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RESIDUE CLASSES OF LAGRANGIAN SUBBUNDLES
AND MASLOV CLASSES

HARUO SUZUKI

Abstract. For Lagrangian subbundles with singularities in symplectic vector

bundles, explicit formulas of relation between their residue classes and Maslov

classes outside singularities are obtained. Then a Lagrangian subbundle with

singularity is constructed where all possible Maslov classes are nonzero but

residue classes vanish for dimension > 2 . Moreover, a Lagrangian immersion

with singularity is constructed, where the similar property for the associated

Maslov classes and residue classes is shown.

Introduction

Let (E, Q) be a symplectic 2n-vector bundle over a differentiable manifold
M with a symplectic structure Q. E has a complex operator / compati-
ble with Q. For two Lagrangian subbundles Lo, Li of E, Maslov classes
ph(E, Lo, Li) £ H4h~3(M; R) are defined by I. Vaisman [V]. They are ob-
structions for Lo, Li to be transversal everywhere. Let X be a closed set of

M and L a Lagrangian subbundle of E\M\>z ■ We take X as a set of singu-
lar points of the Lagrangian subbundle L. By making use of D. Lehmann's

technique of [LI] and [L2], for odd Chern polynomials c2n_x, one can de-

fine h-residue classes resn(L,17) £ H4h~2(M, M \ X; R) on the singularity
X of the Lagrangian subbundle L, if X has a neighborhood which is a sub-

manifold with boundary and is contained in an open set retracting to X by
deformation. If M is a differentiable oriented manifold of dimension m
and X is compact, the Alexander-Lefschetz duality & yields homology classes

Res/,(L ,177) =2! resn(L, X) £ Hm_4n+2(L; R) on the singular set X.

Theorem 3.1. Let E be a symplectic vector bundle over a differentiable man-

ifold M and L a Lagrangian subbundle of F|a/-\i for a closed subset X of
M. Suppose that U is an open set containing a submanifold with boundary

which is a neighborhood of X, and retracts to X by deformation. Let Lo be

a Lagrangian subbundle of E\u, Ph(F\u\z, Loli/\s> L|iy\z) Maslov classes on
E\u\x and resn(L,I7)  h-residue classes of L on X. Then one obtains that

resh(L, I7)=eoS*ph(E\U\yZ, Lollys, L\u\f)

where d* : H4h-\U \ X; R) -» H4h~2(U, U \ X; R) are connecting homo-
morphisms of cohomology exact sequence for the pair (U, U \ X), and e :

H4h-2(U, U\ X; R) -» H4h~2iM, M \ X; R) are excision isomorphisms.
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Let (V, ily) be a symplectic 2m-manifold and /: M —> V a map which is

differentiable outside a closed set Xo C M. Moreover, we suppose that /|a/\^

is isotropic, that is (fi\M\yZo)*^v = 0. We set

X = {x e M \ X0| ker/»U # 0} u X0.

The pullback Ef = f*TV of the tangent bundle TV by / has a natu-
ral symplectic structure Qf induced from Qr/ by /. The tangent bundle

Lf = T(M \ X) is a canonically embedded Lagrangian subbundle of the sym-

plectic 2m-vector bundle F/|a/\z. If X has a neighborhood which is a subman-

ifold with boundary and retracts to X by deformation, then h -residue classes

resA(/, X) = resh(Lf, X) € H4h~2(M, M\L; R) are defined (cf. Corollary 3.2).
We fix a complex operator J of E compatible to its symplectic structure. Let

Uj(E) be the [/(n)-reduction of the principal G(n,C) bundle associated with
the complex n -vector bundle yielded from E and J. Chern-Simons-Maslov
classes ph(E, J, L) £ H4f>-3(Uj(E); R) are defined by [V].

Theorem 4.1. Let E be a trivial symplectic 2n-vector bundle over a differentiable

manifold M with a trivializing section

s:M-+ Uj(E).

If L is a Lagrangian subbundle of E\M\>z for a closed set X c M and if X
has a neighborhood which is a submanifold with boundary and retracts to X by

deformation, then we have

resh(L,17) = s'ph(E\M\Z,J,L).

We construct a Lagrangian subbundle L of a trivial symplectic vector bundle
DxC over a manifold D with a nowhere dense singular set X. D is the R2-

vector bundle associated with the S'-bundle U(n)/0(n) -* U(n)/U(l) • O(n)
and L is defined outside the zero section I of D. Maslov classes of L with

respect to the "horizontal" Lagrangian subbundle L0 of Dx C" are all nonzero.

But as for residue classes of L on X, one proves, by Theorem 3.1, the following,

Theorem 5.2.  We have

r^, *>={£*•"■ *<>• *;!;

where S* : Hx (D \ X; R) -> H2(D, D \ X; R) is the connecting homomorphism

of cohomology exact sequence for the pair (D, D\17) and A*yx (cf. [K-T, 6.28

Theorem]) is the canonical generator of the cohomology group Hx (D \ X; R) =

Hx(U(n)/0(n);R).

Moreover one can construct a Lagrangian immersion F : D -* C""i* ,+1 with

a singular set X£ from the Lagrangian immersion / : U(n)/0(n) —> C2^
of J.-M. Morvan and L. Niglio [M-L]. Note that the singular set X£ contains
interior point.

Theorem 7.2. Let F : D —► C ;^+1 be the Lagrangian immersion with the

singularity X£, stated in the above. Then we have h-residue classes

,rvJ/0,    n = 1,
resA(F,X£)| = o:    h>l,
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and all Maslov classes for degree < "(n+X) of F\D\ze with respect to the standard

horizontal Lagrangian subbundle are nontrivial.

Contents of the present paper are as follows. In Section 1, we review Maslov

classes and Chern-Simons-Maslov classes for Lagrangian subbundles. In Section

2, we consider a connection with singularity on a principal bundle and review

their c2h_x-residue classes through Cech-de Rham complex associated with the
singularity. In Section 3, one defines n-residue classes (h ^ 1) of a Lagrangian

subbundle on singularity and proves Theorem 3.1. The result is applied to sin-

gularities of Lagrangian immersions. In Section 4, we treat trivial symplectic
2n-vector bundle and Lagrangian subbundles with singularities. Then Theorem

4.1 is proved. In Section 5, we construct the example of Lagrangian subbundle

with singularity and prove Theorem 5.2. In Section 6, for a Lagrangian im-

mersion to a symplectic space from a manifold N with 5'-bundle structure,
a general construction of a Lagrangian immersion of the associated R2-bundle
DN to a symplectic space with singularity is made and then in the last section,
Theorem 7.2 is proved.

1. Maslov classes

Let tie : E —> M be a symplectic 2«-vector bundle over a differentiable man-

ifold M with a symplectic form Q. We choose a complex operator J : E -» E

compatible with Q and regard E as a complex n-vector bundle (E, J). The

principal GL(n; C)-bundle associated with E is reduced to a principal U(n)-
bundle it : Uj(E) —► M. Let L c E be a Lagrangian subbundle, i.e., a
real n-dimensional subbundle with Q\l = 0. Then the structural group of

E is reduced to O(n) and one gets a principal G(n)-subbundle of Uj(E),

it : Uj(E, L) —► M. An 0(n)-connection 0 on Uj(E, L) is extended on

Uj(E) naturally. The extended connection is called L-orthogonal unitary con-

nection and is denoted by 0 too. For the odd Chern polynomial c2n-i and the
curvature form 6 = dd + [6, 6], we have

^-.(e(2/!-1') = o.

Let A(0) be the homomorphism of a C/(n)-invariant polynomial algebra to the
algebra of differentiable forms on Uj(E) defined by substituting the curvature

6 of 0 . In particular, we have A(6)ck = c/fQ^). Let L0 C E be another
Lagrangian subbundle. Then the principal <7(n)-bundle Uj(E) has another

G(n)-reduction Uj(E, L0). Let do bean Lo-orthogonal unitary connection
and A1 a standard 1-simplex. For t £ A1,

f) = (l -l)0o + 10

is a connection 1-form on the principal (/(n)-bundle Uj(E) x A1 —► M x A1 .

Let 6 denote the curvature form of 0. (Ah - 3)-forms on Uj(E) are defined
by the formula

A(6o,d)c2h_x = -}   c2h-X(&2h-V)
J   A1

= (2h-i) f c2n_x(e-do,efh-2))dt
Jo
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where ^fA, means an integration over the fiber of the A'-bundle MxAx —>Af,

and
e, = td(e-0O) + [(i -i)0o +10, (i -i)0o +10].

Since 0 and 0o are £/(n)-extensions of orthogonal connections, it follows

that
c2A_i eKerA(0o)nKerA(0),

and hence we get

d(A(60, e)c2h-i) = A(6)c2h_i -A(d0)c2n-i = 0.

The (4n - 3)-forms A(0o, 8)c2n-i on Uj(E) are adjoint invariant and so
they are regarded as closed forms on the base space M. Their cohomology

classes [A(0o, 8)c2n-i] £ H4h~i(M; R) do not depend on the choices of the L0-

orthogonal unitary connection 0o and the L-orthogonal unitary connection 0.

This fact is shown by making use of A'-bundle Stokes formula (cf. [V]). These

cohomology classes are called Maslov classes of (E, Lo, L) and are denoted
by Ph(E, Lo, L). Let 0 be again an L-orthogonal unitary connection on

Uj(E). For t £ A', 10 is a differential 1-form on Uj(E) x A1, which is not

necessarily a connection on the principal U(n)-bundle Uj(E) x A' —► M x A1.
We take a "formal curvature" of 10,

e = d (10) + [10 ,td] = dtAd + et

where 6, is defined by

e, = tde + t2[e ,e] = te + t(t - lye, 0].

A suspension form of the Chern form A(0)c2A_i is defined by

T(d)c2h-X = -} c2A_,(e(2A-")
J   A1

= (2h-l) f c2h-i(6,Q(?h-2))dt.
Jo

By S.S. Chern and J. Simons [C-S], one obtains

d(T(d)c2h_i) = A(6)c2h-i = 0.

The de Rham cohomology classes [T(d)c2h_i] £ H4h-3(Uj(E); R) do not de-

pend on the choice of an O(n) -connection 0, by the A'-bundle Stokes for-
mula (cf. [V]). These cohomology classes are Chern-Simons-Maslov classes of

(E, J, L) and denoted by ph(E, J, L).

2. Residue classes of connection with singularity

Let M be a differentiable manifold of dimension m, X a closed set of
M and U an open neighborhood of X admitting a deformation retraction

r : U —► X. Let W be a submanifold of dimension m with boundary in U
such that JFdX, <9W/nX = 0 and, moreover, r\w is a deformation retraction

too for the sake of simplicity. Set V = M \ X. We review here D. Lehmann's

definition of residue classes in [L2].

Remark. According to [LI], the condition of deformation retraction for W is

not necessary.
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A Mayer-Vietoris complex associated with % = {V, U} is the differential
graded algebra

&*iit) = f\v © f\ u © f\~\u n F)
with the differential operator

D(a, b,£) = (da,db, -d£ + b\unv -a\ur\v)

and with the product

(a, b, c;)u(a', b', ?) = (a Aa', b Ab', (-l)^aA? + £Ab')

where \a\ = dega. The natural inclusion map e : A* M —► 7%*i%7) defined
by

M i-» (u\v, u\v, 0)

induces an isomorphism of cohomology algebra by Weil Theorem [W], [B-T].
The projection ^*(gr) -^ /\* V defined by

{a,b,£)»a

is a surjective homomorphism of differential graded algebras. Its kernel A* U®

/\*~\UnV) has a cohomology algebra H*iM, M \Z;R). By identify-

ing ft(Z; R) with Hom(/^(.7), R), the map /\m~k U © Am~*_1(tf n K) -

Hom(Afc c7, R) defined by

ib,^)^(y^ [ bAy- j   £Ay)

induces the Alexander-Lefschetz duality 3 : Hm~kiM, M\X; R)S£Hk(Z; R),

if M is oriented and X is compact. Let M, X and U are as above. Usually
we assume that IntX = 0. Moreover, if X is a differentiable submanifold, then
one can take a tubular neighborhood of X as U with a deformation refraction
r : U -* X. Let (F, M,n, G) be a principal G-bundle where G is a Lie
group and 0 a connection on P\m\t with cfc e KerA(0). Let 0' be an arbitrary
connection on P\u ■ Then

21t 2fc— 1
(A(0')cfc,A(0,0')cfc)e/\   U®/\     iUnV)

are 2/c-cocycles and their cohomology classes in H2k (M, M \ X; R) do not

depend on the choice of 0'. It depends only on the ck-homotopy class of
0 (cf. [L2, pp. 94-95]), that is, if there is a connection cp on the principal G-

bundle P\m\z x A' -> (M \X) x A' with ck £ K.erA(cp) and 0,- = ^|p|VXIx{i}.

i' = 0, 1, then we have

[(A(6')ck, A(0O, d')ck)] = [(A(0')ck, A(0,, 6')ck)].

This is proved by making use of an affine combination of 0o and 0i, and of the
Stokes formula for trivial A'-bundles. The ck-residue classes of 0 on X are
the cohomology classes res(0, ck) = [A(6')ck, A(0, d')ck] £ H2k(M, M\X; R)
which are determined upto ck -homotopy of the connection 0. Note that we
have excision isomorphisms

H4h~2(U, U\l;R) = H4h-2(M,M\i:;R)
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and hence the ck-residue classes are determined actually by a local data 6\u\z •

By the Alexander-Lefschetz duality, 3 : HlkiM, M\L\ R)ffHm-2k(I.; R),

one gets homology ck- residue classes of 0 on X, Res(0, ck) = 3 res(0, cf) £

/fm_2/t(X; R), if M is oriented and X is compact.

3. Lagrangian subbundles with singularities

Let %e '■ E —► M be a symplectic 2n-vector bundle and J : E —> E a
compatible complex operator. Let X be a closed set of M and L a Lagrangian

subbundle of F|m\z • 2 is called a singular set of L. Let L7 be an open set
containing a submanifold with boundary which is a neighborhood of X and

retracts to X by deformation. Let 0 be an L-orthogonal unitary connection

on Uj(E)\m\z and 0' an arbitrary connection on Uj(E)\v ■ Since c2n_x £
Ker A(0), replacing U by small one the c2n-X-residue classes of 0 on X are

defined by

res(0, c2h_i) = [(A(6')c2h-i, A(0, 0')c2*-,)] £ H4h~2(M, M\l; R).

Any two L-orthogonal unitary connections on Uj(E)\m\z. are c2n-i-homo-

topic by taking their affine combination, and therefore the c2n-i-residue classes

res(0, c2n-i) of 0 on X do not depend on the choice of the connection 0.

They depend only on the Lagrangian subbundle L on M \ X and are denoted
by resn(L, X). We call them h-residue classes ofi L on X. Suppose that E\v

has a Lagrangian subbundle Lo . Then one can take an Lo-orthogonal unitary

connection on Uj(E)\u as 0' and obtain the following result.

Theorem 3.1. Let tie : E —> M be a symplectic vector bundle, and L a La-

grangian subbundle of E\M\i for a closed set X of M. Suppose that U is

an open set containing a submanifold with boundary which is a neighborhood
of X, and retracts to X by deformation. Let Lo be a Lagrangian subbundle

of E\u, ph(E\u\z, L0\u\z, L\u\yf) Maslov classes on E\V\j: and resh(L, X)
c2„-i-residue classes of L on X. Then one obtains that

resh(L, X) = e o S*ph(E\rj\z, Lo\V\s., L\u\z)

where 5* : H4h-3(U \ X; R) -> H4h~2(U, U \ X; R) are connecting homomor-

phisms in the cohomology exact sequences of (U, U \ X) and

e:H4h~2(U, U\I.;R)-+H4h-2(M,M\I.;R)

are excision isomorphisms.

Proof. Since 0' is a connection on Uj(E)\u, the c2n-X-residue classes

res(0, c2n-X) have representative cocycles

(A(0')c2A-,, a(0, d')c2h-x) £ r\h~2 u © r\h~\u \ x),

which represent n-residue classes res/,(L,X) of the Lagangian subbundle L on
its singular set X. On the other hand, since 0 restricted to U\L is an jL|ry\r-
orthogonal connection on Uj(E)\V\yz and 0' is an Lo-orthogonal connection

on Uj(E)\v, the Maslov classes ph(E\V\Z, L0\u\z, L|i/\i) 6 H4h~'i(U \X; R)
are represented by

A(0,0>2/,-. eA4/"3([/\x>
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which are identified with

(A(0, 6')c2h_i, 0, 0) 6 f\H'\u \ X) © f\h~3 U © f\h~\u \ X).

We have

D(A(0, d')c2h-i ,0,0) = (d(A(6, 6')c2h-i),0, -A(0, 0')c2A-i)

= (O,O,-A(0,0')c2A_,)

= -(O,A(0')c2A_,,A(0,0')c2A_,).

Therefore, it follows that

r5*[A(0', 6)c2n-i] = -d*[A(6, e')c2h-i]

= [(A(9')c2h-i,A(d,d')c2h_i)].

The excision map e is the identity for the representative cocycles (A(d')c2h_i,

A(0, 6')c2n-i) and so one gets the required formulas. □

If M is an oriented manifold of dimension m and X is compact, by the

Alexander-Lefschetz duality 3 : H4h~2(M, M \ X; R) -^ jf/m_4A+2(X; R), one
gets homology h-residue classes of L on X, Res^ (L, X) = 3 res/, (L, X). Let
M be an w-dimensional manifold, (V, Qy) a symplectic 2w-manifold and

fi: M -* V a map which is differentiable outside a closed set Xo c M. More-

over, we suppose that /|ai\Io is isotropic, that is (f\M\if)*&v = 0. We set

X={xeM\X0| ker/,|x#0}uX0.

The pullback Ef = f*TV of the tangent bundle TV by / has a natural
symplectic structure Qf induced by / from Qy . The tangent bundle Lf =
T(M \ X) is a canonically embedded Lagrangian subbundle of the symplectic

2w-vector bundle F/|at\i: ■

Corollary 3.2. Let fi: M —► IV, Qy) be a map ofi an m-manifild to a symplectic
2m-manifiold which is isotropic outside a closed set Xo. Suppose that the union

X of X0 and the singular set of f has a neighborhood which is a manifold with
boundary and retracts to X by deformation. Then h-residue classes res/,(/, X) =

res„iLf, X) e H4h~2iM, M \ X; R) of fi are defined. Moreover if Ef admits
a Lagrangian subbundle Lo then we have

resnif, X) = 5*phiEf\M\Z, Lo\M\l, Lf)-

Proof. We take the whole manifold M as a neighborhood U in Theorem 3.1,

then the result follows immediately. □

4. Chern-Simons-Maslov classes

Suppose that the symplectic 2n-vector bundle nE : E —► M is trivial. Then
the principal [/(n)-bundle L/(F) associated with E and a compatible complex
operator / has a section s : M —> Ly(F) given by the trivialization. Let X

be a closed set of M and L a Lagrangian subbundle of E\M\z ■ We are now

interested in the cohomology classes s*phiE\M\z, J, L) £ H4h~3iM \ X; R).
Let Lo be a standard trivial Lagrangian subbundle of E obtained by real part
of the trivial complex n-vector bundle (F, /). Now we get relations between

n-residue class of L on X and Chern-Simons-Maslov classes of L for J.
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Theorem 4.1. Let E be a trivial symplectic 2n-vector bundle over M with a

trivializing section s : M —* Uj(E) and Lo the Lagrangian subbundle obtained

from the trivialization. If L is a Lagrangian subbundle of F|m\e for a closed

set X c M and if X has a neighborhood which is a submanifold with boundary
and retracts to X, then we have

resn(L, X) = 8*ph(E\M\Z, Lo\M\z, L)

= d-os*ph(E\M\z,J,L).

Proof. Let 0 be an L-orthogonal unitary connection on Uj(E)\M\z. Since
Uj(E) is a trivial t/(n)-bundle, we have a projection to the fiber, pf : Uj(E) -*
U(n). Let co denote the Maurer-Cartan form on U(n) and set 0O = p*-co. Ob-

viously 0o is an Lo-orthogonal unitary connection. From the trivial bundle
structure of Uj(E), determined by the section s, it follows that

6 = it* o s*d + p} o i*8 = n* ° s'd + p}co

where n*s*6 is the 0(n)-basic part of 0 (cf. [Su, Lemma 3]) and i is the

inclusion map of U(n) onto a fixed fiber.     One obtains

0 = (l-l)0o+ 10

= (1 - t)p*fco + t(n* o s* 6 + Pffo)

= tit* os* 6+ p'fCO.

Therefore we get

s*6 = s*(tn* o 5*0 + p*fco) =s*t6 + s*op*fco = s*t6,

and hence
s*e = s*e

where G is the curvature form of 0 and 0 is the "curvature" form of 10.

It follows that

Ph(E\M\z, Lo\m\z,L) = [A(0O, 0)c2A_i]

=   [-f^2n-)(e(lh-X))

= [-fj2h-X(s*&2h-V)

= \-fj2h-X(s*&2h-V)

= s*\-f^c2n-X(&2h-V)

= s*[T(d)c2h_x]

= s*ph(E\MXZ,J,L).

On the other hand, by Theorem 3.1, we have

resA(L, X) = 8*ph(E\M\z, U\m\z, L)

and hence

resh(L,J7) = 8*os*ph(E\M\-z,J,L). D
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5. AN EXAMPLE OF LAGRANGIAN SUBBUNDLE

We construct a Lagrangian subbundle with singularity in a symplectic vector
bundle where only 1-residue class does not vanish but all Maslov classes outside

the singularity are nontrivial. To do this, we use the Lagrangian Grassmannian

manifold U(n)/0(n).

Lemma 5.1. The manifold U(n)/0(n) has an Sx-bundle structure with the struc-
tural group 50(2).

Proof. Since we have a sequence of subgroups 0(n) c U( 1) • 0(n) c U(n), one
gets a fiber bundle

ir: U(n)/0(n) -+ U(n)/U(l) • 0(n)

whose fiber is   U(1) • 0(n)/0(n).    But we have a natural diffeomorphism

U(l)/U(l)f\0(n)* U(l)-0(n)/0(n) which maps a-(U(l)nO(n)) to a-0(n)
for each element a £ U(l). Since we get

U(l)/U(l) n 0(n) = U(l)/0(l) =■ Sx,

it follows that U(n)/0(n) is an S'-bundle with the structural group U(l) =

50(2). □

Let D be the R2-bundle associated with the Sx-bundle U(n)/0(n) -►
U(n)/U(l)-0(n) and consider the trivial C"-bundle

E = DxC" ->D.

Let Lo = D x R" be the "horizontal" Lagrangian subbundle of E. For
any nonzero vector u of D, the normalized vector u = jAt is a point of

U(n)/0(n). Let X be the zero section of D and L the Lagrangian subbundle

°f F\d\z defined by
Lu = Au(Rn)

where Au is a unitary matrix representing the point u £ U(n)/0(n). Then

Maslov classes for the Lagrangian subbundles Lo|d\j; and L in the symplectic

vector bundle E\D\z is given by

Hh(E\D\z, L0\d\x , L) = A,y2h-i

where A*y2n_x, h — 1, ■ • ■ , m, n = 2m or 2m - 1 are canonical generators
of the cohomology ring H*(U(n)/0(n);R) (cf. [K-T, 6.28 Theorem] and the
proof of Theorem 4.1). Therefore all Maslov classes Ph(E\p\z, Lo\d\z, L) are
nonzero. On the other hand, n-residue classes resA(L, X) of L on X are
computed as follows.

Theorem 5.2. Let D be the R2-bundle associated with the SO(2)-bundle
U(n)/0(n) -* U(n)U(l) • 0(n), and E = D x C" the trivial symplectic vec-

tor bundle over D. Let L be the canonical Lagrangian subbundle outside the
zero section X = U(n)/U(l) • 0(n). Then we have

res^z,^-^ {;!:

where 8* : Hx (D \ X; R) -♦ H2(D, D \ X; R) is the connecting homomorphism
of the cohomology exact sequence for (D, D \ X).

Proof. By Theorem 3.1 with U = D, we have

res,(L, X) = 8*px(E\D\T, Lo\D\z ,L),
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since the excision isomorphism HX(D, D \ X; R) % HX(U, U \ X; R) is the
identity map. The homomorphism i* : HX(D;R) —» HX(D \ X; R) induced
by the inclusion map i:5\Z-»fl is equivalent to the homomorphism n* :
Hx(U(n)/U(l)-0(n); R) -> Hx(U(n)/0(n); R) induced by the projection map

it : U(n)/0(n) -> U(n)/U(l) • 0(n). Since the space U(n)/U(l) • 0(n) is
simply connected, it follows that

Hx(U(n)/U(l)-O(n);R) = 0.

Therefore 8* is an injection and hence one gets

resi(L,X) = fJ*A»^i ̂  0.

We set N = U(n)/0(n) and B = U(n)/U(l) • 0(n). The F2-term of the
cohomology spectral sequence (cf. [Se] and [M]) with real coefficients for the

S'-bundle n:N -» B is

$>!•« = £>P(F; H«(SX;R))

= YJHp(B;R)®H9(Sl;R).

It is generated multiplicatively by the elements of £Ff'° = Y,HP(B', R) and

the natural generator u £ HX(SX; R). Er converges to E^ = H*(N;R). Since

we have A*yi £ HX(N; R) and HX(B; R) = 0, u have to stay alive to £<» .

Therefore we get dru = 0 for r _ 2. It is obvious that dr(Er'°) = 0 for r ^ 2

and hence E^° = Ep2 -q , that is,

h*(n ; r) = J2 H"(B;R) ® -H'<?(51;R)-

Now we obtain

Hk(N; R) = Hk(B; R) © Hk-X(B; R) ® u.

Therefore, primitive elements of Hk(N;R) for k 2. 2 should belong to

Hk(B; R) which is the subgroup of n*-images. Since the homomorphisms i* :

Hk(D;R) —> Hk(D\l.; R) induced by the inclusion map are equivalent to

the homomorphisms n*, primitve elements of Hk(D \ X; R) = Hk(N; R) for

k ^ 2 are i'*-images. Since A»y2A-i are all primitive, they should be i'*-images

for h > 1 and hence one gets

resA(L, X) = S*A*y2h_x =0,

for h > 1. □

6. A Lagrangian cone of Lagrangian immersion

Let JV be an S'-bundle over an (n - 1 )-dimensional manifold B and DN

the R2-bundle associated with N. Obviously N c DN. Let (R2n, Q2„) be
a canonical symplectic structure of R2" and / : N -> R2" a Lagrangian im-
mersion. We construct a differentiable map Cf : DN -* R2("+') with sin-

gularity, which is a Lagrangian immersion outside a sufficiently small closed

neighborhood X£ of the zero section of DN. Let e > 0 be a sufficiently
small number and X£ the closed e-disk bundle with the natural metric in the
associated R2-bundle. The complement set DN \ X£ of X£ is obviously dif-

feomorphic to N x (s, oc). Any point x e DN is expressed as x = tv with
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v £ N, l_0 where t, v are unique outside the zero section. Define the map
Df:DN-> R2n x R by

Dfiv   t)-l{f{v)>th      ' = e'

Df is an immersion outside X£. Let i : R2" x R -> R2("+') = R2n x R2 be

the canonical inclusion map defined by

i(x, m) = (x, 0, m).

Note that the canonical symplectic structure Q2(„+X) is given by

. ̂ 2(7i+l) = X*Qln + K&2

where iii : R2("+') —► R2n and n,: R2("+') —> R2 are natural projections.

Lemma 6.1. Let Cf be the map Df followed by i, i.e., Cf = i o Df: DN —►
jj2(/h-i)   Then Cf\oN\z, Is a Lagrangian immersion and X£ is the singularity of

the map Cf (in the sense that Cf is not an immersion or not isotropic there).

Proof. For each point x = (v, t) £ DN \ X£, we have

Dfi(TxDN) = Dfi(Tx(DN\X£)) = (fiTv(N), R),

and hence

Cf,(Tx(DN)) = U(fmTv(N),R) = (fiTv(N),0, R).

Since f*Tv(N) is a Lagrangian subspace of (R2n, Q2n), Cfi(Tx(DN)) is a

Lagrangian subspace of (R2("+D, Q2(n+i)) • Thus the map Cf:DN-* (R2("+'>,
^2(n+i)) is regarded as an isotropic map with the singularity X£. □

The map Cf is called a Lagrangian cone of the Lagrangian immersion /. By
Lemma 6.1, one can consider the Maslov classes associated with the Lagrangian

immersion Cf\DN\ze : DN \ X£ —> (R2("+'), Q2(n+i)) with respect to the trivial

Lagrangian subbundle Ln+i>0 = \J(X,y)ew+v(TxR"+1, 0) •

Lemma 6.2. Maslov classes of the Lagrangian immersion Cf\DN\zc with respect
to the trivial Lagrangian subbundle L„+x to coincide with those of the Lagrangian

immersion fi: N —> (R2", Q2„) with respect to the trivial Lagrangian subbundle

L„to-
Proof. We take the trivial connection as an L„;o-orthogonal unitary connec-

tion 0„ _ o on /* FR2" . The tangent bundle TN is a Lagrangian subbundle

of /* FR2", since N is mapped by Lagrangian immersion /. Let 6„>x be

a FiV-orthogonal unitary connection on /* FR2" . The Maslov classes of

(f*TR2",f*Ln,o,TN) are

ph(rTR2",f*Ln,o, TN) = [A(0n>o, 9„,x)c2h-X] £ H4h~\N; R)

where A(0„>o, Qn,\)c2h-X = j-AiC2/i-i(©(2A_1)) and 6 is the curvature form of

the connection 0 = (l-0^u,o + ^n,i on NxAx. We set a = 0„;i -0„,o and

denote the curvature of the connection 0|(=const by 6,. Then it follows that

}   c2A_i(e^-»)
J A1

= (-1)*        y.k   ,„,-^TT  /   {Xri/1"/2*-1^,.1 A0!2,.  A---A0;2V    }dt.
K    ' (2it)2h-x(2h-2)\ Jo       "-'"-i   J'       ''J* t.Ju-i1
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Recall that DN \ X£ is diffeomorphic to N x (e, oo). Let pt : N x (e, oo) -» N

and pr : N x (e, oo) —► (e, 00) be the left and right projection respectively.

The Lagrangian subbundle T(DN\le) c Cf*(TR2l"+V)\DN\Zt is isomorphic
to p*t TN © p* TR. Since p* FR is the trivial line bundle X, the subbundle is
denoted by p\ TN © k. Let Jn+X and g„+i be the standard complex struc-

ture and the standard Hermitian metric on R2("+'). The pullback Cf*Jn+i

and Cf*gn+i is a compatible complex structure and a compatible Hermi-

tian metric on C f* (TR2(~n+l'))\DN\^. Let tp be the trivial connection on X.

Then 0$, i = p*t6n,x® <p is a (p*tTN © A)-orthogonal U(n + l)-connection on

C/*(FR2("+1))|/jjv\j;£ .     The affine combination of 0„+i,o and ds,x is

Os = (l-t)en+i,o + tds,i

= (1 - t){p*t6„to ®q>) + t(p*9n,i © <p)

= p*i((i-t)e„,o + ten,x)®tp

= p*te®cp,

where the left projection N x A1 x (e, oo) —► N x A' is denoted by pe too.

Hence we have its curvature form

©5 = p*Q © o = (f/<* a rfi + ̂ ;e,) © o

since cp is flat. Therefore one obtains

A(0n+,,o, eSA)c2h-X = -}   c2h_i(Qf-l))
J   A1

= -/    c2h-i((p*taAdt+p*tQt)(2h-V)
J  A1

= p*l{-jj2h-X((otAdt + Qt)i-2h-x^

= Pt{-fj2h-l{e{lH~X)))

= P*l(A(dn,0, 6n,l)C2h-X).

Thus it follows that

Pn(Cfi*(TR2("+X))\DXze, Cfi*Ln+x,o\D\z, T(DN\ZC))

= [A(6„+i,o,6s,i)c2H-i]

= Pl[&(0n,0,0n,l)c2h-X]

= p*tPn(fi*TR2n,fi*Ln,o,TN).

Note that p*e : H4h~3(N, R) -* H4h~i(DN \X£; R) is an isomorphism since pe
is the left projection DN \ X£ = N x (e, oo) -+ N. D

7. An example of Lagrangian immersion with singularity

We apply the construction of Lagrangian cone of a Lagrangian immersion

to that of the Lagrangian Grassmannian manifold U(n)/0(n) to the complex

space C^^r given by J.-M. Morvan and L. Niglio [M-N]. Let V be the vector

space of (n x n)-complex symmetric matrices, which is identified with c2^ . V
has a natural Hermitian structure defined by (X, Y) = tr(XY) for X, Y £ V.
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The map of U(n) to V defined by A >-* A'A induces a map /: U(n)/0(n) -*
V from the quotient space by 0(«). / is a Lagrangian immersion and its

Maslov classes for degree  < "("+')   with respect to the standard horizontal

Lagrangian subbundle are all nonzero.   Note that the complex space C  :r
is identified with the standard symplectic space (R"("+1), Q„(n+1)).      Let D

denote the R2-bundle associated with the S'-bundle U(n)/0(n) -► U(n)/U(l)-
O(n) as in Section 5, and X£ the closed e-disk bundle in D, which is a closed
neighborhood of the zero section of D. By Lemma 6.1, one gets a map

F = Cfi:D^ R"(n+')+2

such that F\D\ic is a Lagrangian immersion and X£ is the singularity of F.

By Lemma 6.2, Maslov classes of the Lagrangian immersion F\D\zc :

D \ Xe -» (R«(»+i)+21 Q„(n+1)+2) with respect to the standard horizontal La-
grangian subbundle L!!in+i1+l 0 coincide with those of the Lagrangian immer-

sion /: U(n)/0(n) -» C^ = (R»(»+1), Qn(„+])) with respect to the standard
horizontal Lagrangian subbundle Ln(--n) n •

Lemma 7.1. The Maslov classes for degree < "("+') of the Lagrangian immersion

F\d\zc with respect to the standard horizontal Lagrangian subbundle L^f^+i 0

are all nonzero.

Proof. Since the Maslov classes for degree < Si2+ll 0f the Lagrangian im-

mersion / with respect to the subbundle L<wd 0 are all nonzero by [M-N],

and since the Maslov classes of the Lagrangian immersion F\D\zc : D \ X£ -+

(Rn(n+i)+2 ̂  Qn(n+1)+2) with respect to the subbundle Ln^ 0 coincide with

those of /, the result follows. D

h -residue classes of a Lagrangian immersion / : M —> V with singularity

X are defined by resn(f, X) = resn(T(M \ X), X) from Corollary 3.2. Now we

look at the n-residue classes of the Lagrangian immersion F : D -* C^r-^+1
with the singularity X£. Note that X£ is a small closed tubular neighborhood

of the zero section of D and hence contains interior points.

Theorem 7.2. Let F : D —> C^+1 be the Lagrangian immersion with the
singularity X£, stated in the above. Then we have

tp  v x j #0,    h= 1,
reMF,Xe)| = o;    h>l,

and all Maslov classes for degree < ni2+Ll of F\D\zc with respect to the standard

horizontal Lagrangian subbundle are nontrivial.

Proof. By Corollary 3.2, we have

resA(F, X£) = 8*ph((F\DXlc)*TR»^+2, T(D \ X£), (F|z,Nje)*LJ¥i+10).

By Lemma 7.1, the Maslov classes in the right-hand side are all nonzero. By
the same argument on the homomorphism

8* : H4h~l(D \ X£; R) -> H4h~2(D, D \ X£; R)

as in the proof of Theorem 5.2, the result follows. D
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