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SHARP INEQUALITIES, THE FUNCTIONAL DETERMINANT,
AND THE COMPLEMENTARY SERIES

THOMAS P. BRANSON

ABSTRACT. Results in the spectral theory of differential operators, and recent
results on conformally covariant differential operators and on sharp inequali-
ties, are combined in a study of functional determinants of natural differential
operators. The setting is that of compact Riemannian manifolds. We concen-
trate especially on the conformally flat case, and obtain formulas in dimensions
2, 4, and 6 for the functional determinants of operators which are well be-
haved under conformal change of metric. The two-dimensional formulas are
due to Polyakov, and the four-dimensional formulas to Branson and Orsted;
the method is sufficiently streamlined here that we are able to present the six-
dimensional case for the first time. In particular, we solve the extremal problems
for the functional determinants of the conformal Laplacian and of the square
of the Dirac operator on S$2, and in the standard conformal classes on S*
and S. The S? results are due to Onofri, and the S* results to Branson,
Chang, and Yang; the S% results are presented for the first time here. Recent
results of Graham, Jenne, Mason, and Sparling on conformally covariant dif-
ferential operators, and of Beckner on sharp Sobolev and Moser-Trudinger type
inequalities, are used in an essential way, as are a computation of the spectra
of intertwining operators for the complementary series of SOg(m+ 1, 1), and
the precise dependence of all computations on the dimension. In the process
of solving the extremal problem on S®, we are forced to derive a new and
delicate conformally covariant sharp inequality, essentially a covariant form
of the Sobolev embedding L2(S%) — L3(S%) for section spaces of trace free
symmetric two-tensors.

0. INTRODUCTION

Some very recent work in analysis and geometry has revealed strong new con-
nections among fields which, while never completely separate, have at least been
studied in very different ways. Part of the stimulus for this has been physical
string theory, which led in the last decade to a fresh look at Riemann surfaces,
always a meeting ground for different disciplines in analysis. In this paper, we
would like to clarify some of these connections as they have manifested them-
selves in the study of string theoretic principles in higher ( > 2) dimensions.
Broadly speaking, the fields in question are:

(I) the spectral theory of differential operators;
(IT) conformal geometry; and
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(III) sharp inequalities.

In this discussion, we work in the category of compact Riemannian manifolds.
Under the heading (I) are such tools as the heat kernel expansion, index theory,
and functional determinants. Two of the major goals involve relating geometry
to spectral data. In the isospectral problem, one tries to show that the spectrum
of some natural differential operator (for example, the Laplacian A ) determines
the geometry (Riemannian metric), or at least that there is a very small set of
metrics with the same spectrum. In the uniformization problem, one tries to
use some spectral invariant . to “drive” the metric to a uniform state (usu-
ally one of constant curvature in some sense), either by solving an extremal
problem for %’ as a functional on the space of metrics, or by setting up a
“heat flow” (parabolic equation) which will produce the uniform state at time
infinity. Under the heading (II), the main tools are conformally invariant differ-
ential operators. (III) is a hard analytic topic; among the major tools relevant
here is symmetrization and the use of symmetric decreasing rearrangement to
“improve” the value of functionals like those mentioned in the discussion of (I)
above. “Sharp” inequalities are those with best constants and extremals given.
Geometrically, a sharp inequality can usually be viewed as an invariant quan-
tity, i.e., the quantity asserted to be nonnegative. Sharpness, not to mention
the applicability of symmetrization in the proof, are intimately connected to
the geometric invariance exhibited by the eventual inequality. More functional
analytically, a sharp inequality can often be viewed as a norm computation for
an embedding of Banach spaces, the prototypical example being the Sobolev
Embedding Theorem. Both of these viewpoints will be useful here.

The more or less straightforward connections are (I) « (II) and (II) « (III);
the link (I) — (IIT) has been somewhat mysterious. For example, one would
like a reason for the fact that Onofri’s analysis of the extremal problem for the
functional determinant detA on the sphere S? leads directly to the Moser-
Trudinger inequality, other than that both problems are extremely natural. A
main goal of this paper, aside from showing that similar phenomena occur in
higher dimensions, is to show that these phenomena should be expected, i.e.,
are to some extent predictable from the geometric formulation of the problems.
In other words, we would like to make the link (I) « (III) explicit.

A curious additional connection is that between (III) and the theory of the
complementary series of the Lie group SOg(m+ 1, 1) ; we make this completely
explicit in Section 3 of this paper. It has been remarked that, with respect to
the problem of determining the unitary dual of a semisimple Lie group, the
complementary series is an anomalous sort of object, not really fitting into any
framework that does much good in the study of unitary representations in gen-
eral. For this reason, complementary series representations have even acquired
a reputation as being somewhat “useless”. (According to [V, p. 17], “One hopes
not to need them for most harmonic analysis problems.”) It is, therefore, ironic
that they are so important in the present treatment, and more so because they
are useful for the same reason that they have been thought useless: the invari-
ant inner product is a “strange” one, obtained from the L? inner product (-, -)
by insertion of a pseudo-differential intertwining operator A to form (-, A-).
These A are actually elliptic operators defining invariant versions of the inner
products in the Sobolev spaces L2 (meaning L?, with v derivatives in L?,
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v € R). Otherwise said, they are invariant Banach isomorphisms from L2 to
its dual L2, ; for a discrete set of v, they are actually differential operators,
and in fact the realizations on the standard sphere S™ of conformally covariant
differential operators that exist for general Riemannian metrics. Furthermore,
the spectra of these intertwining operators are explicitly computable from the in-
tertwining relation. We return to this theme in Section 7 to derive an essentially
new estimate crucial to the extremal problem for the functional determinant on
S%; here we need not only the complementary series representations from the
spherical principal series (principal series representations carried by spaces of
scalar valued functions), but also a tensor valued complementary series. In a
way, the complementary series is the central object in this investigation; indeed,
we have just touched upon links to all the other ideas in this circle (including
(I-III)) in discussing it.

In describing the results of this work, we shall stay on a not-too-technical level
for the remainder of the introduction (just referring ahead for definitions and
clarification). We continue the study of the functional determinant in higher
(> 2) dimensions begun in [B@3, BCY], and derive new formulas for functional
determinants of operators with certain nice conformal properties, in particular
for the conformal Laplacian (or Yamabe operator) Y and the square Y 2 of
the Dirac operator, on conformally flat manifolds of dimension 6. One mo-
tivation for going to dimension six is the search for a pattern in the extremal
problem for the functional determinant. In a fundamental paper [On], Onofri
showed that as a functional on the space of volume 47 Riemannian metrics
on the Riemann sphere S2, the functional determinant detA of the Lapla-
cian is maximized exactly at the standard metric g, and its transforms under
the Mébius group of S%. His method was as follows: (1) prove the statement
replacing “Riemannian metrics” by “metrics in the standard conformal class
(2] := {gw = €??g | w € C>(S?)}.” This is done by computing a quotient
(detA,)/(detAg) , where A, is the Laplacian in the metric g, , and then notic-
ing that the resulting quantity is exactly that asserted to be nonpositive by the
celebrated Moser-Trudinger inequality. This inequality may be viewed as the
norm computation for the embedding of the Sobolev class L? into the Orlicz
class eX. (2) Then note that any Riemannian metric on S? is the pullback of
some g, under a diffeomorphism ¢ € Diffeo(S?). Since spectral invariants
of A or of any other natural differential operator are also difftfomorphism in-
variants, the result follows; the spectral invariants involved here are, of course,
detA and the volume (which appears in the spectral asymptotics of A). Simi-
lar results hold for the Laplacians of higher spin bundles; in particular the spin
Laplacian, i.e., the square Y 2 of the Dirac operator Y , though one important
dissimilarity is that det ¥ 2 is minimized in the standard geometry.

The first thing to go radically wrong with Onofri’s argument when we go up
in dimension is this second step: generalizing the Mobius group to the con-
formal group ctran(S™, g), up to covering a copy of SOp(m + 1, 1), we
get an extremely large space of metrics, even after deflation by the infinite di-
mensional groups of diffecomorphisms and of conformal changes of metric. To
be somewhat more precise, the cone & of Riemannian metrics is acted upon
by the group Diffeo(S™) x C°(S™), where x is semidirect product, and the
action of e? € C®(S™) is g — e2?g. The product is semidirect because
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diffeomorphisms pull back conformal factors e®. If m = 2, the orbit space
Z | Diffeo(S™) x C°(S™) is a single point, but if m > 2, it is infinite di-
mensional and quite complicated structurally. The upshot is that, in higher
dimensions, we must stay within a given conformal class, at least at first, in
looking for analogues of Onofri’s Theorem and other fundamental string the-
oretic principles. Almost no work has been done on the question of cutting
across conformal classes, either for the extremal problem or the closely related
isospectral problem.

There are still more unpleasant facts to be faced in higher dimension: much
as we like the ordinary Laplacian A (for example, for its topological signifi-
cance), it simply does not have the good conformal behavior necessary to get
a Polyakov formula for the conformal variation of its determinant. Nature
strongly prefers that we compute the determinant of a conformally covariant
differential operator, or at least a positive integral power of such. The Dirac
operator Y is conformally covariant, so we can always consider Y 2 There
is also a Laplacian on functions, the conformal Laplacian

m-—2
Y =A+ A(m = 1)1,
where 7 is the scalar curvature, which has nice conformal properties, and which
specializes to A in dimension two.

At this point one would like to examine the situation in dimension m = 3.
However, the functional determinant is quite rigid conformally in odd dimen-
sions, and so at least for the problem we are looking at, the next dimension is
m = 4. Here Branson and QOrsted [B@3] computed quotients of the form

(0.1) (det A,,)/(det Ag)

for reasonably general operators 4 and background metrics gy . (In particu-
lar, conformal flatness was not assumed.) As above, the subscript w indicates
that we evaluate in the metric g, = e2?g, . Later, Branson, Chang, and Yang
[BCY] attacked the isospectral and extremal problems related to these formulas.
One result of this latter work is that something survives of the Onofri reasoning;
consider the extremal problems for detY,, and det ¥ 2 in the standard confor-
mal class [go] on S*. What emerges from the quantities (0.1) is now a linear
combination of two norm computations: one for the exponential class embed-
ding L} — el and another for the “ordinary” borderline Sobolev embedding
L? — L*. The latter inequality is that involved in the Yamabe problem, and
in fact it is quite fruitful to think of it in this way. The former inequality is
the four-dimensional version of a generalized Moser-Trudinger inequality due
to Beckner [Bec]. The “miracle” that occurs is that in this linear combination,
the signs of the two coefficients agree, both for A=Y and A=Y 2 so we get
extremal results. But just as in dimension two, the Y signs disagree with the
y 2 signs, so we have opposite kinds of extrema. This is summarized in the
first two lines of Table 0.1.

As is clear from the third line, the sign miracles continue in dimension six
(where in fact they seem more improbable, in that more coeflicients have to fall
into place with the correct sign). Note that the difference between the behavior
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TaABLE 0.1. The functional determinant at the standard metric
and its conformal transforms

detY, dety 2
S? max min
S* min max
S6 max min

of Y and Y 2 is essential and is not due to conventions; we use the same
convention in each case (i.e., that the leading symbol is multiplication by |£|?).
The third line of the table is the main new “factual” result of the present work:

Theorem 0.1. On S®, for g = g, = e2®gq in the conformal class of the standard
metric gy and having the standard volume 16n3/15, the quantity detY,, (resp.
det Wfo) is maximized (resp. minimized) exactly when g, = h*gy for some
conformal diffeomorphism h on (S®, go).

The use of a generalized Polyakov formula to compute quotients of the form
(0.1) requires a fairly explicit knowledge of one of the heat kernel invariants of
the operator 4 in question, that at the “index level”; i.e., that with a homo-
geneity degree (under uniform dilation of the metric) which compensates that
of the Riemannian measure. We call this invariant U,[A4]. It is often said that
the combinatorial complexity of the heat invariants explodes as one goes up in
level; since level equals dimension in our problem, our difficulties explode as
the dimension goes up. It has been possible, and hopefully not completely taste-
less, to compute in dimension 6 by paying close attention to the dependence of
all quantities on dimension; that is, by performing what physicists might call
dimensional regularization. Specifically, we deal with universal polynomial for-
mulas whose coefficients are rational functions of the dimension #, and use
computations valid for large even m to make conclusions about a specific m .
In other words, we meromorphically continue rational functions of m, using
m = oo as the limit point. This point of view excuses us from considering pure
divergence terms in the heat invariant U,[A] in some subcomputations. The
advantage gained from this is nonexistent in dimension 2, minor in dimension
4, and considerable in dimension 6. To make things even more tractable, we
work in the conformally flat category; this is of course stable under the changes
of metric we want to consider, and does not discard the case of the sphere.

Extrapolating from dimensions 2, 4, and 6, the philosophy would seem to
be as follows: the term corresponding to the exponential class Beckner-Moser-
Trudinger inequality [Bec], i.e. that related to the norm computation for the
embedding Lfn n < el is, in a sense to be made precise, the leading term
in the functional determinant. Its coefficient is related to the leading term
(really an equivalence class in the space of metric invariants) of U,[A4]; such
leading terms were studied in [G5, BG@1]. Looking at these formulas, one finds
that if the leading term alone were decisive, the result would be the obvious
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continuation of Table 0.1 to arbitrary even m . The sign miracles, then, consist
in coeffients of “trailing terms” having the correct sign. The estimation of the
trailing terms, by the time we get to dimension 6, entails some relatively delicate
conformal geometry. To oversimplify quite a bit, what ends up being used,
in addition to the embedding L2 — el is the borderline embedding L? —
L3, both in the trivial scalar bundle, and in the bundle TFS? of trace free
symmetric two-tensors. More specifically, we have to study the effect of the
scalar embedding on the scalar curvature function, and of the TFS? embedding
on the Einstein (trace free Ricci) tensor.

Our treatment depends heavily on two pieces of technology that have only
recently come clearly into view. The first is the construction by Graham, Jenne,
Mason, and Sparling [GTMS] of conformally covariant operators on scalar func-
tions with leading term A™/2, n a positive even integer, as long as it is not the
case that the dimension m is even and less than # . In particular, this allows
us to find a representative of the leading term equivalence class described above
which behaves relatively simply under conformal variation. The other is Beck-
ner’s recent work on sharp Sobolev and Moser-Trudinger inequalities, based
on fundamental work of Lieb [Lie] on best constants and extremals for Hardy-
Littlewood-Sobolev inequalities in R” . In Section 3 below, we give proofs of
some of Beckner’s results that use group invariance (and indeed, the comple-
mentary series) in an essential way.

The sequence of events in this paper will be as follows. Section 1 is about
conformal covariance in general, and the Graham-Jenne-Mason-Sparling opera-
tors P, in particular. Something of extreme importance to us is the zeroth order
term Q, of such a P,, defined here by applying P, to the constant function:
P,1 =(m-n)Q,/2, where m is the dimension. Section 2 is about the principal
series of SOg(m+ 1, 1), and especially its subseries, the complementary series.
Here we show how to compute the spectrum of an intertwining operator, and
relate such operators to the operators P, of the previous section. Section 3
presents Beckner’s theory of sharp inequalities on the sphere (i.e., that part of
the theory that we shall need, from a point of view that suits our needs), with
heavy emphasis on connections to the complementary series. Section 4 presents
joint work of Branson and Orsted on conformal index theory and the general-
ized Polyakov formula. Section 5 presents the two- and four-dimensional theory
from the dimensional regularization point of view; the end results are somewhat
different derivations of known results of Onofri and of Branson and Qrsted. In
Section 6, we do the computations necessary to get formulas for detY and
det Y 2 in six dimensions. In Section 7, these are applied to prove Theorem
0.1. A large part of Section 7 is devoted to some delicate conformal geometry
and a new sharp inequality that seems to be necessary to the proof. Section 8
contains a discussion of the sign pattern of Table 0.1 and its continuation, and
of prospects for future work.

It is a pleasure to thank Bill Beckner, Alice Chang, Peter Gilkey, Bent Orsted,
and Paul Yang for their help in clarifying the thinking of this paper. This
material was part of a series of talks given by the author at the First Global
Analysis Research Center Symposium on Pure and Applied Mathematics at
Seoul National University; thanks are due to the organizers for making the talks
possible. Finally, the author thanks Roskilde University Center, Seoul National
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University, and Sonderforschungsbereich 170 at the University of Gottingen for
their hospitality, and the Danish Research Council for financial support, during
the writing of this paper.

1. CONFORMALLY COVARIANT DIFFERENTIAL OPERATORS
ON SCALAR FUNCTIONS

Let (M, g) be a smooth, compact Riemannian manifold without boundary.
m will always denote the dimension of M. Let V be the Levi-Civita con-
nection and R be the Riemann curvature tensor of g. We shall say that a
differential operator D on smooth scalar functions on M is natural if it can
be given by a universal polynomial expression in g, its inverse g', V,and R,
using tensor product and contraction. Such an object, of course, is not really
an operator, but a rule that canonically assigns an operator to each Riemannian
manifold of a given dimension. For example, D could be the ordinary Lapla-
cian A = dd, where d is the exterior derivative and ¢ its formal adjoint, since
in the usual invariant index notation, A = —g"/V,;V; . A local scalar invariant
can be described as a natural differential operator of order zero acting on scalar
functions; or alternatively, as a linear combination of monomials

(1.1) E((Va, ---Va,Rijkt) ... (Vo ... Vi, Rouw)) s

where % is some operator which groups indices into pairs, raises one index in
each pair, and contracts to a scalar.

We shall also have some use for natural operators between bundles of tensor-
spinors. Recall that the structure group of Riemannian geometry is O(m) ; and
that of oriented Riemannian spin geometry is Spin (m). (By Weyl’s invariant
theory, (1.1) is a basis of the local scalar O(m) invariants; see, e.g., [BFG,
Section 5.8].) If H is one of these structure groups, a tensor-spinor bundle is
just a vector bundle of the form % x; V', where (V', A) is a finite-dimensional
representation of H , and %y is the bundle of H-frames. To define a natural
operator between two such bundles, we just impose the polynomial restriction
above, noting that if H = Spin(m), the Levi-Civita connection is extended
to the Levi-Civita spin connection (which we also call V), and the Clifford
section y is allowed to enter our polynomial constructions. 7y is a section of
TM ® End(ZM), where M is the spinor bundle. For example, the Dirac
operator Y = y'V; is a natural Spin(m)-operator on sections of XM . (The
orientation assumed in using the structure group Spin(m) is just a convenience,
and we shall not consider operators that depend on orientation.)

A natural differential operator D is conformally covariant of bidegree (a, b)
€ R? in dimension m if for any m-dimensional Riemannian manifold (M, g),

(1.2) 8o =e¥gy, we C®(M)= D, =ebDyu(e®),

where for any f € C>®°(M), u(f) is multiplication by f. Here the subscripts
indicate the metric in which we are evaluating; for example, D, is computed in
g , and D, in g, . We fix this subscript notation for use whenever we vary
the metric within a conformal class

[g0] := {80 = €°?g0 | @ € C¥(M)}.

We shall also apply the subscript notation to other quantities, for example,
local invariants and the Riemannian measure dv. If Spin(m) bundles are
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involved in the construction of the operator D, we impose the compatible
scaling y, = e~ ?yy in (1.2); the weight (coefficient of w in the exponential)
used in this scaling is forced by the Clifford relations.

We shall sometimes have use for the infinitesimal form of the conformal
covariance relation (1.2). Suppose w € C*®(M), and consider the curve g,
of conformal metrics; then (1.2) implies that

(1.3) (d/de)le=0Dew = —(b — a)wDo + a[Dy , p(w)].

where [-, -] is the commutator. All such variational formulas will be meant in
the elementary sense: if ¢ is a smooth section and x € M, then

(((d/de)le=0Dew) 9)(x) = (d/dE)|e=0((Dew)(X)).

The finite and infinitesimal forms of the conformal covariance relation are, in
fact, equivalent: an application of (1.3) with g, in place of g gives

(d]de)e=e, {emeswl‘(e_aew)} =0

for any ¢ € R.
The best-known example of a conformal covariant is the conformal Laplacian,
or Yamabe operator

m-—2
Tam-D "
where 7 is the scalar curvature R”/;; of g. (Our convention on placement of
indices will be the one that makes R!;;, positive on standard spheres.) The
Yamabe operator has conformal bidegree ((m —2)/2, (m + 2)/2). Somewhat
less well-known is the fourth-order Paneitz operator P, , which was introduced
in [P] (see also [Bral, Theorem 1.21], and [ES]). To describe P, let p be the
Ricci tensor of V; p;; = R¥;; , and let

J=1/2m-1), m#1,
V=(p-Jg)/im-=-2), m#1,2.

Y=A m#1l,

(1.4)

Then
P=A2+6Td+(m—4)Q/2, m#1,2,

where
T=(m-2)J—-4V.,

0= %12 —2VP +AJ.

Here V- is the natural action of a two-tensor on one-forms, (V -¢); = V¢, ,
and |V|? = V¥V, . The conformal bidegree of P is ((m —4)/2, (m +4)/2).

The examples of Y and P make it clear that the dependence of a con-
formal covariant on the dimension m is potentially important. Indeed, this
dependence can be used to derive the Gauss curvature prescription equation
in dimension 2 from the Yamabe equation in higher dimension. Applying the
conformal covariance relation for Y = A+ (m—2)J/2 to the constant function
1, we get

(1.5) (A+mT_2J> eﬂz‘—’w=”‘2‘21weﬂ%’w, w € C=(M).
0
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Since A annihilates constants,

m—2 m—2

Ao(e™F@ — 1) + m-2

m—2 mi2
Joe T ¢ = TJ“’e 2@,

Because the coefficients appearing in the expressions of Y and J as formal
polynomials are rational in m, as are all terms in the conformal covariance
relation for Y (after multiplication by appropriate exponential factors), we
may apply analytic continuation; specifically, we can divide by (m —2)/2 and
then evaluate at m = 2 to get

Aow + Jy = Jpe2?, m=2.

Thus the Yamabe equation, with its power function nonlinearity (viewed as an
equation on e(™~2%/2) goes over to an equation with an exponential nonlin-
earity in w. On the level of identities, this reflects the transition on the level
of inequalities from the borderline Sobolev embedding L? — L?™/(m=2) 1o the
Moser-Trudinger inequality as m | 2 (see Section 3 below). Clearly the same
argument describes the behavior of the Paneitz operator P and Paneitz quan-
tity Q as we approach the critical dimension, in this case m = 4: starting with
the identity

<P°+ mT—“Q) et T = m2_4Qw€%L“”,
0

where PO =P — (m —4)Q/2, we get
P+ Qo= Que*, m=4,

since P annihilates constants, and P = P9 in dimension 4. The corre-
sponding event on the level of inequalities is the transition from the border-
line Sobolev embedding L3 — L2™/(m=4) o an exponential class inequality as
m | 4; such inequalities have been studied in different settings by Lieb [Lie],
Adams [A], and Beckner [Bec].

Onofri [On] and Osgood, Phillips, and Sarnak [OPS1-2] showed that the
Moser-Trudinger inequality is decisive in the study of the functional determi-
nant of the Laplacian as a functional on the space of metrics in dimension 2.
Branson, Chang, and Yang [BCY] showed that the exponential class inequality
mentioned just above, together with the “conventional” borderline inequality
Lf — L*, play a similar role in dimension 4. Here the Paneitz operator,
which arises naturally in four-dimensional determinant computations of Bran-
son and Jrsted [BA3], plays a central role. This is one of several motivations
for a study of higher-order generalizations of ¥ and P. Graham, Jenne, Ma-
son, and Sparling [GJMS] have recently made such a study; we collect and
strengthen some of their results here in a form that will be useful to us.

Theorem 1.1. Let n be a positive even integer. Suppose that
(1.6) m is odd, or n<m.

There is a conformally covariant differential operator P, on scalar functions, of
conformal bidegree ((m —n)/2, (m + n)/2), such that:

(a) The leading symbol of P, is that of A"/?. On R™ with its standard metric,
P, =A"2,
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(b) P, =P)+ 22 Q, , where Q, is a local scalar invariant and P{ has the
form S,_\d for some natural differential operator S,_| carrying one-forms to
functions; in particular, P? annihilates constants. '

(c) There are universal expressions for P, and Q, as polynomialsin (g, g',
R, V) with coefficients that are real rational functions of m, regular at all pos-
itive integral m -satisfying (1.6).

Proof. The assertions on the existence of P, and its conformal bidegree, to-
gether with part (a), are contained in [GIJMS].

For parts (b) and (c), we examine the construction of P, given in [GIJMS].
This construction is local, and involves a manifold G of dimension m + 2.
G is covered by charts U x R x (0, 1), where the U are charts for a given
Riemannian manifold (M, g); the coordinates on U (resp. the R and (0, 1)
factors), will be called x = (x!, ..., x™) (resp. u and s). In [GIMS], what
we call e* is called ¢, and what we call s is called p. G is endowed with a
metric

g =e{gij(x, s)dx'dx’ + 2sdu* + 2duds}
J

of signature (m + 1, 1) which is defined formally by the requirement that the
Ricci tensor p of & vanishes. That is, one computes a Taylor series in s for
& based on this requirement, together with the initial condition g;;(x, 0) =
gij(x). The result is the equation

s(gl; — g¥eh gl + 18" gugl) + 2ng{,~ - 384848+ pij = 0.

(See [GIMS, equation (3.2)].) Here the prime is s-differentiation, and p is
the Ricci tensor of the metric g;;(x, s) for fixed s. An inductive construction
of the Taylor series is possible if m is odd; when m is even, the series is
determined only up to order s™/2. The operator P, arises as the obstruction to
finding an extension, near the s = 0 hypersurface, of a function e(*~™%/2¢(x)
to a function e(®~™%/2¢(x , s) which is annihilated by the Laplacian O of the
metric 2. That is, the obstruction to extending e("~"™%/2¢p(x) is P, . This
obstruction is obtained by solving for a Taylor expansion of ¢(x, s) using the
equation

(1.7) 259" +(n—2-s8"gl)p' —Ap + L(n—m)g'gl;p =0.

Here A is the Laplacian of g;j(x,s) for fixed s. (Compare [GIMS, (3.5)],
noting that the reference’s »n is our m, the reference’s —A is our A, and the
reference’s w is (n — m)/2 in the case under consideration.) The obstruction
appears when one takes 4 — 1 derivatives of (1.7) with respect to s; it appears
in the form K(m, n)P,¢, where K is rational in m for fixed n. (Here we are
taking care to see that the normalization P, = A"? + (lower order) preserves
rationality. K(m, n) is the C, , ; of [GIMS, p. 564].) Since the entire
construction is rational in m , the coefficients of P, are also rational in m .

When n = m, the local invariant P,1 is the obstruction to extending the
constant function 1 to a function on G annihilated by O (i.e., we try to extend
e(n=mu/2 . 1 with n = m). Since 01 = 0, there is no such obstruction; the
desired extension is 1. Thus P,1 =0. But

Pn=Py?+Qna
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where Q,, is the local invariant P,1, and P? has the form (S,—;)'V;=S,_1d.
Since Q,, = 0, we can write Q, = (m — n)Q,/2; further, all coefficients are
still rational in m . This completes the proof of (b) and (c). a

The theorem does not assert uniqueness of the P, . In fact, it is easy to show
nonuniqueness if n is a multiple of 4: if C is the Weyl conformal curvature
tensor,

(1.8) Clitt =R+ V' = Vb + Vg — V' &t »

scalar multiples of |C|"/2 = (CY¥C;;)"/* can be added to P, without dis-
turbing conformal covariance. In the next section, however, we shall show that
the evaluation of P, on the sphere S™ with its standard metric gy , or with
any conformal multiple of g , is unique.

Note that rationality in m is preserved upon changes of basis resulting when
the generators R, p, T are replaced by C, V, J, and vice versa; we shall often
use this fact implicitly.

The operators Y and P fill the requirements set by the theorem for P, and
P, ,with J and Q as the corresponding Q> and Q4 . In fact, some elementary
invariant theory shows that P, is uniquely determined to be Y, and P; must
have the form P + a(m)|C|? for some rational function a(m).

Remark 1.2. There is no formal difference in the above discussion between
Riemannian and pseudo-Riemannian conformal geometry: the formation of
monomials (1.1) is the same, and the finite dimensional representation theory
of the structure group Spiny(p, q), p+4g = m, is the same as that of Spiny(m)
by the Weyl unitary trick. In particular, the operators of Theorem 1.1 exist in
the pseudo-Riemannian regime, and are given by the same formal polynomials
as in the Riemannian case.

Remark 1.3. It does not seem to be apparent from the [GJMS] construction
that the P, are formally self-adjoint, though this is a natural conjecture. If
D is a natural scalar differential operator of conformal bidegree (a, b), an
easy argument shows that D* has conformal bidegree (m — b, m — a). Thus
Py satisfies the requirements set by the theorem for P,, except for part (b):
P:1 might not vanish. Thus we cannot just switch consideration to the self-
adjoint part (P,+ P;)/2 without investigating the [GJMS] construction further.
Instead, we content ourselves with the following observation, which is good
enough for our purposes: If [go] is a given conformal class on a Riemannian
manifold M, and P, is formally self-adjoint at g , then P, is formally self-
adjoint at all metrics g, € [go]. Indeed, if (P,)o is formally self-adjoint in the
metric gy and ¢ or ¥ has compact support,

[ {Pupy v @via = [ e (B (e*52p) }wemav)y
= /M {(Pn)o (e%__"%’)} (eﬂz__"w'//) (dv)o
= [ (e%0) {(P)o (e*5*w) }

showing that the first expression is symmetric in ¢ and y, and thus that (P,),
is formally self-adjoint in the metric g, . As a special case of this observation,
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we get that P, is formally self-adjoint in any conformally flat metric, since
P, = A"/? on standard R™.

Although it is not our intention to try to write an explicit formula for Q,
except in low dimension, its conformal behavior can be described in arbitrary
dimension:

Corollary 1.4. If (m, n) is as in (1.6) and P, is formally self-adjoint at g, ,
then

(1.9) (@/de)eco [ (@dv)ew = (m =) [ w(Qudv)o.
If m is even and P, is formally self-adjoint at g, , then
(1.10) [(@ndv)a= [(@ndv)o.

Proof. The conformal covariance relation for P,, applied to the constant func-
tion 1, reads

(1.1) (Po+2520,) e = T2 tig e,
0

Just as for the cases n = 2, 4, we can analytically continue to compute the
conformal behavior of Q,, , which is not explicitly given by (1.11). Since P =
Sn_1d annihilates constants,

(1.12)  (PD)o(e?® = 1) + B(Qn)oe?® = B(Qn)we™ P, B =(m—n)/2.
By Theorem 1.1(c), we can divide by S and evaluate at f =0:

(1.13) (Pm)ow + (Om)o = (Om)we™, m even.
Since (dv), = e™?(dv), ,

(1.14) ((Pm)o@ + (Qm)o)(dv)o = (Omd¥)e , m even.
The infinitesimal form of (1.11) is

(1.15) (d/de)|e=0(Qn)ew + N0(Qn)o = (PX)ow,

in all dimensions m described by (1.6), except m = n. By analytic con-
tinuation, this extends also to m = n. So far we have not used the formal
self-adjointness assumption.

For a conformal class with P, formally self-adjoint (Remark 1.3), P, =
dS;,_, , s0 (1.13) and Stokes’ Theorem give (1.10). Since (d/de)|e=0(dV)ew =
mw(dv)o , the same sort of reasoning leads from (1.15) to (1.9). O

It is also possible to say something about the terms in Q, with the most and
least derivatives. To make this precise, fix m and consider the space %, of
local scalar O(m) invariants A which have level n in the sense that a uniform
scaling g = a?g, 0 <a € R, resultsin 4 = a™"A4. It is easy to see that the
monomial (1.1) is in %, with

(1.16) n=02+p)+...+(2+9).
There is a natural vector space filtration
F0CHm2C...CHlp2=H
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of %, defined by declaring (1.1) tobe in %,y if (1.16) holdsand p+...4+g <
N. (Of course, applications of the curvature identities to a quantity which
appears only to be in %, x may show that that quantity is actually in the more
elite space .%, y+ , N’ < N.) For example, the m-dimensional Pfaffian Pff,, is
an element of %, o . The terms in Q, with the most derivatives are described
by the following.

Corollary 1.5. If Q, isasin Theorem 1.1, then Q, ~ A"~2/2J modulo %, n_4 .

Proof. Fix 'm and consider the following conformal variation operator Var,
on % :

Var,(w, A) = (d/de)|c=04ees + N Ay , w e C®(M).

An inductive argument [Bral, Section 1.b] shows that the target space for Var,
is a space %, of dw -augmented local invariants generated by formal monomi-
als

&((Va, ---Va,Rijkt) ... (Vpy, ..V, Re)(Ve, ... V),

where & is as described after (1.1), r >0,and 2+p)+...+(2+q)+r=n.
Here w is to be viewed as an indeterminate element of C>°(M). Just as for
the unaugmented invariants above, the number p + g + r of explicit derivatives

defines a filtration
In2C a4 C...Chin=50,
and it is easily shown that

(1.17) Var, (-, %, N) C %, N+2-

(Again, see [Bral, Section 1.b].) Elementary invariant theory [BG@2, Section
1] shows that %, /%, ,—4 and %/ %, .—> are one-dimensional, with genera-
tors given by the equivalence classes of A("~2/2J and A™?w respectively. In
particular, there is a constant a (which may a priori depend on m and n) for
which

(1.18) Qn—aA"=D2] ¢ 2 ., 4.

The conformal covariance relation for Y and its consequence (1.5) show that
(1.19) Var,(w, A"=2/2J) ~ A" modulo %, ,-,.

By (1.15),

Var,(@, @n) = PPw ~ A"?w modulo % ,_»

in all dimensions m satisfying (1.6). This and (1.19) identify the constant a
in (1.18) as 1, completing the proof. a

We can also write down the term in [ Q,dv with the most derivatives. Note
that exact divergences, i.e., local scalar invariants in the range of the formal
adjoint J of the exterior derivative d, integrate to zero, and that it is precisely
the exact divergences that integrate to zero universally.

Corollary 1.6. Suppose n > 4. In the conformally flat case, if Q, is as in
Theorem 1.1, then Q, ~ A"=2/2J 4 =t |y(=9/2J|2 modulo %, n—¢+(F(5)N
'-Yn , n—4) .

Proof. Invariant theory, Corollary 1.5, the Bianchi identity, and integration by
parts show that Q, ~ A("=2/2J+p|V(»=4/2J|2 'where b is a constant depending
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on m and n. But integrating by parts,
(@/de)]eco (V09T Pdv)y =2 [ (A" + B)dv)o,

where B € %, ,_4. That b = (m—n)/2 now follows from (1.17) and Corollary
1.4. ]

Still more information about Q, can be gleaned from (1.11), and this in-
formation is crucial to an understanding of how a study of the functional de-
terminant leads to the operators P, . The problem that arises is to compute
a conformal primitive, or integral, of a level m local invariant U ; this is a
functional quantity & on the conformal class [gg] for which

(1.20) (@/de)eoPoren = [V dv)a,  all @, 1€ CX(3).

As usual, the convention is that a quantity subscripted with  is evaluated
in the metric g, . Conformal primitives, when they exist, are unique up to
constant functionals on [gg], since they solve first-order initial value problems
in & when restricted to the curves g, for a fixed w. Q, enters because by
Corollary 1.5, it is the “leading term” of any such U up to a constant factor.
(Of course, A™=2)/2J could also be used as the leading term, but the conformal
behavior of Q,, is much nicer.) In practice, the leading term is more difficult
to estimate than “trailing terms”; an instance is the problem from [BCY] in
dimension 4 mentioned above: the leading term corresponds to an exponential
class embedding L} — el, while the (sole) trailing term is estimated by the
ordinary borderline embedding L? — L*. When we try to solve (1.20) with
U = Q,, all is straightforward for m odd or m > n: by (1.9), we may take
P tobe ([ Qn,dv)/(m—n) if we are in a conformal class where P, is formally
self-adjoint. When m = n, we get a solution % by analytic continuation: after
division by # in (1.12), we have

B

In the proof of Corollary 1.4, we just evaluated this at m = n; to get higher-
order (in f) information, we rewrite (1.21) as
(1.22)

(e~ (@udvo = { (B0 (1) + e - e (251

azn {0 (S50) + @noe} v = (@nue P (v

(e - 1)(Qn>o}(dv)o.

Now we inject the assumption that (P,)o is formally self-adjoint, so that upon
integration, we lose the first term on the right by Stokes’ Theorem ( P,, having
the form 4S;,_, ). Dividing (1.22) by 28 = m — n, we have

/ (Qndv)w — (@ndv)o

m-—n

{5 () () e
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Evaluating at m = n, we get

/ (Qndv)w — (Qndv)o

m-—n

*=>4 [oPapoidv)o+ [o@o(do.

m=n

We have not defined the class of meromorphic-in- m local invariants appropri-
ate to making this precise, but this will not be necessary. (The last analytic
continuation was not strictly legal, since we imposed a restriction on the con-
formal class before performing it.) What we shall need is the following, the
proof of which is immediate from (1.9) and (1.14):

Corollary 1.7. If m isodd or n < m, and P, is formally self-adjoint at g, , the
functional

Pom,n) 2 @ = (P n)o 1= (m—n)7! /{(Qndv)w — (Qndv)o}

is a conformal primitive for Qn in the sense of (1.20), and vanishes at w = 0.
If m is even, and P,, is formally self-adjoint at g, , the functional

(Pom ) = & / O((Pur)o)(dv)o + / &(Qmdv)o
[ 0{(@ndv)a+ (@ndv)o)

is a conformal primitive for Q,, which vanishes at v =0.

2. CONFORMAL COVARIANCE ON THE SPHERE, AND THE SPHERICAL PRINCIPAL
SERIES OF SOp(m+1, 1)

Beckner [Bec] has pointed out that the meaning of Lieb’s best constant for
the Hardy-Littlewood-Sobolev inequality in R™ [Lie] is more apparent when
this inequality is transferred to the setting of the sphere S™ via stereographic
projection. After a suggestion of Bent QOrsted, the present author pointed out
that these constants, together with other constants which arise when the in-
equalities are written in terms of spherical harmonics, are actually data from
the theory of spherical principal series representations of the semisimple Lie
group G =SO¢(m + 1, 1) (see [Bec, Sections 2,4]). Here the word “spherical”
just refers to the fact that these representations live in spaces of ordinary func-
tions, as opposed to vector bundle sections. (Properly understood, they live in
spaces of line bundle sections, but it is not necessary to view them in this light,
and we intend to offer a totally elementary workout of the theory.)

The starting point is the realization of G as (the identity component of)
the conformal transformation group of the sphere with its standard metric g.
In general, a conformal transformation on a Riemannian manifold (M, g) isa
diffeomorphism 4 on M with h-g = Q2g, where 0 < Q, € C>°(M). Here h-
is the natural pushout of tensors by a diffeomorphism; in particular, 4. = (A~!)*
on purely covariant tensors like g . The group of conformal transformations will
be called ctran(M, g). The map h — Q, carrying ctran(M, g) to C®°(M),
is a multiplier, or cocycle:

(2.1) Qpon, = Qn, (h1 - Q).
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The corresponding infinitesimal notion is that of conformal vector field. Let
(M) be the C*(M)-module of smooth vector fields, and let . denote the
Lie derivative. X € Z!(M) is conformal if %y g = 2wxg for some wy €
C>(M); we denote the Lie algebra of conformal vector fields by cvf(M, g).
The map X — wy carrying cvf(M, g) to C*°(M) is an infinitesimal cocycle:

(2.2) o, x,) = X10x, = X200y, .

The connection between the finite and infinitesimal notion is made by integrat-
ing conformal vector fields to local one-parameter groups of local conformal
transformations. The relation to conformal change of metric as treated in the
last section is as follows: a conformal transformation 4 can be thought of as a
composition

(2.3) h:(M,g) 2 (M, Qg) % (M, g)

of an isometry and a conformal change of metric. Thus a general conformal
covariant D of bidegree (a, b) will have the behavior

D(Q4h - 9) = Qph - (Dy),
D(& + awx)p = (Zx + bwx)Dg

under the transformations above.

On the sphere, all conformal vector fields integrate globally. Indeed, the con-
formal action of G on S™ resolves the singularities in the action of the con-
formal group on R™: under stereographic projection, the action is transferred
to S™, where the singular generator, inversion in the unit sphere, becomes re-
flection across an equator. To see the action concretely, we realize S™ as the
unit sphere S7 in R™*!, with homogeneous coordinates y = (¥o, ..., Ym),
and also as S7* x {1} C R™+2; the “extra” component will be called yp.; .
If A € G, we can take the linear action of 4 on (y, 1) and then divide by
(A(y, 1))ms+1 > 0 to get a new element 4-y of S* x {1}. This action defines
an isomorphism

(2.4)

1:G S ctran(S™, g).

From the Lie-theoretic viewpoint, G is the fundamental object, and the space
S™ arises as G /Py, , Wwhere Py, is a minimal parabolic subgroup. As one does
generally in semisimple theory, take a Cartan decomposition g = £+ s on the
Lie algebra level, choose a maximal abelian Lie algebra a in s, and fix a positive
open Weyl chamber a} in a*. Let G = KAN be the corresponding Iwasawa
decomposition, and let M be the centralizer {m € K | (Adm)H =H, all H €
a}. The minimal parabolic subgroup corresponding to our choices is P =
MAN . The Iwasawa decomposition gives an identification of the homogeneous
spaces G/MAN and K/M .

In our case, and in the notation above, K is the copy of SO(m + 1) that
acts in the (o, ..., ym) variables, and M is the copy of SO(m) that acts in
the (31, ..., ym) variables. Here and in the rest of this section, we assume that
m > 2. The smooth action of G infinitesimalizes to a Lie algebra isomorphism

1:95 cvf(S™, g).

In homogeneous coordinates on R"*2 |if ;=1 for i=0,... ,m and &,y =
—1, 1(g) is spanned by the L;; = ¢;y;0; —¢;y;0; for 0 <i, j < m+1, and the
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commutation relations are
[Lij, Lix] =¢&;Ly ,

2.5
(2.3) [Lij, Liyl=0 if i, j, k, [ are distinct.

1(¢) is spanned by the L;; with 0 < i, j < m. By (2.5), a is one-dimensional;
we make the choice a = RHy , where 1(Hp) = Ly 41 - As a result of this
choice, 1(m) = span{L;; | 1 < i, j < m}. We also need to pick a positive
Weyl chamber a* ; we do this by declaring the dual element o € a*, i.e., the
one with a(Hp) = 1, to be positive. To see the (g, a) root structure, note that
L; my1+Lo; (resp. L; my1—Lo;)isa +1 (resp. —1) eigenvector of [Lo, mi1 5, ]
for 1 <i < m. Thus there are two roots, +«, with root spaces

o =17 (span{L; mi1 + Lo | 1 < i< m}).

The Iwasawa n is the sum of the positive root spaces, here g, ; its image
On = i under the Cartan involution 6 is just g_, . The multiplicity of « is
dimg, = m, so the important quantity p, half the sum of the positive (g, a)
roots, is ma/2.

A remark on normalizations is in order. From the Lie-theoretic point of
view, natural Riemannian metrics on homogeneous spaces of G, when they
exist, are determined by the Killing form By(X, Y) = —tr(adXadY). The
normalization

b= bso(p,q) = Bso(p,q)/z(p +4q— 2)

of Killing forms in the so(p, g) series has several convenient effects: (a) b(X,Y)
= —Jtrf(X)¢(Y) for ¢ the defining representation of so(p, g); (b) for any
standard (block stabilization) inclusion so(p’, q’) — so(p, q), the restricted
and intrinsic forms b agree on the smaller algebra. If g = so(m + 1, 1) as
above, we also get: (c) |a] = 1 in the corresponding inner product on g*; (d)
the manifold K/M with the normalized Killing form metric is the standard
m-sphere, which is distinguished by its scalar curvature m(m — 1). Indeed,
by [Bes, 7.39], the scalar curvature of K/M in the By metric is m/2. Our
normalization divides the metric by 2(m — 1), and thus multiplies the scalar
curvature by 2(m — 1), giving m(m — 1) as desired.

At this point, we are ready to set up the spherical principal series represen-
tations, at first in elementary differential geometric terms. It will be convenient
to have at our disposal, in addition to C*>°(S™), the smaller space &(S™) of
functions which are finite sums of spherical harmonics on $™ . Like C*®(S8™)
functions, £ (S™) is dense in any Sobolev space, and so its use will not cause
problems later, when we close in Sobolev norms determined by the representa-
tion theory. In representation theoretic terms, &(S™) is the space of K -finite
vectors.

By the cocycle conditions (2.1, 2.2), the maps

w,(h) = he, U (X)= X+ v+ D)oy
for v € C, are homomorphisms
(2.6) ctran(S™, g) %% Aut C=(S™), cvf(S™, g) % End C>(S™),

in the group and Lie algebra senses respectively.
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Remark 2.1. The extra summand of m/2 above is the customary  p-shift™:
it follows from the last paragraph that an isometric and positivity preserving
identification of a* with R identifies p with m/2. We put in the p-shift for
ease of contact with the Lie theoretic literature, but its use is just a convention.

Note that since 1(K) and 1(£) consist of isometric transformations and vector
fields respectively,

Q, =1, hei(K); wx=0, Xei(e);
thus u,|x and U,| are independent of v. We shall now show that the in-
finitesimal maps U, (X) stabilize &(S™).
Lemma 2.2. Let E; be the space of j&-order spherical harmonics on S™ . 1(K)
and 1(¢) stabilize each E; , and
wxEj, XEjCEj_169Ej+1 , XGI(G),

where by convention, E_ = 0. In particular, U, is a Lie algebra homomor-
phism from cvf(S™, g) to End&(S™).
Proof. 1(K) is the rotation group of S™, and thus stabilizes each E; . The
assertions about s are immediate once we note that in homogeneous coordi-
nates (yo,...,Ym) on 8™ C R™! L, .,y = 0, ; and that wy, ., is the
homogeneous coordinate function y; , for 0<i<m. O

Of course, the treatment just above is a very special case of a standard setup
in semisimple Lie theory. In the general semisimple setting, and in the notation
above, we can view C*°(K/M) as the space of right- M-fixed vectors in C*(K),

C®(K/M) ~k {p € C®°(K) | p(km) = p(k), al k e K, m € M}.
Let P = Ppin = M AN . When we switch to the G/P realization of K/M , we
can choose the effect of 4 in the corresponding right equivariance rule:

C®(G/P) ~¢x C®(Ind$ 1 @i 1)
={y € C*(G) | y(xman) = a™*Py(x),
alxeG,meM,ae A, ne N}.

Here, for 1 € a*, we define a* as e*1°89)  using the fact that the exponential
map is a diffeomorphism from a to 4. The notation Indg 1®A®1 indicates
that we induce, from P to G, the representation that acts trivially on M and
N,and by a+— a*? on A. G and g act on these spaces of equivariant
functions via left multiplication to give homomorphisms

m;: G- AutC>®(G/P), Il : g » End C*(G/P),
the second of which is the infinitesimal form of the first. The point is that when
everything is unraveled, the homomorphisms u, of (2.6) are exactly the m,, ,
and similarly with U, IT in place of u, m. To be more precise, if we use the
letter j for the identification G/P — S™, then

Tya(X)(fo)) = Jou, (1(x)) [, x€eG, feC™(S™).
We shall now do our work entirely in the elementary differential geometric
setting, and suppress the identifications ¢ and j in the notation.

We shall need some results that imply the uniqueness of intertwining oper-
ators; these are closely related to results on irreducibility, which we shall also
state and prove. The driving result is the following. Let u be the v-independent
K-representation u,, .
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Lemma 2.3 (Cocycle irreducibility). Forall j €N,
(2.7) ProjEjil w(s)E; =Ej4 ,

where w(s) := {wx | X € s}. As a result, the orbit @(f) of any nonzero
f€E;, forany j €N, under the joint action of u(K) and w(s), is £(S™). In
particular, &(S™) has no nontrivial invariant subspace under this joint action.

Proof. By the proof of Lemma 2.2, if {X;}”, is any orthonormal basis of s,

m
(2.8) > wh, =1
=0

(This sum is independent of the choice of orthonormal basis, and is the sum of
squares of the homogeneous coordinate functions for the choice made above.)
For each j € N, put
m
:‘: . .
;= zPro_lEj wy, Projg , wxlE, .
i=0

The sum on the right is a K-endomorphism of E; , and so is a scalar by Schur’s
Lemma. By (2.8), ¢/ +¢; = 1. By the trace identity trab =trba,

(dim Ej)tj = (dimEj )15, , Jj €N,
This allows us to compute the tj.t inductively: since ¢J =1 and

dmE;;; (m+j-1)(m+2j+1)

dimE;  (+L)(m+2j-1) °
we get ) ]
Iom+2j-1" Ioom+2j-1"

In particular, all of these numbers except #, are nonzero. Thus Proj Ejs: w(s)E;
isnonzero unless j = 0 and the minus sign is chosen. But X®¢p — Projg ,, wx¢
is an SO (m) map s® E; — Ej+, , so Schur’s Lemma gives (2.7).

For the statements about @ (f), first note that since SO(m) is transitive on
E;, @(f) DE;. By (2.7), &(f) D Ej_1 ® E; ® Ej;, ; by induction &#(f) =
&(S™). The E; are SO(m)-invariant, so any invariant subspace is of the form
V= jeB Ej for some subset B of the natural numbers N. If V' # 0, it has
a nonzero f insome E; as above, forcing it to be &(S™). O

The results we need really amount to irreducibility under some of the (u(K),
U,(s)). The above lemma replaces a generic irreducibility theorem of Bruhat
[Bru], which implies irreducibility off a set of measure O in the ag parameter.
In our setting, all reducibility questions are settled by the cocycle w, since in
a certain sense all the representations U, can be written in terms of w. We
make this precise in the following.

Lemma 2.4. If A is the Laplacian on S™, then

[A, wlwx)] =2Up(X), Xes.

Proof. We need only prove this for the basis elements X = L; .1 , 0<i<m.
By symmetry ( K-invariance and irreducibility of s under K ), we need only
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treat Z = Ly 41 . For this, introduce the azimuthal angular coordinate p,
1.e., that with

Cosp =Yy = Wz.
Since Z = (sinp)d, , we have

dyo=-2,,
where b is the metric identification 7.S™ — T*S™ . But
(2.9) [A, 1#(yo)] = Ay — 21(dyo)d = Ayo + 21(Z)d = Ayo + 2Z,,
where 1 is interior multiplication. Since yy € E; and
(2.10) Alg, =kj=jm—1+j),
Ayy = myg , s0 [A, u(yo)] = 2Z + myg = 2Uy(Z), as desired. a
Corollary 2.5. If X € g,

. m+2j+2v .
o Projg,, Uy(X)lg, = +Pr015j+l wxlE, ,
) . -m-2j+2+2v .
Pl‘O_]E]__l U,,(X)|Ej = 12 PrOJEj_I a),ylE]..

If m+2j+2v #0, then Projg ,, U,(s)Ej = Ejy, . If m+2j-2-2v#0,
then PI'OjEj_I UG)E;=E;_; . '

Proof. If X € &, all terms in (2.11) vanish, so we may assume X € s. Then
(2.11) follows from Lemmas 2.3 and 2.4, together with the fact that x| —k; =
m+2j. O

Corollary 2.6 (Irreducibility). If tv ¢ m/2 + N, the assertions of Lemma 2.3
hold with (u(K), U,(s)) in place of (u(K), w(s)).

Proof. This is immediate from Corollary 2.5, once we note that the 0 coefficient
there when v = (m — 2)/2 describes a map from E; to E_; . ]

The u —; for A € R are called the unitary principal series, and the u, for
v eR, |v| < m/2 are the complementary series. In the course of computing the
intertwining operators for the principal series, we shall be able to explain how
this terminology came about (Remark 2.9 below). More importantly, we shall
make contact with the S™ realizations of the conformally covariant operators
P, , and with Lieb’s best constant for the Hardy-Littlewood-Sobolev inequality.

Definition 2.7. A linear operator 7 on & (S™) is intertwining of bidegree (v , o)
€ C? if T commutes with u(K), and TU,(X) = U,(X)T forall X €s.

Intertwining in this (g, K) -module sense is equivalent to intertwining in an
appropriately formulated group sense; for us, this will be easiest to see from
the concrete form of the intertwinors. Note that a conformally covariant dif-
ferential operator in the sense of (1.2, 1.3), when evaluated in the standard
S$™ , is intertwining of bidegree (a— %, b— ). Schur’s Lemma, together with
the fact that the E; are inequivalent irreducible K-modules, shows that each
intertwinor T is diagonalized by the decomposition &(S™) =@ E; . That is,
we can identify 7" with a list of eigenvalues u;j € C, T|g, = u; . Corollary
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2.5 shows that we can construct a T of bidegree (o, v) by finding a list {x;}
satisfying
(Mm+2j+20)ujp =(m+2j+20)u;,

(—m=2j+2+20)uj1=(—m-=2j+2+20)u;.

Apart from trivialities, there is no such list unless the consistency constraint

o = —v is satisfied. When —v ¢ 2 + N, however, there is a unique such list

(up to a constant factor) giving an intertwinor of bidegree (—v, v), that being
' +j+v)

2.13 V=2 7

- EA CETEr)

If v € Z + N, this formula is to be interpreted in the sense of analytic contin-

uation; that is, u¥ =0 if v € 7 + j +N. By (2.10),

l(_I"(B—!—1/+%)
#'l_r(B—l/-i-%)

(2.12)

b

E;
where
(2.14) B = A+(mT_l>2.
Note that
(2.15) B|Ej=j+mT_l.

We can now state:

Theorem 2.8. (a) Aside from multiples of the identity, all intertwinors have bide-
gree (v, v) forsome v e C. If —v ¢ 5 +N, the operator

Ay =TB+v+1)/T(B-v+1})
is the unique intertwinor of bidegree (—v , v), up to a constant factor. If v ¢
2 + N, the operator
o IZ2-v)I(B+v+1%)
YT T2 +v)I(B-v+1)
is the unique such intertwinor, up to a constant factor.

(b) If —v € B + N, then A,, is a finite rank operator on & (S™). For
-v € R\ (8 +N), Ay, extends to a bounded operator of loss 2v between
Sobolev classes; that is Ay, : L}(S™) — L_, (S™) for all k € R. Denoting
the space of operators with loss | by ¥;(S™), we have that A, lies in the coset
A” + ¥, _1(S™) € W (S™) /Y21 (S™).

(c) For —v e R\ (B +N), Ay, is G intertwining:

(2.16) Ayu_,(h) =u,(h)Ay, on C®(S™) forall heaG.
The same statement holds for A,, if v € R\ (% +N).

(d) For —v e R\ (8 +N), Ay, is symmetric: if ¢, is in the Sobolev class
LY (S™), i=1,2, with ki +ky =2v, then (91 , A2 92) = (4201 , ¢2), where
(-, +) is the extension of the (sesquilinear) L? inner product to a pairing of C*
functions with distributions. The same is true of Ay, if v € R\ (% +N).
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() If v eR and |v| < m/2, then Ay, is a positive operator: if ¢ € L2(S™),
then (A, @, ¢) >0, with equality if and only if ¢ =0.
(f) If (m, n) and P, are as in Theorem 1.1, then on S™ with its standard
metric g ,
n/2 I(min)
(P,,)0=A,,=H{(B+a—%)(B—a+%)}, (Q")Ozl“(Tz"“)'
a=1
In particular, (Qm)o = I'(m). As a result, if @ € C>*(S™), then in the metric
g0 =€*g,

m—n

(P =e""F94,u(e™ ).
If n#m,

[(min po _
(Qndv)w = eﬂ(u {r‘(fn—zn+g) + An ¢ B : } (dv)O >

where = (m —n)/2; and

(@mdv)y = (Am® + (Om)o)(dV)o -

Proof. (a) is immediate from (2.15) and the discussion above. Note that A4,,
and A4,, agree (are nonzero constant multiples of one another) where both are
defined. If —v € 2 +N, the factor I'(B +v + 1)/T(Z +v) in Ay, annihilates
E; for j > —v — 2 + 1; this proves the finite rank assertion. By (2.10), any
operator T with T'|g, = A; ~ const- j® as j — oo extends to a bounded operator
L2 — L?_; for all k € R. But by Stirling’s formula, uy ~ j2 + cj*~! for
some constant c ; this proves the rest of (b). (c) is proved formally, on a dense
set of & € G, by computing that

(d/de){u, (h—¢)Azyu—_,(he)} =0

as a consequence of the g intertwining relation, where 4, is a local one-
parameter group in G. By part (b), this calculation makes sense in a space
of bounded operators between appropriate Sobolev spaces and gives (2.16) as
an operator identity; by the Sobolev Lemma, (2.16) is true in the elementary
sense. The same argument works for the finite rank operators in part (b). (d)
is true formally because the eigenvalues of A,, and A, are real; the orders of
the Sobolev spaces involved are computed from (b). (e) is immediate from the
eigenvalue list (2.13).

For (f), first note that by (2.4) and Remark 2.1, (P,)o must be intertwin-
ing of bidegree (—n/2, n/2) on (S™, go). Indeed, by universality, P, is K
intertwining; by the infinitesimal conformal covariance relation applied to the
functions wy , X € cvf(S™, g), P, must be g intertwining. Since A, is
the only intertwinor of bidegree (—n/2, n/2) with the correct leading symbol
(that of A"/2), it follows that (P,)o = 4, . The formula for (P,)o = A4, now
follows from part (a), and the formula for (P,), follows from conformal co-
variance. The formulas for Q, are derived by applying those for P, to the
constant function 1, except when n = m. The formula for Q,, follows from
(1.14). O

Remark 2.9. 1t is easily seen that the u oy, for A € R are unitary in the
L? inner product; these representations make up the unitary principal series
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mentioned before, but will not be of direct interest to us. The inner product
(v, Az,+) isinvariant for u_, whenever —v € R\(%+N), and is positive definite
if and only if |v| < m/2. In fact, Theorem 2.8 shows that if v € (-m/2, m/2),
the norm corresponding to the inner product (-, 4;,-) defines the Sobolev class
L2 . The (L2(S™), u_,) for v € (—m/2, m/2) are the complementary series
mentioned above; they are directly involved in what follows.

3. CONFORMAL COVARIANCE ON R”, AND THE INEQUALITIES OF
LiEB AND BECKNER

In the last section, we established an intertwining property, equivalent to
covariance under multiplication of the metric by some special conformal factors,
for the operators

AZVGAg'm +‘P2V—I(Sm)’ i ¢ %+N’

where W,(S™) is the space of operators of loss d described in Theorem 2.8(b).
The operators P, of Theorem 1.1, when evaluated on S$™ , are special cases. In
this section, we shall use stereographic projection to view the intertwinors A,,
on R™ with its standard metric. Not surprisingly, they turn out to be exactly
the operators Ay, . For the complementary series range of v, viz. |v| < m/2,
these operators are given by integral kernels; in fact exactly those integral kernels
estimated by the Lieb inequalities. This circumstance allowed Beckner to give
a simple expression for these inequalities on S, using facts about spherical
harmonics and Gegenbauer polynomials. Here we shall give an explanation that
does not depend on these technical devices, but only on group invariance.

For ease of comparison, we follow Beckner’s notation for the time being.
Accordingly, let d¢ be the normalized measure on the standard sphere, so that
Jsmd& =1. We view S™ as the unit sphere in a copy of R™*! with coordinate
function £ = (u, s) € R™ x R. Our convention for the stereographic projection
will be as follows: we identify R, whose coordinate will be called x, with the
complement S™ \ (0, —1) of the south pole via

_u . 2x 1-r s
x—1—+s, u_m, s—l—m.—cosp, a = |u| =sinp.
Here r = |x|, and p is the azimuthal angle mentioned in the proof of Lemma

2.4. The standard metrics are related by

1
— 2 =1 2y -
(3.1) grn = O ggm , D =5(1+r7) s
If d&' is the usual, unnormalized Riemannian measure on $™, (3.1) implies
that
14+ r2\" 14+ r2\"

dx=( ) ) d§’=( > ) 'Umdéa

where

is the volume of (S™, d¢’).
The stereographic projection, like the intertwining principle of the last sec-
tion, is a special case of a general setup in semisimple theory. Let N = exp#,
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and let o be the identity coset in G/M AN . There is a natural diffeomorphic
injection N - G/M AN , given by 7 — 7 -o0. In our situation, N is naturally
identified with R™, and as shown in the last section, G/M AN is naturally
S™ . We omit the details of this approach, noting only its potential usefulness
in future applications to, for example, CR geometry (replacing SOy(m + 1, 1)
by SUm+1, 1)).

One of the convenient aspects of having both the S™ and R™ pictures is
that conformal covariance of a pseudo-differential operator 7 is easy to check,
given some explicit formula for 7. The full conformal group O(m + 1, 1) of
the sphere, when realized in the R™ picture, is generated by the group O(m)
of origin-fixing isometries, the translation group R™, the dilations &, : x — cx
for 0 < ¢ € R, and the inversion in the unit sphere, Q : x — x/r?. The
inversion is singular at x = 0; this is the reason why one must compactify to
get an “honest” group action. In the S™ picture, Q : (u, s) — (u, —s) is an
isometry. This gives rise to the following useful principle:

Proposition 3.1. Suppose S (resp. T) is a linear transformation on C>®(S™)
(resp. C°(R™)), with

(3.2) T = &~ bSu(d?)

for some a, b € C, where ® is as in (3.1). If S is isometry invariant on S™,
T is isometry invariant on R™, and the dilational behavior of T is

(3.3) T(dc- f)=c*"6.-(Tf)

forall ¢ >0 and f € C*(R™), then S is intertwining of bidegree (a—m/2, b—
m/2) on S™, and

(3.4) T(r-Q- f)=r2Q-(T/)
forall fe C®RM).
The proof is based on the following observation:

Lemma 3.2. Let g and g = ®*g be conformally related metrics on a manifold
M,0<de C°°(M) If hectran(M, g), h-g =Qlg, then h € ctran(M, g)
and h-g =g with ®=, = (h-P)Q, . Fix h e ctran(M g)=ctran(M, g);
suppose that S is a linear transformation on C>(M) with the intertwining
property

S(Qh-9)=Qh-(Sp),  allp € CX(M)

for some a,b € C; and let T = ®2Su(®?). Then T has the intertwining

property

T(Esh-f)=Zph-(Tf),  all f€C®(M).
Proof. This is immediate from the identities 4 - (py) = (h - ¢)(h - y) for
all o,y € C®°(M), and h-P? = (h-P)? for all 0 < <D € C*(M) and
acC. O

Proof of Proposition 3.1. We apply the lemma in the case where g = gg» and
g = grm . Because of the singularity of the inversion @ on R™, the man-
ifold M can be taken to be S minus at most two points, or conformally
equivalently, R” minus at most one point, the puncture sets depending on the
conformal transformation considered. The proposition follows from the fact
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that the conformal transformations are generated by the isometries on R™ and
S™ | together with the dilations on R™, once we note that (3.3) is the con-
formal covariance relation for dilations (Z5, = ¢ ), and (3.4) is the conformal
covariance relation for Q (Egp =r72). a

Consider now the convolution operators r~"=2")x on R™ for v € (0, m/2];
in detail,

(") = [ Sk =y,

r=(m=2v)x can be naturally viewed as a bounded operator from L?(R™) to its
dual LI(R™), where p = 2m/(m + 2v) and q = 2m/(m — 2v). We would
also like to view r~("m~2Y)x as an operator between L? Sobolev spaces, and
make contact with the theory of the principal series. The philosophy is that up
to a constant factor, r~("~2")x is an inverse for A’ ; we shall not develop this
thinking precisely, but rather move to the compact setting of the sphere, where
all is straightforward. The numbers p, g, v are related by the commutative
diagram (3.5), in which the maps i are borderline Sobolev embeddings, and
the map on the right is bounded as a consequence of the boundedness of the
other three maps. The norms on all spaces are conformally invariant; on the top
line, in the representation u#_, , and on the bottom line, in the representation
u, . For the L? Sobolev spaces, this is a consequence of Remark 2.9; for L?
and L4, it follows upon a change of variable once we notice that s-d¢ = Q'd¢
for h € ctran(S™, g).

L}(S™) —— L9(S™)
(3.5) = (=2
L2,(S™) «—— LP(S™)
Using hard analytic symmetrization arguments, Lieb showed that:
Theorem 3.3 [Lie]. If v € (0, m/2],

—~(m—2v)
max & xf, &)l
PL>(R™) /o118l

is attained exactly at
(3.6) [/1=[g] = [E;/**" h - =(m/20)],

where h is a conformal transformation on (R™, g) as above (i.e., h may have
a point singularity), and h-g = Zlg . Here PLP(R™) is the projective space
on LP(R™), [-] is the projective equivalence class, and (-, -) is the pairing of
LI(R™,dx) and LP(R™, dx).

In particular, the maximum is attained at
f =g= (1 + 72)_(m/2+").

In the Q, Z notation of Lemma 3.2, again taking g = ggmw , & = ggm , We€ Can
rewrite (3.6) as

(3.7) [f1=[8] = [(Q/®)"**].
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Consider the correspondences
f&g—omirrvy g L = @i
between measurable functions f, k on R™ and ¢,x on S™. Since dx =
o"dE = v, dMdE,
1 oo, ax) = Ort” 1@l Logsm, de) »

k(x) £(x)dx = v / K(&)p(&)de.
R™ sm

To transfer Lieb’s inequality, we need to write the operator r~("~2)x in the
spherical setting. Now the distance between &, n € S™ in the ambient R™*!
is

& — 1> = {@x)PW)} ' 1x - yI?,
where ¢ corresponds to x and # to y under the stereographic projection. To
- make contact with Lemma 3.2, let T = r—(m=2")x; then

(T() = (T(@~"29))(n)
= Um /Sm D)€ (@) D(m) "2 — |~ IDE) " dE

= 0 )20 [ p(@IE — g~
sm
= @(n)~"27(Sp)(n).

T and S are manifestly isometry invariant on R”™ and S™ respectively. By
translation invariance, the dilational behavior of T can be detected at a single
point:

6 MO = [ fe 0" dx = [ )y mendy

= (T £)(0),
so T(6. - f) = ¢*d, - (Tf). Thus by Proposition 3.1, S is intertwining of
bidegree (v, —v). By the uniqueness result Theorem 2.8(a), we must have
% +v)I(B-v+ %)
(2 -v)IIB+v+1)

S=bA_5 =b
for some nonzero constant b . In fact, since .S and A_,, are both nonnegative,
b > 0. Putting all this together, we get

(A-20, Wism,ag)| _ 1 2im| T % S &) )
ol s 1wl o (sm) " N e, dxoll&llemn,dx)

where f ® ¢ and g @ w as above. Thus we can conclude:
Theorem 3.4 [Bec]. If v € (0, m/2],

I(AA'—2V¢ ) ‘//)(Sm ,dé)l
max
pLo(S™,de) |91l Lo(sm , ag)ll Wl o(sm , de)
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is attained exactly for
[p]=[¥]1=19Q"*"], hectran(S™,g). O

In particular, one of the extremal functions is 1, so the maximum value is
1. The endpoint v = 0, missing in Lieb’s theorem, can be restored here: for
v =0, p=2 and A4,, is the identity, so the functional is maximized whenever
[¢] = [w]. This is a qualitative difference from the situation for v € (0, m/2],
where there is a finite-parameter set of minimizers.

It has turned out that an inequality dual to Theorem 3.4, as well as a gener-
alized Moser-Trudinger inequality obtained by taking the dual of an endpoint
derivative of Theorem 3.4, are crucial to the estimation of functional determi-
nants of natural differential operators on S? and S* [On, OPS1-2, BA3, BCY].
The above inequalities were derived in detail to show the power of the present
group-invariance machinery, which replaces Beckner’s use of technical devices
like Gegenbauer polynomials and the Funk-Hecke formula. For the following
inequalities, we refer to Beckner’s arguments deriving them from Theorem 3.4.
The geometric interpretations included in our statements of Corollaries 3.6 and
3.8 below are partially indicated in [Bec].

Theorem 3.5 (The Sobolev embedding L2 — L2m/(m-2v) [Bec]). If v € [0,
m/2), with notation as above,
Asic, A om
min A2k, A)(gm ag)l
PLI(S™ ,d¢) ||kl La(sm , de) 1Al Lacsm  de)

is attained exactly for
[x]1=[A] = [Q,’l"/z'”] , h € ctran(S™, g). O
Corollary 3.6. (a) If v < m/2 is a positive integer and n =2v,
) r‘( m—n
||’C||L2m/(m—n)(sm,d¢) < —r-(ﬂz,_,,) (AnK , K)[2(sm | de)
= (B(Qn)0) " ((Pu)oK , K)r2(sm de) »

with equality if and only if [k] = [Qf], h € ctran(S™, g), where f = (m—n)/2.
(b) If (m, n) is as in part (a),

1(Qn)esll Lrminsm | (ae).)
is minimized exactly when [e®] = [Q,], h € ctran(S™, g). Here (d&), =
(dv)w/Vm , where (dv),, is the Riemannian measure of the metric e??g .
Proof of Corollary 3.6. The transition from Theorem 3.5 to part (a) is made via

Theorem 2.8. Part (b) can then be proved by an argument of Paul Yang. Let
c=B(Qn)o, g=m/B=2m/(m—n), f=eP?, and T = (P?), ; then

E
a/(a—2)

by Holder’s inequality. Here || - ||, is the norm in LP(S™, d¢). Since || f ||g =

1/2lq/2 » this is the desired result. O

clfIE < /S AT +0)fdE < 1
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Corollary 3.6 gives an interpretation of the Sobolev embedding Lf, n <

L2m/(m=n) in terms of local invariants which is similar to the interpretation
of the Yamabe functional in terms of the total scalar curvature.

Theorem 3.7 (The embedding Lm/2 — el [Bec]). Let @ = [, wdé be the
mean value of w € C(S™). Then

(3.8) log / emoonge < 2r( 3T (P @)ixse

with equality if and only if
(3.9) [e“] = [Q4], h €ctran(S™, g). O
Corollary 3.8.

(310)  (Quolog [ emdz < [ o{(@nde)s+(@uddio}.

with equality if and only if (3.9) holds. Under the volume-preservation restriction

fm(@&)o =1,
(3.11) 0< 5 | ol@ndeo+(Qndd)},

with equality if and only if e® = Q,, for some h € ctran(S™, g).

Note that the invariance of the right side of (3.8) under scaling (v — w +
const ) follows from the fact that P, is formally self-adjoint and annihilates
constants in the conformally flat case.

Proof of Corollary 3.8. We use (1.14) to write (3.8) in the form

m
(@nlo (108 [ enedz-ma) < 5{ [ w(@ndv)ude - @m0} .
with equality if and only if (3.9) holds. This is equivalent to

(@notog [ emde <5 [ w{(Qude)s+ (@ndd)o}.

with eq‘uality if and only if (3.9) holds. Since [, (d¢)w = [g. e"?dE, we get
(3.11) for volume 1 conformal metrics. To see when equality holds in (3.11),
we just have to note that metrics corresponding to e® =, have volume 1:

/Q;,"dc=/ hedi= [ de=1. O
m Sm srn

4. THE CONFORMAL INDEX AND THE GENERALIZED POLYAKOV FORMULA

Return now to the setting of Section 1, where (M, g) is a Riemannian
manifold of dimension m, possibly with spin structure (and thus a Clifford
section 7). We would like to study the functional determinants of some natural
differential operators 4. For convenience, we separate the different kinds of
assumptions needed for different parts of the theory.
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Analytic assumptions 4.1. Let A be a differential operator of positive order on
sections of a tensor-spinor bundle V over M . Suppose that A is formally self-
adjoint and has positive definite leading symbol Gieaq(A); that is, Geaq(A)(x, &)
is positive definite in EndV, forall xe M and 0#£¢e€ Ty M.

Remark 4.2. The assumptions on the leading symbol make sense because tensor-
spinor bundles over a Riemannian manifold come equipped with Riemannian
vector bundle structures. A is, in particular, elliptic. Since Gjeq(A)(x, =€) =
(=1)°94g1.4(A)(x, ), the assumption of positive definite leading symbol
forces the order of A4 to be even. We shall fix the notation 2¢ = 2£[4] > 0 for
ordA4.

Under the analytic assumptions 4.1, we can write down the heat kernel trace
expansion, and define the zeta function and functional determinant. Let f
denote an indeterminate element of C°(M); the heat expansion is

(4.1) Trp: fexp(—tA) ~ Y _an(f, A)f=m/2 1] 0.
n=0

(See, e.g., [G4].) Here

an(f, A) = /M FUdLAldv,

where U,[A] is locally computable from the symbol of A in local coordinates;
U,[A] is polynomial in the total symbol, with coeflicients that are smooth in the
leading symbol. The invariants U, vanish for n odd. The auxiliary function
f is a useful device for holding onto divergence terms in the heat coefficients;
these disappear from view (by Stokes’ Theorem) if we only consider a,[A4] :=
an(1, A) = [U,[A]. We could also keep track of the endomorphism-valued
invariants in the heat kernel expansion by allowing f to be valued in EndV,
but this will not be useful for our purposes.

The heat operator trace can also be written in terms of the spectrum of 4.
Under the analytic assumptions 4.1, 4 has real eigenvalue spectrum Ay < 4 <
... 7 0. A may have finitely many negative and zero eigenvalues. The zeta
Sfunction associated to A4 is

La(s) =) A1

2,#0

{4(s) is well-defined and holomorphic for large Res. Let g[A] denote the
multiplicity of 0 as an eigenvalue of 4. Then by the heat expansion (4.1),
(4.2)

N
> el = —g[a]+2) sinh(td)) + D an[A]mmI 4 O N=mE2/2t )
4;#0 ;<0 n=0

N
— Z &n[A]t(n—m)/Zt + O(t(N~m+1)/2£) ,
n=0

where
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a,[A] —q[4], n=m,

5 kK =
a,[A] = a,,[A]+2§)/1,/k., n=m+2((1+2k), keN,
a,[A] otherwise.

(a@n[A] might not vanish for some odd #, but this can only happen if m is
odd.) Applying the Mellin transform, we get a meromorphic continuation of
C4(s) to C:

N _ -1
Luls) = ﬁ(z; (s-22)

1
+/ ts—lo(t(N—m+l)/2l)dt+/°o -1 Ze—tllﬂdt ,
0 1

1;#0

where O(t(N-m+1)/28) is the error term from (4.2). In particular, {4(s) is regular
at s = 0, and we can define the functional determinant of A by

det 4 := (—1)*4<0 exp(-{/,(0)).
Before going further, we need to restrict to natural operators.

Naturality assumptions 4.3. 4 is natural in the sense of Section 1, with coef-
ficients that depend rationally on the dimension m. (In particular, A might
not exist for a finite set 4 C Z* of dimensions.) With respect to uniform di-
lations of the metric, A has homogeneity degree —ord A, in the sense that if
0<a€R and g = olg, and (if spin structure is involved) 7 = a~ly, then
A=a"%A. Furthermore, A satisfies the analytic assumptions 4.1 categorically:
the realization of A on any Riemannian manifold M for m ¢ %, satisfies 4.1.

Remark 4.4. By Weyl’s invariant theory, the heat invariants U, of any A4 satis-
fying the naturality assumptions 4.3 must be local scalar invariants in the sense
of Section 1. Furthermore, under the above scaling, they must satisfy

(4.3) U,=a"U,,
by the heat expansion and the formula
exp(—t(a=* A4)) = exp(—(a~ 1) A).

Recall from Section 1 that a local scalar invariant satisfying (4.3) has level n.
The same terminology can be applied to natural scalar differential operators
scaling as in (4.3). It is straightforward to show that we may measure the level
via a “derivative count” as follows: If U is a level n monomial local invariant
or monomial natural differential operator, of degree (kg , kv) in (R, V), then

2kgr + kv = n.

(Occurrences of g, g*, y do not affect the level.) Our homogeneity assumption
on A justsaysthat 4 has a consistent level, equal to its order 2£ . Thus 0je,q(A4)
is polynomial in g, g*, y; that is, no higher jets of these object are involved in
the leading symbol. We also get that the section Gie,q of (Symm(7*M)®%) @
EndV representing the leading symbol is parallel (annihilated by V), since

g, g, y are.
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Remark 4.5. Tt is important to note that the functional determinant is not in-
variant under uniform dilation (scaling) of the metric. Suppose, as above, that
g2 =a2g for 0 < a €R, and if applicable, = a~'y. Then

(4.4) £ 4(0) = £4(0), det A = o~ 2% det 4.

That is, the quantity {,(0) is scale-invariant, and the functional determinant
has a scale homogeneity that depends on {,4(0). Thus the functional

D (A, g) = (vol g)¥¢40/m det 4

is a scale invariant “version” of the determinant. An added advantage of

(A, g) is that, like {4(0) and the determinant, it is a spectral invariant,

since £[A] and volg are. (vol g = cap[A4], where ¢ is a nonzero constant de-

pending only on 0i.,q9[A4].) We emphasize, however, that there is no reason to

expect det4 or & (A, g) to be the integral of a local expression, as is a,[A].
We shall now impose some additional conformal assumptions.

Conformal assumptions 4.6. A4 is a positive integral power of a natural differ-
ential operator D, A = D", with h independent of m, and D conformally
covariant in the sense of 1.2, with a conformal bidegree (a, b) = (a(m), b(m))
that is rational in m .

Remark 4.7. We do not assume that A itself is conformally covariant, or that
D has positive definite leading symbol. Working in this generality allows to
handle, for example, the square Y 2 of the Dirac operator. Under 4.6 and the
scale homogeneity assumptions of 4.3, the conformal bidegree of D is forced
to take the form (a, a+2¢/h).

An extremely important property from our point of view is a generalization
of the scale-invariance property (4.4) to pointwise, or conformal scaling. This
property is heavily dependent on the conformal assumptions 4.6. Following
[BA1], we call this a conformal index property.

Conformal Index Theorem 4.8 [BO1]. Let M be an m-dimensional compact
manifold, and suppose that A satisfies 4.1, 4.3, and 4.6, with m ¢ &, . Then the
quantities q[A], #{4; <0}, an[A], and {4(0) are constant on each conformal
class [go] = {€? gy | w € C*(M)} of Riemannian metrics on M .

Proof. Since 0ieaq(A) = 01eag(D)", D is elliptic, and thus has pure eigenvalue
spectrum; as a result, /' (4) = A (D). q[A] = dim#(D) is conformally
invariant because ¢ — e““¢p is a bijection of .#(Dy) onto ¥ (D,). The
conformal invariance of #{4; < 0} follows from, e.g., [Bl, Proposition 1], using
the just mentioned explicit knowledge of the motion of the O eigenspace under
variation of w. Since {4(0) = a,[A4] — g[A4], we just need to show that a,[A]
is conformally invariant.

For this, choose w € C>®(M), and consider the conformal curve of metrics
Zew = €¥%gy . If we can show that the operator (d/de)|.—o annihilates the
functional a,,[A4:,], we are done, since the result may then be applied with
8,0 1n place of gy, and w is arbitrary. The estimates of [BG1] justify the
following formal computation:
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i(d/ds)|e=oa,,[A]t<"-'">/2f ~ (d]de)|s=o Trexp(—tAse,)
n=0
= —tTr{((d/dé¢)|e=04ew) €XP(—1A0)}

= —t Tr{hD!~1((d/de)|e=0Dew) €XP(~1A0)}

= —t Tr{hD!~'(=(2¢/h)wDy + a[ Dy , u(w)]) exp(—tAo)}
= 2t¢ Tr w{D} exp(—tAo)}

=2t Trw{Apexp(—tA4p)}

= -20t(d/dt) Trw exp(—tAp)

o0
~ 3 (m = m)an(e, Ag)en=m/
n=0

~ - _ (n—m)/2¢
S (m = /M W (Un[Aldv)o ,

where, of course, the asymptotics are for ¢ | 0. Here we have used the fact that
functions of D and 4 commute, and that e~/ is a smoothing operator for
t > 0. Comparing coefficients for n = m, we get the desired result. O

As a corollary to the proof, we get a formula that will be useful below:

Corollary 4.9 [BO2]. Under the assumptions of Theorem 4.8,
(d/de)leotldeo] = (m =) [ (ULAldv)e.

Thus the functional (m — n)~'ay[A,] is a conformal primitive for U,[A] if
n#m.

If we wish, we can use the corollary to “reconstruct” the divergence terms
in U,[A] from the integrated invariant a,[A], as long as n # m . In fact, the
rational dependence on dimension assumed in 4.3 allows us to analytically con-
tinue in m (with some additional assumptions on die,q(A4) ; see 5.1(a) below),
so the restriction n # m will not really be a problem.

We shall now show that the functional determinant is the “missing” confor-
mal primitive in the above, i.e., that of U,,[A4]. This will complete a very strong
analogy between the local invariants Q, and the quadratic form (P,w, ®);:
studied in Sec. 1 on one hand; and the local invariants U,[A] and the functional
determinant on the other. This analogy will have more than esthetic value to
us; it will actually lead to an efficient procedure for computing quotients of the
form (det A4,)/(det Ap) .

Theorem 4.10 (Generalized Polyakov formula [B@2]). Suppose A satisfies 4.1,
4.3, and 4.6. Let (M, gy) be a particular m-dimensional manifold, m ¢ &, ,
on which ¥ (A) =0. Then

(d/de)le=0l4,,(0) = 2Lam(w, Ao).

Proof. First assume that #{1; < 0} = 0, so that each 4,, is a positive operator.
The estimates in [BG1, BG2] allow us to conclude that (d/de)|;=0{4,,(s) is
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meromorphic in s, and that we can interchange the order of conformal varia-
tion and analytic continuation, or of conformal variation and s-differentiation.
(Besides uniform estimates, this depends on the conformal invariance of g[A]
and of #{4; < 0}, because of the way the nonpositive spectrum was handled in
the definition of the functional determinant.) For Res large,

(d/de)le=0ly,,(s) = (d/ds)(d[de)|e=08 4, (5)

(4.5) = (d/ds) {ﬁ [ e e Trexp(—tAm)}dt}
(4.6) —(d/ds ){1_2(; /0 ~ s(d)dn) Tr(wexp(—tAo))dt}
— (d/ds ){2(“) / ts“Tr(wexp(—-tAo))dt}.

Analytically continuing this formula, the value at s = 0 is the same as that of
2 * s—1
O] /0 7 Tr(wexp(—tAg))dt,

viz., 2¢a,(w, Ag).

To dispense with the positivity assumption on A4, note that we have proved
the result for the positive operator 42. But (.(s) = {4(2s), so {'p(0) =
2¢',(0); and by [FG], Un[A?] = UnlA]. O

Remark 4.11. The effect of zero eigensections on the above formula and argu-
ment is as follows. Since g[A4] is conformally invariant, formula (4.5) is still
correct. Formula (4.6) is also correct, and can be rewritten as
20 [ .
—(d/ds ){1_.( )/ t*(d/dt) Tr(w(exp(—tAp) —PI‘OJ/V(AO)))(Z'I}

It is now clear that the integral converges, and that the [, 1°° part does not affect
the value of tje expression at s = 0. The kernel function of

w{exp(—tAo) — Proj (4, }

is
w(x){ (t,x,y) - Z% ®¢,(y)}

where H(t, x, y) is the kernel functlon of exp(—tAp), and {¢;} is an L2
orthonormal basis of the zero eigensections. The conclusion is that

(d/de)ls=oll,, (0) = 2¢ (am<w ) / wa, x)| (dv))

=2 /M w (Um[A] -y w,-(xnz) (dv)o

4,=0

Thus we can compute with the generalized Polyakov formula if .#'(4y) = 0,
or if we have explicit knowledge of .#'(4y). For example, if (M, go) is a flat
torus, any parallel section is annihilated by any natural differential operator, so
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zero eigenvalues are unavoidable. On the other hand, .#'(A4y) consists exactly
of the parallel sections in this case, i.e., of the sections that have constant com-
ponents in the standard trivialization; thus we know these sections explicitly.
The conformal covariance relation then gives us knowledge of the null space in
conformally related metrics, i.e., of #(A4y).

Remark 4.12. Because U,[A] vanishes for m odd, the functional determinant
of an operator satisfying our conformal assumptions is conformally rigid in odd
dimensions in the absence of a null space. If there is a null space, the confor-
mal variation of the determinant depends only on the conformal variation of
this null space. For boundary value problems, however, we do get an inter-
esting functiorial in odd dimensions, since there is a nonvanishing boundary
contribution to ay4(w, 4) [BG1, BG2].

We would now like to compute the quotients (det A, )/(det Ag); what we
shall actually write down is the equivalent information

(4.7) —log((det Ay,)/(det Ay)) = —log | det A, + log | det Ay,

or the equivalent scale invariant information

_26£4(0) o Sy e™(dv)o . detd,
vol(go) det Ay °

(Note that sgndet 4, = sgndet 4y since #{4; < 0} is conformally invariant,

and that the scale invariant quantity makes sense as a functional on the con-

formal class [go] because {,4(0) is conformally invariant.) According to the

generalized Polyakov formula, say for .#(4) = 0, we just need to compute a

conformal primitive for U,,[4] that vanishes at w = 0 in order to compute
(4.7).

—log(Z(4, e*°g0) /D (A, g)) =

5. THE FUNCTIONAL DETERMINANT IN DIMENSIONS 2 AND 4

To avoid having to compute the divergence terms in U,,[A4], replacing this
information by the knowledge of a,,[4] for each even dimension m ¢ %,
we need the following technical assumption on (m, U,[A]). The assumption
is satisfied in all situations where we are able to compute U,,[A4], so it is no
impediment to our calculations. One might conjecture that it is true quite
generally.

Technical assumptions 5.1. Fix n € 27Z%, and make the following assumption
on (n, A):

(a) There exists a universal function u4(m), meromorphic on C and depend-
ing only on the formal polynomial expression of Gieaq(A), such that the coeffi-
cients in the formal polynomial expression for uy(m)U,[A] are rational in m
Jor meZt, m ¢ &, .

(b) There is a rational function an,(m) and a local scalar O(m) invariant
B, (m) depending rationally on m € 27+, both regular at m = n, such that

us(m)Uy[A4] = an(m)Qy + (m — n)B,(m) modulo Z (),
for all conformally flat compact Riemannian manifolds of even dimension m ¢

%y . Here 6 is the formal adjoint of the exterior derivative d on functions, and
H(0) is its range.

Remark 5.2. Local scalar O(m) invariants with dimension-dependent coeffi-
cients can be viewed in the light of Gilkey’s Theorem [G1, BFG, G4]. Among



SHARP INEQUALITIES, FUNCTIONAL DETERMINANT, COMPLEMENTARY SERIES 3705

other things, Gilkey’s Theorem states that as m increases, the space L' of
level n local scalar O(m) invariants on m-dimensional Riemannian manifolds
stabilizes at m =n:

Lr=r;, m > n.

The isomorphisms are natural, and obtained by stabilization maps s7* : L —
L™ . sm evaluates on a product manifold N x S!, dimN = m, and then
restricts to the submanifold N x {1} ~ N. We denote by L, the direct limit
of the L" as m 1 oo this is naturally isomorphic to L . Let

Zn =Rat(m) ®g Ly ,

where Rat (m) is the field of rational functions in m . We shall need to consider
local invariants in the conformally flat category. If (M, g) is conformally flat,
then M is covered by charts (X, g,), where g, is the standard flat metric on
X and g = e?xg, . By [Bral, Section 1], each local invariant ¢ € L™ has the
form

(5'1) ¢g = e_nhx¢(VhX LA VnhX)9

when evaluated in the metric g, where ¢ is a universal (independent of the
choice of (X, g,)) polynomial, homogeneous of degree n in the g, covariant
derivative V. Entirely similar statements can be made about local tensorial
and operator valued invariants. By [BGP, Theorem 0.1], all universal scalar and
differential form expressions (5.1) are restrictions of local invariants from L7 ,
or the similarly defined space L}’ , of p-form invariants, in the conformally flat

category; we denote by L” and I:;,"‘ » the spaces of such restrictions. It will also
be technically useful to consider the space of formal expressions (5.1) which are
not necessarily universal; we shall call this L , or, in the p-form case, LI , .
To see the difference between the I and L spaces in an example, note that
Lg' has dimension 1, and is generated by the expression for the scalar curvature
(m>2);but L has dimension 2 (and basis e=2**Ahy , e~2"x|Vhy|?). The
L spaces are useful because they have bases which are m-stable for m > n,
consisting of monomials

e~ E (VR hy)...(VFhy)), ki<...<k,, ki+...+k =n,

where % is some contraction and permutation of arguments operator which
produces a form of the right degree. By the proof of [BGP, Theorem 0.1],
the space of invariant scalar expressions (5.1) with rational-in- m coefficients is
exactly the space .%, of restrictions of elements of .%, to the conformally flat
category. When we analytically continue in dimension in the conformally flat
category, the process will implicitly be an analytic continuation of expressions
(5.1). In any given explicit calculation, one needs to watch whether the m in
question is a pole of any of the coefficients involved.

Remark 5.3. Suppose A satisfies the naturality assumptions 4.3, acting on sec-
tions of a tensor-spinor bundle V, that ord 4 = 2 and 0,(A4) is scalar, i.e.,
03(A)(x, &) = |£]?1dy, . Then examination of the algorithm that produces the
heat invariants [G4] shows that the coefficients appearing in the formal polyno-
mial expression for (4m)™/2(dimV)~!U,[A] are rational in m, so we have no
rationality problems so long as (47)™/2(dimV)~! is meromorphic. This is one



3706 T. P. BRANSON

reason for restricting to even m in 5.1: the fiber dimension of the spinor bundle
is 2[m/2); this is the holomorphic function 2”/2 when applied to even m , but a
different holomorphic function, 2("=1/2  when applied to odd m . The point is
that we have to keep track of the dependence of the fiber dimension dimV on
m , and that for the operators Y and ¥ 2 , this dependence causes no problem.
If ord4 = 4 and 04(A) is scalar in the sense that a4(A)(x, &) = |¢|*Idy, ,
the same can be said with a certain meromorphic function in place of (47)™/?;
unlike the second order case, this function now depends on n [G3, FG]. Even-
tually, we need to apply meromorphic continuation to coefficients in formal
polynomials defining local invariants; the limit point involved is m = oo, so
we need meromorphicity there. This is the reason for extracting the universal
meromorphic factor in 5.1: so that we shall really only need to apply meromor-
phic continuation to rational functions (whose singularities at infinity, if any,
are poles). The assumptions are certainly not the weakest under which mero-
morphic continuation can be performed, but suffice for the present purposes.

Remark 5.4. Note that there are “new” identities in the conformally flat category
which do not involve the Weyl tensor C directly. The most basic example
follows from the Bianchi identity: in an orthonormal frame, summing over
repeated indices,
Cijknji = (m = 3)(Vink = Viki)-

Thus for a conformally flat metric in dimension m > 4, the tensor VV is sym-
metric in all three of its arguments. (This property also holds in dimension 3,
and in fact characterizes conformal flatness there.) For general non-conformally
flat metrics however, this identity (the one that states that VV is completely
symmetric) does not hold.

Remark 5.5. Some subspaces of the spaces introduced in Remark 5.2 will be
important to us. Let .%,_; ; be the space of invariant level n — 1 one-form
expressions (5.1) with rational-in- m coefficients. The divergence J carrying
one-forms to functions determines spaces

oLy, ,cLy, oLy, Ly, 0F_1,1C .

of exact divergences. In the (5.1) picture, the fact that J is conformally covari-
ant of bidegree (m — 2, m) gives

Ogpe = e D56 — (m—2—n)i(dhy)f},

where 1 is interior multiplication. Another class of interest to us is that of level
n local invariants U satisfying

(52) (d/de)]o=o / (Udv)e = (m - ) / w(Udv)

under variation along the conformal curve g, = e%®g, ; this condition makes
sense within L7 | %, , L™ ,or .%, , givingrise to classes CL™ , C.%, , CL™ ,
and C.%, of relative conformal invariants. In the conformally flat case, Q,
satisfies (5.2) by Corollary 1.4; by Corollary 4.9, so does U,[A] for A sat-
isfying 4.1, 4.3, and 4.6 (and for U,[A], conformal flatness need not be as-
sumed). CL™ and CL” consist of local invariants whose integrals are confor-
mal invariants; and furthermore, 6L”_, , c CLZ%, 6L7_, | c CL, and
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0% 11 C C% . [BGP, Theorem 0.2] shows that CLm™/5L™ _1,1 1s one-
dimensional, and is generated by the class of the Pfaffian (Euler polynomlal)
Pff,, . We know from Theorem 2.8(f) that the class of Q,, is nonzero, so Q,
is also a generator for CL™ /(SLm 1,1 - Thus we need assumption 5.1(b) just to
guarantee the rationality of «,(m) and B,(m).

We are now ready to write a very general formula for the functional deter-
minant in the conformally flat case.

Theorem 5.6. Under the assumptions 4.1,4.3, and 4.6 on A, and 5.1 on (m, A),
with m € 2Z* and m ¢ %, , the quantity & defined by

Ua(m)Z 1= Lam(m) / O{(Qmdv)o + (Qmdv)o)
+ / {(Bu(m)dv)e — (Bm(m)dv)o}

— am(m) {% [ oEapardvo+ [ w(deU)o}
+ / {(Bm(m)dv) — (Bm(m)dv)o)

is a conformal primitive for Uy[A] on conformally flat conformal classes [go],
and vanishes at w = 0. As a result, given a particular m-dimensional confor-
mally flat compact Riemannian manifold (M, gy) on which /¥ (A) =0 (and
which has spin structure if required to define A),

det 4, D(A,e*°gy)  20840), [ e™(dv)o
(53) 208 = —log g 72 = —log =g B0 + = lo Mvol(go)
Proof. Let
ValA] := ug(m)U,[A] — an(m)Qr ;
then

/V,,dv =(m-n) /B,,(m)dv

for m ¢ %, . Since V,[4] € CLY
(=)@ /d0)ews [ (Balm)dv)eo = (@/de)imo [ (Fadv)eo
=(m- n)/w(V,,dv)o

Thus [ B,(m)dv is a conformal primitive for ¥, in dimension m, and
J{(Bm(m) dv)w ( m(m)dv)o} is a conformal primitive that vanishesat w =0.
By Corollary 1.7, 3 fw{(dev)a,+(de'u)o} is a conformal primitive for Q,,
vanishing at @ = 0. The determinant formulas now follow from Theorem
4.10. m]

The functional

[ (Batm)dv)a - (Bu(m)dvro}

is invariant under change of scale (@ — w+ const ), so the “correction” term in
(5.3) is a correction to the functional involving Q,, (or @, and P, ). Indeed,
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the coefficients of the correction term and the Q,, term are related by

C4(0) + 0141 = anlA] = wam)"am(m) [(@ndv)o:
This allows us to write the scale invariant determinant functional in a way which
is well adapted to estimation techniques:

Corollary 5.7. Under the assumptions of Theorem 5.6 (including ¥ (A) =0), if
QO is constant on (M, go),

D(A, e?g)
(A, g)

m(w—)
= am(m){ - (Q’;")O log fMevol(go)(dv)O +1 /Mw((Pm)ow)(dU)o}

+ /{(Bm(m)dv)w — (Bn(m)dv)o},

where @ is the (dv)g-average of w.

— (26)"'uy(m)log

Note that the term involving P,, is scale invariant because P, annihilates
constants in dimension .

We shall illustrate the theory by computing the functional determinants of
the conformal Laplacian Y, and of the square Y 2 of the Dirac operator on
conformally flat manifolds in dimensions 2, 4, and 6. Since both operators
have second order scalar leading symbol, we may take u4(m) = (4n)™? in
both cases (Remark 5.3). The two-dimensional theory has been much studied;
see, e.g., [On, OPS1-2]. The four-dimensional theory was developed in [BGO3,
BCY], and the six-dimensional theory is presented for the first time here. The
Dirac operator is conformally covariant,

g0 =68, Yo=€""Y,
we Coo(M) = Ww — e—(m+1)w/2yoﬂ(e(m—l)w/2) ,
so the conformal assumption 4.6 is satisfied in both cases. Our formulas for the
heat invariants come from [G2]. These formulas can be applied in particular

to natural operators of the form V*V — & on tensor-spinor bundles V, where
& is a smooth section of EndV . For Y, thisis & = —(m —2)J/2, while for

Y 2, this is gy »=—1ldy /4 = —(m—1)J 1dz /2 by the Lichnerowicz formula
[Lic]. To evaluate a4[ ¥ 2] and a¢[V 2] , we shall need the spin curvature [Ko),
Wij = —sRujmen

in an orthonormal frame.

In studying two-dimensional manifolds, we are especially interested in local
scalar invariants of level 2. The space % of such is one-dimensional, and is
generated by the scalar curvature 7. We could (and shall) also use our normal-
ized scalar curvature J as the generator of .% . All two-dimensional manifolds
are conformally flat, so our theory is completely general thus far. By, e.g., [G2],

6(4n)™2N"1a,[V*'V - &] = / {t+6&}dv,

where N is the fiber dimension of the bundle V on whose sections 4 acts.
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Thus
(5.4) 6(4n)"%ay[Y] = (-m + 4) / Jdv,
(5.5) 6(4m)"/22- 1 gy (V2] = (=m + 1) / Jdv.

(Though we have written the spinor formula for arbitrary m, our rationality
assumptions are satisfied only when we restrict to even m, and it is only this
part of the formula that we actually use.) Since J =Q,, Y =P, ,and Y is
just A in dimension m =2, J has the conformal primitive

/{(Jdv + (Jdv)o} =1 /w(Aoa))(dv)0+/w Jdv)o

in dimension 2. A always has a one-dimensional null space generated by the
constant function; in the metric g, the constant vol(g)~!/? isan L? orthonor-
mal basis of .#"(A). By Remark 4.11, the quotient of functional determinants
has an extra term coming from the conformal primitive of

Jw(dv),
f(dv)w ’
that primitive being log f(dv),)/2. Note that Pff, = t/4n = J/2m, so the
conformal index of A is
a(0) = @A) — 1 = gx(M) - 1
by (5.4), where x(M) is the Euler characteristic. The upshot is

Theorem 5.8. On a compact manifold M of dimension m = 2, in any Rieman-
nian conformal class [g],

detA, Jis€2(dv)o
—log deth, — —log vol(20) 12“/ w{(Jdv)e + (Jdv)o}

2w
vaeol(g)v o, 2n /M w(Aow)(dv)o+% /M w(Jdv)g.

The scale invariant determinant functional is

2w 2w
~tog Z0 ) L rytog IV [ ott7dv,+ v}
fM ez“’ d’l))o
vol(go)
In particular, if Jy is constant,

(A, e*g) 1 Jas €3 (dv)o 1
logm = -EX(M) log VOl(go) + 127 A{CO(AOQ))(d'U)O )

where @ is the (dv)g-average of w. If (M, go) is S? with its standard metric
8, and d¢ = (dv)o/4n, (d&)y = (dv),/4m are the normalized measures of
Section 3, then

DA, e*g) 1 0
(5.6) —logm =3 (— log/S2 el [ /sz w(Aow)dé) . O

= —log

1 1 1
—gx(M)log + 127[/Mw(Aow)(dv)o+G/Mw(Jdv)o.
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Note that by the Uniformization Theorem, we are entitled to assume that Jj ,
the Gauss curvature of the background metric gp, is constant. Remarkably, the
quantity in (5.6) is exactly that estimated by the Moser-Trudinger inequality,
i.e., the m = 2 case of Theorem 3.7. This leads directly to Onofri’s result on
the maximum value of the functional determinant.

Corollary 5.9 [On]. Among all volume 4n metrics g on S?, detA; is maxi-
mized exactly at those diffeomorphic to the standard metric g, ; i.e., for which
g =98 , ¢ € Diffeo(S?).

Here we have used the fact that A has no negative eigenvalues to reduce to the
extremal problem for the quantity (5.6). The fact that one can maximize over
the space of all metrics is special to dimension 2: given any Riemannian metric
g on S? thereisa ¢ € Diffeo(S?) with ¢*g € [go] [OPS1]. Since the determi-
nant and the scale-invariant determinant functional are spectral invariants, they
are diffeomorphism invariants, and this reduces us to the conformal problem of
the Moser inequality. For general compact 2-manifolds M , roughly speaking,
there are only “finitely many degrees of freedom™ remaining once conformal
change and diffeomorphism are “drained out” [OPS1]. In its precise form, this
is a statement about the reduced space of metrics &/ Diffeo(M) x C°(M),
where £ is the space of Riemannian metrics and C$°(M) acts by conformal
change of metric.

If #(Y)=0, the conformal index of Y 2 is

{g2(0) = —x(M)/12,
by (5.5), so we have:

Theorem 5.10. On a compact spin manifold of dimension m = 2, in any Rie-
mannian conformal class [gy] where the conformally invariant condition ¥ (V)
=0 holds,

dety?, 1
dety; 127
1 1

= —m/Mw(Aow)(dv)o - G/Mw(Jdv)o.
The scale invariant determinant functional is
2 2w 2w
g 2T ) o DB, g0)
2(77, ) Z(4, &)

As a result, on S*, det Y i is minimized for g = g, = e*“go € [go] of volume
4n exactly when g, = h - gy for some h € ctran(S?, g).

/ w{(Jdv), + (Jdv)o}
M

Again, the absence of negative eigenvalues allows us to reduce to the extremal
problem for the scale invariant determinant functional. Note that though the
construction of the spinor bundle depends on the metric, spinor bundles con-
structed from conformally related metrics can be identified.

For m > 4, the space L}’ of level 4 local scalar O(m) invariants is four-
dimensional. A basis which is especially adapted to dimension independent
calculations is |R|?, |p|?, %, At. A convenient basis for calculations involving
conformal change of metric is |C|?, |V|?, J?, AJ; this new basis can be



SHARP INEQUALITIES, FUNCTIONAL DETERMINANT, COMPLEMENTARY SERIES 3711

written in terms of the old one using coefficients that are rational in m ; thus we
have two different bases of .24 over Rat (m). In the conformally flat category,
[V|?, J? is a basis of .%/6.% 1 over Rat(m). By, e.g., [Bral],

(d/de)|e=0(I*)ewr = —42(J )5 + 2J A,

(5.7) ) :
(d/de)le=o(IV|*)ew = —4w(|V|*)o — 2(V, Hessg, @)

where for two-tensors ¢ and v, (¢, ¥) = ¢;jy;; in an orthonormal basis. By
the Bianchi identity ¥;; = J;; and integration by parts, the space CLj/dL3
in dimension 4 has the single generator [J2 — |V|?] = J2 — |V|2+ 6L} |, of
which [Q] and [Pff;] must be scalar multiples. Here, as in Sec. 1, we write
O = Q4 . (That CL‘} /6£§‘1 is one-dimensional also follows from the general
result [BGP, Theorem 0.2] described at the end of Remark 5.5.) On S* with its
standard metric, J? — |V|? =3, Pffy = 2/v4 = 3/4n?, and by Theorem 2.8(f),
Q = 6; thus

(5.8) 2[J% - |V|*] =[Q] = 8n2[Pffy]  in CL}/0F;.

By Remark 5.5, the technical assumption 5.1(b) will automatically be satisfied
for the pair (4, A) provided A satisfies 4.1, 4.3, and 4.6, and (4, A) satisfies
5.1(a). In this case we can write

ua(m)asA] = / {aa(m)Q + (m — 3)(ky )|V + ks (m)J)}dv

for some rational functions ky(m) and k;(m) which are regular at m = 4.
Here, as in Sec. 1, Q = Q4 . Now take a particular 4-manifold (M, g), and
assume for simplicity that .#"(4) = 0 there. The conformal index is

€4(0) = a4[4] = uA(4)"a4(4)/M Qdv = 8n°us(4) ™ au(4)x(M);

specializing Theorem 5.6, we get

Theorem 5.11 [BO3). Suppose A = A(m) satisfies 4.1, 4.3, and 4.6, and is
regular at m = 4. Suppose that the pair (4, A) satisfies 5.1(a). Let (M, g)
be a particular conformally flat compact Riemannian four-manifold (with spin
structure if required to define A), and suppose that ¥/ (A) = 0 on (M, g).
Then

det A4,
det Ay

~ Jas(4) [ w{(Qdv)o+ (Qdv)o}
M

ko (4) /M {(VPdv)y — (Vdv)o} + ks(4) /M {(J2dv)o — (Jdv)o)

—(20)"'uy(4)log

— e {1 [ wBerdve+ [ widvn)

+ (kv (8) + ks (4)) /M {(J2dv)e — (J2dv)o).
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The scale invariant determinant functional is

4w d
-0 ua@log T - a4y tog IO
- 0 ua4)log oL
If Q is constant on (M, g), Qo = 82y (M)/vol(g), and
_ -1 Q(A > engO)
(2¢)" u4(4)log T 2
_ Qovol(go) , [y e**~® (dv)o
_a4(4){ - 2 log M vol(zo) + %/Ma)(Pow)(dv)o}
+ (ky (4) + ks (4)) / {(J2dv)y — (F2dv)o}.
M
If in addition J is constant on (M, g),
_ 9(‘4 > ezng)
- (2[) luA(4) logm
4w-0) (g
(5.9) = ay(4) {—wngT / w(Pow) dv)o}

+ ) + (@) [ {(M) -702}(‘1”)0~

In particular, if gy is the standard S* metric,

_ D(A, e*@g)
— (26)"'u,(4)log VAR
— 472 _ 4 w—) 1
(5.10) 4n°ay(4) { log /34 e dé+3 /S4 w(Ao(Ag + Z)w)dé}
872 (ky (4) + ky(4)) (Ao + 2)e®\?

Here we have used the conformal index property in the form (5.8) to elim-
inate the more complicated invariant |V|> from the formulas in favor of J2.
For (5.9), we have used the covariance relation for the conformal Laplacian Y,
together with the fact that ¥ = A+ J in dimension four. For (5.10), we have
substituted the standard four-sphere values @ =6, J=2,and P=A(A+2).

Remark 5.12. In [B@3], where a somewhat different computational approach
was taken, the numbers u,4(4) " 'a4(4) and u,(4)"!(ky(4) + k;(4)) were called
3B> and B3 respectively; this notation is also used in [BCY]. In [B@3], B3
arose as the coefficient of AJ in Uy[4]. B3 ends up attached to the J2 term
in the determinant formula because %J 2 is a conformal primitive for AJ .
In the current approach, we do not need to compute such divergence terms,
but need instead knowledge of all the non-divergence terms as functions of
the dimension m , not just in dimension four. In essence, instead of computing
divergence terms via the “reconstruction principle” of Corollary 4.9, analytically
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continuing to dimension 4, and then finding a conformal primitive, we just find
a conformal primitive for m # 4 and analytically continue to m = 4.

Just as in dimension 2, we now have everything written in terms of func-
tionals which are sharply estimated by Lieb-Beckner inequalities, at least on
the sphere. The novelty is that now we have a linear combination of two such
functionals, that associated to the embedding L% — el , and that associated to
the “ordinary” borderline Sobolev inequality L? — L*. The best constants and
extremals are given by Corollary 3.6 and Theorem 3.7. However, we are not
finished estimating unless the coefficients involved, a4(4) and ky(4) + k,(4),
have the same sign, or else one vanishes and the other does not. Fortunately,
the signs do agree in the cases A=Y and A= V¥ z

To find these coefficients, recall from [G2, Theorem 4.3] that

(5.11) (4m)™?360a4[V*V — &]
= / try {572 — 2|p|® + 2|R|* + 60t& + 180&2 + 30W;;W;;}dv,
M

where W is the curvature of the bundle V in which V*V — & acts. (Recall
that our convention on index placement in the Riemann tensor differs from that
of the reference; on standard S2, our Rj;j, is positive.) An expression like
W;iW;; does not, of course, refer to any particular orthonormal frame, but is
an abbreviation for that quantity that equals W;;W;; in any local orthonormal
frame; that is, it is invariant index notation. We apply (5.11) to the Yamabe op-
erator in the conformally flat category via Table 5.1, which expresses all relevant
invariants in terms of J2 and |V|?.

TABLE 5.1. Terms in (47)™/2360a4[Y] (& = —3(m—2)J, W =0)

J? |V |? coef.
72 4(m —1)? 0 5
|p|? 3m—-4 (m—2)?2 -2
IRP2 4 4(m—2) 2
& —(m-1)(m-=2) 0 60
Z2 L(m - 2)? 0 180

The meaning of, for example, the second row of the table, is that
Ipl? = (3m —4)J% + (m - 2)*|V|?,
and that the coefficient of |p|?> on the right in (5.11) is —2. Thus, since
/de - /{%sz _ Vv,
we have

(47)"12360a4[Y] = (m — 6) / {(5m = 16)J% — 2(m - 2)|V |*}dv

—2(m-6) / Qdv + (m — 4)(m — 6) /{412 _ 2V Y.

We collect this information in:
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Lemma 5.13. For (n, A) = (4, Y) and the choice uy(m) = (4n)™/?, the func-
tion in 5.1(b) is
as(m) =(m—6)/180,
and the local invariant can be taken to be
By(m) = (m — 6){4J% — 2|V|*}/360.
As a result, a4(4) = ky(4) +k;(4) =-1/90. a

Remark 5.14. The factor m — 6 in the formula for a4[Y] is expected. By a
result that appears to have originated in [Sc] (see also [BG1, BG1]), U,,_»[Y]
is a local conformal invariant in the sense that

2=Q%, 0<Qe C®WM) = Up_s[Y]= QL "Up_s[Y].

(A similar result holds for any conformal covariant 4 of order 2¢ satisfying
4.1 and 4.3, replacing each m —2 above with m —2¢ . This is most clearly seen
from [BG1, Lemma 3.1(c)].) But we are now working in the conformally flat
category, where all such local conformal invariants vanish. The same principle
can be seen in the factor of m — 4 in (5.4) above, and in the factor of m — 8
in Lemma 6.9 below.

To treat A = Y 2 we need to adjust the above calculation for the change
from & = -(m -2)J/2 to & = —1/4 = —(m — 1)J/2 (the Lichnerowicz
formula), for the change in fiber dimension, and for the spin curvature; these
adjustments are detailed in Table 5.2.

TABLE 5.2 (value at & = —1(m —1)J) minus (value at & = —(m —2)J )

J? |V|? coef.
& —-(m-1) 0 60
&2 1(2m - 3) 0 180
New term in (47)™/2360 - 2-[m/21g,[ ¥ ?] resulting from spinor (X)
bundle curvature Wj; = —LRy;ivev
J? V|2 coef.
g WyW; | -+ | —i(m-2) 30

Collecting the information, we get:
Lemma 5.15. For (n, A) = (4, ¥?), with the choice u y,:(m) = (4m)"/22=m/2
(m even), the function in (5.2) can be taken to be
ag(m) =11/360,
and the local invariant can be taken to be

1 2 2
_L1om—-3)72— 2m+ )|V
Ba(m) = 360 '

As a result, a4(4) = 11/360 and ky(4) + k;(4) = 7/720. In particular, these
numbers have the same sign.

Neither Y nor Y 2 has negative eigenvalues on (S*, go) ; thus by Theorem
4.8, the same is true with g, in place of gy for any w € C*°(S*). Thus,
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the extremal problem for detY, is the same as that for log(Z (Y, €2?g))/
(Z(Y, g)), and similarly for det ¥ 2 (If there were an odd number of neg-
ative eigenvalues, the extremal problem would be the same, but the roles of
maxima and minima would be reversed.) In view of Theorem 5.11, Corollary
3.6, and Theorem 3.7, we have proved:

Theorem 5.16. On S*, detY,, is minimized for g = g, = €*?gy € [g] of
volume 8m?/3 exactly when g, = h- gy for some h € ctran(S*, go). det 772,
is maximized at exactly the same metrics.

6. THE FUNCTIONAL DETERMINANT IN DIMENSION 6

One of the requirements for an application of our method to dimension 6 is
a formula for [ Q¢dv in the conformally flat case. Actual computation of the
operator Pg via the algorithm implicit in [GJMS], or in [Wii], is a formidable
undertaking. Instead of taking this tack, we shall write down a trial formula,
with undetermined coefficients, for Qg , then evaluate the coefficients using
some special computations.

Lemma 6.1. The four invariants |dJ|?, J3, J|V|*, and tr V3 :=V;;Vy Vi; give
a basis of %/0.% , .

Proof. A basis of % is given in [G2]. To get the above result, one restricts to
the conformally flat case, and shows that each of the restricted invariants is a
linear combination of the four given above, and an exact divergence. That this
program can be carried out follows from the formula (1.8) for R in terms of
C and V, plus Remark 5.4. (Exact formulas are given in Tables 6.1 and 6.2
below.) O

Note that the “trace” in tr V3 isthat of End TM (or End 7* M ). We already
know that the |dJ|? coefficient in Qg is (m—6)/2 by Corollary 1.6. We can get
more information by evaluating on the standard sphere, and (recalling Remark
1.2) on the conformally flat pseudo-Riemannian manifolds (S@-?), gg) := (S9x
SP, gs« — gs»), With p + ¢ = n. Up to covering, these are the conformal
compactifications of the standard signature (g, p) flat spaces; that is, they bear
the same relation to these flat spaces as the sphere does to Euclidean space. The
group SOg(g+1, p+1) actson (S9:?), gy) by conformal transformations [KI,
Bra2], and one can study the representation theoretic problem analogous to that
of Section 2 above. We shall not need a full treatment of this theory, but just
the analogue of Theorem 2.8(f). Using (2.10) on S? and S? to interpret and
rewrite results of Mol¢anov [M], we get

Theorem 6.2 [M]. Let B be the operator of (2.14) on standard S9 (with q in
place of m), and let C be the similar operator on standard SP (with p in
place of m). Then the unique differential intertwinor of order n € 2Z* for the
conformal action of SOg(q + 1, p + 1) on functions over SY-P) is

n—=2

P, =P, [J{(B+C +2a)(B — C = 20)(B + C - 2a)(B - C + 2a)}
a=1
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if n/2 is odd, where P, = (B+ C)(B —C), and

z
4

Py = [[{(B+C+(2a—1))(B-C—(2a—1))(B+C~(2a-1))(B—C+(2a—1))}

a=1
if n/2 is even.

Note that if p = 0, we are (up to covering) in the situation of Theorem
2.8(f), and we recover that result by noting that the operator C is just the
number 1/2.

Corollary 6.3. In the setting of Theorem 6.2,
3206 =(m+2)(m-2)(q-p)(g—p+4)(a—p—4).
Proof. We compute using (m — 6)Q¢/2 = Pl . O
On (S@-?), g),
dJ =0, 8J3=(q-p)3, 8J|V|* =m(q -p), 8trV3=¢q—p.

As a result, if
(6.1) /Qde = / {"’T"%m2 +a(m)J3 +b(m)J|V|* +c(m)tr V3} dv

(using the |dJ|?> coefficient determined above), then equating coefficients of
(g —p)? and of g —p gives
(6.2) 4a(m)=(m+2)(m-12),
(6.3) mb(m) + c(m) = —4(m + 2)(m - 2).
Thus our consideration of mixed signature conformally flat spaces has given
us two of the three remaining ( m dependent) undetermined coeflicients; the
sphere alone provides just one. To find the remaining undetermined coefficient,
we do a partial computation of the integrals of Qg , |dJ|?, J3, J|V|?, and
tr V3 on the Riemannian manifolds (T, e2?g,), where (T™, g) is the flat
torus and w € C>°(T™). Direct computation gives

Vw = -4 >

dJ,=e % {a’Aw - 2(Aw)dw + mT—zdldco!2 +(m— 2)|da)|2da)}

where all natural differential operators are computed in the background metric
& , and
A=Hessw-doo®dw+ ildofg.

Now introduce “... ” as an abbreviation for “differential monomials of fourth
or higher degree in w.” We have

I3 =e"((Aw)? +...),
(J|V|})e = e~ %((Aw)|Hessw|* + ...),
(tr V3, = —e~®(tr(Hessw)> +...),
(1dJ)?)e = e (IdAa)l2 +2(dAw, —2(Aw)dw + 252d|dw|?) + .. ) )

(6.4)
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Since (dv), = e™?(dv)o , the integrated form of this is

/(J3dv)w - /eZﬁw((Aw)3 +. ) dv),

where f = (m — 6)/2, and similarly for the other invariants. Integration by
parts gives several relations among the integrals of invariants appearing in (6.4):
(6.5)

/ e2P9(Aw) (dAw , dw)(dv)o = / oL (Aw) + ... }(dv)o ,
/ezﬂ“’(dAw, dldw|?)(dv)y = /ezﬂ‘”{Z(Aw)| Hess w|? — (Aw)® + ... }(dv)o ,
/ezﬂ“’(tr(Hess )3)(dv)y = /ez'g“’{%(Aw)3 — 3(Aw)|Hesso|* + ... }(dv)o.
As a result,
/ e 3 dy), = / P2 L(Aw)* + ... }dv)o ,

/ ePe(J IV |2dv), = / e?P?{(Aw)|Hessw|* + ... }(dv)o ,

/ezﬂ"’(tr V3dv), = /ez‘““’{—%(Aw)3 + 3(Aw)|Hessw|* + ... }(dv)o ,

/ez’g“’(ldﬂzdv)w = /ez‘g“’{la'Awl2 - m(Aw)3

+2(m — 2)(Aw)|Hess w|* + ... }(dv)o.
By (1.11), the fact that Ps = A3 on (T™, go), and integration by parts,

B [(@sdv) = [ePoaeto)dvy = [ldseto(av)o.
But
dAeP® = P2 (BdAw — p2d|dw|?® + B (Aw)dw — B3|dw|*dw).

Integrating by parts and using (6.5), we get
B / (Qsdv)e = / 9{ B2l dAw|? — B3 (Aw)® + 43 (Aw)|Hess w? + ... }(dv)o.

Moreover, it is easily seen that the invariant integrals [ e2$®S; (w)(dv)o , where
S)(w) = |dAw|?, Si(w) = (Aw)?, and S3(w) = (Aw)|Hessw|?, are linearly
independent. In the notation of (6.1), the result is that

b(m)=—-4m, c(m) = 16.

Here we have used (6.2), but not our knowledge of the |dJ|*> coefficient
nor (6.3); these can be considered as checks on our calculations. We pause to
collect the information:
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Theorem 6.4. In the conformally flat category,

/Q(,dv =/{m—2‘§|d1|2+ Wﬂ —amJ|V | + 16trV3}dv. O

Another check on this result is the case m = 6, where it implies that
Q¢ ~ 8(J3 = 3J|V|> + 2tr V3) modulo exact divergences for conformally flat
metrics. The following lemma shows that up to a constant factor, this is the
only possibility.

Lemma 6.5. The space CL§/SL$ | is generated by the coset [J* — 3J|V|? +
2tr V3],

Proof. By [BGP, Theorem 0.2], the space in question is one-dimensional. On
standard S°, the average (normalized integral) of the invariant J3 — 3J|V|? +

2tr¥3 in question is 625/9; thus the equivalence class of this invariant is
nonzero. a

In particular, the Pfaffian must have the form ¢(J3 - 3J|V|? + 2trV3) on
conformally flat 6-manifolds, where ¢ is a universal constant. Since x(S°) = 2
and J =3, V=1g on S$°, we have 15cvs = 2. Since vs = 167%/15,

Pffg = (J2 = 3J|V|*+2trV3)/8n3,
/Q,;d'v = 64ny (M)
in the conformally flat case.

By Remark 5.5, the technical assumption 5.1(b) will be satisfied for the pair
(6, A) provided A satisfies 4.1, 4.3, and 4.6, and (6, A) satisfies 5.1(a). In
this case we can write

uq(mjag[A] = /{ae(M)Qe + (m = 6)(ko(m)|dJ | + ky(m)J?
+ky(m)J|V|* + ka(m) tr V3)}dv
for rational functions k;(m), i = 0,..., 3, which are regular at m = 6.

Taking a particular conformally flat 6-manifold (M, gy) on which ./ (4) =
the conformal index is

£4(0) = aglA] = 14(6)"as(6) /M Qsdv = 6473 u4(6) crg(6) 2 (M).

Specializing Theorem 5.6, we get:

Theorem 6.6. Suppose A = A(m) satisfies 4.1, 4.3, and 4.6, and is regular at
m = 6. Suppose the pair (6, A) satisfies 5.1(a). Let (M, gy) be a partic-
ular conformally flat compact Riemannian six-manifold (with spin structure if



SHARP INEQUALITIES, FUNCTIONAL DETERMINANT, COMPLEMENTARY SERIES 3719

required to define A), and suppose that V' (A) =0 on (M, g). Then

t A,

- (20) a6 log Gy = has(6) [ @{(Qedv) + (Qsdvo)

+ ko(6) / {(dJPdv), — (|dJ Pdv)o} + ki (6) /M {(J3dv) - (Jdv)o}
+k2(6/{J|V|2dv — (JIVdv)o)
+ k3(6) / {(tr V3dv), — (tr V3dv)e}
M
— a(6) {% /M (P dv)o+ [ w(Qﬁdv)o}
+ ko(6) / {(1dJPdv)e — (1dJ12dv)o}
/ ((J3dv)e — (J3dv)o}
+(ka(6) + Hs(6) [ {1V Pdv)o = (71 Pdv)o}.
M

The scale invariant determinant functional is

D(A, e gy)
—(20)~ uA(6)log7(ﬁ
6w(q
=~ aul6)r(atog BT — 0 )08 G

If Q¢ is constant on (M, g),

—(20)" ug(6) log%(fi"—j"’

_ 06(6){ _ (Qe)ovol(go) , | “’)(dv)o

B og 0y [ a(Peow)do)o |

+ ko(6 / (14T 2dv)e — (|dT Pdv)e)
+ (ki (6) — Lk3(6)) / (J3dv)y — (J3dv)o}
M

+ (k2(6) + 3k3(6)) | {(JIVPPdv)w — (JIV *dv)o} .
M
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In particular, if gy is the standard metric on S,

D(A, e g)
(4, g)
64n3

= —3—a6(6){ —log / eS =0 gg 4+ L /S ) @(Ag(Ag + 4)(Ag + 6)w)d¢}

3
+16_”{ 6)/ ((1dTPdE) e — (14T 2dE)0)

—(2£)"'u4(6)log

+ (ko (6) — Ss(6)) / (J3dE)w — (J3dE)0}
+ k() + 3ha(6) [ (U1V Izdé)w—(JIVlzdé)o}}

The remaining step in making the determinant functionals for ¥ and Y 2

explicit in dimension 6 is the determination of the constants a¢(6) and k;(6)—
%k3(6) , ky(6)+ %k;;( 6) in each case. As in the two- and four-dimensional cases,
these constants are implicit in an integrated heat invariant, in this case ag . By
[G2], in the notation of (5.11),

(47()’”/27!a6[V*V - g] = /tl‘v{—lllV‘l’lz + 6|Vp|2 - 28pjk|1pj1|k

— 3|VRP - 420|VE [ - 168(Vt, VE) — 84W,; Wik

35,3 _ 14 2, 14 2 208
5T —T‘t|p| +7TIR| trp +8 pl}kalejl

+

(6.6)
— 2pijRikipRjkip + % RijkiRijpaRitpg + B RijriRipka R plq

+ 840&3 + 4201&? + 70712& — 28|p|*& + 28|R|*&

+ S6W; i Wi Wy + 10t Wi Wij + 56 p; i Wi W

+ 28R, Wij Wi + 4208 W, W }dv.
Conformal flatness is not assumed in (6.6).
Rgmark 6.7. For arbitrary (V, V), the Bianchi identity and integration by parts
give:

/tfv WijWijdv = /{thv ij1i Wikl — 2pij tty Wi Wy
+ Rijii try Wij Wiy — dtry Wi Wy W, hdv.

Conformal flatness is not assumed here either. Because of this identity, the
expression W W, does not occur in (6.6).

Moving to the conformally flat case, we first write the purely metric terms
(i.e., those not involving & or W) in terms of J and V. The results are
in Tables 6.1 and 6.2 below; the intermediate calculations are contained in the
following lemma:
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Lemma 6.8. Suppose g is conformally flat. Then

o> = (m = 2)*|V? + (3m — 4)J2,
IR = 4(m =2)|V|* + 4J2,
Vijpjk = (m =2)VijVik + I Vig
Viipjxpri = (m =2 tV> + 2(m = 2)J|V|* + J3,
ViiRikip = =Vip Vit + VitVip = VijVip 8kt + Vij Vit 8kp »
VijRikipRjkip = 2(m — &) tr V3 + 6J|V |2,
RitjpRitky = 3 RikipRikip »
ViiVirRjkiy = =2te V3 + 2J|V |2,
VijpiRjkit = =2(m = 2)tr V3 + 3(m = 2)J|V > + J°.

TABLE 6.1. Quadratic metric terms
J1dJ)? JJ3 J IV R34 coef.
f|V‘L’|2 4(m —1)2 0 0 0 —11
J1Vp|? m(m — 1) 0 (m = 2)? —m(m —2)? 6
J Pikupink (m—1)? 0 (m—-2)? —m(m —2)? —28
JIVR]? 4(m—1) 0 4(m —2) —4m(m - 2) -3
TABLE 6.2. Cubic metric terms
J3 JIV|? tr 3 coef.
3 8(m —1)3 0 0 35/9
t|p|? 2(m —1)(3m — 4) 2(m — 1)(m - 2)? 0 —14/3
1|R|? 8(m—1) 8(m — 1)(m - 2) 0 14/3
tr p3 202m - 3) 3(m — 2)? (m—2)3 —208/9
PijPriRikji 2(2m - 3) 4(m —2)? -2(m —2)? 64/3
PijRikipRjkip 4 10(m - 2) 2(m —2)(m — 4) —-16/3
R;jkiRijpgRripg 0 24 8(m - 4) 44/9
RijkiRipkqRplq 2 6(m — 3) —-2(3m —8) 80/9

Concentrating for the moment on the conformal Laplacian Y, we compute

the &€ terms:
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TABLE 6.3. A=Y: &=-2:2] W=0

J3 JIV|? tr 3 coef.
&3 —1tm-2)3 0 0 840
&2 Lim—1)(m - 2)? 0 0 420
& —2(m —1)2(m - 2) 0 0 70
lp|2& ~1m-23m-4) ~i(m-2y 0 -28
|R|2& -2(m-2) —2(m —2)? 0 28
f1dJ? JJ3 JJIIV|? IR % coef.
JIvE&P Lm-2)? 0 0 0 —420
f(Vz, V&) —(m—=1)(m=2) 0 0 0 —168

We now add everything up to get:
Lemma 6.9.
(4m)™?TNag[ Y]

=(m-28) /{ —3(m—6)|dJ|? - l(35m2 —266m + 456)J3
+ (m—l)(7m 30)J|V|* - 2 Sm -2m— 48)trV3}d
= —g(m - 8)/Q6dv + (m—8)(m —6)

/{ |dJ|2——(125m 314)J°

I N

+2(Tm = 5)J|V|* - 3(5m +28)tr V3} dv.

~ W

As a result, for (n, A) = (6,Y) and the choice uy(m) = (4n)™/?, the function
in 5.1(b) can be taken to be
5(m —8)
3.7
and the local invariant can be taken to be

Bg(m) = ’”7_"8 { 13|dJ|2 - %(IZSm 314)J3 + %(7m - 5J|V|?

ag(m) = —

—%(Sm +28)tr V3}.
In particular,
3T ae(6), ko(6), ki(6) — 3k3(6), k2(6)+%k3(6)) = (10, 13, 34, -32). O

To handle 4 = V , we need to adjust the calculation for the change from
& =-(m-2)J/2 to & = —-(m—1)J/2, and take account of the spin curvature
terms.
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TABLE 6.4. (value at & = —2-1J ) minus (value at & = — =27 ), untraced
[1dJ|? JJ3 JJIIWV)? Jur V3 coef.
[IvE&]? 12m-13) 0 0 0 —420
f(Vt, V&) -(m-1) 0 0 0 —168
J3 J|V|? trv3 coef.
&3 -13m?-9m+7) 0 0 840
&7 1(m—1)(2m - 3) 0 0 420
2 —2(m —1)? 0 0 70
|p|2& -1(3m —4) —1(m-2)? 0 -28
|R|*& -2 -2(m—2) 0 28
New terms in (4x)™/2712-[m/21([ ¥ ?] resulting from spinor ( Z)
bundle curvature Wj; = —iRyiimey . & = -251J
[1dJ|? [J3 JJ|V]? 3 coef.
ftl'z W,~j|jW,~k|k —%(m— 1) 0 0 0 -84
J3 J\V |2 trv3 coef.
trs Wi Wi Wi, i 3m-3) -13m-3) 56
tiry Wi W —m=1) | —(m=1)(m=2) 0 70
pij try WiiWi, -3 —3(m—2) —3(m—2)(m - 4) 56
Rijkl ll‘z "V,‘jWk[ 0 -3 —(m—-4) 28
try &W;;Wij fm-1) fm-1)(m=-2) 0 420

Summing up, we get
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Lemma 6.10.
(4m)m/2712-m/ g9 2] = / {—3 —1)(m - 6)|VJ|?

(35m3 — 231m? + 316m + 6)J>

(14m> — 39m? — 83m + 24)J |V |?

—§(5m3 +21m? — 95m — 120) tr V3} dv

191
__19 /QGd'u+(m 6)/{ 24 (72m — 263)|VJ 2

144(560m —909m — 398)J°3

+ §(14m2 +45m - 4)J|V|?
—%(sz +5lm+211)tr V3} dv.

As a result, for (n, A) = (6, YV ?) and the choice Uy 2(m) = (4m)m/22mi2 (m
even), the function in 5.1(b) can be taken to be

191
T12.7

and the local invariant can be taken so that

ag(m) =

71Bg(m) = ‘515(72’" —263)|VJ|2 = ——(560m® — 909m — 398).J3

144(
+ %(14m2 +45m—4)J|V|? - %(sz +51m+211)tr V3,
In particular,
72 T!(ag(6), ko(6) , ki(6) — 3k3(6), ka(6) + 3Kk3(6))
= (-1146, —507, —1578, 1752).

O

In the next section we shall show that on S, the quantity detY,, is maxi-
mized at those g = g, = e*? gy € [go] of volume 1673/15 for which g, = A-go
for some h € ctran(S%, g), and the quantity det ¥ fo is minimized at exactly
the same metrics. The proof will make essential use of (1) Theorem 3.7 (the
exponential class inequality describing the embedding L} — el ); (2) Corollary
3.6(b) (controlling the embedding L? — L*); (3) Obata’s Theorem; (4) a geo-
metric inequality describing the embedding L?(S¢, TFS?) — L3(S°®, TFS?),
where TFS? is the bundle of trace-free symmetric tensors; and (5) the numeri-
cal data of Lemmas 6.9 and 6.10.

7. GEOMETRIC INEQUALITIES IN DIMENSION 6

Recall from Theorem 6.6 and Lemma 6.9 that if gy is the standard S® met-
ric, then the scale invariant determinant functional for the conformal Laplacian
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in the standard conformal class on S® is
(7.1)

2w 3
—3.7. %(47[)3 logg(Y’ e““go) _ 64n

I 5 3
1673
+ 15 {13 [ (Gasra, - (drpae)

- 105

+34 /S {(I2d8)0 - (J2dE)o)

_3 /S IV PdE)s - <J1V|2d¢>o}} ,

where % is the nonnegative quantity estimate by the Beckner-Moser-Trudinger
inequality (Theorem 3.7):

Fo1= —log [ X0 Od0+ 3 [ 0(bolo +4)(Bo+ 60)(dE)o.

By Lemma 6.10, the corresponding functional for the square of the Dirac op-
erator is

2 2w 3
—72-7!-%(4n)32‘3logg(y7 < 8) _ 8477 | _\146)%,
‘9(7 s gO) 3

3
{507 [ 10dsPde) - (a0}

(7.2) 15
1578 / ((J3dE)e — (J3dE)e}
S6

#1752 [ (P, - <J|V|2d«:>o}}.

In each case, we would like to know that the second group of terms on the right,
i.e., that with coefficient 1673/15, is sharply estimated in the same way (and
with the same sign) as the first (% ) term. Remarkably, the coefficients that we
have extracted from the heat invariants are such that this is the case:

Theorem 7.1. On S, for g = g, = €**gy € [g] in the conformal class of the
standard metric gy and having the standard volume ve = 16n3/15, the quantity
detY,, is maximized exactly when

(7.3) g8o=h-8, some h € ctran(S®, g).
The quantity det ¥ fo is minimized exactly at the same metrics.

Besides Theorem 3.7, the proof will require a clever use of Corollary 3.6, and
some further estimates based on Obata’s Theorem and the conformal geometry
of the bundle TFS? of trace-free symmetric two tensors; these are given in
Lemmas 7.2 and 7.3, and Theorem 7.12. .

Lemma 7.2. On S™ with m >3, for g, = e*?gy, w € C®(S™),

[ 4dspde, o,
Sm
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with equality if and only if
(7.4) gw=0a’h-g, some h € ctran(S™, gy), a € R*.

Proof. The inequality is obvious. Equality holds if and only if J is constant;
by Obata’s Theorem [Ob] this holds if and only if (7.4). O

Lemma 7.3. On S, for g, =e??gy, w € C=(S9),

: 2/3
a5 [ eara.ze( [ 1rde.) > s,

with [o({|dJ|? + 2J3}dE), = 54 if and only if (7.4) (with m = 6).

Proof. The Yamabe functional in the metric g, , at a function u € C>(S9),

1S
?(w u) _ ((A + 2J)wu , u)LZ((dé)w)
4 2
el Zs ae).)

where u € C*(S%) is not identically zero. By the solution of the Yamabe
problem on the sphere and the conformal covariance relation

Y(w+n,u) =% w,e*"u)

for the Yamabe functional (which is valid for general m, (M, gy),and w, n €

C>®(M)), we have
Y(w,u)>%(0,1)=2Jy=6.

Applying this to u = J, , we get the first > in (7.5). Corollary 3.6(b) with
m =6, n=2 gives the second >, and shows that equality holds there if and
only if (7.4). But any g, satisfying (7.4) has J = 3072 and [(d¢)ew = of;
showing that [ ({|dJ|> +2J3}d¢&), = 54 whenever (7.4) holds. O

The third inequality is derived using a second order conformally covariant
differential operator Dy on sections of TFS? first constructed by V. Wiinsch
[Wii, Proposition 3.2]. We shall give a construction of D, which is easier
to generalize, and is based on the group theoretic machinery we have already
put into place. The idea of the corresponding estimate is similar to that of the
proof of Lemma 7.3: we look at the quantity ((D)b, b)2(ss, TFs?))w » Where
b is the Einstein tensor. (As usual, the subscript « indicates that the quantity
is computed in the metric g, = e*“gy .) Fortunately, a deep analysis of the
analogue of the Yamabe functional is not required.

To explain the Wiinsch operator, we widen the discussion for the moment
to oriented Riemannian manifolds (M, g) of dimension m > 3. (Orientation
is just a convenience, and is not really necessary.) Each irreducible representa-
tion (V, a) of the structure group SO(m) defines an associated vector bundle
Vo = Fom) Xo V , where Fo(m) is the bundle of oriented orthonormal frames.
Because the defining representation & of SO(m) is faithful and gives rise to
the cotangent (or tangent) bundle, each V, can be realized as a tensor bundle,
though this realization is not unique. The Levi-Civita covariant derivative V
carries sections of V, to sections of T*M ®V, :

V:C®(M,V,)— C®(M, T*M®V,).

The bundle T*M ® V, is generally not irreducible under the structure group
SO(m) (i.e., d®0c is not an irreducible representation); in fact, it is irreducible

b
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if and only if ¢ is the trivial one-dimensional representation. We decompose
into irreducibles:

Ny
(7.6) 0 ® 0 ~50(m) @ﬂu ;

u=1
on the level of bundles,

Ny
T"M® Va =S0(m) @Vﬂu .

u=1

By, e.g., [SW], the summands occur with multiplicity one, so it is legitimate to
form the gradients

(7.7) Goy, = Gy := ijv,,,, V:C®M,Vs)— C®(M,V,).

It is immediate that on C*°(V,), with consistent choices of bundle inner prod-
uct normalizations,

Na
(7.8) V=Y G, V'V =Y G:G,.
u=1

Equivalence classes of irreducible representations o € Irr(SO(m)) are pa-
rameterized by dominant weights, vectors g € Z¢ , £ = [m/2], with
01>...20, >0, m odd,

(7.9) =
g1 >...> 001 > |0y, m even.

The dominant weight parameter is the highest weight in the representation; note
the customary abuse of notation in using ¢ to denote both the representation
and its highest weight. When writing dominant weights, we shall sometimes
omit terminal strings of zeroes. Examples are o = (0), the trivial representa-
tion; g = (1), the defining representation, and ¢ = (2), the trace free symmet-
ric two-tensor representation.

To determine the target bundles for the gradients in (7.7), we just need to
perform the decomposition (7.6). By, e.g., [F, Theorem 3.4], u € {u,} if and
only if 4 is dominant ((7.9) holds) and either

(7.10) u=ote,,
for some a € {1, ... , £}, where ¢, is the a® unit vector in Z*, or
(7.11) misodd, g, #0, u=o.

In particular,
(1) ®(2) ~som) (@& (3)® (2, 1), m>>5.

Now fix ¢ = (2), so that V, = TFS?, suppose that m > 5, and that
(M, g) is conformally flat. We are especially interested in computing the effect
of the gradients G(;), G@), and G(y,1) on the (normalized) Einstein tensor
b=V —(J/m)g . Because of the identity in Remark 5.4, Vi = Vig; , s0

1
(7.12) bijik — bixj = —r—n‘(-]|kgij = J); 8ik)-
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Note also that

m—1
bijij = =, =i

Some elementary tensor calculus shows that the (3) part of any three tensor
(¢;jk) which is trace free and symmetric in the j and k arguments is

. 1 2
(Proj) @)ijk = 3(Pijic + @jici + Gieij) = m(é’u%m + &ki®uj + &ikPui) »
and that the (1) part is

m
T mt 2y (m =Skt m(&muk + &ikQuj)-

As a result of these formulas and the identity (7.12),

1) (Proj(3) Vb)ijk = Vibji -2|- m%gﬂ; s 2(J|jglk + Jik &ij) »
(Projy Vb)ijk = “mm+2) J)i&jk + 2(J|ngk + J|kgu)

Adding up, we get

(7.14) Vb =Gab+Gy)b; s0 G2,1)b =0

by (7.8). The interpretation of what has just happened is as follows: if % is
the (reducible) SO(m) representation carried by tensors of Riemann type, then
the multiplicity of (2, 1) in d®% is 2. (See, e.g., [St].) One copy comes from
the VC part, and the other from the Vp part of VR. The second Bianchi
identity implies that these two are linearly dependent; i.e., that actual Riemann
tensors R have their VR living in a bundle with only one V(; ;) summand.
But conformal flatness implies that the expression in VC associated to the first
copy vanishes; hence all (2, 1) information vanishes.

For the time being, we once again drop the conformal flatness assumption. In
[F], Fegan shows that each gradient is conformally covariant, and computes the
corresponding conformal bidegrees. Since there may be many different tensor
realizations of a V, , each with its own internal conformal weight, it is important
to set all internal conformal weights to zero (or some other chosen value) in
order to state the result cleanly. The structure group of m dimensional oriented
Riemannian conformal geometry is CO(m) := R* x SO(m); the irreducible
representations of CO(m) are the

a?(a, h)=a’a(h), aeR*, heSO(m),

where p € C; p is the internal conformal weight. We let V4 be the corre-
sponding CO(m) bundle. The tangent bundle naturally carries the defining
representation of SO(m) with internal conformal weight —1 ; while the cotan-
gent bundle has internal conformal weight +1. When we realize TFS? as a
bundle of covariant tensors (i.e., in the tensor square of 7*M ), we give it inter-
nal conformal weight +2 ; similarly, we have been computing with a realization
of V(3 that has conformal weight +3. Because Vg = 0, the construction
of V, of the Proj,, , and of natural differential operators is insensitive to the
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internal conformal weight. The conformal bidegree of a conformally covari-
ant operator, however, is definitely affected by the choice of internal conformal
weights. In fact, a chase through the formalism shows that if

D:C®(M,VE) — C>®(M,V]),
is conformally covariant of bidegree (a, b), then
D:C®(M,VE)— C®(M, V)
is conformally covariant of bidegree (a —p’ +p, b — ¢’ + q); in particular,
D:C®(M, Vi+) — C®(M, Vi)
is conformally invariant.
Theorem 7.4 [F]. If the gradient G,, exists, i.e., if (7.10) or (7.11) holds, then
Goy: C®(M,VE) - C*(M, Vf;“)
is conformally invariant for
P =Dou:=3(M—1+2psomy+0+1,0—p),
where 2psomy = (M —2,m—4, ... ,m—2¢). All first order conformally co-
variant operators between SO(m) irreducible tensor bundles arise in this way.
For many values of ¢, Fegan’s Theorem leads to a natural construction of a
second order conformally invariant operator from V{"~2/2 _, y{™+2/2. we shall
present this construction here. Note that the formal adjoint of a gradient, being

conformally covariant, is, up to normalization, another gradient by Theorem
7.4. In the notation of (7.7), consider the compositions

Co(M, V=212 G oo \v'"/z) s Co(M, VmDI2),

(To normalize the formal adjoint construction, take the product metric on the
bundle 7*M @V, .) Fegan’s Theorem shows that, with these choices of internal
conformal weights, G, is conformally covariant of bidegree (c, , ¢,), and G},
is conformally covariant of bidegree (—c, , —c,), where

Cy = 2(1+<2pso Y+ O+, O — Wy)).
Thus we have the conformal variational formula
(d/d8)|e=0(G;Gu)ew = cu(G;[Gu s ,u(w)] - [G; s .u(w)]Gu)
= cu(Gy[Gy , u(@)] +[Gy , W(@)]*Gy).

Since
DGy, u(@)lp =V, p(@)]lp =dw ® p =: H{w)p

u
for any smooth section (o we find that

(d/de)|s=0 Zc (G:Gy)ew = V*H(dw) + t(dw)*V
u=1
where the right side is evaluated in the background metric g = gy , provided
no ¢, vanishes. But computing in a local orthonormal frame,
(V*H(dw) + t(dw)*V)p = =V,;((Viw)p) + (Viw)Vip = —(V;V,0)p = (Aw)g.

On the other hand, multiplication by J, viewed as an operator from ‘V m=2)/2

to V"7 has the conformal variation u(Aw) . We have proved:
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Theorem 7.5. In the notation above, if no c, vanishes, then
N
D,:=J-) ¢;'GiG,
u=1

is conformally invariant as an operator from V"~ 2/? 1o y{m+d/2 m]

Of course, there is no guarantee that D, is not zero, or zeroth order. Our
immediate interest is the behavior of D, in the conformally flat case, and
especially on S®. What we shall use is the following weak consequence of
conformal covariance:

Lemma 7.6. The condition
(7.15) (Do9, @)r2m,v,) 20, all p € C*(M, V)

is conformally invariant: if satisfied in the metric gy, it is satisfied at all metrics
egy, we C®(M).

Note that the L2(M , V,) inner product is naturally associated to the SO(m)
bundle V, ; that is, it is independent of the internal conformal weight.

Proof of Lemma 7.6. Computing with internal conformal weight 0, i.e., in VO |
we have

(D)o O) 200t g v8) = /M (Da)u» 0)(dV)e
- / =" 0/2((D ) ("D ) | p)em(du)g
M

- /M (D )o(e™ D972 ), em=D12 ) (du), .

The fact that the bundle inner product (-, -) is conformally invariant is a conse-
quence of having set the internal conformal weight to 0 ; if we set it to another
value, all terms in the calculation change, but of course the result is the same.
Since u(e(™—2/2) is bijective on C*(M,V,), we have the lemma. ]

We would now like to establish that (S®, go) has property (7.15) with ¢ =
(2). For this, we return to the thinking of Section 2, and set up the principal
series Ind,Gp 0 ® A ® 1. That is, we replace the trivial representation of (0) of
SO (m), which we called 1 in Section 2, by the representation ¢ . Vectors in
this representation can be viewed as sections of the bundle V, over S™, or as
functions ¥ on G which are equivariant in the sense that, in the notation of
Section 2,

w(xman) =a*"Pa(m) 'y(x)

forall x e G, m e M, ae€ A, n € N. (In particular, p is half the
sum of the positive (g, a) roots as in Section 2, as opposed t0 pgo(m) above,
which is half the sum of the m roots.) The K decomposition of the space
&(S™,V,) of K-finite sections is given by Frobenius reciprocity, which gives
a natural identification of Homys(4, 8) and Homg(&(S™, V,), B) for any
B € Irr(K) ~ Irr(SO(m + 1)). In particular, the multiplicity of a K-type S
in &(S™, V,) is the same as the multiplicity of the M-type ¢ in |y . This
latter multiplicity m(B, o) is given by the following branching rule. First note
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that the f € Irr(K) are parameterized by dominant weights as in (7.9), with
m + 1 in place of m. By [Bo, p. 143], m(B, o) is either 0 or 1, and is 1 if
and only if

Bir>201>2pr>02>...20 > |Besil, m odd,

7.16
(7.16) Bir2o1>2p>202...201-12 P 2o, m even.

We say that | ¢ (or g 1 B)if (7.16) holds. By the multiplicity one property,
the splitting
&(S™,V,) ~x P B.
Blo

diagonalizes every K invariant differential operator, including D; and the
Bochner Laplacian V*V. (K acts by isometries, and all operators which are
natural in the sense of Sec. 1 are isometry invariant.) By [Bra3, Theorem 1.1],
the eigenvalue of V*V on the B summand is

B(Case) — g(Casy,),
where Cas is the Casimir operator;

B(Case) = 2pe + B, Blre  0(Casm) = (2pm + 0, O)ge ,

where L=[(m+1)/2] and pe=(m—-1,m—-3,... ,m+1—2L). Note that
o(Casy,) is just multiplication by a constant on &(S™, V).
Looking just at g = (2),

2 oo
ES™, Vo) =P P Foijag - m>4,

¢=0 j=0

where
Foij,q =k 2+J,49),

and V*V acts by
(7.17) 2+ )+ jim+1+j)+(m-3+4g)q
on Fp,; 4 . This allows us to run a “spectrum generating” argument as in Sec.
2 to determine the eigenvalues of D).

The action of (g, K) on &(S™, V(3)) is by (UP , u®) =: (U, , u), where
u(h) = h- for h an isometry of (S™, g), and U,(X) = Z + (v + §)wx ,
where %% is the Lie derivative, wy is as in Section 2, and A = va for o the
positive (g, a) root as in Section 2. (In particular, wy, ,.,, is the homogeneous
coordinate function y; .) The effect of the Lie derivative (unlike the covariant

derivative) depends on the internal conformal weight p; in the expression for
U, in terms of .¥ immediately above, we have chosen p = 0.

Lemma 7.7. If X €s and f=(2+j,q) e Nx{0, 1, 2}, then
(7.18) wxFg , ZxFg C Fg_(1,00® Fg(1,00® Fg—0,1) @ Fpa0,1) >

where by convention, F_, o =F; _)=F, 3 =0.
Proof. The maps

XQ¢p—- wxe, X®¢—U(X)p
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are K equivariant from s® F(5,; 4 to &(S™, V(3)), the K module structure
on s being given by the adjoint representation. Since (s, ad) is a copy of the
defining represention of SO(m + 1), s® F(54; 4) is K isomorphic to the space
on the right in (7.18), by the selection rule (7.10, 7.11) with m + 1 in place of
m , and the result follows. O

The analogue of Lemma 2.4 is

Lemma 7.8. For X €s, [V*V, u(wx)] = 2Uy(X).

Proof. The proof is the same as that of Lemma 2.4 until we reach (2.9), which
is replaced by

V'V, u(yo)] = u(Ayo) +2Vz .

But if X is a conformal vector field, an easy calculation (based on the relations
Vxg =0 and F g = 2wxg ) shows that

% =Vx +pox on C*(M, V?)
in general. This and the fact that Ay, = my, give
[V*V, u(y0)] = 2% + mu(yo)  on E(S™, V),
as desired. O

Let us say that § — y if and only if y is a summand in the K decomposition
of s® B ; Lemma 7.7 describes the y satisfying § — y for fixed g | (2). Since
s is self-contragredient as a K module, the relation § « y is symmetric. (The
symmetry of « can also be read off from (7.10,7.11) with m + 1 in place of
m .) The analogue of Lemma 2.3 is:

Lemma 7.9 (Cocycle irreducibility). If 8 <y and B,y | (2), then
Proj, w(s)Fg = F, .

As a result, the orbit &(p) of any nonzero ¢ € Fg , for any B | (2), under the
joint action of u(K) and w(s), is &(S™, V(y)). In particular, & (S™, V(3)) has
no nontrivial invariant subspace under this action.

Proof. In analogy with the proof of Lemma 2.3, let

m
(7.19) t; = Z Projz wyx, Proj, wyx,|p
i=0

forall g,y | (2), where {X;} is an orthonormal basis of s. Here we abuse
notation by writing | and Proj, instead of |r, and Proj Fy - The sum on the

right in (7.19) is a K-endomorphism of Fy,; 4, and thus t}; is a scalar by
Schur’s Lemma. By (2.8),

(7.20) > =1
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By the trace identity trab =trba,
(7.21) (dim B)t}, = (dim y)7f

whenever y | (2). Unlike their analogues in the scalar case, (7.20) and (7.21)
are not strong enough to compute the t}’, . But we can get the rest of the inform-
ation we need by “squaring” Lemma 7.8. Specifically, let kg = (2pe + B, B)re
be the eigenvalue of f(Case) on the f summand of &(S™, V). If B,y |0,
Lemma 7.8 shows that if X € s, then

(722) (Ky —K,g)PI'ij wxlﬂ = 2Proj}, Uo(X)lﬁ.

Switching the roles of § and y in (7.22), composing with the original form of
(7.22), summing over X in an orthonormal basis {X;} for s, and summing
over all y —« B for fixed S, we get

- > (- Kp)’th = 4" Up(Xi)?|s = 4(Up(Cas,) — B(Case)).
{rlr-8} i

By, e.g., [Kn, 8.22 and 12.28], taking account of our normalizations, U(Cas,)
is multiplication by the constant ¢(Cas,) — m?/4, where here ¢ = (2), so
o(Casy,) =2m. Thus

(7.23) D (i, —Kkp) 'ty =m?—8m+ 4.
{7ly~B}

If B=(2+j,9)),
Kg=(m+j+1)j+2)+qm+q-3),
(7.24) KB+(1,0)—Kﬂ=m+2j+4,

xﬁ+(0‘1)—xﬁ=m+24—2,

and by Weyl’s dimension formula (see, e.g., [Wa, Theorem 2.4.1.6]),

dim(g + (1, 0)) _ m+j+q+1)j—qg+4)(m+j)m+2j+5)

dim 8 m+j+9—q+3)(+dHm+2j+3) °
dim(B+(0,1)) (m+j+q+1)j-qg+2)im+q-3)(m+2g-1)
dim g T m+j+q)J—g+3)(g+1)(m+2g9-3)

This data and (7.20,7.21,7.23) allows us to compute the t;’, inductively. The
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result is:
g _ U+ Dm+j+3) )
A G+3)(m+2j+3)
g-(1,00 _  Jjim+j+2) (4
5 S e pmiziy (PO
(BHO, ) _ 2m
k (J+3)(m+)))
g0 _ _ (+Dm+j)im+j+3) )
B G+2)(m+j+1)(m+2j+3)
B-(1,0) _ JU+3)m+j+2)
A (j+2)(m+j+1)(m+2j+3)>ﬂ=(2+j .
pron __ (m=2)(m+1) C
B (m+j+1)(+2)(m-1)
B-0.1) _ 2m
£ (m+j+1D)(+2)(m-1))
g0 _ _(m+j)m+j+3) )
B (m+j+2)(m+2j+3)
B-(1,0) _ JjU+3) — (242
s Gihmaarn( P=C*2
B-0.1) _ 2
4 J+D(m+j+2),

(Recall that we assumed m > 5.) In particular, none of these numbers vanishes,
except those giving tj; when it is not the case that y | o. This establishes the

lemma. O
Corollary 7.10. If B =(2+j,q) asabove, B~y |(2),and X €g,
(7.25) Proj, U,(X)|g =c(B, 7, v) Proj, wx|p ,

where c(B,v,v) = 3(k, —Kkg+2v). If [v| < (m —2)/2, then Proj, U,(X)|g
= F,, and the assertions of Lemma 7.9 hold with (u(K), U,(s)) in place of
(u(K), w(s)).

Proof. For X € ¢, both sides of (7.25) vanish, so we are reduced to X € s, for
which (7.25) follows from (7.22) and the fact that U, = Uy + vw . For the rest
of the statement, we just have to know that c(8, y, v) # 0 for |v| < (m—-2)/2;
this follows from (7.24). O

With this irreducibility result in place, we can follow the arguments of Section
2 to generate the spectrum of an intertwining operator 4 of bidegree (-1, 1);
this operator will be unique up to a constant factor. Since the Wiinsch operator
D(y) , being conformally covariant of bidegree ((m —2)/2, (m+2)/2), must in
particular be intertwining with bidegree ((m—2)/2, (m+2)/2)—(m/2, m/2) =
(=1, 1), it will have to coincide with 4 up to a constant factor C. Since we
are interested in positivity properties of D(;) , we shall need to determine (at
least the sign of) C.
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Lemma 7.11. For m > 5, the eigenvalue of Dy on Fa.j g is
(7.26) H2+j,q) = (m+4+2j)(m+2+2j)(m+2q—-2)(m+2q— 4)
’ 2(m+2)2(m - 4)
In particular, Dy satisfies condition (7.15) on (S™, &), and thus on (S™,
e’?gy) for each w € C>(S™).

Proof. By Lemma 7.9 and Corollary 7.10, an intertwinor of bidegree (-1, 1)
has

(ey —Kpg —2)uy = (ky — kg + 2)ug
whenever f « y and B, y | (2). By the proof of Corollary 7.10, all coefficients
in this relation are nonzero, so the list {ug} is uniquely determined up to a
constant factor. Computing inductively, we get
(m +442)(m+2+4+2j)(m+29—-2)(m+2q—-4)
Hovia) = (m + 8)(m + 2)(m — 2)(m — &) .
where C = u(; o) is a constant which may depend on m . By Theorem 7.5,

2

2 m+2 -4
(Note that (7.27) and the conformal covariance relation for D(;) are completely
general, and in particular do not depend on conformal flatness of the met-
ric.) By the branching rule (7.16) and Frobenius reciprocity, the multiplicity
of (2,0) in the K decomposition of &(S™, V(3)) is 0, and similarly for
&(S™, V1)) . Since gradients are K equivariant operators, Schur’s Lemma
implies that G(3y¢ =0 and G(;, )¢ = 0, so computing in the standard sphere
metric gy , we get

2 2
D(2)¢ = (J - m_—G(l)G(l)) (J -—V V) o, (/NS F(z,o) .

+2 m+2
But with gy as the metric, J = m/2,and V*Vg = 2¢ by (7.17). Thus
_ _(m+4)(m-2)
C=re0= 302

as desired for (7.26). The statement about condition (7.15) follows from Lemma
7.6. O

Theorem 7.12. Suppose m > 5, and let gy be the standard metric on S™. Then
on (S™, g,) with g, =e*?g, w e C®(S™),

2(m—1)(m-2) 2_l m+4 2 2m 3 )
/m<{ mom + 2)2 |dJ| p” + JI\V| - +2trV d¢ wzo
with equality if and only if (7.4) holds. If m=6,

/({ldJP 23, %SJlVlz}dé) > 108,
S6 w

with equality if and only if (7.4) holds (with m=6).
Proof. By (7.14) and (7.27), on any Riemannian manifold (M, g),

2 2
D(z)b = (J + P 20(3)0(3) —2G(1 G(])) b

2 o 4 o
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Thus

7.28) (Db, b = [ JppPdv + =2Vl = —2—1Gb)?
(7.28) (Db, b)12(m, ¢, TFs?) = . |b| v+r—n-ﬁ” Il —mll mbll*,
where the norms are those of the L? section spaces of the appropriate bundles.
But

(7.29) VB> =|VV - LdT e g|? = |[VV|? - L|dJ|>.

At this point we restrict to the conformally flat case. Using Remark 5.4 and
integrating by parts, we get

IvV? = / Vi Vijdv = / Vijik Vi jdv = —/ ik Vikdv.
By the Ricci and Bianchi identities,
Vijikj = Vijijk + RopikjVoj = RjpkjVip
= Jjik — RijitVit + ppicVip -

But
PoicVip = (m =)V Vip + J Vi,

and (using conformal flatness again),
—RijitVit = VaVia — IV + Vi Vi = |V 8k -
Furthermore, integrating by parts again and using the Bianchi identity,
/JlikVikdU = —/J|ink|kdv = —/|dJ|2dv.
Collecting calculations, we get that

vV =/|dJ|2dv +/J|V|2dv _ m/tr V3du

in the conformally flat case. By (7.29),

(7.30) V|2 = mT“l / \dJ2dv + / JIV2dv - m / tr V34w,
By (7.13),

(7.31) Gy bI12 = /ldledv

Finally,

(7.32) Jb)>=J)F - L.

Collecting the information from (7.28), (7.30), (7.31), and (7.32), we get that
(Dyb, b)r2(a, g, TFs?)

2(m — 1)(m - 2) 2 m+4 2 2m 3
= — —_— - vV
/{ m(m + 2)? 41 = +m+2J|V| m+2tr dv
in the conformally flat case. This and Lemma 7.11 imply the first (general m )
inequality in the theorem. Furthermore, by Lemma 7.11 and the conformal
covariance relation for D, , equality holds in this inequality if and only if
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e(m=2w/2p = vanishes, if and only if b, vanishes, if and only if g, is Ein-
stein. Since Einstein metrics have constant scalar curvature for m > 2, Obata’s
Theorem finishes the general m part of the theorem.

Specializing to m = 6 and multiplying both sides of the inequality by 48/5,
we get that

/ ({|au|2 -2y V3} dé) >0,
s 5 5 "

with equality if and only if (7.4) holds. We now use the conformal invariance
of [Qedv to eliminate the tr V'3 term from this inequality: by Theorem 6.4,

/Qm - 8/{J3 3 VE+ 20V,  m=6.
Adding 0 to both sides of our inequality in the form % Jse{(Q6dv)w—(Qsdv)o}
we get the second (m = 6) part of the theorem. O
We are now ready to prove the main theorem of this section.

Proof of Theorem 7.1. Neither Y, nor ')173 has negative eigenvalues, so the
same holds for Y, and ¥ 2) by Theorem 4.8. (Alternatively, the fact that Y

is formally self-adjoint implies that Y 2 will never have negative eigenvalues.)
Thus maximizing detY,, is the same as maximizing

log(P (Y, €*0))/(D (Y , o))

and similarly for minimizing det ¥ (20 . Collecting the information from (7.1),
(7.2), Lemmas 7.2 and 7.3, and Theorem 7.12, and representing the quantity

[ (0dIPdE), — (aPdE) + b [ {(7dE) — (1dE)o}
+e [ (VP = (JIVPdE))

by the triple (a, b, c) € R3, we just have to show that the vectors
wy =: (13, 34, -32), —wyz:=(507, 1578, —1752)
have positive coefficients when expressed as linear combinations of
u; :=(1,0,0)), uy:=(1,2,0), uy:= (1,28, -4

But

(7.33) 3wy = 6u; + 23uy + 10u;

and

(7.34) —ZwV 2= 93u; + 556uy + 365u;. a

Remark 7.13. It is remarkable, and somewhat mysterious, that the vectors (7.33)
and (7.34) representing the “trailing terms” of the functional determinants of
Y and ¥ 2 fall into the rather narrow positive cone .# generated by u; , u, ,
and u3 . The coefficients involved are simply buried somewhere in the heat
invariants, and thus are determined “purely algebraically.” There would seem to
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be no a priori reason that these coefficients should satisfy inequality constraints,
but they do. Such “luck” was also present in the four-dimensional case; for each
operator, the sign of one constant had to be correct to get an extremal result.
Specifically, the quantity asserted to be positive by the norm computation for
the Sobolev embedding L? — L* had to have a coefficient sign “matching” that
of the L% — el quantity. In six dimensions, our proof demanded that three
signs fall into place. (The true maximal positive cone is actually larger than the
one we have constructed; see the next remark.) The inequalities we have used
can be thought of as (at least consequences of) two embeddings L? — L3, that
for scalar functions and that for trace free symmetric two-tensors, and of course
L% — el . One of the challenges for future work is to explain why these sign
miracles occur.

Remark 7.14. Tt would save quite a bit of delicate conformal geometry, as well
as the introduction of the principal series Ind$, ,,(2)®r®1, if we could replace
the positive quantity (D2)b, b)12(se g, ,Trs2) Of Theorem 7.12 with the simpler
quantity ||G3)b||? , which we have not yet used. By (7.8), (7.14), (7.30), and

(7.31),
2 m-—1 2 2 3 S
IG3)bll —/{——m+2|dJ| +JIV| —mtrV }dv, m> 5.

Thus
/{|d./|2+ 2J|VE - 48trV3}deO, m=6.

Adding 0 in the form % J5e{(Q6dv)w — (Qsdv)o} , we eliminate the tr V3 term
as usual; the result is

/{|dJ|2 24, %J|V|2}dvzo, m

Even on S, this is new information, since the vector

6.

Ug _(1, S a_%)

representing this quantity is not in the positive cone .Z described in the last
remark:

3ug = 3uy — 4uy + 4us ,
and of course u; , u, , and u3 are linearly independent. However, we cannot
prove positivity of wy or of W o using only u; , u, , and u4 , since
2wy = —uy + 22up + Suy , —SwV 2= —723u; + 3684u, + 1095u, ,

and u, , u, , and uy are linearly independent.

8. EPILOGUE

While signs of trailing terms must miraculously fall into place in order to
produce the extremal behavior summarized in Table 0.1, the sign of the leading
term’s coeflicient is predictable in arbitrary even dimension m . Indeed, by
[BGY1, Theorem 1.5], any natural operator of the form 4 = V*V —c4J, cy4
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constant, has

(4m)™?(leading term)(U,,[A4])
(8.1) _(=1)"?(m/2)!

T 2(m+ 1)

To be precise about what is meant by “leading term”, recall the notation of
Corollary 1.5: the right side of (8.1) agrees with (47)"™/2U,,[A] modulo %, m_4.
By Corollary 1.5, it also agrees with Q, modulo .%, ,—4 . This in some
sense explains the sign pattern in Table 0.1: Y and ¥ 2 both have the form
V*V —cJ , with cy = (m-2)/2, Cyr= (m—1)/2. But the sign of the quantity
—2m(m — 1) + 4(m + 1)c4 changes as ¢4, moves between these two values:
2m(m—1)+4(m+ l)cy = -4, —2m(m—1)+4(m+ l)ch =2(m—-1).

Thus

(=2m(m — 1) + 4(m + 1)c ) A"=2/2

(leading term)(Un[Y]) = —(=1)"/*ky Qm,
(leading term)(Upn[¥*]) = (—1)" kg2 Q.

where ky and sz are positive constants. If U,,[A4] consisted only of its Q,,

term, the consequence would be the obvious extension of Table 0.1. Guessing
that the signs of the trailing terms’ coefficients will continue to fall into place
as we go up in dimension, we offer:

Conjecture 8.1. On S™ for m even, for g = g, = €2?gy € [go] in the con-
formal class of the standard metric gy and having the standard volume v,, =
(4n)™2T'(m/2)/T(m) , the quantities —(—1)"/2det Y,, and (—1)"/2det Y 2 are
maximized exactly when

8o=h-g,  someh € ctran(S”, g).

It remains to treat other operators A satisfying our assumptions 4.1, 4.3, and
4.6. For example, limiting ourselves just to operators that we have discussed
here, we could treat the P, when (1.6) is satisfied, or the Wiinsch operator D3
of Section 7 when m > 5. Certainly computations with P = P; in dimen-
sion m = 4 are feasible; the relevant information about the heat invariants is
contained in [G3]. Perhaps some analogue of Conjecture 8.1 is more tractable
for the operator P, , which is in some ways more like the two-dimensional
Laplacian than is the conformal Laplacian in dimension m .

Another exciting challenge is that of determinants of elliptic boundary value
problems. There has been much recent progress in developing computation
schemes for boundary contributions to the heat invariants [BG1], and in de-
riving sharp boundary value Sobolev inequalities [E1-2]. A rich supply of con-
formally covariant boundary- value problems certainly exists; for example, if
the basic operator (acting in the interior of our manifold with boundary) is the
conformal Laplacian Y, one can choose either a pure Dirichlet condition, or
a generalized Neumann condition known to physicists as the Robin condition,
and have conformal covariance as well as ellipticity. See [El, Section 1] for a
description of the Robin condition, and [BG2] for determinant computations
in dimension 4 based on these conditions, as well as for a discussion of the
“correct” boundary conditions for a higher order conformal covariant like P, .
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In another direction, it should be possible to attack all of these problems
(covariant operators, sharp inequalities, functional determinants) in geometries
other than Riemannian conformal geometry; specifically, a target of interest
and opportunity is CR (tangential Cauchy-Riemann) geometry. Indeed, just
as our considerations here are intimately related to the complementary series
of representations of SOg(m + 1, 1), so are those for CR geometry to the
complementary series of SU(m + 1, 1). The necessary programs in these other
geometries are certainly at a much more primitive state of development than
their Riemannian conformal analogues, but the requisite hard analysis and heat
operator theory are in progress.

We have concentrated here on finding a (one-sided) bound for the functional
determinant. The other side of the coin is the prospect of using the func-
tional determinant to bound other quantities, notably the metric. This brings
us into the realm of isospectral problems; specifically, problems of determining
the “size” of a set of metrics which are isospectral for some given operator,
for example A or Y. In this context, “compact in the C*> topology modulo
diffeomorphisms” is the usually conjectured size; if it is possible to show that
isospectral classes are singletons (modulo diffeomorphisms), one is “hearing the
shape of a drum.” The point is that the functional determinant has been crucial
in some such investigations, in particular [OPS2] in dimension 2, and [BCY]
in dimension 4. The exponential class inequality needed, again the description
of the norm of the embedding Lfn 2 el , is provided by a transplantation to
“bumpy” manifolds of an exponential class inequality of Adams [A], originally
proved for domains in R™; see [BCY, Proposition 2.2] for such a transplanta-
tion.

Finally, because of our interest in extremal problems on the sphere, we have
worked in this paper mostly on the conformally flat case, obtaining general
formulas for the functional determinant that involve the Euler characteristic
x(M) . Beyond conformal flatness, (M) tends to get replaced by linear com-
binations of (M) and various invariants of conformal, but not of topological,
structure [B@3, BCY]. Since there certainly exist manifolds with conformally
curved background metrics which exhibit a high degree of symmetry (see, e.g.,
[BCY, Section 3]), there are new frontiers for the present techniques even within
Riemannian conformal geometry.
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