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HOPF CONSTRUCTIONS AND HIGHER PROJECTIVE PLANES
FOR ITERATED LOOP SPACES

NICHOLAS J. KUHN, MICHAEL SLACK, ANL: FRANK WILLIAMS

ABSTRACT. We define a category, #," (for each n and p), of spaces with
strong homotopy commutativity properties. These spaces have just enough
structure to define the mod p Dyer-Lashof operations for n-fold loop spaces.
The category #," is very convenient for applications since its objects and mor-
phisms are deﬁned in a homotopy invariant way. We then define a functor,
P}, from #;" to the homotopy category of spaces and show P;' to be left
adjomt to the n-fold loop space functor. We then show how one can exploit
this adjointness in cohomological calculations to yield new results about iterated
loop spaces.

1. INTRODUCTION

The Hopf construction (see [BT, Sf]) has been a fundamental tool in unstable
homotopy theory; it has been used extensively in the study of (one-fold) loop
spaces and H-spaces. Examples of beautiful applications of the Hopf construc-
tion can be found in [Ad, Hu, Ka, Li, Th2], and, of course, in the construction
of the Hopf maps $3 — $2, 7 —» %, and S'* — S%. The main objective of
this paper is to extend some of the techniques associated to the Hopf construc-
tion to the more general framework of n-fold loop spaces (1 < n < oo) and
H}-spaces (which are the analogue of H-spaces). Thus we forge a link between
the Hopf construction point of view in H-space theory and the theory of iterated
loop spaces.

The main results of this paper can be summarized as follows. In §2 we define
a category, #,", foreach 2 < p < oo and 0 < n < oco. The objects of 2"
are called Hj'-spaces; an H‘?-space is just an ordinary space, an Hj-space is an
H-space, and for larger n and p, an Hj-space is an H-space which possesses
some additional homotopy commutativity. More precisely, let C,X be the
usual configuration space approximation to Q"%2"X with pth filtration C, ,X,
and let C, ,X be the cofiber (mapping cone) of the inclusion X — C, ,X.
Then an Hj-space structure on X is a map 0X: Cp X — X extending the
identity on X . For example, an n-fold loop space will be an Hj-space for all
p . A morphism in our category is the homotopy class of a map which preserves
Hj-structures, together with the homotopy class of a homotopy which makes
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the requisite diagram commute. Thus one should view 7" as a “homotopy
category of Hj-spaces” (although it is not defined as the homotopy category of
an underlying category when »n > 1).

In §3 we define functors Q": Z° — Z" and P}: Z" - #Z° (for 1 <n<
00). The functor Q" is the usual n-fold loop space functor, and P} is an
appropriate higher “projective plane” construction. By definition, Py'X is the
cofiber of a natural map

(1.1) h:2"Cp pX — Z'X.

In the case th~at n =1 and p = 2, the homotopy equivalences X * X =~
Z(XANX)~ZC; X (where X *X is the (reduced) join of X with itself) yield
a map

(1.2) h: XX —IX

that agrees (up to homotopy) after one suspension with the usual Hopf map
[BT, Sf]. Thus there is a homotopy equivalence between ZP; X and IPX,
where P, X is the projective plane of an H-space X which arises from the
Hopf construction.

In §4 we then prove what is probably the most important result of the paper.

Theorem 4.9. P} is left adjoint to Q" .

En route to proving this theorem we establish an important compatibility
result between the various versions of 4 that result from different values of ».

Theorem 4.1.
(i) Suppose k > 1, and let (X, 6)) € Ob%k. Then the constructions for

(X, 6)) and (Q"X, 6 F) € ObZ"k fit into the following naturally (strictly)

n+k
commutative diagram:

E"+k6n+k ,anX _hy sn+kQn y
(1.3) l}:"(d,peoén) lzke
SKCp X —2 SKX.

(ii) If X € ObZ?, then for (QX , 63¥) € Ob 2!, the following composite is
naturally null-homotopic:

(1.4) 2Ci ,QX 52X 5 X.

Here ¢ and §, are appropriate evaluation maps. This compatibility result
is similar to the main result of [Kul].

In §5 we discuss how the results of §3 extend to the case n = co. We have
adjoint functors Pp: 2> — # % and Q*: # & — Z>°, where #.% is
the homotopy category of spectra, and P, X will be the cofiber of a generalized
Kahn-Priddy map

(1.5) h: 2°Co p X — ZXX

of the sort studied in [Ku2].
In §6 we turn to the implications of the above on the calculation of the mod 2
cohomology of Py/X . Our motivation comes from the Hopf construction. A
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fundamental result of Thomas [Th1, Sf] is that in the mod2 cohomology of
the cofibration sequence

(1.6) xxx Lsx Lpx Lsx«x,

one has X2 = J*(I*(X) ® I*(X)) for all X € H*(P,X;F,). A proof of a
generalized version of this result can found in Appendix B.

To generalize this, we first note that an HJ-space structure on X is just
enough so that the mod 2 homology of X admits certain Dyer-Lashof opera-
tions [AK, Br, CLM, DL] which are detected by the map 4. Then Theorems 4.1
and 4.9 are used to prove the following theorem, using the cofibration sequence

(1.7) 1Cp o X 2 3nx Lo prx L3mC, L X,
defined for an Hj-space X .
Theorem 6.10. Suppose X e ObZ". If X € ﬁ‘”"(P”X; F,), then

(1.8) Sq7"% = j* (6" (Qn-1%)),

where i*X = o"x deﬁneg x € HY(X ; F,). In particular, if Sq9*"x =0, then
there is an element y € H?+=1(X ; F,) satisfying (x,v) = (y, Qu_1v) for all
veH,(X;F).

Here é,,_.x is a certain well-defined element of H"~1*24(C, ,X ; F,), and
Q,_ is the usual homology Dyer-Lashof operation. There is also an appropriate
n = oo version of this theorem (Corollary 6.11), as well as an odd primary
version we leave for future writeup.

Roughly put, this theorem says that if many Dyer-Lashof operations are zero
in H*(X F,), then many Steenrod operations will be nonzero in H (PPX;Fa).
When n = oo and X is an infinite loop space, one ob~ta1ns 1nformat10n about
the cohomology of the infinite delooping of X from H,.(X; F,), viewed as an
algebra over the Dyer-Lashof algebra. This often yields results more easily than
the Miller spectral sequence [Mi], in situations analogous to ones in which pro-
jective plane methods are preferable to the use of the Eilenberg-Moore spectral
sequence.

In this spirit, the second author has used the results of this paper to prove
the following theorem, which appears separately in [SI2].

Theorem [SI12). If X is a connected Hy°-space (of finite type), and all of the
Dyer-Lashof operations are trivial on the modp homology of X, then X is
modp homotopy equivalent to a product of Eilenberg-Mac Lane spaces.

Section 7 contains some examples and applications of our constructions. In
particular, we give a simple proof that the 3-connected cover of S> is not an
H;‘-space, illustrating how one can use Theorem 6.10.

In Appendix A we discuss the relationship between our construction and
the usual Hopf construction when we restrict to the case » = 1 and p = 2.
In Appendix B, we give a proof of Thomas’ theorem which is valid for any
cohomology theory.

The authors would like to thank Yutaka Hemmi, who explained his work in
[He] to us. In particular, he has constructed a space which is closely related to
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our P}X by using the Hopf construction. This was the original impetus for
the ideas that led to this paper. We would also like to thank Brayton Gray,
Tom Hunter, Jim Lin, Haynes Miller, Nori Minami, David Pengelley, and Bill
Richter for contributing in one way or another to our understanding of this
work.

We briefly review some of the conventions and notation used in this paper.
All spaces are assumed to be based compactly generated weak Hausdorff spaces
of finite type, and all maps are based maps. Basepoints (denoted by ) will be
nondegenerate, in the sense that (X, x) is an NDR-pair [St] for a based space
X . Spectra will be denoted in boldface type.

2. THE CATEGORY Zf,"

The purpose of this section is to define the categories, #,", of Hj-spaces
and Hj-maps which are used in this paper. Roughly speaking, the objects
(Definition 2.1) of #," are homotopy classes of spaces endowed with certain
structure maps, and the morphisms (Definition 2.3) are homotopy classes of
pairs (f, F), where f is a map between objects and F is a homotopy making
the requisite diagram commute up to homotopy (Definition 2.2).

First we recall the May-Milgram [Ma, Mgl] combinatorial model for Q"X" X .
Let C,(q) denote Boardman and Vogt’s [BV, Ma] space of ordered g-tuples of
little cubes disjointly imbedded in /" . The symmetric group X, acts freely on
C,.(q) by permuting cubes. For a given space X, C,X is defined by

(2.1) CnX = (U Cu(q) xz, X") /~

q>1
where the equivalence relation is generated by [(c1, ..., ¢g), (X1, ..., Xg—1, *)]
~[(cry ..oy cq1), (X1, ..., Xg-1)], and Z; acts on X9 by permuting coordi-
nates. There is a map
(2.2) ap: CpX - Q"Y' X

which is a weak homotopy equivalence when X is path connected and preserves
all additive structure.

The space C,X has a filtration in the g variable; for 1 < p < co define
Cn.pX by

(2.3) CapX = ( [ Cn(a)xs, Xq) / ~.

1<q<p

Since C, , is only defined for n > 1, we will adopt the convention that
Co,pX = X for all p. This allows us to define the category Zj;o , and it will
correspond to the usual homotopy category of spaces (with no additional struc-
ture). There is a canonical “inclusion” of X into C, ,X given by x — [1, x],
where by 1 here we mean the identity map /" — I". Via a,, this inclusion is
compatible with the usual map X — Q"¥"X .

We are now in a position to define the objects of 7" .

Definition 2.1. An H/'-space is a pair (X, 0)X), where X is a space and 6 is
a (structure) map

(2.4) 0X: Cp )X - X
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which satisfies the property that the composition
0X
(2.5) XoCpX > X

is equal to the identity map.

We warn the reader that the definition of an H-space varies somewhat
throughout the literature. For example, our Hj-space is equivalent to the H,_;-
space of Araki and Kudo [AK] (which also appears in [S11]); our Hj-space is

called a “special H'"~Y-space” by Dyer and Lashof [DL]. An H-space in our
(p)

definition corresponds to an H2l -space.
In order to define the morphisms in Zf," , we first define the notion of an
Hj-function.

Definition 2.2. Let (X, 6)), (v, 6Y) € ObZ". An HJ-function from X to
Y is a pair of maps (f, F)
(2.6) f1X-Y, F:CppXANILL—Y
satisfying the properties
Fo=fo0f, Fi=0Y0Cy,f,
Fi([1, x])) = f(x) VxeX.

Thus an Hj-function is a map f between H;'-spaces together with a choice of
homotopy F making the following diagram homotopy commute:

2.7)

01\’
Cn’p.X _")X .
(2.8) lc ; l ;
0)’

Cn,pY—">Y

such that F restricted to X A I, is the constant homotopy at f.

There is a composition law for Hj-functions defined as follows. Given
(f,F) from X to Y and (g, G) from Y to Z, define (h, H) from X
to Z by the formulas

F ifte[o, 11;
(2.9) h=gof, H={%" Heel, sl
Gyu-10Cnpf ifte(z, 1]
Note that this composition is not associative in general (although it is associative
“up to homotopy” in a sense that will soon be made precise).

We now define an equivalence relation on Hj'-functions. Suppose (f, F)
and (f', F') are HJ-functions from X to Y. Then (f, F) ~ (f', F') if
there is a pair (P, Q) of homotopies :

P:XAI Y,
(2.10) T
Q: Cn’pX/\I+ /\I+ - Y
satisfying the properties
P 0= f s P 1= f ! s
QS,0=ES" QS,I=F;',>
QO,t=Pt°0;.", Ql,t=0})1,°Cﬂ,pPl,

Os.(([1, x]) = P(x).

(2.11)
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It is straightforward to verify that this is indeed an equivalence relation. Denote
the equivalence class of (f, F) by [f, F], We are now ready to define the
morphisms in Z" .

Definition 2.3. An Hj-map (or Hj-morphism) is an equivalence class [/, F]
of Hj-functions. The composition law is given by [g, G]o[f, F] = [k, H],
where (h, H) is the composition (g, G)o (f, F) of Hj-functions.

Of course one must check in Definition 2.3 that the composition is well
defined and associative and that (idy , constant homotopy) is the identity for
X € ObZ. Verification of these is routine; e.g. associativity follows from
the fact that stacking homotopies is associative up to homotopy, something
verified when one shows the fundamental group is associative. Note also that
the category /% is just the usual homotopy category of spaces and that ' is
a homotopy category of H-spaces.

Remark 2.4. A slightly more sophisticated way of viewing the category #," is
as follows. The set of Hj-functions from X to Y forms a subspace Hy (X, Y)
of Map(X, Y) x Map(C,,, X AL, Y), and the set of H;-morphisms is just
no(Hy (X, Y)). Composition of Hy-functions induces homotopy associative
continuous pairings

(2.12) HE(Y, Z)x H'X,Y) —» H)(X, Z)

which induce composition in #;" on the path components.

3. THE FUNCTORS Q" AND Py

The purpose of this section is to define functors Q": %" — Z,"*" (Defini-
tions 3.1, 3.2, and 3.3) and P): Z" — Zf,o (Definitions 3.4, 3.5, and 3.6) for
1 < n < oo. The functor Q", which is the n-fold loop space functor, is of
course well known. However, in later sections we will need a good definition of
Q" in order to prove the adjointness of Q" and P . The reader should note
for future reference that we are most interested in Q" above when k = 0; this
is the one that will be the right adjoint to P;'. At the end of this section, we
give a characterization (Proposition 3.7 and Corollary 3.8) of our map s which
will be useful in comparing our constructions with the usual Hopf construction.

In [Ma)] (Proposition 5.4), a natural transformation X"C,.x , — Ci X"
is defined. Denote this natural transformation by ¢,. Let €: Z"Q" — 1 be
the natural transformation given by evaluation. Finally, let a,: C, , — Q"Z"
be the natural transformation coming from (2.2). The map ¢, fits into the
following naturally commutative diagram:

31 Chap p ——2m Cp "

(3 1) l):"(r,wk lak):"
ann+an+k ﬂ:kgk}:wk.

Thus one should think of ¢, as an “evaluation” map that sits over €. Denote
the adjoint of &, by &,: Cpyx , — Q"Cy ,X"; note that when k =0, &, = ay.
In §4 we will need the following compatibility properties of €, &, and &,:

(3.2) €oXéy=¢,, ZXKeoe, i =e oZka,pe o &p.
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Definition 3.1. Let (X, 6)) € ObZ*. The functor Q": Z* — Zr+k is de-
fined on objects by the formula

(3.3) QX 6F) =(Q"X, o),

+

where 658X is the composite

QoYX

Lot g ,x 2%, Qrix,

(34)  Cot , Q"X ‘1 QrCy ZnQr X

Because the composite

Q" Ck ,p€
_—

(3.5) QX o Cpap , X 225 Q"C, ,Z"Q"X Q"Cr X

is equal to Q" applied to X — C; ,X,and Q" takes the identity map to the
identity map, this definition really does make Q"X into an Hj'-space.

In order to define Q" on morphisms, we first define it on H,ﬁ‘-functions.

Definition 3.2. Let (f, F) be an Hy-function. The H!**-function Q"(f, F)
is defined by the formula

(3.6) Q" (f,F)=(Q"f, Q"F),
where
(3.7) (Q"F), = Q"F, 0 Q"Cy p€ 0 &y.

Now if (f, F) ~ (f’, F') with homotopies (P, Q), then it is not difficult
to see that Q"(f, F) ~ Q"(f', F') with homotopies (Q"P, ﬁ"Q) , Where by
definition

(3.8) (Q"P), = Q"P,, (Q"Q)s, = Q"Qs, 0 Q"Cy p€ 0 én.
Thus we may define Q" on [f, F] € Mor%" as follows.

Definition 3.3. Let [f, F] € MorZ¥ . The functor Q": Zk — Zntk is de-
fined on morphisms by the formula

(3.9) Q"[f, F1=[Q"f, Q"F],
where Q" is given in Definition 3.2.

The functor P} requires somewhat more care to define. Recall the “inclu-
sion” mapping X — C, ,X from §2. Let

(3.10) CupX =Cn , X Uy (X AT);

i.e. Cy pX is the (reduced) mapping cone of X — C, ,X (we adopt the con-
vention that I = [0, 1] with basepoint 1). One should think of C, ,X asa
“reduced” version of C, ,X. Consider the structure map 6): C, ,X — X.
This map will be used to define a “reduced” structure map

(3.11) h:Z"Cy ., X — Z"X.
Note that 2"C, ,X = £"C, ,X Ugnx (E"X AT).



1208 N. J. KUHN, MICHAEL SLACK, AND FRANK WILLIAMS

Definition 3.4. Suppose n>1 and let (X, 6, )eOb%" . The map h: Z”én, X
— X"X associated to (X, 6)) is defined on £"C, ,X as X"6) —¢,, and on
"X AT as the homotopy from ids-y —ids-x to the constant map given by the
formula

QQu(l =), v, x) if u € [0, 11;

(312) h(uv”U’x’s):{(2(1_u)(1_s),1),x) iqu[%, 1]’

where the point (u, v, x, s) above is considered as an element of S'AS"~!1 A
XAI =3X'X AI. Here “—" means use the first suspension coordinate to
subtract maps; i.e. if a, f: XY — Z, then a — f: XY — Z is given by the
formula

(3.13) (a_ﬂ)(u,y)z{a(ht,y) if uel0, §1;

BRI —u),y) ifuels, 1]

Since "0} and ¢, restricted to "X both give the identity map, the defi-
nition of 4 agrees on the overlap of the two domains above.

In Corollary 3.8 below and in Appendix A we verify that when n = 1 and
p = 2 this corresponds, after one suspension, to the usual Hopf construction
for an H-space X . We also note here that when p =2 and »n > 1, this map is
defined and used along with Adams spectral sequence techniques in [Mg2].

We are now in position to define P;' on objects.

Definition 3.5. Let (X, 6) € ObZ". The functor P;: Z" — % is defined
on objects for n =0 as PIE’X = X, and for n > 1 as the (reduced) mapping
cone of 4 ; that is,

(3.14) PIX =Z"X Uy (Z"Cy p X A ).

The definition of P} on morphisms also requires some preliminary discus-
sion. Suppose [f, F] € Mor#Z" is a morphism from X to Y. Let (f, F)
be a representative Hp-function. As in the construction of P (for n > 1) on
objects, we need a “reduced” version of F . Let

(3.15) F:3"Cp pX NI, — Z"Y
be defined as follows. On X"C, ,X AL, , let E be defined as the map X"F; —
(Z*foe,). Andon "X AI AL, let F, be defined (for all ¢) as the homotopy
X"foh from X"f—Z"f to the constant map. The reader can verify that the
definition of F agrees on the overlaps of the domains above (using the fact that
S"foe, =&, 0X"Cy ,f), and that F makes the following diagram commute
up to homotopy:

Zn 6,1 s p.X -—h) ZnX
(3.16) lz"a,‘,,f lz"f

31C, Y —>3nY.

In particular, Fo=3%"foh and Fi=hoXn C~',,, pf . We can now define Py on
morphisms. '



HOPF CONSTRUCTIONS : 1209

Defintion 3.6. Let [f, F] € MorZ,". The functor F;: Z" — Zf,o is defined on
morphisms as the homotopy class of the following map. For n =0, Plﬁ’[ f,Fl=

f,and for n>1, PI[f, F] is defined on £"X as X"f, and on Z”E’n,pX/\I
by the formula

Fy(a) if 110, 1];

3.17 P'[f, Fl(a,t) = -
3.17) pLf- Fl@. 0 {(z"c,,,,,f(a),zz—l) iftell, f]

for each point a € X" 5,,, X
In the definition above, when ¢ € [0, %] the range of PJ[f, F] is 'Y,

and when ¢ € [§, 1] the range is £"C, ,Y A 1. The reader can verify that
these maps agree on the overlaps of their domains. Of course, Definition 3.6 as
stated above depends on the choice of the representative Hj-function for the
morphism [f, F]. However, an equivalence between Hj'-functions (f, F)
and (f, F’) gives rise to a homotopy PJ[f, F]~ PJ[f, F'] in the obvious
way. Thus Definition 3.6 really does not depend on the choice of representative
Hp-function for [f, F]. Also, if [g, G] is a morphism from Y to Z, it is
straightforward to verify that the homotopy class of P)'[g, G]o PJ[f, F] is the
same as that of P)'([g, G]o[f, F]). Finally, it is easy to see that P;' applied
to the identity morphism is homotopic to the identity map. Thus we get a
well-defined functor P} .

Since P; was defined on objects as the mapping cone of £, there is a cofi-
bration sequence (for n > 1)

(3.18) "C, X 2o 2nx L Prx LozmIC, X,

where the maps #,i and j are natural transformations of functors from
2" to Zf,o. Henceforth this will be called the basic cofibration sequence.
This sequence will be exploited in §6 when we consider the computation of
H*(P}X; Fy).

We end this section with a useful characterization of 4, which will be used
in Appendix A in the discussion about how our construction compares with the
usual Hopf construction when n=1 and p=2.

Proposition 3.7. Let (X, 6X) € Ob A" with n > 1. Then up to homotopy, the
map h is the unique map making the diagram

ZnX C—>ZnCn,pX_n)Z"C~'n,pX

(3.19) i 12"0,’,‘ —&n 1)1

* "X = "X

homotopy commute.
Proof. The map n admits a homotopy section for any X. Q.E.D.

If (X,0f) € Ob#!, let 6: X x X —» X be the composite X x X —

X ~
Ci2 X N X, i.e. the H-space multiplication map. Note that XC; X ~
ZXAX).
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Corollary 3.8. Up to homotopy, h is the unique map making the diagram
(X x X) —"> (X A X)
(3.20) lze_mw lh
X = X

homotopy commute.

Proof. By inspecting the definition of ¢;: ZC; X — XX, one sees that the
map X x X — C; X can be chosen so that

T(X % X)—>2C, 2X
(3.21) ln,m le,

X — X

commutes (where the 7; are the obvious projection maps). Therefore we obtain
a homotopy commutative diagram

X xX)—=Z2ZC) 2 X —=Z(X A X)
(3.22) lze—(n,MZ) lzo,"—sl lh
X = X = X
where the top horizontal composite is 7. Q.E.D.

There are actually two obvious choices (up to homotopy) for the map X x
X — (X ; the second choice can be characterized by the truth of Corollary
3.8 with 7, + n, replaced by 7, + 7. Thus there are actually two (essentially
equivalent) versions of Corollary 3.8. This observation is useful in understand-

ing the comparison between 4 and the usual Hopf construction in Appendix
A.

4. THE ADJOINTNESS OF " AND P;

The purpose of this section is to show that the functor P): 2" — Z,O is
left adjoint to Q": Z° — #," (Theorem 4.9), just as is X" (resp. the nth
classifying space, B"), considered as a functor from the category %0 (resp.
the homotopy category of n-fold loop spaces) to Zf,o. Of course, here we are
thinking of Q" as taking its values in three different categories

(4.1) n-fold loop spaces C 2" C %Z,°.

Thus one should think of P as lying “between” X" and B" (keeping in mind
that B"Q”" = 1). In fact, this will be made precise in the course of proving the
adjointness of Q" and P;'. Also, in the course of the proof we will demonstrate
the compatibility properties of the maps # with our various evaluation mags
(Theorem 4.1).

In order to prove the adjointness of Q" and P}, natural transformations

(4.2) €:PQ" -1, n:1-Q"P}

are constructed (Definitions 4.2 and 4.5, and Theorems 4.3 and 4.6) and shown
to have the usual universal properties (Theorems 4.7 and 4.8).
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Consider first €: PQ" — 1. One property that ¢ must have in order to
make sense is that it must be an extension of the usual evaluation €: X"Q" — 1;
i.e. the following diagram of natural transformations should commute:

ynQn —> P"Q"

(4.3) l l

| ——1.
In fact, we will define a slightly more general ¢: P;‘”‘Q" — Plﬁ‘ which makes
the following diagram commute:

yn+kQn i P'”'kQ”

(4.4) le lx"e

sk —Lt > Pk,

For this the following theorem is needed.

Theorem 4.1. (i) Suppose k > 1, and let (X, 6f) € ObZ¥* . Then the construc-
tions for (X, 6f) and (Q"X, 62%) € ObZ"+* fit into the following naturally
(strictly) commutatzve diagram:

Zn+k6n+k,anX _h, sn+kQn x

(4-5) lzk(gk,pfoén) JZ"e

kG pX —— >k x,

(ii) If X € Ob 20, then for (QX , 69%) € Ob#Z!, the following composite is
naturally null-homotopic:
(4.6) 2C QX L zax S x.

Proof. Before proving the theorem, the definition of &, needs to be given.
Recall the natural transformation &,: £"Cy . , — Ci ,Z" from §3. Define the

natural transformation &,: X"Cyix , — Ci ,X" to be & on X"Cpii ,X and
the identity on "X AT .

For (i), in order to show that the diagram commutes, it suffices to check that
it commutes on the various pieces.

On Ik C, .y Q"X ,

Tke o h = Tke o (EH O — e,0)
=XK(eo "Q"0f o Z"'Q"Cy pe 0 XEéy) — (ke 0 pii)
(4.7) =3K(0f o C y€ 0 € 0X"8,) — (Z¥e 0 £y )
= Z"(Q,’f 0 Ci ,p€ 0 &n) — (& oZka,pe o &p)
=hoZX(Cy pe o bn).
Here we use the compatibility properties from (3.2)

(4.8) €0X"y =¢,, ZFeog, =& 0ZFCy peoey.
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On Z+kQrx AT,
(4.9) ke oh =hoXke = hoZK(Cy ,€ 0 &y).
In this case we use the fact that k > 1 (this is essential to the proof) and 4
is the null-homotopy of idy y — ids« y , Where the first suspension coordinate is
used to subtract maps, so that # commutes with the evaluation. This completes
the proof of (i).
For (ii), on XC; ,QX,
€oh=co(ZO —¢))
= (€ 0 ZQO 0 ZQCy y€ 0 Té)) — (€ 0 &)
=(€o€oXé)—(eog)
= (6 081) - (E 08]).
On ZQX AT, €oh is the usual null-homotopy (see (3.12)) of € — €.
Define a null-homotopy N: ZC; ,QX AI, — X by the following formulas.
On XCy ,QX AL, for (u,[c,A]) € S'AC ,QX, let
€oe;(2u(l—1), [c, A ifuelo, 1;
@11)  Nu,[c,2]) = ot
€oe(2(1—u)(1-1),[c,A]) ifuelz, 1]
On ZQX AIANI,, for (u,A,s) e S'AQXAI, let
€Ru(l—s—1),4) if u € [0, 11;
el —uw)(1-s—-1),A) ifue [%, 1].

One can easily check that N is continuous and is indeed a null-homotopy of
eoh. Q.ED.

(4.10)

(4.12) N,(u,/l,s)z{

Using Theorem 4.1 we can make the following definition.
Definition 4.2. Let k > 0 and suppose (X, ) € Ob#Z* . The map
(4.13) e: PrkQrXY — PRx
is defined for k > 1 as the induced map on mapping cones from the diagram
of part (i) of Theorem 4.1, and for k = 0 as the composite mapping
(4.14) PIQ"X - P)QX — X,

where the first map is the one induced by part (i) of Theorem 4.1 and the second
map is the one induced by the null-homotopy N from part (ii) of Theorem 4.1.

This definition clearly makes diagram (4.4) commutative. The next theorem
insures that this definition of € is also natural.

Theorem 4.3. Let €: Pr*kQ" — P be the map from Definition 4.2. Then € is
a natural transformation of functors.

Proof. Suppose (X, 6), (Y, 60)) € ObZF and let [f, F] be a morphism
from X to Y. Then it suffices to show that the following diagram commutes
in the category Z’;O (i.e. commutes up to homotopy):

k k
PrkQny —< > PkX
(4.15) lp;*n"f lP;‘f
PpkQnYy — PKY.
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This is first shown in the case that k > 1. In this case it will be shown that the
diagram above actually strictly commutes. In view of the commutative diagram
(4.5) of Theorem 4.1, the naturality of the maps &,, Z¥(Cy ,€ 0&,), and Z¥e,
the definition of 4, and the construction of P,;""‘Q" and P} on morphisms,
it suffices to show that the following diagram commutes:

n+k ;\on
Zn+kCn+k anX }3_(Q>F sn+kQny
(4.16) lz"(ck,,,eos,.) lz"e
IXF,

ZKCy , X TkY.
Checking the definitions and using (3.2), one sees that
ke o T (QVF), = Tke o TK(QEF, o Q"Cy € o &)
(4.17) =2*F, 0 3K(Cy p€ 0 € 0 27,)
=3kF 0 ZK(Cy € 0 &n).

- This completes the proof in the case that £ > 1.
Now suppose that k = 0. In this case the diagram in question is

PPIQX - X
(4.18) lp,,'(zf s
PIQY —>v.

Because €: XQ — 1 and the null-homotopy N from Theorem 4.1 (ii) are both
natural with respect to maps, the diagram above will commute up to homotopy
if we can show that the following diagram commutes:

2C, ,QX <t x
(4.19) l(g;) J s
QY Y.

Checking the definitions, using the fact that in this case F, = f, and again using
(3.2), one sees that on XC; ,QX,

€0 (QF), = € o X((QF, 0 Qe 0 8)) — (Qf 0 1))

(4.20) =(Fioeo€oXé) —(foeog)
= fo((eoe)—(eoey))
= foe€oh;

andon XX AT,

(4.21) €o(QF) =€oXQfoh=focoh.

This completes the proof. Q.E.D.

We now turn to the definition of 7: 1 — Q" P} . As was the case with €, 5
is related to the usual natural transformation #: l — Q"Z" . The usual version
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of 7 is defined as the adjoint of the identity X" — X". Thus our version of
n will be defined as the adjoint of i: X" — P. Of course, in order for 7

to be a natural transformation of functors, the map X —b Q"P'X must be a

morphism in the category /" for each (X, 6)) € Ob.Z" . Thus we must find
a (natural) homotopy

(4.22) ®: Cp yX N, — Q'PIX

which makes (n, ®) into an Hj-function.
In order for (1, ®) to be an H)-function, ® must satisfy

Q= no0)f, <I>1=9,?"P""X° n,pM>
D([1, x]) =n(x) VxeX.

(4.23)
Consider the adjoint situation; in this case
(4.24) ®: 3"Cy pX A1, — PIX

must satisfy

(4.25) X Qy=ioZ"0F, B =ioce,,
O(w,[1,x]) =i(w, x) Y(w,x)eS"AX.

The identity &)1 = i og, follows from commutativity of the diagram

E1Cy p X b yny — L PIX
(4.26) lw""’" lzn,, l=
hCp pQ PP X — > ZMQUPIX — PP X.

The left square commutes since &, is natural, and the right square commutes
since 7 is adjoint to i. Checking the definitions, one can see that €0g,0X"C, ,n
. .. Q' Prx

is adjoint to 6, " o Cy p1.

Of course X"6f and e, are not homotopic in general; however, the point
of the construction of P?X is that (i o Z"0)) — (ioe,) = io (Z"0F — &) is
null-homotopic, so that i o X"6X and ioe¢, are homotopic. With a certain
amount of care, we can construct this homotopy in a natural way.

Lemma 4.4. For (X, 6)) € Ob 2", there is a homotopy o: XCp p X NIL —
P} X which satisfies the properties

&)0=i02n0,',¥, &)|=i08n,
O, (w, 1, x]) =i(w, x) Y(w,x)eS"AX.
Proof. For a point (u, v, [c, x]) € S!AS" 1 ACy pX = Z"Cy,p X, define a

(4.27)
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homotopy ¥: "C, ,X Al — P} X by the formula

(4.28)

‘I’,(u,’v, [C,X])=<

(1. (3%, v,[c,x],2t—1)

2. e,(3HA v, [c, X))
3. (3%{4—‘, v) GI/IY[c’x])

4, 8,,(4—3u—4t, v, [C,X])

k 5. 8,,(314—2,1)’ [c’x])

ifrefl, 11, 4r<4-3u;
ifte(§, 1], 4-3u<4t;
ift€[0, 3], 41 <3-3u;
if te[0, 11,
3-3u<4t<6-6u,;
if1€[0, 3], 6—6u<4t

A picture representing ¥ is shown below. Noting that the horizontal direction is
u and the vertical direction is ¢, the labelled regions on the picture correspond
to the labels above, which are the following maps.

1: Coning off of io ("% —¢,) within 2"C, )X AT.

2: The constant homotopy at ioeg,.

3: The constant homotopy at i o X" .
4 and 5: The usual homotopy from the constant map to —(io¢&,) + (ioé&y).

(4.29)

Thus W = ioX"0) and ¥, = ioeg,. However, ¥,(w, [1, x]) # i(w, x) in
general, indeed the picture representing W: "X A I, — B X is

(4.30)

i
N

Thus ¥ satisfies the first two properties (4.27), but not the third. However,
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for all, ¢, the following diagram does commute up to homotopy:

X ——=ZX"Cy p X

(4.31) li l‘l’,

PIX = PIX.

It is not difficult to see that one can construct a natural homotopy W;: XX A
I, — P}X which makes this diagram commute.

Define W:X"X Al, Al — P}X by doing the following things. In the

top half (¢t > %) of the square above, the map in region 1 can be coned off

within Z"X AT AT, C 2"C, ,X AL, (using s as the cone parameter), and
region 2 can be stretched to occupy the entire upper half of the square. At
the ¢ = % line (on the border of region 1), the coning off overlaps with the
null-homotopy ioh of i—i. Here the parameter u must be adjusted so that
the 2 vertices on the line ¢ = % slide to the left as s increases, shrinking region
1. In the lower half of the square, region 4 shrinks by traversing backwards
along the suspension parameter u less and less as s increases. In region 3, the
suspension parameter is traversed less as s and ¢ increase, 30 that when s = 1
and ¢t = % it is not traversed at all. This corresponds to shrinking region 3 and
expanding region 5 as s increases. At intermediate values of s, for a fixed
t < %, the resulting horizontal slice consists of traversing forward part of the
way along the suspension parameter (region 3), then going backward for a short
time (region 4), and once again going forward to the end (region 5). The speeds
are adjusted so that at the end (s = 1) the suspension parameter is traversed
exactly once in the bottom half of the square (through regions 3 and 5). At
an intermediate step (close to s = 1) the homotopy W is represented by the
following picture:

g

(4.32)

i

3
7

For each point (u, v, x) € S'AS""! A X, W, , satisfies the properties

Wo, (u,v,x)="Y(u,v,[1,x]); W (u,v,x)=1iu,v,x);
Wsolu,v,x)=1i(u,v,x); Wy(u,v,x)=1iu,v,x).

If we can show (2"C, , X, Z"X) is an NDR-pair [St], then we can use the

homotopy extension property of cofibrations, along with the homotopies ¥
and W, to obtain ® which satisfies the required properties. Now (£"C, ,X,

(4.33)
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2"C,,1X) is an NDR-pair by [Mas, Proposition 2.6]; therefore it suffices [Ma,
Lemma A.5] to show (X"C, X, Z"X) is an NDR-pair. A retractile neigh-
borhood of X in C, ;X is obtained by taking all points [c, x] € C, 1 X for
which the n-cube ¢ has a sufficiently large diameter (where diameter means
the minimum of the lengths of the edges of ¢).

Define a homotopy

(4.34) W Z'X AL ALLUZCy pX N{O}ALLUZ"Cy , X NI, AOI. — P} X
tobe W on Z"XAI AL, ¥ on £2"C, ,X A{0} AL, the constant homotopy
at ioX"0X on X"C, ,X A, A {0}, and the constant homotopy at io ¢, on
I"C, p X N1 A{1}. This homotopy has an extension (which we also denote by
W) toall of £"C, ,X AL, AL, , and the restriction of W to £"C, ,XA{1} AL
satisfies the properties required for o. Q.E.D.

We can now make the following definition.
Definition 4.5. Let (X, 6;) € ObZ". The %" morphism
(4.35) ‘ n:X—-QP'X
is defined as the class [n, ®], where 7 is adjoint to i, and ® is adjoint to the
homotopy ® from Lemma 4.4.

In order for n to be well defined, we must check that any choice of the
representation of (£"C, ,X, Z"X) as an NDR-pair yields the same morphism
in %”. In other words, since o: 2'CnpX N1y — P}X was defined via the
homotopies ¥ and W using the homotopy extension property, we must check
that a different choice of the extension W yields the sameAmorphism. Suppose
&' is obtained via a different extension W' of W . Then ® and @ fit into the
pictures in (4.36), which represent W and W’ as maps X"C, ,X AL, A1, —
PrX.

o &

4 [§
N N

4.36) Yo ¥ ¥y b

¥, v,
> >

Here the horizontal direction is ¢ and the vertical direction is s. Both squares
restricted to Z"X A I, A I, give the homotopy W . We can form a cube from
these two squares by connecting the faces corresponding to ¥y, ¥;, and ¥,
by constant homotopies, and letting the cube restricted to "X AT, AL, A,
represent the constant homotopy at W . Then we can again use the homotopy
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extension property to fill in the cube. In particular, the top face will yield an
equivalence of the Hj-functions (n, ®) and (1, ®’) (i.e. satisfying (2.10) and
(2.11), where we take P to be the constant homotopy at #) as desired. Thus
n is indeed well defined.

Theorem 4.6. Let n: 1 — Q"P}' be the map from Definition 4.5. Then n is a
natural transformation of functors.

Proof. Let (X, 6),(Y,0Y) € ObZ" and let [f, F] be a morphism from
X to Y. Then we must show that the following diagram is commutative in the
category #,":

X —"-Q"Prx
(4.37) f ln" P f

Y —=Q"PIY.
The diagram is strictly commutative as a diagram of spaces; this is easy to see
by taking the adjoint diagram

snx —>PrX
(4.38) 127 1P;f

sy —>PIY.

Thus the real content of the theorem is in showing that no f and Q"P}'fon
are equivalent as H-functions.

It is simpler to consider the adjoint situation. Let P: £".X A I, — P'Y be
the constant homotopy which is equal to o X" f = P} foi. Now in view of
(2.10) and (2.11) it suffices to find a homotopy

(4.39) Q:2"Co pX NI, NI, — PIY

which satisfy the properties

. ioXnFy if se[0, il
,0= ~ .

’ By 03"Cy pf ifse[L, 11;
b = Prfody ifsel0,4];
YU Pifoios, ifseld, 1];

Qo i=ioX(fob)), Qi =ioX'foe,,
Qs,z(w, [1,x])=ioX"f(w,x) YweS", xeX.

(4.40)

In order to produce such a @, we first produce a homotopy

(4.41) Q':3"Cy pX NI AL, — PIY
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which satisfy the properties

s [ ioXnFy if s € [0, 1];
QS’O"{\st_loznc,,,,,f ifseld, 1];

(4.42) o - Prfo¥y ifsel0,1];
f"_{P;foioa,, if se[, 1];

Q) ,=ioX*(fo8)), Q) ,=ioZfoe,.

We can then use Q’ to produce a suitable Q via a homotopy extension argu-
ment similar to the one used in the proof of Lemma 4.4.

Now Qf , can be represented by the picture in (4.43). If the vertical direction
is s and the horizontal direction is u, then the labelled regions on the picture
correspond to the following maps.

1-5: The homotopy ¥o C, ,f, where ¥ is the homotopy from the proof of
Lemma 4.4 (note iog, 0X"C, ,f =ioX"foe,).
6: The homotopy ioX"F from ioXZ"(fo06X) to ioZ*(0Y o Cp ,f).

v

L
FS
Y

(4.43)

(<
>

Y

On the other hand, Q§1 can be represented by the picture in (4.44), where
again the labelled regions represent the following maps.

1 and 5: The constant homotopy at iog, 0 X"C, ,f =ioXZ"fog,.
2: Coning off of io (2"6Y — &,) 0 2"C,,,f within £"C, ,Y AI.
3: The homotopy i o X"F from ioX"(fo6X) to ioZ*(0Y 0 Cp ,f).
4. The constant homotopy at —(io&, 0 Z"C, pf) = —(ioX"fog,).
6: The constant homotopy at i o Z"(f o 6X).
7 and 8: The usual homotopy from the constant map to —(i o Z"f o &,) +
(ioZ"foen).
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3
7

(4.44)

N

Z 5
m 4 .

7

A

6

v

The shaded region in the two pictures corresponds to the homotopy ioX"F .

Define the homotopy Qf , by sliding the shaded region upward and the
region corresponding to ¥ downward simultaneously. This can be done without
disturbing either the top or bottom of the pictures.

The homotopy W from the proof of Lemma 4.4 can be used to construct
maps X"C, ,X NI, NI, — PJ'Y which are represented by the pictures

i0XF ®ox'C, f PIfod Pifoiog,
(4.45)
i0X'F Woz'C, f PIfo Pifoiog,

7 7 7 7

Here the horizontal direction is s and the vertical direction is r. The left
half of the left square and the right half of the right square are just constant
homotopies; and the right half of the left square and the left half of the right
square come from W, ;. The bottom of these two squares (r = 0) can be
connected by the homotopy Q; .1» the left sides (s = 0) by a constant homotopy
at ioX"(f o 6)), and the right sides (s = 1) by a constant homotopy at
ioX" foe, . By inspection, the interior of this cube restricted to "X AL AL ALL
can be filled in; i.e. the homotopy Q’ is compatible with W from the proof of
Lemma 4.4. Furthermore, the cube can be filled in in such a way that the top
face (r = 1) is constant at the map /0 X"f: X"X — PJ'Y . By the homotopy
extension property, we can extend the map on the cube to 2"C,, , X /\’I\+/\IJr Y
and the restriction to the top face (r = 1) gives the desired map Qs ,. Thus
there is a pair (P, Q) whose adjoint (P, Q) makes no f and Q"P}fon
equivalent as H'-functions. Q.E.D.
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Theorem 4.7. Let (X, 6) € ObZ," . Then the composite

n

(4.46) prx 21, pronpnx <%, pry

is equal to the identity morphism in Zf,o.
Proof. On X"X the composite € P} o P)'n is equal to the composite

(4.47) snx ZN, snQrsnx S 3y,

which is (strictly) equal to the identity map.

On 207 CN',,, »X A1, one can trace through the definitions to see that the com-
posite € P}oP'n corresponds to the picture in (4.48), where the labelled regions
on the picture correspond to the following maps.

1 and 2: The usual homotopy from (ioeg,) — (i oég,) to the constant map.
3-7: The homotopy ® of Lemma 4.4 from ioX"6 to ioeg,.
8: The constant homotopy at —(io¢g,).

(4.48)

3
) 6uq

)
4

(8]

5

<
"

Now this map is homotopic to P} applied to the identity map of X . The
required homotopy is defined by shrinking the shaded region of the diagram,
so that the right-hand edge of regions 3 and 6 goes to the line # = 1 and the
left-hand edge of region 6 goes to the line u = % (and ¢ € [0, %]). The end
of the homotopy has region 3 replacing the spot formerly held by 1 and 2, 5
replaces 3-7, and 6 replaces 8. Also, the suspension parameter # in region 6

must be adjusted so that at the end it is traversed completely for all ¢ € [0, %]

(whereas in the beginning it is only traversed part of the way when ¢ < }).

Strictly speaking, we should first construct this homotopy with @ replaced by
¥ from the proof of Lemma 4.4. Then by being careful about how the shrinking
of the shaded region is done (especially regions 4 and 7), we can construct this
homotopy to be compatible with the homotopy W from Lemma 4.4. And by
using a homotopy extension argument as in the proof of Theorem 4.6, we can
obtain a homotopy which has the property that, restricted to Z"X AT AT, it
stays constant at our usual null-homotopy # of ids.y —ids»y in the region
te|[o, %] . Thus €P} o PJ'n is homotopic to P applied to the identity map as
desired. Q.E.D.
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Theorem 4.8. Let X € Ob#°. Then the composite
(4.49) Qx M, qrprory <, gy

is equal to the identity morphism in Z)" .
Proof. Consider the adjoint of Q"¢ o nQ" , which is the composite

(4.50) x5 pranx S x.

This composite is equal to €: Z"Q"X — X by diagram (4.4) (when k = 0).
Therefore the composite Q"¢ o nQ” is equal to the identity map. Of course this
does not necessarily mean that Q"¢ o Q" represents the identity morphism in
Z," . We must study Q"¢ o nQ" as an H,'-function.

The structure of Q"¢ o nQ" as an Hj-function is determined by the map
I': G, Q"X NI — Q"X , where T is determined by the structures of Q"¢ and
nQ" as H;-functions. For convenience, we consider the adjoint r:x Cn ) QA"X
A1, — X . Definitions 3.2 and 4.5, together with the definition (2.9) of the
composite of H-functions tell us that the homotopy r corresponds to the
picture in (4.51), where the labelled regions on the picture correspond to the
following maps.

1, 3, and 4: The constant homotopy at € o ¢, . N
2: Coning off of (e oe,) — (€ og,) within 2"C, Q"X AT.
5 and 6: The usual homotopy from —(eoeg,)+ (€ 0¢,) to the constant map.

3
>

(4.51) >

Now it is not difficult to see that T is homotopic to a map which is the con-
stant homotopy at € o ¢,. The required homotopy is defined by shrinking the
shaded regions, exactly as in the construction of the homotopy W of Lemma
4.4. This homotopy has the property that it leaves the top and bottom lines
above fixed throughout. Again, in order to really construct this homotopy prop-
erly, we must consider the picture in (4.51) as belonging to the version of 7
that arises via ¥, rather than ®. Since this homotopy is compatible with W
in the region where ¢ € [0, %] , we can get the actual homotopy that we want
by using a homotopy extension argument as in the proofs of Theorems 4.6 and
4.7. This shows that Q"¢ o Q" does indeed represent the identity morphism
in #Z;", since the structure of the identity on Q"X as an H;-function is given
by the adjoint of the constant homotopy at € o¢,. Q.E.D.
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Theorem 4.9. The functor P} Z" — 2 is left adjoint to Q": 7,0 — Z,;".

Proof. This follows from Theorems 4.3, 4.6, 4.7, 4.8, and standard category
theory. Q.E.D.

5. THE CASE n = o

In this section we briefly discuss how the results in §§3 and 4 extend to the
case in which n =o0.

Let # % denote the homotopy category of spectra. Then it is well known
that Q> is a functor #.% — #,> (on objects Q> is the zero space of
the spectrum). The precise definition of Q> is essentially the same as the
definition of Q" when n is finite. The left adjoint of Q> will be a functor
Py Z,° - # .

In order to define P, we use Theorem 4.9 in the following way. Sup-
pose (X, 0X) € Ob#Z>>. Then it is easy to see that it is also the case that
(X, 6X) € ObZ" for every finite n, where 6 is the restriction of 6% to
Cn,pX . Thus for every finite n, n: X — Q"'P**1X isan H}-map which, by
Theorem 4.9, is adjoint to a map PJX — QP;"‘X . We can then define PpX
to be the spectrum whose kth-space is 1_12)1 Q" P;’*kX . The definition of P, on

n
morphisms is the obvious one. It is now completely formal that the analogues
of all of the results of §4 hold.
To relate this definition of P,X to our basic cofibration sequence, we have
the analogue of Proposition 3.7.

Proposition 5.1. For (X, %) € Ob#>, let h: °Co pX — L®X be the
unique map making the diagram

o X > E%Coo, p X —>E°C,, ,X

(5.1) i lzw 0% —eoo lh

*F——— XX = X

homotopy commute.Then there is a natural cofibration sequence
(5.2) £°Co X 252X L px L 3E°C,, ,X.

From this we can conclude that A can be interpreted as a “generalized Kahn-
Priddy map” as follows. Let D, X = Coo,pX/Coo,p—1 X . Given an Hy°-space X
and g < p, define a map f;: Z°D,;X — E®X as the composite £°D, X —

oo gX
B0 Coo pX — o
splitting [CMT]

XX, where the first map arises from the Kahn-Snaith

(5.3) E°Co,pX = \/ E®D,X.

1<g<p

Corollary 5.2. For (X, 6%) € ObZ,>, there is a homotopy commutative dia-
gram
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EOogoo,pX - VZSqu ZoquX
(5.4) lh lm
X = X,
When X = Q*E, the maps f; were studied in [Ku2]. In particular, when
X =S8% f,:Z°D,8% - £280 can be identified with the Kahn-Priddy map

Z®RP® — X®50, so that P,S? will be ZP=, [Mh] (see Example 7.6).
We note for the next section that the discussion above gives an obvious map

(5.5) TTERPIX - PpX;

and it is not difficult to see that P, X = lim Z™"E>P}.X . This gives us a natural
n

filtration of PpX,
(5.6) XX 5 ZTIEPPIX — - 5 TTERPIX - - o PyX,

which is used to help interpret the calculation of H* (P,X ; F,). This is the same
filtration that arises via the cofibration sequences (3.18) from the filtration

(5.7) X=CipX—-2ChpX == Cx pX,

where the maps above (except for the first one) arise via the inclusions I —
I? — I3... . Thus we deduce that, for 0 < k < n < oo, there are homotopy
equivalences of cofibers

(5.8) PIX/EkPkX ~ 371 Cy X/ Cr pX.
When p = 2, this last cofiber was identified in [Kul, Proposition 1.3.2].
Proposition 5.3. The sequence

(5.9) TKCp 2 X = ZKCp 2 X 25 Coop 2TFX

is homotopic to a cofibration sequence.

6. COHOMOLOGY

In this section we use the results of the previous sections to deduce informa-
tion about E*(X) and E*(P}X), where E* is a generalized cohomology theory
and X € Ob#Z". Our strongest results come when we specialize to the case
E*(X) = H*(X; F,). In this case, H,(X ; F,) admits Dyer-Lashof operations,
and, roughly put, we show that trivial Dyer-Lashof operations in I~{*(X , Fa)
imply nontrivial Steenrod operations in H*(P;'X ; F) (and vice versa).

Let E, be the space representing E9(X), ie. [X, E;] = E(X), and let
o": E4(X) — E9t"(Z"X) be the suspension isomorphism.

We first show that our adjunction results allow us to analyze when a map
f: X — E,, representing an element x € E9(X), admits the structure of an
Hj-map (when X € Ob#"). Indeed, if X has fundamental cofibration se-
quence

(6.1) 2"Co pX L 2nx L Pix Lo 3mIC, X,



HOPF CONSTRUCTIONS 1225

then Theorem 4.9 shows that we have a natural bijection

(6.2) [X, Eqler = ET"(PX).
Furthermore, the forgetful map
(6‘3) [X’ Eq]Z;," - [Xa Eq],

which sends an H}-map [f, F] to the underlying map f, can be identified
with the composite

6.4 Eon(prx) 5, paensnyy 07 pacx),
p
Thus we have the following theorem.

Theorem 6.1. If x € E4(X) is represented by f: X — E,, then f can be given
the structure of an Hj-map if and only if h*(x) = 0. Furthermore, the elements
of Mor Z;" whose underlying map is f are in 1-1 correspondence with elements
X € E?*"(P}X) for which i*(X) =o"x.

Similarly, for k < n, one can analyze when an H;‘-structure on a map
f: X — E,, corresponding to an element x € E4(X), can be extended to an
H?-structure. As before, we are asking whether a given lift X € E9**(PFX)
lifts further to E9*"(P?X) under the map induced by X"~%PXX — PIX . As
observed in (5.8), the cofiber of this map is naturally homotopy equivalent to
n+1C, ,X/Ck .pX . Thus we have the following theorem.

Theorem 6.2. If X € ObZ)" and x € E9(X) is represented by f: X — Eg,
then the obstruction to a given Hlf-structure on f extending to an Hj-structure
is an element of Eq(én,pX/ék,pX).

Combined with Proposition 5.3, this theorem has the following corollary.
Corollary 6.3. If X € Ob#Z" and x € EU(X) is represented by f: X — E,,
then the obstruction to a given HX-structure on f extending to an HJ-structure
is an element of E9*k (E‘n_k,z}:"X ). In particular, the obstruction to a given
H}~'-structure extending to an H3-structure is an element of E9*1="(X A X).

The last statement of Corollary 6.3 is a version of the main theorem of [SI1],
where this obstruction is called the A,_,-deviation, and denoted A,_,(f).

Now we turn our attention to I?*(P;‘X ;F2). When n = 1, a theorem of
Thomas [Th] (see Appendix B) implies the following result for the usual Hopf
construction sequence. Thomas’ result can also be used to prove Theorem 6.4,
since our map / agrees stably with the Hopf construction, but we given an inde-
pendent proof here, which uses Theorem 4.9, and will allow for generalization
to odd primes.

Theorem 6.4. Suppose X is an H-space, with basic cofibration sequence
(6.5) SXAX) S Ex L Plx Lo 52X A X).

If X € HI* (P} X ; Fy), then

(6.6) Sq?t1x = j* (0% (x ® X)),

where i*X = ox defines x € HI(X ; F).
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Proof. Note that in the sequence above, we have identified £C) ,X with the
homotopy equivalent space (X A X).

We give the proof for the universal example, X = K(Z/2,q) and x = 1,.
Let 7, € Hi*Y(P}K(Z/2, q); F,) be the unique class for which i*(1;) = g1, .
We first show that Sq?*'7, # 0. Let f: PJK(Z/2,q) — K(Z/2,q + 1)
represent I, and let E be the homotopy fiber of the map K(Z/2,q + 1)

Sq*! K(Z/2,2q +2). If we suppose that Sq4+'7, = 0, then there is a lifting

f: P)K(Z/2, q) — E of f whose adjoint (by Theorem 4.9) K(Z/2, q) —» QE
makes K(Z/2, q) into a retract of QF in the category %'. Now it is easy
to see that QF ~ K(Z/2, q) x K(Z/2, 2q). However, this splitting does not
hold in the category #'. Indeed, in mod 2 homology, the square of the fun-
damental class of K(Z/2, q) is the fundamental class of K(Z/2, 2q). Thus
Sqit', #£0.

The fact that the square of the fundamental class of K(Z/2, q) is the fun-
damental class of K(Z/2, 2q) can be seen via the following argument. In
H*(E, F,), there is a unique nonzero ¢ + 1 dimensional class, and the square
of this class is zero. Hence, as an algebra,

(6.7) H*(E,F) 2 A(X)® A4,

where x is the ¢ + 1 dimensional class, sx has bidegree (-1, ¢ + 1), and
A is a Hopf algebra. The E, term of the Eilenberg-Moore spectral sequence
converging (as a Hopf algebra) to the cohomology of QE is then isomorphic
as a coalgebra to

(6.8) I'(sx) ® Tory(F,, Fy),

where I'() denotes a divided power coalgebra. Now because it lies in (external)
filtration degree —2, the element y,(sx) is a permanent cycle, and

(6.9) A(y2(sx)) = 1 ® y2(sx) + 72(sx) ® 1 + sx ® s5X.

Now sx survives to be the fundamental class of K(Z/2, q); hence y,(sx)
survives since it is not primitive. Because its coproduct contains the term sx ®
sx , the only possibility for p,(sx) is that it becomes the fundamental class of
K(Z/2, 2q). The desired conclusion then follows from the coproduct formula
(6.9).

Now since i*(Sq?*'7,) = Sq9*'a1, = 0, Sq9'7, must be in the image of
j*, and the only nonzero class of HX*2(32(K(Z/2, q) A K(Z/2, q)); F,) is
02(1; ® 1;) . Thus the results holds for K(Z/2, q).

For the general case, ox € imi* implies that ~A*(x) = 0, and hence x is
representable by an Hj-map g: X — K(Z/2, q) (whose structure as an H;-
map corresponds to the chosen class X) by Theorem 6.1. Then (P} g)*(1;) =X,
and hence (P, g)*(Sq?'7;) = Sq9*'X. The homotopy commutative diagram

1
Plx —28 L pik(z)2. q)

(6.10) lj lj
$2C) 0x 226, ,K(Z)2, q)

then gives the desired result. Q.E.D.
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We remark that Theorem 6.4 is actually somewhat weaker than Thomas’s
original result, which gives a similar formula for all cup products, not just the
cup product square.

In order to give a generalization of Theorem 6.4 for all n, we need some
definitions and results concerning mod 2 Dyer-Lashof operations.

Definition 6.5. For every 1 < n < oo and any space X, let
(6.11) Or: HU(X ; F3) » H¥¥(Cy 21X 3 Fy)

be defined as follows. If x € HY9(X ; F,) is represented by f: X — K(Z/2, q),
let 0" (Q,x) be represented by the composite

27Cp2X = T Coo 21X 5 Coo 22X
(6.12) o s ~
—=25 Coo,2Z'K(Z/2, q) — K(Z/2, 29 +2r),

where the last map represents a generator in the lowest dimension for which the
graded vector space H*(COO,ZZ’K (Z/2, q); Fp) is nonzero.
The element Q,x is sometimes denoted ¢,®@x®x or e, [ x in the literature.

We remark for future reference that when r > n above, the operation Q, is
trivial, since the composite of the first two maps in the definition above will
be null-homotopic by Proposition 5.3. One can think of Q, as a sort of “dual
external Dyer-Lashof operation”, as we now make more precise.

Recall from [CLM] that H.(C, »X; F,) is additively generated by the image
of the map induced by inclusion H,(X ; F,) — ITI,.(C,,,zX ; F2), together with
the external Dyer-Lashof operations

(613) Qr (X FZ) - H2q+r(Cn,2X; FZ), r<n-— 1 ’

and iterations of the external Browder and Pontryagin product operations. Both
the Browder and Pontryagin product operations are two-variable operations

(6.14) Ho(X; Fy) ® Ho(X ; F3) > Ho(Cp 12X ; Fy).

Using the retraction ¢,: Z"C, 2X — X" X , we get a natural decomposition
(6.15) Ho(Cy 2X; F2) 2 Ho(X; Fy) @ Ho(Co 2X 5 ),
where ﬁ*(én,zX ; F2) has been identified with ker(e,). .

Lemma 6.6. Forall v, w € I?,(X ; F2), the Dyer-Lashof, Browder, and Pontrya-
gin product operations applied to v and w are all contained in ker(e,). .

Proof. The result is classical for Pontryagin products, and is closely related to
Theorem 4.1 (ii). The diagram

zntl Cn2X — Znt! Cuny1,2X
(6.16) ls,. 15

yn+l y ——=‘_>Z”+1X



1228 N. J. KUHN, MICHAEL SLACK, AND FRANK WILLIAMS

shows that all Browder operations are in ker(e,)., as they are in the kernel of
the induced map H, (Ch2X;Fy) — H, (Cnt1,2X 5 F2) from above (see [CLM,
II1.1.2(1)]).

As for the Dyer-Lashof operations, the composite

(6.17)  Hy(X; Fa) 25 Hypoy(Co 2 X Fa) 20 Hy (X5 Fy)

will be a natural positive-dimensional homology operation, and thus must be
identically zero. Q.E.D.

Corollary 6.7. The external Dyer-Lashof, Browder, and Pontryagin operations
can be viewed as taking values in H,(C, ,X ; F3).

The next proposition relates our external cohomology operations é, to the
external homology operations, via the Kronecker pairing { , ).

Proposition 6.8. Suppose x € H “(X;Fy) and v, w € fL(X ; F2). Then
(x,v) ifr=s;

0 ifr#s.

Furthermore the element é,x paired with any Browder or Pontryagin product
operation yields zero, except when r =0, in which case

(6.18) (G, Do) = {

(Qox, vxw) = (x, v) - (x, w),

where v x w denotes the Pontryagin product.

Proof. When r > 0, é,x is in the kernel of the map H*(C~‘,,,2X; F;) —
H *(51 2X; F;) induced by inclusion. Thus the pairing of é,x with any Pon-
tryagin product operation applied to (v, w) must be zero. Similarly, since é,x
comes from the cohomology of C~’oo 2 X, it must pair trivially with any Browder

operation.

Using the fact [CLM, (III 1.4)] that the Dyer-Lashof (homology) operations
commute appropriately with the evaluation maps & : ZXC, ,X — C,_4 2Tk X,
the remaining formulas can be reduced to the specific case in which r = 0,
X =K(Z/2, q), and x is the fundamental class, where the conclusion is obvi-
ous. Q.E.D.

If (X, 6)) € Ob#Z", then the structure map 6 can be used to define
internal Dyer-Lashof operations in H,(X; F,), for r<n-1,
(6.19) Qv = (6,).(Q,v).

Recalling the commutative diagram (3.19) from Proposition 3.7, Lemma 6.6
and Proposition 6.8 imply the next result.

Proposition 6.9. h.(Q,v) = Q. Thus if é,)j = h*(y) for some x,y €
H*(X; Fy), then (x,v) = (y, Q) forall ve H(X;F,).

We now return to our generalization of Theorem 6.4. When n = 1 and
x € HY(X ; Fy), Qo(x) = x®x € H¥(C, ,X ; Fy) . Thus the following theorem
generalizes Theorem 6.4.
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Theorem 6.10. Suppose X € Ob ", with basic cofibration sequence
(6.20) 3nCy 2 X 5 xrnx L Ppx L 3m1C, 0.
If X € H™*"(P}X ; F,), then
(6.21) $q**"X = j* (0" (Qn-1),

where i*X = o"x deﬁne§ X € ﬁq(X ; F3). In particular, if Sq9t"X = 0, then
there is an element y € H?a+r=1(X ;. Fy) satisfying (x,v) = (y, Qu_1v) for all
veH(X;Fy).

Proof. The proof is first given for the universal example X = K(Z/2, q) and
X = 14 ; the universal example is then used to prove the theorem for general X .

The case in which n = 1 is proved in Theorem 6.4. Consider the case in
which n > 1. Theorem 4.1 implies that the following diagram commutes up to
homotopy:

PIK(Z/2,q9) —1— =G, 2K(Z/2,4)
(622) le l}:z(a,zfﬁn—n)

PIK(Z/2,g+n—1) —— 32C, 1,K(Z/2, g +n—1).

Since the choices of 7, and 7,.,_; are unique, one sees that €*(I4n—1) =1,
and hence €*(Sq9""1,.n—1) = Sq?*"1,. By the construction of our external
operations,

(6.23) (Z2(C 26 0 8n-1))*(6%(Qotgsn—1)) = 6" (Qn_11g) ;
thus Theorem 6.4 implies
J* (@™ (Dnoitg)) = j* 0 (B(Ci 26 0 En1))* (6% (Qolgsn—1))
(6.24) = €* 0 j*(d2(Qolgsn-1))
= €*(SqTMg4n 1) = SqT,.

This completes the proof for the universal example.

For the general case, Theorem 6.1 implies that X corresponds to an H3-
structureon amap f: X — K(Z/2, q) representing x (note that if i*(X) =0,
then X € im j*, and Sq?*"X = 0 by the unstable condition). Now there is a
commutative diagram

"X i Ppx —! T+1C, 5 X
(6.25) Jf jPz"f lz”*'"é"_zf
I"K(Z/2, q) —— P§K(Z/2, ) L35G, ,K(Z/2, ).

By construction, f*(ig) = X, (P§f)*(Tg) =X, and (Cy 2/ )" (Qn-1tg) = Qn-1X,
and the result follows. Q.E.D.

The following corollary is the stable version of Theorem 6.10. Recall from
(5.5) that there is a natural map X~"E*Ps'X — P,X for every x € ObZ>™.
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The geometric filtration (5.6) yields an algebraic filtration of H *(P,X ; Fp), and
we define

(6.26) FK+1 = ker{H*(P,X ; Fy) —» H*(Z¥E®°PKX | F,}.

Corollary 6.11. Suppose X € Ob#>, with basic cofibration sequence

(6.27) E%Co 21X 25 B2 X L PyX L 5EC,, ,X.

If X € HY(P,X ; Fy), then
(6.28) 8q9"% = j*(6%°(Qn-1x)) mod F"*!,

where i*X = d®x defines x € I?"(X; Fy). In particular, if Sq?*"x = 0
mod F"*!, then there is an element y € H**"~ (X ; Fy) satisfying (x,v) =
(y, Qn—1v) forall ve Hy(X; Fa).

The Nishida relations [Ni, CLM] are formulas which relate the action of
Dyer-Lashof operations to the (adjoint) action of the Steenrod algebra on
H.(C, X ; F;). The analogous formulas in cohomology are given in the next
proposition.

Proposition 6.12. The following formula holds for every x € HY (X; F,) and
every r > 0:

R U7 N _
(629) quer = z < k —2i )Qk+r—2iSqlx-

i=0
When r = 0, the formula is true modulo elements dual to external Pontryagin
product elements.
Proof. It suffices to prove the formulas when X = K(Z/2,q) and x = 14,
where they are dual to the usual Nishida formulas. Q.E.D.

7. EXAMPLES AND FURTHER REMARKS

Example 7.1. [Z/2, X]Z,;. .

A pleasant example using our basic definitions arises by considering Z/2 as
a two-point H-space. By inspection of the definitions one sees that, for any
H-space X , the space of H;-functions H,(Z/2, X) can be identified with the
homotopy fiber of the H-space squaring map 2: X — X . Thus there is an exact
sequence

(7.1) m1(X) 2 m(X) = [Z/2, Xz = 70(X) = 7o(X).

Also, if X = QY, then H}(Z/2,QY) = YR, so that [Z/2,QY]z =
[RP?, Y], as predicted by Theorem 4.9.

Remark 7.2. The Miller spectral sequence and H°-maps.

If X is an infinite loop space with structure map 6%X: Cy X — X and
associated spectrum B>X , and E* a generalized cohomology theory, there is a
spectral sequence for computing E*(B>®X) based on knowledge of E*(X) [Mi,
Ma]. In particular, the edge homomorphism corresponds to €*: E*(B*¥X) —
E*(X). Let E; denote the gth space of the spectrum representing E*.
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Proposition 7.3. Suppose x € E4(X) = E?"’ is represented by f: X — E,.
Then x lives to Eg 4 ifand only if f admits an HY-structure.
Proof. f admits an H-structure if and only if

x e ker{h*: E9(X) - EY(Csx,00X)}
if and only if
x € ker{(8X)* — &2 : E9(X) = E9(Cs,00X)}.
But by construction of the spectral sequence, d; = (6X)* —¢2, . Q.E.D.
Remark 7.4. The Kahn-Priddy theorem and H;°-maps.

The generalized Kahn-Priddy theorem proved by the first author in [Ku2]
admits the following reinterpretation in our setting.

Theorem 7.5. Suppose f: X — Y is a map between connected infinite loop
spaces, localized at a prime p. If f admits an Hp°-structure, then it admits an
HZ-structure.

Proof. If Y = Q%E, then the adjoint of f is a map f:Z®X > E. f admits
an Hg°-structure if and only if f extends to P,X, and f admits an HY-

structure if and only if f extends to P, X. The Kahn-Priddy theorem of
[Ku2] (reinterpreted using Corollary 5.2) essentially shows that, localized at p,
there is a map s: Z°Cy,0X — E°Cy,, X making the diagram

220 Coo 00X —>E®X
(7.2) ls l=
£2Co ,X —>E®X
homotopy commute. Thus there is a map ¢: P, X — P, X making the diagram
ToX — =P X
(7.3) = 1:
Lo x — =Py X
commute. Q.E.D.

The ordinary Kahn-Priddy theorem, in its “once delooped” version, is the
special case X = S!.
Example 7.6. P,S°.

Viewing S° as Z/2 = K(Z/2, 0), and noting that C’OO,ZSO = RP, our
basic sequence takes the form

(7.4) E@RP® t, 3050 L, p g0 S, pooyRpe,

There is a bottom class X € HO(P,S9; F;) such that x = /*(X) is the nonzero
class in HO(S%; F,). It is easy to see that Q,x € H'(RP>™, F,) is the nonzero
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class for all » > 0, and thus Corollary 6.11 implies that Sq"Xx # 0 for all
n>0.

If we consider maps from Z/2 into QXQS?, then we obtain the following in-
teresting interpretation. The transfer Z°RP® 2, £8 induces a monomor-
phism in negative degrees in stable cohomotopy, which means i*[P,S?, S7¥] =
0. Thus by Theorem 4.9, there are no essential H;°-maps from Z/2 into
Q>S~k = QXQS%. Given a nonzero element of x € 77, consider it as a
map f:Z/2 — QXQS%. Let n be the largest integer such that there exists an
Hj-structure F for f. By Corollary 6.3, the obstruction to extending F to an
HJ*!-structure is a nonzero element Mp(x) € [E°(Z/2AZ/2), STk "] =75, .
We have the following observation.

Proposition 7.7. The elements Mp(x), as F runs through all of the H}-struc-
tures for f, are the Mahowald root invariant elements associated to the homotopy
class x.

Proof. Ttis straightforward from the definitions after taking (—1) duals. Q.E.D.

We end this section with two examples of how one can use Theorem 6.10.
These results are easy and known, but we give them to illustrate the methods
developed in §6. For a deeper application of these methods, the reader can
consult [SI2].

Example 7.8. The three sphere S? is not homotopy commutative, i.e. is not an
object in %?.
Suppose S* were an object of /2. Then one would have the sequence

(1.5) 3283 L, P23 L, 353G, ,8% A 3388

By connectivity arguments, it is easy to see that HS(P2S?; Fy) = H8(P2S?; F,)
= 0. For dimensional reasons, j*(02(Q;x3)) # 0 (where x3 € H}(S3; F,) is
the nonzero class), so that Sg°x3 # 0. But

(7.6) Sq¢°%3 = Sq2Sq¢*%; + Sq¢*Sq'x3 =0

since Sq3X; € flg(PzzS3; F,) and Sq'x; € FI6(P22S3; F,). This contradiction
shows that S is not in #2.

Example 7.9. S3(3) is not an H.-space.

The reader is invited to compare this with the same example in [SI1], except in
that case it is done from the point of view of obstruction theory and secondary
operations. Let S3(3) be the 3-connective cover of S*. This is an H-space
obtained by killing the generator of H3(S3; Z). The important thing to know
is that the mod 2 cohomology is given (as an algebra) by

(7.7) H*(S%(3); Fp) 2 Fy(x4) ® A(xs),

where Sqlx; = x5.
Suppose that $3(3) were an H;_‘-space. Then we would have the sequence

(7.8) $483(3) L PAS3(3) L 35C, ,83(3) b 2553(3).
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Since PH'3(S3(3); F,) = 0, the element o°(Qsxs) is not in the image of A*.
Thus Theorem 6.10 implies

(1.9) Sq°%s = j*(05(Q3xs)) # 0.
Using the Adem relation
(7.10) Sq° = (Sq¢® + Sq¢*Sq*)Sq" + (Sq” + Sq4*Sq*Sq")Sq*,

we need to check the possible values of Sq!Xs and S¢2Xs. Clearly they go
to zero in H*(Z*S3(3); F,) under the map i* for dimensional reasons. Thus
they must be in the image of j*. Since the degrees of these elements are 10 and
11, respectively, and S3(3) is 3-connected, connectivity arguments show that

there are no nonzero classes in H* (3 (74,2S3(3) ; F2) which can map to these

elements. Therefore Sq'Xs and S¢2Xs are zero in H*(P}S3(3); Fp). This is

a contradiction; thus it must be the case that $3(3) is not an H;-space.
APPENDIX A

In Corollary 3.8, we noted that for an H-space X with multiplication map
6: X x X —» X, the map 4 is the unique map making the diagram

(X x X)—Z2>Z(X AX)
(A.1) l):a—(n.+n2) lh
X — X

homotopy commute.

In this appendix, we will define and characterize the Hopf construction H:
X * X — ZX in a similar manner. This characterization will lead to the fact
that the maps 42 and H agree up to homotopy after one suspension. We note
that the facts proved here about H are known, but we give complete details for
lack of an adequate reference.

Let s: 2(XAY)— Z(X x Y) be the unique map (up to homotopy) making
the diagram

X xY) —— Z(XAY)
(A.2) l—}:iyny+2id—2ixnx ls

(X xY) —=— E(X x V)

homotopy commute, where 7y, ny: X x Y — X, Y are the projections and
ixy,iy: X,Y - X xY are the inclusions.

Definition A.1. Given amap 6: X xY — Z ,let H: Z(X AY) — Z be the
composite X260 o s, where s is the map from diagram (A.2).

Recall that the (reduced) cone on X, denoted CX , is the quotient obtained
from X x I by collapsing the subspace X x {1}Uxx I to a point. The (reduced)
join XY is defined as the subspace (X xC,Y)Uyxy(C-XxY)cC C_XxC,Y,
where C_X and C.Y are the (reduced) coneson X and Y, respectively. Note
that the suspension £Z is homeomorphicto C_Z Uz C,Z.
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Definition A.2. The Hopf construction on a map 6: X x Y — Z is the map
H(8): X xY — XZ which is defined via the two maps H,: X x C,Y — C,Z
and H_: C_X xY — C_Z given by

H+(X, (t,y))=(t,0(x,y)),
H_((t, x),y)=(t, 0(x,y)).

If we apply Definition A.2 to the identity X x Y — X x Y, we get a map
H(id): X «Y — Z(X x Y). By inspection, the composite

(A.3)

(A.4) XY 29 5 x xv) B 5(XAY)
is a quotient map in which a subspace homeomorphic to C_X Vv C,Y has been

collapsed to a point. Thus the composite is a homotopy equivalence.

Definition A.3. Given : X xY — Z,let H: Z(X AY) —» £Z be defined as
the composite

(moH(id)) ™"

(A.5) (X AY) xxy 20 57

Theorem Ad4. Given 0: X xY — Z, the maps H, H: Z(X NY) — XZ are
homotopic.

Proof. Tt suffices by naturality to verify this for the universal example 6 =
id: X xY - X x Y. In this case, H =5, and H = H(id) o (m o H(id))~!. By
the characterization of s given in diagram (A.2), the statement that H ~ H
is easily seen to be equivalent to the commutativity (up to homotopy) of the
following diagram:

Xx*xY —_ X*xY
(A.6) lH(id) lH(id)

—Zi-/ﬂy+x id—Ziyny

Z(X x7Y) (X x Y).

Hence it suffices to show that (—Ziyny +Xid —Ziyny)o H(id) ~ (c+ Zid +c) o
H(id), where c: Z(X x Y) - Z(X x Y) sends all points to the basepoint.

For simplicity of notation, denote the composition (—Ziyny+Zid—Ziymy)o
H(id) by H. Then

(1-41,0(x,y)eC-Z iftel0,i];
(4t—1,0(x,y)eC.Z iftels, s

o H(x,(t,y)) = (3—4t,x) € C.Z ifreld, 3
. 4-3.x)eC.Z iftre[d,1];
2t-1,y)eC,Z ifte[l, 1]

for (x,(t,y) e X xC,Y and ((t,x),y)eC_X xY.
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Define a homotopy G: (X x Y /\Lr —»Z(X x Y) by the formula
H(x 1fte[0,§];
G((x, (t,¥)),9) H(x,(t—1is,y)) ifte[}, 1]and 2t > 1 +5;
1fte[§,l]and2t§1+s,
((t—s,x),y) ift>s;
ift <s.

(A.8)

*mz*

G(((¢, x) =

One can readily check that G is continuous and gives the desired homotopy
H~ (c+Xid+c)o H(id). Q.E.D.

The reader may have noticed that the homotopy analogous to G above will
fail to be continuous if we try to apply it to show

(—Zixny + Zid —Ziymy) o H(id) =~ (c + Zid +¢) o H(id)

(i.e. switching the roles of X and Y). Of course this can be remedied if we
exchange X and Y in the definition of the join at the same time. Thus there
are actually two canonical choices (depending on how the join is defined) for
the Hopf construction.

Theorem A.4 and Corollary 3.8 together admit the following corollary.

Corollary A.5. For an H-space X , the maps *h and LH are homotopic.

Proof. The maps in question are maps X?(X A X) — X2X . Since addition of
maps out of a double suspension is commutative, the corollary follows eas-
ily from the characterizations of # and H in Corollary 3.8 and Theorem
A.4. QE.D.

Recently, Arkowitz and Silberbush [AS] have completed a very interesting
systematic study of the various possible Hopf constructions. In particular, they
have shown that there are six distinct versions for the exceptional Lie group
F,, resulting from all of the possible orders for adding the maps X6, —=, , and
-7 .

APPENDIX B

In this appendix we give a short proof of a generalization (to any cohomology
theory with products) of Thomas’ theorem (see Theorem 6.4) on the cup product
structure of the projective plane of an H-space.

As in Appendix A, suppose one is given a map 6: X x Y — Z. Then
Definition A.2 givesamap H: X xY — XZ, and we define 7: £Z — P and
J: P — XX AXY by the pushout

XxYy—H2 537

ll
(B.1) C_XxC.Y P

C_X/XANC,Y]Y =—>P/3Z.
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The map J arises as the composite P — P/£Z — C_X/X AC,Y]Y =

SX AZY. Also define Iy:ZX — P by X — (X xY) 22,57 L. P, and
similarly, Iy: XY — P.

Proposition B.1. The diagram

P—ls3xAZY
(B.2) lA lwy
PAP———PAP

homotopy commutes.

Before proving this, we note the consequences. The following theorem is
immediate.

Theorem B.2. Let E* be a generalized (reduced) cohomology theory with prod-
ucts. If X,y € E*(P), then

(B.3) Xy =J"IxX) x (7))

Specializing to the H-space situation, we will have Iy = Iy = I. Thus we
obtain the following generalization of Thomas’ theorem.

Theorem B.3. Let X € E*'(P,X) and 7 € E/*'(P,X) define elements x €
Ei{(X) and y € E/(X) by I"(X)=0x and I*(y) =ay. Then

(B.4) X <y =(=1)J(a%(x xy)).

Note that in combination with Corollary A.5, the case X =y above special-
izes to Theorem 6.4 when E* = H*( ; F;).

Proof of Proposition B.1. It is convenient to recall the definitions via the follow-
ing diagram

XxY T
C_XxY c_Z

C_XxCiY —P

(C_X x C,Y)/X xY —=> P/3Z.

Recall that the composite
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(B.6) P> P/SZ — (C_XxC,Y)/X*Y =5 C_X/XAC,Y/Y = ZXAZY

yields the map J . As result of the definitions we have the following commuta-
tive diagram:

P P/XZ = IXAZY
(B.7) A lA =
PAP-=->P/C,ZANP|C_-Z<~—C_X/XANC,Y/Y.
Thus it suffices to verify that the composite '

(B.8) X = C_X/X - P|C,Z <— P

is homotopic to Iy, and similarly for Iy .
To show this, we note that the constructions are natural. By applying the
definitions to

Xxx2 sz

(B.9) l l=

XxY4t>7
we obtain, up to homotopy

X——Z

e N
1{ CIZ

(B.10)
C_X——>3Z
7 C_X——3Z7.
Therefore the composite
(B.11) X 2 C_X/X - 2Z/C,Z —3Z

is homotopic to X0y . Then, by naturality, the composite (B.8) is homotopic to
(B.12) x 257z Lp,
which is Ix by definition. The proof for Iy is similar. Q.E.D.
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