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CURVATURE CONDITIONS ON RIEMANNIAN MANIFOLDS
WITH BROWNIAN HARMONICITY PROPERTIES

H. R. HUGHES

Abstract. The time and place that Brownian motion on a Riemannian mani-

fold first exits a normal ball of radius e is considered and a general procedure

is given for computing asymptotic expansions, as e decreases to zero, for joint

moments of the first exit time and place random variables. It is proven that

asymptotic versions of exit time and place distribution properties that hold on

harmonic spaces are equivalent to certain curvature conditions for harmonic

spaces. In particular, it is proven that an asymptotic mean value condition in-

volving first exit place is equivalent to certain levels of curvature conditions for

harmonic spaces depending on the order of the asymptotics. Also, it is proven

that an asymptotic uncorrelated condition for first exit time and place is equiv-

alent to weaker curvature conditions at corresponding orders of asymptotics.

1. INTRODUCTION

It is a problem of interest to determine what properties of a Riemannian man-
ifold can be deduced from properties of Brownian motion on the manifold. We

will establish that certain curvature conditions for the manifold are equivalent

to properties of the distributions of the times and places that Brownian motion
first exits from normal balls in the manifold.

Let M be an «-dimensional Riemannian manifold. Let Bm(e) denote the

geodesic ball of radius e about m in M. Let Sm(e) denote the boundary

of Bm(c). Let (Xt) be Brownian motion on Bm(e), started from m. The

infinitesimal generator of (X,) is \ A, where A is the Laplace-Beltrami operator
on functions. Let Tt be the first exit time of X, from Bm (e):

(1.1) Te = inf{t > 0 : d(m, X,) > e}.

For simplicity, when there is no ambiguity, we will use T for T€.

We examine the marginal and joint distributions of the first exit time and

place, T( and Xt, ■ In particular, we consider properties involving these dis-

tributions that hold on harmonic spaces and establish curvature conditions that
are equivalent to asymptotic versions of these properties as e j 0.

We do this by extending the perturbation method of [GP] and [LI]. We give a

general technique by which any joint moment of Fe and XT( can be expanded

in terms of curvature expressions and powers of e .
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In the remainder of this section we give curvature conditions for harmonic

spaces and state our results. In Section 2, we introduce the family of homo-
geneous harmonic polynomials which are useful working on the unit ball and

unit sphere in R" . In Section 3, we describe how a perturbation method can
be used to expand joint moments of T and XT in powers of e using the

solutions of systems of Poisson equations evaluated at the origin. In Section
4, we give a procedure for evaluating the solutions of the systems of Poisson
equations at the origin. Using the techniques developed in the previous sec-
tions, in Section 5 we compute expansions of joint moments of T and Xj in
powers of e in terms of curvature tensors. These expansions are then used in

Section 6 to give precise equivalences between asymptotic Brownian properties
and curvature conditions.

Harmonic spaces. Let r = d(- , m) denote the distance function from me M

and let S denote the unit sphere in the tangent space TmM. The manifold M
is said to be locally harmonic if, for all me M, there exists a ball Bm(e) such
that Ar2 is a function depending only on r inside Bm(e). Equivalently, M is

locally harmonic if, for all m e M, for all smooth functions / defined on S,
and for sufficiently small e > 0,

(1.2) Em [f(expmx(XT)/€)] = j f(z)do(z),

where da denotes the uniform probability measure on 5. In particular, if u is

harmonic in Bm(e) and u(x) = f(e\n~x(x)/e) on Sm(e) then the expectation

on the left in (1.2) equals u(m). Then (1.2) is a mean value property and gives

an equivalent definition of locally harmonic spaces. See [RWW], [K].

The class of locally harmonic spaces includes Riemannian manifolds locally
isometric to Euclidean space or rank one symmetric spaces [B]. Nonsymmetric
examples of harmonic spaces have also been found [DR]. One approach to
classifying harmonic spaces is to consider curvature conditions for these spaces.

We fix a point m e M and represent all tensors with respect to normal
coordinates at m. No distinction is made between upper and lower indices

and we use the summation convention for any repeated indices, unless otherwise

noted. Let Rjjki denote the Riemann curvature tensor, p,j — Riaja denote the

Ricci curvature tensor, and x = paa denote scalar curvature. The metric tensor

is denoted g,j and equals the Kronecker delta <5,; at m.
For a locally harmonic manifold M, the second order curvature condition,

(1-3) (pij)m = (\/n)(xgij)m,

holds for each m e M and xm is constant on M; i.e.,

(1.4) (V,r)m = 0

holds for each m e M. A manifold with these properties is said to be an
Einstein manifold. If (1.3) holds for each m e M and « > 2, then the scalar

curvature is constant by Schur's theorem.
Let Y^pujki) denote summation over all permutations of the indices i, j, k,

and /. At the next level of curvature conditions for locally harmonic manifold

M, the fourth order condition,

(1.5) Y,    (R>PiqRkplq)m=Hm   Y,(gijgkl)m,
P{ijkl) P(ijkl)
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holds for each m e M and

n a „       (2|l/>H2 + 3p?||2)m

is constant on M. A consequence of the curvature conditions (1.3) and (1.5)
is the super-Einstein condition,

(1.7) (RiPqrRjPqr)m = (l/n)(\\R\\2gij)m.

If M is an Einstein manifold, (1.7) holds for each m e M, and n > 4, then

\\R\\2 and Hm axe constant by a Schur type theorem [B; p. 165]. Information
about curvature conditions for harmonic spaces can be found in [RWW] or [B].

Statement of results.   Consider the asymptotic mean value condition (AMVC):

(1.8) Em[f(txn-x(XT)/e)]=Jf(z)dci(z) + o(ek),    e|0,

for every /, a smooth function on S, and for all m e M. It is shown in [LI]
that if AMVC holds with k = 2, then the second order curvature condition
(1.3) holds on M. We shall also show that the converse is true. If n = 2 and
AMVC holds with k = 3 then M has constant scalar curvature, and hence
constant curvature [P2]. This problem was also considered in [KOl] using a
different approach. We also show, conversely, that constant scalar curvature
and (1.3) imply AMVC with k = 3.

We extend the results of [GP], [LI], and [P2] to give an asymptotic expansion
of the left side of (1.8) up to order e5, e | 0. We then use this to show that
curvature conditions (1.3), (1.4), and (1.5) hold on M if and only if AMVC
holds with k = 4. Furthermore, AMVC holds with k = 5 if and only if, in
addition, Hm is constant on M. This also is an improvement of the results of
[KOl].

For M a locally harmonic space, Brownian motion also has the property
that Xj and T are independent random variables if e > 0 is sufficiently small
[K02], [L2]. This property is weaker than harmonicity. For example the metric

product of S3 and H3, the three-dimensional spaces with constant curvature
1 and -1, respectively, has the independence property but is not an Einstein

manifold and hence not harmonic [Hu].

Weaker curvature conditions have been found for manifolds with this inde-
pendence property. Consider the asymptotic uncorrelated condition (AUC):

(1.9)

Em [r/(exp-'(XT)/€)] - Em[T] Em [f(expmx(XT)/e)] = o(ek+2),    e I 0,

for every /, a smooth function on S, and for all m e M. It has been shown
that if AUC holds with k = 3 then M has constant scalar curvature [LI]. In

[K02] it is shown that if T and Xj are independent for all normal balls at
each m e M then M has constant scalar curvature,

(1.10)
(3VPVpPu - 4pipPjp + 2RipjqPpq + 2RipqrRjpqr)m = (1 /«)[(2||i?||2 - 2\\p\\2)gij]m

holds for every m e M and ||i?||2 - \\p\\2 is constant on M. If Af is an
Einstein manifold, then the super-Einstein condition follows from (1.10).

We extend the method of [GP] and [LI] and give an asymptotic expansion

of the left side of (1.9) up to order e7, e | 0, and show that we actually have
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equivalences between the curvature conditions above and AUC for appropriate
values of k. We show that AUC holds with k = 3 if and only if M has
constant scalar curvature, AUC holds with k — 4 if and only if M has constant
scalar curvature and (1.10) holds on M, and AUC holds with k = 5 if and
only if scalar curvature and ||i?||2 - \\p\\2 axe constant and (1.10) holds on M.

2. Working on the unit ball

We will translate the problem from the geodesic ball about me Af to the

unit ball in TmM, the tangent space at m . We consider values of e less than

€\ where ei is chosen such that the exponential map is non-singular in Bq(£\) ,
the ball of radius e\ in TmM. Let B and S denote the unit ball and unit

sphere, respectively, in TmM. We define <Pe: C°°(B) -> C°°(Bm(e)) by

(2.1) (Q>ef)(expmx) = f(x/e).

Working in the unit ball, we find it convenient to use homogeneous harmonic

polynomials defined as follows. For x, z e R" , let

(2.2) *(3t,z)iH^K.

Any k th derivative of K,

(2.3) F(z)= d"       K(x,z)
ux,k. . . OXjl x=0

(where repetitions among the indices i'i , /2 > • * • > ** are possible) is harmonic
and homogeneous of degree 2 - k - n and therefore, the Kelvin transform,

\z\n+2k~2F(z), is harmonic and homogeneous of degree k . We define the ho-

mogeneous harmonic polynomial Q,,...,t with coefficients Qa'"fk as follows:

Gi,-fc(*)=   £   <#:£*«,•■•**
(2.4) oi,...,<i*=i

\z\n+2k-2 gk

= n(n + 2)---(n + 2k-2) ' dxik...dxhK{X' z) x=0

In particular, we take the version of the coefficients Qa'"fkk symmetrized with

respect to a.\,..., a^.
By induction, one can show that partial derivatives of K with respect to x

have the form

o^axTK{^z)

n(n + 2)---(n + 2k- 2)(zh -■*,-,)••• (zk -xik) (\z\2 - |x|2)
(2.5) _ tx _ z\n+2k

\z\2p(x,z)        \x\2q(x,z)      Jk  Xijrj(x,z)

be - z\n+2k-2     \x- z\n+2k-2     ^ \x - z\n+2k-2i i i i 7=1

where p , q, and rj, j — I, ... , k , axe polynomials in x and z and depend

on i"i, ... , ik. It follows that

(2-6) Qh...ik(z) = zh ■ ■ ■ zik + \z\2 Qh...ik(z)
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where Q^...ik is a homogeneous polynomial of degree k-2. Since Qix...,k is

harmonic and homogeneous of degree k, it is the harmonic projection of the

monomial z„ ■ • ■ z,k in the space of homogeneous polynomials of degree k.

Furthermore, the polynomials Qil..jk(z) span the space of harmonic homoge-
neous polynomials of degree k . Since the restrictions of harmonic homoge-

neous polynomials to S form a dense set in the space of continuous functions
on S, we need only consider functions / from this class in conditions (1.8)

and (1.10). See [VK, Section 9.2.3].
Let ]£/>(,, , ) denote summation over the permutations of the indices i\,...,

I* . Then we have from [VK, ibid.] that Q,,...,t(z) equals

(2.7)
zh ■ ■ ■ zik

J&   V   _(-X)J\zV6ixh...Shi_lhjzh]+x.-.zik_
4-   *-*.   2Jj\(k-2j)\(n + 2k-4)(n + 2k-6)---(n + 2k-2j-2)'
j=\ P{it...ik)

The coefficient Q?1;;?* equals

(2.8)

£T   Z-,    1 ̂ 'i*'''' ^'*a*
" P{ax...ak) l

V^     V""* (~lr dj|,2 ■• ■ Oiij_li2j Oaia2 ■■■Oalj^xa1jOi1J+xalj+i • • • Oikak \

f-f jf-.   2> j! (* - 27)! (n + 2ife - 4)(« + 2k - 6)-■-(n + 2k-2j - 2) J"

In particular, we have

Qi(z) = Zi,

Qij(z) = ZjZj - -Su\z\2 ,

Qijk(z) = ZiZjZk - .   £ dVZk\z\2,

&#/(*) = z'zJzkZi ~ 4(n + 4)   J2 #Uzkzi\z\2
(2.9) t«*0

+ 8(« + 2)(« + 4)   51  M*/l*|4,

Qijklh(z) = ZiZjZkZiZh - J2    ^7zA:Z/ZAlZ|2
^ ' i°(i7*/A)

+ 8(„+4')(„+6)fE)V^^r-

3. Asymptotic expansions from PDE's

We use approximate solutions of partial differential equations to compute
asymptotic expansions of Em[Tl(^ef)(Xr)] in e . Then we will find the ap-

proximate solutions as solutions of systems of Poisson equations with boundary
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conditions. We only consider the cases / = 0, 1 but this method can be ex-

tended for any positive integer /.

Proposition 3.1. Let A = \A. Let f be a smooth function on S. Suppose uf

and ve satisfy the following as e | 0:

0:xA^eue = 0(€k-x)inB,    ue=fonS,

<&-xAQ>eve + u€ = 0(ek+x) inB,    ve = 0 on S.

Then

(3 2) Em[(®ef)(XT)] = ^(0) + 0(ek+x),

Em[T(<t>tf)(XT)] = i)e(0) + O(ek+i).

Set / = 1 and ue = 1, then Proposition 3.1 implies:

Corollary 3.2. Suppose vf satisfies the following as e | 0:

(3.3) O-^OeOe + 1 = 0(ek+x) inB,    ve=0onS.

Then

(3.4) Em[T] = Vt(0) + O(ek+i).

Perturbation method. Before proceeding with the proof of Proposition 3.1, we

describe how solutions of (3.1) can be found using systems of Poisson equa-

tions. The operator A = \A has the following homogeneous decomposition

with respect to normal coordinates (xJ) [GP]:

1 1  °°
(3.5) A = -A-2 + -Y,Ai       (A_,=0).

!=0

Here A_2 is the ordinary Euclidean Laplacian and A, is a second order linear

differential operator with polynomial coefficients of the form A, = qJidj+qJikdjdk

where qj and qjk are respectively (/' + l)-degree and (/ +2)-degree homoge-

neous polynomials in (xJ). A, maps /c-degree homogeneous polynomials to

(k + z')-degree homogeneous polynomials.

Proposition 3.3. Let f be a smooth function on S. Suppose that Uj and Vj,

0 < j < k, satisfy

A_2«o = 0 in B,    uo = f on S,

j
A_2M,• + y^ A,_2«/-i = 0 in B,    u,■ = 0 on S   (1 < j < k),

(3.6) fi
j

A_2U; + £ Ai-iVj-i + 2uj = 0 in B,    Vj = 0 on S   (0 < j < k).

i=2

Let iit and vt be defined as follows:

k k

(3.7) Uf = Y,eJuj,    Vt = Y,eJ+2Vj.
7=0 7=0

Then ite and v( are solutions of '(3.1).
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Proof. On S, «e = «o + 0 = / and v€ = 0. In 5, the homogeneous decom-

position is

1 1  °°
(3.8) Oe-U<D£ = ^e-2A_2 + ^ Ee'A''

i=0

where normal coordinates are identified with coordinates in the tangent space.

Therefore we have, using (3.6) and (3.7),

i k    r       ;
<De-U<Me = 2^2 eJ~2   A~2UJ + 22Ai-2Uj-i

7=0 L (=2

.    k oo

(3.9) -^E^"'      S   e^-*-%-.2«7
7=0 [i=k-j+l

1    *
= x]Te* '(Ak-y-ity).

7=0

where Ak-j-1 is a second order linear differential operator with bounded coef-
ficients.

By repeated application of Schauder's estimate, ||w,||2 < -rvll/lk , where the

constant Kj does not depend on /. Therefore, \G>~xAQ?(ue\ < Kek~x\\f\\2 =
0(ek~x).

Similarly, using repeated applications of Schauder's estimate, we have

1   k

(3.10) <t>-xA^(ve + ue =^ew(AH.,t);) = 0(ek+x).   □

7=0

Proof of Proposition 3.1. We first prove the following lemma using the pertur-

bation method.

Lemma 3.4.  Em[T] = 0(e2) and Em[T2] = 0(e4).

Proof. Let v and w be solutions of

,„,,, A_2u + 2 = 0in B,     v = 0onS,
(3.11)

A_2tu + 2v = 0 in B,    ti/ = 0on5,

Let ve = ®e(e2v) and wt = <i>t(e*w). Then by Proposition 3.3,

Ave + l = O(e) in Bm(e),      vt = 0onSm(e),

Awe + ve = 0(e3) in Bm(e),    we = 0 on Sm(e).

Therefore by Dynkin's formula we have

0 = Em[ve(XT)] = ve(m) + Em   [ (Avt)(Xs)ds
Jo

(3.13) , \ rr
= e2v(0)-Em\j   (l + 0(e))ds

= e2v(0) - (1 + 0(e))Em[T].
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Thus Em[T] — 0(e2). Also by Dynkin's formula,

0 = Em[we(XT)] = we(m) + Em    [ (Awt)(Xs)ds
Jo

(3.14) =we(m)-Em    f {v((Xs) + 0(e3)}ds
Jo

= w€(m)-Em\j  v€(Xs)ds  +0(e5).

By Ito's formula and (3.14) we have

0 = Em[Tve(XT)] = 0 + Em    f {s(Av()(Xs) + v€(Xs)}ds
Jo

(3.15) =Em\S i-^ + O^ + UXs^ds

= -(1 + 0(e))Em[T2]/2 + wt(m) + 0(e5)

- -(1 + 0(e))Em[T2]/2 + e4w(0) + 0(e5).

Thus Em[T2] = 0(e4).   D

Proof of Proposition 3.1. Let ue and v€ be defined as follows:

(3.16) we=<Me,        «£=<Mf,

where ut and ve axe defined as in (3.7). Then we have

Aue = 0(ek~x) in Bm(e),    we = <De/ on Sm(e),

^i)e + u<: = 0(ek+x) in i?m(e),    v£ = 0 on 5m(e).

By Dynkin's formula,

£m[(0>£/)(^r)] = £m[«e(X7-)]

= ue(m) + Em \f (Au€)(Xs)ds

(3-18) r   \ 1
= ue(0) + Em    [   0(ek~x)ds

Jo

= ut(0) + 0(ek+x).

By Ito's formula and Dynkin's formula,

Em[T(<Pef)(XT)] = Em[Tu€(XT)]
T

= 0 + Em    f {s(AUt)(Xs) + u((Xs)}ds
Jo

(3.19) =Em    f {ut(Xs) + sO(ek'x)}ds
To

= Em    j   u((Xs)ds   +0(eM)
Jo

= ve(0) + O(ek+i).   D



manifolds with brownian harmonicity properties 347

4. Evaluating solutions at 0

Pizetti formulas. In the previous section, we reduced the problem to a system

of Poisson equations with boundary conditions. We derive tools to evaluate

solutions of these equations at zero. We give Pizetti's formula in R" [CH, pp.

287-289]:

Lemma 4.1. Let ar denote the uniform probability measure on So(r). Suppose

A™$xu = 0, then

f m 1
(4.1)       /     udo-r = u(0) + Y-rr—-rr-;--,—-(Ah_2u)(0)r2h.

J Sort ^2^!«(« + 2)-..(« + 2/z-2)v    2

We define the following dimension constants for k > 0:

(1, h = 0,

(4-2)    *H_!_   h>o
{ 2hh\ (n + 2k)(n + 2k + 2) • • • (n + 2k + 2/z - 2)'

As shown in [LI], Lemma 4.1 implies

Corollary 4.2. Suppose A^J'w = 0 in B and u-0 on S, then

m

(4.3) «(0) = -$>g(Ai2«)(0).
A=l

We extend this formula to derivatives of u. Let

(4-4) G/,..,*(V)=     £     &£±dh...dh.
7i,-,7*=l

We have then:

Lemma 4.3. Suppose A^J xu = 0 in B and u = 0 on S, then

m

(4.5) [(2,-1...,-t(V)«](0) = -5>a[&-....«*(V)A*2h](0).
A=l

Proof. For simplicity we write Q for 2/,.„/4 . Let U(x) = Q(x)u(x). Since

Q and its derivatives are harmonic, by repeated application of the product rule
for the Laplacian, we have the following formula for A* 2 U:

(4.6) A*2C/ = £(*)2>     J2    (dal-:dajQ)(dai...dajAh_-2ju).
7=0 ^J'       a.aj=l

Since Q is a homogeneous polynomial of degree k,

(dfll...aflJQ)(0) = 0> 7<fc,

(4.7) dai...daiQ = k\QHl:£, j = k,

dai...dajQ = 0, j>k.

Therefore,

(4.8) (Ai2U)(0) = ( (H)T[G(V)Ai2*«](0),    * > *,
I 0, h<k.
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By (4.6) and (4.7), A™+k+x U = 0 in B. Also U = 0 on S.  U(0) = 0 since

Q(0) = 0. Therefore by Corollary 4.2,

m+k     ,,-fc
(4-9) 0 = - £ ^_^o[<2(v)A^M](0).

Equation (4.5) follows by replacing the   h   with  h + k  and solving for

IG(v)k](0).  □

In particular, we can now compute derivatives of u at 0 in terms of deriva-

tives of A_2« at 0.

Corollary 4.4. Suppose A™2xu = 0 in B and u = 0 on S. Then

(4.10)

(dh ■ ■ ■ diku)(0) = -f; <t>k(dh ■ ■ ■ dikAh_2u)(Q)

_W?^   _ <f>k (-1Vfr„2 • • • Shj_lhj (dhj+x ■ ■ ■ dik Ah_+2ju)(0)

2-!t1)Pl2^i,2Jf-(k-2j)\(n + 2k-4)(n + 2k-6)---(n + 2k-2j-2y
7=1  n=0 P(ii...ik)

Reduction process. The functions Uj ( 1 < j < k ) and Vj (0 < j < k ) defined

by (3.6) above are solutions of Poisson equations of the form

7

(4.11) A_2 Vj + Y, A,-2 Vj-i + 2Uj = 0inB,
1=2

with boundary condition Vj = 0 on S. Here A_2 Vj can be expressed in terms

of Uj and V, i < j. If there exists m such that A"^x V = 0 then Corollaries

4.2 and 4.4 show how to express Vj and its derivatives evaluated at 0 in terms
of Uj and V,, i < j, and their derivatives evaluated at 0. We develop formulas

to assist in the reduction process and to verify that the hypothesis of Corollaries
4.2 and 4.4 is satisfied by the solutions of (3.6).

Define the differential operator Ak as follows:

fAfc, 7 = 0,

(4'12) ^{a_24-'-4-a-2, 7*1.

It follows easily by induction that each Ak has the following properties:

Lemma 4.5. Ak is a linear differential operator, of order 2 + 7, with polynomial

coefficients of degree < 2 + k - j and > 1 + k - 2j (where a polynomial of
negative degree is understood to be the 0 polynomial). Furthermore,

(4-13) A?2Afc = £(7KA-2";-
7=0  V J '

We now check the hypothesis of Corollaries 4.2 and 4.4.
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Lemma 4.6. Suppose for 0 < j < k, Uj and Vj satisfy (3.6). Then A2k2xuk — 0

and A2}2+2vk = 0 in B.

Proof. We proceed by induction. First consider m, , 0 < j < k. By (3.6),

A_2«o = 0 in B. Suppose A2J2lUj = 0 in B, j < k. Then by (3.6) and
Lemma 4.5,

(4.14) A2_fxuk = - J2 E (2A*W2A?*2-A"*-,-
;=2 A=0 V      '

Now A2k2huk_i = 0 for i > 1 and A < j . By Lemma 4.5, ^f_2 = 0 for h > i.

Thus A2}2+xuk = 0 in B.

By (3.6), A2_2v0 = 0 in B. Suppose A2}2+Xuk = 0 and A^Vj = 0, j < k.

Then,

(4.15) A2*2+V = -J2 E PY ^^A2^1-"^-,- - 2A2_^1«, = 0
/=2 A=0   V y

in 5.   D

Lemma 4.6 implies that we may apply Corollaries 4.2 and 4.4 to the solutions
of (3.6) and thus we may ultimately express each of m,(0) and Vj(0) in terms

of wo and its derivatives evaluated at 0. In Section 5, we give the results of this
reduction process for 0 < i < 4. Before we do this, however, we give formulas

for computing uc, and its derivatives at 0.

Derivatives of «o at 0.   Let «o denote the solution of

(4.16) A_2M0 = 0 in B,    u0 = f on S

as before. Then by the Poisson formula,

(4.17) (dixdi2...dlku0)(0) = f n(n + 2) • • • (n + 2k - 2)Qhh...ik(z)f(z)da(z)
Js

where o is the uniform probability measure on S.

When a harmonic homogeneous polynomial QPx...Pm(z) is substituted for

f(z), we have an explicit computation for the integral.

Lemma 4.7.

jn(n + 2)---(n + 2k- 2)Qix...ik(z)QPu..Pm(z)do(z)

(4-18)       5 rfc!G?/.:t> k = m>
10, k^m.

where Qf1".^* are the coefficients given in (2.8).

Proof. Since the polynomials Q are harmonic,

(4.19)     Ah_2(Qix..,kQPx..,Pm) = 2h     E    (dax...dahQix...ik)(dax...dahQPx...Pm).
au...,ahm\



350 H. R. HUGHES

Since the polynomials Q are homogeneous

fJfclQf'-f*,    h = k,
(4.20) (afll...aaiG,.,j(o) = {0j *-*    Mfc

Since for harmonic function Q,

(4.21) Gp1..A(v)G = ^,...aptG,

we have

«    E   Gf11.:tGpfl11:::^ = GP,...P*(v)G,I...«t
(4.22) «i..••.«*=!

= Op, . ..aPkQix_ik

= fc!Gf'"f.ae'*i—**

Therefore (4.18) follows by Pizetti's formula, (4.19), (4.20), and (4.22).   D

5. Results of reduction procedure

The operators Aj in terms of curvature. We use the summation convention

for repeated indices in the following. For convenience we define the following

tensors involving curvature with respect to a normal coordinate system:

(R # R)ijki = RiajbRkalb . (R # ^' P)ijk = Riajb^bPka >

(/> * V/7),7^ = Pia^aPjk , (R * -K)<7 = RiabcRjabc .

(5.1) (R#p)u=Riajbpab, (p* p)ij = PiaPja,

(p # V/9), = pabVbpia , (p * Vl), - p,a VaT ,

PH2 = KbcdRabcd , \\P\\2 = PabPab-

We note the following symmetries:

(R#R)ijkl = (R#R)klu = (R#R)jilk ,

(52) (R*R)u = (R*R)ji,

(P * P)ij = (P* P)ji,

and the following relations:

(R#R)iaja = 2(R#R)iaaj = (R * R)ij ,

(R#R)ijaa = (R#p)ij,

('} (R*R)aa=\\R\\2,

(R#p)aa = (p*p)aa = \\p\\2.
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The first few A, have been computed [GP], [K02]:

A0 = (\/3)Ripjq(m)xPx* dtdj - (2/3)pip(m)x" dt,

A, = (\/e)(VrRipjq)(m)xpx"xrdidj

+ (\/\2)[ViPpq - 6VqPip](m)xpx"dl-,

A2 = (l/60)[3V5VrJR,w, + 4RrishRpjqh)(m)xpx«xrxsdidJ

(5.4) + (1 /180)[9V,Vrppg - 36VrV(?/v + 4prhRhpiq
- l6(R#R)ipqr](m)xpx<lxrdi,

A3 = (l/90)[V,VsVrRiPJg + ^,(RrishRpjqh)}(m)xpxc>xrxsxtdidj

+ (l/360)[6V,-V,Vr/>OT - 20VsVrVqppi + lORriskVkppq

+ 3V,(R#R)pqrs - 20Vs(R#R)ipqr](m)xpx'1xrxsdi.

Using the definitions in (4.12) we compute the following operators:

(5.5)
4 = -(2/3)pijdtdJ,

A{ = 0,    j>2,

A\\q =-(l/3)ViXdi,

A2 = -2VkPijdidjdk,

A{ = 0,    7>3,

4=o,

A\\   = -(2/45)[27ViVjX + 9VpVppu + 3S(p * p)u

-34(R#p)u + 6(R*R)lJ]dldj,

A\ = -(8/15)[9V,V^/7/y + 2(R#R)ijkl)didjdkdl,

A{ = 0,    7>4,

4=0,
A2\o = -(l/45)[18V,Ar + 40(p * Vt),- - 13V,(||/>||2)

+ 60(/>#V/>), + 3V,(||/?||2)]d,-,

4 = -(4/15)[12VfcV,V,T + 9VfcV,V„/>0

+ 33Vk(p*p)ij-5(p*Vp)ljk

- \9Vk(R#p)ij - 50(R# Vp)ijk + 6Vk(R * R)u] didjdk ,

A\ = -(l6/3)[2VhV,Vkpu + Vh(R#R)ljkl]dldjdkdldh ,

A{ = 0,    J>$-

We note that the operators A\, ^ , ^2 , and A\ are zero because of curvature

identities. We also compute the following compositions of operators:
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(5.6)

44 = (4/9)[2(p * p)ij - (RtpMdidj,

AlAx0 = (4/9)pijpkldidjdkdl,

4^[,|o=(l/18)[-V!(||/>||2)+12(/>#V/»)i]aI-,

A\A\ |o = (2/9)[pijVkx + 4Vk(p * p)ij - 2ppqVkRpiqj] dtdjdk,

a\a2 = (4/3)PijVhpki dtdjdkdtdh,

A\A0\o =(2/9)(p*Vx)ldi,

A\Ax0\o =(2/9)pijVkxdidjdk,

AUo\0 = (4/3)[Vfc(/> * p)i} + (p * Vp)ijk - Rpi9jVkppq - 2(R#Vp)iJk]didjdk.

Let B be a differential operator with polynomial coefficients. Then B\0

consists of the terms of B with constant coefficients. Suppose that all terms

in 5|0 are of order k such that B\0 = bil"'kdix ■■•dik. Then define the linear
operators L by

(5.7) Lk_2j(B)-b>        ^   -2Jj\(k-2j)\-'
P('i-ik)

if 7 < k/2. We use the following constants and operators derived from the
operators in (5.5) and (5.6) using L:

(5.8)
L\A\ = -(2/3)t,

L20(AX0A0) = (4/9)\\p\\2,

L$(AX0AX0) = (&/9)[xPiJ + 2(p * p)u] didj,

L\(A2) = -4ViXdi,

L\(A2)Ao\Q=^miP*^^)idi,

L\(AlA\) = (2/9)[tV,t + 6(p * Vt),- + V,(||/>||2) + I2(p#Vp),]dt,

L^A^A]) = (4/3)[tVkpij + 2/?,7VfcT + 2V*(/> * p)u + 2(/> * Vp)lJk] dtdjdk ,

L^Mo) = (2/9)[tV,t + 2(p * Vt),]dt,

X.?04?4>) = (2/3)[4(p * Vt),- + V,(||/>||2) + 4(p # Vp)>] 0,,

L\(A2)Al = (%/3)pijVkxdidjdk,

L\(L\(A\)Al) = (8/3)[tV,T + 2(p * Vt),]^ ,

L2(A\) = -(4/45)[18Ar + 2\\pf + 3||i?||2],

L\(A\) = -(8/15)[27V,V;T + 9V/,V„/>I7 - M(R*P)v

+ lS(p*p)u + 6(R*R)ij]didj,

L\(A\) = (4/T5)[-54V,At - 70(p * Vt),- + 14V,(||/>||2)

-80(/7#Vp),--9V,-(||i?||2)]a,-,

L\(A\) = (32/3)[-4VfcV,V,T - 3VfcVpVp/),7 - 6Vk(p * />),-;

+ 3Vk(R#p)u + lO(R#Vp)ljk - 2Vk(R **),7]d,d,dfe.
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Solutions of Poisson equations at 0. The procedure described in Section 4 may
now be used to express the values of the solutions of (3.6) at 0. The details
of these calculations are too long to include here. We have the following for

k,(0) :

(5.9)

"i(0) = 0,

(AxQu0)(0)
M2(0) = M>TT2)'

(A\u0)(0) (A2u0)(0)

3[>     Sn(n + 2)     4Sn(n + 2)(n + 4)'

L2(Ax0)(AxuQ)(0)       (Ax0AoUo + A2uQ)(0)

4W        16n2(n + 2)(« + 4) +   48n(n+ 2)(«+ 4)

(3Ax0Ax0u0 + Aluo)(0)

384n(n + 2)(n + 4)(n + 6)'

L2(Ax0)(Axu0)(0)   _ L2(Ax0)(A2u0)(0)

5{ '       I6n2(n + 2)(n + 4)     64n2(n + 2)(n + 4)(n + 6)

[(n + 8)A\A0Uo-Li(A2)A0u0](0)

4Sn(n + 2)2(n + 4)

[3(n + lO)AxAx0u0 - 4Ll(A2)A0u0](0)

3S4n(n + 2)2(n + 4)(n + 6)

(A^AyUp + Alu0)(0)     (3Ax0A\u0 + A2A0u0 + Alu0)(0)

4Sn(n + 2)(n + 4) 384n(« + 2)(n + 4)(n + 6)

(lOAx0A2u0 + A4u0)(0)

3840«(« + 2)(« + 4)(n + 6)(n + 8)'

For vt(0):

(5.10)

vQ(0) = ±uQ(0),

^i(0) = 0,

^ = >»-4H)^'
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„,(o)=i„3(0) - sfA\ „(o) - [Li[A:>u°-62f'uT.
3K '     n    K '     4n2(w + 2)   u ;        24«(« + 2)2(«+ 4)

^ = ^0)-4^T2)"2(°)

f   L2(^)L2(J0)    _    L2K^o + ^2)   1

[8«3(« + 2)(n + 4)     24«2(« + 2)(n + 4)J   0{ '

[6L2(Ax0)(Ax0u0) - LJ(3AX0AX0 + 4>)tt0](0)

192«(« + 2)(« + 4)2(« + 6)

(^0«0 + ^Mq)(0)

24«(« + 2)(« + 4)2(« + 6)'

^ = >(°)-4^)^

r   L2(^0)L2(^0)    _    L2K^o + ^2)    1

[8n3(« + 2)(/i + 4)     24«2(« + 2)(n + 4)J    u ;

Lg(^0)[(w-6M}Mo + Z,?(4)Mo](0)
32n2(« + 2)2(« + 4)(« + 6)

[4L?(L?(^0)«q-3(h+ 10)L3(^}^)Mo](Q)
192«(« + 2)3(« + 4)(« + 6)

(3k2 + 28rc + 68)[L3(J2)^0m0](0)

48n(« + 2)3(n + 4)2(n + 6)2(/z + 8)

ft3 + 32«2 + 244« + 560)(^,'^0M0)(0)
+   64«(« + 2)3(« + 4)2(« + 6)2(« + 8)

Lg(^)(^tto)(0)

192«(n + 2)(n + 4)(n + 6)2(« + 8)

[L3s(10^2 + ^)Mo](0)

1920«(« + 2)(n + 4)(n + 6)2(« + 8)

(3«2 + 28« + 68)[L3(v42)^0M0](0)

48w(« + 2)3(« + 4)2(« + 6)2(« + 8)

(n3 + 32n2 + 244n + 560)(^11^0m0)(0)
+    64«(« + 2)3(« + 4)2(« + 6)2(« + 8)

(3Ax0A\u0 + A2A0u0 + Alu0)(0)

192«(« + 2)(n + 4)(« + 6)2(« + 8)'

Formulas concerning the joint distribution of exit time and place.     The first
expansion is given in [GP].
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Proposition 5.1. For small e > 0,

(5.11) Em[T] = a0e2 + ale4xm + a2e6{6Ax + (5/n)x2-\\P\\2 + \\R\\2}m + O(e!i),

where oq, a\, and a2 are positive constants that depend only on the dimension,
n.

We note that by Corollary 3.2 and Proposition 3.3, when «o = 1,

(5.12) Em[T] = e2v0(0) + e3v, (0) + e4v2(0) + e5v3(0) + e6v4(0) + 0(e*).

Substituting the formulas (5.9) and (5.10), we get (5.11) with the following
values of Oq, a i , and a2:

,.,.. 1 1 1
(5.13) ao = -,    «i = 6/l2(„ + 2)'    a2 = 90n2(n + 2)(n + 4Y

We give an expansion for Em[(Q>ff)(XT)] ■ This extends the results of [LI]

and [P2].

Proposition 5.2. Let f be a smooth function on S. For small e > 0,

(5.14)

EmWtf)(XT)\

= J f(z)da(z) + bxe2 j(Pij)m Qij(z)f(z)da(z)

+ e3 j[b2(ViX)m Q,(z) + b3(VkPij)m Qijk(z)]f(z) da(z)

+ e4 J {64[9V,V;t + 3VqVqPij + (l0/n)xpij

+6(P * p)ij - 8(R # p)u + 2(R * R)ij]m Qu(z)

+ b5[lSV,VkPu - 5pijpkl + 4(R#R)ijkl]mQijkl(z)}f(z)da(z)

+ e5 j j {b6xViX + b7(p * Vt),

+ 68[12V,-(At) - 7V,-(||/>||2) + 20(p#Vp)i + 2V,-(||i?||2)]}m Qt(z)

+ {VVt/?,, + bw(n - 2)PjkViX + 6„[12V*VyV|.T

+ 9VkVhVhPiJ + 18V^(/j * p)ij - 10(P * V/>),-;fc

- 14Vk{R#p)ij - 40(R#Vp)ljk + 6Vk(R * R)u]}m Qijk(z)

+ bn[4VhV,Vkpij - 5pkiVnpij

+ 2Vh(R#R)tm]m Qijkih\f{z) da(z)

+ 0(e6),

where b, are nonzero constants that depend only on the dimension, n.

Proof. By Propositions 3.1 and 3.3,

(5.15)
Em[(<t>, f)(XT)] = u0(0) + eUl(0) + e2K2(0) + e3w3(0) + e4u4(0) + e5u5(0) + 0(e6)

Substituting formulas (5.9) and then using (4.17) we get (5.14) with the follow-

ing values of b\,b2,... , £>i2:
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(5.16)

*i=-72'    *2 = -24(« + 2)'    *3 = _24'

. 1 ,   _    _J_       ,_1
4 360(k + 4)' 5        1440'      6        72«(« + 2)(« + 4)'

. 1 ,_1_       , 1

7 72(« + 2)2' 8        1440(« + 2)(« + 4)'      9        48«(rc + 6)'

, 1 . 1 . J_
10     288(« + 2)(« + 6)'       n        1440(« + 6)'       12        1440'

We give an expansion involving the joint distribution of T and XT. This
extends the results of [LI].

Proposition 5.3. Let f be a smooth function on S. For small e > 0,

Em[T(<i>ef)(XT)] - Em[T)Em[(^f)(XT)]

= c,e5 j(Vix)mQi(z)f(z)da(z)

+ Q£6 /[9V,-V7T + 3VhVhPij - 4(p * p)ij

+ 2(R#p)u + 2(R * R)ij]m Qij(z)f(z)da(z)

(5.17) +e7 / J {c3tV,-t + c4(p* Vt),-

+ c5[6V,(At) - V,-(||/>||2) + Vi(\\R\\2)]}m Qi(z)

+ {ciPjk** + c?[4VfcV;-V,-T + 3VkVhVhpu - 4Vk(p * p){j

+ 2Vk(R#p)u + 2Vk(R * R)ij]}m Qijk(z)}f(z)da(z)

+ 0(e8),

where C\, c2, ... , cj are nonzero constants that depend only on the dimension,
n.

Proof. As before, we use Propositions 3.1 and 3.3. We then substitute formula
(5.10) and, using (4.17), we get (5.17) with constants

_1__1
Cl ~ 12(« + 2)2(« + 4)' Cl~ 360(n + 4)2(« + 6) '

_5« + 6_1_
,_ ,_,     °3~ 72«(« + 2)3(n + 4)(« + 6)'    c* ~    6(n + 2)3(n + 4)(n + 6) '
(5-18) _1_1

Cs      144(« + 2)2(« + 4)(n + 6)'    Cfi        144(«+ 2)2(«+ 4) '

_1_01 ~ 720(« + 6)2(« + 8)"   °

6. Curvature conditions

Asymptotic mean value condition.   We now use Proposition 5.2 to derive curva-
ture conditions for manifolds satisfying the asymptotic mean value condition
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(AMVC). Recall that for positive integer k AMVC is defined as follows:

(1.8) Em[f(exx>-x(XT)/e)}= J f(z)da(z) + o(ek),    e|0,

for every /, a smooth function on S, and for all m e M.
Theorem 6.1, below, gives relationships between AMVC and the curvature

conditions (expressed in normal coordinates at m):

(6.1a) \Ppq--i8pq)    =0,     \<p,q<n,
V / m

(6.1b) (vpx)m = 0,     \<p<n,

(6-lc)

E   U#J?W,-2|I^2 + 3|^I|2^J    =0,     \<p,q,r,s<n,
Pipqrs) "" ^ ' *m

(6.1d) [VP(P||2)1    =0,     \<p<n.

Theorem 6.1. A Riemannian manifold M and Brownian motion X on M sat-

isfy AMVC

(1) for k = 2 if and only //(6.1a) holds for every m e M;
(2) for k = 3 if and only if(6.la-b) hold for every m e M;
(3) for k = 4 if and only if(6.la-c) hold for every m e M;
(4) for k = 5 if and only z/(6.1a-d) hold for every m e M.

Proof. As noted in Section 2, it is sufficient to consider only functions of the

form f(z) = QPx...Pk(z). Letting f(z) = Qpq(z) in the e2 term of (5.14) and
applying Lemma 4.7, part (1) follows.

To prove part (2), letting f(z) = Qp(z) in the e3 term of (5.14) and applying

Lemma 4.7, we have that AMVC for k = 3 also implies (6.1b) for m £ M.
We note that (6.1a-b) imply

(6.2) (VrPpq)m = 0,        l<p,q,r<n.

Thus the converse also follows.

To prove part (3), we first note that if (6.1a-b) hold for every m € M,

(6.3) Vt = 0 = Vp.

Letting f(z) = Qpq(z) in the e4 term of (5.14), applying Lemma 4.7, and
using (6.3), we have that AMVC for k = 4 implies

[(5/n)xppq + 3(p * p)pq - 4(R#P)pq + (R * R)pq]m

(6'4) =(l/«)[((5/«)T2-||^||2 + ||i?||2)gp;    .
L im

Using (6.1a), this reduces to

(6.5) {{R*R)Pq\m = (\/n)\\\R\\2gpq\    ,     l<p,q<n.
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Now letting f(z) = Qpqrs(z) in the e4 term of (5.14), applying Lemma 4.7,

and using (6.3), we have that AMVC for k = 4 implies

(6.6)

E    \ 4(R # R)pqrs ~ 5pPqPrs
P(pqrs) l

- -^ [12(R * R)rs + S(R#p)„ - 20(p * p)rs - lOzprs] gpq

+ (n + 2)(n + 4) i6^ ' 6^ " 5t1 '» *»}„ = °'

Using (6.1a) and (6.5), this reduces to (6.1c).
To prove the converse, we note that that (6.1a) and (6.1c) imply (6.5) [B, pp.

164-165] and thus also (6.6). If (6.1a-b) hold for every me M then (6.3) also
holds. Therefore if (6.1a-c) hold for every m € M, AMVC holds for k = 4.

Finally, to prove part (4), letting f(z) = Qp(z) in the e5 term of (5.14),

applying Lemma 4.7, and using (6.3), we have that AMVC for k = 5 implies
(6.Id) for every m € M. Conversely, from (6.1a-d), (6.3), and (6.5) it follows
that all parts of the e5 term of (5.14) vanish. Therefore AMVC holds for k = 5
if (6.1a-d) hold for every m e M.   □

Asymptotic uncorrected condition. Proceeding as above, we use Proposition
5.3 to derive curvature conditions for manifolds satisfying the asymptotic un-
correlated condition (AUC). Recall that for positive integer k AUC is defined

as follows:

(1.9)
Em [Tf(exv>mx(XT)/e)] - Em[T]Em [f(expml(XT)/e)] = o(ek+2),    e I 0,

for every /, a smooth function on S, and for all m e M.

Theorem 6.2 gives relationships between AUC and the curvature conditions

(expressed in normal coordinates at m):

(6.7a) (vpx)m = 0,     \<p<n,

yVh*HPpq - 4(/> * P)pq + 2(R#p)pq + 2(R * R)pq

(6.7b) -2||/?||2 + 2PH2„  1
~ Spq     — u >
n Im

1 <P, Q<n,

(6.7c) [vp(||i?||2-||/>||2)]m = 0,     \<p<n.

These conditions are overall weaker than the conditions (6.1a-d).

Theorem 6.2. A Riemannian manifold M and Brownian motion X on M sat-

isfy AUC
(1) for k = 3 if and only if'(6.7a) holds for every m € M;
(2) for k = 4 if and only if (6.7a-b) hold for every m € M;
(3) for k = 5 if and only if (6.1 a-c) hold for every m e M.



MANIFOLDS WITH BROWNIAN HARMONICITY PROPERTIES 359

Proof. As before, we only consider functions of the form f(z) = QPl...Pk(z).

Letting f(z) = Qp(z) in the e5 term of (5.17) and applying Lemma 4.7, part

(1) follows. We note that if (6.7a) holds for every m e M or, equivalently, if
AUC holds for k > 3, then x is constant. Using this fact, letting f(z) = Qpq(z)

in the e6 term of (5.17), and applying Lemma 4.7, part (2) follows.

Finally, to prove part (3), letting f(z) = Qp(z) in the e7 term of (5.17),

applying Lemma 4.7, and using the fact that x is constant, we have that AUC

for k = 5 implies (6.7c) for every m e M. Conversely, if (6.7a,c) hold for

every m € M, x and ||i?||2 - \\P\\2 are constant. It follows from (6.7b) that

(6 8) {Vr [3VaVa/?m " 4{p * p)pq + 2{R * p)pt> + 2{R * R)p«\}« = °'

1 <P,q,r<n.

Therefore, all parts of the e7 term of (5.17) vanish and thus AUC holds for

k = 5 if (6.7a-c) hold for every m e M.   D

The first statement below follows immediately since the independence of T

and Xj implies AUC for all positive integers k. The second statement follows

applying the condition (6.1a) to (6.7b-c).

Corollary 6.3. If T and Xr are independent random variables for small positive

values of e, then conditions (6.7a-c) hold for every m e M. If in addition, M

is an Einstein manifold, condition (6.5) holds for every m e M and \\R\\2 is
constant on M.

1. Remarks

These results can be extended in the following ways.   First, the reduction

procedure given in Section 4 can be applied to the solutions of larger systems

of Poisson equations of the same form as (3.6):

(7.1)
A_2i40) = 0 in B,    u{°] = f on S,

7

A_2«f + E A,-2"7-/ = 0 in fi,    ^0) = 0on5   (1 < j < k),
(=2

7

A-2"S1) + E A«-2«S-« + 2"f = 0 in B,    uf = 0 on S   (0<j<k),
1-2

7

A_2My) + EA'-2Mi-' + 2"y_1) = 0in-S'    u{j] = 0onS   (0<j<k).
(=2

Then asymptotic expansions of Em[Tl(<^tf)(Xr)] in e can be computed as

k

(7.2) Em[Tl(^f)(XT)] = /! £e;+2/Mf (0) + 0(ek+2M).

7=0

Additional terms in the asymptotic expansions (5.11), (5.14), and (5.17) can

be computed provided one computes enough terms in the homogeneous decom-

position of the Laplacian. It is possible, in principle, to compute any term of the
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expansion in e of Em[Tl(&€j~)(Xt)] • In practice, the size of this task increases

extremely rapidly as either / or the level of asymptotics increases.

Finally, these methods can be extended to any diffusion with infinitesimal

generator A which admits a homogeneous decompostion with respect to normal

coordinates (xJ):

1 1   °°
(7.3) ,4 = -A_2 +-£/!,•,

j=-i

where A_2 is the ordinary Euclidean Laplacian and A, is a second order lin-

ear differential operator with polynomial coefficients of the form A, = qjdj +

qj djdk where qj and qj are respectively (/+ l)-degree and (i + 2)-degree

homogeneous polynomials in (x->).

We also note that due to the large number of calculations involved, the cal-

culations leading to all terms in (5.11), all terms except the e5 term in (5.14),

and all terms except the e7 term in (5.17) were first computed by hand and

then checked using computer symbolic algebra programs. The last term in each

of (5.14) and (5.17) is based in part on computations made by computer. The

programs used in these computations were Mathematica(TM), Version 2.0, a

mathematical software system developed and distributed by Wolfram Research,
Inc., and MathTensor(TM), a Mathematica-based tensor analysis program de-

veloped and distributed by Leonard Parker and Steven Christensen, founders
of MathSolutions, Inc.
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