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IRREDUCIBLE SEMIGROUPS OF
FUNCTIONALLY POSITIVE NILPOTENT OPERATORS

YONG ZHONG

ABSTRACT. For each irrational number 6 € (0, 1), we construct a semigroup
% of nilpotent operators on #2([0, 1]) that are also partial isometries and
positive in the sense that the operator maps nonnegative functions to nonneg-
ative functions. We prove that each semigroup %5 is discrete in the norm
topology and hence norm-closed and that the weak closure of % is indepen-
dent of 6. We show that each semigroup %3 has no nontrivial invariant
subspaces.

Consider the Hilbert space .#%([0, 1]) with the Lebesgue measure m on
[0, 1]. An operator T on .Z2([0, 1]) is called functionally positive (or simply,
positive) if 7 maps nonnegative functions to nonnegative functions. It has been
proven in [5] that certain multiplicative semigroups of positive quasinilpotent
operators are reducible, that is, all operators in the semigroup have a common
nontrivial invariant subspace. One may ask: Is every semigroup of positive
quasinilpotent operators reducible?

In [1, Theorem 1], Hadwin et al. constructed an irreducible semigroup of
nilpotent operators on a Hilbert space such that every operator in the semi-
group has nilpotency two but is not positive in any sense. And in [3], Schaefer
provided a method of constructing a positive quasinilpotent operator on the
Hilbert space of L2-functions of the unit circle such that the operator does not
have any nontrivial invariant subspaces corresponding to projections that are
multiplication operators induced by characteristic functions on the unit circle.
It is easy to see that neither of the two examples answers the above question.
In this paper, we answer the question negatively by constructing an irreducible
semigroup of positive nilpotent operators that are also partial isometries.

For every a € [0, 1], we define S, and T, as follows:

_ [ ft+a) ifre[0,1~a], )
(S‘*f)(’)‘{o ifre(l-a,1y, * €7 01,
{0 if1e0,a), )
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Clearly, S, and T, are well-defined bounded linear operators on Z2([0, 1]).
For convenience, we define S, = T, =0 for all a > 1. Still, we denote by M,
the multiplication operator corresponding to ¢ € £ ([0, 1], m).

Lemma 1. For any a €0, 1],

(i) S, and T, are positive operators.
(i) Sx=T,, So=To=1, $=T,=0.
(iii) SaTa =My, ,_oy» TaSa = My, ,, and therefore, S, and T, are partial
isometries.
(v) If a# 1, then ||Suol| = |Toll = 1.

Proof. (i) It is obvious that S, and 7, are positive operators.
(i) For any f, g € £*([0, 1]),

1
(Sf 8) = /0 (Saf)(D)g(r)dt

1-a

=/, St +a)g(t)dt

1
= [ f98 - a)ds

=(f, T.8).
Thus, S; = Ta. Clearly, So = To = I, S] = T] =0.
(iii) For any f, g € Z%([0, 1),

(SaTaf, &) =(Taf, Ta8)
1
= / f(t—a)g(t—a)dt

l-a

=/, f(s)g(s)ds
= (MX[o,|_a]f’ g)'

Therefore, S,T, = My, ,_,, . Similarly, T,S, = My, .
Since
SaSa = ToSa =My, ,, ToTy=SaTo= My, ,

are projections, we have that S, and 7, are partial isometries.
(iv) It follows immediately from (iii). O

Lemma 2. Forany a€[0, 1) and any ¢ € £>([0, 1]),

(i) SaMy= My, 4So, TaMy= My 4T, .
(il) MyS,, SaMy, MyT,, and T, My are all nilpotent operators.

Proof. (i) For any f € Z%([0, 1]),
Sa(@S) = (Sa®)(Saf)-

—a)

Therefore,
(SaMy) f = Sa(df) = (Sad)(Saf) = (Ms,4S4) f-
Hence, SaMy, = M 4S,, . Similarly, T,My = M7, 4T, .
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(ii) It is obvious that (S,)? = S, for any positive integer p. Therefore, it
follows from (i) that
(MySa)’ = MyMs,4 -+ Ms,_\.6Spa
for any positive integer p. Hence, (M;S,)? =0 for p large enough to satisfy

pa > 1. Thus, MyS, is a nilpotent operator. Similarly, SoMy, MyT,, and
T,M, are all nilpotent operators. O

Lemma 3. If o, B €[0, 11, then
(1) SaSp = Sa+ﬁ and TaTﬂ = Ta+ﬂ .

(ii)
SaTﬂ — { Ml[o.l—a]Tﬂ—a ifa<p,
Ml[o,l—a]Sa—ﬁ lfa > ﬁ

(i)
e
le.uSa—ﬂ lfOt > ﬁ

Proof. (i) It is easy to check.
(ii) If @ < B, then by (i) and Lemma 1

SaTp = SaToTp_o = My,
If a > f, then by (i), Lemma 1 and Lemma 2,
SaTﬂ = Sa—ﬂSﬁTﬂ = Sa—ﬁMl(o,l—m

= Msa—pX[o,l—ﬁ]Sa“ﬂ = MX[O.I—aISO—ﬂ'

Th—a.

—a]

(ii1) The proof is similar to that of (ii). O

In [4] it was proved that every positive operator S on Z2([0, 1]) is a
pseudo-integral operator and that S is determined by a positive finite Borel
measure is on [0, 1] x [0, 1] by the equation

sr.8= [ F)&(x)us (dx, dy).
[0, 1]x[0, 1]
For any «a € [0, 1], let
Go={(x,y)€[0,1]1x[0,1]:y=x+a}

and
Fo={(x,y)€[0,1]1x[0, 1]:y =x —a}.

It is easy to check that S, is a pseudo-integral operator determined by u,,
where u, is the positive finite Borel measure defined by the equation

Uo(E)y=m({x €[0, 1]: (x,y) € ENnG, for some y € [0, 1]}).

Similarly, T, is a pseudo-integral operator determined by v,, where v, is
defined by the equation :

Vo(E)=m({x €[0, 1]: (x,y) € ENF, for some y € [0, 1]}).

Next we construct a multiplicative semigroup of positive nilpotent operators
that are also partial isometries and prove that the semigroup is irreducible.
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Choose an arbitrary irrational number 6 € (0, 1). Let ¥ be the multi-
plicative semigroup generated by the set

{Sq, Tpg : a, b € (0, 1) are rational numbers}.

Theorem 4. Suppose 0 € (0, 1) is irrational. Then the semigroup % consists
of positive nilpotent operators that are also partial isometries.
Proof. Easy to see that every operator in %5 is a product of positive operators
and, therefore, positive itself.
By Lemma 3 (i), any ‘word’ in .#3 looks like
— q q. n n
W =80Ty oSa Thg - San Tyrg
for some integer n > 1, where a;, b; € (0, 1) are rational numbers and p;,
q; are nonnegative integers forall j=1,2,..., n and at least one of p;, g;
isnonzero (j=1,2,...,n).
By Lemma 3, W is either 0, or M;S,_, with a—-b > 0, or M, T}_,
with a — b < 0, where a = Yioipjaj, b=0%"_,4;b;, and ¢ and y are
characteristic functions of some intervals. Hence W is a partial isometry.

Clearly, a # b since 6 is irrational, and thus, by Lemma 2 (ii), W is a
nilpotent operator. O

Now we prove that %% is discrete and irreducible. To do this, we need the
following lemmas.

LemmaS$s. Let a € [0, 1] and [a, b] be an interval in [0, 1]. Then || My, , Sall
=11if My, ,;Sa #0, and |My, ,Tull =1 if My, , T, #0.

Proof. We only provide here the proof of the first part of this lemma. Since
the range of S, is xp0.1-0}-Z%([0, 1]), the interval [a’, b'] = [a, bIN[0, 1 —a]
has length &' —a’ >0 if M,, S, #0 and

My 1 Sa = My, S

Xia. )0
Clearly’ ”Mxla‘h]Sﬂ” S "MX[a,b]” “Su" =1.
Let f = Xa'va,br+a)- Then ||f]l = |lx@ 69l #0 and Sof = X(ar, 4. There-

fore,
N(Myy SN = 1My 0, S) SN = 1My o Xia o1l = IS
and hence, ||M,, ,S.|| > 1. It follows that ||M, ,S.|=1. O

la.b) la.h)

Lemma 6. Suppose o, f € [0, 1] and E, F are two intervals in [0, 1] such
that My, S, # My, Ty . Then |M, S, — M, Tg||=1.
Proof. If either M,, S, or M, Ty is O, then we are done by Lemma $.
Suppose M, S, #0 and M,, Tg # 0. Then both E' = EN[0, | —«a] and
F' = Fn[B, 1] are intervals of length greater than 0. If « = § = 0, then
S« = T = I, and therefore, the result is obviously true. Thus we may assume
that o + 8 > 0. By the definition of E’, we can choose an interval [a, b]
satisfying 0 <b—-a <a+ f and

[a,b]CE' +aCla, 1].

Hence
[a,b]—a=[a—a,b-a]CE’
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and, because b —a<a+ g,
([a, b]—a)Nn([a, b1+ B)=[a—a,b—ca]Nn[a+B,b+ Bl =2.
Let f = Xia,)- Then f#0 and
|(MyeSa — My Tp) f1I? = |(Myg, Sa — My, Tp) f11?

= || XE' Xia, bl—a — XF' Xia, b}+ 8112
= | Xta, b1-a — XF'rta, o148 I
= | Xta, b1-all* + 1 XFnta, 148 I
> || Xta, b1—all®
= |1 Xa, 51l
= I111%

It follows that ||M,,Se — My, Tyl > 1. O

Lemma 7. Suppose o, B €[0, 1] and E, F are two intervals in [0, 1]. Then
"MXESa - MXFSﬁ” >1if MXESQ # MXFSﬁ and "MZETG - Mxr Tﬂ” >1if
My T, # My, Tg.
Proof. For the first part of the lemma, if either « or # is 0 or 1, then we
are done by Lemma 5, Lemma 6 and the fact that Sy = To = I. So we may
assume that 0 < o < # < 1. Therefore, by (ii) of Lemma 3,
|MypSa — My, Spll = | My, Se — My, Spll | Tl

> || My SaTy — My, SpT,||

= ”MlsMxlo.l-al - MZFM)([O,l—mSﬂ—a"

= ||M, Ty - MXFH[O‘I-B]Sﬁ_a"'

EN[0,1-a]
By Lemma 6, either
M.

XEN[O.1-a)

Ty - MXm[o,l—mSﬂ—a" >1

or
MXI:‘ﬁ[O.l—n] To - MXm[o.l—mSﬂ—" =0.

Thus, either
‘ ||M)u:Sa - M)(rSﬂ” >1

or
MXES" - erSﬂ = MXEn[O.l-n]S" - M)(rnlo,l—mSﬂ
= (M)(f:nlo.n—ul - MZI-'O[O,I—ﬂ]Sﬂ_")S“
=0.

Since T, = (S,)* and Ty = (Sp)*, we have

(fo: T, - My, Tﬂ)* = SﬂMXE - SﬁMXF
= MS..XES" - MSﬁXFSﬂ
= Mx,_._"S,, - M)(F-pSﬂ‘

Thus, the second part of the lemma follows directly from the first part. O
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Theorem 8. Suppose 6 € (0, 1) is irrational. Then the norm-distance between
any two distinct elements of %, is at least 1. Therefore, the semigroup %5 is
discrete and, hence, norm-closed in & (Z?*([0, 1])).

Proof. From the proof of Theorem 4, any element in %3 is of the form A,,S,
or M, Tg where E and F areintervalsin [0, 1] and a =a—-b0, f =c0-d
are in [0, 1] for some rational numbers a, b, ¢, and d. Thus, the result
follows immediately from Lemma 6 and Lemma 7. O

Theorem 9. Suppose 6 € (0, 1) is irrational. Then for any a € [0, 1], S, and

T, are in the weak closure ?OWOT of % . Consequently, ?gWOT is selfadjoint
and independent of 6 .
Proof. Clearly, S; =T, =0€ .%.

For any a € [0, 1), choose a decreasing sequence {a;} of rational numbers

in (0, 1) such that lima; = a. We claim that S, is the weak limit of the

— WO
sequence {S,}, and hence, S, € %w T

We need to show that
(Sajf’ g)“’(Saf, g) (]—*00)
forall f and g in .Z%([0, 1]). Since |Sq;l = 1 forall j and since C([0, 1])
is dense in .Z2([0, 1]), it suffices to show that

| (So,f > 8) = (Suf» &) (J = 0)
forall f and g in C([0, 1]).
Suppose f and g arein C([0, 1]). For any positive number ¢ > 0, by the
continuity of f we can find a number J > 0 such that

If(x)—f)l<e

whenever x,y € [0, 1] and |x —y| < J. Since lima; = a, we can find a
positive integer N such that

|aj — a| < min(e, )
forall j with j > N.
Therefore, forany j, j> N,
[(Sa,.f > &) — (Saf', &)

l—aj l—a

f(x+aj)g(x)dx - A f(x+a)g(x)dx

| l—a,- l—a,-

f(x+aj)g(x)dx - A f(x+a)g(x)dx
l—a

+ f(x+a)g(x)dx

l—aj

1—a,~
- /0 |f(x + a;) = f(x + )| |2(x)| dx

l—a
+ [ 1 allg)dx

. 1—a;
< ellglloo + (aj — ) fllooll&lloo
< éllglloo( + 1 fMloo)-
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Thus,
(Sa, f> 8) = (Saf, &)  (J— ).

Similarly, by choosing a decreasing sequence {b;} of rational numbers in
cy —WOT
(0, 1) with limb;0 = a, we can prove that T, € %

Since S, and T, are in ?OWOT and S =T, forany a € [0, 1], we have
that 5_’”GWOT is selfadjoint.

—WOT . .

We now prove that % is independent of 6. Let 6, and 6, be two
irrational numbers in (0, 1). For every a € [0, 1], by what we just proved,
S, and T, are the weak limits of sequences of operators in %5, . Let W be

an arbitrary operator in %3, . To prove that W is in ZWOT , We may assume
that W # 0. From the proof of Theorem 4, W is in the form of My, , S,
or My, ,T. for some interval [a, b] € [0, 1] and some number a € [0, 1).
Choose a sequence {[a;, b;]} of subintervals of [a, b] with the property that
lima; = a and limb; = b. Then it is easy to check that M, , is the strong

limit of the sequence {My, ,,

la, 5]
} . However, by (iii) of Lemma 1,

Ml[aj,bjl = MX[aj.I]MXIO.bj] = T"/‘S“jSl—bjTl—bj

for every integer j. We can choose {[4;, b;]} so that all M, ,, arein S,
because .75, is a semigroup. Thus My, ,, is the strong limit of a sequence of

operators in %, . It follows that W is the weak limit of a sequence of operators
. ——WOT ——WOT _ ——WOT
in %, , and hence %3, C %5, . Consequently, 43, C %, .

.. ——WOT _ ——WOT Z__WOT —WOT
Similarly, we have %, C S, . Therefore, 43, =%, .o

Theorem 10. Suppose 6 € (0, 1) is irrational. Then the algebra generated by

the semigroup % is weakly dense in & (£*([0, 1])).

Proof. Let &/ be the weakly closed algebra generated by the semigroup 43 .
— Wi

Then % o1 C & . It follows that & is selfadjoint. To prove & =

B (ZL2([0, 1])), we only need to show that the commutant &’ of & is trivial.

Since ,%WOT C« and S, and T, are in ?(,WOT for any a € [0, 1], we
have that ./ contains all multiplication operators corresponding to character-
istic functions of intervals in [0, 1] by (iii) of Lemma 1. Thus & contains
all multiplication operators M, with ¢ € Z°°([0, 1]). It follows that any
projection in the commutant &/’ is of the form A, for some measurable set
EC|o0, 1].

Let E be a measurable set in [0, 1] such that M,, is a projection in the
commutant .%/’. Then for any a € [0, 1], we have that

(Sa+ Th—o)My, = My, (So + Ti-0)-
Note that (S, + T1_)X0.1] = X[0,1}- Therefore we have
(Se + Ti-a)XE = XE-
For all nonnegative integers »n, calculating the Fourier coefficients

[(Su + TI—a)MXp;]A(n)
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of (S, + Th—o)M,, directly, we have that
[(Sa + Ti—a) My 17 (n) = 2™ ZE(n).

By the fact that (S, + T1_.)xe = xe for all a € [0, 1], we get that xz(n) =0
for all integers n # 0. Thus xg is a constant function, and hence, M,, is
either 0 or the identity operator. It follows that the commutant &/’ of & is
trivial. O

Corollary 11. Suppose 6 € (0, 1) is irrational. Then the semigroup 3 is
irreducible.

Proof. 1t follows directly from Theorem 10. O

Remark. The operators S, and T, (« € [0, 1]) are so-called Bishop-type op-
erators. Some nice properties of the Bishop-type operators can be found in [2]
and in the references at the end of [2].

It is easy to see that the index of nilpotence of operators in %5 is not bounded
for any irrational 6 € (0, 1). Hadwin et al. [1, Theorem 6] proved that an
algebra of nilpotent operators is simultaneously triangularizable if the index of
nilpotence is bounded. Thus, it is natural to ask the following question:

Question. Is it true that any semigroup of positive nilpotent operators is re-
ducible if the index of nilpotence is bounded?

REFERENCES

1. D. Hadwin, E. Nordgren, M. Radjabalipour, H. Radjavi, and P. Rosenthal, 4 nil algebra
of bounded operators on Hilbert space with semisimple norm closure, Integral Equations
Operator Theory 9 (1986), 739-743.

2. G. W. MacDonald, Invariant subspaces for Bishop-type operators, J. Funct. Anal. 91 (1990),
287-311.

3. H. H. Schaefer, Topologische nilpotenz irreduzibler operatoren, Math. Z. 117 (1970), 135-
140.

4. A. R. Sourour, Pseudo-integral operators, Trans. Amer. Math. Soc. 253 (1979), 339-363.

5. Yong Zhong, Functional positivity and invariant subspaces of semigroups of operators, Hous-
ton J. Math. 19 (1993), 239-262.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO, ONTARIO, CANADA MS5S
1A1
E-mail address: zhong@math.toronto.edu



