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CLASSIFYING SPACES AND DIRAC OPERATORS COUPLED
TO INSTANTONS

MARC SANDERS

ABSTRACT. Let M(k, SU(/)) denote the moduli space of based gauge equiv-
alence classes of SU(/) instantons on principal bundles over S* with second
Chern class equal to k. In this paper we use Dirac operators coupled to such
connections to study the topology of these moduli spaces as / increases relative
to k. This “coupling” procedure produces maps 8, : M(k, SU(l)) —» BU(k),
and we prove that in the limit over / such maps recover Kirwan’s [K] homotopy
equivalence M(k, SU) ~ BU(k). We also compute, for any k and /, the
image of the homology map (9u)« : He(M(k, SU(l)); Z) — H.(BU(k); Z) .
Finally, we prove all the analogous results for Sp(/) instantons.

1. INTRODUCTION

Let M(k,SU(l)) be the moduli space of based gauge equivalence classes
of SU(/) instantons on principal bundles over S* with second Chern class (or
charge) equal to k. Recently there has been much interest in how the topol-
ogy of these spaces change as k increases relative to / (see, e.g., [BHMM],
[K], and [Ti]). In this paper, in contrast, we shall use Dirac operators cou-
pled to connections to study the topological behavior of these spaces as / in-
creases relative to k. The “coupling” of a Dirac operator to a connection
associates to each element of M(k, SU(/)) an operator acting on the space
of sections of a certain vector bundle. Associated to each self-dual connec-
tion is the vector space of sections in the kernel of its associated operator.
This procedure defines a bundle, classified by a map which we shall refer to
as the Dirac map, 9, : M(k, SU(l)) —» BU(k). The topological properties of
this map were first studied by Atiyah and Jones [AJ]. There are natural maps
M(k,SU(l)) — M(k,SU(l + 1)), and it makes sense to define the Dirac
map 9, on the direct limit M (k, SU). In this paper we show that this limit
Dirac map, denoted 9, ~ , realizes Kirwan’s [K] homotopy equivalence be-
tween M(k, SU) and BU(k). Then we compute, for any k£ and /, the image
of the map (8,).: H.(M(k, SU(l)); Z) — H,(BU(k); Z), where (8,). is the
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induced map in homology. Finally, we obtain similar results and do analogous
computations for Sp(/) instantons.

By exploiting Donaldson’s [D] monad description of M (k, SU(l)), Kirwan
[K] used an algebro-geometric argument to show that M(k, SU) and BU(k)
were homotopy equivalent. In the first part of this paper we use Donaldson’s
monad description to obtain a simpler, more direct, homotopy-theoretic proof
that M(k, SU) ~ BU(k). In short, we show that M(k, SU) is the quotient
of a contractible space by a free U(k) action. Similarly, for symplectic con-
nections we show that M(k, Sp) is the quotient of a contractible space by a
free O(k) action. Hence, M(k, Sp) ~ BO(k).

In the second part of this paper we define the Dirac maps

8 : M(k, SU()) — BU(k)

and
dsp : M(k, Sp(l)) - BO(k),

describe the homotopy types of the spaces of charge-one instantons, and show
that the limit maps 9, o : M(1,SU) — BU(l) and 8sp o : M(1, Sp) —
BO(1) are homotopy equivalences. We then prove that Taubes’ gluing maps,
which give an associative H-space structure to the space of instantons [T1], are
compatible via the Dirac maps with the Whitney sum operation on line bun-
dles. This compatibility in conjunction with the previous results for charge-one
instantons allows us to conclude that the limit Dirac map 9, o : M(k, SU) —
BU(k) is a homology equivalence, and therefore a homotopy equivalence, for
k > 1. After a more careful analysis of Js, o on the level of universal covers,
we show that it is also a homotopy equivalence for all k.
Finally in part three, we compute the images of the compositions

(0,)s : H (M (k,SU(l)); Z) - H.(BU(k); Z)
and
(Osp)s : Ho(M(k, Sp(1)); Z2) = H.(BO(k); Z3).

In the spirit of the splitting principle of bundle theory, we show that it suf-
fices to calculate the image of (9). when restricted to the space of “glued”
charge-one instantons, and we make these calculations by exploiting earlier re-
sults on charge-one instantons and the relationship between Taubes’ gluing and
the Whitney sum operation. Combining this information with results on the
rational homotopy type of Q3SU(/) enables us to conclude that the image,
Im((8,)«) C H«.(BU; Z), is the intersection of the images of the two maps

H.(BU(k); Z)
|
H.(Q}SU(l);Z) — H.(BU; Z),

where H,(Q}SU(l); Z) — H.(BU; Z) is induced by Bott periodicity. More
precisely, let H.(Z x BU;Z) = Z[bo,b;',b1,by,..] where b €
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H,;(BU(1); Z) is a generator. Define
il “e . iry — ]
length(b}! --- b)) = Z is.
N

It will be shown that Im((9,).) is the set of all linear combinations of mono-
mials in by, by, ... , bj_, which have length equal to k.

A more delicate argument, using results of Boyer and Mann [BM] on the
compatibility up to homotopy of Taubes gluing with the natural Cj-operad
structure of Q3Sp(/), as well as results from iterated loop space theory, gives
the symplectic analogue of the above theorem: Im((dsp)«), viewed as a subset
of H,.(BO; Z,), is the intersection of the images of the maps

H.(BO(k); Z,)
!

where the bottom map again is induced by the Bott periodicity map Q}:Sp(l ) —
QiS p~ BO.

An immediate corollary of the above results is that the index bundle of the
Dirac operator coupled to instantons has no nowhere-zero sections. Were such a
bundle to have a section, the Dirac map 8, would factor through BU(k — 1).
This would imply that the Im((8,).) could contain no monomials in b; of
length k, contradicting our theorem.

In a future paper, we will consider SO(/) instantons. In particular we will
show that there is a homotopy equivalence M (k, SO) ~ BSp(k) and that this
equivalence can be realized by a Dirac-type map.

2. M(k,SU) anp BU(k)

The ADHM construction [ADHM] identifies the space of instantons with
certain holomorphic bundles over complex projective space, and Donaldson
used a monad construction to characterize such bundles in terms of a quotient
of a set of sequences of complex matrices by a natural action of U(k). More
precisely, we have the theorem of Donaldson:

Proposition 1 (Donaldson [D]). Let A(k, SU(I)) be the space of four-tuples of
complex matrices (o), az,a,b), where o; is k xk, a is | xk and b is
k x 1, satisfying:

(i) [a1, ] +ba=0
(i) [on, ]+ [e2, 3]+ bb* —a*a=0

(iil) Forany A, ueC:
ay+ A
ay+ U
a

is injective, and (A — oy, az — u, b) is of maximal rank.
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Then there is a natural action of U(k) on A(k, SU(l)) given by:

p- (a1, a,a,b)=(parp™", pap™", ap™', pb)
for pe U(k), and M(k, SU(l)) is homeomorphic to A(k,SU(l))/U(k).
Although it has been noted in the literature that the action of U(k) on the
spaces A(k, SU(!)) is a free action (see, e.g., [K]), a proof of this fact has
not to our knowledge been written down in the literature. For the sake of
completeness, we give such a proof here.
Lemma 2. The natural action of U(k) on the space A(k,SU(l)) is free.

Proof. Let x = (ay, az, a, b) € A(k, SU(l)) and let d € U(k) be such that
d - x = x. Without loss of generality we may assume that d is the diagonal

matrix (z;, ..., zx) where forsome j >0 z;,...,z;#1 and zj;; =...=
zx = 1. (If d is not diagonal then there is some p € U(k) such that pdp~! is
diagonal and fixes px.) Now since z; through z; arenot | and ad~! =a, we

must have the first j columns of a equal to zero. Similarly, the first j rows
of b must also be zero. This implies that

ba = (001,1 0j k- ) ,

k_.’ ’.j *
where 0,, , is the m x n zero matrix. Now consider the effect of conjugation
by d on «a;. da;d™' is obtained from o; by multiplying row r by z, and
column r by z;!. So, if d-a; = a; then we can write

_( M 0j
a'_(ok—j,j *

for some j x j matyix M; . Since [a;, az] + ba = 0, we must have MM, =
MM, . Let v € C/ be a common eigenvector for M, and M, and suppose
Mv = Av and M,v = uv . Consider the matrix

M, -2 0j k—j
Ok—j,j *—/1

al—).
a—p | =|M—u 0 k—j

a U *—

0, aj k—j

where a; ,_; is the last k — j columns of a. Any nonzero vector (v, 0, ...,
0), where there are k — j zeros, is clearly in its nullspace. This contradicts
the rank condition for the elements of A(k, SU(/)), and we conclude that the
action is free. This completes the proof of the lemma.

We now construct the limit space M(k, SU) and prove that it is homotopy
equivalent to BU (k). First notice that there is a U(k) equivariant map from
Ak, SU(l)) — A(k, SU(l + 1)) which sends each «; to itself, sends a to the
(I 4+ 1) x k matrix made up of a with an extra row of zeros on top, and sends b
to the k x (/ + 1) matrix made up of b with an extra first column of zeros. On
the level of monads, this adds to the bundle over CP3 the trivial holomorphic
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line bundle. Thus, this map induces the natural inclusion M(k, SU(/)) —
M(k,SU(I + 1)) sending the connection w to the connection w & d, where
d 1is ordinary exterior differentiation. Notice that the charge k is held fixed.
Define A(k, SU) to be the direct limit lim,;_,,, A(k, SU(/)) and M(k, SU) to
be the direct limit lim;_, ., M(k, SU(/)). Note that there is a homeomorphism
between M (k, SU) and A(k, SU)/U(k).

Theorem 3. A(k, SU) is a contractible space with a free U(k) action. Thus,
M(k,SU)= A(k, SU)/U(k) ~ BU(k).
Proof. We need to show that A(k, SU) is contractible. Since it is an algebraic
subvariety and, therefore, homotopy equivalent to a C.W. complex, it will be
sufficient to show that all of its homotopy groups are zero. To this end we prove
that for any k and / there is an r >/ such that the map from A(k, SU(/)) —
A(k, SU(r)) is homotopically trivial.

Consider the homotopy H, : A(k, SU(l)) — A(k, SU(2k + 1)) defined as
follows:

Hl((al > 2, A, b)) = ((1 - t)al ’ (1 - t)aZa a, bt)

where

tl
a; = Ok,k and b;=(0k,k, tl,, (1-1)b)
(1=-0ta

and I is the k x k identity matrix. To see that H,(x) € A(k, SU(2k + 1))
forany x € A(k, SU(I)), we check that the three conditions are satisfied for all
0 <t < 1. Condition (i) holds because b;a; = (1 — t)?ba, and for any matrices
A and B: [(1 -1)A4, (1 —1t)B] = (1 —t)’[4, B]. For condition (ii) notice
that bb; = (1 — 1)2bb* + £*I; and similarly for a;a,. Thus, bb} —a}a, =
(1 —1)2(bb* — a*a) , and condition (ii) holds. Now the rank condition obviously
holds for all ¢ # 0 because there is a full rank k x k block, tI; , in both @, and
b,. For t =0, H, = Hy isjust the inclusion A(k, SU(l)) — A(k, SU2k +1)),
so the rank condition is satisfied when ¢t = 0. Finally, note that H; is a constant
map. This finishes the theorem.

3. SYMPLECTIC INSTANTONS

We begin with Donaldson’s matrix description of symplectic instantons. Let
J be the standard skew form on C?%

0,0 I )
J={""
(_II 0/,
and let A(k, Sp(l)) c A(k, SU(2l)) be those (o), az, a, b) such that the «;

are symmetric and a = J - b*. The group O(k) (viewed as a subset of U(k))
acts on A(k, Sp(l)).

Proposition 4 (Donaldson [DK, Chapter 3.4}).
M(k, Sp(l)) = A(k, Sp(1))/O(k).

The remaining theorems and arguments in this section are quite similar
to those of the previous section. However, before defining the limit space
A(k, Sp), it is convenient to alter slightly our description of M(k, Sp(/))
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by constructing a space A’(k, Sp(/)), which is equivariantly homeomorphic
to A(k, Sp(l)). Essentially, this change amounts to choosing a different skew
form on C? . Let J' be the 2/ x 2] complex 2 x 2 block diagonal matrix

. 0 1
J' = Diag(J,, ..., J,) where J, = (—1 0 )
I

Notice that there exists a ¢ € O(2l), aJ'c~! = J. Let A'(k, Sp(l)) be the
subset of A(k, 2/) where the «; are symmetric and a = J’b'. We can define
an equivariant homeomorphism from A(k, Sp(/)) to A'(k, Sp(/)) by mapping
(ay, az,a,b) to (o), @z, 07 'a, bo). Since g € O(2!) and, therefore, o* =
o~! = ¢!, conditions (i), (ii), and (iii) are satisfied by (a;, a2, 07 'a, bo).
Also, since a = Jb', we have o~ la = o~ 'Jb' = J'o~'b' = J'(bo)'. Thus,
the map from A(k, Sp(l)) to A'(k, Sp(l)) is well-defined, and it is invertible
because ¢ is. (It is equivariant because ¢ acts on the opposite side of the
O(k) action.) Thus, M(k, Sp(l)) = A'(k, Sp(l))/O(k) . Now there are natural
O(k) equivariant maps A'(k, Sp(l)) — A'(k, Sp(/ + 1)) which send each o;
to itself, send a to the (2/ + 2) x k matrix made up of a with an extra 2
rows of zeros on top, and send b to the k x (2/ + 2) matrix made up of b
with an extra 2 first columns of zeros. As in the unitary case, we can define
A'(k, Sp) to be the direct limit of the spaces 4'(k, Sp(/)) and, M(k, Sp) to
be A'(k, Sp)/O(k).

Theorem 5. M(k, Sp) ~ BO(k).

Proof. The action of O(k) on A(k, Sp(l)) is free because it is a restriction
of the action of U(k) on A(k,SU(2/)). This implies that the action on
A'(k, Sp(l)) is also free. Thus, it is enough to show that A’(k, Sp) is con-
tractible. As in the unitary case (Theorem 3), define H, : A'(k, Sp(l)) —
A'(k, Sp(k +1)) as follows:

H((or, a2, a, b)=((1 - oy, (1 - N, ar, b))

where

_ (t-(T0), (s,
a = <(1 " Na and b, = (t- (0, (1 —0)b).
Here (10), is the 2k x k matrix where, for 1 < i < k, row 2i is zero and
row 2i — 1 is the ith row of the k x k identity matrix. (0/); is obtained
by transposing (I0), and then switching column 2 with column 2i — 1. For
example:

1 0

0 0 0100
(10); = 0 1 and (OI)2=(O 0 0 1)

0 0

Just as in the unitary case, any element in the image of H; will satisfy conditions
(1), (ii), and (iii) for all 0 < ¢ < 1. Furthermore, (1 —¢)c; is symmetric if o; is.
Finally, one can check directly that a, and b, were chosen so that if a = J'b',
then for any ¢, a, = J'b!. So H, is well-defined. Now, Hj is just the natural
inclusion, and H; is a constant map. As in the unitary case, this implies that
A'(k, Sp) is contractible, and the proof of the theorem is complete.
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4. CHARGE-ONE INSTANTONS

Before studying Dirac operators and using them to define homotopy equiv-
alences M(k, SU) ~ BU(k) and M(k, Sp) ~ BO(k), we need to examine
more closely instantons on bundles with ¢, = 1. Boyer, Mann and Waggoner
[BMW] showed that M (1, SU(/)) and M(1, Sp(l)) are homotopy equivalent
1o the quotient of the respective Lie group by the subgroup consisting of ele-
ments in the centralizer of SU(2) = Sp(1). By exploiting Donaldson’s monad
description of instantons, we are able to give an alternate description and proof
of these results.

Lemma 6. N
(i) M(1,SU(l)) is homotopy equivalent to the unit tangent bundle of CP'~! .
(i) M(1, Sp(l)) ~ RP¥-!.

Proof. From Proposition 1 we have M (1, SU(/)) = A(1, SU(/))/U(1). Exam-
ining the relations which must hold on a four-tuple (a;,az,a,b) €
A(1, SU(l)) and noticing that the U(1) action on «; is trivial, we see that
M(1, SU(l)) is homeomorphic to

C? x {(zl,... Lz Wy, ,w,)lf,u';'eC’\{O},Zn;z,-wizo,zn;lz,-lz=ﬁ;|wi|2}/sl.

Thus, if we define : : :
M'(1,8U0()) = {(E; W) | Z,w e C\ {0}, Zziwi =0, |z =|w|= 1}/S1
then M'(1, SU(Il)) ~ M(1, SU(l)). There is an obvious map

M (1,8U() = cp-!

where n(Z ; W) = [Z] € CP!~!. Notice that if [d@] = [(a;, ... ,a)] € CP!"!
then

nla) = {(wl ceesw) | Y lwiP=1and > aw; = 0} > §2-3,

We leave to the reader the verification that = : M’(1, SU(/)) — CP'~! is a
locally trivial $?/=3 fibration. In fact, let ( , ) denote the standard hermitian
inner product on C’. Let N, be the set

N,={(*;u7)|z*,u*;ec’\{0},<z”,u7>=°’|2|='“"=1}/*9l

where 2 € S! acts by 1. (Z ;W) = (AZ ; Jw). Since CP!~! can be iden-
tified with the quotient S%~!/S! N, is precisely the unit tangent bundle of
CP!'-!'. Moreover, the map (Z ; W) — (Z ;W) induces a homeomorphism
from M’'(1, SU(l)) onto N,. Hence, M(1, SU(/)) is homotopy equivalent to
the unit tangent bundle of CP/~!.

For part (ii) of the lemma, Proposition 4 implies that

M1, Sp(l)) = A(1, Sp(1))/O(1) ~ C?\ {0}/22 ~ RPH-1,

The following is an immediate consequence of the above lemma.
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Corollary 7.
() H(M(1,SU()); Z) = H(BU(1); Z) for i <2l —4.
(i) Hyo(M(1,SU(l)); Z) =0 and Hy_3(M(1,SU()); Z)=Z/I.
(i) Hy(M(1, Sp(l): Z2) = Hy(BO(1): Z3) for i < 41— 1.

5. TAUBES GLUING AND THE DIRAC MAP

Let G denote either SU(/) or Sp(l). Let B(k, G) be the space of all gauge
equivalence classes of connections on principal G-bundles, P, over S* with
c(Py) = k. This space is known to be homotopy equivalent to Q}:G, and
Atiyah and Jones [AJ] exhibit a particular map ¢ : B(k, G) — Q3G which
realizes this equivalence. Let if , : M(k, G) — Q}G denote the inclusion
of equivalence classes of self-dual connections into B(k, G) followed by 8,?.
When no confusion can occur, we will drop the superscript when writing i,f /-
We now recall the important gluing construction for instantons introduced i)y
Taubes [T1]. Taubes shows that for a given /, the space [[,.,M(k, G) has an
H-space structure and that this structure is compatible up to homotopy with the
group structure on Q3G [T2], viewed as the space of all based gauge equivalence
classes of connections. In particular the following diagram commutes up to
homotopy:

M(1,G) — Mk, G)

(i1.0)% | Vi,

(QfG)k — QiG
where the horizontal maps give the multiplicative structures.
Next, we describe the construction of what we refer to as the Dirac map

8y : M(k, SU()) — BU(k).

Given P, a principal SU(/) bundle over S*, let w be a connection on the
associated vector bundle E; . Let S be the canonical complex bundle of spinors
on S* with its canonical connection V. The tensor product bundle S ® E;
inherits a Clifford module structure from the one on S, and we can view @w ® V;
as a connection on this bundle. This connection gives rise to a Dirac operator

Do :T(S® Ex) — I'(S ® Ey)

where I'(S ® E;) is the space of smooth sections of S ® E; . Notice that the
group of bundle automorphisms of E; acts on the space I'(S ® E;) . The spinor
bundle naturally splits into positive and negative valued spinors, S=S* &S,
and the Dirac operator interchanges the two summands. We shall be concerned
with the operator
D} :T(S*® Ey) - TI'(S™ ® Ey),

which is known to be Fredholm, in an appropriate Sobolev completion, and of
index k [AJ]. Using Bochner type vanishing theorems, one can show that if w is
a self-dual connection then Coker(D}) =0. (See, for example, [AHS].) There-
fore, the space of sections in the kernel of D, gives a well-defined vector space
associated to the connection w. There is an equivariance of this kernel under
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gauge transformation in the sense that if o € Ker(D,,) then go € Ker(Dy,,),
for any g in the gauge group. Passing to gauge equivalence classes, we obtain an
isomorphism class of a vector bundle of rank k over M(k, SU(/)). This bun-
dle is classified by amap 9, : M(k, SU(l)) — BU(k). Atiyah and Jones showed
that the map 9, has a natural extension to the entire space of based gauge equiv-
alence classes of connections as a map &, : B(k, SU(l)) — {k} x BU C Z x
BU : each connection gives rise to a Fredholm operator of index k and the
space of such operators is homotopy equivalent to the kth component of Z x
BU.

A similar Dirac map exists for symplectic connections. However, because S
has a quaternionic structure, given by some complex anti-linear bundle auto-
morphism J;, where J; o0 J; = —1, and the symplectic vector bundle Ej also
has a quaternionic structure, Jg, the tensor product bundle has a real structure
given by the tensor product J; ® Jg. This is turn defines a real structure on
the vector space of sections I'(S ® E). The real subspaces given by the real
structure will be preserved by the Dirac operator, and the kernels of the Dirac
operators then define a real vector bundle over M(k, Sp(/)). Hence, ds, can
be viewed as a map from M (k, Sp(/)) to BO(k). As before, we may also
define Js, : Q3Sp(l) — {k} x BO C Z x BO, where Z x BO is identified
with the space of real Fredholm operators. In short, there exists homotopy
commutative diagrams

Mk, SUI) &  BUK) Mk, Sp(l)) 2% BO®K)
! ! ! !
B(k,SU(l)) 2% {(k}xBU Bk, Sp()) 2% {k}x BO.

_ Atiyah and Jones ([AJ], Theorem 4.12) also observed that in the limit over /,
0, realizes Bott periodicity. More precisely, we have the following proposition.

Proposition 8 [AJ]. There exists a homotopy commutative diagram

Mk,SU(I) 2 BUK)

! !
Bk, SU() 24 {k}xBU
e¢ | 1=

QsU(l) "¢ (k}x BU
! !
suy 2 zxBU
! l=

QISU A, zZxBU,

where B, is a homotopy equivalence preserving the natural H-space structures,
and B, and By, are its natural restrictions to the appropriate loop spaces.

In fact B, is obtained by two-fold looping the Bott equivalence QU ~ Z x
BU , then identifying Q?(Z x BU) with Q*(BU) ~ QU ~ Z x BU by applying
the Bott equivalence again. Thus, £, is an infinite loop map. There also exists
a diagram for symplectic connections analogous to the one above. In particular
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there are maps fsp) «,» Bspq) and fs,, where fg, realizes the equivalence
Q3Sp ~ Z x BO [A]].

For sake of completeness we now show that, as in the unitary case, fsp
preserves the H-space structures, and is, in fact, an infinite loop map (cf. [AJ],
Appendix, proof of Lemma 4.8). Let E; and E; be Sp(n) bundles over S*
with second Chern classes k and j respectively. Let L?(E,) and L?(E,) be the
Sobolev completions of the space of smooth sections I'(S* ® E,) in the given
norm. Explicitly, a section ¢ isin L% if both ¢ and Vo have finite L2 norm.
Let L3(E,)g and L*(E,)r denote the Sobolev completions of the subspace of
real sections I'(S*T ® E,)g . Let $x(H,, H;) denote the space of real Fredholm
operators from the real Hilbert space H; to the real Hilbert space H,. If we
choose an isomorphism S~ = S+, then the coupling of a symplectic connection
to a Dirac operator defines a map

B(k, Sp(n)) — Fr(L}(Ex)r, L*(Ex)r) ~ Z x BO.
The direct sum of connections
(Ex, wr) x (Ej, wj) = (Ex ® Ej, o ®wj)

gives amap B(k, Sp(n)) x B(j, Sp(n)) — B(k + j, Sp(2n)) which then makes
the following diagram commute:

B(k, Sp(n)) x B(j, Sp(n)) —  FR(L}(E)R, L*(Ex)r) x F (L} (Ej)r . L*(E))R)
& | 1o

B(k +Jj, Sp(2n)) —  FR(LIE})R ® LY(E)j)r, L*(Ex)r © L*(E))R),

where the right vertical map is defined by taking the direct sum of the operators.

Now the direct sum of operators can be identified in a standard way with com-
position of operators on some larger Hilbert space H. For example, one could
take H to be the sum L2(Ey)r ® L?(E;)r ® L*(Ex)r ® L*(Ej)r . Since com-
position of operators corresponds to the Whitney sum operation on Z x BO,
and the homotopy inverse of the equivalence ©y : B(k, Sp(n)) = QiSp(n)
respects direct sums, there is a homotopy commutative diagram

QISp(n) x Q3Sp(n) P E¥0S 7« BOX Z x BO

@] |®

Sp(2n) RN Z x BO.

3
Qk+j

Finally, the standard rotation homotopy shows that the left vertical map is
homotopic to the composition

QiSp(n) x QSp(n) - QF, ,Sp(n) — Q}, ,Sp(2n)
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where [ is the usual loop sum. Therefore, the two compositions

QSp(n) x QiSp(n) " EE 7« BOx Z x BO

/1 lo
Q3 Sp(n) Pyt Z x BO

are homotopic. This proves that Bs, : Q3Sp — Z x BO is an H-map. Since
it is a homotopy equivalence [AJ] and an H-map, it must, by a result of Cohen
and Jones [CJ], be an infinite loop map.

We now show that 8, can be defined on the limit space M (k, SU). First
note that from Donaldson’s matrix description of M(k, SU(n)) (see Chap-
ter 3) we see that the natural inclusion M(k, SU(n)) — M(k,SU(n + 1)),
(w,E) » (wdd,E. ®C), embeds M(k,SU(n)) as a closed subman-
ifold of M(k,SU(n + 1)). Hence, by simultaneous triangulation [Mu] or
from the existence of tubular neighborhoods, the inclusions M (k, SU(n)) —
M(k,SU(n+ 1)) are cofibrations. It follows that the direct limit M(k, SU) is
homotopy equivalent to the homotopy direct limit, denoted M (k, SU), . Thus,
it suffices to define 8, on M(k, SU),. To this end let £(k, V) denote the
space of all k-dimensional subspaces of the vector space V. Let A(k, SU(n))
denote the space of all instantons before passing to gauge equivalence classes.
Given an SU(n) bundle E; with c;(Ey) = k, the kernel of the Dirac operator
coupled to an instanton on E; defines a map

A(k, SU(n)) — Z(k, T(S* ® E)).

More precisely, the coupling of a connection to an operator defines a bundle
map

I'(S* ® Ex) I'(S™ ® Ey)
! !
Ak, SU(n)) xgI'(StQ Ey) — A(k,SU(n)) xcI'(S™ ® Ex)
! l
M(k,SU(n)) = M(k,SU(n)),
where G is the based gauge group. Let
k(k,n)={(w, o)lo € ker(D})}/G
denote the kernel of this bundle map. In other words, x(k, n) is the bundle

classified by the Dirac map 9, : M(k, SU(n)) — BU(k). Since the untwisted
Dirac operator on S* has no kernel (S* has no harmonic spinors), the natural
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inclusion of bundles
K(k, n) — K(k,n+1)

! !

M(k,SU(n)) — M(k,SU(n+1))

defined by (w,0) —» (W@ d, g ®0) is an isomorphism on fibers. Thus the
pullback of x(k, n+ 1)) via the inclusion M(k, SU(n)) — M(k, SU(n + 1))
is isomorphic to x(k, n)). Therefore, the diagram

M(k,SU(n) — Mk,SU(n+1))

O | 1 By

BU(k) = BU(K)

commutes up to homotopy. This implies that there isa map 9, . : M(k, SU),
— BU(k). Precomposing with the equivalence M(k, SU) ~ M(k, SU);, we
obtain a map

Ou,00 : M(k,SU) - BU(k).

This map is not necessarily uniquely determined, but any two choices, when
restricted to M (k, SU(n)) will classify the bundle x(k, n), and this is the only
property of the limit map we will need. An analogous argument for symplectic
instantons shows that there exists a map 8sp o : M(k, Sp) — BO(k) with
similar properties.

Theorem 9. For all k, 0, o : M(k,SU) - BU(k) and 9sp,c : M(k, Sp) —
BO(k) are homotopy equivalences.

Our proof consists of three parts. First we prove that for k =1, 9,  and
Osp,o are homotopy equivalences. Then we show by using this special case,
that for any k, 9, . induces an isomorphism in homology (which implies
that it is a homotopy equivalence) and that ds, o, induces an isomorphism in
homology with Z, coefficients. Finally we prove that on the level of universal
covers, Osp,o induces an isomorphism on homotopy groups. This will force
Osp,o to be a homotopy equivalence.

Lemma 10. The maps 0y, o : M(1, SU) — BU(1) and 8sp » : M(1, Sp) —
BO(1) are homotopy equivalences.

Proof. Because M(1,SU) ~ BU(1) ~ K(Z,2) and M(1, Sp) ~ BO(1) ~
K(Z,, 1), it suffices to show that 9, -, induces an isomorphism on the second
homotopy group, 7;, and Js,, . induces an isomorphism on the fundamental
group 7; . We have a homotopy commutative diagram

M(1,S8U@3) — M(@1,sU) %3  BuUQ)
i1,31 !

QSU3) < QgsU =, {1} xBU,
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and we know by a previous lemma that
m(M(1, SU3)) = H*(M(1, SU(3)) = Z = ny(Q3SU(3)).

Furthermore, the inclusion M (1, SU(3)) — Q3SU(3) induces an isomorphism
on 7, [K]. Since QISU(3) — Q3SU — {1} x BU is an isomorphism on 7,
it follows by the diagram above that 9, o, : M(1, SU) — BU(1) must be an
isomorphism on 7, as well.

A similar discussion shows that ds, o : M (1, Sp) — BO(1) is an equiva-
lence: there is a homotopy commutative diagram

M1, Sp(1)) — M(1,Sp) *=¥  BO(1)
Il !

Qsp(l) <  @Sp = {1} xBO,

and the left vertical map is homotopic to the J-homomorphism from SO(3)
to Q3S3 [BM], and therefore, induces an isomorphism on ;. Just as in the
previous argument, this allows us to conclude that Jsp o : M (1, Sp) = BO(1)
is also an isomorphism on 7; and, therefore, an equivalence. This finishes the
lemma.

Notice that from this lemma and Lemma 6, we can conclude that
(Ou)s - H(M(1, SU(n))) — H.(BU(1))
is a surjection through dimension 2xn — 4, and
(Osp)s : Ho(M(1, Sp(n)); Z3) — H.(BO(1); Z3)

is a surjection through dimension 4n — 1.

To prove 8, » is a homotopy equivalence for £ > 1, it suffices to show
that it induces an isomorphism in homology with integral coefficients, because
BU(k) is simply connected. Moreover, we already have established that
M(k,SU) ~ BU(k). Hence, to prove 9, o is homotopy equivalence, we
need to show only that it induces a surjection in homology. To this end, we
make the following observation: Taubes gluing is compatible via the Dirac maps
with the Whitney sum operation. To be more precise, consider the diagram

@)+
—

H.(M(1, SU(n)*; Z) H.(BU(1)*; Z)

(1) | L(w).

H.(M(k,SUMn);Z) % H.(BUK); Z),

where 7 is the Taubes gluing map and w gives the Whitney sum operation
on line bundles. The claim is that this diagram commutes. We will prove this
shortly. For now, suppose this is the case. Then it is easy to see that (9,)«
is a surjection through a range: by the commutativity of the above diagrams,
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we have
(Ou)x o (T)e = (W)s o (615)*'
But (w). is surjective, and, by the observation following the previous lemma,
the map
(0)« : Hy(M(1, SU(n))*; Z) - H(BU(1)*; Z)
must be a surjection through dimension 2n — 4. Thus, their composition is a
surjection through dimension 2n — 4. This forces

(Bu)x : H (M (k, SU(n)); Z) — H,(BU(1)¥; Z)
to be surjection through dimension 27 — 4, and the map
(Ou.00)s : HW(M(k,SU); Z) - H.(BU(k); Z)

is then a surjection in all dimensions.

Therefore, to prove that 9, ., is a homotopy equivalence, we are reduced
to showing that the above diagram relating Whitney sum to Taubes gluing com-
mutes. Essentially, this argument rests on the compatibility of Taubes gluing
with the loop sum operation. Consider the diagram below.

BU(1)k = BU(1)k = BU(k)
ok 1 (if) \ i 1=
Mo, suy o aisvar e <oy 1=
ol ) | (i) | I-

Mk, SU@) X Qisu() Pk (kY xBU  — BU(k)
Bu | v) /

BU(k) = BU(k)

where the map Q}SU(/)* — Q}SU(/) is given by loop sum, the map ({1} x
BU)* — {k} x BU is given by the natural H-space structure of Z x BU, and
all other unlabelled arrows are the natural inclusions. We show that this diagram
commutes up to homotopy by showing that each of the inner diagrams commute:
(i) commutes by general facts about Whitney sum; (ii) and (v) follow from
the homotopy commutativity of the diagram in Proposition 8; (iii) commutes
because Taubes gluing is compatible with loop sum; and (iv) commutes because
B. 1is an H-space map. In particular, then, we can conclude that the outer
perimeter of this diagram commutes. But BU(k) — {k} x BU induces an
injection in homology. Thus, the two compositions forming the outer perimeter:

M(1, SU))k 2, BU(1)* = BU(k)

and
M(1, SUUI))* = Mk, SU()) 2 BU(k)
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induce identical maps in homology. This is exactly the claim that in homology
Taubes gluing is compatible via the Dirac maps with the Whitney sum operation.
Similar arguments show that the diagrams relating Whitney sum to Taubes glu-
ing for symplectic instantons induce commutative diagrams in homology with
Z, coefficients, and thus, that 95, o, induces a Z,-homology equivalence. In
particular the map ds, : M(k, Sp(n)) — BO(k) will induce a surjection in
homology through dimension 4n — 1.

To prove that the limit map Os, ~ is in fact a homotopy equivalence, we
need to examine the induced map in homology with coefficients in the rationals
and the fields Z/p for p a prime # 2. For any spaces X, Y, and map
f: X — Y, and any coefficient ring 4, let (/)4 : H,(X; A) — H,(Y; A)
denote the induced map with coefficients in 4. In the remainder of this section
let F stand for the field Z/p, p # 2, or the field of rational numbers. Let
M (k, Sp) denote the universal cover of M(k, Sp). Then the map Js, lifts

to a map Jsp:
Mk, Sp) %= BSo(k)
! |
M(k,Sp) *== BO(K).
Because M(k, Sp) ~ BO(k) and M (k, Sp) ~ Eb(k) ~ BSO(k) and the map
H.(BSO(k); Z,) — H.(BO(k); Z5)

is injective, we know that (53,,‘00),,22 is an isomorphism. Now suppose that
(5Sp,oo)f is an isomorphism. Then by the Universal Coefficient Theorem,
(égp,oo)f is an isomorphism as well, and, therefore, so is n,(ésp,oo) , the in-
duced map on homotopy groups. Since 7;(0sp,oo) is an isomorphism, we must
have 7,(0sp,o) an isomorphism for every i. Hence, Js, o is a homotopy
equivalence.

Thus, to prove that Js,  is a homotopy equivalence, it suffices to prove the
following lemma.

Lemma 11. (55[,,00)5 is an isomorphism, where F is any field Z/p, p # 2, or
the field of rational numbers.

Proof. 1dentify U(k) with the subset of O(2k) consisting of matrices of the

form
A B
-B 4

where A, B € End(R¥). Let i, ,: BU(k) — BO(2k) be the map induced by
this natural inclusion. We first show that there existsamap f; : M(k, SU(n)) —
M2k, Sp(n)) such that the diagram
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M(k,SU(n) % BUK)
fl Liuo

M2k, Sp(n)) %% BO(Qk)

induces a commutative diagram in homology with coefficients in F. To this
end, suppose @ is a self-dual connection on the SU(n) vector bundle E,,
where ¢;(E;) = k. Then we can define a connection @ on the conjugate
bundle E;. If w is given locally by the matrix of one forms (w;;), then @
is given locally by the matrix (®;;). Because the transition functions for Ej
are the conjugates of those for E;, (®;;) is a well-defined connection on Ej .
Because the Hodge star operator commutes with conjugation, @ is self-dual if
w is. We can now define a map

f: Mk, SUn)) — M2k, SU(2n))

by f(w) = w® @, where @ ® @ is a self-dual connection defined on the bundle
E, @ E; . As we did in Section 3, we can view Sp(n) as a subset of SU(2n).
For convenience, we choose the skew-bilinear form on C?" to be given by the

matrix

0 -I,

I, 0 )
Then Sp(n) c SU(2n) may be viewed as matrices of the form

A -B

B 4 ‘
where 4, B € End(C"). Consequently, the map SU(n) — SU(2n) given by

A 0
A (o A )

factors through Sp(n). Thus, by considering its transition functions we see
that E, @ E; is an Sp(n) bundle. Furthermore, because w & @ is a self-dual

connection given locally by a matrix of one forms with values in the Lie algebra
of Sp(n) Cc SU(2n), the map f factors as

- M(k,SU(n)) - M2k, Sp(n)) - M2k, SU(2n)).
We will denote the first map in this composition by f;. Now consider the
diagram
Mk, SU®@n) 25 BUK)
Nl Liu,o
M2k, Sp(n)) 2% BO(Q2k)
l l io,u

M2k, SU@2n)) 25 BU(2k)
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where i, , is induced by the natural inclusion O(2k) — U(2k). The bottom
square homotopy commutes because given a complex bundle V' with a real
structure given by a real sub-bundle V, , there is an isomorphism V & V, ®
C. The large outer square also homotopy commutes: if we let K denote the
“kernel” bundle of the Dirac operators coupled to instantons, or in other words,
the bundle classified by the Dirac map 8, : M(k, SU(n)) — BU(k), then both
compositions, i, , © iy, © 9, and 9, o f, classify the isomorphism class of
the 2k dimensional bundle K @ K over M(k, SU(n)). Finally, we point
out that the map (i, ,)f is an injection. This implies that the upper square
of the diagram induces a diagram in homology with coefficients in F which
commutes. Hence we have the commutative diagram

H.(M(k, SUn): F) %% H.(BUK): F)
(MEL | (iu,0)f
(3sp)F

H.(M(2k, Sp(n)); F) = H,(BO(2k); F).

Because (9,)f and (i, ,)f are both surjections through dimension 2n — 4,
(0sp)f must be a surjection through that range as well. Hence, the limit map

(Osp.00)f : HA(M(2k, Sp); F) — H.(BO(2k); F)

must be a surjection. Since M(2k, Sp) ~ BO(2k), (Osp,-)f must be an iso-
morphism. Now, n,(BU(k)) = n;(M(k, SU(n))) =0 (for n > 2), so we can
lift f; and i, , to the universal covers to obtain the homotopy commutative
diagram

Mk,SU(n) = Mk,SU®n) 2 BUK) = BU(K)
fil fil Viuo o

M2k, Sp(n)) — M2k, Sp(n)) s, BO(2k) « BSO(2k).
Again, because nl(M (2k, Sp(n))) =0, we can lift the composition
M2k, Sp(n)) — M(2k, Sp(n)) — BO(2k),

to obtain ds, : M(2k, Sp(n)) — BSO(2k). Together with the homotopy com-
mutativity of the above diagram we get the homotopy commutative diagram

Mk, SUn) 2~  BUK)
fil Lo

M2k, Sp(n)) 2= BSO(2k).

Since fu,o and 9, both induce F-homology surjections through din}ension
2n —4,so does 9sp . Because M (2k, Sp) ~ BSO(2k), the limit map (Osp.00)E
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must be an isomorphism. This proves the lemma when the second Chern class
is even. For odd Chern class, we consider the diagram

M@k, Sp(n)) 2% BO(k)

T] lw

M@k +1,Sp(n) 2% BO(2k +1),

where 7 is defined by gluing with a charge-one instanton and w is induced
by the natural inclusion O(2k) — O(2k + 1). It was shown in Section 5
that when viewed on the level of homology, Taubes gluing is compatible via
the Dirac map with the Whitney sum operation on bundles. The same argu-
ment proves that the above diagram induces a commutative diagram in ho-
mology with coefficients in F. We have already shown that (9s,)f is a sur-
jection through a range, and it is well known that (w)f is an isomorphism.
Thus, by the same arguments as before we can conclude that the limit map
(Osp.oo)f : H(M(2k + 1, Sp); F) » H.(BO(2k + 1); F) must be an isomor-
phism. Finally, by considering the diagram

M2k +1,Sp) %25 BSO(2k +1)
! !

M2k +1,Sp) *5 BOQ2k+1),

recalling that H,(BSOQ2k + 1); F) = H.(BO(2k + 1); F), and that
M2k + 1, Sp) ~ BSO(2k + 1), one sees that Js, o, must induce an F-
homology equivalence. This finishes the lemma, and also the proof that Jsp
is a homotopy equivalence.

6. THE HOMOLOGY OF THE DIRAC MAPS

Up to this point we have focused our attention on the Dirac maps on the
limit spaces M(k, SU) and M(k, Sp). In this section, we examine the Dirac
maps on the finite dimensional M(k, SU(/)) and M(k, Sp(/)) and compute
the images in homology of the maps 8, : M(k, SU(l)) — BU(k) and 8s, :
Mk, Sp(l)) » BO(k). We first deal with unitary connections.

Recall that there is a homotopy commutative diagram

Mk, SUI) 25  BU(Kk)
Ikl !

Qsu(l) ™M (k} x BU.

Define ji ;: M(k,SU(l)) — {k} x BU to be either composition in the above
diagram, and let J(k, /) C H.({k} x BU; Z) be the intersection of the images
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of the maps
H.(BU(k); Z)

!

H.(@su(); z) P08 H({(ky < BU; Z).

Notice that by the commutativity of the square diagram above, the image
of (jk 1)« is contained in J(k, /). Let b; € Hy({1} x BU; Z) be the im-
age of a generator of H;(BU(1); Z) under the map induced by the natu-
ral inclusion BU(1) — {1} x BU. Then we can write H,(Z x BU; Z) =
Zlbo, by', b1, by, ..]. For a monomial b]’: ---bl define length(b}: < bl
Y_s Is. We now can state one of our main theorems.

Theorem 12. The image of (ji )« coincides with the set J(k,l). In fact this

set is equal to is the set of all polynomials in by, by, ... , bj_, which are a sum
of monomials of length k .

The strategy for proving Theorem 12 is as follows: first we work rationally
to calculate the image in rational homology of the map ( ﬂu(,)),? . Although this
could be accomplished without reference to instantons, our proof shows that the
computation follows immediately from the compatibility of Taubes gluing with
the Whitney sum operation on line bundles. Because Z x BU has no torsion in
its homology, the image of ( Bu(,))*Q gives essentially an “upper bound” for the
image of (B,))% consisting of polynomials in by, by ' by, ..., b_,. Finally,
by again exploiting the compatibility of Taubes gluing with Whitney sum, we
show that any such polynomial which is also in the image of H.(BU(k); Z),
must in fact have a pre-image in H,(M(1, [)*; Z) and, hence, must be in the
image of the map (ji /)« .

Our first lemma is fairly standard.

Lemma 13. Q3SU(!) is rationally homotopy equivalent to QSU(l —1). Thus,
there exist do, dy', dy, ..., di_y, di € Hy,(Q3SU(l); Q), such that

H,(Q3SU(l); Q) = Qldo, dy ', ..., di-3].
Proof. There are rational homotopy equivalences as H-spaces
SU(l) =g $3 x 8% x -+ x S§2-1 ~o K(Q,3)x---xK(Q,2]-1).
Thus,
QISU(l) =g K(Q,2) x -+ x K(Q, 2] —4) ~o QK(Q, 3) x---x K(Q, 2] - 3))

and we see that Q3SU(/ — 1) ~p QSU(I — 1). Now, H.(QSU(I - 1); Q) is
known to be a polynomial algebra on generators ¢; € Hy; for 1 <i</[-2.

Therefore, there are elements dj, do‘l ,di, ... di_y, di € Hy(Q3SU(D); Q),
such that H,(Q3SU(!); Q) = Qldo, d;', dy, ... , di_5]. This finishes the first
lemma.

Define b; € H»j(Z x BU ; Q) to be the image of b; under the natural map
H.(Z xBU;Z)— H.(Z x BU; Q).
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Lemma 14. The image of the map
(Bu@))? : H(Q3SU(1); Q) —» H.(Z x BU; Q)

is the polynomial subalgebra Q[by, 130‘ Vb, ..., bi_,].
Proof. Consider the following diagram which we know commutes in homology:

Liso(M(1, SUME % [ (BU(1))
() l
iso Mk, SU()) e iso BU(K)

l l

Q3sU(l) Bay 7 < BU.

Let z; € Hy;(M(1,SU(!)); Q) be a generator for 0 < i </— 2, and suppose
that a; € Hy;(Q3SU(l); Q) is the image of z; under the homology map induced
by
M(1, SU)) - QISU() — Q3SU(I).

We claim that Qla;', a0, a1, ... , i3] = H.(Q3SU(l); Q). By dimension
considerations and the preceding lemma, it suffices to show that no polynomial
in the a; is zero. So suppose that P(ag, a;, ... ,aq_-;) = 0. (We can as-
sume, by multiplying by a large enough power of ao that a; ! does not occur.)
Consider the image of z; under the homology map induced by

M(1,SU(l)) - BU(1) — {1} x BU.
By Lemma 6, z; maps to b; € Hy(Z x BU; Q). Thus, (B,y). maps a; to

b;,and so P(ag, ..., a;_,) maps to P(i)o , by, ..., b_,), which is obviously
non-zero in H,(Z x BU; Q). Consequently, P(ag, ..., a_;) # 0 and the
claim is proved. But we have also shown that a; — Z)i ; hence, the image of
( ﬂu(,)),.Q is the polynomial algebra Q[by, i’o— ' By, ..., b_,], which finishes the
lemma.

Because H.(BU; Z) is torsion free, the image of the integral homology
map (Byp)s : Ho(Q3SU(l); Z) —» H.(Z x BU; Z) must be contained in
the polynomial algebra Z[bo, b, ', by, ..., b_,]. The image of (Buy, k) TE-
stricted to the kth component, _Q,%S U(l), is then a subset of the polynomials in
bo, by I ..., b_, such that each term has length k. Furthermore, by consid-
ering the surjective map H,(BU(1)X; Z) — H,(BU(k); Z), one sees that the
image of the inclusion H,(BU(k); Z) — H.(Z x BU; Z) consists of all poly-
nomials in by, by, by, ... with terms having length exactly k. Hence, J(k, /)
is contained in the set of all polynomials in by, by, ... , b;_, with terms of
length k. (In fact our proof of Theorem 12 will show that J(k, /) is exactly
equal to this set of polynomials.) We now show that any such polynomial is
in the image of H.(M(k, SU(!/)); Z). We prove this by showing that, in fact,
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any element of J(k, /) is contained in the image of the homology of the glued
charge-one instantons. We have the following commutative diagram:

H.((CP=hk; Z) —  H.((CP>)%; Z)
() 1 =
H.(M(1,SU())*;Z) =25 H,(BU(1)k; 2)
() | |
H.(M(k,SUW); 2) %5 H.(BUK); 2)
| |

HQSU(); Zz) "8 H((k} x BU; Z)

Since the map H,(M(1, SU(l)); Z) — H,(CP'~'; Z) is a surjection through
dimension 2/ -4, and forany 0 <i </-2, b; is in the image of a generator
of Hy;(CP'~'; Z), we see that any polynomial in by, b;, ... , b;_, which has
terms of length k is in the image of H,(M(1, SU(/))*; Z). Thus, by the
commutativity of the above diagram, any such polynomial is in the image of
H.(M(k, SU(/))). This completes the proof of the theorem.

Note that this argument also shows that any element which is a polyno-
mial in by, ... , b;_, having terms of length k is in J(k, /). In fact since
M(1, SU(l)) is homotopy equivalent to a S¥~3-bundle over CP/~!, the natu-
ral inclusion CP/~% — CP!-! lifts, uniquely up to homotopy, to M (1, SU(J)).
Hence there are maps

(CP=2 & M(1, SU)* — M(k, )™ (k} x BU
as well as a natural map
d: (CP=2)% - {k} x BU
defined as the composition
(CP'=2)k — (CP'=")* — BU(1)* - BU(k) — {k} x BU.

The proof of the previous theorem shows that these maps induce identical ho-
mology maps, and that Image((d).) = Image((jx ;).) = J(k, ).
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7. THE HOMOLOGY OF THE SYMPLECTIC DIRAC MAP

We now turn our attention to the symplectic case. Recall the diagram

Mk, Sp(l)) =5 BO(k)
Ikl !

Qsp(l) "IN (k) x BO.

Let ji.;: M(k,Sp(l)) — {k} x BO be either composition in the above dia-
gram, and let Jg,(k, /) be the intersection of the images of the maps

H.(BO(k); Z,)
|

H.(QiSp(); Z,) — H.({k} x BO; Z3).
Theorem 15. The image of the map (ji )% is precisely the set Jsy(k, ).

As in the unitary case, the proof of Theorem 15 consists of two parts. First
we show that there is a natural map Q3Z3(RP}~') — Q3Sp(/) which induces
a surjection in homology with Z, coefficients, and such that the composition

H(QZ(RPIY); Zy) - HA(Q*Sp(l); Z3) — Ho(Z x BO; Z,)

is computable in terms of natural ring generators for H,(Z x BO; Z,). We
can then compute Js,(k, /). This requires using results of F. Cohen [CLM]
on the homology of iterated loop spaces, as well as calculations of Kochman
[Ko] on how certain Dyer-Lashof operations act on the natural ring generators
of H.(Z x BO; Z,). Second, we show that any such element in Jg,(k, /) has
a pre-image in the homology of the glued charge-one instantons.

Unlike the unitary case, however, we now require a more delicate gluing of
instantons using configurations of points with labels in M(k, Sp(/)). More
precisely, let

Cy(k) ={(x1, ..., i) € (R | xi # x;, if i # j}

denote k-tuples of distinct points in R3. Using results of Taubes [T1], Boyer
and Mann [BM] show that there exists maps for all k > 1

T : C3(k) x5, (M(1, Sp())* = M(k, Sp())),
which make the following diagram homotopy commute:

Cs(k) x5, (M(1, Sp())* = M(k, Sp(l))
1 xs, (i, )k | Lk,

Cs(k) x5, (QSp() - QSp(0),

where the bottom horizontal map is the standard C3-operad map corresponding
to the standard three-fold loop sum structure on Q3Sp(/). Recall that for
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unitary connections, the compatibility of the gluing maps with the loop sum
map, as well as the compatibility of the Dirac map with Bott periodicity, implied
the commutativity of

H(Mk,SUD);z) %S H(BUK); Z)
l !

H@Ssu(); z) "0 g (k) x BU; 2).

We now show that an analogous diagram, where we glue with configurations
of points with labels in M (1, Sp(/)), also commutes by considering the follow-
ing diagram (cf. Section 5, proof of theorem 9):

Ci(k)xz, BO(1)* = C3(k)x5, BO(1)* 2, BO(k)

1x9§,1 (ii) N (i =

. xik o 1<Bspiy, DF

Ca(k)xz, M(1,Sp(1)f —' C3(k)xz, Q}Sp(l) 5 Gak)xg, ({1} BO) I=

Tl (iii) 1 (iv) ! l=
Mk, sp) = aisp) Fout & {k}xBO  — BOW)

Oul (v) /
BO(k) = BO(k).

As in Section 5, squares (i), (ii), and (v) commute up to homotopy. By the com-
patibility of the maps 7, with the Cj-operad structure on Q3Sp(/), square (iii)
also commutes up to homotopy. Finally, square (iv) commutes up to homotopy
because fs, is an infinite loop equivalence, and, therefore, also respects the op-
erad structure. Because BO(k) — BO induces an injection in homology with
Z, coefficients, we see there is a commutative diagram

1x(9] )22

H.(C3(j) x5, M(1, Sp()) 5 Zy) =27 Hu(C3(j) xx, BO(1Y 5 Z5)

(t))% | |

H.(M(j, Sp(1)); Z2) @sp)s? H.(BO(j): Zs).
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Summing over the Chern class and identifying BO(1) with RP*>°, we have
shown that the diagram

J
LI, 1xdg,

ngjgk G3(J) %z, (M(1, Sp(1))) H]gjgk C3(J) %3, (RP>)/

! !
. HjaSP .
HlstkM(]9 Sp(1)) - HlSjSkBO(.])
! |
Q3Sp(l) Psoy Z x BO.

induces a commutative diagram in homology with Z, coefficients.
A small change of notation will be useful. For a basepointed space X let

B = [ GU) s, XJ/N

0<j<k
where
(Fisoee s Tiy e 5T 5 X1y eee s Xiyonn  Xj)
is identified with
(PLs e s Fimt s Figls ove 5 B 5 X1y eee s Xicls Xigl s ove > Xj)

if x; = x, and with the convention that C;(0) xz, X° represents the basepoint.
There are natural maps Fi (X) — Q3X3(X), and May [M] has shown that if X is
path connected then Q3X3X is weakly homotopy equivalent to limy_, ., Fy(X).
For an unbased space X , define X, to be X union a disjoint basepoint. From
the definitions we have that for any unbased space X,

F(X,) = [] GU)xs, XV
0<j<k

Therefore, we may rewrite the diagram above as

Fe(M(1, Sp(l)y) —  F(RPY)

l !
ocjcx MU, Sp()) —  Tloej<x BOU)
! !
Q3Sp(l) — Z x BO.

The strategy in proving Theorem 15 is now clear. We shall show that any
element in Js,(k, l) C Hi(Z x BO; Z;) has a pre-image in

H.(F(M(1, Sp(1)+); Z2).
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First, however, we need to understand the image of the map
H.(Q*Sp(l); Zy) - HJ(Z x BO; Zy).

Recall that #; ; : M (1, Sp(l)) — Q3Sp(/) is the natural inclusion of based gauge
equivalence classes of charge-one instantons into the space of based gauge equiv-
alence classes of all charge-one connections. To obtain a basepoint preserving
map, we can extend 7 ; to the map i, ;: M(1, Sp(])); — Q3Sp(l), where +
is mapped to the constant map in QgSp(l ). This allows us to adjoint the map,
to get

ad(iy ;) : Z(M(1, Sp(1))+) — Sp(D).
Our goal is to show that the iterated loop map
Q%ad(iy ;) : QRZ3(M(1, Sp(1))+) — Q*Sp(l)

induces a surjection in Z,-homology. We will accomplish this by first showing
that the composition
M1, Sp(1).) " Sp() 2§41,

where p is projection onto the last column, induces a surjection in homology
with Z, coefficients. To this end we review a useful geometric description
given by Boyer, Mann and Waggoner [BMW] of the map ad(i, ;). First, view
Sp(1) c Sp(!) as quaternionic matrices of the form

a 0
0 1., )°
where o« € Sp(1). The centralizer of Sp(1) in Sp(/) is the set

{(g a(l!):anz,AeSp(l-l)}=ZZXSI’(1_1)'

Define the map k : Sp(1) x Sp(/) — Sp(l) by k(a, B) = Baf~!. By the
previous remarks, k descends to a map

k : Sp(1) x Sp(l) / (Zax Sp(l— 1) — Sp(l).

In fact, since k(1, ) =1 for any B € Sp(l), k is well-defined as a map

k: (Sp(1) x Sp()) / (Z2 % Sp(l - 1)) / (113 x (Sp() /(22 x Sp(l - 1))) )

The projection p gives a homeomorphism
Sp(l)/(Zy x Sp(I — 1)) = RPY-!,

and for any space X,

Sp(1) x X/{l} x X =I3X,).
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Thus, k defines a map k : Z3(RP¥~!) — Sp(l). Now recall Lemma 6 which
showed that M (1, Sp(l)) ~ RP¥-!. Boyer, Mann and Waggoner [BMW] ex-
hibit a particular homotopy equivalence 4 : RP¥-! — M(1, Sp(l)) which
makes the following diagram commute:

SIRPIY EW) 31, Sp(l)),)
kN 1 ad(iy ;)

Sp(l) .

From this point forward, we will identify RP*~! with M (1, Sp(l/)) via h, and
thus view ad(i; ;) as a map Z3(RP¥~') — Sp(l). Our choice of homotopy
equivalence M (1, Sp(l)) ~ RP¥~! can be somewhat arbitrary because any
two must induce identical maps in homology with Z, coefficients, and this will
suffice for our purposes.

It will be useful later to note that Boyer, Mann, and Waggoner’s equivalence
of M(1, Sp(l)) with the quotient of Sp(/) by the centralizer of Sp(1) is quite
general. For example, they also show that there is a homotopy equivalence

M(1, SUW)) ~SU(l)/U(l - 2),

where U(/ — 2) is identified with the centralizer of SU(2) inside SU(/),
namely the set of matrices of the form

a 0 0
0 a O
0 0 4

where 4 € U(/ —2) and det(4) = a~2. Furthermore, they show that via the
above homotopy equivalence, the adjoint of the natural inclusion M (1, SU(/))
— Q3SU(/), may be viewed as a map

ky:SU2) x SU(l) - SU(I)
defined by conjugation exactly as in the Sp(/) case.
Lemma 16. The composition Z3(RP¥~') — Sp(I) — S¥=" induces a surjection
in homology with Z, coefficients.

Proof. Although there will be some details to check, the essence of the argument
is simply to view Sp(/) instantons as SU(2/) instantons, verify that there is a
commutative diagram

(M1, Sph)y) —  Sp() L sS4
l ! |=

B(M(1, SUQRD),) — SU@l) 2L s4-!

show that the left vertical map induces a surjection in dimension 4/ — 1 in
Z,-homology, then employ the fact proved by Boyer, Mann, and Waggoner that
the bottom composition induces a surjection in homology with Z, coefficients.
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First we make some definitions. Recall that

SUQNH/U2I-2) ~M(1,SU(2I))
and M (1, SU(2l)) fibers over CP*~! with fiber S¥~3. The inclusion of the
4/ — 4 skeleton CP¥-2 < CP2-! lifts to a map

f:CP¥-2 L SUQNH/UQ2I-2),

because S*~3 is 4/ — 4 connected. Define f, to be the basepoint preserving
map induced by f:

fi:CP2=2 L SUQN/UQ2L-2) 4.
Let J:SU(2) x SU(2l) — SU(2l) be defined by J(a, B) = BaBf~!. As before
J descends to a map

J:Z3(SURNH/UQ2L-2)y) — SU2).

(As previously mentioned, J may be viewed as the basepointed adjoint of the
inclusion M (1, SU(2l)) — Q3SU(2l).) Boyer, Mann and Waggoner ([BMW],
proof of Lemma 5.11) show that the composition

S3(CPY-2) 2B sysun /Ul - 2),) - SUQI B 54

induces a surjection in Z,-homology.
Now define an inclusion yx : Sp(/) — SU(2[) as follows: given an [/ x /
symplectic matrix (X,), write
xr_g = ars + ibrs + ers + kdl’S = arS + ibrg + j(Cr_g - idr_g).

Form the 2/ x 2/ complex matrix x((x,s;)) by replacing each entry x,; with

the 2 x 2 matrix
Qps + ibps  —Cps — idys
Crs - idrs ars - ibrs

This corresponds to the natural inclusion of Sp(/) — SU(2/) if the skew form
on C? is given by a block diagonal matrix where each block is the 2 x 2 matrix

0 -1
1 0 /)
Notice that y is defined so that the centralizer of Sp(1) in Sp(/) is mapped
to the centralizer of SU(2) in SU(2/). This allows us to define the map v,
induced from y,
w:Sp()/(Zy x Sp(l — 1)) - SU21)/U(2] - 2).
Now consider the diagram

ac&},) Sp(l) N S4l—l

SRPHY) = B3(Sp()/(Za x Sp(l— 1)) +)
3wy L Lx =

SUQRNH/URL-2) ) 2, svu@eh) - sH-!
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Because ad(i; ;) and J are defined in terms of conjugation, this diagram com-
mutes. Thus, to show that the top composition induces a surjection it suffices
to prove that (X3(y,))% is a surjection in dimension 4/ — 1. Equivalently, we
must show that

(W)2 : Hy_a(Sp(1)/(Z2 x Sp(1 = 1)) ; Z2) = Hy_o(SU(2D) /U (2] - 2); Z,)
is a surjection. Note that there are isomorphisms
Hy_4(SUQD/U Q2L = 2); Z3) = Hy_a(M(1, SUQ2D)); Z3) = Hy_o(CPY™'; Z3) = 7.
In fact there is a fibration
U2l -1)/U2I-2) — SUQDHJUQ2l - 2) 5 SUQL /U2 - 1)

(which may be identified with the fibration S¥=3 — M(1, SU(2l)) — CP¥-!
as given in Section 4), where U(2/ — 1) C SU(2/) consists of matrices of the

form
det(B)"! 0
0 B

for B € U(2n — 1). Using the fact that the fiber is 4/ — 4-connected, we see
from the Serre spectral sequence of this fibration that (7)% is an isomorphism
through dimension 4/ — 4. Hence, (¥)Z is a surjection in dimension 4/ — 4
if (moy)% is. Because the composition 7 o ¥ may be viewed as a map from
RP¥=1 to CP¥~!, the cohomology map (7o y)% isan injection in dimension
4n — 4 if and only if it is injective in dimension 2. Since H* = Hom(H.; Z,),
we see that (7 o w) will be a surjection in dimension 4n — 4 if and only if it
is a surjection in dimension 2. To finish the lemma, we examine the diagram

RPY = Sp(1)/Z, 25 Sp()/(ZyxSp(I-1)) =  Rp¥-!

1R

!
SUQ)/Z, —  SUQD/U2I-2)

Ly

1

M(1, SU(21))
! ln

CP!

IR

SUQ2)/S' 2 sU@h/UQI-1) =  CP¥-!,

where the horizontal maps are induced by the inclusions of Sp(1) — Sp(/) and
SU(2) — SU(2l) defined earlier. Notice that the identification U(2/ — 1) C
SU(2l) also stipulates the inclusion S! — SU(2) to be

aHa“O
0 a°

We leave it to the reader to check that these inclusions along with our identi-
fication yx : Sp(/) — SU(2l), which induces y , make all of the maps in the
diagram well-defined, and, therefore, that the diagram commutes. In addition,
we see that p; is the inclusion of the three-skeleton RP3 — RP*-! and p,
is the inclusion of the two-skeleton CP! — CP2?-! and so (p;). and (p2).
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are isomorphisms in dimension 2. Finally we remark that the composition of
the two left vertical maps is just the natural projection

RP}=§3/7, — S3/S! =~ CP!

which induces a Z>-homology isomorphism in dimension 2. Therefore, by the
commutativity of the diagram, (7 o ). must be an isomorphism in dimension
2. This completes the proof of the lemma.

For the remainder of the discussion, all homology groups will be taken with
Z, coeflicients.

Lemma 17. The map Q3ad(i, ;) : Q*Z3(RP¥~1) — Q3Sp(l) induces a surjec-
tion in homology with Z, coefficients.

Proof. Our proof proceeds by induction. For / = 1 we are considering the
J-homomorphism Q3X3(RP}) — Q3S3, which is known to induce a surjection
in Z-homology. Now assume that H,(Q3ad(i; ;_;)) is a surjection. Define
RPJ=} to be the stunted projective space

RP}=} = RP{!=' /RPY=3.

Let p; be the projection p; : RP{!~! — RP}/-! and let & denote the homo-
topy fiber of

3p; : B3 (RPH-1) — Z3RPY-L
Since the diagram

Z3RpH-s ) gpg )

l !

DRPY-T MU gy

commutes, we obtain a map
E ZBRP:II_—; — SH-1 3344

which, by the previous lemma, must induce a surjection in Z,-homology. In
particular, if we let 8 € Hy_4(S*~%) be the generator, then X360 is in the
image of H.(n;). Notice that by the connectivity of S¥~4, there exists a map
f:RP}=} — S4-4 such that n ~ Z3f. (See, for example, [H].) Thus, if Z36

is in the image of H.(7n), then 6 is in the image of H.(f). We will soon show
that this forces Q3#; to be a surjection.
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Applying Q3 we get maps

QITIRpY-s TENL-D) g3g, 1)

| |
Q3E3RPY-! @*(ad(iy 1)) Q3Sp(1)

! l
Q333R P:II—_41 92’1 Q3x3g4—4

where the right-hand column is the three-fold looping of the fibration
Sp(l — 1) — Sp(l) =% s4-1,

We can replace Q3Z3RPY=5 with Q3 to obtain the following map of fibra-
tions (in the columns):

Q3Z3RPHS — Q7 — Q3Sp(l-1)
! ! l
Q3TRPIS  — Q3LRPIT — Q3Sp(l)
1 l !

{+} — Q¥VRPYC — Q33U
where the map Q3. — Q3Sp(/ — 1) is any lifting up to homotopy of the com-
position Q3.F — Q3L3(RPY~') - Q3Sp(l). Comparing H.(Q*T*(RP{~1))
with H,(Q*Z3(RP}~))) using results of F. Cohen ([CLM] III, Lemma 3.8), we
can show that the map Q3%3p, : Q3Z3(RP#~!) — Q3¥3RP}/=) induces a sur-
jection in Z,-homology. To see this, let X denote any sufficiently nice space,
for example, a finite C.W. complex, let i € {1,2}, let Q; : H,(Q*Z3X) —
H,,/(Q23X) be a Dyer-Lashof operation, and let A, : H,(QZ3X) ®
H,(Q3Z3X) — Hyyr12(Q3Z3X) be the (possibly) nontrivial Browder operation.
Let I = {i; < i, <--- <I,} be a nondecreasing sequence, where i; € {1, 2},
and Q; denote the iterated Dyer-Lashof operation Q; = Q;,Q;,--- @, . It fol-
lows from work of F. Cohen [CLM] that H,(Q3X3X) is, essentially, the commu-
tative algebra generated by elements of the form Q;(y) where y is an iterated
Browder operation on elements of H.(X). (As written, this set of generators
does not generate H,(Q3X3X) freely, but it does generate it.) Now suppose that

y is an iterated Browder operation on elements y;, ... , ¥s € H*(RP‘;‘,’_‘;) . We
write y € ({71, ..., ys}) to denote the fact that y may be written using
only the symbols 4,, 7, ..., ys. For example, if y = A;[42[71, ¥3], 2], then

¥ € A({71 72, 73}). There is a natural inclusion H,(RP#-!) — H,(RP#=")
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which sends y; to, say, 7; € H.(RP#~"), and the natural projection p; induces
a map sending $; to y;. Since the map

Q¥33p, : QT3 (RPY-Y) — Q32*RPY
respects the Browder operations, there exists a y € H,(Q*Z3(RPY~!)) such
that y € A2({91,..., 7}) and J — y under the induced map H,(Q3Z3p,).
Moreover, for any sequence I, the naturality of the Dyer-Lashof operations
with respect to iterated loop maps shows that Q;(y) maps to Q;(y). Thus, a
set of algebra generators for H,(Q'TZ*RPJ/")) is in the image of H.(QZ%p)).
Since this map preserves products, it must be a surjection.

By similar reasoning we see that the map

93”1 . 9323RP:[1__41 — Q3y3g4-4

induces a surjection in Z, homology: recall that there is a map f: RPZI_‘: —

§4=4 such that Z3f ~ 5, and that by a previous lemma there is a 6 ¢
H.(RP}'"") such that H,(f)(6) is the generator 6 € Hy_4(S*~*). There-
fore, for any iterated Dyer-Lashof operation Q;, we have

H(@n)(Q1(8)) = H(QZ*1)(Q1(6)) = Q1(9).

Since H,(Q3X3S4-4) is generated by such Q;(0), H,(Q3n,) is a surjection.
Because Q3%3p, and Q3#; induce surjections and the diagram

Q3Z3RPY-NY —  Q3Sp(])
Q3%3p, | !

Q3s3RpU-1 X

3y3oal—4
41—4 QX544

commutes, the map Q3Sp(/) — Q3X354~* must also induce a surjection in Z,-
homology. We can now conclude that the Serre spectral sequences of all three
fibrations in the earlier diagram collapse at the E, level. This is a consequence
of the following general fact.

Proposition 18. Let F — E 2 B be a principal fibration, n;(B) =0 for i <2.
Suppose the natural map Qp : QFE — QB induces a surjection in Z,-homology.
Then the Serre spectral sequence for the fibration QF — QE — QB collapses at
E,.

Proof. First note that E; = H,(QB) ® H.(QF). Also note that QF is an H-
space and, therefore, H,(QF) is an algebra. Consequently, H.(QF) acts on
E, . In fact, since the fibration QF — QF — QB is principal, the differentials
d, act as derivations with respect to the natural induced action of H.(QF) on
E, [MT]. Now let a ® B € H.(QB) ® H.(QF) be an element of E,. Then

d(a®p)=dr((a®1)-B)=dr(a®1)- =0,

the last equality holding because H,(£2p) is a surjection and hence o ® 1 must
survive to E,, . Thus E, & E;. We can repeat this argument on the E, term
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using differential d, to conclude that that F3 = E4 = ... = E_,. This proves
the proposition.
Recall that our goal is to show that the map

QY(ad(ir,1)) : QZ(RPY!) — Q*Sp())

induces a surjection in Z,-homology, and we may inductively assume that the
map H.(Q3(ad(i;,;_,))) is a surjection. Now from the collapsing of the spectral
sequences we have that Q3Sp(/ — 1) — Q3Sp(/) induces an injection in Z,-
homology. Looking back at the diagram of the three fibrations and using our
inductive assumption, we can conclude that the composition

Q33 (RPY-S) — Q3F — Q3Sp(l - 1)

also induces a surjection in Z,-homology. To see this, recall the commutative
diagram

3 .
Q3E3(RPH-5) FCUL-D) g3gpa - 1)
l !
3 .
@E(RPI) TERY @isp(),

and let d; = dim(H;(Q3Sp(/ — 1)). By our inductive assumption and the fact
that

H.(QSp(l - 1)) — H.(Q’Sp(]))

is an injection, the dimension of the image of the composition

Hy(Q’Z}(RP{7%)) - H(QZ(RP{™Y)) — Hi(Q*Sp(1))
must be d;. By the homotopy commutativity of

Q3Z3(RPI3) — QF - Q3Sp(l-1)

=] ! !

Q3T}RPYS) - QT¥RPYYH - Q3Sp(),

the dimension of the composition
H(QZ3(RPY)) - H(QF ) - H(QSp(l - 1)) — Hi(Q*Sp(0))
must also be d;. Hence, the composition
H,(Q3Z3(RP73)) - H(Q3F) — Hi(Q*Sp(l - 1))

is a surjection.
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To summarize what we have shown thus far, we have the map of fibrations

QF — Q3Sp(l-1)
! l
Q3T3(RPY1) @(ad(iy 1)) Q3Sp(l)
! | |
Q333R p:/_—“l ‘ﬁ; Q33§44

where the induced maps H,(Q3%) — H,(Q3Sp(l — 1)) and H,(Q3n,) are
surjections. In other words, the E, term of the Serre spectral sequence of the
left fibration surjects onto the E, term of the right fibration. But we also have
shown that both spectral sequences collapse at E,. Hence, the E,, term of
the left fibration surjects onto the E,, term of the right fibration. Now, by
the convergence of the spectral sequences, a standard argument on the level of
filtrations shows that the map of fibrations Q3(ad(i, ;)) induces a surjection in
Z,-homology. This finishes the proof of Lemma 17.

For future use, we record as a corollary one of the facts demonstrated during
the proof of the lemma.

Corollary 19. The natural map into the limit space Q3Sp(l) — Z x BO induces

an injection in homology with Z, coefficients.

Proof. We have shown that for any / the map H,(Q3Sp(l)) — H.(Q3Sp(l + 1))

is an injection. Hence, H,(Q3Sp(l)) injects into H,(Q3Sp) = H,(Z x BO).
We now return to the proof of the theorem. From the lemma, we know that

the ccmposite

H, (Q323RP¥-1)Y — H.(Q3Sp(l)) — H.(Z x BO)

has the same image as the image of H,(Q3Sp(/)). This image is easily cal-
culated as follows: let b, € H.(BO(1)) be a generator. Then H.(Z x BO) =
Zy[bo, by, by, by, ...]. By the commutativity of

RPU-1 Ay spay 2 Bo)

kN ! !

Qisp(ly "% (13 % BoO,

the fact that s, o & is homotopic to the natural inclusion RP#~! — RP> , and
what we know about the homology of Q3X*RP¥~! in terms of the homology
of RP¥-! [CLM], we see that the image Im(H,(Q3X*RPY~")) c H.(Z x BO)
consists of linear combinations of products of certain iterated Dyer-Lashof op-
erations on by, by L. by, ..., by_y. (There are no Browder operations in the
image because Z x BO is an infinite loop space.)
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Now we are ready to calculate the intersection of the maps
H, (o< <k BO())
|
H.(Q3Sp()) — H.(Z x BO).

and prove the theorem. Just as in unitary case, the Im([[y<;<x H:(BO())))
C H.(Z x BO) is all polynomials in by, by, ..., such that each term has
length < k. Suppose « is such a homology class, and further suppose that «
is in the image of H,(Q3Sp(l)). By the previous lemma there exists & €
H.(Q3Z3RP¥-') which maps to a under the composition

H,(Q3L3RPY-1) — H.(Q3Sp(l)) — H.(Z x BO).

Since & can be chosen to be a linear combination of products of iterated Dyer-
Lashof operations Q;, @, and our maps are three-fold loop maps respecting
the Dyer-Lashof operations, o can be expressed as a sum of terms of the form

Qll(bjl)le(bjz)"’an(bjn), jr > 0.

By calculations of Kochman [Ko], each such term is a polynomial in bg, b, ...
which has length

L) 4 QL(B) 4 ... 4 pLUA) |

where L(I,) is the number of elements of the sequence I,. Since « is in the
image of H.([Io<;<x BO(J)), we must have

n
ZzL(Ir) <k.
r=1

Let t(&) = Qy,(b;,)--- Q1,(b;,) € H(QT’RPH~!) be one term of some expres-
sion for &. (&) maps to the element Qy,(bj,)---Qy,(b;,) € Hi(Z x BO). No-
tice that in F. Cohen’s [CLM] terminology, the weight of #(&) equals -, 2£07)
which is < k. By another result of F. Cohen [CLM], this implies that ¢(a) is
in the image of the natural map

H.(F(RP{'™")) — H.(QPZ}(RP{)).

In summary we have the following picture:

H.(F(RP{'™1)) = H.(F(M(1,Sp()),))  —  H.(F(RPY))
(i)
! ! (i) !
. L (0sp)= )
I Ho(Loc ;< MG, SpU1) ~ =" Ho(Uo< ;< BOU))
i ! (i) !
H(@T(RPY-1) (93(11‘1(_"1_;1)))' H(@Sp(1) PBspiy)+ H.(ZxBO)
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where we know that (ii) and (iii) commute. (i) will commute because the outer
most square
H.(F(RP{™")) — H.(F(RP{))

! !

H,(Q323RP¥-'Y — H,(Z x BO)
commutes and the map
H,(Q3Sp(l)) — H.(Z x BO)

is an injection. Furthermore, we have already established that for each a €
H.(Z x BO) which is in the image of H.(]o<;<, BO(j)) and the image of
H,(Q3Sp(l)), there is a y € H,(Fi(RP¥~!)) which maps to a under either
composition in the above square. Thus, by the commutativity of (i), the image
of y under the homology gluing map

H.(F(RP¥=1)) — H.( [] M, Sp(1)))

0<j<k

must map to «. This completes the proof of the theorem.
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