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A PRINCIPLE OF LINEARIZED STABILITY
FOR NONLINEAR EVOLUTION EQUATIONS

NOBUYUKI KATO

ABSTRACT. We present a principle of linearized stability of stationary solutions
to nonlinear evolution equations in Banach spaces. The well-known semilinear
case is shown to fit into our framework. Applications to nonlinear population
dynamics and to functional differential equations are also considered.

INTRODUCTION

It is well known as a principle of linearized stability that stability properties
of stationary solutions # of ordinary differential equations du/dt = F(u) in
R" are determined by the eigenvalues of the differential DF (&) of F at u.
Similar facts are also known for semilinear evolution equations du/dt = Lu +
F(u) in Banach spaces and many applications to partial differential equations
of semilinear type has been investigated by many authors. See for example [16,
Chapter 11], [8], [17, Chapter 4].

In this paper, we are interested in fully nonlinear evolution equations of the
form
g—-tu(t) +Au(t)=0, t>0,
where A is a quasi- m-accretive operator in a Banach space. Our first purpose is
to formulate a principle of linearized stability for the above nonlinear equations
and establish the local asymptotic stability result. In general, 4 is not even
continuous and so it is a matter of course that the Fréchet derivative of A
cannot be considered. Thus we encounter the problem how we should define
a linearized operator for 4. We will adopt the idea of tangent cones from
‘nonsmooth analysis’. Especially the notion of proto-differentiability introduced
recently by Rockafellar [14] is found to be appropriate for our purpose. The
abstract semilinear equations are shown to fit into our framework as shown in
Corollary 2.2.

Our second objective is to show how our principle can be applied to age-
dependent population dynamics and functional differential equations in Banach
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spaces. As developed in [17], the well-known principle of semilinear case is ap-
plicable only to the population dynamics of semilinear type and the different
methods are needed to treat so-called fully nonlinear population dynamics. See
also [13]. In view of this, our principle has advantage of applying directly to
nonlinear population dynamics. We should remark that Desch and Schappacher
[4] have obtained a principle of linearized stability focused on nonlinear semi-
groups rather on nonlinear equations themselves and that their results also have
applications to the same problem presented here as shown recently by Grabosch
[6] and Parrott [11]. Other related results have been obtained by Greiner [7], in
which abstract evolution equations with semilinear boundary conditions have
been considered. The equations are more general than our model of population
dynamics.

We will prepare some notations and preliminary lemmas in §1. In §2, we will
give principles of linearized stability for nonlinear and semilinear equations
(Theorem 2.1 and Corollary 2.2). Their proofs are done in §4, and §3 is de-
voted to analyze the regularized equation and its linearization. We will discuss
the applications to age-dependent population dynamics in §5 and functional
differential equations in Banach spaces in §6.

1. PRELIMINARIES

In order to formulate our results, we need some notions from nonsmooth
analysis. Let X and Y be Banach spaces and let F : X — 2Y be a multi-valued
operator, which domain, range, and graph are defined as follows: I (F) := {x €
X | F(x) # @}, Z(F):=Uyeqr F(x),and F(F):={(x,y) € X xY |x¢€
D (F)and y € F(x)}. For (x,y) € &(F), we define multi-valued operators
9;F(x,y), &:F(x,y) : X =2 by

F(OF(x, ) = liminf " [F(F) - (x, )],
Z(0:F(x,y)) = limgupt"[?(F) - (x, 1,
tl

where liminf,|o and limsup,, are taken in the sense of set convergence (cf.
[1]). In other words,

(u,v) € ZB:F(x,y)) < Vi, 1 03(up, vp) = (u,v)in X x Y :
(X + tattn, y + tav,) € F(F),

(u,v) € Z(O:;F(x,y)) < 3, | 03(un,vn) = (4, v)in X xY:
(X + taldn, ¥y + thvy,) € (F).

The operator d;F (x, y) is called the contingent derivative, while 9;F(x, y) is
called the intermediate derivative by Frankowska [5] because it lies between
the contingent derivative and the Clarke tangent derivative. It is apparent
that 9;F(x, y) C 6;F(x, y) in the sense of graph inclusion. If §,F(x,y) =
OF(x,y), we denote it by dF(x, y) and F is said to be proto-differentiable
at x relativeto y and 8F(x, y) is called the proto-derivative of F at x rel-
ative to y by Rockafellar [14]. When F is single-valued, we write 8 F(x) :=
O0F(x, F(x)) and call it the proto-derivative of F at x.

Let F be a single-valued operator from X into Y with open domain & (F).
We say that F is Gateaux differentiable at x € & (F) if there existsa dF(x) €



STABILITY FOR NONLINEAR EVOLUTION EQUATIONS 2853

Z(X,Y) (= the space of all bounded linear operators from X into Y ) such
that
(Y-) lzifg t ' [F(x +th)— F(x)]=dF(x)h forall he X.

The operator dF(x) is called the Gateaux derivative of F at x.

Lemma 1.1. Let F : X — Y be a single-valued Lipschitz continuous mapping
with D (F) = X. If 8;F(x) € X (X,Y), then F is Gateaux differentiable at
x and 8;F(x)=dF(x).

Proof. Let h e X. Since (h, 8;F(x)h) € £(9;F(x)), for any ¢, | 0, there ex-
ists a sequence (h,, k,) such that (h,, k,) — (h, 8;F(x)h) in XxY and (x+
tnhn, F(x + thkn)) € £(F). Hence t;'[F(x + thhy) — F(x)] = k, — 0;F(x)h.
Since F is Lipschitzian, we have ¢;![F(x + tph) — F(x)] - 0;F(x)h. O

As a more restricted concept than Gateaux differentiability, we will use the
Fréchet differentiability. The following definition relies on [17, Definition 2.4,
p.63]. Here we denote the norms of X, Y ,and #(X, Y) by |-|x, ||y, and
Il - lex, vy > respectivly.

Definition 1.1. A single-valued operator F : ' (F) C X — Y is said to be
Fréchet differentiable at x € I (F) if there exists a DF(x) € £ (X, Y) such
that

F(y)=F(x)+DF(x)(y —x)+o(y —x), VyeD(F),

where o is a function from X into Y satisfying |o(z)|y < b(r)|z|x forall z €
X with |z|xy < r for some continuous increasing function b : [0, co) — [0, 00)
such that »(0) = 0. Further, F is said to be continuously Fréchet differentiable
on Z(F) provided that F is Fréchet differentiable at each x € Z(F) and
there exists a continuous increasing function d : [0, o) — [0, oo) such that

IDF (x1) = DF(x2)llz(x,v) S d(r)x1 — X2|x, Vxi € D(F), |xilx <r
(i=1,2).

Remark 1.1. Let F : X — Y be continuously Fréchet differentiable on X .
Then F is locally Lipschitz continuous in the sense that there exists an increas-
ing function ¢ : [0, o0) — [0, oco) such that

|F(z)— F(x)ly <c(r)lz—x|x Vz, x€X, |zlx<r, |x|x <r

Indeed, we can take c(r) = d(r)r + |DF(0)||l#x,y). For r > 0, we define the
radial truncation of F by
F(¢) if |glx <r,

Fr(9) = { F(rg/ldlx) if gy > 7.

As shown in [17, Proposition 3.10, p.95], F, is globally Lipschitz continuous
with constant ||F;||lLip = 2¢(r). Moreover, F, is continuously Fréchet differ-
entiable on the open ball B,(0) of radius r centered at 0 in X, more pre-
cisely, F,(¢ + h) = F,(¢) + DF(¢p)h + o(h) for |p|x < r, |¢+ h|x < r; and
IDF(¢) — DF(W)llzx,v) < d(s)l$ — wlx for glx, lwlx <s<r.

Let (X, |-|) be a Banach space. A possibly multi-valued operator Q: X —
2X is said to be accretive if

[x =X+ Ay -p)|>|x—-%x| forall (x,y), (X,p)€Z(Q), and 1> 0.
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An accretive operator Q is called me-accretive if the range condition
F(I + AQ) = X is satisfied for all (equivalently, for some) 4 > 0, where I
is the identity operator. If Q + wl is m-accretive for some w € R, we define
the resolvent and the Yosida approximation by

Jlg =T +AQ) ' and Q; := (1/A)(I - JAQ) for A >0 with Aw < 1,

respectively. It is easily seen that Q + wl is m-accretive if and only if JAQ
is a single-valued operator defined on all of X and satisfies |Jle - JAle <
(1 —Aw)~!|x —y| for x,y € X. The Yosida approximation Q; is a Lipschitz
mapping with Lipschitz constant (2 —Aw)/A(1 —Aw) and Q)+ w(1 —Aw)~! is

m-accretive. In addition, J2*'x = Jz% iy (1 +A0)71x).

Lemma 1.2. Let O + wl be an m-accretive operator for some w € R. Suppose
that 8,Q(x, y) + wl is m-accretive for (x,y) € £(Q). Then (8;Q(x, y))s =
0;0,(x + Ay, y). The same fact is also true if 0; is replaced by 0.

Proof. One easily checks that (1, v) € £((8;Q(x, y));) is equivalent to the fact
that for any ¢, | 0, there exists a sequence (w,, z,) — (¥ — Av, v) such that
(X +thWn,y+tyzy) € £(Q). On the other hand, (u, v) € Z(8;0;(x + 4y, y))
is equivalent to the fact that for any ¢, | 0, there exists a sequence (u,, v,) —
(u, v) suchthat (x+1t,(u,—Av,), y+t,v,) € £(Q) . Thus to prove the inclusion
(0;Q(x, ¥y)i C 0;Qx(x+Ay,y), we put u, =w,+4z, and v, = z,. To prove
the converse inclusion, we put w, = u, — Av, and z, = v,. The case 9, is
similar. O

2. LINEARIZED STABILITY

Let (X, |-|) be a Banach space and 4:Z(4) C X — X be a single-valued
operator such that 4 + wl is m-accretive for some @ > 0. In this section, we
deal with the nonlinear evolution equation

(E) %u(t) +Au(t)=0, t>0.

We will give a principle of linearized stability which ensures the asymptotic
stability of stationary solutions of (E). It is well known that 4 generates a
strongly continuous nonlinear semigroup {S(f)};>0 on Z(4) satisfying

(2.1) IS()x - Syl < e”|x —yl, Vx, yeZ(4)

by the Crandall-Liggett theorem. Putting u(t) := S(¢)ug, up € & (A4), we think

that u € C([0, 00); Z(A)) gives a unique ‘generalized’ solution of the Cauchy
problem (E) with initial data ug.

Definition 2.1. 2 € Z(A) is said to be a stationary solution of (E) if Au =0,
or equivalently, S(H)a =1u.

Throughout this section, we fix a stationary solution # of (E) and assume
the following hypotheses:

(H1) There exists an open ball B,(iz) of radius r > 0 with center # such that
for each x € B,(#2) N (A), there exists a single-valued linear operator
0A(x): D(0A(x)) Cc X — X such that dA4(x)+wl is m-accretive and

(0A4(x)) = lim 2 (4) - (x, Ax)].
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(H2) There exist a A; > 0 and a nondecreasing function L; : [0, c0) —
[0, o0) such that

0A 0A
|J2A)y — g4 y| < Ax — z|La(|v))

for 0O<A<iy, x,z€eB (1) NP (A4),and ve X.

(H1) states that A4 is proto-differentiable on B,(#) N Z(A4) and the proto-
derivative 9 A(x) is single-valued and 8A4(x) + wl is m-accretive. (H2) is a
condition which describes the dependence of dA4(x) on the variable x. Let
Z(X) = Z(X, X) and denote its operator norm by || - ||. For a (Cp)-
semigroup {7'(¢#)} with infinitesimal generator Q, the growth bound of {7'(¢)}
or the type of Q is defined by

wo(Q) = lim = log||T()]|.
Our main result is stated as follows:

Theorem 2.1. Let # be a stationary solution of (E) and assume the above hy-
potheses (H1) and (H2). If the proto-derivative —0A(#) is the infinitesimal
generator of a (Cy)-semigroup and wo(—0A(#)) < 0, then @ is exponentially
asymptotically stable in the sense that there exist constants n >0, C>1, a>0

such that
Up € D(A), |lup—ul<n=|Stug—u|<Ce *uy—ul, vt>0.

Next we consider the following semilinear equation:
d
(SL) Eu(t) =(L+ F)u(z),

where L : (L) C X — X is the infinitesimal generator of a (Cp)-semigroup
{T(¢)} satisfying ||T(¢)|| < Me®" and F : X — X is a nonlinear operator which
is continuously Fréchet differentiable on X in the sense of §1. We show here
that the linearized stability for semilinear case presented in [17, Proposition
4.17] can be obtained from our Theorem 2.1.

Corollary 2.2. Let x € D (L) be a stationary solution of (SL), i.e., (L+F)x =
0. Under the above setting, if the linearized operator L + DF(X), which is
the infinitesimal generator of a (Cy)-semigroup by the well-known perturbation
theory, satisfies wo(L + DF(x)) < 0, then X is exponentially asymptotically
stable in the sense that there exist n > 0, C > 1, and o > 0 such that if
|x — X| < n, then a unique mild solution u(t) of (SL):

t
(2.2) u(t) =T(t)x +/ T(t—s)Fu(s)ds,
0
exists forall t >0 and |u(t) — x| < Ce *|x — x| forall t > 0.

3. LINEARIZATION OF APPROXIMATING EQUATION

In what follows, we write J; instead of J; for simplicity. Let {S;(¢)} be a
semigroup on X generated by —A;. It satisfies

1S:()x = Sy(Oy| < elx —y|, p=w/(1-iw).
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It is well known that u;(¢) := S;(¢)x, x € X, gives a unique classical solution
u; € C'([0, T]; X) to the Cauchy problem

E,) {(d/dt)u,l(t)+A,1u1(t)=0, 0<t<T,
’ 1(0) = x,
for all T > 0. Moreover, u, satisfies
t
(3.1) w(t) =e tx + %/0 e T Jyuy(1)dr.

Recall further that limy o S;(-)up = S(-)up in C([0, T]; X) for uy € I(4),
where {S(¢)} is a semigroup generated by —A4. See [2, 3].

In this section we always assume the hypotheses (H1) and (H2). For u €
B,x(@) and 0 < 4 < 1/2w, one easily checks that Jyu € B.(21) N D (A).
Thus there exists a linear operator 8 A(J;u) such that 8A4(Ju) + wl is m-
accretive. By Lemma 1.2, one has 84;(u)h = (0 A(Jyu));h. Since (0A(Ju));
is Lipshitzian, it follows from Lemma 1.1 that the Yosida approximation A, is
Gateaux differentiable at u € B,/»(#) and, denoting its Gateaux derivative by
dA;(u), we have dA;(u) = 0A;(u) = (8A4(Ju)); .

In what follows, we fix any 7 > 0 and choose 7 such that 0 < F <
(r/2)e=2°T . Let 4 > 0 be sufficiently small so that 0 < A < min{1/2w, A3}
and let x € B;(i1). For the sake of simplicity of notation, we put dA4;(t)x :=
0A(J;S;(t)x) . Since |S;(t)x —u| <r/2 for 0<t < T, we have

dA(S)(1)%) = (BAS:(1)x)); = %(1 — MO 0<i< T

Now, we would like to consider the linearized equation for (E;):
(d/dtyva(t) + dA;(Sa(t)x)va () =0, s<t<T,

{UA(S) =w,

where 0<s< T, w € X. Since 84,;(t)x + wl is m-accretive (by (H1)),

(Lss,w)

IJ,{“‘(')XU _ JlaAA(t)le < - v —w|, VYv,weX.

—Aw
Also, for s<t< T, J;S;(t)x € B,(a) NZ(A) and hence by (H2),
P40y g2y < A 0)x - Sy La(o)).

This shows that ¢ — Jf 4%y is continuous on [s, T]. Therefore by [3, Corol-
lary 1.1, p.11], we have

Proposition 3.1. Let x € B;(iz). Then there exists a unique classical solution
vi(+) = vi(+; 5, w) € C'([s, T]; X) to the Cauchy problem (L;;s,w). In
addition, v, satisfies

t
(3.2) ’UA([) = e-I_TSw + %/ eL)_—lJlaAA(T)X,UA(T)dT
s

and |v;(1)| < e*=)w| with u = w/(1 — Aw).
Let us define .4 : X — C([0, T]; X) by
(F4x)(t) :=S;(t)x forte[0, T).
We have the following representation of the solution of (L;; 0, w):
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Proposition 3.2. . is Gateaux differentiable at each x € B;(#1) and the Gateaux
derivative d.%(x) represents a unique solution of (L;; 0, w):

d.F(x)w = vy(-; 0, w) = the solution of (L;; 0, w).
Proof. At first, observe that J; is Géateaux differentiable on B, /;(i) and dJ,(u)

= JP*% for u € B,;y(m). In view of (3.1) and (3.2), for sufficiently small
a>0,

|~ [S3(8)(x + aw) — S3(8)x] - va(2)]

< % /0, e'T o™ [LSA(T)(x + aw) — S3(2)x] — AT (Sy(1)x)va(2)ld

< %/ote’T"la"[JASA(T)(x +ow) — Ji(S3(7)x + avy(7))]ldT
+ % /otefT_tla'l[Ja(SA(‘t)x + avy(1)) — [iSa(1)x] — d L (Su(T)x)va(T)ldT
< ',li/te"f"(l = 20) e~ [S3(7)(x + aw) = S;(7)x] - va(7)|dT
0

t
+1/ e¥ha(t)dr,
A Jo

where h,(7) := |a " [Ji(S1(7)x +avy (1)) = J38:(1)x]-d Ji(Sa(t)x)vs(7)| . Putting
o(t) := et|a~1[S; (1) (x + aw) — S;(£)x] — v;(2)] , we have

o(t) < %/0 efha(t)d‘t+1(l_l—lw)/o p(1)dr.

Then Gronwall’s inequality yields that ¢(r) < 1 [ et—4X)/A1-20)p, (£)dE . This
leads to

T
sup |a~'[Si(2)(x + aw) — S)(t)x] — vy(1)| < %e“T/ hy(t)dT.
0<ti<T 0

Noting that A,(7) — 0 as a | 0 for 7€ [0, T] and
ha(7)] < o™ [2(82(7) + ava(7)) = LiSa(T)x]] + |dJ2(Sa(7)x)va(7)]
< (1= Aw)~oa(z)] + |74 0y(x)|
<2(1 - Aw)Hua(7)l,

one has, by Lebesgue’s convergence theorem, fOT ho(t)dt — 0 as a | 0. Thus
the assertion follows. O

Lemma 3.3. Fix w € X. The mapping z — d.%(z)w is continuous from By(i)
into C([0, T; X).

Proof. Let z, — zo in By(u1). We will show that d.%(z,)w converges to
d%(zo)w in C([0, T1; X). To do this, we employ Kisynski’s technique. De-
note by c¢(X) the space of all convergent sequences x = {x,}3° such that
Xp = Xo in X. Thus z = {z,}3° € ¢(X). c¢(X) is a Banach space under the
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norm [|x||cxy = sup, |x»|. For x = {x,} € c(X), it follows from (H2) that
lJfAl(t)z"x,, _ JfAA(t)ZoxOI

< |JfAA(1)an” _ JfAl(t)znxol + IJfAA(t)ano _ JfAA(l)ZoxOI

< (1= 2@) ™ (|xn — xo| + Ae|zy — zo|La(|x0])), 4 = w/(1 - Aw).
From this, it is apparent that
(3.3) JI4Wanx, — J24W% 5, as n — oo uniformly in ¢ € [0, T].

Thus we can define J5(¢) : ¢(X) — ¢(X) by
2(t)x = {J2* x, )} for x = {x} € c(X).

It is easily seen that ||J%(¢)x — J4(0)yllcx) < (1 —Aw) Y Ix—yllc(x) - By (3.3) and
[15, Lemma 5.1(i)], ¢+ J5(¢)x is continuous. Thus by [3, Corollary 1.1, p.11],
we conclude that for any vy € ¢(X), there exists a unique classical solution
vi()) = {vf(-)} € CY([0, T]; ¢(X)) to (d/dt)va(t) + A~ (va(t) — F5(t)va(2)) = 0
and v;(0) = vo . This implies that lim,_,. v} () = vf(t) uniformlyin ¢ € [0, T]
by [15, Lemma 5.1 (i)]. Taking the initial condition as vo = {w}, we conclude
that d.%(z,)w convergesto d#(zo)w in C([0, T]; X) since d-F(z,)w = v}
by Proposition 3.2. 0O

Lemma 3.4. For x,y € B;(i),

1
(34) HAy-Fx= /0 A5y + (1 - 0)x)(y — x)d6 in C([0, T]; X).

Proof. Since 0y +(1—6)x € By(n) for 6 € [0, 1], by Proposition 3.2, we have

(&) A6y + (1~ 0)x)
= lim R A (x + 0y —x) + h(y — X)) = F(x + 6(y — x))]

=dS(x +0(y — )y - x).

By Lemma 3.3, 6 — (d/d6)*#(0y + (1 — 0)x) is continuous from [0, 1] to
C([0, T]; X). Integrating the above over [0, 1] yields the result. O

Lemma 3.5. Let x € By(t) and 0 <ty < T. Let v}(t) and v}(t) be solutions
to (Ly; tg, w) with operators dA;(S,(t)x) and dA;(#), respectively. Then

v () = vi (O] < (1 - Aw) " ek (t — to)|x — #|La(e*T|w|) forto<t<T.
b pl
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Proof. By (3.2) and (H2), we have

t
i () - vi (0l < % / e T I yx (1) — SO (1) d

to

t =~
<7 [ TPz - P (o)l

14}

| R
+I/ e’ T |JPHDRyx gy — JOADRYB (1) |de
o

t
< / e T (1 — Aw)~'e#?|x — a|Ly(e* ) |w|)dt
14}

t
+%/ e'T (1 — Aw)~ v (1) — vi(7)|d.

t
Putting ¢(7) = e|v(t) — vi(1)| yields
1 t

< T uT t/A(1—Aw) _ pto/A(1-Aw)
(0([) = llx ulLﬂ(e |'U)|)(e € )+ l(l __)’w) o

p(t)dT.

Then we deduce from Gronwall’s inequality that
(1) < |x — 2| La(e*T |w])(1 — Aw)~"eA129)(1 — 1),
and the desired inequality readily holds. O

4. PROOFs OF THEOREM 2.1 AND COROLLARY 2.2

Proof of Theorem 2.1. Let {T(t)} be a (Cp)-semigroup generated by —0.A4(«) .
Since wo(0A(#1)) < 0, there exist y > 0 and M > 0 such that ||T(¢)|| < Me™"".
Put U(t) = e”"T(t). Then |x| := sup,>o|U(¢)x| defines a norm equivalent
to the original norm. In fact, |-| < ||| £ M]|-|. It readily follows that
IT(6)x|| < e "|1x|| and hence, as is well known, dA(ir) — yI is m-accretive
in the renormed Banach space (X, || - ||). That implies that dA;(&t) — yil is
m-accretive in (X, ||-||), where y, = y/(1+Ay). Fix T > 0. Denoting by v}(-)
the solution of (L;; 0, w) with operator dA;(&) in place of dA4;(S;(t)x), one
has

(4.1) lvill < e ™lw|l, weX, t>0.

Let &y € (0, y). There existsa 49 > 0 such that 0 < A < 4o implies 0 < y—y; <
& . In the sequel, 2 > 0 is taken so small that 0 < A < min{Ag, 4z, 1/2w}.
Take o € (0,y — &) and choose ¢ € (0, e 2T — ¢~("—2)T)  Let F be as
in §3, i.e., 0 < 7 < (r/2)e~2¢T | And then take # > 0 such that 0 < 7 <
min{7, ¢/2Me2°TTL,(e2*T)}.

If ||x — || < (which implies |x — @] < 77 ), then, by Lemma 3.5 and (4.1),
the following estimate holds:

I[dFx)w)(T)|| < lvf(T; 0, w) —v{(T; 0, w)|| +[[vi(T; 0, w
< M(T;0,w)—v{(T;0,w)|+|vi(T;0, w]
< M(1 - Aw)~'e*TT|x — a|Lg(e*T |w]) + e "7 ||lw||
< 2Me*TTALy (€T ||lw|) + e~ |jw)|.
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This implies that supy,<; [I[dF(x)w)(T)|| < e=*T by way of choosing «.
Since v — d.#(x)v is linear, we obtain
(4.2) AT < e °T|lv||, Vv € X whenever ||x — @] < 7.

Let ||x — | < 7 and 6 € [0, 1]. Since [|6x + (1 — 8)a — a|| < 7, by (4.2), we
get
I[dF(0x + (1 - O)a)(x — ))(T)|| < e*T||x — al.

Noting that S;(¢)&z = @, it follows from Lemma 3.4 that
(4.3) IS(T)x —all < e~T|lx —a|l if |x —all < 7.
Now, let n = /M and let uy € D (A), |uo—u| <n. Then |lug—a| < i
and thus using (4.3) repeatedly, we have, for any integer k,
(4.4) I1Sa(kT)uo — all < e™*Tlug — .
For any ¢t > T, let k :=[t/T] ([-] stands for the Gaussian bracket). Then we
have
1S2()uo — all < M|S; (¢ — kT)S;(kT)uo — @l
< Me*T|S;(kT)ug — | < Me*Te % T|ug —a|| (by (4.4))
< MeTeDjug — @l < Me>*T e ug g,
It readily follows that |S;(f)ug — #1| < Ce~*|ug — #1| with C = M?e(2w+a)T
Hence letting A | 0, we obtain |S(t)ug — | < Ce~*|ug— 1| forall ¢t > T . For
0 <t < T,itis easy to see that |S(¢)ug — | < e(**Te~|yy — @|. Thus the
proof is complete. 0O

Proof of Corollary 2.2. Let x € & (L) satisfy (L+ F)x =0. Fix rp > 0 such
that |X| < ry and define
F(¢) if |§] < ro,

Fy(¢) := { .
D= Furodnig) i 181> .
Then as mentioned in Remark 1.1, Fy: X — X is continuously Fréchet differ-
entiable on B, (0), and globally Lipschitz continuous. We denote its Lipschitz
constant by || Fol|Lip -
Let us define an operator 4 by
Au=—(L+ Fo)u forue Z(A)=2(L).

By the standard renorming |u| := sup,sq |le”“'T(¢)u|| (using the same notation
as the original norm) and then by regarding —(L+Fp) as —(L—wI)—(Fy+wl),
we may assume without loss of generality that {7(¢)} is a contraction semigroup
and so —L is me-accretive. (See [10, Proposition 2.5].)

In the following, we will assume —L is m-accretive and check all the hy-
potheses assumed in Theorem 2.1.

Proposition 4.1. A + || Fo|lLip! is a densely defined m-accretive operator in X .
Proof. The following calculation shows that A + || Fyl|Lip/ is accretive:
|u — v+ A(Au — Av)| > |u —v — AL(u — v)| — A|Fo(u) — Fo(v)|
> [ = v] = A Folluiplu — vl.



STABILITY FOR NONLINEAR EVOLUTION EQUATIONS 2861

To show the range condition #(I + AA) = X for sufficiently small 4 >
0, take any x € X. For z € X, define T : X - D(L) Cc. X by Tz =
(I-AL)~'(x+AFy(z)). Then obviously, |Tz—T2| < A|FollLip|z— 2|, andso T
is a strict contraction for small A > 0. Hence there exists a unique u € Z (L)
such that u — ALu = x + AFp(u) , which shows the range condition. It is known
that D (A4) = (L) is densely defined since L is the infinitesimal generator of
a (Cp)-contraction semigroup. 0O

Now, take r > 0 such that |[X|+r < ry. Then x € B,(x) implies x €
B, (0). Taking this into account, we can define a linear operator 0.A4(u) for
ueZ(A)NB,(x) by

0A(u)v = —Lv — DFy(u)v forv € Z(0A(u)) =<2 (L).
By the same reason as the above proposition, we have
Proposition 4.2. 9 A(u)+||DFy(u)||I is m-accretivein X for u € D (A)NB,(x).

The next proposition justifies the notation 8 A(u), which is used to express
the proto-derivative.

Proposition 4.3. £ (0A4(u)) = lim,ot~'[Z(A4) — (u, Au)] for u € D (A)NB,(x).
Proof. Firstly, we show that
Z(0A)) lintll(i)nft‘l[?(A) —(u, Au)].

Let (h, k) € £(0A(u)). Then k = —Lh — DFy(u)h . Take any sequence ¢, | O
—Lh — DFy(u)h = k . This shows that (h, k) € liminf,jo¢~'[Z(4) — (u, Au)].
Next we show that
limsup = '[£(A4) — (u, Au)] C £(8A(u)).
110

Let (i, k) € limsup,;o¢~'[£(4) — (4, Au)]. Then there exist a null sequence
t, | 0 and (h,, k,) — (h, k) such that (u + tyh,, Au + ty,k,) € £(A). Since
F, is Lipschitzian,
|ty ' [Fo(u + tahn) — Fo(w)] — DFy(u)h|

< |t7 [Fo(u + tahn) — Fo(u + tah)]| + |t ' [Fo(u + tah) — Fo(u)] — DFo(u)h|

< || FollLiplhn — Bl + |t [Fo(u + tah) — Fo(u)] — DFy(u)h| — 0 as n — oco.
Noting that h, € (L) (by the linearity of & (L)), the above calculation
shows that h, € D (L) — h and Lh, = —k, + t;'[Fo(u + tyhyn) — Fo(u)] —
—k + DFy(u)h. Since L is closed, we conclude that h € Z(L) and k =
—Lh+ DFy(u)h, i.e., (h,k)e Z(0Au)). O

Corollary 4.4. 0A(u) + || Fo|lLip! is m-accretive in X .

Proof. Let us set B = A+ | Fo|lLip/ and 8B(u) = 0 A(u) + || Fol|ip! . Observing
that (h, k) € &(0B(u)) iff (h, k — ||FollLiph) € £(0A(u)) and that (h, k) €
limyyo t='[Z(B) — (u, Bu)] iff (h, k — || FollLiph) € limyyo ™' [E(4) — (u, Au)],
it follows from Proposition 4.3 that

£ (9B(w)) = lim:™'[£(B) - (u, Bu)).
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Since the right-hand side is accretive, so is the left. From the fact that d.4(u) +
[|DFy(u)||I is me-accretive, it is not difficult to see that for any f € X and
sufficiently small u > 0, there exists an 4 € 2 (0 A(u)) such that

h+u(@Awh + || Folluiph) = f. O

Finally we have

Proposition 4.5. There exists a nondecreasing function Ly : [0, co) — [0, 00)
such that
74y — JPAWy) < 3]z — ul Ly (o))

Jor >0, z,ue B,(x)ND(A),and ve X.
Proof. It readily follows that

|J24F)y — g24Wy| = 2\DFy(z)v — DFy(u)v| < Ad(r)|z — ul|v]
for A>0, z,ue B (x)NZ(A4A),and ve X. O

Now, we are back to the proof of Corollary 2.2. The above propositions guar-
antee that the hypotheses (H1) and (H2) are fulfilled. Noting that -9 A(x) =
L+DFy(x) = L+DF(x), if wo(L+DF(x)) < 0, then we conclude from Theo-
rem 2.1 that there exist # > 0, M > 1 and « > 0 such that if |x—X| < 5, then
|S(t)x — x| < Me~*|x — x|, where {S(#)} is a semigroup generated by —A4 =
L + Fy. It is known that S(¢) satisfies S(¢t) = T(¢)x + fot T(t - s)FyS(s)xds.
(See the proof of Proposition 3.18 of [19].) Take 5 > O sufficiently small so
that Mn < r. Then S(s)x € B,(x), which implies S(s)x € B,,(0). Therefore,
S(¢) satisfies the variation of constants formula (2.2). The uniqueness of the
mild solution is well-known. The proof of Corollary 2.2 is now completed. O

5. AGE-DEPENDENT POPULATION DYNAMICS

In this section, we treat a problem of age-dependent population dynamics
rather general form than usual. Let (E, |-|) be a Banach space and L! :=
L'(0, co; E) be a Bochner integrable function space, which norm is denoted
by ||+ |lz1 .- Given two mappings F : L' — E and G: L' — L', we consider
the following partial differential equation:

0 0

(P) Eu(t,a)"'%u(t,a)“G(u(ta '))(a), IZO,aZOa
u(t,0)=F(u(t,-)), tZO

The usual model is obtained as follows: E = R". For i =1, .--, n, define

Ki,Ji : L' = [0,00) by Ki¢ = [ ki(a)p(a)da, Jip = [ ji(a)p(a)da,
respectively, where k;, j; : [0, o0) = Z(R", [0, co)) are given mappings. Then
define F:L' - R", G: L' — L' by taking their i-th component as follows:

F(¢) = /O " Bia, Ki$)di(a)da for b= (d;) € L',

G(#)i(a) = —pi(a, Jig)pi(a) ae.a>0 forgp=(¢)eL',

where B, u; : [0, 00) x [0, 00) — [0, oo) are given functions. See [17] for
details.
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In the following, we assume that F : L' - E, G: L' — L! are continuously
Fréchet differentiable in the sense of §1, i.e.,

(F) For any ¢ € L!, there exists a DF(¢) € &£ (L', E) such that
F(¢+h)=F(¢)+ DF(¢)h+or(h), helLl,

where oF : L' — E, |op(h)| < be(r)||hllp for ||Allp < r, and bF :
[0, co) — [0, co) is a continuous increasing function satisfying bg(0) =
0; and there exists a continuous increasing function dr : [0, c0) —
[0, 0o0) such that

IDF(¢) - DF(W)llzw gy < dr(Mll¢ — vl for [|llpe, (lwllp <
(G) For any ¢ € L!, there exists a DG(¢) € £ (L', L') such that
G(¢+ h) = G(¢) + DG(¢p)h + 0g(h), he L',

where oG : L' — L', |log(h)|l: < bg( )||h||,_1 for ||h||p <7, and bg :
[0, 00) — [0, oo) is a continuous 1ncreasmg function sausfymg bs(0) =
0; and there exists a continuous increasing function dg : [0, 00) —
[0, c0) such that

IDG(8) - DG(W)ll #(Lt, 11y < d6(Pllp — Wl for gl Il <.

Let # be a stationary solution of (P), i.e., # € Wl:1 := WL.1(0, 00; E),
#(0) = F(a), and # = G(#), where ' stands for d/da when the variable of
functions in W!-! is represented by a. Fix ry > 0 such that ||@||;: < ro. Then
define the radial truncations Fy and Gj by

o F(¢) if || @l < 1o,
Fo#) = { F(rod/Il$lL) if I6lls > ro.
[ 6(#) if 8l < ro,
o) = { Glrod/I0ll) if IBlles > ro.

As in Remark 1.1, Fy and Gj are globally Lipschitz continuous and continu-
ously Fréchet differentiable on the ball B, (0) in L.

Now define an operator 4 on L! by

Ap=¢' - Go(¢) forpe D(A):={peW"'|¢(0) = Fyp(¢)}.

We will observe that the hypotheses (H ) and (H2) in §2 are satisfied. At first,
we have
Proposition 5.1. With w = ||Fy||Lip + |GollLip, A + ! is a densely defined m-
accretive operator in L' .

Proof. Firstly, we will show that #(I+44) = L', 0 < A < 1/w. We must show
that for any w € L!, there exists a ¢ € W!:! such that ¢ + A¢' — AGy(d) =
and ¢(0) = Fy(¢), which is equivalent to the integral equation:

(5.1 8(x) = @)t + [ e T 17w + Gol@) (0
Thus for ¢ € L', we define K: L' —» L! by

(Ko)x) = Fo( et + [ e~ F13w(0) + Gol )0
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and seek the fixed point of K. It readily follows that
1K= Kdl < [ IR(®) - Fu@leHdx
+ [ e 16u)0) - Gold)0)lduax
< Al Follipll — Bllz + lfo 1Go(¢)(2) — Go(B)(t)ldt < Awvllp — .

Hence for 0 < Aw < 1, the fixed point of K exists by the Banach contraction
mapping theorem.
Next, we will show that 4 + w! is accretive. Let v = (I + A4)¢ and

W = (I + A4)$. Then by (5.1),
. o . T A
6=dl < [~ e NI - R@ldx+ 1 [ [ e w0 - poidrz

" /ooo/o e~ |Go(¢)(t) — Go()(t)|dtdx
<Al Follipllé — &”Ll + A||Gol|Lipll® — ¢?”Ll +lw -l

Therefore, (1—Aw)||¢—¢|l: < ||w - ¥||.: . Finally, it is shown that the domain
of A is dense similarly to Webb [17, Proposition 3.8]. O

Choose r > 0 such that ||@#||,: + 7 < ro. Note that u € B,(z) implies that
u € B,,(0). For u € &(A4)N B.(&1), we define

dA(u)h =h' — DG(u)h for h € Z(dA(u)) := {h € W' | h(0) = DF (u)h}.
Then by the same reason as the above proposition, we have the following

Proposition 5.2. With w, := ||DF(u)||_g:(L| JE) Tt ||DG(u)||g(L| ,LY» 0A(u) + w,I
is m-accretive in L!.

As in the previous section, we write J; = J.

Lemma 5.3. Let S := {ve L' | Jyv e B(a),0 <A< 1/2w}. Then J, is

Gateaux differentiable on S and dJ,(v)h = Jf””‘”)h for vesS, hell,
0<i<1/2w.

Remark 5.1. 1t is easily checked that B, () C S.

Proof. Let v € S. Recall that ¢ = J;v is given by (5.1). Set ¢, = Jy(v + th)
and y = J2*U")h . Then these satisfy

86) = e 1 Fo(6) + [ €TI0 + ) + Gold) (Sl

v(x) = e IDF@)W) + [ e T Ih() + DO)W)(5)ds.
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Therefore, the following estimate holds:
e (¢ — @) — Wil
< [ e taxi! (Fu(en - (@) - DF@)(w)

+ /oo/x e” T |t7(Go(¢1)(5) — Go(9)(5)) — DG(9)(y)(s)|dsd x
0J0

<At~ (Fo(¢r) — Fo(¢ + ty))| + At~ (Fo(¢ + tw) — Fo(¢)) — DF(8)(w)]
+ At (Go(¢r) — Go(d + ty)) | s
+ At (Go(¢ + ty) — Go(¢)) — DG(8) (W)l

< Ml Folluipllt™" (¢ = ) = wllor + At~ (Fo(¢ + tw) — Fo(¢)) — DF (¢)(w)]

+ Al|GollLipllt™" (6: — ) = Wl + Allt™"(Go(¢ + ty) — Go(8)) — DG($)(W)l 1
Hence we have (1 —20)[|t™ (¢ — ¢) — ¥l < At~ or (tw)| + ||t 06(tw) | 1)
for sufficiently small ¢ > 0. This leads to the consequence. O

The next proposition shows that 8 4(u) is the proto-derivative of 4 at u.
Proposition 5.4. For u € Z(A) N B,(a),

Z(0A)) = ltilr(l)‘l t7Z(A) - (u, Auw)].
Proof. Let v=(I+AA)u for u e Z(A)NB,(#) and 0 < 1< 1/2w. By Lemma

5.3, dJy(v)h = J*U) | Define ¥;(x, y) = (x+4y, x). Then by [9, Lemma
4.1], we obtain

lim I (E () - ¥y (v, L))

=¥ (F(dhw) =¥ (F ).
Since ¥3(Z(J2)) = £(Q), the above reads lim, ot~'[Z(4) — (v, AJ3v)] =
Z(0A(Jv)), which is the result. O

Proposition 5.5. 9A4(u) + wl is m-accretive in L' for u € D (A) N B,(n).
Proof. From Propositions 5.2 and 5.4, this is shown in a similar way to Corol-
lary 4.4 and so we omit the details. O

Finally, we have

Proposition 5.6. There exist A; > 0, 6z > 0, and a nondecreasing L; : [0, 00) —
[0, oo) such that

24Py — J24@y| |11 < Az - ull La(llv]l2)
for 0<A<Ay, z,u€Bs,(0)NP(A) and ve L.
Proof. Let z,u € B(@) ND(A4), ve L' andput y = J Py, ¢ = g4y,
Then these satisfy

v(x) = e IDF@)W) + [ e T 150(5) + DEEWE)ds,

#() = e EDF)@) + [ e 170(6) + DG@)(5)ds.
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Hence we have the estimate

Iy =gl < /ooe 1dx|DF (z)(w) — DF (u)(¢)|

/°°/" TIDG(2)()(s) — DG(u)($)(s)|dsdx

< A(IDF(z)(y) — DF (w)(¥)| + |DF (u)(y) — DF(1)(¢)])
+AIDG(2)(y) — DG(u) (W)t + IDG(u)(yw) — DG(u)(P)|I1)

< AIDF(z)(y) — DF (u)(¥)| + AIDF (W)l z w1, 5)l¥ — 8l
+AIDG(2)(y¥) — DG(u)(W)ll + MIDG(W)ll g, il = ¢l

By the continuity of u — ||[DF (u)|| L k), |IPG(4)ll 11, 1) > there existsa J >
0 such that ||u—ft||L1 <d lmplles “DF(u)"_?(Ll ,E) < 1/2+”DF(12)"_?(L| ,E) and
IDG(u)l|l#wr, Ly < 1/2+|DG(#)|| (L1, 1) - Further, there exists a 4; > 0 such
that 0 < A < 4, implies that A(1 + ||DF(@)|| ¢!, g) + IDG(®)|| 21, 11) < 1/2
and 1 — Aw > 1/2. Therefore, from the above estimate, it follows that

lw — ¢l < 24(IDF(2)(w) — DF (u)(y)| + |IDG(2)(w) — DG(u)(¥)l|1)-
Since z, u € B,() implies z, u € B, (0), one has by (F) and (G),

IDF(z)(w) — DF (u)(¥)| < dr(ro)llz — ulli ¥l < 2dp(ro)llz — ull vl
IDG(2)(¥) = DG(u)(W)llr < dg(ro)llz — ullpllyli < 2dg(ro)llz — ulli vl

Putting Jdp := min{d, r} > 0 and Ly(s) := 4(dr(ro) + dg(ro))s, we reach the
desired inequality. O

Consequently, the hypotheses (H1) and (H2) are fulfilled. Let {S(¢)} be a
nonlinear semigroup generated by —A4. Then u(t) := S(f)ug is regarded as a
generalized solution of (P) with F and G replaced by Fy and Gy and with
initial data ug. If u(¢) lies in the ball B, (0), then we may think of u(f) as a
generalized solution of the original problem (P) since Fy and Gy are identical to
F and G on B, (0), respectively. Therefore we have the following conclusion
similar to [17].

Theorem 5.7. If wo(—0A(r)) <0, then u is exponentially asymptotically stable
in the sense that there exist constants n > 0, M > 1 and a > 0 such that
if |up — u1| < n, then the solution u(t) of (P) with initial data uqy in the
generalized sense described above exists uniquely for all t > 0 and satisfies
|u(t) —a| < Me=*"|ug—u| forall t >0.

6. SEMILINEAR FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section, we discuss briefly the application to semilinear functional
differential equations. Let (E, |-|) be a Banach space, L: (L) C E — E bea
linear operator such that —L+ 81 is m-accretive in E, where f € R. Let C :=
C([-r, 0]; E) be a Banach space with norm ||@|lc := supge(—,,q|¢(0)| and
F : C — E be a nonlinear operator which is continuously Fréchet differentiable
on C as defined in §1. In this section, we consider the semilinear functional
differential equation

(FDE) (d/dt)x(t) = Lx(t) + F(x;), >0,
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where x,(0) = x(¢t+80), 6 € [-r, 0]. We say that X is a stationary solution of
(FDE) if x € (L) and Lx + F(x) =0, where X is considered as a constant
function in C. Let the stationary solution X of (FDE) be fixed and take ro > 0
such that ||X||c < ro. Let Fy be the radial truncation of F defined similarly
_in §5 (see also Remark 1.1) and define an operator 4 on C by

DA)={feC|feC, f(0)ez(L), f(0)=Lf(0)+F(N},
Af =—f' for f € D(A).

Then as shown in [18], 4+ wl, w = max{0, B + ||Fo|lLip} is m-accretive
in C and densely defined. Similarly to §4, we can show that for sufficiently
small > 0, the conditions (H1) and (H2) in §2 are fulfilled for 4 with the
proto-derivative dA(x) at x € & (A4) N B,(x) defined by

DOAx)={heC|H eC, h(0)eD(L), h'(0)=Lh(0)+ DF(x)(h)}
0A(x)h=—-h"  for he D(0A4(x)),

where B,(x) is a ball in C. Denoting by {S(¢)} a semigroup on C generated
by —A, the function x(¢) defined by

N (1) for-r<t<o0,
(6) = { [S(£)¢](0) fort>0

for ¢ € C, is considered as a generalized solution of (FDE) with F replaced by
F, and with initial history ¢ . For sufficient conditions for x(¢) to be a classical
solution, see [18]. If x(¢) belongs to the ball B, (0), then we may regard x(¢)
as a generalized solution of the original problem (FDE). By applying Theorem
2.1, we have the following result similar to [11].

Theorem 6.1. Let x be a stationary solution of (FDE). If wo(-98A4(x)) < 0,
then X is exponentially asymptotically stable, i.e., there exist constants n > 0,
M>1, a>0 such that

llx: — Xllc < Me™||¢ - Xllc, 120,
whenever ¢ € C and ||¢p — X||c < 1.

Remark 6.1. In particular, applying Plant’s results [12, Corollary 3.2], we can
obtain that if S+ | DF(x)|| <0, then wo(—8A4(x)) < 0. Indeed, [12, Corollary
3.2] tells that there exists a w < 0 for which §A(«#) + wl is m-accretive
in C with the weighted norm |¢|, = supge;—,, o) le~*?¢(6)|. Since the norm
| - |» is equivalent to the original norm || - ||c, it is shown that —8A4(&) is an
infinitesimal generator of a (Cp)-semigroup {7°(¢)} on C such that ||T(#)¢|c <
MeY||¢||c for some M > 1.
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