TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 8, August 1995

THE INDEX OF DETERMINACY FOR MEASURES
AND THE ¢2-NORM OF ORTHONORMAL POLYNOMIALS

CHRISTIAN BERG AND ANTONIO J. DURAN

ABSTRACT. For determinate measures x4 having moments of every order we
define and study an index of determinacy which checks the stability of determi-
nacy under multiplication by even powers of |t — z| for z a complex number.
Using this index of determinacy, we solve the problem of determining for which

z € C the sequence (p{™(z))n (m € N) belongs to ¢2, where (pn)n is the

sequence of orthonormal polynomials associated with the measure u.

1. INTRODUCTION

By .#* we denote the set of positive measures £ on R having moments of
every order and infinite support. A measure u € .#* is determinate if no other
measure has the same moments as those of u, otherwise u is indeterminate.
With u € .#* we can associate the sequence (p,), of orthonormal polynomials.
We always assume that p, is of degree n with positive leading coefficient, and
this condition together with orthonormality determines (p,), uniquely from
1. We stress that (p,), depends only on the class of all the measures having
the same moments as 4. If p is a non-negative polynomial, we denote by pu
the measure with density p with respect to u.

It is well known that if a measure u is indeterminate, then for all z € C the
sequence (pn(z)). belongs to ¢2 and that if u is determinate, the sequence
(pn(2))n belongs to £% only when u({z}) > 0. Moreover, it is not hard to
prove (see (2.2) below) that if u is indeterminate, then for all m € N and
z € C the sequence (p\™(z)), belongs to £2. However, it does not seem to be
known when (p,(,'")(z)),, €¢? for m>1 and u a determinate measure. In this
paper we shall solve this problem. To do that, we need to define and study an
index of determinacy with respect to a point z € C for determinate measures
u € A*. Itis defined as

(1.1) ind,(u) = sup{k € N: |t — z|*u is determinate}

where N = {0, 1,2,---}. For a similar index of determinacy for measures
in .#* supported by the positive half-line and related to determinacy in the
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sense of Stieltjes, see [BT1], [BT2]. The two indices are compared at the end
of Section 3.

Concerning this determinacy index, we shall prove (Section 3) that ind,(u)
is constant k € NU {0} for z in the complement of the support of x4 and
constant equal to k + 1 for z in the support of u. If u is a non-discrete
determinate measure it turns out that ind,(u) = oo forall z € C. Also, we shall
prove a characterization theorem for those measures u satisfying ind,(u) < oo
Indeed, for u € #*, we can consider the set of polynomials with complex
coefficients C[¢] as a subspace of L?(x). We recall the theorem of M. Riesz
(cf. [A, p. 43]): If u is determinate, then C[¢] is dense in L2(u) and if u
is indeterminate, then C[¢] is dense in L?(u) if and only if u is Nevanlinna
extremal (N-extremal in short). The N-extremal measures are discrete, and if
1 is obtained from an N-extremal by removing the mass of k+ 1 points in the
support of this N-extremal measure, then u is determinate with

k for z ¢supp(p),

(1.2) ind;(u) = { k+1 for z € supp(u)

(cf. Theorem 3.6 below). We shall furthermore show that this is the only
possibility for a measure with finite index of determinacy (cf. Theorem 3.9).
Finally, concerning the problem of determining for which z € C the sequence
(p,(,'")(z)),, belongs to £2, we shall prove that if for some z € C the index of
determinacy of u is not finite, then for all m > 1 and z € C the sequence
(08 (z))n does not belong to £2. Otherwise, if the index of determinacy of
u satisfies (1.2), then for £k > 1 once again (08 (z)), does not belong to
¢2 forall m > 1 and z € C. However, for k = 0 we find that there exist
infinitely many numbers z satisfying (p,(,'")(z)),, € ¢? and these numbers are

real. Moreover, (p\™(z)), € £2 if and only if F,E'”)(z) = 0 where F, is the

entire function
oo
=—(Zn;%w)H _ W) e
F,(w)=e 11 1 X e

and {x, : n € N} is the support of u. This function F, is the uniquely
determined entire function of minimal exponential type having supp(u) as its
set of zeros and satisfying F,(0) = 1 (cf. Theorem 4.4 below). In the above
formulation we tacitly assume O ¢ supp(u). If, however, 0 € supp(u), the
above expression for F, shall be multiplied with w and {x, : n € N} =

supp(u) \ {0} .

2. PRELIMINARIES

Let (s,), be an indeterminate Hamburger moment sequence, V' the set of
measures 4 € .#* having (s,), as sequence of moments, (p,), the corre-
sponding orthonormal polynomials and (g,), the associated polynomials of
the second kind, i.e.

(2.1) qn(z>=/""—‘zz)—j—f”ﬂdu(t>, zeC,ue.

It is well known that (p,(z)), € €2, (gn(2))n € £* for all z € C, but more
is known: the series 3, [Pa(2)2, 3, |4n(z)|*> converge uniformly on compact
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subsets of C. By the following lemma we see that the series

(2.2) SR, Y lam(2)

also converge uniformly on compact subsets of C.

Lemma 2.1. Let f, : Q — C be a sequence of holomorphic functions on a
domain Q C C such that ¥, |fu(z)|* converges uniformly on compact subsets
of C. Then the vector-valued function F : Q — £? defined by F(z) = (fu(2))n
is holomorphic with F™(z) = (f{™(z)),, m > 0.

Proof. B); assumption ||F|| is continuous, and F is weakly holomorphic since
for aet

lim Y fu(2)3 = (F(2), a)
k=0

uniformly on compact subsets of Q. By a standard result F is automatically
holomorphic (quoting K. Hoffman “any two reasonable-sounding definitions of
a holomorphic function with values in a Banach space are equivalent™).

The convergence of the series (2.2) implies that the m-th derivative of a
function f € L?(c) (o being an N-extremal measure) can be defined as:

Proposition 2.2. Let 6 be an N-extremal indeterminate measure. For m € N,
z € C the mapping p — p(z) extends from C[t] to a continuous linear

functional 6™ : L?(¢) — C given by
23 &M= p"(z) / FOpa(t)da(t) for fe LX(o),
n=0

where (pn)n are the orthonormal polynomials corresponding to o .
Proof. The orthonormal polynomials (p,), form an orthonormal basis for the

Hilbert space L?(c) when o is N-extremal. By (2.2) it is clear that the expres-
sion (2.3) defines a continuous linear functional on L2(s¢). For f = p, we find

8 (py) = p™(z), so by linearity 6™ (p) = p™(z) for all p € C[1].

In the next proposition we will calculate a suitable expresion for 5,5'”’(&) "
u ¢ supp(g). For this we shall make use of the entire functions on C x
defined by

4

A, v) = (u—v)Y_ q(Wa(v),
k=0
(2.4) { B(u,v)=—1+@w-v)Y p(wa®),
k=0
D(u, v) = (u—v)Y_ p(w)pi(v)
\ k=0

satisfying
(2.5) A(u,v)D(u,v)+ B(u,v)B(v, u)=1.



2798 CHRISTIAN BERG AND A. J. DURAN

Except for a change of sign these functions occur in [BuCa). Setting A(u) =
A(u,0), B(u) = B(u,0), C(u) = -B(0, u) and D(u) = D(u, 0), we obtain
the Nevanlinna matrix

(2.6) (g IC))

of entire functions associated with the indeterminate moment problem. The
determinant of (2.6) is identically one. The N-extremal solutions to the mo-
ment problem for (s,), are given via the Nevanlinna matrix as the measures
(01)1eru{cc} determined by the formula

do(x)  A(u)t— C(u)

(2.7) u—x  B(u)t—Du)

which holds for all u € C\ supp(a;), and supp (g;) is the discrete set of zeros
of the entire function B(u)t — D(u) (for ¢ = oo this shall be interpreted by
B(u)). We recall from [BuCa] (or from [A, p. 123]) that

(2.8) B(u, v) = Bu)C(v) — A(v)D(u),

(2.9) D(u, v) = B(u)D(v) — B(v)D(u),

from which we easily get (m > 0)

(2.10) (m+1) Z P () = B (0)C(u) — D™V (w)A(u),
(2.11) (m+1) Zp (u)pi(u) = BV (u)D(u) — D™V () B(u).
k=0

For the N-extremal measure a,, t € RU {00} and m € N, (2.7) gives

[RRAN) _ ) A CE

U—x P By — D)
then, it follows easily from (2.10) and (2.11) that

Proposition 2.3. For the N-extremal measure a,, t € RU{oo} and m € N, we
have

(m+1) _ (m+1)
(m+l)zp(m)(u)/pk(x)da,(x) B Bgzii_g(u) (u)

Jor u e C\ supp(a;).

In the next result we omit the parameter ¢ in the notation and put ¢ = g,
F(u) = B(u)t—D(u) . Let 6™ be the corresponding functional on L2(c) given
by (2.3).

Proposition 2.4. Let m € N and z € C\supp(o). Foreach n > 1 the following
conditions are equivalent.

() (8, Ay=0for j=1,---,n.

> (t=z))

(i) FU(z)=0for j=m+1,--- ,m+n.
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Proof. By Proposition 2.3 we have
. = (j Pi(2) FU+D(u)
G+ e [ 28 do(n) - ,
prs k RU—I F(u)
j =0, ueC\supp(o).

(2.12)

We proceed by induction, and the equivalence follows for n = 1 from (2.12)
with j = m and from (2.3).

Suppose next that the equivalence holds for some n > 1, and let us prove
the equivalence for n+1. Put j = m+i in (2.12) and differentiate n—i times

with respect to u. For i=n,n—1,--- , 0 we get
(2.13)
( = (m+n) p()do(t)  Frtmth(y)
(m+n+1 ZP ()/R =
m+n pk(t)d O'(t)
mem 3 (oo [ BEE

(m+n—1) p()do(t)\ _ d (F"™(u)
ot [BE5) - & (T )

— (m+n) p(t)d a(t)
me DY (o /R—u-z
npl((m+n l) u)/ pk t)z

e [ BRd OO\ d" (Fm ()
=D (u)/n(u‘“t)"“)_du"( ) )

Assume first that FU)(z) =0 for j=m+1,--- , m+n+ 1. By the induction
hypothesis it suffices to prove that

(2.14) <a§"", (T-%> ~0.

By assumption the right-hand sides of (2.13) vanish for ¥ = z, and we conclude
equation by equation that all series vanish for u = z ending with

\

n,zp(m)( k() a(t) _ o

(Z — t)n+l

which proves (2.14).

Assume next that (Jg’f'), (,_‘—z),) =0 for j=1,--- ,n+ 1. Again by the
induction hypothesis FU)(z) = 0 for j = m+1,--- ,m+ n and we shall
establish F(m+n+1)(z) = 0. The two first equations in (2.13) can be transformed
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for u = z to the following

E (metn) /pk(t)d a(t) _ 1 Flntm+1)(z)
Pi z—t  m+n+1 F(z) °

(m+n—1) p(t)da(t) _ -1 Fntm+1)(7)
S (z)/R e = T T

Inserting this in the third equation and so forth we find successively

- Pk(t)d pe(t)d a(t)
m+n J (Z)/ J+1
( 1)} F(n+m+l)(z)
(m+n+1)(m+n) -(m+n+1-j) F(z) °
and for j = n this gives

j=0,19“',n,

0= <§(’” 1 > B (—1)" F(m+n+1)(z)
CN\NE (-2 ) T (m+n+ ) (m+n)---(m+1)  F(z)
Each of the four functions which appear in the matrix (2.6) are of minimal
exponential type, i.e. they satisfy an inequality of the following type:

(2.15) Ve >03C. >0:|f(u)| < Ce™ for ueC,

showing that their order is less than or equal to 1 and that if the order is one,
then their type is 0. In [BP], it was proved that all four functions have the same
order and the same type.

The entire functions of minimal exponential type have the important prop-
erty that they are characterized up to a multiplicative constant by their sequence
of zeros. Indeed, let f be an entire function of minimal exponential type with
zeros (x,) numbered so that |x;| < |x3|] < ---, and let us for the sake of
simplicity assume x; # 0. We have two posibilities: either the genus of the
zerosis 0, i.e. ), ]ﬁ < 00, and by the Hadamard factorization theorem f is

proportional to the canonical product

o0

1(-%)

n=1 Xn

orthe genusis 1,ie. >, —[ = oo, and by the Hadamard factorization theorem
and Lindel6f’s theorem (cf. [B]) f is proportional to

b u
e 1— = )ewn,
1 Xn

n=

im 3 - =-
|xn|<"
If also xo = O is a zero of order k of f, then the factor u*¥ should appear in
the above canonical products. These results show that two functions of minimal
exponential type having the same zeros are proportional.
Finally, from Laguerre’s Theorem (cf. [B, p. 23]) we get the following prop-
erty of entire functions of minimal exponential type which we will later need.

where
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Proposition 2.5. Let f be an entire function of minimal exponential type, with
only real and simple zeros. Then the function ' has the same properties.

3. THE INDEX OF DETERMINACY

In this section, we shall give a complete description of the index of deter-
minacy defined by (1.1) and prove the properties which we mentioned in the
introduction.

To begin with, we shall use some basic results about determinacy which we
state for easy reference.

Lemma A (cf. [R]). Let ue #*, acC.
(1) If u is determinate, then the polynomials are dense in the space
L2(|t - al?p).
(2) If u({a}) =0, in particular if a € C\ R, then the converse holds.
(3) If the polynomials are dense in the space L*((1 + t*)u), then u is de-
terminate.

Lemma B (cf. [A, p. 115], [BC, p. 111)). If u is N-extremal, hence of the form
(3.1) p=>Y a5

AEA
where A C R is an infinite discrete set and a; >0 for A € A, then u— a;d; is
determinate.

Lemma C. Let ue #*, acR and a > 0. Then

(1) If u is determinate, then the polynomials are dense in L?(u + ad,) .
(2) If u({a}) =0 the converse holds.

Proof. In (1), it is no restriction to assume that u({a}) = 0, and then the
assertion is proved in [BC, p. 113].

Suppose next that the polynomials are dense in L2(u + ad,) and u({a}) =
0. If u+ ad, is determinate, so is the smaller measure u. If u + ad, is
indeterminate and hence N-extremal, then u is determinate by the previous
lemma.

Lemma D (cf. [BC, p. 113]). If u is N-extremal and given by (3.1), then the
measure ad, + (4 — a;0;) is again N-extremal if a >0 and Ao ¢ A\ {A}.

The following result, which seems to be new, can be viewed as a stability
result for the class of N-extremal measures.

Proposition 3.1. Let u be an N-extremal measure given by (3.1), and let Ao C A
be a finite set. Then the measure ji = ([];cp,(f - A)?)u is again N-extremal.

Proof. 1t suffices to prove the result for A9 = {4} C A. The measure ji =
(t—A0)*u is clearly indeterminate, and ¢ = u—a;,d;, is determinate by Lemma
B. It follows by Lemma A that the polynomials are dense in L2((t — Ag)2a),
and we finally have ji = (t — Ag)2u = (t — A0)%0 .

If we multiply an indeterminate measure u with a non-negative polynomial
with zeros outside the support of u the situation is different from Proposition
3.1.
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Proposition 3.2. Let u € .#* be indeterminate. '

(1) If p is a non-negative polynomial of degree greater than 1 with no zeros
in supp(u), then the polynomials are not dense in L*(pu).

(2) The polynomials are not dense in L*((t—xo)**u) for xo € R and k € N,
k>2.

Proof. (1) If we assume the polynomials to be dense in L?(pu), then the mea-
sure p(f)(1+ #3)~!u is determinate by Lemma A. By assumption there exists
C > 0 such that p(t) > C(1 + ?) for t € supp(u); this implies that Cu is
determinate, which is a contradiction.

(2) The measure g = (t — x0)2*~2u is indeterminate with o({xo}) = 0, so
the result follows from Lemma A.

The first result about the index of determinacy will be a straightforward con-
sequence of

Theorem 3.3. For u € .#* and a € C the following conditions are equivalent.

(1) The polynomials are dense in L*(|t — a|*u) for all k € N.

(2) |t—a|*u is determinate for all k € N.

(3) The polynomials are dense in L*(¢u) for any Borel function ¢ : R —
[0, oo) which is bounded by some polynomial.

If u is non-discrete, then (1)-(3) are equivalent with u being determinate.

Proof. (1) — (2) follows from Proposition 3.2.

(2) — (3). There exist C >0 and k € N such that 0 < ¢(t) < C(1 + 1)k,
so it suffices to prove that the polynomials are dense in L2(( + t2)" ) for all
k € N. If this was not the case there would exist an integer ky > 1 such that the
polynomials are dense in L2((1 + t2)%u) but not dense in L2((1 + 12)ko+1y) .
Then o = (1 + t?)%y is N-extremal implying that u is discrete. Defining
v = u— u({a})d, we get by Proposition 3.2 that C[¢] is not dense in L? with
respect to |t —al*a = |t — a|*(1 + t2)kov .

On the other hand, by assumption (2) |t — a|*%**y is determinate and in
particular C[f] is dense in L? with respect to |t —a|?***4u = |t —a|?+4y . This
gives a contradiction because there exist constants 0 < ¢ < C < oo so that

[t —al*(1 + t?)ko

S = gers < C for tesupp(v).

The implication (3) — (1) is obvious.

If u is determinate and non-discrete, then (2) holds because if |t — a|*u
is determinate and |t — a|**2u is indeterminate, then the latter is N-extremal,
and therefore u is discrete.

In terms of the index of determinacy, we have

Corollary 3.4. Let 1 € #* be determinate.
(nH If mdzO(y) oo for some zo € C, then ind,(u) = oo forall z€C.
(2) If u is non-discrete, then ind,(u) = co forall zeC.

The rest of this section is devoted to proving that if ind, (u) is finite for
some zy € C, then necessarily ind,(u) is constant k for z in the complement
of the support of x and constant equal to k+1 in the support of 4. Moreover,
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in this case u is obtained from an N-extremal measure by removing the mass
of k + 1 points in the support of this N-extremal measure. We first prove

Lemma 3.5. Let u € #* be determinate. Then ind,(u) is constant on C)\
supp() .

Proof. By Corollary 3.4, we can assume that u is discrete and that ind,(u) =
k < oo for some z ¢ supp(u). Then |t — z|*y is determinate and |t — z|?+2y
is indeterminate. By Lemma A the polynomials are dense in L? with respect
to |t — z|**2y and also with respect to |t — w|**2y if w ¢ supp(u) since
(J|'7:l;’-|l)2"‘r2 is bounded on supp(x) . It follows by Lemma A that |t — w|?*u is
determinate. In the same way we see that |t — w|?**24 is indeterminate.

The next theorem establishes a half of our result.

Theorem 3.6. Let 0 =Y, , a;0; be N-extremal; let Ao C A be a subset with
k+ 1 elements, k > 0; and put

(3.2) p=0-> @moi= Y @
A€M, AEA\A,
Then u is determinate and
k Jor z ¢ supp(u),

33 ind =
(3-3) ind; (1) { k+1 for z € supp(u).
Proof. The measure u is determinate by Lemma B. We proceed by induction
after k.
For k =0, we put Ag = {40} C A and u =0 — a;,6;,. We then have

(t=40)’u = (t = Ao)’c,

and the last expression is N-extremal by Proposition 3.1, showing that ind, (u)
= 0. By Proposition 3.5 we have ind,(u) =0 for z ¢ supp(u).
We shall finally prove that ind,(u) = 1 for z € supp(u). We have

|t — z|2u = |t — z|?0 — |Ao — z|*a3,04,

which is determinate by Proposition 3.1 and Lemma B. Since |t — z|?> does not
vanish on supp (|t — z|?d), we know by Proposition 3.2 (1) that C[¢] is not
dense in L? with respect to
|t —z|*o = |t — z|*u + Ao — z|*az, 0y,

By Lemma C (1) we conclude that |¢ — z|*u is indeterminate and hence that
ind;(u)=1.

Assume now that (3.3) holds if Ao has k elements, and let us prove (3.3)
under the assumption that Ao has k + 1 elements (k>1).

Choose A9 € Ag and define A = Ag\ {49}, which has k elements. Put
f=0—3,4%0; sothat u =i — a;,6;,. The measure

t=(t—Ao)’u=(t—A)%0 =Y ai(A—A)%;
i€A

is obtained from the N-extremal measure (¢ —49)?c by removing k masses, so
the induction hypothesis gives
. k-1 for z ¢ supp(u),
3.4 d =
(3.4) ind;(7) { k for z € supp(u),



2804 CHRISTIAN BERG AND A.J. DURAN

in particular ind; (t) = ind,, ((z — Ao)*u) = k — 1, i.e. indy,(u) = k, and by
Lemma 3.5 we then have ind,(u) = k for z & supp(u).

For z € supp(u) = supp(t) the measure |t — z|?*(¢ — A9)2u is determinate
by (3.4), and so is |t — z|**2y by Lemma A since iy ¢ supp(u). Furthermore,
|t — z|*k*2(¢t — A9)?u is indeterminate by (3.4) and so is |t — z|?***4, again by
Lemma A. This shows that ind,(u) =k + 1.

To prove the converse of Theorem 3.6, we need the following lemma which
establishes this result for Kk = 0.

Lemma 3.7. Let u € .#* be determinate and assume that ind,(u) = 0 for
some z € C. Then z & supp(u) and p+ ody is N-extremal for any a > 0 and
x € R\ supp(u).

Proof. By assumption |t — z|?u is indeterminate and sois 7= (1 + |t — z|*)u.
The polynomials are dense in L2(7) by Lemma A, so 7 is N-extremal and in
particular u is discrete. If we assume u({z}) > 0 then 7 — t({z})d, is deter-
minate by Lemma B and so is the smaller measure |f — z|?u, which contradicts
ind,(u) =0.

For o >0 and x € R\ supp(u) if the measure u+ ad, is determinate, then |
ind, (1 +ady) > 1 by the first part of this lemma. Therefore (f—x)%(u+ady) =
(t — x)?u is determinate and hence ind,(x) = ind,(x) > 1 by Lemma 3.5.
Hence u + ad, is indeterminate, and now Lemma C says that u + ad, is
N-extremal.

Remark 3.8. The above result is a counterpart for the Hamburger moment prob-
lem to the results 5.4 and 5.5 in [BT1].

Finally, we prove that the measures x4 from Theorem 3.6 are the only mea-
sures with finite index of determinacy.

Theorem 3.9. Let € #* be determinate, and assume that ind,(u) =k (1<
k < 00) for some z € C.

(1) If z & supp(u), then u has the form (3.2) for an N-extremal measure
o and Ay containing k + 1 points.

(2) If z € supp(u), then u has the form (3.2) for an N-extremal measure
o and Ao containing k points.

Proof. (1) We choose Ag = {49, A1, -+ , A} consisting of k + 1 different
points in R \ supp(u), which is certainly possible by Corollary 3.4. We shall
prove that the measure ¢ = u -+ Ef;o 0;, is N-extremal.

To prove that C[¢] is dense in L2(g) we proceed as follows. The polynomials
are dense in L%(u + d;,) by Lemma C, and u + d;, is also determinate for
otherwise it would be N-extremal and hence ind;, (u) = 0 by Theorem 3.6.
This contradicts the assumption ind,(u) = k > 1 since ind,(u) = ind, (1) by
Lemma 3.5.

Having established that u + 6, +--- +J;, is determinate for 0 < i < k
we again conclude from Lemma C that C[¢] is dense in L? with respect to
U+ 05+ ---+7d,,, and the latter is determinate if i + 1 < k since otherwise

indy, (u) =ind (u) =i+ 1<k.
This shows that C[¢] is dense in L%(g).
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We shall next establish that ¢ is indeterminate and hence N-extremal. As-
sume that o is determinate. Since ¢ has mass at 4, it follows by Lemma 3.7
that (¢ — Ax)%0 is determinate; so C[¢] is dense in L?(v), where

k—1
v=_(_t- 1/()20 +51k =(t —}»k)z (ﬂ + Zéli) + 6;*.
i=0
We shall now see that the two alternatives: (a) v is determinate, (b) v is
indeterminate, lead to the same conclusion
k=2
(3.5) (t=A)*(w+Y_8;,) is determinate.
i=0

In the case (a), since v has mass at A, also (¢ — A;)?v is determinate and so
is the smaller measure in (3.5). In the case (b) v is N-extremal, so by Lemma

B
k=2

t=(t—A)*(u+)_d;,)+0;, isdeterminate.
i=0
Since 7 has mass at A, also (¢ — A¢)?t is determinate, and (3.5) holds.

Repeating this argument kK — 1 times we conclude that (t—A;)%**2yu is deter-
minate, i.e. ind; (#) > k+1, which is a contradiction since ind, (u) = ind,(u)
=k.

(2) The measure v = u — u({z})d, is determinate and we have ind,(u) =
ind;(v) = k. By part (1) v is of the form (3.2) with an N-extremal measure o
and Ap containing k£ + 1 points. By the proof of (1) we can choose Ay as any
set of kK + 1 points from R \ supp(¥), so we can assume z € Ap. By Lemma
D we may also assume that u({z}) = o({z}), and hence u has the form (3.2),
where A consists of k points.

Let us compare the above index of determinacy with the index of determinacy
in the sense of Stieltjes introduced in [BT1].

By .#*([0, o)) we denote the set of measures g € .#* for which supp (a) C
[0, oo). Such a measure is called determinate in the sense of Stieltjes (det(S)
in short) if there is no other measure in .#*([0, o)) with the same moments
as 0. If 0 € #£*([0, c0)) is det(S) we put

(3.6) ind(o) = sup{k € N : t*g is det(S)}.

It is possible that ¢ € #*([0, o)) is det(S) but indeterminate (cf. [BT1]) and
in this case the index of this paper is not defined. However, if o € .#*([0, c0))
is determinate the following holds.

Proposition 3.10. Suppose o € .#*([0, o)) is determinate. Then

3.7) indo(0) = [%ind(a)] s

where [x] is the integral part of x in case x < oo and [] = .

Proof. Suppose first indg(c) = k < co. Then t?¢ is determinate and hence
det(S), and t*+2¢ is indeterminate. However, since t2**2g has no mass at
zero, it cannot be det(S) (see Proposition 1.1 in [BT1]). It follows that ind(o)
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is either 2k or 2k + 1 and (3.7) follows. (It is easy to give examples showing
that both possibilities can occur.) If indy(g) = oo, then clearly ind(g) = co.

If 0 € #*([0, 0)) there exists a unique symmetric measure u € .#* such
that u¥ = o, where u¥ is the image measure of x4 under the mapping y :
R — [0, 00), w(x) = x2. It is well known that u is determinate if and only if
g is det(S) (cf. [BT2]). With this notation we clearly have

(3.8) indo(x) = ind(g),

since (2ku)¥ =tko.

4. THE {2-NORM OF THE DERIVATIVES OF
ORTHONORMAL POLYNOMIALS

Let u € #*, and let (p,), be the corresponding sequence of orthonormal
polynomials. In this section, we deal with the problem of determining for which
complex numbers z, the sequence (p\™(z)), (m € N) belongs to £2 and give
estimates on its ¢2-norm. For m = 0 the solution of this problem is well
known: if u is indeterminate, then for all z € C (p,(z)), € £% and if u is
determinate, then the sequence (p,(z)), belongs to £2 only when u({z})>0.
In both cases, we have

||p,,(z)||[_22 = sup{v({z}) : v € #* having the same moments as u }.

From Section 2, we know that if u is indeterminate, then for all m € N and
z € C, the sequence (p{™(z)), belongs to ¢2. Formulas for the £2-norm of
these sequences have recently been found by the second author in [D]. In these
formulas the orthogonality of the polynomials (p,), with respect to positive
definite matrices of measures plays a fundamental role.

However, it does not seem to be known when (p{™(z)), € £2 for m > 1
and u a determinate measure. In this section, we shall solve this problem.

First of all, we are going to show the link between this problem and the
index of determinacy defined in the previous section. Our starting point is
the following theorem which extends a well-known extremality property of the
orthonormal polynomials (cf. [A, p. 60]). (For a subset 4 of a normed vector
space E we denote by (A) the algebraic span of A4, and for x € E we denote
by de(x, A) the distance between x and A4: dg(x, A) = inf{||x—al :a € 4}.)

Theorem 4.1. Let u € .#*, and let (p,)n be the corresponding sequence of
orthonormal polynomials. Then for m € N

m - t—z)"
17N = ey (o (= 2 m).
Proof. 1t is straightforward that
t—z)™
d12‘2(/,) ((_m'_) > ((t - z)n tn# m))
= inf{||p||}_z(”) : p € C[t] with p™(z) = 1}.

If we expand the polynomial p in terms of the polynomials (p,),, p(t) =
>, anPn(t), the condition p™)(z) = 1 is equivalent to 3, api™(z) = 1.
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Since Ilplle(” Y, lan?, we have to find inf{Y, |a.]* : ¥, a0 (z) = 1}

which clearly is 1/, [pi™(z)2.
Taking into account this theorem, we get

o~ t—z)m \
187 (N = sy (o2 (=2 m))

<dfs, (U—Tf),((t—z)":nzm+1))
1
~ m?

1 _
= m_'z'llpn,m,z(z)"lzz

(4.1)
d£2(|,_2|2m”) (1,(t—2)":n>1))

where (pn,m,:)n is the sequence of orthonormal polynomials with respect to
the measure |t — z|*”u . Hence, we have proved the following lemma

Lemma 4.2. Let u and (p,), be a measure in .#* and its sequence of orthonor-
mal polynomials. If ind,(u) =k (k € NU{oo}), we have for m € N

(t—z)" . ){=0 fort<m<k,
sz(”( m! A=z inzm+1) >0 fork<m.

Thus, the following corollary follows directly from Corollary 3.4 and Lemma
4.2.

Corollary 4.3. If there exists a complex number z, such that ind, (u) = oo,
then for all z € C the sequence (pf,'") (2))n is never in £* for m>1.

So, we have reduced the problem to the case of a measure u for which
ind,;(u) < oo for all z € C. In this case, according to Theorems 3.6 and
3.9, there exists a non-negative integer k such that ind,(u) equals k if z ¢
supp(#) and k + 1 if z € supp(u). For each z ¢ supp(u), the measure
6; = |t — z|***2u is N-extremal by Lemma A in Section 3. The four entire
functions from the Nevanlinna matrix associated to o, (cf. Section 2) are
denoted by 4., B;, C,, D,, and by (2.7) there exists ¢, € RU {oo} such that

dO’z(X) _ Az(w)tz - Cz(w) '
w—-x  B;(w)t,—D,(w)’
We write F, for the entire function

(43) Fz(w) =Bz(w)tz _Dz(w),

which like B,, D, is of minimal exponential type by Section 2; since all the
functions F,, z € C\ supp(u), have the same zeros equal to the points of
supp(u) , they are proportional. Let F, denote the canonical product

Fy(w) = e—(ZZn #w) ﬁ (1 - E) ex

X,
n=0 n

(4.2)

w € C\ supp(u).

where {x,:n € N} is the support of u arranged so that |xp| < |x;| <---; cf.
Section 2. For any z € C\ supp(u) there exists a constant ¢, such that

(4.4) F;(w) = c;Fy(w), w € C.
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Since the zeros of the function F, are the points in supp(u ), we have that
(Pn(2))n € £* if and only if F,(z) = 0, i.e. the zeros of the function F,
determine when the sequence (p,(z)), belongs to ¢2. As the main result in
this section, we prove that the zeros of the derivatives of this function F,

determine when the sequence (p{™(z)), belongs to 2.
Theorem 4.4. Let k be a non-negative integer and u a determinate measure
with index of determinacy ind,(u) equal to k if z & supp(u) and k + 1 if

z € supp(u). Let F, be the entire function associated with u as before. Then
for a complex number z we have

(i) The sequence (pn(z))n belongs to €% if and only if F,(z)=0.
(ii) For k, m > 1 the sequence (p{™(z))n & £2.
(iii) For k = 0 the sequence (p\"™(z))n belongsto £2 ifand only if F{™(z) =
0.

Moreover, for k = C there exist infinitely many numbers z satisfying

(0S™(2))n € £2, and these numbers are real.

Proof. We have already proved (i).
To prove (ii) and (iii) we first prove the following lemma.

Lemma 4.5. For k < m, the following conditions are equivalent.
(a) The sequence (pf,’")(z)),, belongs to €2 .
(b) One of the following conditions hold:

(1) z & supp(u) and djz, ((t—z)’, (t=2)":n>k+1, n#m)) =0
for 1 =0,--- ,k;
(2) zesupp(u), k+1<m and

dgy (t=2) (=2 in >k +2,n#m) =0 forl=1,-  k+1.

(c) F;fm_l)(z) =0 for =0, ,k.
(m)

Proof of Lemma 4.5. (a) = (b) Suppose that the sequence (pj
to £2. Theorem 4.1 gives that

(4.5) dpay (= 2)", {((t=2)" :n#m)) > 0.

For z ¢ supp(u) we have ind,(u) = k,and so for / =0, --- , k the measure
|t — z|#u is determinate. It follows from Lemma 4.2 that

dp ((t—z)’, ((t—z)":n21+l)) =0 for /=0, -, k.
Hence, we have
(46)  dug (=2, (=2 :n2k+1))=0 for =0, k.
For z € supp(u) we have ind,(u) = k + 1, and again from Lemma 4.2 we get
(4.7) sz(,,)((t—z)’,((t—z)":n2k+2))=0 forI=1,- ,k+1.

Putting / = k+1 in (4.7), (4.5) proves that in this case m # k+1. Suppose that
there exists /, 0 </ < k, if z is outside of the supportof u or 1 </ <k+1
if z is in the support of u, for which

(4.8) dpa ((t—z)’:((t—z)”:n2k+j,n;ém))>0,

(2))n belongs
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where j =2 or 1, if z is in or outside of the support of u respectively. Then,
(4.6) or (4.7) give a sequence of complex numbers (a,), and a sequence of
polynomials (r,), such that r, € ((t—2z)":n>k+ j, n# m) and

lim |2 = 2)! — an(t = 2)™ = ra(Oll 2y = 0.

The inequality (4.8) gives liminf, |a,| > 0; hence

lim

n—oo

_
(=2 nO) g

n an 2w
and we deduce that dj.(, ((t — z)™, ((t — z)" : n # m)) = 0, which contradicts
(4.5). So, we have proved (b).

(b.1) & (c) Since z is outside of the support of u, Lemma A in Section
3 gives the representation u = "Tzafz'm , where o, is an N-extremal measure.

Then it is clear that (b.1) is equivalent to the following condition: For | =

0, -+ , k there exists a sequence of polynomials (r, ;)n for which r,(,'f'l“k_”(z) =
0 (n € N) and such that

. 1
(4.9) nan;lo (m—i - r,,y,(t)) =0

in L%(0,). Using the continuous linear functional 6" ¥~V on L2%(s,) given
by (2.3), we claim that (4.9) is equivalent to

—k— 1
(4.10) @00, Gy =0 for [=0,- k.
Condition (4.10) clearly follows from (4.9) by continuity. To see that (4.10)
implies (4.9) we choose a sequence (s, ;)» of polynomials such that

lim s, ;= in L%(a;),

n—oo (t —_— z)k+l—[

and hence nhr{.lo 8" ¥~V (1)(s, ;) = 0. Therefore

_ sym—k-—1

satisfies (4.9). Proposition 2.4, (4.3) and (4.4) show that (4.10) is equivalent to

(c).

(b.2) & (c) First of all we see that if z € supp(u) and (c) holds, then
k+1<m.Infactif k+1=m,then FU)(z)=0 for j=0,--- ,k+1,but
this contradicts that the zeros of F, are simple.

We write u; = |t — z|>u. Then, z ¢ supp(u,;), ind, u4; = k and supp(u) =
supp(u1) U {z}. We put F, and F,, for the entire functions associated to u
and u, respectively. Since the zeros of the functions F, and F,, are the points
in the support of u and u,, respectively, and F,, F,, are entire functions of
minimal exponential type, we have the following link between these functions:

Fy(w) = aFy, (w)(w - z)

for a certain real constant o .
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Then, we have that F" '")(z) = 0 for / = 0,--- , k if and only if
F,f”'")(z) =0 for / =0, -, k. If we apply the equivalence between (b.1)
and (c) to the measure u; (k+ 1 < m), we get that F,S,'”_I_I)(z) = 0 for

[=0, .-, k if and only if
dra(ji— 22 ((t—z)’, (t—z)":n>k+1,n#m- 1)) =0
for/=0,---,k,

which gives the equivalence between (b.2) and (c).
(b.1) = (a) If the sequence (p{™(z)), does not belong to ¢2, Theorem 4.1

gives
dpgy (1= 2)", (t—2)":n#m)) =0,
and from (b.1) we deduce
dpg (t=2)",((t-2)":n2k+1,n#m)=0.

So, there exist a sequence of complex numbers (a,), and a sequence of poly-
nomials (r,), such that r, € (t—2z)":n>k+2,n# m) and

(4.11) Tim [[(2 = 2)™ = an(t = 2V = ra(O)l12gs) = O.
Since ind,(u) = k, we get from Lemma 4.2 that
dr ((z — L (k- 2)" in >k +2)) >0,
so from (4.11) we deduce that lim, a, = 0, and hence
dppgy (t=2)",((t-2)":n>k+2,n#m))=0.
If we proceed in the same way, we end by getting
dpa (t=2)",{(t-2)":n2>2m+1))=0,

but since ind,(u) = k < m, Lemma 4.2 provides a contradiction.
(b.2) = (a) If (p{™(z))n & €2, then by Theorem 4.1

dpa (1= 2)™, ((t—2)" 1 n # m)) = 0.

Hence, there exist a sequence of complex numbers (a,), and a sequence of
polynomials (r,), such that r, € (¢t —z)":n>1, n# m) and

Jim ||(2 - 2)™ = ap = ra(D)l| L2 = O.

Since z € supp(u), we have djp,) (1, ((¢—2z)":n > 1)) > 0; then we deduce
that lim,_.a, =0, so

dpa (t=2)",((t—-2)":n#0, m)) =0.
Now, from (b.2), we deduce that
iy (t=2)",(t-2)":n2k+2,n#m))=0.
Proceeding as in the case z ¢ supp(u), we get
dpay (t=2)",((t—2)":n>m+1)) =0.

Then, since ind, # = k + 1 < m, Lemma 4.2 provides a contradiction.
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Finally, we return to the proof of Theorem 4.4. Part (iii) is just the equiva-
lence between (a) and (c) in Lemma 4.5 for k = 0. Part (ii) will follow from
Lemma 4.5 if we prove that the zeros of the derivatives of the function F),
always have multiplicity 1. But this is a consequence of Proposition 2.5.

Finally, we give some estimates on the £2-norm of the sequence (pf,'")(z)),, .

Corollary 4.6. Let u be a determinate measure with index of determinacy
ind,(u) equalto 0 if z ¢ supp(u) and 1if z € supp(u), and let z be a complex
number for which the sequence (p,(,'")(z)),, belongs to ¢2. Then for m > 2,

1
P (2))1:2 < —7 sup{v({z}): v and |t — z|*"u have the same moments}

and for m = 1

||pj,(z)||;22 =sup{v({z}): v and |t — z|*u have the same moments}.

Proof. The first estimate follows simply from (4.1). For the second estimate:
We have proved that (p/,(z)), € ¢2 if and only if F,;(z) = 0. Since the zeros
of the function F, are simple, we get z ¢ supp(x). Then, the formula follows
from (4.1) and Lemma 4.5 (b.1).
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