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GENERALIZATIONS OF BROWDER’S DEGREE THEORY

SHOUCHUAN HU AND NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. The starting point of this paper is the recent important work of
F. E. Browder, who extended degree theory to operators of monotone type. The
degree function of Browder is generalized to maps of the form T+ f+G , where
T is maximal monotone, f is of class (S)+ bounded, and G(-) is an u.s.c.
compact multifunction. It is also generalized to maps of the form f+ Ng , with
f of class (S); and Ng the Nemitsky operator of a multifunction G(x, r)
satisfying various types of sign conditions. Some examples are also included to
illustrate the abstract results.

1. INTRODUCTION

The resolution of a large variety of problems in nonlinear analysis depends
on the study of equations of the form Tx = y, where T is an operator de-
fined on an appropriate space X and y € X. The Leray-Schauder degree has
proven to be a very powerful tool in such investigations. The most important
property of this degree is, of course, the homotopy invariance property, which
forms the basis for the continuation method, which was originally developed
by Poincaré and which consists of embedding the problem in a parametrized
family of problems and considering its solvability as the parameter varies. Ever
since the introduction of the Leray-Schauder degree theory in 1934 (which is
an infinite-dimensional extension of Brouwer’s degree theory), there have been
various extensions and generalizations in different directions. By far the most
important of these generalizations is due to F. E. Browder. In a series of impor-
tant papers [7-12], Browder developed a degree theory, which is a generalization
of the Leray-Schauder degree theory, for maps from a bounded open subset of
a reflexive Banach space X into its dual X*. Browder’s breakthrough work
paved the way for the application of degree-theoretic techniques to large classes
of nonlinear partial differential equations.

Browder’s degree theory is defined primarily for (S), mappings (see §2) and
(S), mappings with maximal monotone perturbations, which cover a substan-
tially large class of nonlinear partial differential operators. Browder demon-
strated that the (S); maps are the right class to consider and he proved the
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existence of his degree through ingenious arguments involving Galerkin approx-
imations. Specifically he proved

Theorem A [11]. Let X be a reflexive Banach space. Then there exists one
and only one degree function on the class of maps T + f, with T maximal
monotone and f bounded and of class (S);, which satisfies the additivity on
domain property, is normalized by J, the duality map of X into X* corre-
sponding to an equivalent norm on X with respect to which both X and X* are
locally uniformly convex, and is invariant under affine homotopies of the form
(1 =T + f)+tfi with T maximal monotone, [ and f; of class (S); .

Remark. In fact, Browder showed that the unique degree function is invariant
under a much broader class of homotopies, namely homotopies of the form
T,+ f;, t € [0, 1], where T, is a pseudomonotone homotopy for T and f; is
a homotopy of class (S); for f (cf. Browder [11, Theorem 10]).

When applied to partial differential operators, we can have X = W;"?(Z)
and X* = W—m.4(Z) with 1 < p,g < oo and 1‘—,+§ =1, T:DCX —
2¥"\{2} and f: U — X* where U is a bounded open set of X. As will
be clear from the definitions (cf. §2), a compact perturbation of (S); maps is
still an (S), map. Therefore compact maps from X into X* are harmless, in
the sense that they can always be absorbed in the original (S); operator. But
if such a compact map originates from a Nemitsky (superposition) operator
Ng(u)(x) = g(x, u(x)),x€Z,ue Wy"?(Z) with g:Z xR — R, it is clear
that g(x, r) has to satisfy certain growth conditions. To avoid such restrictions
which are not always satisfied in applications, Browder [12] proved the following
theorem. Let Z C R” be a domain in R” (bounded or unbounded), X =
Wy"?(Z),and U C X open and bounded. We will say that g: Z xR — R
satisfies the sign condition provided it has the following two properties:

(i) foreach fixed r e R, x — g(x, r) is measurable, for each fixed x € Z,
r — g(x, r) is continuous, and for each integer s > 0, there exists a
function A; € LL (Z) such that |g(x, r)| < hg(x) ae.on Z, |r|<s.

(ii) Forall (x,r) e Z xR, we have g(x,r)r>0.

Then the theorem of Browder [12, Theorem 7] reads as follows:

Theorem B [12]. Assume that f is a bounded mapping of class (S)+ of U into
X*, and Ng : X — X* is the Nemitsky operator corresponding to a function
g(z, r) satisfying the sign condition. Assume that y, € X* is a target point such
that yo ¢ (f + Ng)(@U). Then the degree d(f + Ng, U, yo) is well defined.
Furthermore, this degree function is the unique one satisfying the additivity on
domain property, is normalized by the duality map J, and is invariant under
permissible homotopies.

In this paper we present the following generalizations of Browder’s degree
theory, contained in Theorems A and B above. First we prove that the degree
function stipulated by Theorem A can be extended uniquely to the case where
f is allowed to have a multivalued compact perturbation (i.e. for operators of
the form T + f + G with G(-) being the multivalued compact perturbation).
Second, we establish the existence of a unique degree function for maps of the
form f + Ng, where Ng is the multivalued Nemitsky operator corresponding
to a multifunction G(x, r) satisfying a sign condition. This extends Theorem
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B, since the function g : Z xR — R is replaced by a multifunction G: Z xR —
2R\{2}. These two extensions are presented in §§3 and 4. In §5, we present
some examples illustrating the applicability of our abstract results.

2. PRELIMINARIES

Let X be a Banach space and consider the family F of all continuous map-
pings f : U — X, with U a bounded open subset of X (we consider all
possible such sets U) and with (I — f)(U) relatively compact in X , where
I is the identity map on X . Let H be the family of continuous homotopies
{fi:t€[0,1]} in F, with a common domain U such that (I — f;)(U) C K
forall t € [0,1] and K C X is compact. Then the Leray-Schauder degree
theory states that there is an integer-valued degree function d(-, -, -) on the
triples (f, U, yo), with f € F, yo € X\ f(8U) such that

(a) Normalization: If yo € U, then d(I,U,yy)=1.
(b) Additivity on doma_in: If U; and U, are disjoint open subsets of U
such that yo ¢ f(U\(U, U U>)), then

d(f, Ua y0)=d(f, Ul’y0)+d(f’ UZ’ yO)'

(c) Homotopy invariance: If the homotopy {f;: ¢ € [0, 1]} belongsin H,
y : [0, 1] = X is continuous, and y(¢) ¢ f,(8U) for any t € [0, 1],
then d(f;, U, y(2)) is independent of ¢ € [0, 1].

By a result proved independently by Fuhrer [16] and Amann-Weiss [1], prop-
erties (a), (b), and (c) above determine uniquely the Leray-Schauder degree
function.

In order to discuss a degree theory for maps from X into X*, where X is
a reflexive Banach space, we need to introduce the type of mappings we will be
dealing with.

Definition 1. (i) Amap T :D C X — 2X"\{@} is said to be “monotone” if
(x*=y", x=-y)20

for all [x, x*],[y,y*] € GrT. Here GrT denotes the graph of 7(-) and
(+, +) the duality brackets for the pair (X*, X).

(i) We say that 7°(-) is “maximal monotone” if it is monotone and for any
[u, u*] € X x X* for which (u* —x*,u—x) >0 forall [x,x*] € GrT we
have [u,u*]e GrT.

Following Browder, we will be concentrating on maps of type (S). as the
primary class to define a degree function. The class (S), of operators was first
introduced by Browder [3, 4].

Definition 2. Let BC X and f: B — X*. We say that f(-) is of class (S)+
if (i) f(-) is demicontinuous (i.e. x, — x in B implies f(x,) = f(x) in X*)
and (ii) if {x,}a>1 € B and x, — x forsome x € X and Lim(f(x,), x,—x) <
0, then x, - x in X.

Finally let us introduce the kind of multivalued perturbations that we will be
considering:
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Definition 3. A multifunction G: B C X — 2X"\{@} is said to belong to class
(P) if it maps bounded sets to relatively compact sets, for every x € B G(x)
is a closed and convex subset of X*, and G(-) is u.s.c. in the sense that for
every closedset CC X* G (C)={xeB:G(x)NC # @} isclosed in X .

By a well-known renorming theorem due to Troyanski [20], given a reflexive
Banach space, we can always renorm it equivalently so that both X and X™* are
locally uniformly convex. Thus without loss of generality we may assume from
the beginning that both X and X* are locally uniformly convex. Recall that a
locally uniformly convex Banach space has the Kadec-property; i.e. if x, = x
and ||x,|| — |Ix||, then x, - x in X.

Define J : X — X*, the duality map, by

J(x)={x" e X" :(x", x) = |x|I* = |Ix*[|}.
Then from Browder [11, Proposition 8], we have the following result:

Lemma 4 [11]. J(-) is a well-defined, single-valued map from X onto X*,
which is a homeomorphism and is also monotone and of class (S)+ .

Remark. It is not difficult to show that J(-) is uniformly continuous on a
bounded subset of X .

Using the duality map J(-), we have the following criterion for maximal
monotonicity (cf. Browder [5]).

Lemma 5. A monotone operator T : D C X — 2X"\{@} is maximal monotone
if and only if for every A > 0 (equivalently for some 4 >0) R(T +AiJ)=X*.

The following approximate selection theorem due to Cellina [13] will be im-
portant in our extension of Browder’s degree theory to a multivalued context.

Lemma 6 [13]. If Y, V are Banach spaces, BC Y, and G: B — 2V\{@} is
an u.s.c. multifunction with closed and convex values, then given ¢ > 0, there
exists a continuous map g, : B — V' such that

g() € G(y + B.) N B) + B,
forall y € B and g.(B) C WavG(B), with B. = {y € Y : |ylly < ¢} and
B.={veV:|vly<e}.

Remark. In particular, if G(-) is compact, then so is the approximate selector
8(+)-

3. THE DEGREE FOR THE MAPPINGS OF THE FORM T + f + G

Let X be a reflexive Banach space, equivalently renormed so that both X
and X* are locally, uniformly convex and let J(-) be the duality map corre-
sponding to this locally uniformly convex norm. Assume that U is a bounded
opensetin X, T:D C X — 2X"\{2} is maximal monotone, f:TU — X* is
a map of class (S);, and G: U — 2¥"\{2} is a multifunction of class (P).
In this section we will define a degree function d(T + f + G, U, y) for all
yo € X*\(T + f + G)(8U) and prove that such a degree function is unique
among all possible degree functions satisfying the three characteristic proper-
ties of normalization, additivity on domain, and homotopy invariance, to be
defined precisely in the present context in the sequel.
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Recall that homotopy invariance is with respect to a certain class of permis-
sible homotopies. We will now introduce those permissible homotopies for the
maps T, f,and G. The permissible homotopies for T and f (see Definitions
6 and 7) are due to Browder [11, 12], while the permissible homotopies for G
(see Definition 8) are a natural extension to multifunctions of the permissible
homotopies for compact maps used in the Leray-Schauder degree theory.

Definition 7 [11]. A family of maximal monotone maps {7;: ¢ € [0, 1]} is said
to be a “pseudomonotone homotopy” of maximal monotone maps if it satisfies
the mutually equivalent conditions:
(i) Suppose that ¢, — ¢t in [0, 1], [x,, x;;] € GrT;, with x, 2 x in
X,x: 3 x* in X*, and lim(x}, x,) < (x*, x). Then [x, x*] € Gr T,
and (x;, x,) — (x*, x).
(i) ¢(t, x*) = (T;+J)~!(x*) is continuous from [0, 1]x X* into X, with
both X* and X furnished with their norm topologies.
(iii) For each x* € X*, t — ¢(t, x*) = (T; + J)~!(x*) is continuous from
[0, 1] into X endowed with the norm topology.
(iv) Given [x, x*] € GrT; and t, — t in [0, 1], then there exists a se-
quence [x,, x,] € GrT;, such that x, —» x in X and x; — x* in
X* (i.e. GrT, C limGrT,, which is of course equivalent to saying that
t = GrT, is Ls.c. from [0, 1] into 24*X"\{g}).

The admissible homotopies for f are given in the next definition.

Definition 8 [12]. Let {f; : ¢ € [0, 1]} be a parameter family of maps from
U into X*. Then {f;} is said to be a “homotopy of class (S).”, if for any
{xn}n>1 € U for which we have x, — x in X and for any {Z;},>1 C [0, 1]
such that ¢, — ¢ for which

Hm(f;,(Xs), Xn — Xx) <0
we have that x, — x in X and f; (x,) = fi(x) in X*.

Finally we introduce the family of admissible homotopies for the multivalued
perturbation G(-).

Definition 9. A one-parameter family of multifunctions G, : U — 2¥"\{@},
t € [0, 1], is said to be a “homotopy class (P)” if (z, x) — G;(x) is u.s.c. from
[0,1] x U into 2X"\{@}, for every [t,x] € T x U G,(x) is a closed and
convex subset of X*, and {G:(x):t€[0, 1], x € U} is compact in X*.

The next proposition paves the way for the eventual definition of the degree
function on maps of the form T + f+ G by producing a crucial approximation
to it on which Browder’s degree function can be defined. From Lemma 6, we
know that if G:U — 2X"\{@} is a multifunction of class (P) and & > 0, then
we can find g : U — X* a continuous function such that g(U) ¢ tonv G(U)
and forall x e U g(x) € G((x+B,)NU)+B; where B, = {x € X : ||x|| < &}
and B; = {x € X* : ||x*||]« < ¢}. In what follows g.(-) will denote this
approximate selector of G(-).

Proposition 10. Let U be a bounded open setin X, T:D C X — 2*"\{2} a
maximal monotone map with 0 € T(0), f:U — X* a bounded map of class
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(8)+, G : U — 2X°\{@} a multifunction of class (P). Let y; € X* such that
vy € (T+ f+G)(0U). Then
(i) 5 € (T+ f+g)0U) forall e >0 small,

(ii) f + g is a mapping of class (S); and so by Theorem A, the Browder
degree d(T + f + g, U, y§) is defined for all ¢ >0 small,

(iii) there is €& > 0 such that for all 0 < ¢ < ¢, and all approximations
g(), d(T + f + g,U,y;) has the same value (that is,
{d(T+ f+g,U,y;):e>0 small} stabilizes).

Proof. From the remark following Lemma 6, we know that g.(-) is compact
and so f + g; is of class (S),. Now suppose that (i) were not true. Then we
could find a sequence ¢, | 0 and {up},> COU with u, % u in X such that

Vo €(T+ f+8,)(un), n>1.

Let v; = y§ — (f(un) + &e,(un)). Then v; € T(u,). By passing to a sub-
sequence if necessary, we may assume that g (u,) — g*, f(un) — f*, and
vy Sv* in X*. Thus v* =y5 — (f*+&*). We have

lim(v; + f(un), un — u) = im(yg — &e,(un), n —u) = 0.

Since by hypothesis f is of class (S), (thus demicontinuous), it is pseu-
domonotone and so lim(f(u,), #n —u) > 0. Thus

lim(v}, up —u) <0
= v € T(u) and (v, uy) — (v

*

, u) (since T is maximal monotone).

Therefore (f(u,), u, —u) » 0 as n — oo and so u, — u in X and
f(u)=f*. Hence ue€dU. Since g, (u,) € G((un+Ben)r‘1U)+B;’, , Up — U in
X, and G is of class (P), by standard arguments we can check that g* € G(u) .
So finally we get that y§ € (T + f + G)(u) with u € dU, a contradiction.
Therefore we have established (i) and (ii).

To prove (iii), we proceed again by contradiction. So suppose that there
exists 0 < ¢, < J, — 0 such that

AT+ f+8, U,y)#d(T+f+8,,U, )

Then from the homotopy invariance property of Browder’s degree function

(cf. Theorem A), we get t, — t in [0, 1] and u, € 83U such that
ya =(T+ f+ n8e, + (1- tn)gd,,)(un) .

Note that (t,g,, (x)+ (1 = tx)gs,(x)) € G((x + Bs,)nT) + B} forall xeT
and so arguing as in the proof of part (i), we get y; € (T + f + G)(dU), a
contradiction. So the proof is complete. Q.E.D.

In the light of this proposition, the following definition makes sense:

Definition 11. We define d(T + f + G, U, y;) to be the common value for
¢ > 0 sufficiently small of d(T + f + g, U, y;) (this last degree being the
Browder degree).

The next theorem shows that the degree function just defined has the three
characteristic properties of normalization (with normalizing map the duality
map J), of additivity on domain, and of homotopy invariance (with admissible
homotopies being given by Definitions 7, 8, and 9).
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Theorem 12. The degree function defined by Definition 10 has the following prop-
erties:
(i) Normalization: d(J, U, y3) =1 forall y;e J(U).
(ii) Additivity on domain: If Uy, U, are disjoint open subsets of U and
o & (T+ f+G)U\(UUU1y)), then

dT+f+G,U,y)=d(T+f+G,U,y)+d(T+f+G, U, y;)-

(iii) Homotopy invariance: Let {T:}.ci0,1) be a pseudomonotone homotopy
of maximal monotone maps from X into 2X° with 0 € T,(0) for all
t€[0, 1], {fiteeo,1) is a homotopy of class (S)+ of maps from U into
a bounded subset of X*, and {Gi}:[0,1) is a homotopy of class (P) of
multifunctions from U into the nonempty, closed, and convex subsets
of X*. Let y*:[0, 1] — X* be a continuous map such that y*(t) ¢
(T + f; + G)(BU) forall te[0,1]. Then d(T; + f; + G, U, y(t)) is
independent of t € [0, 1].

Proof. (i) This property follows immediately from Theorem A.

(i) This property too follows from Theorem A, since by Definition 10,
dT+f+G,U,y;)=d(T+f+g,U,y;) forall ¢ >0 sufficiently
small and f + g, is of class (S), since it is a compact perturbation of
a (S)+ map.

(iii) Let G(t, x) = G¢(x) . Recalling (cf. Definition 8) that (¢, x) — G(t, x)
is u.s.c., we can apply Lemma 6 with B =[0, 1] x U and, for any ¢ >
0, get a continuous function g(¢, x) from B into convG([0, 1], U)
such that

g(t,x)€G(([t—¢,1+€],x+B,)NB)+B: forall (¢, x)€B.

We claim that for ¢ > 0 small enough, y*(t) ¢ (T; + f; + &..)(0U) for
all ¢t € [0, 1], with g .(x) = g&(¢, x). Assume the contrary. We then have

th >t in [0, 1], & | O, {tn}n>1 € OU with u, > u in X, and y*(t,) €

(Ti, + fou + 81,,0,)(Un) . Let vy = y*(tn) = (f1,(Un) + &1, e, (Un)) . SO V5 € T, (un)
for all » > 1. By passing to a subsequence if necessary, we may assume that

y*(tn) = y*(1), vy, AL s j;"(un) 2 f*,and .. & (Un) = g . Hence
lim(v} + fi,(4n), tn —u) = 0.
Also since {f;} is a homotopy of class (S)., we have
Lim(f,, (un), un —u) 2 0.

So we get L
lim(v, , u, —u) <0

and this by Definition 7 implies that v* € T;(u) and (v}, u,) — (v*, u). Thus
lim(f,(un), un —u) =0

and so we have u, —» u in X and f, (u,) = fi(u) in X* (cf. Definition 8).

Also it is easy to check that g* € G,(u). All these facts combined tell us that
yi(t) € (Tt + fi + Go)(w)

with u € QU , which is a contradiction. So indeed for ¢ > 0 small enough, we
have that y*(¢) ¢ (T, + f; + &.)(0U) forall ¢t € [0, 1].
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It is routine to verify that {f;+ & ¢}:c0,1) is @ homotopy of class (S). . So by
Theorem A, we have that d(T;+ f;+&:.., U, y*(¢)) is independent of ¢ € [0, 1]
for ¢ > 0 small enough. It only remains to show that for ¢ > 0 sufficiently
small and for each ¢ € [0, 1] fixed, we have d(T; + f; + &.,., U, y*(¥)) =
d(j‘l+ﬁ+GZ, U’y*(t))‘ _

Fix t € [0, 1]. Then by hypothesis G, : U — 2X"\{@} is a multlfuncnon
of class (P). Apply Lemma 5 to G,(-) with B=TU,toget g : U — X*
compact map which satisfies

g(x) € Gi((x + B.)nT) + B;

for all x € U. Consider the affine homotopy sg; + (1 — s)g;,. Wwith variable
s € [0, 1]. The same arguments used before show that

y(t) ¢ (Ti+ fr+58 + (1 —5)8,.)(0U)
for s € [0, 1] and ¢ > 0 small enough. Then Theorem A tells us that

d(Ti+ fi+ 8., U,y (1) =d(Ti + fr + &, U, y* (1))

for ¢ > 0 sufficiently small. But for ¢ > 0 sufficiently small the last degree
equals d(T; + f; + G;, U, y*(t)) (cf. Definition 11). Consequently for every
fixed ¢ € [0, 1]

dTi+ fi+ G, U, y"(1) =d{Ti + fi + 81,6, U, y* (1))

for small ¢ > 0. Since ¢ € [0, 1] was arbitrary, we have proved the homotopy
invariance property of the degree function and so the proof of Theorem 12 is
complete. Q.E.D.

Next we establish the uniqueness of the degree defined above with respect to
the three properties of Theorem 12.

Theorem 13. There exists exactly one degree function on the class of maps T +
f+ G, with T maximal monotone, f bounded and of class (S),, and G a
multifunction of class (P), which satisfies the normalization and additivity prop-
erties of Theorem 12 and is also invariant under all affine homotopies of the form
(1=t)(T+ f+G)+tfy with t€[0, 1], T maximal monotone, f;, f bounded
and of class (S),, and G a multifunction of class (P).

Proof. Let d; be such a degree function. By setting G =0, from Theorem A,
we have that d; coincides with Browder’s degree function, which is uniquely
defined on maps of the form T + f. Using the above affine homotopy we will
show that this unique identification carries on to the broader class (T + f+G).
Suppose y; ¢ (T + f+ G)(0U). Consider the affine homotopy

1-0)T+f+G)+HT .+ f+8g)

with T, = (T~!'+eJ~!)~! and g(-) is as always the compact selector of G(-)
guaranteed by Lemma 6 such that g;(x) € G((x+Bg) N U)+B forall xeU.
Using Definition 7 we can easily check that (7, + f) is of class (S;+); hence
(T, + f + ge) is of class (S); (recall the class (S); is closed under compact
perturbations). Since we have

d(T8+f+ge, U,Y6)=d1(Te+f+ge, Usy(;)
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then d(T+f+G, U, y5) #di(T+f+G, U, y;) would imply that there exist
en 1 0, {#n}n>1 COU with u, > u,and t, — ¢ in [0, 1] such that
Y5 € (1 = ta)T (un) + tnTe, (un) + (1 — 2)G(tn) + tn&e, (un) + f(un) .
Assume that v} € T(u,) and g; € G(u,) are such that
V6= (1 = tn)vy + tnTe,(un) + (1 = tn) &n + tn&e,(Un) + f(Un),

by passing to a subsequence if necessary, we may assume that f(u,) - f* and
(1 —1tn)8r + tn&,(un) — h* in X*. In what follows, we use the arguments of
Browder [11] (see the proof of Theorem 12). Let w; = T (u,), then w; €
T(un—&,J~'(wy)). This and v} € T(u,) imply that g,||w}||? < (w}, u,) and
0 < (v;, up). Thus we obtain

tnsn”'w;;uz S = (1 —tn)8r — tn&e,(Un) — f(un), un) <M, M>O0.

Hence {tnen||w;]|*}n>1 is bounded and so t,éq||w}]| — 0 as n — co. Let

[x,x*]€ GrT. Then
(W —x*, up—enJ N w))—x)>0, (v)—x",u,—x)>0.

Thus (w; — X*, Uy — x) > (W) — x*, exJ "1 (w2)) > —é&nl|wy|l«]lx*|j« . Conse-
quently, we have

(¥o = (1 = tn) &y — tn&e,(Un) = f(Un) — X*, thn — X) 2 —tnen|lwpll«Ix*[l« = 0.
Hence if we let z} =y — [(1 = t2) 8} + tn8e,(Un) + f(un)], then z; = z* with
z*=y;—(h*+f*) and

lim(z; — x*, u, —x) >0

and the latter means that lim(z}, u,) > (x*, u — x) + (z*, x).

On the other hand, since (1 — #,)gy + 118, (¥n) — A* in X*, we have
Also lim(f(un), un —u) >0, since f(-) is of class (S)+. Therefore we get

fim(z?, un —u) < 0= im(z?, un) < (z*, u).

Thus (z*, u) > Lim(z}, u,) > lim(z}, u,) > (x*, u—x)+(z*, x) . It follows
that 0 < (z* —x*, u — x) for all [x, x*] € GrT. Because of the maximal
monotonicity of T, z* € T(u). Then, by replacing [x, x*] by [u, z*], we get
(zy, un) — (z*, u). Hence

Lm(f(un), un —u) =0.

So we conclude that u, — « in X ; hence u € U and f(un) > f(u) = f*
in X* (since f(-) is demicontinuous being of class (S), ; cf. Definition 2).
Also it is straightforward to show that 4* € G(u). Thus y5 € (T + f + G)(u),
with u € U, a contradiction. Therefore the two degrees coincide and so we
have established the uniqueness of the degree function on maps of the form
(T+f+G). QED.

Remarks. (1) It is clear that the degree function of Definition 11 can be ex-
tended to the broader class of maps of the form T + f + G, with f being
pseudomonotone and bounded by defining

dT+f+G, U,y =lmd(T+f+e] +G, U, 5).



242 SHOUCHUAN HU AND N. S. PAPAGEORGIOU

Note that forany ¢ > 0, f+e&J isof class (S), . This extended degree function
has properties similar to the degree function for pseudomonotone maps defined
by Browder [11].

(2) The condition 0 € T(0) can always be satisfied by appropriately trans-
lating the domain and the operator. More precisely if [xo, x;] € Gr T, define
Ty : (D-x) CX — 2X\{@} by Ti(x) = T(x + xo) — x3. Clearly T;(-)
is still maximal monotone (if 7°(-) is) and 0 € T(0). For the permissible
maximal monotone homotopies the condition 0 € 7;(0) can be replaced by the
requirement that [xp, x5] € GrT; forevery t € [0, 1].

4. DEGREE FOR MAPS OF THE FORM f + Ng

As we already pointed out in the introduction, the condition that G : U —
2X"\{@} is compact translates into some growth condition on G when applied
to partial differential inclusions. In Theorem B, this restriction was replaced by
a sign condition. In this section, we pursue this idea and achieve a two-fold
extension of Theorem B. On the one hand, we allow a multivalued function
G(x, r) in place of g(x, r) and on the other hand, we relax the sign condition.

Let Z CR” beanopensetand for m>1, 1 <p<oo,let X = W™?(Z).
Then its dual is X* = W~™4(Z) with 1+ 1 =1. Let G: ZxR —
2R\{2} be a multifunction with compact, convex values such that (x,r) —
G(x, r) is measurable and r — G(x,r) is us.c. It is well-known that un-
der these assumptions we can write G(x,r) = [p(x,r), y(x,r)]={h e R:
p(x,r) <h<y(x,r)} and (x,r) — ¢(x,r), y(x, r) are both measurable
while r — —¢(x, r), y(x, r) are both u.s.c. We want to impose sign conditions
on G(x, r) and so we make the following definition:

Definition 14. A multifunction G(x, r) is said to satisfy the “sign condition”
if the following properties hold:

(i) G(x,r) = [e(x,r), w(x, r)] is measurable in (x,r) and us.c. in r
and for each s > 0, there exists As(-) € LL_(Z) such that for [r| <s

lo(x, N, lw(x, r| < hs(x) ae.onZ;

(ii) forall xe Z, ¢(x,r)r>0 for r <0 and y(x,r)r>0 for r>0.

If G(x, r) is single valued, this definition coincides with the sign condition
of Browder [12] (cf. Definition 5). As we already indicated earlier, we want to
relax this condition. So we introduce

Definition 15. A multifunction G(x, r) is said to satisfy the “generalized sign
condition” if the following properties hold:

(i) G(x,r)=[e(x,r), w(x, r)] is measurable in (x, r), us.c.in r, and
for each s > 0 there exists h; € L'(Z) such that for |r| <s

lo(x, N, lw(x, r)| < hs(x) ae onZ;
(i1) there is an rg > 0 such that forall x € Z

px,nNr>0ifr<-rg and y(x,rnNr>0ifr>rp.
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Let G: Z x R — 2®\{2} be a multifunction satisfying Definition 14 or 15.
We formally define the Nemitsky operator Ng from D C X = W;"'?(Z) into
2¥"\{2} by

No(u)={ve W—™9(Z)nLL.(Z):v(x) € G(x, u(x)) a.e. on Z},
with D = {u € Wy"'?(Z) : Ng(u) # @} .

A multifunction G(x, r) which is only measurable in x and u.s.c. in r is not
in general jointly measurable (cf. [18]). That is why we need to assume joint
measurability of G(x, r). Note that if G(x,r) = g(x, r) is single-valued,
then this joint measurability is automatically satisfied by the Carathéodory con-
ditions; i.e. g(x, r) is measurable in x, continuous in r. This is the case in
Browder [12]. Also note that our joint measurability hypothesis implies that for
every u : Z — R measurable, x — G(x, u(x)) is measurable and so it has a
measurable selector. .

Let U be a bounded open setin X = W"?(Z), f:U — X* = W—™4(Z)
a bounded map of class (S);, and y§ € X*\(f + Ng)(@U). In this section
we will define a degree for the triples (f + Ng, U, y5) and prove that it has
the three characteristic properties of normalization, additivity on domain, and
homotopy invariance. Since the case when G(x, r) satisfies the generalized sign
condition is more complicated and the other case can be treated in a similar
fashion, we only present a detailed analysis of the former.

The following proposition which will be needed in the sequel is due to Brezis
and Browder [2].

Proposition 16. Let u be an element of Wy"'?(Z), T an element of W—"9(Z)
N LY .(Z) such that T(x)u(x) > h(x) for some h summable function on Z .

Let (T, u) denote the distribution action of T on u (i.e. the duality brackets
Jor [T,ule€ X* x X). Then T(-)u(-) is summable on Z and

(T, u) = /z T(x)u(x)dx.

A critical step in defining d(f + Ng, U, y;) is to approximate G(x, r) by
single-valued, Carathéodory functions g.(x, r) which satisfy the corresponding
sign conditions. This is done in the next proposition.

Proposition 17. If G : Z x R — 2R\{@} is a multifunction which satisfies the
generalized sign condition and ¢ > 0, then there exists g. : Z xR — R, a
Carathéodory function satisfying.
(i) g(x,r) € G(x,r+B.) + B, forall (x,r) € Z xR and with B, =
(—¢, €);
(ii) for each s >0, there exists hs € L'(Z) such that for |r| < s
|8e(x, )| < hs(x)
and hg(-) can be chosen independent of € > 0;

(iii) forall x€ Z and all [r|>ro+1, g(x,r)r>0.

Proof. Let p: Z — R be a continuous function such that 0 < u(x) <1 for all
x€Z and [, u(x)dx < oo.
Step 1: Define ¢*, y*: Z xR— R by

e [0 T), r<n,
¢("”)‘{max[o,(p(x,r)], r>n,
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l//*(x,r)={mm[0’ W(x7r)]’ r<-n,

'//(xar), r>-n,

and G*: Z xR - 2R\{@} by G*(x, r) =[¢*(x, r), w*(x, r)]. It is clear that

G*(x,r) C G(x, r) and that G*(x, r) is measurable in (x, ) and u.s.c. in r.
Fix x € Z and apply Lemma 6 on G*(x, ) with d >0 toget ns:R—> R

a continuous map such that

76(r) € G*(x, r+ Bj) + B}
forall r € R (recall Bg =(-d,0)). Take & < min[}, eu(x)]. We then have

max{y eR:y € G*(x,r+Bs)} <0 forr<—(ro+1)
and )
min{y eR:y € G*(x,r+Bj3)} >0 forr>r+3.
Define 73 : R — R by

minlo, ’75(")], ’S—("O‘*‘l),
n3(r)=1q ns(r), —(o+3)<sr<(n+d),
max[0, n5(r)], r=>r+1,
and on the intervals —(ro+ 1) <r < —(ro+3) and (ro+3) <r<(ro+1), use

line segments to make continuous connections. It is easy to see that #3(-) is
continuous, n3(r)r >0 for |r|>ro+ 1, and

n3(r) € G*(x, r+ B.) + u(x)B,.

Hence 7}(r) € G(x, r+ B.) + u(x)B. .
Step 2. Define a multifunction I, : Z — 2€®.R) by

To(x) = {n € C(R, R): n(r) € G(x, r+B.)+u(x)B,, n(r)r > 0 for |r| > ro+1}.
From Step 1 above, we know that for every x € Z, I';(x) # &.

Let @(x, r)=G(x,r+ B}) + u(x)B;, B, = [—¢, €]. Since r — G(x, r) is
u.s.C. SO is r — @(x, r) and G(x, r) is a bounded closed interval in R. For
any veR, a(v, G(x, r)) =suplo(v, G(x, r+u)):uc B] + eu(x), where o
is the support fqution. Thus x — o(v, G(x, r)) is Lebesgue measurable and

hence sois x — G(x, r).
Let G(I';) be the graph of I';(:). We have

G(Te) = {lx, n1 € Z x C(R, R): d(n(r), G(x,r) =0
forall r € R, and n(r)r >0 for |r| > ro + 1}.
Assume that {r,},>; is an enumeration of the rationals in R and {sm}m>1

an enumeration of the rationals in |r| > ro + 1. Note that since G(x, .) is
us.c.,, r —d(n(r), G(x, r)) is Ls.c. for any n € C(R, R). So we can write

G(T) = () N {Ix, 71 € Z x CR, B): d(n(ra), G(x, 7)) = 0, N(Sm)sm > 0}

n>1m>1
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For each n > 1, (x,n) — d(n(r,), G(x, r,)) is a Carathéodory function
from ZxC(R, R) into R, (recall C(R, R) is a Fréchet space). So it is jointly
measurable and therefore {(x, n) € Z x C(R, R) : d(n(rn), G(x, r,)) =0} €
Z(Z) x B(C(R, R)) for every n > 1 with #(Z) being the Lebesgue o-field
of Z and B(C(R, R)) the Borel o-field of C(R, R). Consequently, G(I';) €
Z(Z) x B(C(R, R)). Applying Aumann’s selection theorem (cf. Wagner [21,
Theorem 5.10]) we get y. : Z — C(R, R) a Lebesgue measurable map such
that y.(x) e I',(x) forall xe Z.

Set g.(x, r) = (y(x))(r). Then g.: Z xR — R is a Carathéodory function
which satisfies conditions (i) and (iii) of the proposition. It is easy to see that
condition (ii) is also satisfied and in fact A;(-) can be chosen independent of
¢ >0 small, since u(-) € L'(Z). Q.E.D.

Let g.(x, r) be the Carathéodory approximate selector obtained in the above
proposition. We need yet another approximation method, namely the trunca-
tion procedure on g.(x, 7).

Definition 18. Let {Z;};>; be an increasing sequence of relatively compact,
open subsets of Z such that Z = J;2, Z;,. Let &(-) be the characteristic
function of Z, . Consider the truncation of g, at level k; i.e.

k _f &(x, 1) if |g.(x, r)| < k,
g (x. 1) = { ksign(g,(x, r) if |g(x, 7)| > k.

We define the kth-approximant N* = N¥(g,) of the Nemitsky operator N, ,
as a map from X into X*, by

NE@u)(x) = &egs (x, u(x)).

It is then clear that each N¥ is a compact map of X into X* N L>(Z).

In what follows, g,(x, r) will be the Carathéodory approximate selector of
G guaranteed by Proposition 17 and g¥(x, r) the corresponding truncation
and N¥ its Nemitsky operator. Also by A(-) we denote the Lebesgue measure
on the set Z .

Theorem 19. If U is a bounded open set of X = Wy"'P(Z), f a bounded
map of class (S)+ from U into X* = W—™94(Z), G:Z xR — 2R\{@} isa
multifunction satisfying the generalized sign condition, and y§ € X* such that
Y5 & (f+Ng)(0U), then

(1) y§ ¢ (f+NK)(OU) for k > 1 sufficiently large and ¢ sufficiently small.
Since (f + N¥) is of class (S)+, the Browder degree d(f + N¥, U, y3)
is well defined;

(ii) for k > 1 sufficiently large and € > 0 sufficiently small, d(f+NF, U, y3)
is independent of k, e, and the selector g(-) from Proposition 17.
So we can define this ultimate common value to be the degree
d(f+No, U, 73).

Proof. (i) Suppose that the conclusion was false. Then we can find {ugtes1 €
AU and ¢ | 0 such that

S ) + NE (we) = y5 -
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As before, by passing to a subsequence if necessary, we may assume that u; —
uin X, f(u) > f*,and NX(u) > v* in X*. For any bounded subdomain
Z' of Z, by Sobolev’s embedding theorem we know that W;"'?(Z’) embeds
compactly in L!(Z’). Hence we may assume that u;(x) — u(x) a.e.on Z.

Contrary to the single-valued situation considered by Browder [12] (cf. Theo-
rem B), where Ny (uy) — Ng(u) in L'(Z’), in the present multivalued context,
Ngj‘(uk)( -) is not pointwise convergent in general. It is only weakly convergent
in L‘(Z ) as we will show next. Nevertheless, using this weak convergence of
{N; (uk (+)}k>1 in L}(Z) we will arrive at a contradiction, establishing part
(1) of our theorem.

First we will show that

sup/l x)|dx < .

To this end, let Z(k) = {x € Z : |ux(z)| < ro + 1} . Observe that for every
k >1 and every x € Z\Z(k), we have 0 < Ne’j((uk)(x)uk(x) . Then we have

M> / (10) (%) () dx
/ VE () () () dx + /Z o N @) dx

—(ro+ 1) / her(X)dx + (0 + 1) / ARLACRICTES

> [N (1) ()l dx < / hryar(x)d
Z\Z(k)

=>/| (up)(x)|dx < 1+2/ hro+1(x)dx.
z

Now let Z C Z be measurable with A(Z) <ooand [ >rg+ 1. Let Zk =
{x€Z:|up(x)| <1} and Z¥ = {x € Z : lu(z)| > }. We have

L= [ iNEowldx+ [N )@l dx

ro +

< é\h,(x)dx+ 7 (M+(r0+ 1)/Zh,o+1(x)dx) .

Since / > rg+ 1 was arbitrary and #;(-) € L'(Z), it is immediate from the
above inequality that supy>; [, |NE’§(uk)(x)|dx — 0 as A(Z’) — 0, and for
every ¢ > 0 thereisa Z C Z, 1(2) < oo such that onEc IN,{Z(uk)(x)ldx <
¢. So finally invoking the Dunford-Pettis theorem (see Dunford-Schwartz [15,
p. 347]), we get that {Ne’f((uk)( “)}k>1 is relatively sequentially weakly compact
in L!(Z). Hence we may assume that Ne’i(uk) 5 v in LY(Z). '

Now we will show that vju € L!(Z) and that the following inequality holds:

[ viteutx) dx < tim || NE () GeJue(x) dix
z zZ

Define Z_ = {x € Z : |u(x)] < rp+1} and Z, = {x € Z : |u(x)| >
ro+ 1}. Since v} € L'(Z), it is clear then that vju € L'(Z_). We claim that
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vi(x)u(x) > 0 a.e. on Z,. In fact for any Z; C Z, with A(Z;) < oo and
any ¢ > 0 by Egorov’s and Lusin’s theorems we can find a closed set Z; C Z;
with A(Z;\Zs) < 6 such that u;(z) — u(z) uniformly on Z; and u(-) is
continuous on Zs. Hence u; — u in L*°(Zs) and so since Ng‘(uk) = v; in
L'(Z;) we get that for any B C Z; measurable
/ vi(x)u(x)dx = lirn/ NE (ue) () uie(x)dx > 0
B B
= 0<v{(x)u(x) a.e. onZ;.

Since xz,(x)vi(x)u(x) converges to xz (x)v;(x)u(x) in A-measure we get
that 0 < vy(x)u(x) a.e. on Z;. Finally recall that Z; C Z, with A(Z;) < o0
was arbitrary and Z, is o-finite to conclude that 0 < vj(x)u(x) a.e.on Z,.

Next we prove that [, v (x)u(x)dx < lim [, NE (u)(x)ux(x)dx . For any
0 > 0, there exists Z; C Z, such that A(Z;) < co and

sup |NE () (x)dx < oo.
k>1J2Z,\z,
If Zs C Z; is as above, we define
Z¥@®) ={x € Z. N Z§ : lup(x)| < o+ 1}
and
ZK(O) = {x € Z, N Z§ : | (x)| > ro + 1}.

Then |Nf () (x) g (%) < (ro+1)hryy1(x) on ZX(8) and NE () (x) e (x) >
0 on Z"(d) Clearly A(Z,NZk(6)) < A(Z,NZ§) < 6. Since hy4i(-) € LN(Z),
we have

sup [(Vo +1) hro+1(x) dX} =p(6)—0

k>1
as 0 | 0. Thus

tim | N (1) o (x)

Z,nZk ()

= lim [/ (uk)(x U (x dx+/ ;f((uk)(x)uk(x) dx

/ Nk () () ug (x) dx

> lim / NE () (X () dx — (ro + 1) By 11 (x) dx
Zs ZlﬁZf(J)

— sup / INE (1) ()] dx
+\Z,

k>1

> [ viu(x)dx - p(d) -
Z;
Since J > 0 was arbitrary, v{(x)u(x) > 0 a.e. on Z, and p(d) — 0 as
010, we get that vjue L'(Z,) and

[ vt dx <lim [ NG om(x) .
Z, Z,
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Now we will show that the same inequality holds also over Z_. For any
0 > 0, find a measurable set Z; C Z_ with A(Z;) < oo such that

/ o (x)u(x)| dx < 8
ZC

-nN 1
and
(r0+1)/ hys1 (X)dx < 6.
ZC

N h
Recall that vju € L'(Z_) and h,0+1( ) € L(Z) and so the above choice is

p0551ble Let 25 C Z, with A(Z, \ZJ) < 6 such that u;(x) — u(x) uniformly
on Zs; and u(+) is continuous on Zs . Define

ZKG)={x € Z_NZ§: lme(x)| < ro+ 1}

and
Z"&) {er.ﬁZls |ue(x)| >ro+1}.

Hence since [5 v?(x)u(x)dx = lim [5 N (u;)(x)ur(x)dx , we have
Zs 1 Zs k

/v’;(x)u(x)dxglimﬁ prc(uk)(x)uk(x) dx+/ _vi(x)u(x)|dx
z 2

Z_nZ;
<tim [ NE@u(0)dx+p(6)+ [ iCoux)ldx

where p(6) = supy>[(ro+1) ffk @) hr,+1(x) dx]. Recalling our initial choice of

Z, € Z, we see that p(d) — 0 and [, o |vf(x)u(x)|dx — 0 as 6 | 0. So
- (]

we have

[ vitouax <tim [ NE ) (0w (x) dx.
zZ_ Z_
Therefore, we finally have that v;u € L'(Z) and
[ vt dx < tim [ N8 (o) oy (x) dix.
z z

Recapitulating, we have that NX (u) = vi in L'(Z) and Nf(u) = v* in
X* = W-m.4(Z). Since both modes of convergence imply weak convergence
in the space of distributions Z(Z)', we get that v = v* = y§ — f* and so

ewW-m4(Z).

Define 2: Z - R by

0 if ju(x)|>ro+1,
vi(xju(x) if ju(x)|<r+1.

h(x) = {

Then h € L'(Z) and v} (x)u(x) > h(x) a.e.on Z. So by Proposition 16,
we have that

(v*,u) = /Zvl(x)u(x) dx
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Hence, since yg§ = f(ux) + Nf (ux) , we have
Lm(f (i), we —u) = (5 = f*, u) —li_m/Z N () () ur (x) dx

<057 0= [ viCoutdx
=5 —f"u)—(v*,u)=0.

Since f is a map of class (S),, we get that w, — u in Wy"P(Z) and
so u € QU . Furthermore, f(ux) - f(u) in X* and so f* = f(u). Also
it is straightforward to check that v* € Ng(u). Thus we have shown that
¥s € (f + Ng)(u) with u € U, a contradiction. This completes the proof of
part (i) of the theorem.

(ii) Again we proceed by contradiction. Then we can find sequences n;, > 1,
& > 0,0, > 0 such that n, — oco,& | 0,and d, | 0 as k — o and

furthermore
d(f +Ng, U, y5) #d(f +Ng*, U, »3).

By the homotopy invariance property of the degree function for affine homo-
topies of class (S). , we know that we can find s, =[0, 1] and u, € 8U such
that

Su) + (1 = ) NE (i) + s N5 (wie) = 5 -

Without loss of generality, we may assume that the above equation holds for

all k> 1. Let v} = (1 - s)NE (i) + s N§ (wye) . We may assume that s, — s

in [0, 1], ux > u in X and f(ux) > f*, v} > v* in X*. We have
| veme(x) dx = (5 = Flwe), wd < M.

Let gc(x,r) = (1 = si)C(x)gg (x, 1) + sile(x)g5* (x, r). Then vi(x) =
8r(x, ug(x)). It is easy to see that g, (x, r) satisfies (1)—(iii) of Proposition 16,
with g.(x, r) replaced by gi(x, r) and & replaced by max[e;, &].

With the same argument as in part (i), we can show that v} = v} in
LY(Z), vi(x)u(x) > 0 a.e. ontheset {x € Z : |[u(x)| >ro+ 1}, viu e L} (Z),
and

/v,‘(x)u(x)dx sli_m/ ve(X)up(x)dx
z z

(recall that because of the compact embedding of Wy"'?(Z’) into L!(Z') for
any Z' C Z bounded, we may assume that u;(x) — u(x) a.e.on Z). As before
we get v* =} and (v*, u) = [, v{(x)u(x)dx and v} € Ng(u). Finally since
f isof class (), and lim(f(uy), ux —u) <0, we have u;, — u in X ; hence
u€dU and f(u) = f(u) = f*. Thus we get y3 € (f+Ng)(u) with u € U,
which is a contradiction.

Therefore, we have proved part (ii) and the proof of the theorem is com-
plete. Q.E.D.

For the degree function established with the previous theorem, we will prove
the three characteristic properties. For this we need to introduce the permissible
homotopies for the multifunction G(x, r).
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Definition 20. Let {G,(x, r)}«[0,1) be a family of multifunctions from Z x R
into 2R\{2}. Such a family is said to be a “permissible homotopy of multi-
functions” satisfying the generalized sign condition, if the following conditions
are satisfied:
(1) Gx,r)=[e(x,r,t), w(x,r,t)] is measurablein (x, r, t) and u.s.c.
in (r, t); for each s > 0, there exists h; € L'(Z) such that for |r| <s
and all ¢t € [0, 1]

max[jo(x, r, 0], |y (x, r, |1 < hs(x).
(i1) There is an ry > 0 such that for all (x,t) € Z x [0, 1] we have
o(x,r,t)r>0forr< —rp, wix,r,tyr>0forr>r.

Having defined the permissible homotopies for the multifunction G(x, r) we
can now introduce the permissible homotopies for the degree function defined
by Theorem 19.

Definition 21. The class H of permissible homotopies of maps of the form
S+ Ng consists of all homotopies 4, = (f; + Ng,), t € [0, 1], with {fi}icp0, 13
a bounded homotopy of class (S); and {G:}:0,1) a permissible homotopy of
multifunctions satisfying the generalized sign condition.

Theorem 22. The degree function defined in Theorem 18 has the following prop-
erties:
(1) Normalization: d(J, U, y) =1 if y;e J(U).
(ii) Additivity on domain: If Uy, U, are disjoint open subsets of U such
that y; ¢ (f + Ng)(U\(Ui UU,)), then

d(f+Ng,U,y3)=d(f+Ng, Uy, y5)+d(f+ Ng, Uz, y3) .

(iii) Homotopy invariance: Let {h; = f; + Ng,}ic0,1) be a homotopy in the
class H and let y* : [0, 1] — X* a continuous map such that y; ¢
(ft + Ng,)(@U) forall t € [0, 1]. Then d(f;+ Ng,, U, y;) is indepen-
dent of t €0, 1].

Proof. Properties (i) and (ii) are obvious. To establish property (iii), first we
obtain a single-valued approximate selector g.(x,r,t) of G;(x,r) which is
measurable in x and continuous in (r, ) (cf. Proposition 17) and satisfies
all conditions of Proposition 17 uniformly in ¢ € [0, 1], and then repeat the
arguments employed in the proof of Theorem 19, using the fact that Browder’s
degree function on maps of class (S), is homotopy invariant. Q.E.D.

Remark. The degree function defined by Theorem 19 on triples (f+Ng, U, y;)
is not unique in general, since not every approximate continuous selector
g:(x, r) of G(x, r) necessarily satisfies the same sign condition as G .

A careful reading of the proof of Theorem 19 shows that in the definition
of the generalized sign condition, we had to assume that the control function
hs(+) € LY (Z). If G(x, r) satisfies the sign condition of Definition 14, then
we only need to assume that hg(-) € L} (Z) (see also Browder [12]).

Definition 23. The class H; of permissible homotopies of maps of the form
f+ Ng with G(x, r) satisfying the sign condition (cf. Definition 14) consists
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of all homotopies {f; + Ng,}ier0,1) With {fi}c0,1) @ bounded homotopy of
class (S)+ and {Gi}icpo,1; a family of multifunctions such that G,(x,r) =
[p(x,r,t), w(x, r, t)] is measurable in (x, r, ¢), us.c.in (r, t), and
(i) forevery s >0, thereis i € L) (Z) such that forall x e Z, |r|<s,
and €0, 1]

max[W(xa ra t)l? IW(X’ ra t)l] .<... hs(x),
(i) e(x,r,t)r>0 forall r <0, w(x,r,t)r>0 forall r>0.

Theorem 24. The same approach as in Theorem 19 will define a degree function
d(f+ Ng, U, y;) with f ofclass (S)., G a multifunction which satisfies the
sign condition (cf. Definition 14). In addition, this degree function has the three
characteristic properties of normalization, additivity on domain, and invariance
under homotopies of class H, .

Proof. Asin Proposition 17, we can obtain a Carathéodory approximate selector
g (x,r) of G(x,r) satisfying the sign condition; i.e. g.(x, r)r > 0 for all
r € R. Then we use this selector in the process of constructing the degree
function. Q.E.D.

To have uniqueness of the degree function, we need to restrict the class of
multifunctions G(x, r).

Definition 25. G : Z xR — 2®\{@} is a multifunction satisfying the “strict sign
condition” if the following hold:
(i) G(x,r)=[e(x,r), y(x,r)] and is measurable in (x, r) and u.s.c. in
r;
(i) w(x,r)r>0 for r<0 and ¢(x,r)r>0 for r>0;
(iii) for any s > 0, there exists hs € L] (Z) such that for |r| <s

max[|g(x, r)l, [y (x, r)]] < hs(x).

As in Definition 23, we can define the class H, of all permissible homotopies
of maps of the form f + Ng with G(x, r) satisfying the strict sign condition.

Theorem 26. Restricted to multifunctions G(x, r) satisfying the strict sign con-
dition and to the corresponding homotopy class H,, the degree function defined
by Theorem 24 is the only one having the three characteristic properties of nor-
malization, additivity on domain, and homotopy invariance.
Proof. Suppose that there were another degree function d; different from d
obtained in Theorem 24; i.e. di(f + Ng, U, y;) # d(f + Ng, U, y;) on an
admissible triple (f+ Ng, U, y3) . Take a qualified Carathéodory approximate
selector g:(x, r) of G(x, r). Then from the definition of d (cf. Theorem 19),
we know that

d(f+Ng,U,y5)=d(f+ N, U, ;)
for k > 1 large enough and ¢ > 0 small enough. Recalling that Browder’s
degree function is unique on maps of class (S); (cf. Browder [11, Proposi-
tion 14]), we have d(f + N, U, y5) = di(f + N¥, U, y;). Consequently,
di(f+ Nk, U,y3)#di(f+Ng, U, Vg) - Because d; is homotopy invariant,
we can find sy — s in [0, 1], & — 0, u, €U, and u; > u in X, such that

Yo € (f + (1 = s )NE + siNo)(uye) -
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So there exists gf € Ng(ug) such that if v} = (1 — s)NE (ux) + Segp »
we have y; = f(ux) +v;. Since G(x,r) satisfies the sign condition and
& (x,r) € G(x, ur(x)) a.e. on Z, we have v;(x)ur(x) > 0 a.e. on Z and
since g¢ € Ll (Z) (cf. Definition 25(iii)), we have v; € L. .(Z). Apply
Proposition 16 to get that '

/Z 0p ()i (x) dx = (0], i) = (8 — ) ) < M.

By slight modifications of the arguments in the proof of Theorem 19, we can
prove that there exists v§ € L. (Z) such that v; > v§ in L'(Z’) for any
Z' C Z bounded (since {v}}x>1 € L!(Z’) is uniformly integrable). Also as
always, we assume that u;(x) — u(x) a.e. on Z, and f(u;) = f* in X*.
Then we can proceed and show that

0>vg(x)u(x) ae.onZ

and
/va‘(x)u(x) dx < l_1g/ vp(X)ur(x)dx.
z z

Only the second inequality requires some work. Let Z' C Z with A(Z’') <
oo. Given 6 > 0 find Z;s C Z’ closed with A(Z'\Zs) < J such that on Z;,
up(x) — u(x) uniformly and «(-) is continuous. Thus we get

/ vg(X)u(x)dx = lim/ v (X)ur(x)dx < 1@/ Ve (X)up(x)dx < M.
Zs Zs V4

Since § > 0 and Z’ C Z were arbitrary, using the monotonicity of the
measure m(Z) = [, vj(x)u(x)dx, A C Z measurable, and the o-finiteness of
Z we finally get that

[ vsoux) dx <tim [ v ds.
z z

Using this inequality and the fact that v§ = y; — f* (cf. Proposition 16) we
then can show that

m(f(uk), uk—u) <0.

Hence, since f is of class (S),, ux — # in X and f(u) — f(¥) = f* in
X*. Thus x € QU . Also by standard arguments, we can show that v3(x) €
G(x, u(x)) a.e.on Z and so v§ € Ng(u). So finally we have y§ € (f+ Ng)(u)
with u € 8U, a contradiction. Therefore d =d;. Q.E.D.

Remark. The degree function defined in this section can be extended further in
the weak sense (see Browder [11, Definition 6]), to the larger class f+Ng where
G(x, r) is a multifunction as before, but f is a bounded pseudomonotone map
instead of a map of class (S), (since we have included the demicontinuity
condition in the definition of class (S);—cf. Definition 2—we see that this
new class is indeed broader). Then the degree function is defined by

d(f+NG, Uay6)=1:~gl(f+8J+NG$ U,.V5),
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where the degrees in the limit are defined as in this section since f + &J is of
class (S)+ .

5. EXAMPLES

In this section we present some examples of multivalued elliptic and parabolic
partial differential equations, where our abstract results apply.

(I) Let Z be a bounded domain in R with smooth boundary I'. We
consider the following nonlinear multivalued partial differential equation in
divergence form:

D (=)D 4, (x, n(u(x))) + G(x, &(u(x))) 3 h(x) on Z,
()1 lal<m
Dfxlr=0, |Bl<m-1,

where n(u) = {D°u : |a|] < m}, &(u) = {D*u : |a| < m — 1} and the function
Aa(x,n) maps Z x R¥ into R (with N, = &) In what follows, we
split the 7-variable into two parts 7 = (&, {), with = (&, : o] < m—1) and
{ = ({a: |a] = m) and impose separate conditions on them.

Our hypotheses on the data of (x); are the following:
H(A): Ao :Z xRM — R is a function such that

(1) x = A,(x, n) is measurable, n — A,(x, n) is continuous, and
|4a(x, n)| < a1(x) + cillnlP~! ae.on Z
with a,(-)e LY(Z),p > 2,
(2) Xigemlda(x, &, 0) —4a(x, &, {N1(la— &) >0 forall (£, xeZ,
and ¢ € R¥-1 (i.e. we have monotonicity only on the principal part

term,; this condition is known as the Leray-Lions condition);
(3) there exist constant ¢ >0 and B(-) € L!(Z), such that

D Aalx, M2 = clinl? — B(x) ae.onZ,neRM.
o <m

H(G): G:Z x RV-1 — 2R\{@} is a multifunction such that

(1) (x,8) — G(x, &) =[p(x, &), y(x, )] is measurable and ¢ — G(x, ¢)
is u.s.c., and
(2) 1G(x, &)| = max[|o(x, &)|, lw(x, &I < ax(x) + €]l a.e. on Z and
ax)(+) € LY(Z).
In this case X = W;"'?(Z), which is separable, reflexive, and uniformly
convex. Let A: Wy""?(Z) — X* = W~™:9(Z) be defined by

(Au) / S Ao(x, n(u(x)))D*v(x) dx

|la|<m
with (-, ) being the duality brackets for the pair (Wy"'?(Z), W—™:4(Z)).

Proposition 27. If hypothesis H(A) holds, then A(-) is of class (S). .

Proof. Demicontinuity (in fact continuity) of ff( -) follows from hypothesis
H(A)(1) and Krasnosel’skii’s theorem on the continuity of the Nemitsky oper-
ator.
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Now let u, = u in X and assume that
m(A(un) , un — ) = Tm(A(un) - Aw), un - u)
=i [ 3 (Aol (), Lln(x)
Z Jaj<m
= Aa(x, &(u(x)), C(u(x)))D*(un(x) — u(x))dx < 0.
Since W;"'P(Z) embeds compactly into w,*~!>#(Z), by passing to a sub-

sequence if necessary, we may assume that &(u,(+)) — E(u(+)) in LP(Z)Nm-1 .
So the above inequality becomes

lim a a(x, E(u(x)), L(un(x))) — Aa(x, E(u(x)), {(u(x))))
Ial
«D*(up(x) —u(x))dx <0.
But note that hypothesis H(A)(2) implies that { — Z|a|=m Au(x,&,0) is
strictly increasing, while hypothesis H(A4)(3) implies that
Y Aa(x, 8, Dl 2 cllllP ~7(x) ae.onZ
|lal=m

with p(-) € L'(Z). So we can apply a result of Browder [6] and get that the
principal part defines an operator of class (S), and so D*u, — D*u in L”(Z)

for |a| = m. Thus /f(-) is of class (S),. Q.E.D.
Next let Ng: X — 2X'\{z} be defined by
Ng(u) = {g € X" : g(x) € G(x, {(u(x))) a.e.}.
Observe that because of hypothesis H(G)(2) we have
|Ng(u)| = sup{ligllg, & € No(u)} < &2 + &o|ul]

(here || - || denotes the norm in Wy"'?(Z) and || - ||, the normin L9(Z)). Since
L(Z) embeds into W~™-9(Z) compactly, we have that Ng(-) is compact
with closed and convex values, and it is easy to see that it is u.s.c. (cf. hypothesis

H(G)(1)).

Therefore we can state the following existence theorem for (x); .

Theorem 28. If hypotheses H(A) and H(G) hold and h € W~"-4(Z), then
problem (), admits a generalized solution u € Wy"'?(Z).

Proof. To use degree-theoretic techniques, we need to establish an a priori
bound for the solutions of tJ(u) + (1 —t)A(u) + (1 — t)Ng(u) = h, t € [0, 1]
and J: X — X* the duality map. So suppose u € W;""?(Z) is such a solution.
Then there exists g € Ng(u) such that

tJw)+(1-nAw)+(1-tg=h
= (J(u), w) + (1 - O)(A(w), u) + (1 - 1)(g, u) = (h, u).
Because of hypothesis H(A4)(3), we have for some ¢, B>0
tlul® + (1 = nyelullP = (1= 0B <[kl + (1= 0)llgldlull,  t€[0, 1]
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(with || ||« denoting the norm of W~":9(Z)). So
lll? + (1 = r)éllull® < [lhll + a2 + (1= )&l lull + B

Using Young’s inequality (recall p > 2), we deduce that there exists M; >0
such that |Ju|| < M; for all such solutions u(-). Take M, > M, and define

U={ueW"?(2): |lull < My}.
We choose M, so that £ € J(U). Then clearly
h¢ (tJ+(1—0A+(1-1)Ng)(QU)

and so d(tJ + (1 — t),:f+ (1-t)Ng, U, h) is well defined for all ¢z € [0, 1] {cf.
§3). Thus by the homotopy invariance we have

dtJ+(1-0)A+(1=t)Ng, U, h)y=d(J, U, h)=1.
So (x); admits a generalized solution. Q.E.D.

If G(x, -) depends only on u and not on any of its derivatives, then to have
the compactness of the multivalued Nemitsky operator Ng(-), we can allow
a more general growth condition than the sublinear one. Indeed we have the
following proposition:

Proposition 29. If hypothesis H(G)(1) holds and |G(x, r)| < ay(x) +ca|r|? a.e.
with
N, —N+mp

N—-mp
then Ng: X — 2X"\{@} is compact.

Proof. By Sobolev’s embedding theorem, we know that W;"'?(Z) embeds into
L"(Z) continuously and densely provided that 1 > % — % Furthermore, the
embedding is compact provided the inequality is strict. We have r < p* =
_Np

N—mp * .

Let r' > 1 be the conjugate exponent of r (i.e. % + ;‘,— =1).If 6 =&, then
Ng(u) € W—"-9(Z). So to have the supremum of all possible exponents, we
need to maximize  , hence minimize }. But this last infimum is ;- . So the
supremum of 6 is

1 Np—-N+mp
== )=p"-1=2 ————
i ( ) i N—-mp

6 < ifN>mp and 0 <o if N<mp

Therefore if 6 < E’}T,'-_N—,:,';—"E , we have the compactness of Ng. Q.E.D.

Remarks. (1) This critical exponent is consistent with the one established by
Pohozaev [19] and DeFigueiredo-Lions-Nussbaum [14]. They considered the
Laplace equation —Au = «% on a ball in R¥, N > 3, with Dirichlet boundary
conditions. Pohozaev [19] showed that for 6 = 1’3—‘_‘% there is no positive solution
to this problem. Later DeFigueiredo-Lions-Nussbaum [14] proved that for 6 <
#*Z, we have a priori estimates in the L*-norm for the positive solutions.
Note that the critical exponent provided by Proposition 29 reduces exactly to
’-A‘{—i% if m=1, p =2, the situation in Pohozaev [19] and DeFigueiredo-Lions-
Nussbaum [14].
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(2) Since Ng(-) is compact, in principle we can apply degree-theoretic tech-
niques using Ng( ). But in this general case, the derivation of a priori estimates
is extremely difficult.

Of course, we can drop the sublinear growth condition H(G)(2) and replace
it by a strict sign condition assuming that G(z, -) depends only on u and not
on any of its derivatives. So our hypothesis on G(x, r) is now the following:
H(G);: G:Z xR — 2®\{@} is a multifunction such that

(1) G(x,r)=[p(x,r), y(x,r)] is measurable in (x, r) and u.s.c. in r;

(2) wx,nNr>0if r<0, p(x,r)r>0 if r >0, and for each s > 0 there
is hs(-) € Llloc(Z) such that |G(x, r)| = max[|e(x, r)|, lw(x, r)]] <
hs(x) a.e.on Z for |r|<s.

Using similar arguments as in the proof of Theorem 28, we can have

Theorem 30. If hypotheses H(A) and H(G), hold and h € W~":9(Z), then
problem (x); has a generalized solution u € Wj"'*(Z).

(II) Now we consider a multivalued parabolic partial differential equation. So
let S=[0, b]) and Z C R" a bounded domain with smooth boundary I'. By Q
we will denote the cylinder S x Z . We consider the following initial-boundary
value nonlinear parabolic problem:

(*)2
?9-); + D (=1)IDada(t, x, n(u(t, x)}) + G(t, x, u(t, x)) 3 h(t, x) on Q,
la|<m

ulrxr =0, u(0, x) =ug(x) a.e.onZ

where as before n(u) = {D°u : |a| < m}, &(u) = {D*u : |a]| < m — 1}, and
the function 4, maps S x Z x RM into R. Again we split 7 into two parts,
n=(, () with{=(&:la|<m—1) and { = ({: el =m).
We will need the following hypotheses on the data:
H(A)1: Ao :SxZ xR¥ - R is a function such that
(1) (¢, x) = Au(t, x, n) is measurable, n — A,(¢, x, n) is continuous,
and
|4a(t, x, M) < ai(t, x)+ ar|nP~" ae.on Q
with a; € L9(Q) and ¢; >0 (p >2 and },+%= 1);
(2) Z|a|=m[A0(ta X, f > {)—Aa(l‘, X, 69 C,)](CG—C(IJ) > 0 for all C # C, and

all (¢,x,&8) €8S xZ xRV»-1;
(3) there exist ¢ >0 and B € L'(Q); such that

> Aa(t, x, Mna > clnllP - B(t, x) ae.onQ
lal<m
for all ¢ € RV~ .
H(G);: G:S xZ xR — 2®\{2} is a multifunction such that
(1) G(t,x,r) = [p(,x,r), w(t, x, r)] is measurable in (¢, x, r) and
u.s.c.in r;
(2) w(t,x,r)r>0 for r<0 and ¢(¢,x,r)r >0 for r>0;
(3) |G(t’ X, r)l = maX[|¢(t, X, r)l ) |'//(t3 X, r)l] < aZ(t, X) + C2|r|p/q a.c,
ax)(+, -) € LIQ), c2>0.
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Theorem 31. If hypotheses H(A), and H(G); hold, uy € L*(Z) and h €
Li(S, W—™:49(Z)), then problem (x); admits a generalized solution in
Wy P(Z).

Proof. Let Y = Wy"'?(Z) and Y* = W~"-4(Z). Define T: D C LP(T,Y) —
LYT,Y*) by T(u) = 4, with D = {u € LP(S,Y) : & € LS, Y") and
u(0) = up(-)} (recall that the space W,,(S) of functions u € L?(S, Y) such
that & € LI(S, Y*) embeds continuously into C(S, H), H = L?(Z) and so
the condition u#(0) = up(+) makes sense).

We claim that 7°(-) is maximal monotone from L?(T, Y) into LY(T, Y*).
Clearly T'(-) is monotone. According to Lemma 5 Ain order to establish thf
maximality of 7T(-), we need to show that R(T + J;) = LI(S, Y*) with J;
being defined by fl(u)(t) = Ju@®)|lu@|P~%,u e LP(S,Y),t € [0, b], and
J is the duality map from Y into Y*. Let g € L9(S, Y*) and consider the
Cauchy problem

w(t) + JO)u@)IP~* = g(1) ae., u(0)=up.

Since J(-) is maximal monotone, demicontinuous, by a well-known exis-
tence result for evolution equations, we dgduce that the above problem has a
unique solution u € W,(S). So R(T + Jy) = LI(S, Y*) and this proves the
maximality of 7. Hence GrT is a closed subspace of LP(S, Y)x LI(S, Y*).
Therefore D equipped with the graph norm ||ullp = ||u||r(s,y) + | TullLe(s, v+)
is a separable reflexive Banach space. By Troyanski’s theorem we may assume
that both D and D* are locally uniformly convex spaces.

Let A:SxY — Y* be defined by

(A(t, u), u) = /Z S Aalt, x, n(u(x)))Dou(x) dx

Jal<m

andlet A:D — D* be defined by E(u)(t) = A(t, u()).

Using Krasnosel'skii’s theorem, we see that A (+) is continuous. Also we will
show that A(-) is of class (S), . To this end, let u, ~ u in D and assume
that

Gm((A(un), n —u)) <0
with ((-, -)) denoting the duality brackets for the pair (D, D*). From The-
orem 5.1, p. 58 of Lions [17] we know that D embeds compactly in L?(Q).
So for all |a| < m — 1, we have D°u, — D*u in LP(Q) and D°%u,(t, x) —
D>u(t, x) a.e. Using hypothesis H(A), and the result of Browder [6] as in the
proof of Proposition 27, we can get that D®u, — D°u in L?(Q) for |a|=m
and so conclude that indeed A is of class (S)+ and of course bounded.

Next let G : D — 2P"\{@} be defined by

G(u)={g € LYQ): g(t, z) € G(¢, z, u(t, 2))}.

First note that 6(0) is bounded into L4(Q) (cf. hypothesis H(G)2(3)) and
since L9(Q) embeds compactly into D*, we deduce that G(-) is a compact

multifunction. Also it is easy to see that G( -) is u.s.c. (hence @( -) is of class
(P); cf. §3).
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Now consider the map sJ '*',fl —s)(T+/’1\+ G)u, s € [0, 1] and the operator
inclusion sJu + (1 —s)(T+ A+ G)u > h. Let u € D be a solution of this
inclusion. Hence there is a g € G(¢) such that

s(Ju, w) + (1= )[(Tu, w) + ((Au, w) + (&, w)] = ((h, u)).
, (A

Note that ((£, u)) > 0 (cf. hypothesis H(G),), ((Au, u)) > c||u||ﬁ,(s’y) -B
(cf. hypothesis H(A)1), and ((Tu, u)) = (i, u)) = 31u(®)z) — $1uoll3z) -
So we get

~ 1
sllullp + (1 = s)cllulllss vy < Wllzas, nllullss, vy + B + 5”“0”22(2) .

From this, using Young’s inequality, we deduce that there is M; > 0 such
that |lu||»(s,y) < M) . Thus thereis M, > 0 such that s|lul|3 < M, . Our claim
is that ||u||p is uniformly bounded as u varies over all solutions of the original
operator inclusion. Indeed if this is not the case, we can find solutions u, of
the operator inclusion with s, € [0, 1] such that |u,||p — o0 ; s0 Su||lun|lp — O,
i.e. s, — 0. But note that for some M; >0, (1=5,)||TunllLo(s,v+) < Sulltnllp +
M; = || Tupl|res,y+) is bounded; hence |lu,|lp is bounded, a contradiction.
Therefore there exists My > 0 so that ||u|p < M4 for every solution of the
operator inclusion. Choose M5 > M, such that # € J(U) with U={ueD:
llullp < Ms}. Then by homotopy invariance, we have

dT+A+G,U,h)=d(J,U,h)=1
= (x), admits a generalized solution u(-) € W,,(S). Q.E.D.
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