictly smoother on the null-
bicharacteristics.

11. MULTIPLICATION OF CONORMAL DISTRIBUTIONS

In the previous sections, we demonstrated that for certain conormal initial
data, a spreading of singularities can occur compared to the corresponding linear
problem. In what follows, we analyze conditions for which no new singularities
appear. This section contains results on the multiplication of conormal distri-
butions, which will be needed for this analysis. The proofs involve standard
arguments. For details, see Holt [9]. Similar arguments appear in Rauch-Reed
[14].

The following result treats microlocal regularity of the product of two conor-
mal distributions, away from the wavefront sets of the two distributions. Regu-
larity of type H*' and H* in the original microlocal directions yields regularity
of type H*'* in the directions due to interaction. This contrasts with Rauch’s
Lemma, where the distributions are not necessarily conormal, and the microlo-
cal regularity is H%*2—"/2-¢ jn the new directions. Similar results in a different
context appear in Rauch-Reed [14].
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Theorem 11.1. Given u; € H*(R") conormal with respect to x; =0, i =1, 2,
then uyu; € H\', away from the wavefront sets of u, and u; .

Proof. Although the theorem is true for u; a function of n variables, it will be
demonstrated in R?, since the R" case can be easily reduced to the 2 variable
case.

Since u; € H*(R?), ({)"a € L?. Since u, is conormal with respect to
x; =0, (&)*iy € L? for any k > 0. So without loss of generality, #; can be
regarded as being of the form

f(©)

] =
()= TRy
with f € L?  and for k as large as we want. Similarly,

A g($)
it L A LI
20 = EEy
with g € L?2. We wish to show that x(&)u u, € H+2(R?), for (&) a cut-off
function with conic support where &, # 0 and &, #0, i.e.,

X(ENEY ™ rayu, € L2

We have
S1+524737, = Sit+s2 < - dn d
X(ENEY 21y (E) = x(E)(E) / & _f'§2>k<gl)§(zl))slrzl}h)Z?'Iz)Sz .

To show that the above function is in L2, we will use the following property
(see e.g. [4]).

Lemma 11.2. Let w(&) = [F(&, n)f(&E —n)g(n)dn, where f, g € L>. Then
lwll2 < clifll2llgllz, as long as F can be written as a sum of finitely many
functions F; with

sup/lF}lza'n< oo or sup/lF,-lzdr]<oo.
¢ n

So to show that x(&)(&)**2u uy(¢) € L?, we apply the above lemma to
w(&) = x (&) 2 (&) = [F(E, n)f(E—n)g(n)dn, where

) 1)
F@E,n)= (& — m)K(E — ) (m)k (a2~

A straightforward argument demonstrates that

5“D/|Fi|2d” < oo,
3

as desired. O

The following result treats the microlocal regularity of the product of a dis-
tribution with a conormal type singularity and a distribution with a singularity
not of conormal type. The two distributions are singular in different microlocal
directions. In the “wedge” generated by the singular directions on the Fourier
Transform side, the regularity is HS'+2~1/2-¢  Note that there is a loss of 1/2,
rather than 7n/2 as in Rauch’s Lemma. In the other microlocal directions, the
product is C*°. The proof uses an argument similar to the one used in the
above theorem.
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Proposition 11.3. Let v € H'(R") be conormal with respect to a hyperplane,
51>1/2,5>0. Let we H2(R") be such that I:WF(v)NILWF(w)=2.
Then

(a) xx,(&)(&)+2-V2=¢vw € L?, where K, is a conic set in closure (I W F (v)
+ e WF(w)), such that Ky NILWF(v) =K, NILWF(w)=2.

(b) xk,(E)(&E)™vw € L?, Vm > 0, where K, is a closed conic set contained
in the complement of closure (I WF (v) + IL.WF(w)).

Remark 11.4. For v and w as above, if II; WF(w) is the ray {&; > 0,¢; =
--- = &, = 0}, then since in general II;WF(v) is the line {£; #0,& =--- =
&n = 0}, the “wedge” is closure (I1: W F(w)+I1: W F(v)) . Rapid decrease holds
for YW outside the upper half-plane {(¢;,&,,0,...,0): & >0, (&, &) #
(0, 0)}. If v is further assumed to satisfy I, WF(v) = {{; > 0,86 =--- =
&n = 0}, then closure (ILWF(w) +ILWF(v)) = {(4,&,0,...,0): & >
0,& >0, (&, &) # 0}, so in this case vw has rapid decrease outside this
quarter-plane.

The next result concerns a product, as before, of a conormal and nonconormal
distribution, but with wavefront set in the same direction. Here the microlocal
regularity away from the original direction is again H%+%2~1/2=¢ _The proof is
once again similar to those above.

Proposition 11.5. Let v € H*'(R"), s; > 1/2, be conormal with respect to the
plane x, = 0. Let w € H*(R"), s, > 0, be such that I WF(w) C {& :
[&2, ..., &) < €l&y| for small €,& > 0}. Then away from the &, axis (i.e.,
K isaconein R"\O, KNIWF(w)=2, KNIlWF(v)=0),

XK(é)(:)slﬂz-—l/Z—em € L2 .

Remark 11.6. Note that Proposition 11.5 includes the case of I WF(w) in
the positive &, direction and Il W F(v) in the negative direction as a special
case. If Il;WF(v) and IL WF(w) are both in the same direction, there is
nothing to check.

12. NONSPREADING RESULT

If, in §3, we had considered the linear solution v = i, + v, +v_, where the
first function is conormal with respect to {y = 0, x = y = 0} and the other two
conormal with respect to {x = 0}, instead of v consisting of the sum of two
functions conormal with respect to {y =0, x =y = 0} and one conormal with
respect to {x = 0}, then no spreading of singularities compared to the linear
case would occur for u satisfying Ou = f(u), where f is a polynomial. We
begin by defining microlocal spaces which are tailored to the geometry of this
particular situation.

Definition 12.1. Define H<%:%:¢:¢ as follows, after multiplication by a
C5° (R x R™) cutoff function supported near (0, 0).

(1) If K is a small conic neighborhood of the ray R through (1, w,), w; €
S"=1, then xk(t, &)((t,&))a e L?.

(2) If T is a small tubular neighborhood of the line L through (1, w,) and
(_l ’ -wZ) , W2 € Sl , W # Oy, then XF(T9 é)((‘ca é))ba eL?.

(3) If B is a small conic neighborhood of a point (7, &) in the open wedge
B®1:%2 petween (1, ;) and £(1, w,), then xp(t, &){(t, &))@t € L2.
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FIGURE 11. Spaces H?-b.¢.4

(4) If G is a small conic neighborhood of L, then xx\r(7, £)((7, &)t € L.
Moreover, if K is a small conic neighborhood of (7, &) € R3\B*@1- @2y RU
LU{0}, then xg(t, &){(t, &))4a € L.

We will consider these spaces for a and b small, ¢ intermediate, and d
large. Thus the elements of H4-%-¢:4 will have restricted regularity near R
and L, and greatest regularity on conic sets avoiding the wedge generated by R
and L. Moreover, the intermediate regularity holds on a conic neighborhood
of L, as long as the tubular neighborhood of L is excised. ’

Lemma 12.2. If u;, u, € H%-%-¢:4  then u u, € H%:%:¢:4 je, H%:b.¢.d jsqn
algebra, for a > (n+1)/2,b>1/2,a,b<c<d,c<a+b-1/2. (See Figure
11.)
Proof. Consider u;, i =1, 2, of the form

Ui = Ujg + Ujp + Uic + Uig,

where #;, is supported in a cone about (1, w,), (K),
;3 is supported in a tube about (1, ws), (-1, —wy), (I,
;. is supported in a cone about a point in the wedge B®>*%2 | or
in a cone about L with a tube about L excised,
1,4 1s supported in a cone away from the above directions, i.e., in G.

Notice that u;, is conormal with respect to the plane perpendicular to the
line L.
UiUz = UgU2q + Ulglhop + UlaU2e + UlgUag
+ UppUzg + Upplop + UrpUse + UipUog
+ UlcUog + Uiclhap + UicUoe + Uil
+ UjdU2q + UigUsp + Uiglac + Uiglhog -

Now, analyzing each piece separately, using Schauder’s Lemma, Rauch’s
Lemma, Proposition 11.3, and Proposition 11.5, we arrive at the desired re-
sult.
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Proposition 12.3. Let f be a polynomial, s > (n+1)/2, and let u € H*{(¢t, x) :
0 <t < T} satisfy

Ou=f(u), ul=0="0l=0, Utl=0="Vli=0,

where v € HS, Qv =0, v =v, +v_+#, v, and v_ are conormal with respect
to a plane IIWF(vy) C {(t,&) :t> 0}, [IWF(v-) C {(r,&) : 1 < 0}), and
@ has TIWF (i) in a single direction, away from IIW F (v,) and TIWF (v_).
Then u € HS»$:25+1/2-¢,00

Proof. We begin with u € H*'S>5:S  so f(u) € H*>S>S-S by Schauder’s Lemma.
E(f(u)) € Hs*1-s+1,s+1,5+1 "gince the forward fundamental solution E for O
acts appropriately on these spaces. Now, v € H%5>®_  Since u = v +
E(f(u)), u € H5>5>s*1:s+1  Now assume that u € H>5:"8 s <r< g. Then
f(u) € H>*:"-8 by Lemma 12.2, as long as r < 2s — 1/2. So E(f(u)) €
Hs+l,s+1,r+1,g+l . Therefore, uec Hs,s,r+l,g+l X

Continuing, by induction, we obtain u € HS-5,25—1/2-¢,25-1/2=¢  Then, by
induction, assume u € H*-5:2-1/2-¢.8 ¢ > 25— 1/2—-¢. Then f(u) €
Hs,s,b—l/z—e,g, and E(f(u)) € Hs+1,s+l,2s+l/2-e,g+l’ SO u € H5»5,25+1/2—¢,8+1
Continuing, we obtain u € HS>5>%-1/2=¢,  Finally, f(u) € H*>5:23~1/2-¢,00
and E(f(u)) € Hstl,s+1,25+1/2—¢,00 ,SO UE HS»$,25+1/2—¢,00

The microlocal regularity at {(¢, x) = (0, 0)} again yields microlocal regu-
larity along the corresponding null bicharacteristics, by Hérmander’s theorem.

Corollary 12.4. Let u, v, f be as above. Then WF(u) C WF(v,)UWF(v-)
UWF(i).

Thus, no additional singularities besides those present in the linear solution
U OCCur.

13. INTERACTION OF TANGENTIAL WAVES

Let u solve Ou = f(x,y,t, u). If u has conormal singularities on three
transversal characteristic hypersurfaces, then new singularities can arise on the
light cone over the point of triple intersection. This was shown in Rauch-Reed
[15] as well as Beals [2]. See Figure 12.

A natural question is, what happens if, at a later time, another characteristic
hypersurface carrying conormal singularities intersects the line (or curve) where
the light cone and an original hypersurface intersect tangentially? Therefore,
we consider the problem of a solution # with conormal singularities in the past
on two tangential and one transversal hypersurface.

Note that in Melrose-Ritter [10], the presence of new singularities on the light
cone arising out of the triple interaction with two tangent characteristic surfaces
is necessary for the predicted dense singularities arising from a finite number of
initial singularities conormal at a point. Melrose-Ritter also predicted that the
extra singularities have higher Sobolev regularity than the initial singularities.
In a related problem, Sa Baretto [17] studied the case of a solution conormal
in the past to a hypersurface with a swallowtail singularity (a more complicated
geometry than that considered here). He showed that the solution is conormal
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AT AN

t<0 =0 >0

FIGURE 12. Nonlinear interaction of three planes

in the future with respect to the original hypersurface and the light cone arising
out of intersection of the cusps.

It is convenient to consider an operator of the following form: [ = 0,0; —
oz + yayz —(m—-1)8, and ¢t = y + z. The characteristic hypersurfaces to be
considered are y = 0 and y = x?/4, which intersect tangentially, and z =0,
which is transversal to the other two. Here the time variable is ¢ = y+z, and 0
is strictly hyperbolic with respect to ¢ on a neighborhood of 0. (At the origin,
the principal term in O = 8,0, — 82 is the usual D’Alembertian, after a linear
change of coordinates.) As is easily verified, the surface of the light cone over
0 for O is given by {(x, y, z) : y(e? — 1) = (x2/4)e?}.

The three waves to be considered are conormal to the following surfaces:

vy =z} is conormalto z=0.

vy =y} is conormal to y =0.

vy = ("72 —y)7"!2 s conormal to y = x2/4.

Here the notation x, means xH(x), where H(x) is the Heaviside function.
Notice that, for m > 0 an integer and [ (for the corresponding m) as above,
|j'l),'=0, i=1,2,3.

The following spaces will be useful in analyzing the regularity of the solution
u to Ou= Bu?, B a C§° function supported near 0.

Definition 13.1.

bk (RP) = {u € LE(R?) N LR (R?) : 851 852(20x + x8y)u € Hip(R%)
Ve; <ki, i=1,2, 3}.

Similarly,

S— _ s—e
Hkl ko ks T ﬂ Hkn ko ks

>0

Notice that each of the vector fields 9., 8x, and 20x + x0, is tangent to

two of the hypersurfaces under consideration. Moreover, away from {x = 0},
these vector fields span T(R3?). Also notice that v; € Hé'::;{ (R, v €

HZH20(RY), and vy € HT ) L (RY).

00,00,
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Theorem 13.2. If we consider the system of equations:

U 0
G Uz _ 0
- )
Us 0
Uy Buyuyus
U (9
U _| v
us U3 ’
Ua/ (<0} 0/ (<0}

then uy, = vy, uy = vy, u3 = v3, and v4 = EB(v1v,v3) solves the system, and
u4 contains singularities on the surface of the light cone over the origin which are
not present in the solution of the corresponding linear problem. In particular, let
K be the surface of the light cone minus the original hypersurfaces:

x? x?
k={er e -n=Se 02052 5}

Then for Q a sufficiently small neighborhood of a point in K,

2 m—1/2
Ep (ez':y:' ("7— ) ) ¢ Hm3(Q).

The following two sections contain some preliminary results followed by the
proof of the theorem.

14. AUXILIARY RESULTS

Several regularity estimates will be useful in the analysis of the solution to
the system of equations.

The first lemma allows us to differentiate 4 using any appropriate deriva-
tives, and then add the total number of derivatives in determining the microlocal
Sobolev regularity on the light cone away from the original singular surfaces.

Lemma 14.1. Assume w € H; , (Q) for Q an open neighborhood of the surface

of the light cone over the origin, away from the original hypersurfaces y =0, z =
0,y = x2/4. Then, microlocally near the conormal bundle to K = {(x, y, z):

Y —1)=%e7, y#0,z#0,y#x2/4}, w € H#+(N*K).

Proof. On K, x #0,s0 {9;, 0x, 0x +(x/2)d,} is equivalent to {8, Ox, 9y} .
Thus ((&, 17, £))*¢%¢bnw € L?. The normal direction to y(e? — 1) = "TZeZ
is (-x/2e?,e* —1,(y —x%*/4)e*), and on K,& # 0,7 # 0, # 0 since
x#0,2z#0,y+#x?/4. So microlocally on N*K, [(&, n, ()| = || = n| = |{].
Therefore, on this set

(&, m, OPRIPIIILID = (&, 1, ) +*d € LA(R?). DO

Next, we need to know how the forward fundamental solution E interacts
with the defined spaces H,ﬁl ko ky - AS with the usual Sobolev spaces, the regu-

larity is improved by one.
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Lemma 14.2. Let E be the forward fundamental solution for O = 8,0, — 82 +
Y82 —(m—1)8, andlet B € Cg°(R®) have supportin t>c where t=y+z is
a time variable. Then Efw € H}* K JorweH;

Proof. Let Ou= pw, u=0 for ¢t <c, and let
N = (8,)%1(8x)% (20 + x8,)%.

Then
ONu—[0, Nlu=NBw.
Note that 8, and 8, commute with [I, while
[Ij, zax + xay] = —3y(23x + xay) .

It follows that
(3, (205 + x8y)5] = —k38,(20x + x8,)*

and therefore
[3, N]= —k30,N .

Consequently
(O+k30))Nu=NBwe H°, and Nu=Oforz<c.

So Nu € H**! by the usual energy estimate for the wave equation, and u €

H;;* lkz’ ks - But, by uniqueness of the solution to the problem, u = Efw .

The following lemma of Gagliardo-Nirenberg type is needed to show that
H k. ks is an algebra. See for example [4].

Lemma 14.3. Let 0 < s’ < s and suppose that w € L*(R3) N H*(R3). Then for
la| = s, it follows that D*w € L*/*' (R3) and

ID* Wl 2w < Cs,sr m(lwliz=)' = (lwllae)* 7.

Lemma 14.4. Suppose w € Hj ,  (R?) for s> 0. If f € C*(R), then f(w)
€ Hi . 1 (R®). The same holds with H;~,  (R®) in place of Hj PR

Proof. We need to show that 8518%(28, + x8,)% f(w) € H*(R3), i..,

D28k 0% (20, + x8,)% f(w) € L?,

where k/ < k;, i=1,2,3, |a|] =5, and D stands for any derivative of order
s . By the chain rule and Leibniz formula, D"af ! 6f’(28x + xay)"5 f(w) may be
written as a sum of terms of the form

(1) g(w)D*8k18%1 (28, + x8))%1 (w) - - D*mfimkem (28, + x8y)*om (w)

where |aj| + -+ |am| = |a|, |kia|+---+ |kim| = k], i =1,2,3. First note
that 9" 85” (20 + x8y)%(w) = u; € H°, since w € H , , (R®). So we can
apply Lemma 14.3 to each factor D% u; and conclude that

Dou; = fj e L3/,
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Therefore (1) has the form g,(w)f -+ fin With g,(w) € L2 and f; € L¥/ll,
Consequently

|l g(w)D* 8518k (26, + x8, ) (w) - - - D fimkam (28, + x8,)%m (w)|| 2
1/2 1/2
= ([e@si1n?) " <tgwiles ([ 57 12)

< llgw)lz= [( / fzs/lanl)"’"’s... (/ fzs/.a,.u)"‘"'"‘] 2

since 12l 4 ... 4 lenl — 1 using Holder’s Inequality. The last expression is
equal to

lg(w)llze || fill L2sstayt = =+ | fomll L25r1am -

The proof for H;~, , (R?) is similar. O

15. PROOF OF THEOREM 13.2

We need to show that there are singularities on the set K consisting of the
part of the surface of the light cone over 0 away from the original hypersurfaces,
and determine the regularity of these singularities. In what follows, ¢ represents
some constant, which can be different each time it occurs. The proof is written
for m even. If m is odd, the proof is similar, except that the formulas for the

exponents of x and ("72 —y) are slightly different.

xz m-1/2
Im+2(28, + x8, )"y (7 - )
+
2 @m-1)/2
= 03™+2(20, + x9y)" exym! (T - )
+
2 (2m=1)/2
= 83m+2(29, + x8,)™ 2 [cxzy;"‘2 (T - y)

+

(X 2m-1)/2
s (5-7)

+

= 03™*2(20, + x8,)" 2 [cxzy:{"2 (54— -y

(X 2m+1)/2
o (5

+
. x2 x?
using y = — T—y +T .

) )(2m-1)/2
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By induction, we obtain an expression of the form

) @2m—-1)/2
)

N ) @m+1)/2
A3m*2(20, + x0y) |ex™ 1y + (— - )

m-3 X _
+cx y+(4

+ +

2 (3m=3)/2
+-o+exly, (T - )

+

52 (2m-1)/2
= 8m*+2(20, + x8y) [cx’"’rl H(y) (T - y)

+

m—1pr x_z -
cx ) 77
+

2 (Bm—1)/2
+-~+cx‘H(y)<2—— ) ]

>(2m+1)/2

<+

xz (2m-1)/2
- a)?m+2 [me+2§(y) (_ _ )

) (2m+1)/2
; )

+cx™é(y) <x_ -y

2 (3m=1)/2
+~~+cx‘5(y)(—4—— ) ]

+

+ +

— 83m+2[0xm+25(y)|x|(2m—1) + mea(y)|x|2m+l 4ot Cxla(y)lem—l]
= cdo(x, y).
Therefore, 877+183m+2(28, + x8,)mzmy™ (% — y)T~ 12 = ¢dy(x, y, z).

Now, EOM+193m+2(29, + x8,)mz™m y+( — )iz F the fundamental
solution for 0. To analyze the regularity of Ez™y +( -y 12 , we will
use the above analysis, and the fact that [6’"*‘33"'+2(23x + x8,)™, 0] = ¢d,,
as shown in Lemma 14.2. Let N = 907+193m*2(20, + x8,)™, and w =
zrym(2 — p)77Y% . As is well known, F € H-3(Q) for any ¢ > 0, but
F ¢ loc(Q) if Q c R3 is any open set intersecting the surface of the light cone
over the~origin. (In the coordinates t = x+y, s = x —y, so that the principal
part of (J at the origin is 82 — (82 +83), F is essentially ﬁ? Xs24z2_22 -)
We need to show that NEw ¢ H%(Q), if Q is a neighborhood of a point in
K. Let OU = pw, so that NOU = Nfw . Then

GONU -[Q, NJU = NBw,
SO )
(O+cdy))NU = NBw =cdo(x, ¥, z)
modulo more regular terms resulting from differentiating f. Then
NU=F'+G,

with F’ the fundamental solution for O + ¢d, and G smoother than F’.
Therefore NU € H*(R?), NU ¢ HO(Q). Since U = Epw, it follows that
Epw e HY, (R%), EBw ¢ HY.| 3,.,2 »(R®). In particular, since the

m+1,3m+2,m
singularities of w locally on K are mlcrolocally concentrated on N*K, as

before we have Efw € H"*374(Q), but Efw ¢ H"3(Q).
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