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ABSTRACT. The purpose of this paper is to solve a new functional equation,
characteristic for the complex exponential function, which contains four un-
known entire functions and to solve, as an application, three further functional
equations.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Ostrowski (see [18]) investigated functional equations related to the real ex-
ponential function in the real domain. In the present paper we shall study
functional equations related to the complex exponential function in the com-
plex domain. We first mention the log-quadratic functional equation (cf. [10],
the same was suggested in [4])

(1) fx+)f(x =)= f(x)*f(»)?,

where f is an unknown entire function and x, y are complex variables. The
following theorem holds.

Theorem A. The only entire solutions of (1) are given by f(z) = 0, f(z) =
exp(az?), and f(z) = —exp(az?), where a is an arbitrary complex constant.

Next we consider the following two Cauchy equations (cf. [1, pp. 31-42] and
[2, pp. 11-24]):

(2) fx+y)=f(x)+ 1)
and
(3) fx+y)=fx)f0),

where f, x, y are as above. If we replace in (2) and (3) x and y by s and
it, respectively, where s, ¢ are real variables and we take the absolute values of
the resulting equalities, then we obtain the following two functional equations:

If(s + il =11(s) + f(ir)]
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(Robinson’é functional equation; cf. [2, p. 69], [3], [9], [19]) and

|f(s + )] = £ (s)f ()]

(Hille’s functional equation; cf. [1, p. 140], [3], [13], [14], [20]), where f is an
unknown entire function and s, ¢ are real variables.

In a similar way, replacing x and y by s and it in (1) where s, ¢ are real
variables and taking the absolute values of both sides of the resulting equality
yield the functional equation

(4) |f (s + i) f(s = it)] = |f ()2 f(it)*|

for all real s and ¢. ,
Now we give a generalization of this functional equation (4). We consider
the following functional equation of Pexider type (cf. [1, p. 10], [2, p. 42], [5],

[11]):

(5) |f(s + it)g(s — it)| = |h(s)k (i)],

where f, g, h, k are unknown entire functions and s, ¢t are real variables.
The purpose of this paper is to solve (5) and to give an application for the

solution of three further functional equations. We first give the definition of a
class of entire functions.

Definition. We denote by Q the set of all entire functions which have power
series expansions Y »% A,z", where each 4, (n = 0,1,2,...) is a real
constant.

For the class Q the following proposition can be proved (we omit the easy
proof).
Proposition A. For an entire function p(z) to belong to the class Q it is necessary
and sufficient that p satisfies p(z) = p(Z) for all complex z .

Cautionary remark. If p is a real-valued function on a subset S of the z-plane,
then

(6) |exp(ip(z))|=1 forallzeS.

This is clear from the formula |exp y| = exp(Re(y)) for all complex y, but we
use this throughout the present paper.
We may now state our result.

Theorem 1. All systems of entire solutions of (5) are given by the following:
(i) At least one of [, g isidentically zero and at least one of h, k is identically
zero. The remaining unknown functions are arbitrary entire functions;

f(z) = exp(p(2)),
g(z)=explaz?+bz+c—¢(2)),

h(z) = lexp(az?+ bz +c+ip(z)),

k(z) = mexp(azt + bz +c+q(z) +ir(z)),

(ii)

where ¢ is an arbitrary entire function not necessarily belonging to Q, a is an
arbitrary real constant, b is an arbitrary complex constant, c,!, m are arbi-
trary complex constants satisfying |Imexpc| = 1, where p, q,r are arbitrary
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entire functions belonging to the class Q, and q,r are odd or even functions,
respectively.

2. LEMMAS
To prove the theorem in §1 we need the following two lemmas.
Lemma 1. All entire functions H which satisfy
(7) |H(s)| =1 forall real s

are given by
H(z) = exp(ip(z)), wherep e Q.

Proof. By (7) we have H(s)H(s) = 1, and so, by observing that s =5 for all
real s, it follows that

(8) H(s)H(5) =1
for all real numbers s. Since, by hypothesis, H is an entire function of z,

H(Z) is also an entire function (see [7, p. 28]) and so is the product H(z)H(Z).
Hence, by (8) and by the Identity Theorem,

9) H(z)H(Z) =1
holds for all complex z. By (9) we have
(10) H(z)#0

for all complex numbers z. By (10) and by a standard theorem (see [7, p. 192],
[12, p. 127], and [15]) there exists an entire function ¢ such that

(11) H(z) = exp(¢p(z))
holds for all complex z. By (9) and (11) we obtain

exp(¢(z) + ¢(z)) = 1.
Differentiating both sides of the above equality yields
exp(¢(z) + ¢(2))(¢(2) + ¢(2)) =0,
and so
(12) p(z2)+9(2)=C,

where C is a complex constant. Let the power series of the entire function ¢

be
+00
p(2)=Y cnz",
n=0

where the ¢, (n=0,1, 2,...) are complex constants. Substituting the above
equality into (12) and equating the coefficients of z” (n=1,2,3,...) in the
resulting equality yield ¢, +¢, =0 (n=1,2,3,...).

By the above equality, the ¢, (n=1, 2, 3,...) are purely imaginary con-
stants. Furthermore, by (11) we have

(13) H(z) = exp (fc,,z”) )

n=0
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Setting here z = 0 in (13) yields H(0) = exp(cy). Setting s = 0 in (7)
and using the above equality, we get |exp(cp)| = 1, and so we find that ¢
is also purely imaginary. Summarizing, the ¢, (n = 0,1, 2,...) are purely
imaginary. Thus, we can write ¢, = ia, (n = 0,1, 2,...), where the a,
(n=0,1,2,...) are real. Hence, by (13) we obtain

z)—exp( > an:z )

for all complex numbers z, where the a, (n =0,1,2,...) are real numbers.
Therefore, the function p defined by

+00
z)= z anz"

n=0

for all complex z isin Q. So we have
H(z) = exp(ip(2))
for all complex z, where p € Q. The converse, i.c., the fact that H(z) satisfies
(7), is clear from (6). Q.E.D.
Lemma 2. The only entire function K which satisfies
(14) |K(it)] = 1
for all real t is given by
K(z) = exp(q(z) + ir(z)),

where the functions q,r € Q are odd or even, respectively, but otherwise arbi-
trary.

Proof. Apply Lemma 1 to the entire function K o ¢, where ¢(z) =iz, to see
that K must have the desired form.

For the sake of easy understanding of the proof of the main theorem, we
divide it into four steps.

3. PROOF OF THE MAIN THEOREM
Step 1. We may assume that
(15) f(z)#20 and g(z)Z0.

Otherwise we obtain the system of solutions (i) in Theorem 1. We show in
this step that

(16) f(z)#0 and g(z) #0

for all complex z by using a method described in the two books by Aczél (see
[1, p. 38] and [2, p. 28]). To prove that f(z) # O for all complex z, we use the
method by contradiction. Assume the contrary. Then there exists a complex
number so+ity (o, o € R) such that f(so+itp) = 0. Hence, by (5) we obtain
h(so)k(ity) = 0. We discuss two cases.

Case 1. The case when A(sp) =0.
Setting s = 5o in (5) and using the Identity Theorem yield a result contrary
to (15).
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Case 2. The case when k(ity) =0.
By a similar argument to that of Case 1 we get a contradiction. Similarly, we
can prove that g(z) # 0 for all complex z. So (16) has been proved.

Step 2. We shall determine the unknown entire functions f, g. If we set z =
s+it (s,t€R) in (5), then we have

(17) |f(s+it)g(s—it)] = |f(2)g(2)| = 1f(2)||g(2)| = |/ (2) 18| = | f(2)8 ()

for all complex numbers z.
By (5) and (17) we have

(18) |f(2)g(@)| = [h(s)k(it)|.

If we set

(19) Az) = f(2)8(2),

then, by (18), we obtain

(20) 1A(2)| = |h(s)k(in)|

for all complex numbers z. By (16) and (19) we obtain
(21) AMz)#0

for all complex numbers z. Since (21) holds, taking the logarithms of both
sides of (20) yields

log |4(2)| = log|h(s)] + log |k (ir)|

for all complex z. Taking into account the fact that A is entire, applying %
to both sides of the above equality, and using

: re (L@
2-t01/(2) = Re (£2))

(see [16, p. 55]) yield

(22) Re (%) c’?s log |A(s)|

for all complex z.
Applying % to both sides of (22) and using differentiation for composite

functions yield
.d (A(2)\) _
Re (i7; (737)) =

for all complex z. Hence, by the formula Re(iy) = —Im(y), we obtain

(3 (315)) -
A(2)

for all complex numbers z. Since j‘;(m) is an entire function of z, by the
above equality (see [16, p. 43]) we have

7 () -+
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where A is a real constant. Hence we obtain
A(z)

22) =Az+b,

and so
A(z) = (Az + b)A(z2),

where b is a complex constant. Solving the above linear differential equation
of the first order yields

(23) A(z) =exp(azZ + bz +c¢)

for all complex numbers z, where a = 14 (€ R by the fact that 4 € R) and
b, ¢ are complex constants. By (19) and (23) we obtain

(24) f(2)g(Z) = exp(az* + bz +¢)

for all complex numbers z. Since, by (16), f is an entire function which is
nowhere zero, by a standard theorem there exists an entire function ¢ of z
such that

(25) f(z) = exp(p(z))
holds for all complex z. By (24) and (25) we have

g(Z) =exp(az’+ bz +c— ¢(2)),
and so, by taking into account the fact that ae R (@ =a),
(26) g(z) =exp(az’ + bz +T - ¢(2)),

where a is a real constant and b, ¢ are complex constants. Thus, f and g
are given by (25) and (26).

Step 3. We shall determine unknown entire functions 4, k. By (20) and (23)
we have

(27) |h(s)k(it)| = |exp(az® + bz + c)|

for all complex numbers z = s+ it (s, t € R), where a is a real constant and
b, ¢ are complex constants. If we set ¢ =0 in (27), then z = s + it becomes
s . Therefore, we obtain

(28) |h(s)k(0)| = | exp(as® + bs + ¢)|
for all real numbers s. If we set
(29) H(z) = —MOKO)

"~ exp(az2 + bz +c)
for all complex numbers z, then, by (28), we obtain
(30) |H(s)| =1

for all real s. Since, by (29), H is an entire function of z, by (30) and by
Lemma 1, H can be written as

H(z) = exp(ip(2)),
where p € Q. Hence, by (29) we have
(31) h(z)k(0) = exp(az? + bz + c + ip(z)),
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where p € Q. By (31) we have k(0) # 0. So, setting / = ﬁo) yields
(32) h(z) = lexp(az? + bz + ¢ + ip(z))
for all complex z. If we set s =0 in (27), then we obtain
(33) |h(0)k(it)| = | exp(a(it)? + b(it) + )|

for all real ¢. If we set

_ h(O)k(2)
(34) K(z)= exp(az2+ bz +c)

for all complex z, then, by (33), we obtain
(35) IK(it)] =1

for all real numbers ¢. Since, by (34), K is an entire function of z, by (35)
and by Lemma 2, K can be written as

(36) K(z) = exp(q(z) + ir(z)),
where ¢ and r € Q are odd or even, respectively. By (34) and (36) we have
h(0)k(z) = exp(az? + bz + ¢ + q(z) + ir(z))

for all complex numbers z. By the above equality we have 2(0) # 0. So,

setting m = ﬁ yields

(37) k(z) = mexp(az? + bz + ¢+ q(z) + ir(z)).
We have now determined % and k as (32) and (37).

Step 4. We shall prove that
|Imexpc| =1,

which is a relation between three complex constants /, m, ¢ in (32) and (37).
Since p € Q and s € R, ip(s) is purely imaginary. Thus we obtain

(38) |exp(ip(s))| = 1.

Since g € Q and g is odd, ¢(it) is purely imaginary. So we obtain
(39) lexp(q(it))| =1.
Since r € Q and r is even, ir(it) is purely imaginary. So we obtain
(40) |exp(ir(it))|=1.
Substituting (25), (26), (32), and (37) into (5), making some calculations, and
using (38), (39), and (40) yield |/mexpc|=1.

4. AN APPLICATION OF THE MAIN THEOREM

In this section we shall solve three functional equations, also related to the
complex exponential function, by using the main theorem.

We specify how one obtains these equations from (5). From there on the
proofs consist of applying Theorem 1. We omit these details.
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Theorem 2. A/l entire solutions of Hille’s functional equation

|f(s + in)] = 1f(s)f (i)

are given by
f(z)=0 and f(z)=exp(az?+bz+c),

where a is an arbitrary real constant, b is an arbitrary complex constant, and
¢ is an arbitrary purely imaginary constant.

Proof. This is (5) with g(z)=1 and h(z) =k(z) = f(z).

Theorem 3. All entire solutions of the functional equation (4), i.e.,
|f(s + i) f(s = i)] = | ()2 f(it)?|
are given by
f(z)=0 and f(z)=exp(az®+bz+c+ir(z)),

where a, b are arbitrary real constants, ¢ is an arbitrary purely imaginary
constant, and r(z) is an arbitrary entire even function € Q.

Proof. This is (5) with g(z) = f(z) and h(z) = k(z) = f(z)?.
Now we consider Lobachevskii’s functional equation (cf. [1, p. 7] and [2, p.
22))

(41) fx+9)f(x=p) = f(x)?,

where f is an unknown entire function of a complex variable z and x, y are
complex variables. The following theorem holds.

Theorem B. The only entire solutions of (41) are given by
f(z)=0 and f(z)=exp(az+b),
where a, b are arbitrary complex constants.

If we replace x and y by s and it (s,t € R) in (41) and we take the
absolute values of the resulting equality, then we obtain the following functional
equation:

(42) |f(s+in)f(s—in] = f(s)],

where the unknown function f is entire and s, ¢ are real variables.

Theorem 4. All entire solutions of the functional equation (42) are given by
f(z)=0 and f(z)=explaz+ b+ ip(z)),

where a, b are arbitrary complex constants and p(z) is an arbitrary entire
Sfunction € Q.

Proof. The functional equation (42) is (5) with g(z) = f(z), h(z) = f(z)?,
and k(z)=1.
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