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RESIDUE CLASSES OF LAGRANGIAN SUBBUNDLES
AND MASLOV CLASSES

HARUO SUZUKI

ABSTRACT. For Lagrangian subbundles with singularities in symplectic vector
bundles, explicit formulas of relation between their residue classes and Maslov
classes outside singularities are obtained. Then a Lagrangian subbundle with
singularity is constructed where all possible Maslov classes are nonzero but
residue classes vanish for dimension > 2. Moreover, a Lagrangian immersion
with singularity is constructed, where the similar property for the associated
Maslov classes and residue classes is shown.

INTRODUCTION

Let (E, Q) be a symplectic 2n-vector bundle over a differentiable manifold
M with a symplectic structure Q. E has a complex operator J compati-
ble with Q. For two Lagrangian subbundles Ly, L, of E, Maslov classes
un(E, Lo, Ly) € H¥3(M; R) are defined by I. Vaisman [V]. They are ob-
structions for Ly, L; to be transversal everywhere. Let X be a closed set of
M and L a Lagrangian subbundle of E|)ns. We take Z as a set of singu-
lar points of the Lagrangian subbundle L. By making use of D. Lehmann’s
technique of [L1] and [L2], for odd Chern polynomials c¢,,_;, one can de-
fine h-residue classes resp(L,Z) € H*-2(M, M \ ;R) on the singularity
X of the Lagrangian subbundle L, if ¥ has a neighborhood which is a sub-
manifold with boundary and is contained in an open set retracting to X by
deformation. If M is a differentiable oriented manifold of dimension m
and X is compact, the Alexander-Lefschetz duality & yields homology classes
Resp(L, Z) =D resy(L, X) € Hyy_4p,.2(Z; R) on the singular set X.

Theorem 3.1. Let E be a symplectic vector bundle over a differentiable man-
ifold M and L a Lagrangian subbundle of E|\n\s for a closed subset T of
M . Suppose that U is an open set containing a submanifold with boundary
which is a neighborhood of X, and retracts to ¥ by deformation. Let Ly be
a Lagrangian subbundle of E|y, un(E|n\x, Lolu\s, Llv\s) Maslov classes on
E|y\s and res,(L, X) h-residue classes of L on Z. Then one obtains that

resy(L, ) = e o 0" uy(Elv\z» Lolv\s, Llv\s)

where 6* : H¥-3(U \ Z;R) — H*-2(U, U\ X;R) are connecting homo-
morphisms of cohomology exact sequence for the pair (U, U \ Z), and e :
H¥%=2(U,U\Z;R)— H*~2(M, M\ X;R) are excision isomorphisms.

Received by the editors February 16, 1994.
1980 Mathematics Subject Classification (1985 Revision). Primary 57R20; Secondary 58F05.

© 1995 American Mathematical Society

189
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Let (V, Qy) be a symplectic 2m-manifold and f: M — V a map which is
differentiable outside a closed set £y C M . Moreover, we suppose that f|ynz,
is isotropic, that is (f|anz,)*Qr = 0. We set

T = {x € M\ Zo| ker f.|5 # 0} U .

The pullback E; = f*TV of the tangent bundle TV by f has a natu-
ral symplectic structure €, induced from Qp by f. The tangent bundle
Ly =T(M\ZX) is a canonically embedded Lagrangian subbundle of the sym-
plectic 2m-vector bundle E|)n\z . If £ has a neighborhood which is a subman-
ifold with boundary and retracts to X by deformation, then A-residue classes
resy(f, Z) =resy(Ls, T) € H¥-2(M , M\Z; R) are defined (cf. Corollary 3.2).

We fix a complex operator J of E compatible to its symplectic structure. Let
U;(E) be the U(n)-reduction of the principal G(n, C) bundle associated with
the complex n-vector bundle yielded from E and J. Chern-Simons-Maslov
classes p"(E, J, L) € H*=3(U;(E); R) are defined by [V].

Theorem 4.1. Let E be a trivial symplectic 2n-vector bundle over a differentiable
manifold M with a trivializing section

s: M — Uy(E).

If L is a Lagrangian subbundle of E|y\s for a closed set £ ¢ M and if
has a neighborhood which is a submanifold with boundary and retracts to ¥ by
deformation, then we have

resy(L, ) = " (Epnz. J , L).

We construct a Lagrangian subbundle L of a trivial symplectic vector bundle
D x C" over a manifold D with a nowhere dense singular set . D is the R2-
vector bundle associated with the S!-bundle U(n)/O(n) — U(n)/U(1) - O(n)
and L is defined outside the zero section X of D. Maslov classes of L with
respect to the “horizontal” Lagrangian subbundle Ly of Dx C" are all nonzero.
But as for residue classes of L on X, one proves, by Theorem 3.1, the following,

Theorem 5.2. We have
resi(L, %)= {40 F O LT

h>1,

where 6*: H'(D\ X;R) — H*(D, D\ X; R) is the connecting homomorphism
of cohomology exact sequence for the pair (D, D\ X) and A.y, (¢f [K-T, 6.28
Theorem)) is the canonical generator of the cohomology group H'(D\ Z; R) =
H'(U(n)/O(n); R).

. . . n(n+1) .
Moreover one can construct a Lagrangian immersion F : D — C~z *! with

a singular set X, from the Lagrangian immersion f : U(n)/O(n) — cH
of J.-M. Morvan and L. Niglio [M-L]. Note that the singular set X, contains
interior point.

Theorem 7.2. Let F : D — C™5+! be the Lagrangian immersion with the
singularity X, , stated in the above. Then we have h-residue classes

0, h=1,
resy(F. 20 {207 43|
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and all Maslov classes for degree < ﬂ”z—“l of F|p\s, with respect to the standard
horizontal Lagrangian subbundle are nontrivial.

Contents of the present paper are as follows. In Section 1, we review Maslov
classes and Chern-Simons-Maslov classes for Lagrangian subbundles. In Section
2, we consider a connection with singularity on a principal bundle and review
their c,;_;-residue classes through Cech-de Rham complex associated with the
singularity. In Section 3, one defines A-residue classes (2 = 1) of a Lagrangian
subbundle on singularity and proves Theorem 3.1. The result is applied to sin-
gularities of Lagrangian immersions. In Section 4, we treat trivial symplectic
2n-vector bundle and Lagrangian subbundles with singularities. Then Theorem
4.1 is proved. In Section 5, we construct the example of Lagrangian subbundle
with singularity and prove Theorem 5.2. In Section 6, for a Lagrangian im-
mersion to a symplectic space from a manifold N with S!-bundle structure,
a general construction of a Lagrangian immersion of the associated R2-bundle
DN to a symplectic space with singularity is made and then in the last section,
Theorem 7.2 is proved.

1. MASLOV CLASSES

Let ng : E — M be a symplectic 2n-vector bundle over a differentiable man-
ifold M with a symplectic form Q. We choose a complex operator J : E —» E
compatible with Q and regard E as a complex n-vector bundle (E, J). The
principal GL(n; C)-bundle associated with E is reduced to a principal U(n)-
bundle n : U;(E) - M. Let L C E be a Lagrangian subbundle, i.e., a
real n-dimensional subbundle with Q|; = 0. Then the structural group of
E is reduced to O(n) and one gets a principal O(n)-subbundle of U,(E),
n:U;(E,L)—> M. An O(n)-connection 8 on U;(E, L) is extended on
U;(E) naturally. The extended connection is called L-orthogonal unitary con-
nection and is denoted by 6 too. For the odd Chern polynomial ¢,,_; and the
curvature form © = d6 + [0, 6], we have

con-1 (8D = 0.

Let A(@) be the homomorphism of a U(#n)-invariant polynomial algebra to the
algebra of differentiable forms on U,(E) defined by substituting the curvature
© of 6. In particular, we have A(f)cy = cx(0%)). Let Ly C E be another
Lagrangian subbundle. Then the principal U(n)-bundle U;(E) has another
O(n)-reduction U;(E, Ly). Let 6y be an Ly-orthogonal unitary connection
and A! astandard 1-simplex. For 1 € A!,

6=(1-1)6y+16

is a connection 1-form on the principal U(n)-bundle U;(E) x A' = M x A!.
Let © denote the curvature form of 6. (44 — 3)-forms on U;(E) are defined
. by the formula

Ao, 0)cop-y = _/ Cop (B@H=D)
N

1
= (K1) / Cano1(6 - 6o, B D)dy
0
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where f ., means an integration over the fiber of the A'-bundle M x A - M,
and
6, =1td(0 - 6y) +[(1—1)0+ 0, (1 —1)8 + t6].

Since A and 6, are U(n)-extensions of orthogonal connections, it follows

that
can—1 € KerA(6g) N KerA(9),
and hence we get
d(A(Bo, 0)can—1) = A(O)cap—1 — A(bo)c2p—1 = 0.

The (4h — 3)-forms A(6y, 6)cy,—; on U,(E) are adjoint invariant and so
they are regarded as closed forms on the base space M.  Their cohomology
classes [A(fg, 8)can—1] € H*~3(M ; R) do not depend on the choices of the Lo-
orthogonal unitary connection 6y and the L-orthogonal unitary connection 6.
This fact is shown by making use of Al-bundle Stokes formula (cf. [V]). These
cohomology classes are called Maslov classes of (E, Lo, L) and are denoted
by up(E, Ly, L). Let 6 be again an L-orthogonal unitary connection on
U;(E). For t € Al, t0 is a differential 1-form on U;(E) x A!, which is not
necessarily a connection on the principal U(n)-bundle U;(E) x Al — M x Al.
We take a “formal curvature” of 16,

©=d(t0) +[t0,t0]=dtAO+ 6,
where ©, is defined by
©, =1d6 + 1[0, 6] = t© + t(t - 1)[6, 6).
A suspension form of the Chern form A(8)c,;,_; is defined by

T@)cn==f cu(O)

1
=@h-1) [ cn-i(6, 6 e
0

By S.S. Chern and J. Simons [C-S], one obtains
d(T(0)c2p-1) = A(B)c2p—1 = 0.

The de Rham cohomology classes [T(8)ca—1] € H*—3(U;(E); R) do not de-
pend on the choice of an O(n)-connection 6, by the Al-bundle Stokes for-
mula (cf. [V]). These cohomology classes are Chern-Simons-Maslov classes of
(E, J, L) and denoted by p"(E, J,L).

2. RESIDUE CLASSES OF CONNECTION WITH SINGULARITY

Let M be a differentiable manifold of dimension m, X a closed set of
M and U an open neighborhood of ¥ admitting a deformation retraction
r:U — X. Let W be a submanifold of dimension m with boundary in U
such that W > X, WNZX = @ and, moreover, r|y is a deformation retraction
too for the sake of simplicity. Set V' = M \ X. We review here D. Lehmann’s
definition of residue classes in [L2].

Remark. According to [L1], the condition of deformation retraction for W is
not necessary.
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A Mayer-Vietoris complex associated with % = {V, U} is the differential

graded algebra
@) =NveNUs\ W)
with the differential operator
D(a, b, &) = (da,db, —d& + blunv — alunv)
and with the product
(@a,b,&)u(@, b, &) =(ana ,bab, (-1)¥ane +EAD)
lv)vhere |a| = dega.  The natural inclusion map ¢: A\* M — Z*(%) defined
’ uw (uly, uly, 0)
induces an isomorphism of cohomology algebra by Weil Theorem [W], [B-T].
The projection Z*(%) — N\*V defined by
(@a,b,&—a

is a surjective homomorphism of differential graded algebras. Its kernel A" U&
A*"{(U N V) has a cohomology algebra H*(M, M\ Z;R). By identify-
ing H,(Z; R) with Hom(Hp,(U), R), the map /\'”'k Us /\'"'k'l(U nv)—
Hom(A\* U, R) defined by

(b, &) (yH/WbAy—/aWcAy)

induces the Alexander-Lefschetz duality & : H™*(M , M\ Z; R) = H.(Z;R),
if M isoriented and X iscompact. Let M, X and U are as above. Usually
we assume that IntX = @ . Moreover, if X is a differentiable submanifold, then
one can take a tubular neighborhood of £ as U with a deformation refraction
r:U-—-2. Let (P, M, n,G) be a principal G-bundle where G is a Lie
group and 6 a connection on P|ny with ¢, € KerA(0). Let ¢’ be an arbitrary
connection on P|y . Then

(BB, B, 0)c) e N Uo N W)

are 2k-cocycles and their cohomology classes in H% (M , M \ 2; R) do not
depend on the choice of 6. It depends only on the c;-homotopy class of
0 (cf. [L2, pp. 94-95]), that is, if there is a connection ¢ on the principal G-
bundle Plpnz x Al = (M \Z) x Al with ¢, € KerA(p) and 6; = @lPlnsx{i} >
i=0, 1, then we have

[(A(6)ck , A(Bo, 6')ck)] = [(A(6")ck , A6y, 6')ck)]-

This is proved by making use of an affine combination of 6y and 6, , and of the
Stokes formula for trivial Al-bundles. The ci-residue classes of § on X are
the cohomology classes res(, cx) = [A(6")ck, A(G, 0')ci ] € H*(M, M\X; R)
which are determined upto c,-homotopy of the connection #. Note that we
have excision isomorphisms

H%2(U, U\Z; R ZHY (M, M\Z;R)
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and hence the cy-residue classes are determined actually by a local data 6|y\x .
By the Alexander-Lefschetz duality, & : H* (M, M\ X; R) ZHn %(Z;R),

one gets homology c;- residue classes of 6 on X, Res(0, ¢x) = D res(0, cx) €
H, . (Z;R),if M isoriented and X is compact.

3. LAGRANGIAN SUBBUNDLES WITH SINGULARITIES

Let ng : E — M be a symplectic 2n-vector bundle and J : £ —» E a
compatible complex operator. Let X be a closed set of M and L a Lagrangian
subbundle of E|ynz. Z is called a singular set of L. Let U be an open set
containing a submanifold with boundary which is a neighborhood of £ and
retracts to X by deformation. Let 6 be an L-orthogonal unitary connection
on Us(E)|ss and 6’ an arbitrary connection on U;(E)|y . Since ¢y €
KerA(6), replacing U by small one the c,,_,-residue classes of 6§ on X are
defined by

res(6, can—1) = [(A(6")can-1, A, 8')con1)] € H (M, M\ Z; R).

Any two L-orthogonal unitary connections on Uy(E)|ynx are c¢;_;-homo-
topic by taking their affine combination, and therefore the c,,_;-residue classes
res(6, cy,—;) of 6 on £ do not depend on the choice of the connection 6.
They depend only on the Lagrangian subbundle L on M \ X and are denoted
by res,(L, X). We call them h-residue classes of L on £.  Suppose that E|y
has a Lagrangian subbundle L;. Then one can take an Ly-orthogonal unitary
connection on U;(E)|y as 6’ and obtain the following result.

Theorem 3.1. Let ng : E — M be a symplectic vector bundle, and L a La-
grangian subbundle of E|yny for a closed set £ of M. Suppose that U is
an open set containing a submanifold with boundary which is a neighborhood
of X, and retracts to T by deformation. Let L, be a Lagrangian subbundle
of Ely, un(Elns, Loluns, Llu\s) Maslov classes on E|y\z and resy(L, X)
Cop—1-residue classes of L on . Then one obtains that

resy(L, Z) = e 0" up(Eln\z, Lolu\z, Llvng)
where 6* : H*=3(U\ Z;R) — H*~2(U, U\ Z;R) are connecting homomor-
phisms in the cohomology exact sequences of (U, U\ X) and
e H¥2(U,U\Z;R) —» H¥ (M, M\ Z;R)

are excision isomorphisms.

Proof. Since 6’ is a connection on U;(E)|y, the cy,—,-residue classes
res(6, c;,—1) have representative cocycles

(A czno1, MO, B e N U N\

which represent h-residue classes res,(L, Z) of the Lagangian subbundle L on
its singular set £.  On the other hand, since 6 restricted to U\Z isan L|\s-
orthogonal connection on U;(E)|y\s and 6 is an Lo-orthogonal connection
on U;(E)|y, the Maslov classes u,(E|nz, Loluns, Llv\zs) € H*%=3(U\Z;R)
are represented by

"),

A@, Bz € N (WD)
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which are identified with

(A@, 0)cn1,0,00e A" \De A" T Ue AW\ D).

We have

D(A(6, 6')can—1, 0, 0) = (d(A(O, 0')can-1), 0, —A(0, ')cap-1)
=(0,0, -A(0, 6')cap-1)
=—(0, A(6')con—1, A(B, 0')cop—1)-
Therefore, it follows that
0*[A(6', O)can—1] = —6"[A(0, 0")can-1]
= [(A(0)can-1, A6, 0')capn_1)]-

The excision map e is the identity for the representative cocycles (A(6')cy,—1,
A(6, 0')cap—1) and so one gets the required formulas. O

If M is an oriented manifold of dimension m and X is compact, by the
Alexander-Lefschetz duality & : H%-2(M , M\ 2;R) 5 H, _4n+2(Z; R), one
gets homology h-residue classesof L on X, Resy(L,X) =D resy(L,X). Let
M be an m-dimensional manifold, (¥, Qy) a symplectic 2m-manifold and
f: M — V amap which is differentiable outside a closed set Xy C M . More-
over, we suppose that f]\s, is isotropic, that is (f|a\5)*Qy =0. We set

T = {x € M\ Zo| ker fi|x # 0} UZ,.

The pullback E; = f*TV of the tangent bundle TV by f has a natural
symplectic structure Q, induced by f from Qp . The tangent bundle L, =
T(M\ X) is a canonically embedded Lagrangian subbundle of the symplectic
2m-vector bundle Ey|pns .

Corollary 3.2. Let f: M — (V, Qy) be a map of an m-manifild to a symplectic
2m-manifold which is isotropic outside a closed set X,. Suppose that the union
T of Xo and the singular set of f has a neighborhood which is a manifold with
boundary and retracts to X by deformation. Then h-residue classes resy(f, Z) =
resy(Ly, Z) € H¥2(M, M\ Z;R) of f are defined. Moreover if E; admits
a Lagrangian subbundle L, then we have

res,(f, Z) = 0" up(Eslanz, Lolans > Ly).
Proof. We take the whole manifold M as a neighborhood U in Theorem 3.1,
then the result follows immediately. O

4. CHERN-SIMONS-MASLOV CLASSES

Suppose that the symplectic 2n-vector bundle ng : E — M is trivial. Then
the principal U(n)-bundle U;(E) associated with £ and a compatible complex
operator J has a section s : M — U;(E) given by the trivialization. Let X
be a closed set of M and L a Lagrangian subbundle of E|jns. We are now
interested in the cohomology classes s*u*(E\yns, J, L) € H*-3(M \ Z; R).
Let Ly be a standard trivial Lagrangian subbundle of E obtained by real part
of the trivial complex n-vector bundle (E, J). Now we get relations between
h-residue class of L on X and Chern-Simons-Maslov classes of L for J.
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Theorem 4.1. Let E be a trivial symplectic 2n-vector bundle over M with a
trivializing section s : M — U;(E) and Ly the Lagrangian subbundle obtained
from the trivialization. If L is a Lagrangian subbundle of E|)n\s for a closed
set L C M and if £ has a neighborhood which is a submanifold with boundary
and retracts to X, then we have

resy(L, Z) = 0" up(Elans > Lolans, L)
=0"os*u"(Elms, J, L).

Proof. Let 6 be an L-orthogonal unitary connection on Uj(E)pnz. Since
U;(E) is a trivial U(n)-bundle, we have a projection to the fiber, ps: U;(E) —
U(n). Let w denote the Maurer-Cartan form on U(n) and set 6o = pjw. Ob-
viously 6y is an Lg-orthogonal unitary connection.  From the trivial bundle
structure of U;(F), determined by the section s, it follows that

0=n"0s"0+psoi*d =n"0s"0+prw

where m*s*6 is the O(n)-basic part of 6 (cf. [Su, Lemma 3]) and i is the
inclusion map of U(n) onto a fixed fiber.  One obtains

6=(1-1)6p+10
= (1 = pjw +t(n* 05"0 + pjw)
=1In"os"0 + prw.
Therefore we get
5*0 = s*(tn* 0 5*0 + pjw) =510 + 5* o prw = 5*16),

and hence A .
"8 =50
where © is the curvature form of § and © is the “curvature” form of 6.
It follows that

ur(Elmz, Lolanz, L) = [A(6o, 0)can—1]
S[fcunomn)
L Al

=|-f cz;,_1<s*é<2"-”'>]
L Al

= —/ Czh-l(S'é(Zh-l))]
L A

=s" [_fAchh_l(é(%—l))]

= s*[T(6)c2p-1]
=s"u"(Elig, J, L).
On the other hand, by Theorem 3.1, we have
resp(L, Z) = 6" un(Elm\s > Lolmnz, L)

and hence
resy(L, Z) = 6" os"u*(Elanz, J, L). O
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5. AN EXAMPLE OF LAGRANGIAN SUBBUNDLE

We construct a Lagrangian subbundle with singularity in a symplectic vector
bundle where only 1-residue class does not vanish but all Maslov classes outside
the singularity are nontrivial. To do this, we use the Lagrangian Grassmannian
manifold U(n)/O0O(n).
Lemma 5.1. The manifold U(n)/O(n) has an S'-bundle structure with the struc-
tural group SO(2).
Proof. Since we have a sequence of subgroups O(n) C U(1)-O(n) ¢ U(n), one
gets a fiber bundle

U(n)/O(n) - U(n)/U(1) - O(n)
whose fiber is U (1) O(n)/O(n). But we have a natural diffeomorphism
U(1)/U(1)nO(n) = U(1)-O(n)/O(n) which maps a-(U(1)NO(n)) to a-O(n)
for each element a € U(1). Since we get
U(1)/U(1)nO(n) = U(1)/0(1) = S*

it follows that U(n)/O(n) is an S!-bundle with the structural group U(1) =
SO(2). O

Let D be the R2?-bundle associated with the Sl'-bundle U(n)/O(n) —
U(n)/U(1) - O(n) and consider the trivial C"-bundle

E=DxC"—-D.
Let Ly = D x R" be the “horizontal” Lagrangian subbundle of E. For
any nonzero vector ¥ of D, the normalized vector 7z = ﬂ%ﬂ is a point of
U(n)/O(n). Let X be the zero section of D and L the Lagrangian subbundle
of E I D\X deﬁned by
L, = A;(R")

where A; is a unitary matrix representing the point # € U(n)/O(n). Then
Maslov classes for the Lagrangian subbundles Lo|p\z and L in the symplectic
vector bundle E|p\z is given by

ur(E|p\z > Lolp\z» L) = Auyan—y

where A.yyp_1, h=1,--- ,m, n=2m or 2m — 1 are canonical generators
of the cohomology ring H*(U(n)/O(n); R) (cf. [K-T, 6.28 Theorem] and the
proof of Theorem 4.1). Therefore all Maslov classes u;(E|p\x, Lo|p\s, L) are
nonzero.  On the other hand, A-residue classes res,(L, X) of L on X are
computed as follows.

Theorem 5.2. Let D be the R*-bundle associated with the SO(2)-bundle
U(n)/O(n) — Un)U(1)- O(n), and E = D x C* the trivial symplectic vec-
tor bundle over D. Let L be the canonical Lagrangian subbundle outside the
zero section X = U(n)/U(1)-O(n). Then we have

o0*A. 0, h=1,
res, (L, Z)—-{ n# Wl
where 6*: H'(D\ X; R) — H*(D, D\ X; R) is the connecting homomorphism
of the cohomology exact sequence for (D, D\ X).
Proof. By Theorem 3.1 with U = D, we have

resl(L7 z) = 5‘#1 (EID\Z B LOlD\Z s L) ’
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since the excision isomorphism H!(D, D\ X;R) 3 H(U, U\ Z;R) is the
identity map. The homomorphism i* : H'(D;R) — H!(D\ X; R) induced
by the inclusion map i : D\ X — D is equivalent to the homomorphism zn* :
HY(U(n)/U(1)-0O(n); R) — H'(U(n)/O(n); R) induced by the projection map
n:U(n)/O(n) — U(n)/U(1)-0O(n). Since the space U(n)/U(1)- O(n) is
simply connected, it follows that

H'(U(n)/U(1)-O(n); R) = 0.
Therefore J* is an injection and hence one gets
res;(L, X) =0"A.y; # 0.
We set N = U(n)/O(n) and B = U(n)/U(1) - O(n). The E,-term of the

cohomology spectral sequence (cf. [Se] and [M]) with real coefficients for the
Sl-bundle #: N — B is

S E =3 HP(B; H'(S'; R))
=Y HP(B;R)® HY(S'; R).

It is generated multiplicatively by the elements of Y E? 0~ S"HP(B;R) and
the natural generator u € H'(S'; R). E, converges to E,, = H*(N; R). Since
we have A,y; € HY(N;R) and H!(B; R) = 0, u have to stay alive to E.
Therefore we get d,u =0 for r = 2. It is obvious that d,(E?>%) =0 for r > 2
and hence EZ;0 = E}°7, that is,

H*(N;R)= ) H’(B;R)® H'(S';R).
Now we obtain
H*(N;R)=H*(B;R)e H*"(B;R) ® u.

Therefore, primitive elements of H¥(N;R) for k > 2 should belong to
H*(B; R) which is the subgroup of n*-images. Since the homomorphisms i* :
H*(D;R) — H*(D\ X;R) induced by the inclusion map are equivalent to
the homomorphisms 7*, primitve elements of H¥(D\ Z; R) = H¥(N; R) for
k = 2 are i*-images. Since A,y,,_; are all primitive, they should be i*-images
for 2> 1 and hence one gets

resy(L, X) = 0"A.yop_1 =0,
for h>1. a
6. A LAGRANGIAN CONE OF LAGRANGIAN IMMERSION

Let N be an S'-bundle over an (n — 1)-dimensional manifold B and DN
the R2-bundle associated with N. Obviously N ¢ DN. Let (R?*, Q,,) be
a canonical symplectic structure of R?” and f : N — R?" a Lagrangian im-
mersion. We construct a differentiable map Cf : DN — R¥"*1 with sin-
gularity, which is a Lagrangian immersion outside a sufficiently small closed
neighborhood X, of the zero section of DN. Let ¢ > 0 be a sufficiently
small number and X, the closed e-disk bundle with the natural metric in the
associated R2-bundle. The complement set DN \ £, of X, is obviously dif-
feomorphic to N x (¢, co). Any point x € DN is expressed as x = tv with



RESIDUE CLASSES OF LAGRANGIAN SUBBUNDLES 199

v €N, t 20 where ¢, v are unique outside the zero section. Define the map
Df:DN — R?" xR by
>
pro.0={ (0%, 120
Df is an immersion outside X,. Let i: R?” x R — R%"+]) = R2* x R? be
the canonical inclusion map defined by
i(x,u)=(x,0,u).
Note that the canonical symplectic structure Qj(,.) is given by
Qont1) = My Qon + 77
where m, : R%"+t1) _, R2" and =&, : R%"*1) — R? are natural projections.
Lemma 6.1. Let Cf be the map Df followed by i, ie, Cf=ioDf:DN —

R2+D  Then C flpmz, is a Lagrangian immersion and X, is the singularity of
the map Cf (in the sense that Cf is not an immersion or not isotropic there).

Proof. For each point x = (v, t) € DN\ Z,, we have
Df.(TxDN) = Df.(Tx(DN \ %)) = (L To(N), R),
and hence
Cf(Tx(DN)) = i.(LTy(N), R) = (£ T,(N), 0, R).

Since f,T,(N) is a Lagrangian subspace of (R?*", Q,,), Cf.(Tx(DN)) is a
Lagrangian subspace of (R*"*1), Q,.,.,)). Thusthemap Cf: DN — (R*"+D
Q3(n+1)) 1s regarded as an isotropic map with the singularity X, . O

Themap Cf is called a Lagrangian cone of the Lagrangian immersion f . By
Lemma 6.1, one can consider the Maslov classes associated with the Lagrangian
immersion Cflpmgz, : DN\ Z; — (RX"+D Q,,.)) with respect to the trivial
Lagrangian subbundle L1,0 = Uy y)egaosn (TxR™1, 0).
Lemma 6.2. Maslov classes of the Lagrangian immersion C f|py\s, With respect
to the trivial Lagrangian subbundle L, o coincide with those of the Lagrangian
immersion f: N — (R**, Q,,) with respect to the trivial Lagrangian subbundle
L,,.
Proof. We take the trivial connection as an L, o-orthogonal unitary connec-
tion 6, o on f*TR?>". The tangent bundle TN is a Lagrangian subbundle
of f*TR?", since N is mapped by Lagrangian immersion f. Let 6, be
a T N-orthogonal unitary connection on f*TR?". The Maslov classes of
(f*TR*", f*L, o, TN) are

wn(f*TR™, f*Ly o, TN) = [A(On,0, On,1)c26—1] € H¥73(N; R)

where A(6n,0, On,1)C2n—1 = f p1€20—1(8@*~1)) and O is the curvature form of
the connection 6 = (1—1)6, o+t6, ; on NxA!. Weset a =0, -0, o and
denote the curvature of the connection 6|;—const by 6;. Then it follows that

f Can1 (€24D)
Al

_ h \/—1 1 JreJan—r i i ih—
= aymigr = /o A AL R A L
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Recall that DN\ Z; is diffeomorphic to N x (¢, 00). Let p, : N x (¢, 00) = N
and p, : N x (¢, 00) — (&, o) be the left and right projection respectively.
The Lagrangian subbundle T(DN \ Z;) C Cf*(TR*"+V)|pp\ 5, is isomorphic
to p;TN @ p;TR. Since p;TR is the trivial line bundle A, the subbundle is
denoted by p; TN @®A. Let J,;; and g,4; be the standard complex struc-
ture and the standard Hermitian metric on R2"+1)  The pullback Cf*J,,,
and Cf*g,+1 is a compatible complex structure and a compatible Hermi-
tian metric on Cf*(TR*"*D)|pyz,. Let ¢ be the trivial connection on A.
Then 605, = p;6,,1® ¢ isa (p; TN & A)-orthogonal U(n + 1)-connection on
Cf*(TR¥"D)|pps,.  The affine combination of 6,41 0 and 65 ; is
0s = (1 = 1)0ns1,0 + 105
= (1= 1)(p;01,0® 9) + 1(p; 6. © 9)
=p;(1=0)6p0+1t0,,1)® 0
= PZG o0,
where the left projection N x A! x (¢, 00) — N x A! is denoted by p,; too.
Hence we have its curvature form
Os=p;000=(pjandt+p;6,)®0

since ¢ is flat. Therefore one obtains

A(Ons1,0, Os,1)con-1 = —fAICZh—l(efqzh—l))
= ‘f coan—1((p A dt + p; ©,)4~1))
Al

=i (-f  coi(land+0)@)

— (—/ th_.<e<2"-”>)
A

=p;(A(6n,0, On,1)Con—1)-
Thus it follows that
tr(C Y (TR*"™ D) p\5 , Cf*Lpsy olp\s, T(DN \ Z;))
= [A(On+1,05 Os,1)C2n-1]
=p;[A(6n,0, On,1)c2n-1]
=p;uy(f*"TR*, f*Ly o, TN).

Note that p; : H¥~3(N, R) — H¥-3(DN\ X; R) is an isomorphism since p,
is the left projection DN\ X, = N x (¢, 00) = N. O

7. AN EXAMPLE OF LAGRANGIAN IMMERSION WITH SINGULARITY
We apply the construction of Lagrangian cone of a Lagrangian immersion
to that of the Lagrangian Grassmannian manifold U(n)/O(n) to the complex
space cH given by J.-M. Morvan and L. Niglio [M-N]. Let V be the vector

space of (nxn)-complex symmetric matrices, which is identified with C*¥~ . V
has a natural Hermitian structure defined by (X, Y) =tr(XY) for X, Y € V.
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The map of U(n) to V defined by 4 +— A’A induces amap f: U(n)/O(n) —
V from the quotient space by O(n). f is a Lagrangian immersion and its
Maslov classes for degree < 1("2—“2 with respect to the standard horizontal
Lagrangian subbundle are all nonzero. Note that the complex space c*
is identified with the standard symplectic space (R*"*) Q,,.)). Let D
denote the R2-bundle associated with the S'-bundle U(n)/O(n) — U(n)/U(1)-
O(n) as in Section 5, and X, the closed e-disk bundle in D, which is a closed
neighborhood of the zero section of D. By Lemma 6.1, one gets a map

F = Cf -D— Rn(n+l)+2
such that F|p\5, is a Lagrangian immersion and X, is the singularity of F.
By Lemma 6.2, Maslov classes of the Lagrangian immersion F|p\s,

D\ Z, — (R™*D+2 Q. .1)+2) with respect to the standard horizontal La-

grangian subbundle Lm;_lz +1.0 coincide with those of the Lagrangian immer-

sion f: U(n)/O(n) —» C*5* = (RA(*+1) | Q,(n+1)) With respect to the standard
horizontal Lagrangian subbundle L s+t 0

Lemma 7.1. The Maslov classes for degree < ﬂ"2_+12 of the Lagrangian immersion
F|p\s, with respect to the standard horizontal Lagrangian subbundle L n. +1.0

are all nonzero.

Proof. Since the Maslov classes for degree < ﬂi‘;’—ll of the Lagrangian im-
mersion f with respect to the subbundle Lﬂ!;_lz .o are all nonzero by [M-N],

and since the Maslov classes of the Lagrangian immersion F|p\5, : D\ Z; —
(R+D+2 Q1 1)4+2) With respect to the subbundle Lm;_ll o coincide with
those of f, the result follows. O

h-residue classes of a Lagrangian immersion f : M — V with singularity
X are defined by res,(f, Z) =resy(T(M \ X), X) from Corollary 3.2. Now we

n(n+1

look at the h-residue classes of the Lagrangian immersion F : D — C~ 7 *!
with the singularity X,. Note that X, is a small closed tubular neighborhood
of the zero section of D and hence contains interior points.

Theorem 7.2. Let F : D — C™52+! pe the Lagrangian immersion with the
singularity X;, stated in the above. Then we have

0, h=1,
res;,(F,Ze){iO h>1

and all Maslov classes for degree < ﬂﬁ'z“—’l of F|p\s, with respect to the standard
horizontal Lagrangian subbundle are nontrivial.

Proof. By Corollary 3.2, we have
resy(F, Z;) = 0" uy((Flp\s,)* TR D2 T(D\ Z,), (Flo\z.)" Lataen 1 o)-

By Lemma 7.1, the Maslov classes in the right-hand side are all nonzero. By
the same argument on the homomorphism

8* :H*-3(D\X,;R) - H¥2(D, D\ %,; R)
as in the proof of Theorem 5.2, the result follows. a
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