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LOCAL UNIQUENESS IN THE INVERSE CONDUCTIVITY
PROBLEM WITH ONE MEASUREMENT

G. ALESSANDRINI, V. ISAKOV, AND J. POWELL

ABSTRACT. We prove local uniqueness of a domain D entering the conductivity
equation div((l + x(D))Vu) = 0 in a bounded planar domain Q given the
Cauchy data for u on a part of Q. The main assumption is that Vu has
zero index on 8Q which is easy to guarantee by choosing special boundary data
for u . To achieve our goals we study index of critical points of ¥ on Q.

We are interested in finding a simply connected domain D entering the con-
ductivity equation div((1+x(D))Vu) = 0 from one exterior boundary measure-
ment (the Cauchy data for u on a piece of boundary of a given planar domain
Q containing D). This problem is fundamental for electrical and seismical
prospection, but not much is known about it at present. The only available
uniqueness results are for convex polyhedrons [FI] or cylinders [IP]. There are
more general results when D is assumed to be close to a given domain Dy .
In [CV], a local uniqueness theorem is proved, under the technical assumption
which involves a condition on the interior values of Vu. In [BFI], [P], under
assumptions on the boundary data which guarantee that Vu has zero index
on 8Q, and under the restrictive assumption that 8Dy, 8D are (piecewise)
analytic, local uniqueness results have been obtained.

In this paper we remove this last assumption and we show that solutions
D € C'** of the inverse problem are isolated.

Notation. B(a; r) is the ball of radius r centered at a; v is the (exterior) unit
normal to the boundary, 8/8z = 1/2(8/8x — id/d8y), 8/3z = 1/2(0/0x +
i8/0y), | |k+1(K) is the norm in the Hélder space C¥+4(Q) of functions whose
partial derivatives up to order k are Holder continuous of exponent 4, 0 <
A< 1. C denote positive constants which depend only on Q, Dy and M .
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1. MAIN RESULTS

Let Q be a bounded domain in R? with C?**-boundary 0Q, 0 <A< 1.
For a domain D, D c Q, we consider the refraction problem

(1) div((1+ x(D))Vu) =0in Q, du/dv =g on 9Q

where g € C'*4(0Q) and [, ¢ = 0. When 0D € C'*, this problem has

a unique solution u € H1(Q) such that u € C*4D°), u € C'*4D) and

J5qu =0 (see [DEF, Appendix]). The differential equation (1) is equivalent to

the following relations:

(1a) , A .
Au¥=0inD?, Au'=0inD, u®=u', Ou°/0v =20u'/0v ondD

where D¢ =Q\D, u¢=u on D°, u'=u on D.
The inverse conductivity problem with one boundary measurement is to find
D given

(2) u=h onl COQ.

To formulate the main result of this paper we consider a family D, of
domains close to a domain Dy € C'** which contains the origin 0 in R2. Let
2o(t) be the conformal mapping of the unit disk B onto Dy normalized by the
conditions

(3) 20(0)=0, z)(0) > O.

Consider the family ¥,, of function y analytic in B and satisfying the fol-
lowing conditions:

(4) w(0)=0, Imy'(0)=0, [yla(B)<M

and such that zo + v is a conformal mapping. Let D, be the image of B
under this mapping.
Let 9Q be the union of two disjoint arcs I';, I’ and assume that

(5) 0<gonIy, g<0onI,, g#0.

Theorem 1. If the condition (5) is satisfied, then for a domain Dy there is a
number eo(M) such that if |y|o(B) < & and D, , Dy are solutions to the same
inverse canductivity problem (1), (2), then w =0.

In other words, C!'**-solutions D, are isolated. By applying a standard
compactness argument, we can claim that the number of solutions is finite.

Corollary 1*. Let V3, be a subfamily of Yu which is closed in C'*4(B). Then
the number of solutions D, with y € V3, is finite.

Proof. We observe that by Theorem 1 for any y € V3, there is e(y, M) such
that in the e-neighborhood of y in C(B) there is no other solution of the
inverse problem. These e-neighborhoods form an open covering of ¥3}, in
C(B); since ¥}, is compact in C(B) we can find a finite subcovering. Since
in any neighborhood there is no more than one solution, the number of all
solutions in ¥}, is finite.
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2. INDEx OF Vu¢

Theorem 2. Let u € H'>2(Q) be a nonconstant (weak ) solution to the equation
div(aVu) =0, 0<e<a, a€ Lo(Q), in Q.

Then there is a quasiconformal mapping g of Q onto B and a harmonic
Sfunction h on B such that u=hog on Q.

Observe, as an immediate consequence, that ¥ cannot vanish of infinite order
at any point of Q.

We call z° € Q a geometric critical point of u if in a neighborhood of z°
the level set {u = u(z%)} consistsof N+1, N > 0, simple arcs whose pairwise
intersection is {z°}. We call N the geometric index of u at z60. If z0 is

- not a geometrical critical point, we let N =0.

Theorem 3. Let g € C'*4(0Q). Assume that 0Q is the union of two disjoint
arcs T\, T, andlet g >0 on Ty and g <0 on I'y. Let u be a solution to
(1

Then u has no geometrical critical points in Q.

The proof of Theorems 2, 3 (in a more general situation) is given in [AM].

Now we return to the equation (1) and relate the geometrical index at a point
of 8D € C'** to the traditional index. Theorem 4 below is stated in the general
case when DC QCR", n>2.

We assume that 0 € 8D and D near 0 is given as {x, > f(x1, ..., Xu=1)},
f € C* f(0) = |Vf(0)] = 0. Let x* be the characteristic function of the
half-space {x, > 0}.

Theorem 4. Let u be a nonconstant solution to the equation (1) near 0 € 8D .
Then there is a homogeneous function Hy of degree N such that

(6) div((1 + x*)VHy) =0 inR"
and
(7 u(x) — u(0) = Hy(x) + O(|x|V*).

Before proving we discuss this result and obtain some corollaries.
Any homogeneous solution to the equation (6) -admits the representation
Hy=(1-3x")On +Ey
where Oy, Ey are homogeneous harmonic polynomials of degree N, Oy is
odd and Ey is even with respect to xy . In particular, when n =2, we have
(8) Hy(rcos6, rsin6) = (1 — x*)Ar" cos N + Br" sin N@
with 42+ B2 #0.

Corollary 5. Let u be a solution to the Neumann problem (1) where g satisfies
the condition (5); then |Vu¢| > 0, |Vu'| >0 on 8D and ind(Vu¢, dD) and
ind(Vu', D) are 0.

Proof of Corollary 5. Let z° € 9D . We may assume z° = 0. By Theorem 2 the
point 0 is not a zero of infinite order; by Theorem 4 we have the representation
(7). If N > 1, then from (7) and (8) it follows that the set {¥—u(0) > 0}NB, for
small ¢ consists of at least 2 connected components. Therefore the geometric
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index I(u, z%) > 1 which contradicts Theorem 3. So N =1 and |Vu¢(z%)| > 0
as well as |Vu!|.

Now, ind(Vu', dD) is well defined. It is known that it is equal to the number
of zeros of Vu' inside D which is zero by Theorem 3. We have Vui =
u!v+ult where 7 is the (anticlockwise) tangential direction on 8D . A similar
representation is valid for Vu¢. Due to the refraction conditions (14) we have
2ul, = u¢, ul = u¢. To show that both interior and exterior gradients have the
same index on D we introduce the homotopy v(¢) = (1+¢)ul v +ust between
these vector fields. We have v(0) = V', v(1) = Vu® and |v(¢)| >0 on 8D
when 0 < ¢ < 1. The index is a homotopic invariant so ind(v(1), dD) =
ind(v(0), 8D) = 0.

The proof is complete.

Proof of Theorem 4. Our proof will be modeled on arguments originally due to

Bers [Be]. By the change of variables y; = x;, j<n, yp=Xa—f(X1, ..., Xn-1)
we can reduce the case to the equation

(1" div((1 + x")avu) =0
where a is a positive symmetric matrix with C*-coefficients and a(0) = I. Let
x* = (X1,..., Xn-1, —Xn). We shall use the standard fundamental solution

E(x —y) to the Laplace equation which is

! |x —y[>~" when n > 2.
Wn

(n-2)
Denoting A, = div((1+ x*)V) we observe that a fundamental solution E, for
this operator is given by E,(x, y) = 0OE(x, y) where we define

L, y)+Lf(x,y*) when0<x,, 0<yy,
Of(x,y)=4¢ 3f(x,y) when0<x,, yo<0orx, <0, 0<y,,

1
—Eloglx —y|whenn=2 and

f(x,y)—3f(x,y*) whenx, <0, y,<0.
The Taylor series expansion of E(x, y) gives

+00
E(x,y)=E©0,»)+>_ 0Qj(x,)
Jj=1

when O < |x| < |y|. Here Q;(x, y) are homogeneous of degree j in x and
of degree 2—~n—j in y. We have
0i(x,y) = lxPIy|= i~ Ty(x - y/(xllyl)) ~ whenn=2,
” Py CH2 7 ey /(x| 1) when n > 3.

Here T; are the Chebyshev polynomials and C}'/ 21 are Gegenbauer (ultra-
spherical) polynomial; see [E, formulas (30), 10.11, (29), 10.9]. We obtain

Ei(x,7) = 3E(0,7)+ Y 00,(x, )
j21

when |x| < |y|. From [E, formula (7), 10.18], and using harmonicity and
homogeneity, we have

IV, Q;(x, ¥)| < Coj" 3|x} |yt~
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and, consequently,

(9) IV,80Q,(x, y)| < Caj"3|xV|y|' "~
Lemma 6. Let a vector function F : R" — R”" satisfy the condition
(10) |F|(x) < |x|¥+e-!
for some ¢ >0, N=1,2,.... Define

w(x)=- VyEi(x,y)-F(y)dy.

lyl<R
Then

(11) w(x) = pn(x) + O(|x|V*%)

as |x| — 0 where py(x) is the sum of homogeneous solutions H, to A H, =0
of degree k < N (a A,-harmonic polynomial of degree N).

Proof. Let us set

EX(x,7) = 3E(0, ) + Y. 00,(x, »),

Jj21
RN(x,y)=E.(x,y)- E¥(x, y).
Define
pN(x) = —/ VyEY(x,y)- F(y)dy.
lyl<R

To complete the proof it is sufficient to show that
(12) w(x) = pn(x) = O(|x|V*e).
We will do it by splitting  — py into the sum of the three integrals

I = / V,E.(x,y)- F()dy,
|y1<2|x|

12=/ V,EN(x,y)- F(v)dy,
|y1<2|x|

h=- > V,(00;(x, ) F(y)dy

|x|<|vI<R N+1<j

and bounding I; by C|x|¥*¢.
We have |V,E,| < C|x—y|'=", so by using the hypothesis (10) and Holder’s
inequality we obtain

|1|| <C (/ |x —yl“-")dy> |x|§+N+s.
Ivl<2|x]

Observe that on the integration domain |x — y| < |x| + |y| < 3]x], so

| <C dr|x|V*e! < C|x|V+e.
0<r<3|x|
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By using (9) and homogeneity we get

b < / V,82E(0, y) | [F»)|dy
|y|<2|x]

+¢ ¥ [ 9,000 nIIF(dy
1<j<N [yI<2|x|

<CE o [ IR dy
J<N lyl<2|x|

SCY Il [ pFritdy < O,
j<N Iyl<2|x|

Finally, we bound
l<c 3 o VI F ()| dy

N+1<j 2|x|<|yl<R

<C Y Ul [ ey
N+1<j 2|x|<|yl

< C|x|N+e Z jn—S(j _ N—g)‘IZ_j"'N"" < C|X|N+€.
N+1<j

Lemma 7. Suppose that A u = div(F) in B(0; R) with F satisfying the con-
dition (10).

Then u admits the representation (11).

Proof. We extend F outside B(0; R) as zero. Consider the potential y(x)
from Lemma 6; then v = u — y satisfies the homogeneous equation A,v =0
in B(O; R).

By using reflections we conclude that v = (1 — x*/2)h° + h® where h°,
h¢ are harmonic functions, A° is odd and A¢ is even with respect to x,.
Expanding 4°, h¢ in Taylor series around 0 we represent v as the sum of the
series of homogeneous A,-harmonic polynomials H, which is convergent in
B(0; R/2). In particular v = H} + O(|x|¥*!), where Hj is the sum of Hj
over k < N. By using Lemma 6 we complete the proof.

Lemma 8. Let u be a solution to the equation (1') in B(0; R). If for some
A >0 we have |u(x)| < |x|4, then |Vu(x)| < C|x|1~!.
Proof. The proof is an elementary consequence of the Caccioppoli’s inequality

/ |Vu|? < Cr‘z/ u?
B(0;r) B(0;2r)
and of the piecewise C!**-regularity estimate of [DEF] which, in particular,
gives us
1/2

sup |Vu| < Cr—"/? / |Vul? +u?) .

B(0;r) B(0;2r)
Proof of Theorem 4 (end). If u is a nonconstant solution, then there is an

integer N such that
(14) |u(x) - u(0)| < Clx|¥
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and
(15) lim sup | x|~ ¥ u(x) — u(0)| = +o0

as x — 0.

Let F = (1+ x*)(I —a)Vu. Apparently A,u = divF . Since a € C* near
0 we have

|F(x)| < Clx|rV=1+4

by Lemma 8. Therefore, by Lemma 7, we have u(x)—u(0) = px(x)+O(|x|V+4)
where py isa Ai-harmonic polynomial of degree < N . By (14) the polynomial
pn is either identically zero or homogeneous of degree N . In the latter case the
proof is complete. To finish the proof we show that the first case is impossible.
If not we can assume that (14) is valid for N +a, 0 < a < 4, a is irrational,
and by repeating the above procedure we can conclude that u(x) — u(0) is
O(|x|V+k®) when k < [1/a] and py.i(x) + O(|x|V*k*) when k = [1/a] + 1,
so u(x)—u(0) is O(|x|"N*1) which contradicts (15).

The proof is complete.

3. PROOF OF THE MAIN THEOREM

We will develop some arguments already used in [C] and [P].

Let Dy, D, be two solutions to the inverse problem (1), (2). Let ug, u,
be the corresponding solutions to the direct problem (1). We will pick &, so
small that Q\(Do U D,) and Q\(Do N D,) are connected and 9(Dy N D)
satisfies a Lipschitz condition with a prescribed constant. Since uf = u;, there,
henceforth the following definition is correct: u¢ = u§ on 8 /Do and uf =
u¢, on Q/D, . Moreover u¢ is harmonic outside Do N D, . From Schauder
estimates for transmission problems [DEF, Appendix] and from the a priori
constraints 8Dy € C'**, |y|;,2 < M, we conclude that [u¢|,;;,(Q\(DoNDy)) <
C.

From the condition (1) on g and from Green’s formula it follows that
J,0u¢/dNdy = 0 for any cycle y in Q\(DyN Dy), so there is a harmonic
conjugate v¢ to u¢. We will normalize it by the condition v¢(z°) = 0 for
some z° € Q. Let U¢ = u® + iv®. From the estimate in the previous item we
have
(16) |U°11a(@\(Do N Dy)) < C.

We will show that the inverse problem with respect to the unknown domain

D, is equivalent to the following nonlinear boundary value problem for analytic

functions ¢, y in the unit disk B:

(17) A(®, w)(1) = By(r) when|f| =1

where A(¢, y) = ¢ —3ay —ay, a(t) = ui(z0(?)) and By = 3By + By,

By = U¢(zo + w) — U?(z9) — u¢(zo)w . Here A is considered as an operator

from ® x ¥ into C*(0B). We define ® as the space of functions ¢ € C*(B)

analyticin B and ¥ as the space of functions ¥ € ® satisfying the conditions

(4). The operator A is continuous from ® x ¥ onto its range R C C*(9B).
To derive (17) we need the following form of the Cauchy-Riemann system

for the real and imaginary parts u, v of a complex analytic function

(CR) du/dt=0v/0v, Jv/dt=—-0ul/dv
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where 7 is the unit tangent to dD such that the pair (7, v) is oriented as the
coordinate vectors of the x- and y-axes.

Let D, be a solution to the inverse conductivity problem. From the condi-
tions (CR) and from the boundary conditions (14) we conclude that dv¢/dt =
20vi/0t. Therefore, v¢ = 2v'+ C . This relation and the continuity of u yield

U+ T =U+T', U -T =20 -T')+iC, Ce€R, ondD.

Substituting U’ from the first equality into the second one and letting z = z(f),
@(t) = 4U(z(t)) + iC we obtain the boundary condition
(173) 3U°(z(t)) + Ue(z(2)) = ¢(¢) when |t| =1
where ¢ is complex analytic in the unit disc and is contained in C'** (|7] < 1).
On other hand, let (17,) hold. Let Uf be the exterior function constructed
from the exterior part of the solution to the direct conductivity problem and
z(t) be the normalized conformal map of the unit disk onto D. Then we have
the relation (17,) with U¢ replaced by U§, and ¢ replaced by 4U},(z(t))+iC, .
Subtracting the relations (17,) for U and for Up, defining U'(z) = ¢(t(z))/4
and letting V = U — Up we obtain 3V¢+ V€ =4V +iC on 0D. Since RU®
and RU§ have the same Dirichlet data, we have RV =0 on 9Q. Subtracting
the relations on 8D for V and for V' and adding these relations yield

V-V ) =4V -V )+iC, 4V +V)=4V +7V') onaD.
Letting u* = RV, v* =§V, we will have
we=uy*, p*=20"+C ondD.

Differentiating the second equality in the tangential direction and using (CR)
we conclude that du*¢/dv = 20u*' /dv on dD. So u* solves the direci con-
ductivity problem with zero Dirichlet data on 9. By the maximum principle
u* =0, and hence u® = u§,.

We proved that (17,) is equivalent to our inverse problem. The relation (17)
is a form of (17,) obtained by letting z = zo + ¥ and using Taylor’s Formula.

This equivalence is established in the papers [C] and [P]; we proved it only
for the reader’s convenience.

Theorem 9. The operator A has the continuous inverse A~' from R onto ® x
v,

To prove this result we transform the operator 4 to some canonical form,
make use of the theory of index of one-dimensional singular integral equations
by Mushelishvili [Mu] and of some known estimates for the Cauchy integral

operators.
To transform 4 we will use the formula
(18) 3ué(zo(1)) = dut(zo(1)) + us(z0(1)) zg(1)1/(2o(1)1).

To prove it we make use of the parametrization zo(f), t = e’ of 9Dy. By
differentiating the composition we obtain (0/00)u’ = u'zyie® and the similar
formula for #¢. From the refraction conditions (14) as in [P, (4.5)], we have
the equality 4U/(zo) = 3U°(z¢) + U¢(zg) + const when zo € 9D . Differenti-
ate both parts with respect to 6, utilize the above formulae for U}, U§ and
multiply both parts by |zg|/(ifz;) to obtain (18).
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Substitute (18) into (17) to replace 4 by

(17y) A", w)(1) = ¢* (1) — a(t)(Zo()F/ (z0(1)0))w (1) — a(t) w (D)

where ¢* = ¢ — 4u'(zo)w . We can prove Theorem 9 with A, instead of A.
From now on we drop .

As in [P, section 7], the equation A(¢, ) = f is equivalent to the system
of two Riemann-Hilbert boundary value problems

(19) #(1) = (@/(ac))(OY§(0) + F (1),

F(1) = f(1) - (@c/ac)(0) (1),

and

w(t) = —(c/e))w(1) + G(1),
G(t) = (w(1) = f(1)c(t)/ (ac)(t)
where c(t) = zy(t)t. By Corollary 5 we have |a| # 0 on 0B and ind(u$; Do)
= 0, so (19) and (20) are the Riemann-Hilbert problems of index 4 = -2,
u = 2 respectively (see [Mu, sec. 40]). Hence the homogeneous problem (19)
with F = 0 has only the solution ¢ = 0; then G = 0. This homogeneous
problem (20) with index p = 2 has solutions y(7) = X()(Cot? + Cit + C),
Co = C,, Cy € R, where X(¢t) is the so-called fundamental function for the
homogeneous Hilbert (20) (see [Mu, §3.5, pp. 103-104]). The condition ¥ (0) =
0 gives C; = 0= C,. Now a solution to the homogeneous (20) is w(t) = ic(t)
which does not satisfy Im y’(0) = 0. Finally we conclude that the kernel of A4

is trivial, so A has the inverse on R.
To show that 4~! is continuous it suffices to be convinced that

(21) |912(B) + [w2(B) < C|f1:.(9B).
To estimate ¢ we recall the formula [Mu, (40.20)]:

L.X(z)S(z) where S(z) = h(t)/(t—z)dt

Tl 9B

for |z| < 1. Here h(t) = i(Re(—iacf))/(acX*)(t) where Xt is the limit of
X at OB from inside B. The norms |a|;(8B),, |c|:(dB) and |X|:(B) (see
[V, Theorem 4.1]) are bounded by C. In addition |X| > 1/C on B. So the
bound of ¢ follows from the well-known estimates

IS|2(B) < Clh|,(9B)

for the Cauchy integral operators (see [V, Theorem 1.10]).
To estimate y we make use of the representation

_ X(2) k(t)dt 5 172k(1)dt
V(&)= Tmi an oxX+ni-z) - /os @Xﬂt)(z—z))
_22X(2) t=2k(t)dt
2ri Jyp c(t) X+ (1)t

where 2k = (¢ — f)c/a and the constants Cy, C,, C, are chosen so that the
conditions (4) are satisfied. By repeating the argument for ¢ we bound the

(20)

o(z) =

+ X(2)(Cot* + Ciz + C7)
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first three terms in the representation for . To bound the fourth term it is
sufficient to recall that

__L/ k() dt . _ 1 ReX(0) k(t) dt
27 "o aB c(X*H(t) t '~ 27 Im X(0) oB c()X*(t) 2

The proof of Theorem 9 is complete.

Lemma 10. Forany u,0< u < A2/(1 + 1) we have
(22) |By|u < Cly|Lt

with 6 =A—u(1+A)/A.

Proof. 1t suffices to prove (22) when B is replaced with B;. Recalling that
U¢ =0 in Q\(DoUD,), we see that U¢(zo + ) — By equals the first order
Taylor polynomial for U¢(zy + ) centered at y = 0. Using the Lipschitz
regularity of 9(Q\(Do N Dy)) and recalling (16) we obtain

|Biylo < Clylg*.

Notice that, again by (16) and the a priori bounds on zo, y , we have |B(y)|; <
C; hence, by the standard interpolation inequality

If 1 S 207 1o A1 1
we obtain (22).

End of the Proof of Theorem 1. Assume that there is a solution D, then y
satisfies the equation (17), so By € R. By using Theorem 9 we can write this
equation as (¢, y) = A"'By in ® x ¥ with the norm ||(¢, v)| = |$|.(B) +
|w|u(B), 0 < u < A. By using Lemma 10 we obtain

|l4~' Byl < Cly|,* < 318,

as soon as |y/|, < & . By using an interpolation inequality ([I, Theorem 1.1.1])
and the a priori constraint |y|;.; < M we conclude that |y|, < & as soon as
lwlo < &0 for some eo(M). For such g we have [(¢, )|l < 3l(¢, W), so
v=0.

The proof is complete.
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