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IMMERSIONS AND EMBEDDINGS IN
DOMAINS OF HOLGMORPHY

AVNER DOR

ABSTRACT. Let D; be a bounded smooth strongly pseudoconvex domain in C¥
and let D, be a domain of holomorphy in CM 2 < N,5< M,2N < M).
There exists then a proper holomorphic immersion from D; to D, . Further-
more if PI(D;, D;) is the set of proper holomorphic immersions from D; to
D, and A(D,, D;) is the set of holomorphic maps from D, to D, that are’
continuous on the boundary, then the closure of PI(D,, D,) in the topology
of uniform convergence on compacta contains A(D;, D;). The approximating
proper maps can be made tangent to any finite order of contact at a given point.
The same result was obtained for proper holomorphic maps, in one codimen-
sion, when the target domain has a plurisubharmonic exhaustion function with
no saddle critical points. This includes the case where the target domain is
convex. Density in a weaker sense was derived in one codimension when the
critical points are contained in a compact subset of the target domain. This
occurs (for example) when the target domain is bounded weakly pseudoconvex
with C2-smooth boundary. If the target domain is strongly pseudoconvex then
the approximating proper holomorphic maps can also be made continuous on
the boundary.

A lesser degree of pseudoconvexity is required from the target domain when
the codimension is larger than the minimal. A domain in CL is called “M-
dimensional-pseudoconvex” (where L > M) if it has a smooth exhaustion func-
tion r such that every point w in this domain has some M-dimensional com-
plex affine subspace going through this point for which r, restricted to this
subspace, is strictly plurisubharmonic in w . In the result mentioned above
the assumption that the target domain is pseudoconvex in C¥ (M > 2N, 5)

- can be substituted for the assumption that the domain is “M-dimensional-
pseudoconvex”. Similarly, the assumption that the target domain D, is “(N +
1)-dimensional-pseudoconvex” and all the critical points of some appropriate
exhaustion function are “(N+1)-dimensional-convex” (defined in a similar man-
ner) yields that the closure of the set of proper holomorphic maps from D; to
D, contains A(D,, D,).

All the results are obtained with embeddings when the Euclidean dimensions
are such that dimg(D;) > 2dimg(D;) + 1. Thus, in this case, when one of
the assumptions mentioned above is fulfilled, then the closure of the set of
embeddings from D; to D, contains A(D;, D;).

INTRODUCTION

When D Cc CV, Q C_(CM are domains, we denote by A(D, Q) the set of
continuous maps from D to Q that are holomorphic in D. The set of proper
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holomorphic maps from D to Q will be denoted by P(D, Q), and PI(D, Q)
will be the set of proper holomorphic immersions from D to Q. The set of
injective maps in PI(D, Q) (which are the embeddings from D to Q) will be
denoted by E(D, Q).

Theorem 1. Take N > 2 and M > max{2N, 5}. Let Q C CM be a domain
of holomorphy, and let D cc CN be a strongly pseudoconvex domain with C*®
boundary. There then exists a proper holomorphic immersion from D to Q.
Furthermore, the closure of PI(D, Q), in the topology of uniform convergence on
compacta, contains A(D, Q). When M > 2N there exists an embedding from
D to Q and the closure of E(D, Q), in the same topology, contains A(D, Q).

Moreover, if we take f € A(D,Q), K ¢ D compact, e >0,Pe D,k >0,
then:

(1) There exists F € P(D, Q) such that |F — f|<¢& on K and D*F(P) =
Dof(P) forall a € NV, |a| < k (in particular F(P) = f(P)).

(2) There exists F € PI(D, Q) such that |F — f| <¢ on K, F(P)= f(P)
and D*F(P)=D*f(P) forall c e N¥,2< |a| <k.

(3) In the case that M > 2N + 1, then F in (1) and (2) can also be one to
one. (When a = (ay,...,ay) € NV =N x ... x N, the notation |a| stands
for: aj+---+ay.)

In both cases (when M = 2N and M > 2N) F can be (in addition) contin-
uous on Q when Q is bounded strongly pseudoconvex with C* boundary.

Let p be a smooth plurisubharmonic exhaustion function of the target do-
main Q. The main part of our proof consists of an infinite inductive process of
correcting f so that po f will be larger on bD. A part of this paper, centered
around Lemma 1, deals with pushing the image of #D toward the boundary
of Q, through parts of Q that are away from critical points of p. For this,
one codimension will suffice. The critical points of p then prove to be a major
obstacle. Very hard work and some additional codimension (as in Theorem 1)
are needed to push the map through them. However, this is true only for critical
points which are not strict local minima. Those that are strict local minima are
harmless at any positive codimension. Thus we will obtain in one codimension
a weaker density result when the saddle critical points (i.e. the critical points
which are not strict local minima) are contained in a compact subset. This
condition holds for smooth bounded weakly pseudoconvex domains.

Theorem 2. Let N>2, M >N+ 1 and D cc CV be as in Theorem 1.

(I) Let Q c CM be a pseudoconvex domain (without boundedness or smooth-
ness assumptions) which has a C? strictly plurisubharmonic exhaustion function
p, and let a € R, such that all the saddle critical points of p are contained in
the set {w € Q: p(w) < a}. Then there exists a proper holomorphic map from
Dt Q.

Furthermore, take f € A(D, Q), where f(bD) C {w € Q: p(w) > a}; take
also K ¢ D compact, ¢ >0, P€ D,k > 0. Then there exists F € P(D, Q)
such that |F — f| <& on K and D*F(P) = D*f(P) forall a e NV, |a| < k.

(I) Let Q cc CM be a pseudoconvex domain with C* boundary. There
exists then a neighborhood G C CM of bQ such that if f € A(D, Q), f(bD) C
G, K C D iscompact, ¢ >0, P € D, and k > 0, then there exists F €
P(D, Q) such that |F — f]| < € on K and D*F(P) = D*f(P) for all a €
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NV, ol < k. If Q isa strongly pseudoconvex domain then F can also be
continuous on ).

Part (II) of Theorem 2 is a corollary of part (I). Another immediate, but
important, corollary is the following.

Corollary 1. Let N>2, M >N+ 1 and D cC CV be as above. Let Q c CM
be a pseudoconvex domain (not necessarily bounded or smooth) which has a C?
strictly plurisubharmonic exhaustion function p with no saddle critical points.
Then the closure of P(D, Q), in the topology of compact convergence, contains
A(D, Q). If we take f € A(D,Q),K C D compact, ¢ >0, Pe D, k>0,
then there exists F € P(D, Q) such that |F — f| <& on K and D*F(P) =
Dof(P) forall o e NV, |a| <k.

It is natural to ask whether the pseudoconvexity assumptions, in these results,
can be somewhat relaxed when the codimension is larger. Say, for example, that
M > My = max{2N, 5}, and let Q C CM be a domain with the assumption
that for some M,-dimensional affine subspace ¥ c CM the intersection V' NQ
has a nonempty connected component which is a domain of holomorphy in
V. Then (by Theorem 1) there exists a proper holomorphic immersion from
BY to Q which is contained in ¥ N Q. While in this trivial situation we can
say nothing about the density of PI(D, Q) in A(D, Q); this line of thought
will be developed in the next definition and theorem to a generalization of our
results when the codimension is larger. Theorem 3 is derived from the proofs
of Theorems 1, 2.

Definition. Let 1 < m < k, let G c CK be open and let p: G — R be a C?
function. The function p is called “m-dimensional-plurisubharmonic” if for
every w € G there exists an m-dimensional complex affine subspace V' where
w € V and the restriction p to VNG is strictly plurisubharmonic in w . (Note
that V —w depends on w.)

A point w € G is called an “m-dimensional-convex point of of p” if there
exists an m-dimensional affine subspace V¥ where w € V' and the restriction
of p to V' NG is strictly convex in w (see Definition 1.5 below).

A domain Q c C* is called “m-dimensional-pseudoconvex” if it has an
exhaustion function which is m-dimensional-plurisubharmonic.

All our results hold (including the density and tangential parts) under the
following weaker assumptions:

Theorem 3. (1) Theorem 1 fully holds under the assumption that Q is My-
dimensional-pseudoconvex, where My = max{2N, 5}. In particular the closure
of E(D, Q) contains A(D, Q) when the Euclidean dimensions yield dim(Q) >
2dim(D) + 1.

(2) Theorem 2 (1) fully holds when Q has an (N + 1)-dimensional-plurisub-
harmonic exhaustion function p where (for some a € R) all the critical points
of p intheset {we Q: p(w) > a} are (N + 1)-dimensional-convex points of

p.

(3) Corollary 1 fully holds when Q has an (N + 1)-dimensional-plurisubhar-
monic exhaustion function p where all the critical points of p are (N + 1)-
dimensional-convex points of p. In particular the closure of P(D, Q) contains
AD, Q).
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(4) Theorem 2 (1) fully holds with the assumption that Q is bounded C3-
smooth and 1/d(w, bQ) is an (N + 1)-dimensional-plurisubharmonic function
near the boundary of Q.

Some applications and corollaries of Theorem 3 will be discussed later in the
introduction. Theorems 1, 2, 3 and Corollary 1 are proved, to a large extent,
together. This is described in the comments before and after Lemma 10.

Previously, a result similar to Theorem 1 was proven in one codimension
(M > N +1) in the case that Q is a general convex domain (see [D3]). Corol-
lary 1 generalizes the main part of that result. In [D2] a continuous proper holo-
morphic map into an arbitrary bounded C2-smooth domain was constructed in
one codimension. The map in [D2] was confined to a small neighborhood of a
“convex corner” in the boundary of the target domain. By Theorem 2 above, in
the weakly pseudoconvex case it is enough to assume that the map that we start
with takes the boundary of D close enough to the boundary of Q. In our main
result, which is Theorem 1, and also in Corollary 1 and in Theorem 3 (parts (1)
and (3)), the starting map, f, rests in complete freedom in the target domain.
Here, we might have to get through critical points to push the map towards the
boundary. When looking at all the constructions of proper -holomorphic maps,
one sees that prescribing the way the map sits inside the target domain is one
of the most interesting and difficult problems in this field.

By a different type of proof Forstneri¢ and Globevnik showed in [FG, The-
orem 2] the existence of a proper holomorphic map from A to a bounded
C2-smooth pseudoconvex domain in C*, M > 2. The map has a prescribed
value and derivatives (up to a proportion) in the origin. Example 5 in their
paper shows that the density result of Theorem 1 above does not hold for ar-
bitrary bounded smooth domains, although, by [D2], such domains contain
proper images of lower dimensional balls.

It would be interesting to now find necessary conditions under which the
proper maps from BV, N > 1, to a domain Q c C¥ are dense in A(BV, Q).
The main question is whether there are bounded target domains with a smooth
and connected boundary which are not covered by Theorem 3.

In [D5] it was verified that in the above-mentioned construction (in [D2])
of a proper holomorphic map into a bounded smooth domain, a smoothness
assumption of the target domain is, in fact, necessary. An example is given
of a bounded domain Q c C™ (for any m > 2) such that there is no proper
holomorphic map from A to Q.

It is mentioned in [D2] that if Q c CM is an arbitrary unbounded do-
main with C? boundary that has one point of strong pseudoconvexity on the
boundary, then there exists a proper holomorphic map from B" to Q, where
M > N + 1. Therefore, by Theorem 2, if we assume that  is an unbounded
C2-smooth weakly pseudoconvex domain, there would be a rather narrow sit-
uation in which the existence of one codimensional proper holomorphic map
from the ball into such this domain is not verified. That is:

(*) When all points on the boundary of Q are weakly pseudoconvex and all
plurisubharmonic exhaustion functions of Q have saddle critical points clus-
tering on the boundary of Q.

The domains that satisfy () are then the only C2-smooth unbounded weakly
pseudoconvex domains that are not known to contain proper images of a ball in
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one codimension. Note that there are such domains, for example, the domain:

((C\ U (a+ib+(1/4)Z)) x CM-1,

a,bez

While results proved in [D1, D2, D3, D4] are quoted and applied here, the
methods of these papers are not sufficient for the pseudoconvex case and new
types of correction functions are needed. At the end of this introduction we
will give a short and simplified account of the role of these functions, which
may be helpful in understanding the motivation of the technical and difficult
proofs of Lemmas 1, 2.

In Theorems 1, 2, 3 and Corollary 1 the approximating map is tangent to the
given map, in a point that we choose, to any order that we wish. We get from
it the following corollary:

Corollary 2. Let 2 < N, M > max{2N, 5}, D cCc CV as in Theorem 1, and
let Q c CM be a domain of holomorphy.

Take P € D,Q € Q,k > 0, and let v, (where o € NV, |a| < k) be
arbitrary given vectors in CM . There exist then F € P(D, Q) and t > 0, such
that F(P) = Q and D*F(P) = tv, for all a € NN where 1 <|a| < k. In the
case that M >2N + 1, F can be 1-1.

In view of Theorem 3, it is enough to assume here that Q is Mjy-dimensional-
pseudoconvex, where My = max{2N, 5}. The corollary also holds when Q has
an (N + 1)-dimensional-plurisubharmonic exhaustion function p where all the
critical points of p are (N + 1)-dimensional-convex points of p. Similarly, (by
Corollary 1) we can assume in Corollary 2 that Q hasa C? strictly plurisubhar-
monic exhaustion function p with no saddle critical points. A similar corollary,
in one codimension, can be derived from Theorem 2. Corollary 2 can be viewed
as a multi-dimensional version of the above mentioned tangency property in the
paper [FG].

In [D3] there is a construction of proper maps into convex domains from
which a “thin” closed set is omitted. The results there can be generalized to the
pseudoconvex case.

Definition. A subset S of CM will be called a “k-dimensional real subcurve”
(k >0),if S isa subset of a C! image of an open subset of R¥.

Corollary 3. Let k = 2(M — N) — 1. Theorems 1, 2, 3 and Corollaries 1, 2
(with all their parts) hold when Q is replaced by Q' = Q\E, where E C Q is
relatively closed and E = (,<p<o, Sn) N Q where S, C CM (1 < n < o) are
k-dimensional real subcurves.

The proof is an adaptation of the proof of Theorem 3 of [D3] to the proofs
of Theorems 1, 2, 3 and Corollary 1 here. To this we add an element from the
proof of Proposition 1 to maintain the tangency property (D*F(P) = D*f(P)
for all |a| < k). The details are straightforward applications and we will not
go through them.

By combining techniques from [D4] into this paper we can generalize the
lifting result of [D4]. In the next corollary the ball BN-! is identified with
BN-1x {0} c BV.
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Corollary 4. Let 2 < N, M > max{2N, 5}, and let Q cC CM be a C?-smooth
strongly pseudoconvex domain. Then every map in P(BN-!, Q) is a restriction
to BN of a map in P(BN, Q). When Q is strongly convex it is enough to
assume M > N + 1.

Examples of applications of Theorem 3. In the following discussion N > 2, and
D cc C¥ is an arbitrary C*-smooth strongly pseudoconvex domain.

(1) Let Q = {z € C*: |z1|*> + |z2]* + | z3]® — exp(|z4]?) < 0} ; then P(BZ, Q)
is dense in A(B?, Q).

(2) More generally: Let M > N + 2, and let r be the exhaustion func-
tion of a domain Q c CM, where: r(wy, ..., wy) = n(wy, ..., Wyy) +
ry(Wys2, ..., Wa), rp isa C? strictly plurisubharmonic function with no sad-
dle critical points and r, is an arbitrary C2 function. Then P(D, Q) is dense
in A(D, Q).

(3) Let My = max{2N, 5}, M > My, and let r be the exhaustion func-
tion of a domain Q C CM, where: r(w,,...,wy) = ri(wy, ..., Wy, +
r(Wap+15 -+ > Wyr) +r3(wy, ..., wWp), such that: r; isa C? strictly plurisub-
harmonic function, r; is an arbitrary C? function and r; is any given C? func-
tion with a smaller complex hessian than r;, in the variables w;, w,, ..., Wy .
Then E(D, Q) is dense in A(D, Q).

(4) Let My = max{2N, 5}, M > My, and let Q' C CV be a domain of
holomorphy. Let Q ¢ CM be a domain such that there exists a diffecohomeo-
morphism f: Q — Q' where for every w € Q there exists an Mj,-dimensional
affine subspace V, with w € V such that the restriction of f to V is holo-
morphic at w. Then E(D, Q) is dense in A(D, Q).

These examples point to the fact that there is a vast range of domains for
which only Theorem 3 is applicable.

Let D, c C" and D, Cc C" (m > n > 1) be domains. A holomorphic map
f: Dy — D, is called an immersion if the rank of f’(z) is n at each point
z of D;, and it is called an embedding if it is a 1-1 proper holomorphic map
which is also an immersion. Propositions 1 and 2 below (which we assume are
well known) are merged into the proofs of Theorems 1, 2, 3 to obtain a proper
holomorphic immersion for M = 2N and an embedding when M > 2N + 1.
A strong result of this type, using different methods, can be found in [G] where
a proper holomorphic immersion is constructed from A to a general convex
domain in CM | M > 2. This map is an embedding when M > 3.

Proposition | is designed to produce both 1-1 and tangency (that is, D*F(P)
= D° f(P) for all |o| < k) in the same proper map.

Proposition 1. Let N> 1, M >2N+1,D c CV be openand f: D — CM be
a C' map. Alsolet ¢ >0, R >0,k >0 be an integer, and P € CN. Then
there exists a holomorphic polynomial g: CN — CM such that f+ g: D - CM
is one to one, |g| < ¢ on RBN, and D*g(P)=0 forall a € NV, |a| <k.

Proposition 2. (1) Let N > 1, M > 2N, D c CV be open and f: D — CM
be holomorphic. Also let ¢ > 0, R > 0, and P € CV. Then there exists
a holomorphic affine map T: C¥Y — CM such that f + T: D — CM is an
immersion, T(P) =0, and |T(z)| < ¢ forall z€ RBV.

(2) Let M > N > 1, D c CN be a domain, K c D be compact and
f: D — CM be an immersion. There exists then ¢ > 0 such that if g: D — CM
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is holomorphic and |g| < € on D then for every z € K: Rank((f+g)'(z))=N.

It remains an open question whether Theorem 1 holds in lower codimension.
The condition M > max{2N, 5} results from Lemma 2 and has its roots in
Lemma 7. There seems to be an unyielding resistance to any attempt to lower
the codimension, and several distinct proofs of Lemma 2 (one of which the
author includes in this paper) lead to this codimension.

A strong embedding result is proved in [EG] where a Stein manifold of di-
mension N is embedded in CM for the smallest integer M > (3N + 1)/2.
Note that the target domain in this result cannot be a general pseudoconvex
domain or even the unit ball. Recall that there is no proper holomorphic map
from CV¥ or from AN to BM forany M, N >2.

Now we will outline briefly some fundamental ideas of our main lemmas,
which are Lemmas 1, 2. As before, p is a smooth plurisubharmonic exhaustion
function of the target domain Q. In both lemmas we seek a holomorphic
correction function 2 such that for z on an open subset of the boundary of
D, p(f(z) + h(z)) is greater than p(f(z)). It turns out that we must look
separately at the case where f(z) is in a small neighborhood of a critical point
of p. This is done in Lemma 2. At the end of each of the lemmas, the local
correction function /4 is globalized, by a & application, to a global (controlled
on all of D) correction function g .

To estimate p(f(z) + h(z)) — p(f(z)) we look at the Taylor expansion of p
at f(z) up to the second order. We get that

p(f(2) + h(z)) - p(f(2)) = 2Re(h(z), Dp(f(2))) + Hyz)(h(2)
+Re Pyir)(h(2), h(2)) +o(lh(2)),

where

Py(v,u)= Y D;iDip(w)vjuy,
1<j, k<M

Hy,(v)= > D;Dip(w)v;Ty.
1<j, k<M

Let us now suppose that in Lemma 1 we have (instead of 4) a “conven-
tional” correction function 4; (of the type that appears in previous construc-
tions) which is bounded from above and below and almost perpendicular to
Dpo f. That is, the term (h,(z), Dp(f(z))) is marginal. Suppose also that
h; is small enough so that the term o(|h;(z)|?) is insignificant. Then when
we look at the Taylor expansion above we find a positive contribution to
p(f(z) + hi(2)) — p(f(2)), in the term Hy(;(h;(z)) and a major obstacle to
this “positiveness” in the term Re(Py(;)(h1(z), hi(2))). To solve this problem
a new type of correction function, called 4, , is added to A, (thus & = h; + hy)
so that the term (hy(z), Dp(f(z))) will cancel the term Py (hi(2), hi(2)).
The function A, is much smaller (at each point) than the function A; and
therefore it has a very small effect on the second order terms P and on H and
on the error term o( ). This plan succeeds due to the assumption that the size
of Dp(f(z)) is bounded from below by a constant. Only one codimension is
needed for this to work.
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In Lemma 2, f(z) is assumed to be in a small ball centered in a nondegen-
erate critical point. Here too 4 = h; + h, where the function A; is similar
to the one of Lemma 1. The difference from Lemma 1 is mainly in the con-
struction and role of h,. Here Dp o f is too small for the trick of Lemma 1
to work. To accomplish the goal of compensating for the term P(h;, h;), the
function 4, is made almost perpendicular to 4; in order to increase the size
of the positive hessian H . At the same time it is made “neutral” to the term
P . Thus, by application of Lemma 7, A, is constructed so that (k,(z), hy(2)),
Pr;(h(2), ha(2)), Pr(z)(h2(2), ha(z)) are almost null. The size of A, needs
to be very large when P(h,, hy) is large, so that the positive term H(h, h) can
overwhelm the term P(h;, h;). Therefore A, here might have a larger size
than A, . Due to a “shortage” of codimensions we must do with an A, that is
only “half” perpendicular to Dpo f.

We will now discuss the organization of our proof. After the main lem-
mas (Lemmas 1, 2) are formulated, Propositions 1 and 2 are proven. We then
present a few lemmas of common knowledge and some standard (and less stan-
dard) definitions that are applied in the proofs of the theorems and the main
lemmas. Lemmas 3, 4 below are used in all constructions of low codimensional
proper holomorphic maps (including ours) and therefore their proofs (which
are not difficult but have not previously appeared in this context) are presented.
Lemmas 5-7 are essential to the proof of Lemma 2 and they are dependent on
Lemmas 3, 4.

Following this, we arrive at the proof of Theorems 1, 2 where the main lem-
mas are assumed. The proof is broken into several parts that include Lemmas
9, 10. The last main section of the paper contains the proofs of Lemma 1 and
Lemma 2. The proof of Theorem 3 appears at the end of the paper.

The term normalized-3 below indicates that the complex hessian is globally
bounded from below with factor 3, that is: H,(z) > 3|z|> (see Definition 1.5
below). Normalization is assumed here strictly for convenience during the long
calculations of the proof. The small constant 1 > ¢y > 0 (below) is defined in
[D1, Lemma 1] for D = BV ; and it depends only on the dimension N . In the
general case it depends on the domain D.

Lemma 1. Let 2< N, M > N+1, Q Cc CM be a domain, p: Q — R be a
normalized-3 CZ2-smooth plurisubharmonic function, D cc CV be a strongly
pseudoconvex domain with C* boundary, and let P € D, zo € bD, k > 0.
Take also K, C Q, a compact subset that does not contain critical points of p.
There then exist constants 1 > yo >0, C > 1, that depend only on K, p, Q,
and a neighborhood of zy, U C bD, that depends only on zo, D, P, k such
that the following hold :

For a given f € A(D, Q), K C D compact, ¢ >0 and continuous y: bD —
(0, yo) there exists g € A°(D, CM) such that forall z€ D :

(@) f(z)+g(2) € Q,

(b) C-lg(2)?+e&> p((f +&)(2)) — p(f(2)) > |g(2)]* ¢,

(©if zeUNf71(K)): |g(2)] > eo¥(2),

(d) if z € bD: |g(2)] < (¢0)~'7(2),

(e)if ze K:|g(z)| <e,

(f) when o € NV and |a| < k: D*g(P) =0.
(The notation A>(D, CM) stands for the maps in A(D,CM) that are C>-
smooth in D)
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Lemma 2. Let 2 < N, M > max{2N, 5}, Q c CM be a domain, p: Q — R
be a normalized-3 plurisubharmonic function, and let D cc CN be a strongly
pseudoconvex domain with C>* boundary. Take P € D, zo € bD, k > 0. If
wy Is an isolated critical point of p then there exists 1 > a9 > 0, a ball G
centered at wqy (both of which depend only on wy, p, Q) and a neighborhood
U c bD of zg that depends only on zo, D, P, k such that the following hold:

For a given f € A(D,Q), K Cc D compact, ¢ >0, and ag > a > 0, there
exists g € A°(D, CM) such that:

(a) forall ze€ D: f(z)+ g(z) € Q,

(b) when z € bD: p((f + g)(2)) — p(f(2)) > alg(2)|* —¢,

(c) when z € D: p((f+ &)(2)) — p(f(2)) > —a,

(@ forall zeUnN f~1YG): |g(2)| > &+ a,

(e)forall zeK: |g(z)|<e,

(f) when B € N¥ and |B| < k: DEg(P)=0.
The lemma is true with the weaker assumption M > N + 1 in the case that wq
is a strict local minimum point.

1. PRELIMINARY PROOFS

Introduction to the proof of Proposition 1. We will assume, without loss of
generality, that P = 0. The next sublemma is the first step.

Sublemma 1. Let N,n>1,M >2N+1,D c CN be open and f: D — CM
bea C! map. If v € C¥\O and & > O then there exists y € eBM such that
when we define (z € D): F(z) = f(z)+ (z,v)"-y then forall z, w € D we
have: F(z)= F(w) iff (z,v)"=(w, v)" and f(z) = f(w).

Proof. Elements of CV x CV will be denoted by (z, w) where z, w € CV.
Define W = {(z, w) € D x D: (z, v)" # (w, v)"}; then W is an open subset
of C¥N xCV. For (z, w) € W let

h((z, w)) = (f(z) — f(w))/(w, v)" = (z, v)");
then h: W — CM isa C! map. Since M > 2N then A(W) is of Lebesgue
measure 0 in CM . There therefore exists y € ¢BM such that y ¢ h(W).
Define (for z € D) F(z) = f(z) + (z,v)"y. Now take z, w € D and as-
sume F(z) = F(w). If (z,v)" # (w, v)" then (z, w) € W and since y =
(f(z2) = f(w))/((w, v)"—(z, v)") we have a contradiction to the choice of y .
Thus (z, v)" = (w, v)" and therefore f(z) = f(w).

Sublemma 1 is applied in the proof of the following.
Sublemma 2. Let N,n > 1,M >2N+1, m=N-n, ¢ >0, Dc CV

be open and f: D — CM pe g C! map. Then there exist vy,..., Uy €
BN, yi,...,Vm € &+ BM such that when we define (z € D): F(z) = f(z) +

Yi<j<cm(Z, V)" y; then forall z, w € D: we have:

F(z) = F(w) implies f(z)= f(w)and w = Az where A€ C, A" =1.
Proof. Take a,, ..., a, € C mutually different where 0 < |a;| < 1/N (1 <
i < m) and let v; = (a;, (a;)?, ..., (a;)"); then when S C {1, ..., m} and
|S| = N, the set of vectors {v;: i € S} is a basis of C¥. We will define now,
by induction, C! maps fy,..., fm: D — CM . First let fy = f, then take
1 < j < m and assume that the C! map fi-1:D — CM s defined.
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By Sublemma 1 there exists y; € éBM such that when we inductively define
(z € D): fi(z) = fi-1(2) + (z,v;)" - yj then for all z, w € D: fj(z) = fj(w)
implies: fj_1(z) = fj—1(w) and (z, v;)" = (w, v;)". Proceed until j = m is
reached.

Now take z, w € D such that f,,(z) = fi,(w). Then we can see by reverse
induction that fj(z) = fj(w) forall 0 < j <m and (z, v;)" = (w, v;)" for
all 1 < j < m. Therefore for every 1 < j < m there exists 4; € C with
(4j)" =1 such that: 4;-(z, vj) = (w, vj), or, equivalently, (w—-4;z, v;) =0.
Since there are n roots to the equation (£ € C): " =1 and m = n- N there
must be A € C with A" =1 and S C{l, ..., m} with |[S| = N such that for
all je€S:(w-A4z,v;)=0. From the above we get now that w = Az.

Define F = f,; then F(z) = f(2z) + X< j<m (2, vj)" - ; and the proof is
concluded (recall that f = fp). o

Proof of Proposition 1. The proof is accomplished by two applications of Sub-
lemma 2.

(1) Take & >0, m = (k+ 1)N. By Sublemma 2 there exists vy, ..., U, €
BY ,and y, ..., ym € & - BM such that when we define (z € CV): g(z) =
Yi<j<m (Z,vj)¥*l.y; and fi = f+g thenforall z,w e D, fi(z)= fi(w)
implies f(z) = f(w) and w = Az for some A€ C with A%+! =1,

(2) Put / = (k + 2)N. By Sublemma 2 there exist w;, ..., w; € BY and
X1, ..., X €& +BM such that when we define (z € CV):
&a(z)= )Y (z,w)*? . x;
1<j<!

and f, = fi+ & thenforall z, we D, f(z) = f(w) implies fi(z) = fi(w)
and w = Az for some A€ C with A¥*2 =1, :

(3) Combining (1) and (2) we get that if z, w € D and f5(z) = fo(w) then
by (2) fi(z) = fi(w) and w = Az for some A € C where A**2 = 1. Now
by (1) w = A’z where (A)k*! = 1. If A' # A then z = w = 0; otherwise, if
A’ = then A**2 =1 and Ak¥*! =1 which implies that A=1 and z=w. We
obtain that f, is one to one.

Now put g = g, + g; then D%g(0) = 0 forall @« € NV, |of < k. If
¢’ > 0 was chosen small enough then we will have |g| < & on RBY . Now let
F = f, = f + g; by (3) the proof is completed.

Proof of Proposition 2. The proof of (2) is rather trivial. We begin with the
proof of (1). We will call a subset S of C¥ a k-dimensional complex curve
(k >0) if S isa C! image of an open subset of C¥. The proof of (1) results
from the following simple claims:

Claim 1. Take integers m, n, k where n>1, k>0,and m >n+k. Let
GcC" beopen,and e>0.If f:G—->C"is C! and S;cC", 1</ < o0,
are k-dimensional complex curves, then there exists y € C™ where |y| < ¢
such that (y + f(G)) N (U;<j<00 S1) = @ . (For a proof see, for example, [D3,
Sublemma 1]). -

Claim 2. Let V = MM*N(C) be the (M - N)-dimensional vector space of
M x N matrices with complex coefficients. Define: E = {4 € V: Rank(4) <
N} andlet k=N-M—-M+N-—1. Then E is a finite union of k-dimensional
complex curves.



IMMERSIONS AND EMBEDDINGS IN DOMAINS OF HOLOMORPHY 2823

Proof. For matrix A € V', where 4 = (aij)lsiSM,lstN, define Aj to be
the jth column in A, which is the M-dimensional column vector: A4; =
(@ij)i<i<m . Likewise for M-dimensional column vectors 4, ..., Ay where
(for 1<j<N) Aj = (a,‘j)ls,‘sM, define 4 = [A4;, ..., Ax] to be the matrix
in ¥V whose columns are Ay, ..., AN. SO, A= (aij)ls,'SM’lstN .

For 1I<j<Nput Ej={A€V:4;esp{A,...,Aj_1}} and V;={A4d €
V:Aj=0} (here E; = {4 € V: A =0}); thenitis clear that E = UlSjSNEj .
Now take 1 < j < N and define the holomorphic map ¢;: V; x CN=! —
V in the followmg way: for A = (4;,..., Ay_1) € CN-! and A€V let
pi(A,A)=[A1,...,4;_1, 21515,'-1'11/41’ A,»H , ..., Ay]. It is apparent that
9;(V; x CN=1) = E; . Therefore (for 1 < j < N) E; is a k-dimensional curve.

Proof of (1). The map z — f'(z), where f'(z) = ((8fi/0z;)(2))i1<i<M,1<j<N >
is a holomorphic map from D c CV to V. Since E C V is a finite union
of k-dimensional complex curves where k = N- M — M + N — 1 and since
M >2N then N+k < M-N =dim(V). Thus by Claim 1 for a given & >0
there exists 4 € V' (where 4 = (aij)1<i<m,1<j<n) such that |a;;| < ¢’ (for all
1<i<M,1<j<N)andforall ze D: f'(z)+A4 ¢ E, which means
that Rank(f’(z) + A) = N. Define for z € CV: T(z) = A(z — P), where z, P
are viewed as column vectors. Then T is a linear transformation from CV
to CM and for every z € D: (f+ T)'(z) = f'(z) + A and therefore f+ T
is an inllvmersion. By taking ¢’ small enough we can have |7(z)| < ¢ for all
z € RBY.

Proof of (2). For a given zg € K let the column vectors Ay, ..., Ay € CM
be such that the M x M matrix [f'(z¢), An+15 --- > Am] (Which consists of the
matrix f'(zo) with M — N columns added to it) is regular. It follows that there
exists an open nonempty ball, B(zo), around zq, where B(zo) C D and there

exists d(zo) > 0 such that for all z € B(zo): |det([f'(2), An+1s ... > Au])| >
6(2o) . Thus there exists &(zo) > 0 such thatif g: D — CM is holomorphic and
|g| < &(zo) on D then for every z € B(zo): |det([(f+&)'(2), AN+1, --- » Au])]
> d(29)/2. Thus: Rank((f+ g)'(z)) = N. Let z;,..., z; € K be such that
B(zy), ..., B(z4) covers K. It is clear now that for

e =min{e(zy), ..., &(z4)},

if g: D — CM is holomorphic and |g| < ¢ on D then, for every z €
K, Rank((f+g)'(z))=N

The next lemma is used in the proof of Lemma 4 which is applicable to all
constructions of proper holomorphic maps in low codimension. Here it is used
in the construction of the conventional correction function 4; in Lemma 1 and
Lemma 2 below. Lemma 5 is proved from Lemma 4, and together with Lemma
6 it leads to Lemma 7, which is an essential part of the construction of the more
subtle correction function 4, of Lemma 2.

Lemma3. Let S =bB™ (m>2), KCS, K#S becompact. Then there exists
U, an open neighborhood of K in S, and real analytic functions uy, ..., Um:
U — S such that {z, u\(z), ..., Um—1(2)} is orthonormal for all z € U.

Proof. Take a € B™ and deﬁne for z € B™:
0a(2) = (a—((z, a)/lal®) -a— (1 —a]>)'*(z - ((z, @)/|a]*) - @)) /(1 = (z, a)).
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Then ¢, is holomorphic in B™ and is in Aut(B™”) and (p,)~' = ¢, (see [Ru,
pp. 25-28]).

(1) Put ¢ = ¢,. We will make use of the fact that if z € S and u € z+
then ¢'(z) - u € ¢(z)*. To obtain this, note that when w,v € CM and
(v,a)#1,(w,a)#1 then (v, w)=1 implies (¢p(v), p(w)) =1 (see [Ru,
p. 28]). Thus for ¢t > 0: ((¢(z + tu) — @(2))/t, p(2z)) =0. If welet t - 0 we
obtain (¢'(z)-u, ¢(z))=0.

(2)Let v € S, 6 > 0 besuch that B(v, 26)NK = @ and put U = S\B(v, J)
and G = SN B(v,d). Now if we take 1 > r > 0 close enough to 1 then
¢n(U) C G. To see this take z € U and put z = w + Av where A € C and
wlv. Then:

(3) er(z) = ((r = v - (1 =r)2w)/(1-2).

Since:

(4) 2]1 =4 >2-2Re(A) = |w]>+ |1 = A> = |z —v|? > 62,
we get from (3) and (4) that if 1 > r > 0 was chosen close enough to 1 then
|¢rv(2) —v| < J. Assume now that 1/10 > J and fix r and J until the end of
the proof.

Let v;,..., v, € C™ be orthonormal where v,, = v and define for z €
G, 1<i<m-1: wiz) =v;—-(vi,2z)-z. Then (z,w;(z)) = 0 and
wy(z), ..., Wy—1(z) are linearly independent.

(5) Let ¢ = ¢,, and definefor ze U, 1<i<m-1:

yi(z) = ¢'(9(2)) - wi(9p(2)).
Since ¢(z) € G for z € U, then y,, ..., ym_; are well defined real analytic
functions, and (for z € U) y,(z), ..., Ym-1(2) are linearly independent.
(6) Nowtake z € U and let u=¢(z). Thenfor 1 <i<m-—1:

(z,yi(2)) = (p(u), ¢'(u) - wi(u)) = 0.
The last equality follows from the fact that (#, w;(#)) = 0 and from (1).
Looking at (5) and (6) we see that to complete the proof all that is left is
to produce u;,..., U,y from y,,..., y,_1 through the Graham Schmidt
process. We first define by induction orthogonal x;, ..., x,,—;: U = S. Put
xi=y.If x;,..., x; are defined (where 1 < j < m—1) we define (z € U):

Xj+1(2) = yj1(2) = Y (Wja1(2), X1(2)/Ixi(2)?) - x1(2).
1<I<)
By (5), (6) the functions x;, ..., x,,—1: U — C™ are now well defined nonvan-
ishing, real analytic and, forall z € U, {z, xy(z), ..., Xm—1(2)} is orthogonal.
Now let u;(z) = xj(z)/|xj(z)| (forall ze U,1< j <m-1). Then, for all
zeU, {z,u(z),...,un—1(2)} is orthonormal and u,, ..., up,_, are real
analytic.

In the coming discussion a real manifold of dimension 2n—1 could substitute
bD (below), but instead of meaningless generalizations we choose a formulation
suitable to our purposes.

Lemmad. Let 1<n<m, 1</<o0,andlet Dc C" be a domain with C'
boundary.

(1) If w: bD — bB™ is C! then there exists C' functions u,, ..., Um_1:
bD — bB™ such that for all z € bD: {y(z), u\(z), ..., um_1(2)} is orthonor-
mal.
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(2) Let w: bD — C™ be continuous and let ¢ > 0. Then there exist C'
functions uy, ..., Up_1: bD — bB™ such that forall z € bD, 1 <i<m-—
1: {u(2),..., um-1(2)} is orthonormal and |(u;(z), y(z))| <e.

Proof. (1) Since w(bD) C bB™ is compact and by the positive codimension
w(bD) # bB™ , then by Lemma 3 there exists U, an open subset of bB™ , such
that y(bD) C U and there are real analytic functions vy, ..., Uy—1: U —» bB™
for which {w, v;(w), ..., vu—1(w)} is orthonormal for all w € U. For z €
bD put u;(z) = v;(y(z)); then uy, ..., um_ : bD — bB™ are C' functions
and {y(z), ui(z), ..., Um—1(2)} is orthonormal when z € bD.

(2) Let y': bD — C™ bea C'! function such that |y'(z)—w(z)| < &/2 forall
zebD. Take y € (¢/2) - B™ where y ¢ y/(bD) and put for z € bD: ¢(z) =
w'(z)—y. Then for some C >0: C > |p(z)| > 1/C forall z € bD. It follows
now from (1) that there exist C! functions u;, ..., y—1: bD — bB™ such
that {¢(z), ui(z), ..., um—1(2)} is orthogonal for all z € bD. Thus when z €
bD: |(ui(z), y(2))| < [(ui(z), ¥'(2))| + /2 < |(ui(2), p(2))| +|(ui(2), y)| < &.

Lemma 5. Let 1 < n,r, n+r <k, k<m, 1<l <o, ¢>0, and
let D Cc C" be a domain with C! boundary. Take arbitrary continuous func-
tions: yy,...,y,:bD — C™ and let u,, ..., u,: bD — bB™ be C! func-
tions such that {u\(z), ..., ur(z)} are orthonormal for all z € bD. Define

V(z) = sp(uy(z), ..., ux(z)) for all z € bD. There exist then C' func-
tions vy, ..., Vk_,: bD — bB™ such that for all z € bD,1 < i < k —
r, 1 <j<r:vi(z) € V(z) and {vi(2), ..., vx_,(2)} are orthonormal and

I(vi(z), wi(2))l <e.

Proof. By the proof of Lemma 4(2) we can assume without loss of generality
that the functions y;, ..., y, are C! smooth. The lemma will be proven by
induction on r, where Lemma 4 is applied.

(1) Assume first that r = 1. Define for z € bD, 1 < j < k:sj(z) =
(v1(2), uj(z)) and s(z) = (51(2),...,S(2z)). Then s:bD — C* isa C'
function. By Lemma 4 there exist C' functions w;, ..., wx_;: bD — Ck
such that forall ze bD,1 <i<k-1: {w(2),...,w,_1(z)} is orthonor-
mal and |(w;(z), s(z))] < €&. For z€ bD and 1 <i <k -1 put wi(z) =
(wi1(2), ..., wi(2z)) and vi(z) = 30 ¢ <k Wij(2) - u;(z) . Then vy, ..., Vpy:
bD — C™ are C! and for all z € bD: v(z2), ..., v_(z) € V(z) are or-
thonormal in the inner product of C”. Now for z € bD and 1 < i <
k—1:|(i(2), vi(2))] = | <<k wi(2) - (u(2), v1(2))| = [(wi(z), s(2))| <€,
where the last inner product is in C*.

(2) We will now prove the lemma with the inductive assumption that it holds

for r — 1. By this assumption there exist C! functions y;, ..., Yk_,41: bD —
bB™ such that forall ze bD, 1 <i<k-r+1,1<j<r—-1: y(z)e€
V(z) = sp(ui(z),...,ur(z)) and {y(2),..., Yk—rs1(2)} are orthonormal

and |(yi(2), y;(2))| < ¢&/k. For z € bD let U(z) =sp(y1(2), ..., Yk-r+1(2)) .
Note that when z € bD and v € U(z), |v| = 1, then |(v, y;(z))| < ¢ for all
1 <j<r—1. Now by (1) there exist C/ functions vy, ..., vx_,: bD — C™
such that for all z € bD: vy(z), ..., v_,(z) € U(z) C V(z) are orthonormal
and for z€ bD and 1 < i<k -r: |(vi(z), ¥ (2))| < &. By the above, for
zebD and 1<i<k-r, 1<j<r—1:|(vi(z), ¥j(2))| < &. The proof is
thus completed.
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1.1 Definition. The term “symmetric bi linear form in C”” will have here the
common meaning. That is, a function P: C" x C" — C such that P(v, w) =
P(w, v) and P(4;v,+4,v;, w) = 41P(vy, w)+A,P(vy, w) forall v, w, v, v,
€ C", 21,4, € C. We associate with P the n x n matrix P* for which
P(v, w) = (v, P*w) where ( , ) is the standard inner product of C* and for
w=(w,..., w, €EC":w=(w,, ..., W,). For brevity’s sake we sometimes
write P%(v) instead of P(v, v).

We now need the following fact from elementary linear algebra:

Lemma 6. Let m > 2 and k < m/2 and let P be a symmetric bi-linear form
in C™, then there exists a complex subspace V C C™ of dimension k such that
forall veV:P(v,v)=0.

Proof. We will have m (and P) fixed and prove it by induction on k . First it
is shown for k =1. .

(1)If u, v € C™ are linearly independent then there exists w € sp(u, v), w
# 0 such that P(w, w) = 0. To see this take w = u when P(u, u) = 0 and
otherwise for 4 € C put u; =v+Au. Then P(u;, u;) = P(v, v)+2AP(u, v) +
A*P(u, u). For some A€ C: P(u;, u;) =0. We then have w = u;.

(2) The lemma will be proven now with the assumption that it holds for k—1.
There then exists a subspace U C C of dimension k —1 such that P(u, u) =0
forall u € U. Define U* = {P*(u): u € U}. Then U* is a subspace of C™ of
dimension <k-1. Nowlet W = U+U*; then dim(W+)>m-2(k—-1)>2.
It follows now from (1) that there exists w € W+, w # 0, so that P(w, w) =
0. Now when u € U then, since w € (U*)*, P(w, u) = (w, P*%) = 0. Define
V =sp(UU{w}). Take v € V. We can write v = u + Aw for some u € U
and A € C. Therefore P(v, v) = P(u, u) + 2AP(u, w) + A*P(w, w) = 0. Since
dim(V') = k, the proof is completed.

Definition. For z € C denote z~ = (Re(z) — |Re(2)|)/2.

Lemma 7. Let 1 <n,2n<m,1<[<o0,let Dc C" be adomain with C'
boundary and let P be a symmetric bilinear form on C™. If w: bD — C™ is
continuous, € > 0 then:

(1) there exists a C! function u: bD — bB™ such that for all z € bD:
| Im(u(z), w(2))| <e, |(u(z), ¥(z))"| < & and P(u(z), u(z)) = 0;

(2) if we add the assumption that m > n + 3 then there exist C! functions
Ui, ..., Up: bD — bB™ suchthatforall z€ bD, 1 <i<n:{u(z),..., un(z)}
is orthonormal and |(u;(z), wy(2))| <e&, |(ui(2), u(z))| < e, |P(ui(z), u(z))| <
€.

Proof. First, by the proof of Lemma 4(2) we can assume that y is C’ smooth.
Now, by Lemma 6 there exists an n-dimensional subspace V' c C™ where
forall v e V P(v,v)=0. Let T: C™ — V be the standard complex-linear
projectioninto ¥ andlet a = Toy . Then a: bD — V isa C! function. Since
bD is a real manifold of real dimension 2n — 1 and V is of real dimension
2n, there exists v € V', |v| < ¢/2, such that v ¢ «(bD). Define then for
z € bD: B(z) = a(z) —v and u(z) = B(z)/|B(z)|. Then u: bD — V N bB™
is C' and when z € bD: P(u(z), u(z)) = 0. Take now z € bD. Then
if |a(z)| < & we have |(u(z), y(2))7|, |[Im(u(z), y(2))| < [(u(z), ¥(2))| =
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l(u(z), a(2))| < &. If |a(2)| > ¢ then:
| Im(u(z), w(2))| = |Im(u(2), o(2))| = | Im((Ja(2)]* — (v, a(2)))/|B(2)])]
[ Im((v, a(2))/|a(z) — v])|

|la(2)] - [vl/(la(2)] = |v])
[v]/(1 = [vl/la(2)]) < 2|v] <,

A

and
(u(z), w(2))7| = |(u(z), a(2))"| = [((la(2)]* = (v, a(2)))/1B(2)])"|
< (v, a(2))/la(z) —v])~|
< la(2)] - Jvl/(le(2)| = v]) < &.
(2) By Lemma 5 there exist C/ functions u,, ..., Um_3: bD — bB™ such
that forall ze€ bD, 1 <i<m-3: {u(z),...,un-3(z)} is orthonormal

and |(ui(2), y(2))| < &, |(wi(z), u(z))| < &, |(ui(z), P*u(z))| < . Since
|P(ui(z), u(z))| = |(ui(z), P*u(z))| < ¢, then (2) is proved.

1.2 Definition. Let G C R" be open and p: G — R be a C? function w € G
is called a critical point of p if dp(w) = 0. We denote by E, the set of
critical points of p in G. A critical point w € G is said to be isolated when it
has a neighborhood that contains no other critical point. When w € G define
d’p(w) = ((8%p/0x:i0x;)p(w))1<i, j<n - We will say that w is nondegenerate
(with respect to p) if det(d?p(w)) # 0. Clearly a nondegenerate critical point
is alwa);s isolated. This definition will be applied here in C” which is identified
with R",

1.3 Definition. Let p be areal C2 function defined in an open subset G C C”
and define for w e G, v, ueC":

Ppw(v,u)y= Y DiDp(w)vjux, (Ppuw)(®)="Pu(v,v),
1<j,k<n

Hp,w(v)= Z Djﬁkp(w)'vjvka Qp,w('u)=Re(Pp,w(v))+Hp,w(U)~
1<), k<n

The term Q,,(v) is the second order Taylor term of p around the point w.
For our later needs, the “bilinearity” of P, ,, is emphasized in this notation.
When w + v € G we define:

“ap,w(v) = p(w +v) — (p(w) + 2Re((v, Dp(w)) + @p,w(v)))-

Then a,,4(v)/|v|> = 0 when w is fixed and v — 0 and this convergence is
uniform on compact subsets. Thus when 7 > 0 and K C G is compact there
exists 6 > 0 such that forall w € K and v € C", |v| < J: |e,, (V)| < Tjv|?.

When p is known we will write (respectively) P,, Hy, Quw, ay instead of

Pows Hpw, Qpws pw-

1.4. We will use the fact that if p is C? inanopenset GCC",and X:R— R
is C? then for r = X o p we have forall we G, veC":

(1) Dr(w) = X'(p(w)) - Dp(w). _

(2) Hy,w(v) = X'(p(w)) - Hp,w(v) + X" (p(w)) - |(v, Dp(w)).
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1.5 Definition. Let p be a real C? function defined in a domain Q c C".

(1) The function p is said to be (strictly) plurisubharmonic at a point w € Q
if for some ¢ > 0 (¢ > 0): H, ,(v) > c|v]* for all v € C*, and it is called
(strictly) plurisubharmonic if it is such at all points of Q. When there exists
¢ > 0 for which H, ,(v) > c|v|® for all w € Q, v € C", we say that p is
normalized- c.

(2) The function p is called (strictly) convex at a point w € Q if for some
c>0(c>0): Qp,uw(v)>c|v|? forall v eC". It will be called (strictly) convex
if it is such at every point of w € Q. If for some ¢ > 0: @, ,(v) > c|v|?* for
all weQ, v eC”, wesay that p is a normalized- ¢ convex function.

(3) In this paper the function p is called an exhaustion function of Q if
{z€Q:p(z) <a} ccQ forall aeR.

(4) Note that by 1.4, when p is plurisubharmonic and X: R — R is C?
where (for all ¢) X'(t), X”(¢t) >0 then X o p is plurisubharmonic.

(5) A domain Q C C" is called pseudoconvex if there exists a C> strictly
plurisubharmonic exhaustion function for Q (see [Ra, p. 63]). It is called C*-
smooth strongly pseudoconvex if it has a C¥ strictly plurisubharmonic defining
function. There are numerous equivalent definitions to pseudoconvexity, many
of which can be found in [Ra] and [K]. The most important one for us is that a
domain is pseudoconvex iff it is a domain of holomorphy (see [Ra, pp. 48, 63,
75, 226]).

1.6. Claim. Let Q cc C" be a pseudoconvex domain with C2 boundary and
¢ > 0. Then Q has a normalized- ¢ exhaustion function p such that p has
no singularities in {w € Q: p(w) > t} for some ¢ > 0.

Proof. Define for z € Q: dq(z) = d(z, bQ), and for d > 0: Q; = {z €
Q: dq(z) < d}. By [Ra, p. 96, p. 101 (E.5.9)] and 1.5(4) above there exists
d > 0 such that r(z) = 1/(dq(z)) is a C? plurisubharmonic function in Q.
For convenience we have r(z) =0 for z € Q\Q,.

We will now adapt the solution of E.2.8 in [Ra, p. 66]. Take a, b where
d>a>b>0andlet X:R — R be a C>® function where X', X" >
0,X =0 on (-, 1/a], and for some real constant A: X(¢) =t+ A for
all ¢t € (1/b, o). Take ¢ > 0 and define for z € Q: p(z) = X(r(z)) + c|z|?.
Then (applying 1.5(4)) p is a C? normalized-c, exhaustion function in Q
and, when z € Q,, p(z) =1/(dq(2))+c|z|>+A. For b >s >0 small enough
p has no singularities in Q.

1.7 Definition. Let Q C C” be a pseudoconvex domain and ¢ > 0. A function
p: Q — R is called a corrected normalized- ¢ exhaustion function if it isa C°°-
smooth, normalized- ¢, plurisubharmonic exhaustion function where all points
in E, are nondegenerate and when z, w € E,, z # w, then |p(z)—p(w)| > 1.

Lemma 8. When Q C C" is a pseudoconvex domain and ¢ > 0, then it has a
corrected normalized- ¢ exhaustion function.

Proof. By [Ra, 2.21-2.22, pp. 64-65] there exists r: Q — R, a C°-smooth,
normalized- 2¢ , plurisubharmonic exhaustion function where E, is discrete and
all points in E, are nondegenerate with respect to r. Take w € E, and let
dy > 0 be small enough so that B, def B(w, dy) is contained in Q and J,, <
d(w, E/\{w})/2. Then {By}wek, are pairwise disjoint. Fix now ¢: C" - R,
a C* function such that ¢(0) = 1, Dp(0) = 0, and supp(¢) C B". Take
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w € E,; by the nondegeneracy of w there exists ¢, > 0 such that for all
z € By : |Dr(z)| > cy|z — w|. Define now a,, = min{|r(w’) — r(w)|: w’ € E,,
r(w') # r(w)} ; then the discreteness of E, implies that a,, > 0 (put min@ =
1). For each w € E, take ¢, > 0, where ay/2 > &, , such that when we define
Puw = &y 9((z—w)/dy) thenforall z, & € C*: [Dgy(z)| < (1/2)cw|z—w| and
|Hy, ,z(&)| < (¢/2)|€|*. Since E, is countable we can choose {&,: w € E,} to
also be mutually distinct. Define s(z) = r(z) + 3., cg, Pu(2) for z € Q. Then
s isa C* function on Q with the following properties:

(1) take z € Q; if z € B, for some w € E, then s(z) = r(z) + ¢u(2);
otherwise s(z) =r(z);

(2) take w € E,; then Ds(w) = 0 and |Ds(z)| > (1/2)cw|z — w| for all
z€By,;

(3) E; = E,, and all points of E; are nondegenerate with respect to s;

(4) s is normalized-c;

(5) when z, w € E; and z # w then s(z) # s(w).

Proof. (1) This follows from sup(g,) C B, forall w € E,.

(2) By (1) for z € By: Ds(z) = Dr(z) + Dpu(z); therefore: Ds(w) = 0,
and [Ds(2)| > [Dr(z)| - [Dpu(2)] 2 (1/2)culz — w] .

(3) This follows from (1) and (2).

(4) Take z € Q, ¢ eC". If z € B, forsome w € E, thenby (1) Hs (&) =
Hr,zgi) + Hp, (&) 2 2c)? — cl|* = cl¢*. Otherwise H; .(§) = H,,2(&) >
2c|¢|*.

(5) When w € E; then s(w)=r(w)+e¢,. Take z, w € E;. If r(z) # r(w)
then since ¢, &, < |r(z) — r(w)|/2: s(z) # s(w). If r(z) = r(w) then since
&, # &, we have again s(z) # s(w).

(6) Nowlet {aj <ay<---<ap<---}={s(w): wekEs} andlet X:R—-R
be a C* function such that X'(¢), X"(¢) > 1 forall ¢t € R, X(t) — oo as
t— oo, and X(ag.)— X(ax)>1 forall k> 1. Define p=Xor.

By 1.4 and (3), (4) above p is a normalized-c, C* plurisubharmonic ex-
haustion function for Q and E, = E; = E,. By (3) and 1.4 all the points of
E, are nondegenerate with respect to p. Looking at (5) and (6) we get that
when z, w € E, and z # w then |p(z) — p(w)| > 1.

2. PROOF OF THEOREMS 1 AND 2 THROUGH THE MAIN LEMMAS

The proof of Theorem 2 is split into the strongly and the weakly pseudocon-
vex cases. In the first case, the map produced is continuous on the boundary.
After the next proof, Lemma 9 is derived from Lemma 1. Next Lemma 1
and Lemma 2 are combined to obtain Lemma 10, and from it and Lemma 9
Theorem 1 is proved.

Proof of Theorem 2 when Q is a bounded CZ?-smooth strongly pseudoconvex
domain. (1) There exists a domain Q ¢ Q; anda C? strictly plurisubharmonic
function p on Q; such that Q = {z € Q;: p(z) < 0} and Dp does not vanish
on bQ. By shrinking Q; and multiplying p by a positive constant we can
assume that p is normalized-3 in Q;, p is C? on Q, and Q;\Q does not
have critical points of p.

(2) For a < 0 define K, = {w € Q: p(w) > a}. Fix now a < 0 large
enough so that there are no critical points of p in K, and fix a < b < 0.
Assume that f(bD) C K, .
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(3) Let gy = €9(D) be the small positive constant in Lemma 1 and let C >
1, 1>y > 0, be the constants in the statement of Lemma 1 with respect to
K as P> Ql .

Fix Uy, ..., Uy (m > 100) open subsets of bD where J,<;c,, Ui = bD,
and U; (1 < i < m) has the properties of U in Lemma 1 (Uy, ..., U, depend
only on D, k, P). For an integer n let 7 be the only integer in {1, ..., m}
such that (n —7)/m is an integer.

(4) A sequence uniformly converging to the desired F (the proper map that
approximates f on K) will now be defined by induction, where Lemma 1 is
applied at each stage. Define f1 f Let n > 1, and assume inductively that
the maps g, ..., gn_1 € A(D,CM), fi,..., fn€ AD, Q), where f,(bD) C
K, , are defined and f,,-f1+g1+ “+ gn—t -

(5) Assume ¢y > ¢ > 0 and define:

en=(m &) .min{l,b—a, |p(fi(z))|: ze€D,0< i< n}.

Let
yn(2) = min{yo, (e0)* - |P(fa(2))|'*/(2C)}.
(6) By Lemma 1 there exists g, € A(D, CM) such that:
(a) forall zeD: fy(z)+ ga(z) € Q,
(b) forall z € D: C-|gn(2)*+&n > p((fu+8n)(2))—p(fn(2)) > |8n(2)|*—&n,
(c) forall z € Us: |gn(2)} > €o¥n(2),
(d) forall z € bD: |ga(z)| < (20)™'7a(2),
(e) forall z € K:|gn(2)| <én,
(f) when a € NV and |a| < k: D*g,(P) =
Put foy1=/fo+ 8n.
(7) We will show that the induction assumption holds now for n + 1. We
need in fact to show that f,.,(bD) C K,. Take z € D; then

P(fas1(2)) = p(/i(2) = Y p(fir1(2)) = p(fi(2)) > —(&1 + - + &n).

1<i<n

Thus we get from (2) and (5) that p(f,+1(2)) > b+a—b = a. Note also

that for z € bD: p(fur1(2)) < p(fa(2)) + C - |gn(2)I* + &n < (applying (d))

(<5)/;(fn(g)) +C - (e0)72n(2)* + & < p(fa(2)) + |p(fa(2))I/2 + &x < (in view of
<

We conclude that for all z € bD: 0 > p(fp+1(2)) > a and therefore f,,,(bD)
C K, , and the induction assumption prevails for n + 1.

(8) Put B = 1—(y0(&)/(C(1+]al)))®; then 1 > B > 0. From the definition
of €, ¢&,... in (5) and from (b), (c) it can be derived that for all z € bD:
B - |p(fa(2))] < |p(fa+m(2))| .

(9) We obtain for z € bD, n > 1: 2|a|B"™ > |p(fn(2))|.

(10) It follows then from (5) and (d) that ), ., .. &» converges uniformly
on D toamap, g € A(D,CM).

Define F = f + g; then F € A(D, Q,) is a uniform limit of {f,}. By (9)
and the continuity of p, p(F(z)) = 0 whenever z € bD which implies that
F is a continuous (on the boundary) proper holomorphic map from D to Q.
By (e) and (5) |F — f] <& on K and by (f) D®F(P) = D*f(P) for a € NV,
la] < k
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Lemma9. Let 2< N, M >N+1, Q c CM pe a pseudoconvex domain and
p: Q — R be a normalized-3 C2-smooth plurisubharmonic exhaustion function
on Q. Let D cc CV be a strongly pseudoconvex domain with C*® boundary
and P € D,k > 0. Take a,b € R, a < b, such that the set p~'([a, b))
does not contain critical points of p. Then for a given f € A(D, Q) where
f(bD) c p~!((a, ), K C D compact, 1 > & >0 there exists g € A(D, CM)
such that:

(a) forall zeD: f(z)+ g(z) € Q,

(b) for all z € D: p(f(z) + &(2)) — p(f(2)) > ¢,

(c) forall z e bD: p(f(z)+ g(z)) > b,

(d) forall zeK: |g(z)|<e,

(e) when o € NV and |a| < k: D*g(P)=0.
Proof. (1) Take oo > ¢ > b such that p~!([a,c]) C Q does not contain
critical points of p, define K; = p~!([a, c]) andlet C > 1,1 >y > 0 be the
constants in Lemma 1 associated with our K, p, Q.

(2) Fix Uy, ..., Uy an open cover of bD where U; (1 < i < m) has the
properties of U in Lemma 1 and m > 100. For an integer n let 7 be the
only integer in {1, ..., m} such that (n —7)/m is an integer.

(3) Define the positive integer ¢ = [m - (1 + ¢ — a)/(g0y0)]'°, and let a’ =
min{p(f(z)): z € bD}; then @’ > a. For n > 1 put

¢ =¢-min{a’ —a,c—-b, 1}-(m el

(4) We now apply Lemma 1 to define by induction a finite sequence of
functions. Put f; = f. Let ¢ > n > 1, and assume inductively that the
maps gi,...,8-1 € AD,CM), fi,..., fn € A(D,Q) are defined and
h=h+&+ - +8-1.

(5) By Lemma 1 there exists g, € A(D, CM) such that:

(a) forall z € D: fo(2) + gn(2) € Q,

(b) forall z € D: C-|ga(2)|*+¢&' > p((fn+8n)(2)) = p(fa(2)) > |&n(2)I* = ¢,

(c) for all z € Uy where ¢ > p(fu(2)) > a: |gn(2)| > €070,

(d) for all z € D: |g,(2)| < (&0)"'70,

(e)forall ze K: |gn(2)| <€,

(f) when a € NV and |o| < k: D*g,(P) =0.

Put f,i1 = fu + g . In this form we define f, ..., f; € A(D, Q). We will
show that g = f; — f satisfies our lemma.

(6) Note first that when z € D, 1 <k < n < g then p(f,(2)) — p(fi(2)) =
Skii<j<n Pi(2)) — p(fj-1(2)) > —qé¢’ . We obtain that for all z € D:

(i) For ¢ > n>1: p(fu(2)) 2 p(fi(2)) — g€’ >a’' —q¢' > a.

(ii) If p(fa(2)) > c forsome g > n > 1,then: p(f;(2)) > p(fu(2))—q€' > b.

(iil) p(fe(2)) — p(f(2)) > —¢.

(7) For all z € bD, p(fy(z))>b.

Proof. By (6) we need to show (7) only in the case that p(f,(z)) < ¢ for all
g > n > 1. In this case it follows from (6), (b) and (c), that

p(f2(2)) > p(/i(2)) + (¢/2m) - (g0 - 0)* — g€’
> (see (3)) >a+2(c—a)—qe >b.

Now (a) of Lemma 9 follows from 5(a); (b) follows from (6)(iii); (c) is proved
in (7); (d) is a consequence of 5(e) and (3) and 5(f) imply (e) of Lemma 9.
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The next lemma is the hard part in the proof of the Theorems from the main
lemmas. It enables us to completely go through a given critical point. Sections
(6) and (9) deal with the problematic situation in which f,(z) wanders (as n
progresses) closer and further to a critical point.

Since we only need Lemmas 1, 2 in the proof of Lemma 10 below, it follows
from the remark at the beginning of the proof of Lemma 2 and from the fact that
Lemma 1 holds in one codimension, that Lemma 10 is true in one codimension
(M > N + 1) when the critical point wy is a strict local minimum.

In the proof of Theorem 3 (at the end of the paper), it will be shown that
Lemma 1 holds (where dim(Q) > N + 2) when p is (N + 1)-dimensional-
plurisubharmonic, and Lemma 2 holds (where dim(Q) > M, = max{2N, 5})
when p is Mj-dimensional-plurisubharmonic. Lemma 2 also holds when the
critical point wy is an (N + 1)-dimensional-convex point of p. Thus Lemma
10 holds in the case that p is My-dimensional-plurisubharmonic and also in the
case where p is (N + 1)-dimensional-plurisubharmonic in Q and the critical
point wy is an (N + 1)-dimensional-convex point of p. The proof of Lemma
9 depends only on Lemma 1 and therefore it holds (when dim(Q) > N + 2) if
p is (N + 1)-dimensional-plurisubharmonic.

Lemma10. Let 2 < N, M > max{2N, 5}, Q c CM be a pseudoconvex domain
p: Q — R be a corrected normalized-3 exhaustion function, and let D cc CN
be a strongly pseudoconvex domain with C* boundary and P € D, k > 0.
If wy is a critical point of p and a = p(wy) and 1 > u > 0O then there exist
1/4 > B > 0 such that the following holds:

For a given f € A(D, Q) such that f(bD) C p~'((a—- B, ), K c D
compact, 1 >¢ > 0, there exists g € A(D, CM) such that:

(@) forall zeD: f(z) + g(z) € Q,

(b) when z € D: p((f + &)(2)) — p(f(2)) > —u,

(c)forall ze bD: p((f+8)(2))>a+ B,

(d) forall ze K: |g(z)| <e,

(e) when o € NV and || < k: D*g(P)=0.

The upper bound of the constant B > 0 depends only on Q, p, wy, u and
clearly B > 0 can be as small as we want.

Proof. This is done by several applications of Lemma 1 and Lemma 2.

(1) Fix Uy, ..., Up_; (100 < m), an open cover of bD where U; (1 <i <
m — 1) has the properties of U in both Lemma 1 and Lemma 2.

(2) Let 1 > o9 > 0 and G = B(wp, 0) be the constant and the ball
mentioned in Lemma 2 where 1 > 6 > 0. Put G; = B(wy,d/3), G, =
B(wp, 26/3) and K; ={z€Q:a—-1/2<p(z) <a+1/2}\G,. Let 1 > dp >
0, C > 1 be the constants in Lemma 1 that are associated with our K, p, Q
and define w = u-ag/2m, B = (deowy/C)'°, & = (¢8)1°.

(3) Take now f € A(D, Q) such that f(bD) C p~'((a— B, )).

(4) Put fop = f. Lemma 1 will be applied now to define by induction
fo, .oy fm € A(D, Q) where po f,.; moves past a + f in U,, outside
of the inverse image of G;. Let m > n > 0, and assume inductively that
the maps g, ..., g—1 € A(D,CM), fo,..., fn € A(D, Q) are defined and
fh=fo+ &+ +&n-1-

(5) By Lemma 1 there exists g, € A(D, CM) such that:

(a) for all z € D: f,(z) + gu(z) € Q,
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(b) forall z € D: C-|gn(2)|*+& > p((fu+8n)(2)) — p(fa(2)) > |&n(2)* ¢,

(c) forall ze U, U f,7'(K1): |gn(2)| > &0¥0,

(d) for all z € D: |ga(2)| < (¢0)"'70,

(e) forall ze K: |g,(2)| < ¢,

(f) when o € NV and |a| < k: D*g,(P)=0.

Put f,41 = fn + g». Now that fy, ..., f,, are defined let A = f,, — f.

(6) The following hold:

1) (fm)(D) CQ,

(ii) forall ze D and m>n>1>0: p(fu(2)) — p(fi(2)) > (n - )¢,

(iii) for all z € bD: p(fm(z)) >a - 28,

(iv) for all z € bD such that f,(z) ¢ Gy: p(fm(2)) >a+ 28,

(v) for all z € K: |h(2)] < mé,

(vi) when a € NV and |a| < k: D*(h))(P) =0.
Proof. We need to prove only (iv). Take z € bD such that f,(z) ¢ G,
and let m > n > 0 be such that z € U,. By (iii) p(fn(z)) > a -2, and
by (ii) if p(fu(2)) > a+ 1/2 then p(fm(z)) > a+ 2B and (iv) holds. Thus
we can assume that a + 1/2 > p(fu(z)) > a—1/2. Now if f,(z) ¢ G
then by (c), (b), (1), (2): p(fm(z)) > a+ 2B . It is left to check the case
where f,(z) € G,. Since we assumed f,(z) ¢ G, we get now that: |g,(z)| +
18n+1(2)| + -+ + |8m-1(2)| = |fm(2) — fu(2)| > 26/3 — /3 = /3. Therefore:
P(fn(2)) = p(fa(2)) 2 |8n(2)1* + |8ns1(2)|* + - - + |gm—1(2)[> — me’ > 62/(Im).
Thus, using (iii), p(fm(z)) >a—2B8+6%/(9m) >a+ 2p, and (iv) is proved.

(7) This is the second and last stage. We will apply Lemma 2 to define by
induction f,41, ..., fom € A(D, Q) where po f;, will go past a + f in the
fm-inverse image of G and from this we will show that the obstacle critical
point is completely passed. Let 2m > n > m, and assume inductively that
the maps g, ..., &—1 € AD,CM), fr, ..., fn € A(D, Q) are defined, and
So=fm+E8m+ -+ Gt

(8) By Lemma 2 there exists g, € A(D, CM) such that:

(a) for all z € D: f,(z) + gu(2) € Q,

(b) when z € bD: p((fu + 81)(2)) — p(fa(2)) > w|gn(2)|* - &',

(c) when z € D: p((fu + 81)(2)) — p(fa(2)) > ~w,

(d) forall z € Uy, N f71(G): |gn(2)| > &0+ @,

(e) forall ze K: |g,(2)| < ¢,

(f) when a € NV and |a| < k: D°g(P)=0.

Let f,+1 = fu+&n. Define g = fo,, — f. We will show that Lemma 10 holds
with our g, B. Indeed, we need to show only (c).

(9) Take z € bD, and take m > k > 1 such that z € U, andlet n = m+k.
If f,(z) € G then (c) (of Lemma 10) follows from 8(b), 8(d). If f.(z) ¢ G
then (c) is derived from 6(iv) and 8(b). Thus assume henceforth that f,(z) €
G, and f,(z) ¢ G. We get

|8m(2)| + |8m+1(2)| + -+ + |8n-1(2)| 2 | fu(2) — fm(2)] > 6/3.
Therefore:
P(fa(2)) = p(fn(2)) = @(Igm(2)|* + |gme1(2)* + - + |gn=1(2)[*) — me’
>w-(6/(3m))*.

This with 6(iii) and (2) gives: p(f»(z)) > a—2B+ (6/(3m))* > a+ 2B, and
(c) is proved and so is Lemma 10.
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In the following discussion we will ignore the immersion and embedding
parts of Theorem 1. These depend only on the codimension and hold whenever
M > 2N for immersions, and when M > 2N +1 the maps can be embeddings.
Note that the following proof of Theorem 1 holds whenever Lemmas 9, 10 hold.
Therefore the result of Theorem 1 is true in one codimension (M > N + 1)
when Q has a C? strictly plurisubharmonic exhaustion function p that has
no saddle critical points. This gives us Corollary 1. In fact when M > N +1,
a >0, and f(bD) C p~'(a, 0o) it is enough to assume that all the critical
points in p~!(a, co) are strict local minima. This proves Theorem 2(I). By 1.6
part II of Theorem 2 follows from part I of Theorem 2.

If we add to these considerations the remark before Lemma 10, we obtain that
the result of Theorem 1 applies also to the case when Q is Mj-dimensional-
pseudoconvex, where M, = max{2N, 5}. Similarly, the following proof of
Theorem 1, with trivial modifications, holds also in the case that Q has an
(N + 1)-dimensional-plurisubharmonic exhaustion function p where (for some
a € R) all the critical points of p in the set {w € Q: p(w) > a} are (N + 1)-
dimensional-convex points of p and f(bD) C p~'(a, oo). Thus Theorem 3
follows from the following proof (which relies on Lemmas 1, 2, 9, 10) and the
proof at the end of the paper.

The case (in Theorem 1) where Q is a bounded strongly pseudoconvex do-
main with C? boundary will be dealt with, separately, at the end of the proof.

Proof of Theorem 1. At each stage in the following inductive process, Lemma 9,
Lemma 10, and, when M > 2N + 1, also Proposition 1 are applied. To prove
the immersion result in Theorem 1 applications of Proposition 2 are inserted
into the proof in (x) and (xx).

(1) Let p: Q — R be a corrected normalized-3 exhaustion function; then by
Definition 1.7 E, is countable and it can be arranged so that E, = {w,, ...,
Wy, ...} and if a, = p(w,) (1 < n) then a,y > a,+1 forall n > 1.
Note that p(w;) = min{p(w): w € Q}. For n > 1 put u, = 107" and let
Bn, 1/4> B, > 0, be the constant associated in Lemma 10 with w, , u,, Q, p.

We will assume that E, is infinite. When E, is finite the proof below
becomes easier. In this case E, = {w;, ..., w} for some k > 1. Continue
then a;, ..., ax, by adding a sequence of real numbers ax,;, dxs2,..., SO
that for all 1 < n < oo: apy1 > an, + 1. The inductive process will go exactly
as below until the k-step. After that we will omit at each inductive step the
application of Lemma 10 at (5) and therefore will skip the definition of g, |
(for all n > k). The rest of the proof goes unchanged except for some trivial
modifications.

(2) Take K;, K;,... C D, an infinite sequence of compact subsets, such
that K C K, K, C int(K,,) forall co>n>1 and U<, Kn=D.

(3) Here, as before, we define f; = f and for n > 1, we assume inductively
that the maps g,..., g.—1 € AD,CM), fi,..., fu € A(D, Q) are defined
and f, = fi+ & + -+ g1 . Assume also that f,(bD) C p~'((an — Bn, o))
(this holds for n = 1).

In first reading, or when M < 2N (where M = dim(Q), N = dim(D)),
the reader may skip the immersion branch of the proof ((2) of Theorem 1) and
therefore overlook the following (*) and do the same, later, with (xx) below.
When doing so, put for formality’s sake ;=1 (1 < j < n).



IMMERSIONS AND EMBEDDINGS IN DOMAINS OF HOLOMORPHY 2835

(*) When M > 2N merge here (for the proof of (2)), the assumption that
fi: int(K;) = CM (1 < j < n) is an immersion. Then (for 1 < j < n) take
o; > 0 such that for every holomorphic h: D — CM, where |h| < g; on
K;: Rank(f; + h)'(z) = N forall z € K;_; (see Proposition 2(2)).

(4) In the case that M > 2N + 1 we assume, in addition, that fi, ..., f
are one to one and define (for 1 < j < n): J; = min{|fj(z) - fi(w)|: z, w €
Kj_1,|z—w|>¢gj_1}; then ; > 0. When M < 2N + 1 define J; = =

n =1

(5) Assume 1/1000 > ¢ > 0 and define: &, =¢"*! -min{d(U;<;<n fi(D),bRQ),
51952’ .. 3§na 01,02,...,0p, ﬂla LRI} Bﬂ+l}'

(6) By Lemma 10 there exists g,,; € A(D, CM), such that:

(a) for all z € D: f,(z) + gn,1(2) € Q,

(b) when z € D: p((fu + 8n,1)(2)) = p(fa(2)) > —tin

(c) forall z € bD: p((fu+ 8n,1)(2)) > an+ Bn,

(d) forall z€ Ky:|gn,1(2)| <én,

(e) when a € N¥ and |o| < k: D*g, (P)=0.

(7) In view of (c) we can apply now Lemma 9. There exists g, » € A(D, CH)
such that: .

(a) forall z € D: fu(z) + &n,1(2) + &n,2(2) € Q,

(b) for all z € D: p(f(2) + &n,1(2) + &n,2(2)) — P(f(2) + &n,1(2)) > —é&n,

(c) forall z € bD: p(f(2) + &n,1(2) + &n,1(2)) > An+1 — Bn+1/2,

(d) for all z € Ky,: |gn,2(2)| < &n,

(e) when o € NV and |a| < k: D%g, »(P) =0.

(8) When M < 2N then, to prove (1) of Theorem 1, we define g, = g,,1 +
gn,2 and fyy1 = fu + &n, and now go to the next induction step (note that the
induction assumption holds now for #n + 1). In this case (the proof of (1)) the
reader may proceed directly to (11).

(9) Otherwise (to prove (2) or (3)) let ¢, > 0 be such that ¢, < &, and
if we(f+gn1+8n2)D), veCM, and |w-uv| <2, then v € Q and
lp(w) — p(v)| < én.

When not proving (2), skip the following (*+) and then put for formality
gr3=0and ¢/ =¢,.

(++) For the proof of (2) (when M > 2N) let g, 3 be a holomorphic affine
map from CV to CM such that (f, + g»,1 + &n,2 + &,3): D — CM is an
immersion, g, 3(P) =0, and |gn, 3(z)| < ¢, for all z € D. Note that when
a €N¥ and |o| # 1: D%g, 3(P) =0. If M = 2N then put g, = gn,1 +
8,2+ 8,3, far1 = fo + & and proceed to (11). Now let &, be such that
¢/ >¢e" >0 andif h: D — CM is holomorphic and |h| < &, on D then for
every z € K,: Rank(f,+8,1+8n,2+8&n,3+h)'(z) = N (see Proposition 2(2)).

(10) When M > 2M + 1 then by Proposition 1 there exists a holomorphic
polynomial g, 4: C¥ — CM such that f, + 3,4 &,/ is one to one on D,
|gn,4| < & on D, and D%g, 4(P) =0 forall a € N¥, |a| < k. In this case
we define g, = Y, <4 8,1 and foi1 = fu + g . It is clear that in all three
cases the respective induction assumptions hold now for n + 1.

(11) Now (in all cases) {fu}1<n<oco converges uniformly on compacta. Call its
limit F;then F: D — Q is holomorphic. It is easy to calculate that |F — f] < ¢
on K and: D*F(P) = D*f(P) for all a € NV, |a| < k (when we prove (2)
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then D*F(P) = D*f(P) for all a € NV, |a| < k, |a| # 1). We will show now
that F: D — Q is proper.

(12) First, we need to show that F(D) ¢ Q. Take z € D and let n be
large enough so that z € K,,. Since z € K, for all m > n then by (5)-(10):
IF(2) = fa(2)] € Xoosmon |18m(2)] < 4 oumontm < 8&n < d(fu(2), Q). Tt
follows that F(z) € Q.

The proof that F is proper is almost the same as the one in the proof of
Theorem 1 in [D3], but now, because of 6(b), the backslides of po f, are larger
inside D. However, since {u,} have a finite sum, this will be no hindrance.

(13) Note that when z € D and 1 < n < co then from 6(b), 7(b) and (9) we
obtain that: p(F(2)) > p(fa(2)) = Xi<jcoo #j +36n > p(fu(2)) — 1.

(14) Take arbitrary z € bD and any sequence {z,}i<n<co C D which con-
verges to z. We will show that lim, ., p(F(z,)) = 0.

(15) Take arbitrary 4 > 0 and let k be such that p(f;(z)) > A+ 2. There
exists r > 1 such that for all n > r: p(fi(z4)) > A+ 1. By (13) for all
n>r: p(F(z,)) > A. Now (14) is proved and therefore F is proper.

(16) To prove the immersion result in Theorem 1 (2) we have to show that
if M > 2N and (x), (*x) were applied in the induction process then the
map F is an immersion. Take n > 1; by the induction assumption f, is an
immersion on int(Kj,). Now for z € Ky: |[F(z) — fu(2)| £ ¥ ,<jco0 18i(2)] <
43, <jcooti < 8&n < 0,. Therefore by (x) F is an immersion on int(K,_;).
Since this is true for all » > 1, F is an immersion on D.

(17) We now show that when M > 2N + 1, F is one to one. Take z, w €
D,w # z. For n > 1 large enough, z, w € K,_; and |z — w| > ¢,—;. By
definition (4) 0 < d, < |fu(2) — fu(w)|. Now |F(z)— F(w)| > |fu(2) — fu(w)| -
|F(z) = fa(2)| = |F(w) = fa(w)| > (see (5) and (16)) > d, — 16¢, > 0.

The main part of the proof is completed. It is left to show that in all cases
(M < 2N, M = 2N, M > 2N) F can be also continuous on D when we
assume that Q is a bounded strongly pseudoconvex domain with C2? boundary.
In the beginning of the proof of Theorem 2 (the strongly pseudoconvex case)
we mentioned that there exist a domain Q ¢ Q; and a C? normalized-3
plurisubharmonic function r on Q; such that Q = {w € Q;: r(w) < 0}
and Q;\Q does not have critical points of r. Let ¢ < 0 be such that {w €
Q,: r(w) > t} has no critical points of r and let ny be large enough such
that f, (bD) C {w € Q;: r(w) > t} (where {f,} are defined in the proof
of Theorem 1 above). The proof is completed when we apply the process of
the proof of Theorem 2 (in the strongly pseudoconvex case) with the starting
function f = f,, and defining function r.

Proposition 2 can be inserted (when M > 2N) to obtain a continuous proper
holomorphic immersion. When M > 2N + 1 we insert Proposition 1 into this
proof, as it was done above, to get (in addition) an injective map.

3. PROOF OF LEMMA 1

Our starting point is a description of the properties of the “lattice” of peak
functions developed in [D1]. We will not repeat the derivation of these prop-
erties, as this is a long process which can be found in [D1]. The set of peak
functions that we are about to discuss is indexed by a finite subset of Z2N-1
and we need the following function 7 to subdivide this index set.
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3.1For a=(ay,..., ayy_1) € Z*N~! define n(a) = (ay+---+ay—2)mod N .
For the sake of convenience we look at the values of the function 7 as integers
between 1 and N.

The function (r > 0, z € D): k,(z) = (g9)%0-¥D)/("N™*) will express, in the
case D = BV, the decline of the peak functions we describe below. In the
general pseudoconvex case another constant takes the place of N=3. When r
is known we will write: k =x,. When z € D let z* be the closest point to z
in bD, whenever well defined.

3.2 We will describe the set-up in [D1] for the network of peak functions
that we will use. The peak functions of [D1] were developed for the ball case,
but the properties (i)~(v) described below hold (with very slight modifications)
for the general pseudoconvex case. This is seen when one inserts in the proof
of Lemma 1 of [D1] the peak functions of [S] (or [H]). The results of this
lemma (that depend mainly on the close point property (Lemma 4 of [D1]) and
the peak functions) then generalize, almost automatically, to the pseudoconvex
case. A parameter d > 0 was defined in [D1], whose upper bound depends
on N, in the ball case, and on the domain in the general pseudoconvex case.
This parameter is used to define the following sets: W = B(zp,d), W' =
B(zy,2d), W* =B(z9,1.5d), U=WnbD, U*=W*NnbD.

Now take & > 0. It was shown that for r > 0 small enough (there is no
positive lower bound for r) there exists a set {z,: a € L} where L C Z?N~!
(that can be justly called a lattice), which is included in B(zo, d + r®?)nbD.
There exist also local peak functions, p, € A*°(D), a € L, for which the
following properties, (i)-(v), hold:

(i) pa peaks at z,, thatis: p,(z;) =1 and 1> |p,| >0 on W'\{z,},

(ii) let k¥ =k, ; then for all ze W', Y ., |pa(2)| < (4€9)" - k(2),

(iii) define for 1 < i < N: L; = {a € L; n(a) = i}; when z € U* there
exists i = i(z) such that |3 .; Pa(2)| > 4eo,

(iv) forall z€ W', Syes ssomz Pal(2)] < (&1)*,

(v) forall z€ W', ¥, pa(z) — pa(z*) - K(2)] < (&1)*.

The interested reader can learn from [D1] how this was derived, but for our
purposes these properties will suffice. The parameter r > 0 gives in fact the
spacings (or the density) of the lattice {z,: a € L}. The final choice of r > 0 is
made in 3.7. We can take d > 0 smaller, as small as we want, and then shrink
r > 0 accordingly to maintain (i)-(iv). In the general pseudoconvex case d > 0
has to be small enough so that the correspondence z — z* is well defined and
continuous in W',

Clearly the presentation of these properties would have been less confusing
and would have exactly the same meaning if (&)* was replaced by ¢, but the
formulation above is tailored to simplify our calculations later.

In [D1] the sets W, W’ are defined somewhat differently and the properties
(i)=(v) appear in a different form but it is not hard to obtain the above from
[D1]. The proof in [D1] that such a system of peak functions exists consists of
two main components: the choice of the peak functions in [D1, 0], and their
distribution, based on the close point principle ([D1, Lemma 3]).

Next, these peak functions are corrected so that their derivatives in the point
P will vanish to the k order.

33 Let zo = (20,1,---, ZO,N) and P=(P,,...,Py). Fix 1 < jo <N
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so that |zg j, — Pj,| > O and define for z = (z;,...,zy) € CV: S(z) =
1.5(zj, — Pj))**'/(z0,j, — Pj,)**'. Now assume that d > 0 was taken small
enough such that 2 > |S(z)| > 1.2 for all z € W’'. Define for z € D and
a€L:qu(z)=S(z)-pa(z).

The notation /(r) = —1/log(r) will be used throughout the paper. The
parameter r > 0 must be taken small enough such that when z, w € D and
|z —w| < —log(r) then |S(z) — S(w)| < (&;)*. The following hold then:

(i) forall z€ W', e, |4a(2)] < (260)71 - K(2),

(i) when z € U* then |Ea€L‘w 4a(2)| > 4&o,

(iii) for all z € W', 3 c1 (.0 zi5m2 19a(2)] < 2(&1)*,

(iv) forall ze W', 3, 192(2) — ga(2*) - K(2)| < 2(&1)*,

(v) when a€ L, a € NV and |a| < k: D%(q,)(P)=0.

The reader will notice later that the globalization processes (in 3.15 and
4.24) are made so that for the correction function g: D*g(P) = 0 for all
a € NV, |a| < k. Therefore it appears to be unnecessary to define {g,} for
the same purpose. However {q,} are presented here to demonstrate the fact
that the proofs of Theorems 1, 2 can be completely elementary in the case that
D = BY . In this ball case we can take global peak functions {p,} that have
the properties (i)-(v) in 3.2 globally and then the globalization process (that
requires a 0 application) is not needed. These peak functions, like the ones
developed in [D1], are exponents of polynomials. They can be found in an early
(unpublished) version of the paper [D4] (available on request from the author).

The next stage will be the construction of the correction function A4; and a
" description of its properties, in 3.10.

3.4 For w e Q let ay =ap,u, Py =Py v, Hy = Hy , be as in Definition
1.3. Take A > 0 such that min{l, d(K;, bQ)}/2 > A, and when we define
K, = {z € CM:d(z,K;|) < A} then K, has no critical points of p. As
mentioned in 1.3, there exists dy > 0, where A > Jy, such that for all w € K,
and v € CM | |v| < dp: |aw(v)| < |v|?. Define:

C = 4max{|Py(v, u)|, |Hy()|, [Dp(w)|, 1/|Dp(w)|: w € K,,v, uec bB™};

then (by the normalization) C > 12. Define also C’' = max{|S(z)|: z € D}
and put: yo = (g - d/C)'. Let y: bD — (0, ] be continuous and let
y1 = min{y(z): z € bD} (then y; > 0). Assume that the given ¢ > 0 (in the
statement of the lemma) is so small that & < (min{y;, d(K, bD)}/(1+C"))1%.
There is no loss of generality in this assumption.

3.5 Fix now 0 < g; where

&1 < &' (1+ max{|Dp(w)|: w € f(D)} + 1/d(f(D), bQ))~'°,

and for all w € f(D), v € (¢)%' - BM: |p(w +v) — p(w)| < €!°. Assume that
3.2, 3.3 hold with this ¢, . We require that r > 0 is chosen small enough so
that r < (¢;)'/% and when z, w € D, |z —w| < I(r), then:

(i) [Dp(f(2)) — Dp(f(w))| < (&1)*,

(ii) when z, w € bD: |y(z) — y(w)| < (&1)?,

(iii) for all 1< i, j < M: |D;Djp(f(z)) — DiDjp(f(w))| < (&1)*/M?.
We obtain from (iii) that for all v, u € bBM :

(iv) |Ppz)(v, u) = Pray(v, w)| < (&1)?,

W) 1f(2) = f(w)] < (e1)?.

3.6 By Lemma 4 there exist C! functions u,, ..., uy: bD — CM such that
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forevery z € bD: {u(z), ..., uy(z)} is orthonormal, and |(Dp(f(2)), ui(z))|
< (&1)2. By shrinking r > O further, if necessary, we can assume that when
z,w € bD are such that |z —w| < I(r) thenforall i=1,2,..., N:|u;(z) -
ui(w)| < (e1)*.

3.7 Now define a continuous nonnegative function that gives the size of g
on bD, up to a bounded proportion and a small error term. Firstlet U, = {z €
U*:d(z, f~Y(K;)) < I(r)}. Let t(z) = y(z) when z € U; and d(z, bU;) >
I(r). If z € Uy and d(z, bU,) < I(r) then put ¢(z) = y(z)-d(z, bUy)/I(r).
When z € bD\U, then define: #(z) = 0. Extend it continuously to W/ U bD;
put for z € W’': t(z) = t(z*). By shrinking r > 0 further we can assume that
when z,w € W', |z —w| < [(r), then: |t(z) — t(w)| < (&1)*. Notice that if
ze W' and d(z, Uy) < I(r) then f(z) € K,. Define t, =t(z,) for ae L.

3.8 Take a € L, let i = n(a) and define: u, = u;(z,), Vg =tz - U, . It can
easily be calculated from 3.6, 3.7 (as in [D1, 1.14]) that for all a, b€ L:

(i) I(va, Dp(f(za)] < (&1)?;
if |z, — zp| < I(r) then:

(ii) if m(a) # n(b): |(va, vs)| < (&1)%,

(iii) if 7(a) = n(b): [va — V|, |(va, Vp) — [val?] < (1)

3.9 Define now for z € D: hy(z) = Y ,c; 9a(2) - v, . This is the first stage
correction function. The properties of the system of peak functions, and the
choice of parameters above, including the choice of v, (that was made possible
by Lemma 4), give to A; the following desirable properties.

3.10 Take z € W’ then the following hold:

(A) if d(z, Uy) > r'/2, then |h(z)| < &,

(B) |(hi(2), Dp(f(2)| < &1,

(C) |hi(2)] < (2e0)~'t(2)x(2) + &1,

(D) |hi(2)] > deot(z)k(z) — &y .

Proof of (A) Assume first d(z, bD) > r'/2, then by the definition of k =
Kri [h1(2)] £ X per 19a(2)] + [Val < 20X 0er 192(2)] < (by 3.3(1)) < vo-(e0)~" -
k(z) + (&1)> < & . Now when d(z, U;) > r'/? and d(z, bD) < r'/? then
z* € bD\U, which implies #(z) =0 and (A), in this case, follows from (C).

Proof of (B)
(k1 (2), Dp(f(2)) <D 19a(2)] - [(va, Dp(£(2)))]

ael

= > |9a(2)| - (I(va, Dp(f(za)))| + [Dp(f(2)) = Dp(f(2a))])

(a€L,|zg—2|<102)
+ > 1aa(2)| - [val - IDp(f(2))| (by 3.8(i) and 3.5(i))

(a€EL,|zq—z|>r02)
< 2(er)?- > 192(2)| + [Dp(f(2))] - vo - > 19a(2)|
(a€L,|z,—2z|<r02) (a€EL,|zq—z|>r02)
(in view of the definition of ¢; in 3.5)
<2(e1)*- > |ga(2)] + (&)™ 70 - > 194(2)|
(aEL, |za—2z|<1r02) (a€L, |za—z|>r02)
(by 3.3(iii))
< €.
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Proof of (C)
lhi(2)] < Z 9a(2)]  |val
a€eL
<t Y @@+ Y 142 1(z) ~ t(za)]

(a€L,|z,—2|<r02) (a€L,|z,—2z|<r02)
+7% >, l4a(2)| (by 3.7, and 3.3(i), (iv))
(a€L,|zg—z|>r02)
< (280) " 't(2)k(2) + €.
Proof of (D) (1) Let 1 < i < N, and define: h;(z) = EaeL,nm:i qa(2) - Vg
then h; = hy; +--- + by . In a similar way to (B) (or to [D1, 6.28]) it can be

proved that forall 1 <i, j<N,ze W', i#j:|(hi(z), h;(2)) < (e)'3.
(2) Let i = i(z) (see 3.2(iii)); then by 3.3, 3.7, 3.8:

|h1i(2)] > K(2) + | Y ga(2*) - va| — (1)
acL,
> K(2) - Y qu(z?) - va| - 2(er)?
(a€L;,|za—2|<r02)
>K(z)-1(2)- > qa(z*)| - (e)"?
(a€L;,|za—2|<r02)

>4.k(z)-1(z)- g — ().

Now from (1) and (2), (D) follows.
3.11 Define now for z € D:

ha(2) = ~(1/2) Y 4a(2)45(2) Py, fz0)(Va> v6)Dp(f(22))/IDp(f(2a)) 2,

a,beL

and define & = h; + h, . The function 4 is almost equal to the final correction
function g in W’. By the proof of (B) below h, is well defined.

3.12 Take z € W’ then the following hold for all z € W’:

(A) if d(z, Uy) > rl/2  then |hy(2)| < 2¢;,

(B) |ha(2)] < 75 %I (2)] + &1,

(C) 12(h2(2), Dp(f(2))) + Py, sz (m1(2))] < &1,

(D) |(hi(2), ha(2))| < &1

(E) |h(2)] < (v0)'/%.

Proof. The proof of (A) follows from (A) of 3.10 and (B) here. The proof of
(D) is a simple consequence of 3.8(i) and 3.3 and is similar to the proof of
3.10(B). Now (E) follows from (B) and 3.10(C) and 3.4. It remains to show (B)
and (C).

Proof of (B) Note first that by 3.7: P, (,.\(va, vp) =0 whenever a € L and
z, € bD\U, or z, € bD\U, . Hence, in the following calculation only a, b € L
where z,, z, € U; should be considered. Recall also that when a, b € L and



IMMERSIONS AND EMBEDDINGS IN DOMAINS OF HOLOMORPHY 2841

z, € Uy then by 3.7 f(z,) € K. Now by 3.4: |P, 1(,,)(Va, Up)| < Clat, and
1/|Dp(f(z4))| < C. Therefore:

Il (2)] < Y 14a(2)a5(2)] - C - tats/IDp(f(2a))|

a,beL
< > |9a(2)g5(2)| - C2 - y0(2(2) + &1)
(a,b€EL,|zq—z|+|zp—2|<2r02)
+ >, |9a(2)qs(2)| - C* - 8

(a,b€EL,|zq—z|+|zp—2|>2r02)

(Z!qa(zn) o 1 ( z)+( ) |qa<z)|) (Zlqa(z)l) +1/2

a€eL (bEL, |zp—z|2r02) a€eL

< (e0) 2 (2)2p*t(2) + &1 < 3P| (2)] + &1

The size of yo > 0 (see 3.4) with 3.3 was used in the last four inequalities.
The last inequality also uses 3.10(D) and the fact that 0 < x(z) < 1.
Proof of (C)

2(h2(2), Dp(£(2))) + Prizy (i (2))]

Z 4a(2)qb(2) + Py(z)(va, V)
a,beL

= Y 4a(2)86(2)  Pr(z,)(Va, v5)(Dp(f(2a))/IDp(f(22))* s Dp(f(2)))
a,beL
(applying the considerations mentioned in the proof of (B) above)

< ) 1a(2)a5 ()]
(a,b€EL,|zo—z|+|zp—2z|<2r02)
“|Psz)(Va, Vp) = Przpy(Va, Up) - (DP(f(24))/IDp(f(22))1*, Dp(f(2)))l
+|Dp(f(2))| - > |9a(2)5(2)| - C*tats
(a,b€EL,|zq—z|+|zp—2|>2r02)
(consider the size of yo > 0 and ¢, > 0 in 3.4, 3.5 and apply 3.3)
< 3 laa(2)ab(2)] - ()"

a,beL
+( > |qa(z)|) (Z|qa(z)|) Yo < &1
a€L,|z,—z|>r02 a€l

3.13 We can now estimate p(f(z)+h(z))—p(f(z)) in W’. Note that since by
3.12(E) for z € W': |h(z)| < 8o/2, then if d(z, Uy) < r'/2 by 3.7: f(z) e K>
and by 3.4: |as;)(h(2))| < |h(2)|?.

3.14Forall ze W':

Clh(2)? +&* > p(f(2) + h(2)) - p(f(2)) > |h(2)* - &*.

Proof. (1) Assume first that d(z, U;) > r'/2; then by 3.10(A) and 3.12(A):
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|h(z)| < 3¢; and therefore by 3.5: |p(f(z) + h(z)) — p(f(2))| < €!°. It is clear
that in this case 3.14 holds.
(2) Henceforth we will assume d(z, U;) < r'/2. By 1.3, 1.5:

p(f(2) + h(2)) - p(f(2))
= Re(2(h(z), Dp(f(2))) + (Py(2))*(h(2))) + Hpz)(h(2)) + gy (h(2))
(applying 3.13 and the assumption that p is normalized-3)
> Re(2(h(z), Dp(f(2))) + (Pr))? (h(2))) + 3h(2)2 - |h(2)]?
= Re(2(ha(2), Dp(f(2))) + (Pr(z)*(hi(2))) + 21h(z)
+Re(2(hi(2), Dp(f(2))) + 2Ps()(h1(2) , ha(2)) + (Py())?(ha(2)))
(by 3.10(B) and 3.12(C))
> 2|h(2)]? + Re(2Py()(h1(2) , ha(2)) + (Py(z)*(ha(2))) — 3es
(by the fact that f(z) € K; and by 3.4)
> 2|h(2)]* = 2C|hy(2)] |ha(2)| — Clha(2)]* - 3e1  (by 3.12(B))
> 2[h(2)]2 — 2C(70) PIhi(2)[? = Crolhi(2)]2 — 4e,  (by 3.4)
> |h(2)? - 4e1.

(3) In view of 3.13 and the calculations above we have:

p(f(z) +h(2)) - p(f(2))
< Re(2(h(2), Dp(f(2))) + (Ps(z)*(h(2))) + 2Hy(z)(h(2))
< Re(2(hy(2), Dp(f(2))) + (Py(z))*(h1(2))) + (C/2)|h(2)?
+Re(2(h1(2), Dp(f(2))) + 2Py () (hi(2) , ha(2)) + (Py(z)) (ha(2)))
(by (3.10)(B), 3.12(C) and 3.4)
<(C/2)|h(2)* + 2C|h1(2)] - |ha(2)] + Clha(2)[* + 26
(by 3.12(B))
< Clh(2)|? + 3e;.

3.15 By now we have done the work needed to show that the function A
fulfills the requirements of g in W’'. We will correct 2 slightly in W', to
make it very small in D\W’. Then the lemma will hold in all D. Applying
the globalization process of [D1, 1.34-1.38], we obtain that there exists a C*
map, g: D — CM | which is holomorphic in D such that:

(i) for all z € W': |g(2) - h(z)/S(2)] < ()2,

(i) for all z € D\W': |g1(2)| < (&)!/?.

Define for z € D: g(z) = gi(z) - S(z). As commented in 3.3, when D = BY
the globalization process is not needed and in this case we take: g =h.

3.16 We are now ready to show that each of the items in Lemma 1 is proved.
Clearly 3.15 is part of every proof and we will avoid repeating it for each of the
1tems.

Let zeD. If d(z, U;) > r'/? then by 3.10(A) and 3.12(A) |g(2)| < (&)'/3
and therefore by 3.5 |g(z)| < d(f(z), bQ). Now if d(z, U;) < r'/? then by
3.7 f(z) € K, and by 3.12(E) |g(2)| < 2(»0)/? < (by 3.4) < d(K;,, bQ) <
d(f(z), bQ). In both cases f(z)+ g(z) € Q and hence (a) follows.
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Now (b) follows from 3.14; (c) from 3.7, 3.10(D) and 3.12(D). Item (d) in
Lemma 1 comes from 3.10(C) and 3.12(B) and 3.7, and (e) is a consequence of
3.10(A), 3.12(A) and the fact that (by 3.4, 3.5) r'/2 < d(K, bD). Finally since
D°S(P) =0 when o € NV and |o| < k, then by 3.15 this is also true for g.
In the case that D = BV (f) follows from 3.3.

4. PROOF OF LEMMA 2

The correction function A that we are about to construct is a sum of two
stage correction functions: 2 = h; + h,. The construction of 4, depends on
Lemma 4 and requires only one codimension. In the construction of 4, Lemma
7 is applied and therefore we must assume that M > max{2N, N + 3}. In the
case that wq is a point of strict convexity (as defined in 1.5) with respect to p,
then the construction of A, is not needed and we can take h = h; . We would
then follow the rest of the proof with very slight modifications. Thus in this
case only one codimension is needed (M > N +1).

In a more general situation, when wy is a strict local minimum point (which
is not necessarily nondegenerate), the result of Lemma 10 is accomplished by a
variation on the proof of Lemma 10 above, where Lemma 1 is applied repeat-
edly with use of the minimality of wy to maintain a positive lower bound to
d(f.(bD), wy) during the process. We will not elaborate on the details.

Let ay = ap,w, Puw = Pp,w, Hy = H, , be as in Definition 1.3 and Lemma
1.

4.1 Fix 1 > 8 > 0 such that B(wp, 46) ¢ Q and when w € B(wy, 46)
then:

(i) [Dp(w)| < 2,

(i) for all 1<, j < M:|DiD;p(f(w)) — DiD;p(f(wo))| < &o/M?.

We obtain that for all v, u € bBM :

(iii) |Py(v, u) — Pyy(v, u)| < €.

Define G = B(wyp, d), G' = B(wy, 26) and G"” = B(wg, 49) . For brevity’s
sake we will denote P = P, y, .

4.2 We will use some of the terms defined in the proof of Lemma 1. Let
L,Li,{zg:a€e L}y, W, W W* , U,U*,{qs:a€ L}, z— z* be asin the
proof of Lemma 1, 3.1-3.5, where the size of r > 0 in the definitions of
L,{z,:a€ L} and {q,: a € L} is bounded from above in 4.5 and 4.10 below.

4.3 Take Jy > 0, such that & > dy and for all w € G’ and v € CM, |v| <
do: |aw ()| < (1/2)|v|2. Define: C = max{|P(v, u)|: v,u € bBM}, C' =
max{|S(z)|: z € D} and put ag = (0dp/(C + 1))'%. Now let ap > a > 0 and
assume (as we may) that 0 < ¢ < (a/(1 + 1/d(f(D), bQQ) + C'))'®.

4.4 Take 0 < ¢, where & < &' (1+max{|Dp(w)|: w € f(D)})~'9, and for
all we f(D)UG",v e (g) -BM: |p(w+v) - pw)| <el.

4.5 Assume that r > 0 is small enough so that r < sﬁ'/ “) and when z, w €
D, |z-w| < [(r) then:

(i) 1£(2) = f(w)] < (1)?,

(ii) [Dp(f(2)) - Dp(f(w))| < (&1)?,

(iii) for all 1< i, j < M: |DiD;p(f(2)) - DiDjp(f(w))| < (e1)*/M?>.

We obtain from (iii) that for all v, u € bB™ :
(iv) |Ps(z)(v, 4) = Pray(v, u)| < (&1)2.
4.6 Assume that 3.2, 3.3 hold now with ¢ > 0 chosen above (in 4.3-4.4)
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and r > 0, whose choice is finalized in 4.10. We will continue to use the
abbreviation: /(r) = —1/log(r).

4.7 Define U, = {z € U*: d(z, f~Y(G)) < I(r)}. Now take z € bD and let
t(z) =a when z € U; and d(z, bUy) > I(r). If z € Uy and d(z, bUy) < I(r)
then put #(z) = max{a-d(z, bU;)/l(r), e;}. When z € bD\U; then let:
t(z) = €, . Define it now on W’ put for z € W’: ¢(z) = t(z*). The function
t is continuous on W' UbD. For a € L define ¢, = t(z,).

4.8 By Lemma 7 there exist C! functions u, v, ..., vy: bD — bBM such
thatforall z€bD, 1<i<N:

(1) [(w(2), Dp(f(2))) - (u(2), Dp(f(2)]| < (&1)?,

(2) P(u(z), u(2)) = 0,

(3) {vi(2), ..., vs(2)} is orthonormal,

(4) |(vi(z), Dp(f(2)))] < (e1)*,

(5) (wi(2), u(2))| < (&1)?,

(6) [P(vi(z), u(2))| = |(vi(2), P*u(2))| < (&1)*.

Extend these functions continuously to D U W’ by defining for z € W’ and
L<i<N: v(2) = vi(2"), u(z) = u(z*).
4.9 Define for z € W':

p(z) = min{t(z)™"3, (2|(u(z), Dp(f(2)))™'} and s(2) = t(2)(u(2))"/?;

then s, u: W' — R* are continuous and 0 < s(z) < t(z)'/4.
4.10 Assume now that r > 0 was chosen small enough so that when z, w €
W', where |z —w|<I(r),and 1 <i< N then:

[vi(2) —vi(w)], [u(z) —u(w)], |t(z) - t(w)], |u(z) - p(w)|, |s(z) - s(w)| < (&1).
Define then for 1 <i< N, a€ L;: v, =vi(24), Ug =u(2a), Ha = U(24), Sa =
s(z4) .

4.11 Define for z € D: hi(z) = 3 ,c1 4a(Z)taVa -

4.12 Take z € W’ ; then the following hold:

(A) if d(z, Up) > I(r) then |hi(z)| < ey,

(B) |(h(2), Dp(f(2))] < &1,

(©) I(l(z), u(2))| < e,

D) |(hi(z), P*u(z))| < &1,

(E) |mi(2)| < (e0)~'t(z)K(2) + &1,

(F) Im(2)| > 2¢e0t(2)k(2) — &1,

(G) when z € W' and f(z) ¢ G’ then: |h(z)|<eé.

Proof. The proofs of (A)-(F) contain the same calculations as the proofs of
(A)=(D) in 3.10. The proofs of (C) and (D) are derived from 4.8(5), 4.8(6),
and (B) is derived from 4.8(4) and they are all very similar to the proof of
3.10(B).

To prove (G) we would show that when z € W’ and f(z) ¢ G’ then
d(z, U;) > I(r) and then (A) can be applied. Note that if z € W’ and
d(z, Up) < I(r) then by 4.7 there exists z' € f ~1(G) so that |z — 2’| < 2I(r).
Thus by 4.5 |f(z) — f(2')| < & ; now since |f(z') — wo| < J and (by 4.3, 4.4)
g1 <e<a<dp<d then |f(z)—wy| <20 and f(z) € G'.

4.13 Define now for z € D:

ha(z) = - z 4a(2)qp(2) - P(Va, Vp) - Sa * Sp = Ua,
a,beL
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and h = h; + hy. The role of h, is clearly illustrated by (C) below and 4.8.
They imply that in the estimate of

p(f(2) + h(2)) - p(f(2)) = Re(2(h(z), Dp(f(2))) + (Ps(z))*(h(2)))
+ Hy(z)(h(2)) + g2 (h(2)),

in the set f~!(G’), the function A, will be neutral toward P (which is very
close to Py(;)) in the sense of (D), (F) below. At the same time A, is al-
most perpendicular to /4; and therefore it contributes to the positive Hessian
Hy(;)(h(z)). This contribution is significant since by (C) h; is very large in
comparison with the term: P(h,(z), hi(z2)).

4.14 Take z € W’ then the following hold:

(A) if d(z, Uy) > I(r) then |hy(2)| < ¢,

(B) |ha(2)] < (80)72- C - 1(2)'*k(2)* + &1,

(C) define {(z) = ha(z) + P(hi(2), hi(2)) - u(z) - u(z),
then: |&(z)| < & (recall that u(z) is positive and u(z) € CM)

(D) [P(hy(2), hao(2))| < &1,

(E) |(M1(2), ha(2))] < e,

(F) [P(hi(2), ha(2))| < &1,

(G) |h(2)] < a'® K, (2)2 + &1 < do/2,

(H) when z € W' and f(z) ¢ G’ then: |hy(z)| <e.

Proof. The proofs of (A) and (B) are routine applications of calculations from
3.10, 3.12. Now (G) follows from 4.12(E) and 4.14(B) and the definition of
t(z) in 4.7 (note that o > t(z)) and the size of a > 0 in 4.3. The proof of
(H) is the same as 4.12(G). We begin then with the proof of (C) that will later
imply (D)~(F).

Proof of (C).
|h2(2) + P(hi(2), h1(2)) - u(z) - u(2)|

D" 4a(2)a5(2) - P(va, vp)tats(1(2)u(2) — (Hatts)'*tta)
a,beL

< 2 14a(2)a6(2)| Co? (2)u(2) — (tatts) "t
(@,bEL, |za—z|+]|25—2|<2r02)

* Z 192(2)gp(2)|2Ca% ()"

(a,b€EL,|zy—z|+|2p—2|>2r02)

< > 192(2)a6(2)] * (&1)?

(a,b€L,|za—z|+|zp—2|<2r02)

+( > "’“(Z)')'(Zlqb(zn).a.(sl)-..s

a€L,|z,—z|>r02 beL
(by 3.3(iii)) < &,.

Proof of (D).

[P?(ha(2))] = [P2(P*(h(2)) - u(2) - u(2) = &(2))]
< |(PP(hi(2)) - u(2))* - P (u(2))| + &1 = (by 4.8(2)) = &1.
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Proof of (E).
|(h1(2), ha(2))]

<|(hi(2), PP(hi(2)) - u(2) - u(2))| + &1/2

< (1/2)|(h1(2), u(2))| +&1/2 < (apply now 4.12(C)) < &1
Proof of (F).

|P(hi(2), ha(2))] < [P(R1(2), P*(hi(2)) - p(2) - u(2))| + &1/2
< |(hi(2), P*7(2))|/2 + £1/2 < (apply 4.12(D)) < &.

4.15 Proposition. Forall ze W':

p(f(2) +h(2)) = p(f(2)) > |h(2)]* - min{l, (@™ /?k(2)* — a4} — €.
Proof. First note that if f(z) ¢ G’ then by 4.12(G), 4.14(H), |h(2)|, |1 (2)| <
2¢; and thus (see 4.4) |p(f(z) + h(z2)) — p(f(2))| < €. This implies the
proposition when f(z) ¢ G’. Therefore we will assume from now on that
f(z) € G'. Now by 4.14(G), for all z € W', |h(z)| < do. This gives us by

4.3: |ayz)(h(2))] < |h(2)[?/2. By the assumption that p is normalized-3 (see
Definitions 1.3, 1.5), we get:

p(f(2) + h(z)) - p(f(2))
= Re(2(h(2), Dp(f(2))) + (Py(2)*(h(2))) + Hy2y(h(2)) + gz (h(2))
> Re(2(h(z), Dp(f(2))) + (Py(z))* (h(2))) + 2.5h(2) .

4.16 Using 4.12(B) we get from this:
p(f(z) + h(2)) — p(f(2))
> Re(2(ha(2), Dp(f(2)) + (P2 (h(2))) + 2.5A(2)[? - 2e1.
4.17 Now by 4.1 |(Ps(z))*(h(z))—P2?(h(z))| < &+ |h(z)|?; therefore 4.16 gives
p(f(2) + h(2)) - p(f(2))
> Re(2(ha(2), Dp(f(2))) + P*(h(2))) + 2|A(2)|* - 2¢1.
4.18 Applying 4.14 (D), (F) we get
ReP2(h(z)) = Re(P*(hi(2)) + P*(ha(2)) + 2P(hi(2), hy(2)))
> Re(P%(h(2))) — 2¢;.
Now applying first 4.14(C) and then 4.8(1) we get:
Re(hy(2), Dp(f(2))) 2= — Re(P*(hi(2)) - u(2) - (u(2), Dp(f(2))
> — Re(P?(hy(2)) - u(2) - (u(2), Dp(f(2)
4.19 We conclude from this and from 4.17 that:
p(f(2) + h(2)) — p(f(2))
> Re(-2P2(hy(2)) - u(2) - [(u(2) , Dp(f(2)| + P2(hi(2))) + 2|h(2)* — &*
= Re(P2(hy(2))(1 - 2u(2) - [(u(2), Dp(f(2))])) + 2lh(2)* - &*
4.20 Recall that in 4.9 we defined:
pu(z) = min{t(z)~"*, 1/(2-|(u(2), Dp(f(2)))))}-

) -
D -
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Now when u(z) = (1/2)|(u(z), Dp(f(2)))|, it is clear that Proposition 4.15
holds. Assume therefore that this is not the case. Then u(z) = #(z)~!3 and
4.19 yields: p(f(2) + h(2)) — p(f(2)) = —[P2(hi(2))| + 2lA(z)2 - &3.

4.21 Looking at 4.14(E) we get that

PUf(2) + h(2)) = p(f(2)) 2 =[P (h1(2))| + 2|hi (2)? + 2|ha(2)|? — 2¢*.

In the case that |P%(h;(z))| < |hi(2)|> the proof of Proposition 4.15 is con-
cluded. So henceforth assume that |P2(h(z))| > |k (2)]?.
4.22 Thus by 4.14(C):

lha(2)? > [P (hi(2))Pu(2)® — &
> | (2)|*u(z)* — &1 (by 4.12(F))
> (eot(2)x(2))* - 1(2) 7> — 2e1 = (eok(2))*1(2) — 28,
(when we look at the sizes of «, #(z) in 4.3, 4.7 and apply 4.12(E))
> o™ P |hy(2)) - x(2)? - e,
4.23 From 4.21 and 4.22 we now get that under our assumptions:
p(f(2) + h(2)) = p(f(2)) = —IP*(hi(2))| + o~ 2|y (2)]* - K (2)* - 3e*
> —Clhi(2))? + a V3 hy(2)]* - x(2)* — 3e* (in view of 4.3)
> |hi(2) (@ 2K (2)? — a7 /4) - 3%,
Proposition 4.15 is now proved.

4.24 A globalization process as in [D1, 1.34-1.38] and in 3.15 above will now
be applied. There exists then a C*®° map g;: D — CM which is holomorphic
in D such that:

(i) for all z € W': |gi(2) — h(z)/S(2)] < (1)!/2,

(ii) for all z € D\W': |g,(2)| < (&1)/?.

Define for z € D: g(z) = g1(z) - S(z). As in Lemma 1, we can take g = & in
the case D = BV, and skip the globalization process.

4.25 Take z € D. To prove (a) of Lemma 2 look separately at the case where
f(z) € Q\G' and the case where f(z) € G'. In the first case |g(z)| < (&)/3 <
(by 4.3, 4.3) < d(f(z), bQ2). In the second case |g(z)| < Jp (by 4.14(G))
and therefore (by 4.1, 4.4) |g(z)| < d(f(z), bQ). Therefore in both cases
f(2) + g(z) € Q. _

4.26 To prove (b) and (c) look first at the case where either z € D\W’ or
f(z) € Q\G'. In this case |g(z)| < (&)!/3 and by 4.4 we get that

lp(f(2) + g(2)) — p(f(2))| < €'°.

Thus both (b) and (c) hold in this case. Assume now that z € W', f(z) € G',
then by 4.25 f(z)+ g(z) € G"” and therefore by 4.24 and 4.4: |p(f(z) + g(2))
- p(f(2) + h(2))| < €'°. From this, 4.15, and 4.12(E) follows (c). We also get
from 4.15 that: p(f(z)+g(z)) — p(f(2)) > |h1(2))*> — 2¢* and when we look at
4.12(F), (E), 4.14(B) and 4.3 we get: p(f(z)+g(2))—-p(f(2)) > a|g(2)|* -3¢,
and (b) of Lemma 2 follows.

4.27 Now when z € UN f~!(G) then by 4.12(F), 4.14(E) and 4.7 |g(z)| >
2¢9a — (€1)!/? and (d) follows. Finally (e) follows from 4.12(A), 4.14(A) and
4.3-4.5; (f) from 4.24 (or from 3.3 when D = BY),
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Proof of Theorem 3. Fix, until the end of the proof, D cc C¥Y (N > 2), a
C>-smooth strongly pseudoconvex domain. By the comments before and after
Lemma 10, all parts of the theorem will be proved if we show that:

(i) Lemma 1 holds with the assumption that p is (N + 1)-dimensional-
plurisubharmonic;

(i) Lemma 2 holds with the assumption that p is Mj;-dimensional-plurisub-
harmonic, where M, = max{2N, 5};

(iii) Lemma 2 holds for a critical point which is (N + 1)-dimensional-convex
point of p.

To show this we need to insert a few additional components to the proof
of Lemmas 1, 2 above. Let us start with the first part, the proof of (i). For
a ball B ¢ CM we will denote by B’ the ball with the same center and twice
the radius. We go back to the statement of Lemma 1 and recall the assumption
that p has no critical points in K;. Take w € Kj; then there exists V,
an (N + 1)-dimensional linear complex subspace of C¥ , such that p,, y, the
restriction of p to w+V , is strictly plurisubharmonic in a small neighborhood
of w. Now if we take a small enough ball B ¢ CM centered in w we can
assume that for some constant ¢ > 0, and for every v € B: p,, y is a strictly
plurisubharmonic normalized-c¢ function in ¥ N B. The compactness of K,
implies that we can find balls By,..., B, that cover K;, and V;, ..., V,,
(N + 1)-dimensional linear complex subspaces of C¥, and ¢ > 0, such that
forall 1 < i < n and for all w € Bj: p,,y, is a strictly plurisubharmonic
normalized- ¢ function ¥;N B;. It is clear that Lemma 1 is proved for K, if it
is proved for K;NB;, forevery 1 <i < n. Take 1 <i < n. It will be proved for
K;NB; with the following (sufficient) estimate in (b): p((f+£)(2))—p(f(2)) >
(c/2)|g(z)|> — €. The rest of the statement of the lemma is unchanged. To do
so one modification is needed in the proof of Lemma 1: in 3.8 we add the
assumption that {u,(z), ..., un(z)} C V; forall z € bD. Lemmas 4-5 allow
us to do so. The rest of the proof is left unchanged with the exception of minor
adjustments of the epsilons (in the error terms) and of constants relating to the
normalization factor.

Proof of (ii). Here we get into the proof of Lemma 2 and assume in 4.1 that
d > 0 was chosen small enough so that for an appropriate Mj-dimensional
complex linear subspace ¥ and ¢ > 0 (both depend only on wy) and all w €
B = B(wo, 40): pw, v is a strictly plurisubharmonic normalized-c¢ function
in ¥ N B. We now go through all the stages of the proof of Lemma 2 with
one significant change: we assume in 4.8 (as we may, by Lemmas 4-7) that
uU,vi,...,vn: bD — bBM NV . The rest of the proof stays the same, except
for a few constants that must be adjusted in accordance to the normalization
constant.

Proof of (iii). Here we need a relatively small part of the proof of Lemma 2 (it
can also be done with the proof of Lemma 1). Let wo € Q be a critical point
of p which is an (N + 1)-dimensional-convex point of p. Let ¥ C CM be
an (N + 1)-dimensional subspace such that p,,,  is a strictly convex function
(see Definition 1.5) in wy. Take (in 4.1) > 0, small enough so that for
all w € B = B(wp, 49): py, v is a strictly plurisubharmonic normalized- ¢
function in ¥ N B (for some constant ¢ > 0). We can ignore any part of
the proof of Lemma 2 that relates to the form P( , ). Then in 4.8 omit the
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function u# and have v,, ..., vy :bD — bBM NV . We can do so by Lemmas
4-5. The map A, is defined as there and the map A, is not needed. Finally
we will have 4 = h; . The easier parts of the proof of Lemma 2 would suffice
to show that the resulting g fulfils all the requirements of Lemma 2.
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