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CONVERGENCE OF DIAGONAL PADE APPROXIMANTS
FOR FUNCTIONS ANALYTIC NEAR 0

D. S. LUBINSKY

ABSTRACT. For functions analytic in a neighbourhood of 0, we show that at
least for a subsequence of the diagonal Padé approximants, the point 0 attracts
a zero proportion of the poles. The same is true for every “sufficiently dense”
diagonal subsequence. Consequently these subsequences have a convergence in
capacity type property, which is possibly the correct analogue of the Nuttall-
Pommerenke theorem in this setting.

1. INTRODUCTION

Recall that if f is analytic near O, then for m,n > 0, the m, n Padé
approximant to f is a rational function [m/n](z) = (P/Q)(z), where P, Q
have degree < m, n respectively, Q is not identically zero, and

(fQ-P)(z)=0(z""™!),  z-0.

For functions meromorphic in C, or even with singularities of capacity 0, it
is known that the diagonal sequence {[n/n]}32, converges in capacity and in
measure [11, 14]. Similar results are available in more general circumstances
[3, 6, 16, 17, 19].

By contrast, for functions analytic only near 0, the full diagonal sequence of
Padé approximants need not converge in capacity in any neighbourhood of zero
[7, 8, 15], and moreover, at least for infinitely many #n, [n/n] may have at least
n—logn poles arbitrarily near 0 [18]. (We could replace logn by any sequence
increasing to co.) The 1961 Baker-Gammel-Wills conjecture [1, 2] asserts that
a subsequence of {[n/n]} converges uniformly near O, but at present it is not
even known if a subsequence converges in capacity.

In this paper we show that, at least for a subsequence of {[n/n]}, the pro-
portion of poles of [n/n] near O shrinks to 0, in a certain sense. This result
also holds for subsequences of {[n;/n;]} provided nj,/nj — 1 as j — oo.
Then we deduce a convergence in capacity type property. Since by a variable
scaling z — rz any function analytic near 0 can be scaled to a function analytic
in |z| < 1, the transformation properties of Padé approximants permit us to
consider only the latter:
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Theorem 1.1. Let f be analytic in {z:|z| < 1}. Let {n;}%2, be an increasing
sequence of positive integers with

(1.1) jlinc}onjﬂ/nj: 1.

Let 0 < 6 < 1. Then there exists an infinite sequence of positive integers &
with the following property: For j € &, the total multiplicity of poles of [n;/n;]
in {z:|z| < e~'9/%} is at most én;.

Under a regularity assumption on the errors of best rational approximation,
we can say the same for full sequences of Padé approximants: For 0 < p < 1,
we let

Enn(f; p) := inf{|| f = R||L_(jz/<p) : R is a rational function of type (n, n)}.
Theorem 1.2. Assume that f is analytic in {z:|z| < 1}, and that
(1.2) 0 < limsup Enn(f; p)!/" < k(p)liminf Exn(f5 p)'/",
n—oo R—=o0

where k(p) is finite for p € (0, 1). Then for large enough n, the total multi-
plicity of poles of [n/n](z) in {z:|z| < p} is at most én, provided

(1.3) pr(p)'/? < exp(—19/5).

In particular, if lim,_. Enn(f; p)'/" exists for 0 < p < 1, then for n large
enough, the total multiplicity of poles of [n/n](z) in {z :|z| < exp(—19/6)} is
at most on.

Remarks. (i) Similar results hold if we consider sectorial sequences of Padé
approximants of the form {[m;/n;]}, where {m;}, {n;} satisfy (1.1) and, for
some fixed A,
l/ﬂ.smj/an)., j>1.

The formulation will be more complicated and the proofs will be messier, but
we hope to attend to this in a subsequent paper. (See [9], where similar results
were proved for functions analytic in C except for singularities of capacity 0
and for general sectorial sequences {[m;/n;]}.)

(ii) Note that the size of the neighbourhood in which there are at most dn
poles is a function of § only, not of f. However, the factor e~'° is not
optimal.

(ii1) Note that if

]i:llingnn(f; p)l/n =0,

then it is easy to see that a subsequence of the [n/n] Padé approximants actually
converges in capacity on compact subsets of {z:|z| < p}. Note too that if

nll»no]o Enn(f; p)l/n =0,
then f belongs to the Goncar-Walsh class [3, 10], the [n/n] Padé approximants
converge in capacity in {z:|z| < 1} [3, 19], and for j € & all but o(n;) poles
of [n;/n;] leave every compact subset of {z:|z| < 1} [9, 10].
Now we turn to convergence in capacity. Recall that, for a compact set K,
the logarithmic capacity cap(K) is defined by

I/n
cap(K) := lim (n}in ”Pn”Lx(K)) .
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where the minimum is taken over all monic polynomials P, of degree n. For
arbitrary S, the inner logarithmic capacity cap(S) is defined by

cap(S) := sup{cap(K) : K C S, K compact}.

Convergence in capacity is essentially the same as convergence in measure. We
say f, — f in capacity in {z:|z|<r} if Ve >0,

cap{z:|z| <rand |f - ful(z) <€} -0, n—oo.

The Nuttall-Pommerenke theorem [11, 14] and its extensions actually prove
geometric convergence in capacity under suitable hypotheses on f:

cap{z:|z| <rand |f —[n/n]|(z) > €e"} -0, n-—oo.

Here we shall show that Theorem 1.1 implies a weak convergence in capacity
property:

Given 0 <A< §,4 > 1, there exists p = p(4) < 1 (independent of f)
such that, for all #» in a subsequence,

cap{z: |z| < p:|f — [n/n]l(z) > p™} < cap{z:|z| < p}* = p*.

The same estimate holds if we replace cap by planar Lebesgue measure or one-
dimensional Hausdorff content.

The point is that, in most of {z : |z| < p}, [n/n] is geometrically close
to f, and we have a weak convergence in capacity property: The capacity (or
area or one-dimensional Hausdorff content) of the set on which [n/n] does not
approximate is an arbitrarily small proportion of the total capacity (or area or
content). I believe that in the setting of the following theorem the conclusion of
Theorem 1.3 may possibly be the correct analogue of the Nuttall-Pommerenke
theorem: Nothing more can be said of subsequences of {[n;/n;]}, other than
this weak convergence in capacity type property near 0. Of subsequences of the
full diagonal sequence {[n/n]}, the Baker-Gammel-Wills conjecture may well
be true.

Theorem 1.3. Let f be analyticin {z:|z| < 1}. Let 0 <A< 1,4>1 and
p = Sexp(-194/(3 — A)). Let {n 152, be an increasing sequence of positive
integers satisfying (1.1). Then there exists an infinite sequence of positive integers
& with the following property: For j € .%,

2]

2n;
cap {z |zl < p and |f = [n;/n;]i(z) > (7-/)") } <cap{z:|z| < p}*.

Remarks. (i) The restriction A < } is related to the exponent 1 in the right-

hand side of
limsup En,(f; p)/%" < p'72.

n—oo

It is now known [12] that
liminf E,,(f; p)"/®) < p.
n—oo
Consequently, if we assume that lim,_.. E,.(f; p)"/?" exists for 0< p < 1,

then our proof allows us to replace 0 < A < % by 0 <A< 1 and p =
sexp(—194/(3 — A)) by p = jexp(—194/(1 — A)) in the above result. In
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that case also, the weak convergence in capacity will hold for the full diagonal
sequence, and not just a subsequence.

(ii) The subsequence . in Theorem 1.3 is the same sequence as in Theorem
1.1, with a suitable choice of d = d(4).

We prove Theorems 1.1 and 1.2 in §2 and Theorem 1.3 in §3.

2. PROOF OF THEOREMS 1.1 AND 1.2

We shall use the notion of one-dimensional Hausdorff content:

n(E) = inf{z diam(B;) : E c | J Bj} ,

J J

where the inf is taken over all countable collections of balls {B;} of diameters
{diam B;} covering E. We first present four lemmas (at least two of which
are standard), and then prove Theorems 1.2 and 1.1. Throughout &, denotes
the polynomials of degree < »n,and C, C,, C,, ... denote constants indepen-
dent of n, P, and z. The same symbol does not necessarily denote the same
constant in different occurrences. In the sequel, [rn/n] = p,/q, -

Lemma 2.1. Let U € #\{0} and 0 < ¢ < p. Then there exists a set & C [0, p]
such that »(&) < e and, for o € [0, p]\&,

(2.1) max{|U(1)/U(2)|: |t| = p, |z| = 6} < (12ep/e).
Proof. Split U = cVW, where ¢ # 0, and V, W are monic polynomials

of degree v, w, respectively, with zeros outside |z| < 2p, inside |z| < 2p,
respectively. Now for |a| > 2p, |t|=p, |z| < p,

1+ |t/q|
< 3.
S T0z/a] <3

t—a
zZ—a

We deduce that
(2.2) VIV <3,  ltl=p, |zI<p.
Next, by Cartan’s lemma [1, p. 174],

W (z)| > (e/4e)”, zeC\¥,

where ~(¥) < ¢. Then using an easy covering argument, we see that & :=
{lz| : z € &} also has (&) < ¢. Moreover for |t|=p,

[W(n)] < (3p)”.
These last two inequalities and (2.2) give (2.1). O

Lemma 2.2. Let f be analyticin {z : |z| < 1}. Let 0 < e < p < 1. There
exists &, with »(&,) < e, such that, for g € [0, p\&,,

12ea)2” o
; p—a’

2.3 max|/ - (n/n)(2)] < Enn(f ) (

In particular, for some p; € [1p, 2p],

(2.4) max |f = [n/n]l(2) < 2Eun(f; p)(32¢)*".
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Proof. Let r; :=p;:/q; be the best approximant of type (n, n) to f on |z| <
p. Then for |z| < p,

a2(2)(fan — pa)(2)) 2241 = =)

o [ a0 -
[t|=p z

2mi

This is an easy consequence of Cauchy’s integral formula and the fact that, for
any I[1e€ %,

L 2n+1 dt —
7 [, O/ =0

(We chose Il:= p;g, — pnq, .) We deduce that, for ¢ < p,
max | f — [n/n](z)|
|z|=0
(9n95)(2)

. (%)ZM max{ (ana3)(2) =0,z =a}
< <12ea)2" T _Ewm(f;p),

€ p—0

by Lemma 2.1, provided o ¢ &, where »(&) < ¢. In particular, if ¢ = p/4,
we can choose such a p; ;=07 € [%p, %p]\g’ ..o

Eun(f; p)

p—0

We shall need a lemma of Goncar and Grigorjan:

Lemma 2.3. If g isanalyticin {z :|z| < p} except for poles of total multiplicity
m, none lying on |z| = p, and if /,(g) denotes the analytic part of g in
{z:|z| < p} (that is, g minus its principal parts in |z| < p), then

12 (&) Lo 121<) < T8 )| Lew 12120) -
Proof. See [4]. For more precise results and references, see [5, 12, 13]. O
Following is our main lemma:

Lemma 2.4. Let f be analyticin {z:|z| < 1},and 0< p<1,K > 1, with
3Kp < 1. If [n/n] has t = t(n) poles counting multiplicity in {z :|z| < Kp},
then, for large enough n,

(25)  Enceoneelfs Kp) < [€'KT Enn(f'5 p)'H1o86K) 023K

Proof. Let S,, be the mth partial sum of the Maclaurin series of f. Let
¢:=3Kp. We have, for large enough m,

lf = SmllLez1<2kp) < €™ -
Let (x) denote the largest integer < x. We let
m = <l°gEnn(f; p)> +1,
loge

so that ¢” < E,,(f; p). Let p; € [%p, %p] be as in Lemma 2.2. We deduce
from (2.4) and our choice of m that, for n large enough,

I1Sm = [7/P| Loaizl=pr) < Enn(Sf5 P){1 +2(32)*"},

SO
I1Smdn = PallLastizi=py) < Enn(f3 £)3(32€)*1qnllLc(iz1=p1) -
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The Bernstein-Walsh lemma gives

1Smdn — PullLoc(izi<2kp) < Enn(f5 £)3(32€)* |gnll Log (1z1=p) (6K) ™" .
We deduce that, for ¢ < 2Kp,

ILf = [n/n)ll L (z1=0) < IIf = SmllLe(izi=0) + [1Sm — [7/A]ll Lo (121=0)
< Em(f5 p) [1 + 3(32¢)(6K)™*" max{ D= py, Iz = a}] ,

an(z)
provided, of course, that the right-hand side is finite. By Lemma 2.1 (with p
there replaced by 2Kp, and ¢ = %K p), we can choose ag; € (Kp, 2K p) such
that

_q_'i(_f)_ . _ _ qn(t) ) B B
max{ Qn(z)' 'It|—pl, |Z|—0'1} Smax{ qn(z)’ -|t|—2Kp, Izl_al}
12e-2Kp "_ .
= (—3Kp/4 ) = (32e)".

Since f is analytic, %%, (f — [n/n]) = f — &, ([n/n]). Also a; > Kp. Then
Lemma 2.3 gives
I f = o, ([n/ )| Lo 212k p) S N = oy ([0/ 0D Lo ((21=01)
<702\ f = (/0L (iz1=01) < 28n2[6K(32€)*1(6K)™ Enn(f ;5 p)
< Enn(f; p)l+log6K/log3Kp(el6K)n ,

for n large enough, by our choice of m and of ¢ = 3Kp. Since [n/n] has
at least 7 poles in |z| < Kp < a1, %, ([n/n]) is a rational function of type
(n—1,n—-r1), and the result follows. O

We turn to the proofs of the theorems. To indicate the ideas, we first prove
the simpler Theorem 1.2. In the sequel, we let

A(p) :=limsup E,y(f; p)l/n .
n—oo

Recall (as in the Introduction) that if A(p) =0 for some p € (0, 1), then, by
a result of Gong¢ar [3], A(p) =0 for all 0 < p < 1, and then stronger results
are available [9]. So we assume that A(p) > 0 for all p > 0 in the sequel.

Proof of Theorem 1.2. Assume that, for some J € (0, 1), p € (0, %) , and for
n belonging to some infinite sequence of integers .#°, [n/n] has poles of total
multiplicity > dn in {z : |z| < p}. We show that p cannot be too small
assuming that .#" is an infinite set. Applying Lemma 2.4 with K =1 gives

En1-6)), (n(1-8)) (3 p) < ' Epy(f; p)tHices/loeds,
Taking nth roots, letting # — oo through .#", and using (1.2) gives
[k(p)~LA(p)]'~? < e'6 A(p)!+oe6/ 1083
That is,
(2.6) A(p)~0-1086/10830 < p163(py
(Recall that (1.2) forces k(p) > 1.) The exponent of A(p) is negative if

1 log 6 1
@.7) p<yexp (—T) (s E) .
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Now A(p) < p by analyticity of f in |z| < 1, so, for p satisfying (2.7), it
follows from (2.6) that

S|log p| < 16+1ogx(p)+1og6,l°ﬂ| .

log3p

1
Here for p < 35,

log p
< .
log6‘log3p' <logl8<3

So we obtain
pE(p)'° > exp(—19/6).

Therefore for large enough n, [n/n] can have no more than dn poles in
{z:]z| < p} if pr(p)'/° <exp(-19/6). O

Proof of Theorem 1.1. The consequence of (1.1) that we shall use is

(2.8) limsup Ey, ,n,(f; p)/™ = limsup Ena(f; p)'/" = A(p).
k—o0 n—oo

This follows easily from the fact that E,,(f; p) is decreasing in n. Let 0 <
n <d < 1. For large enough k, we define j = j(k) to be the largest integer j
for which n; > n;(1 —n), so that

Njgy (1 — 1) < mp < njgy(1—1).
Let 74 := njx) — nx . We see from (1.1) and our choice of j(k) that
(2.9) Hm v /njgy=n;  Hm n/njg =1-1.

Suppose that for some 0 < p < 1 and for large enough k, [n;/n,] has more
than Jn; poles in {z : |z| < p}. Then for large enough k, and j = j(k),
[njk)/njk)] has > dnju) > 1i polesin {z:|z| < p} (recall that n < J). As
Njky — Tk = N , Lemma 2.4 (with K = 1) gives

En . (f35p) < emnﬂ“E"j(k) ,"ju:)(f; p)1+(log6)/(log3p) :

Taking nj,)th roots in this last inequality, and then lim sups as k — oo, and
using (2.8) and (2.9), give

A(p)l_" < el6A(p)l+(log6)/(log3p) .
Since n < d is arbitrary, we deduce that
A(p)l—d < elGA(p)1+(logG)/(]og3p) .

Then
A(p)~0—1086)/1083p) < 16

This is the exact same relation as (2.6) with x(p) = 1. Proceeding exactly as
in the previous proof with x(p) = 1, we obtain

p>exp(—19/6). O

3. PROOF OF THEOREM 1.3

Let 0 < p < %, 0<d<1,4>1, and assume that for n belonging to

some infinite sequence of integers .#", [n/n] = p,/g, has no more than Jdn
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poles, counting multiplicity, in {z : |z| < 2p}. Let r; := p;/q, be a best
approximation of type (n,n) to f on {z : |z| < 2p}. We begin with the
identity from Lemma 2.2: For |z| < 2p,

z\2+1 (gagn)(t) (f —r)(0)
(f = [n/nD)(z) = 2nz/,| =2 (7) (qran)(z) t-—2z at.

We deduce that, for |z| < p,

(4, 9n)(2)

G0 =il <2 () Ew(r: 20) max | & .
2p (459n)(2)

Now for n > ng(p),

(3.2) Enn(f;2p) < (3p)".
Recall that ¢; has all zeros outside |z| < 2p. We split g, = S, U, , where S,
is monic of degree s, < dn and has zeros in |z| < 2p, and U, has zeros in
|z] > 2p . Exactly as in the proof of Lemma 2.1, we see that, for |z| < p,

(g2 Un)(8) 2
X |2t < 3

ld=r | (g1 Un)(2)| ~

Next, as S, is monic, the set &, := {z : |S,(2)| < p**} has cap(&,) =
Then as in Lemma 2.1, since S, has all its zeros in |u| < 2p, we have, for

lzl<p,z ¢ &,
(Sn)(t) 3p\* o
1t1=p | (Sn)(2) < (pA) < (Bp7A)n.

Combining (3.1)-(3.4), we have, for |z| < p,z ¢ &,,

|t|= 2p

(3.3)

(3.4)

17 = tnmiiayen < 2anlEl gy sspapr < Elgpa-amne <l o,
provided
(3.5) pl/2=8=46/2 ¢ %
In summary, we have shown that, for large enough n € ./,
cap {12 < p and |f = [a/nll(2)' 2 > EL | < can(és)
= p* =cap{z: |z| < p}*,
provided (3.5) holds. Let us choose  and p by

Ao =1-A, 2p = exp(—19/6) = exp(—194/(} — 4)).

Then
pl/2—A-4012 — p(1/2-8)/2 < exp(—194/2) < exp(—19/2),

as 4> 1, so (3.5) is satisfied. Finally, with this choice of 6 and p, Theorem
1.1 guarantees that, given {n;} satisfying (1.1), we can find infinitely many
J such that for n = n;, j € &; thatis, [n;/n;] has at most dn; poles in
{z:|z]| <2p}. O
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We remark that when the limit

lim En(f5 p)'/"
n—oo

exists, then the aforementioned result of Parfenov guarantees that it is < p?.

Then

we can replace (3.2) by
Enn(f;2p) < (307)".

Proceeding as before, we see that we can then choose p = 5 exp(—194/(1-A)),
forany 0<A<1.
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