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KAZHDAN-LUSZTIG CONJECTURE
FOR GENERALIZED KAC-MOODY ALGEBRAS. II:
PROOF OF THE CONJECTURE

SATOSHI NAITO

ABSTRACT. Generalized Kac-Moody algebras were introduced by Borcherds in
the study of Conway and Norton’s moonshine conjectures for the Monster spo-
radic simple group. In this paper, we prove the Kazhdan-Lusztig conjecture
for generalized Kac-Moody algebras under a certain mild condition, by using
a generalization (to the case of generalized Kac-Moody algebras) of Jantzen’s
character sum formula. Our (main) formula generalizes the celebrated result
for the case of Kac-Moody algebras, and describes the characters of irreducible
highest weight modules over generalized Kac-Moody algebras in terms of the
“extended” Kazhdan-Lusztig polynomials.

INTRODUCTION

This paper is the second part of our work on the Kazhdan-Lusztig conjec-
ture for symmetrizable generalized Kac-Moody algebras. Here, as in our pre-
vious paper [N], a generalized Kac-Moody algebra (GKM algebra for short) is
nothing but a complex contragredient Lie algebra g(A4) associated to a certain
real square matrix (called a GGCM) A4 = (a;j)i,jer indexed by a finite set
I={1,2,...,n} (see[K, Chapter 11] and §1 below). (This definition is due
to Kac, and slightly different from the one by Borcherds [B1].)

In [N], we proved that the multiplicity [V ((w, 8)o A) : L((w', B') o A)]
(w, B), (w',pB') € W x &(A4)) of the irreducible highest weight g(A4)-
module L((w’, ') o A) with highest weight (w’, ') oA in the Verma module
V((w, B) o A) with highest weight (w, B)o A4 is independent of the choice of
the dominant integral weight 4 € P, . Furthermore, we conjectured that, under
the condition on the GGCM 4 = (a;j)i, jer that a; # 0 (i € I), the multi-
plicity [V((w, B)o 4) : L((w', B’) o A)] is equal to Py, g, w,p(1), where
Puw, ), , p)(q) is the extended Kazhdan-Lusztig polynomial in ¢ for W x./ .

In the present paper, we show that this conjecture is true. Namely, we prove
the following theorem.

Theorem I (Theorem 6.2.2). Let g(A) be a GKM algebra. Assume that the
GGCM A = (a;j)i, jer is symmetrizable, and satisfies the condition that a;; # 0
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(i € I). Then, for a dominant integral weight A € P, and (w, f) € Wxs(A),
we have

chV((w, B)eod) = > Puw, gy, @, gy(1) ch L((w’, B’) 0 A).
(w', B')EW x s (4)
Equivalently, for (w, B) e W x &/ (A), we have

chL((w, B)oA) = Z (—1)(e@")+ht(B")=(e(w)+ht(B))
(w', BYEW xS (A)

*Qu, ), w',p(1)ch V((w', B') o 4),

where Qu, gy, w',p)(@) (W', B') € W x & (A)) are the extended inverse
Kazhdan-Lusztig polynomials in q, such that for (w, B), (w', p')e W x &,

Y ()EOm=C@IREN G, g ) (@)Py, ), ,8)(d)
¥, NeEWx

= 0w, p),(w', B")-
Here ch V' denotes the formal character of a (weight) g(A)-module V , £(w) is
the length of w € W, and ht(B) is the height of B € & .

Since GKM algebras obviously include Kac-Moody algebras, our result above
is a generalization of the celebrated result (for Kac-Moody algebras) due to
Kashiwara and Tanisaki [Ka, KT], or to Casian [C].

Our main tool is the following generalization (to symmetrizable GKM alge-
bras) of Jantzen’s character sum formula for a quotient of two Verma modules
(cf. [J] and [RW]).

Theorem II (Theorem 4.3.12 and Proposition 5.2.1). Let g(A) be a GKM alge-
bra associated to a symmetrizable GGCM A = (a;j);, jer satisfying the condition
that a;; #0 (ie€l). Let a =w(a;) € W -II'™ with w e W and aj € [T'™,
and let A € b* be such that 2(A + pla) = (ala). Then the quotient module
NQA) :=V(A)/V(A—a) has a g(A)-module filtration
N(A)=N(4)oD>N(@A)i D N(A)2D---

such that

(1) N(A)/N(A), =2 L(A) as a g(A)-module,

(2) the following holds:

Y chN@G)i=)Y. > chV(@A-IB)

i>1 Bed. €25,
2(2+p1B)=1(BIB)

-y > chV(A—a—-my)—a(l)chV(A-a),
y€4y meZLy,
2(A—a+ply)=m(y|y)

where a(A) € Z, the roots B € A, and y € A, are taken with their
multiplicities.
In particular, in the case where A = w(A+p)—p for A € Py with (A|la;) =0,
the constant a(A) above is equal to 1.

The proof of Jantzen’s character sum formula for symmetrizable Kac-Moody
algebras by Rocha-Caridi and Wallach [RW] can be adapted with only minor
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modifications to the case of symmetrizable GKM algebras g(A4) if we assume
that the GGCM 4 = (a;j);, jer satisfies the condition that a;; #0 (i € I). So
we shall only sketch the proof, pointing out where the modifications are needed.

This paper is organized as follows. In §1 we recall some elementary facts
about GKM algebras and the notation used in [N]. In §2 we review the notions
of the extended Bruhat ordering on W x.%/ and the extended Kazhdan-Lusztig
polynomials for W x ./ introduced in [N]. In addition, we define the extended
inverse Kazhdan-Lusztig polynomials for W x & . In §3, following [K] and
[DGK], we give a brief account of fundamentals of the representation theory of
GKM algebras that we need in this paper. In §4 we study two kinds of Jantzen’s
character sum formulas for symmetrizable GKM algebras. One corresponds
to a single Verma module, and is proved more generally for symmetrizable
contragredient Lie algebras by Kac and Kazhdan [KK]. The other corresponds
to a quotient of two Verma modules, and plays an essential role in the proof of
the Kazhdan-Lusztig conjecture (Theorems 6.1.2 and 6.2.2).

In §5, using the former character sum formula, we show that, for 4 € P, ,
w e W, and a; € &(4), the multiplicity [V ((w, 0)oA4) : L((w, aj) o A)] is
equal to Py, (1) =1 under the assumption that a;; # 0 (i € I). We then use
this result to obtain further information (= the second assertion of Theorem II)
about the latter character sum formula. In §6 we establish our main theorem
(Theorem I) stated above.

I would like to express my sincere thanks to Professor Kiyokazu Suto for
many valuable discussions and helpful suggestions.

1. PRELIMINARIES AND NOTATION

In this section, we recall some elementary facts about generalized Kac-Moody
algebras from [B1] and [K, Chapter 11], and also fix notation.

1.1. Notation. Since this paper is a continuation of [N], we follow its notation.
Throughout this paper, all the vector spaces are over the field C of complex
numbers, unless otherwise specifically stated. For a finite-dimensional vector
space V', we denote by (-, ) a duality pairing between V' and its algebraic
dual V* := Hom¢(V, C).

For a Lie algebra a, U(a) denotes its universal enveloping algebra.

We denote by R the field of real numbers, and by Z the ring of rational
integers. For an integer m € Z, we put

Lom:={ke€Z|k>m}, Zym:={k€Z|k>m}.

1.2. Generalized Kac-Moody algebras. Let I = {1,2,...,n} be a finite
index set, and let 4 = (a;;);, jer be areal n x n matrix satisfying the following
conditions:

(C1) either a;; =2 or a;; <0 for iel;

(C2) a;;<0if i#j,and a;; €Z for j#i if a; =2;

(C3) ajj = 0« aji = 0.
We call such a matrix a GGCM (= generalized generalized Cartan matrix).

For any GGCM 4 = (a;j);, jer, we have a triple (b, IT = {a;}ier, 1V =
{a)}ier) satisfying the following (see [K, Chapter 1]):

(R1) b is a finite-dimensional (complex) vector space such that dimch =

2n —rank 4;
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(R2) IT = {a;}ie; C b* is linearly independent, and 17V = {a}}ie; C b is
linearly independent, where §* := Home(h, C);
(R3) (aj,a)) =a;j (i,jel), where (-,-) denotes a duality pairing be-
tween b and h*.
The above triple is called a realization of A.

From now on, we assume that the GGCM 4 = (a;;); jer is symmetrizable,
i.e., there exists a diagonal matrix D := diag(e,, &, ... , &) such that detD #
0 and D~'4 is symmetric. Then we may and do assume that ¢; > 0 for all
iel.

The generalized Kac-Moody algebra (= GKM algebra) g(A4) associated to a
symmetrizable GGCM 4 = (a;;);,jer is the Lie algebra (over C) generated
by the above vector space ) and the elements ¢;, f; (i € I) satisfying the
following relations (see [B1], [K, Chapter 11]):

[h,W1=0 forh,h' €,
(Fl) { [h’ ed =:<ai’h)eia [ha jn:='_(ai,h)f} ﬂDr’le h> ie ]s
lei, fil=0dija) fori,jel,

(F2) (ade;)'"%ie; =0, (adf)!=% f;=0 ifa;=2and j#1i,
(F3) [ei,e;1=0, [fi, f;1=0 ifa;,a;;<0anda;;=0.

Then we have the root space decomposition of g(A) with respect to the Cartan

subalgebra b :
8(A)=h0) ®g.®) ®ga,

a€d, a€d_

where 4, (C Q4 = ) ;c;Z>ow;) is the set of positive roots, 4- (= —4,)
is the set of negative roots, and g, is the root space corresponding to a root
a€d=4,U4_ C h*. Note that g,, = Ce;, g—,, = Cf; for i € I, and that
mult(a) := dim¢ g, = dimc g_, < +o0 for a € 4, .

Put n. =35, ga> N_ =Y ey, 8-a,and b:=hon, .

1.3. Imaginary simple roots. We put I"® := {i € [ | a; =2}, I'" := {i €
I|a; <0},and I1™ := {a; € IT | i € I"} the set of real simple roots,
IT'™m .= {a; € IT | i € I'™} the set of imaginary simple roots.

For a;, aj € IT'™ , we say that q; is perpendicularto «; if a;; = 0. (Remark
that an imaginary simple root o; € IT'™ is perpendicular to itself if a; =0.)
For 2 €b* and o; € IT'™, we say that «; is perpendicularto A if (4, oY) =0.

Now fix an element 4 € P, :={Aebh* | (A, a)) >0(i€I), and (4, a)) €
Z>q if a;; = 2} . Then we define a subset .#(4) (resp. & (A4)) of h* to be the
set of all sums of distinct (resp. not necessarily distinct), pairwise perpendicular,
imaginary simple roots perpendicular to 4. Note that & := &/ (0) contains the
set {0} UIT'™ U {ma; | m € Z»,, a; € II'™ with a;; = 0} by definition, while
maj (m >2) do not belong to & :=5(0). For an element f =3, ;im Ki;
(ki € Z>p) , we put ht(f8) = 3", ,im ki, and call it the height of .

1.4. Weyl group, real roots, and imaginary roots. For i € I, let r; be the
simple reflection of h* given by: ri(d) =1 — (4, of)a; (4 € h*). The Weyl
group W of g(A) is the subgroup of GL(h*) generated by the r;’s (i € I"®).
Note that (W, {r; | i € I"*}) is a Coxeter system. For an element w € W,
£(w) denotes the length of w .
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Let 47 := W . II" (the set of real roots), and 4'™ := A\ 4" (the set of
imaginary roots).

Here we recall the following characterization of positive imaginary roots: for
an element o =}, ., kja; € Q4 \ {0}, we define supp(a) to be the subdiagram
of the Dynkin diagram of A = (a;;);, jes corresponding to the subset {i € I |
k; > 1} of I. Then we know that

amnd, = |J wK),
weWwW

where K := {a € @+ \ {0} | (a, @)) <0 (i € I), and supp(a) is connected} .
In particular, the set 4:™ N 4, of positive imaginary roots is W-stable.

For a real root a = w(a;) (w € W, a; € I1™), we define the reflection r,
of h* with respect to a by: r,(A) = A —(4,a")a (4 € h*), where aV :=
w(a)) € b is the dual real root of o . Note that r, = wriw=' e W.

1.5. Invariant bilinear forms. Since we have been assuming that the GGCM
A = (aij)i,jer is symmetrizable, there exists a nondegenerate, symmetric, in-
variant bilinear form (-|-) on g(A4). Note that the restriction of this bilinear
form (-|-) to the Cartan subalgebra b is also nondegenerate, so that it induces
(through a linear isomorphism v: § — h*) on h* a nondegenerate, symmetric,
W-invariant bilinear form, which we again denote by (-|-). Moreover, we have

via))=go; (1<i<n), (aoy)=¢"a; (1<i,j<n).
We remark that a root a € 4 is an imaginary root if and only if (aja) < 0.

1.6. Verma modules over GKM algebras and their irreducible quotients. For
A € b*, we denote by V' (A) the Verma module U(g(A))®uys)C(A) with highest
weight A4 over the GKM algebra g(A4). Here C(4) is the one-dimensional b-
module with weight A, on which n, acts trivially. As is well-known, the Verma
module V(1) contains a unique maximal proper g(A4)-submodule V'(1). We
define L(4) to be the quotient g(A)-module V(A)/V’'(A), and hence L(4) is
the irreducible highest weight g(A4)-module with highest weight 4.

2. BRUHAT ORDERING AND KAZHDAN-LUSZTIG POLYNOMIALS

2.1. Extended Bruhat ordering. Here we recall the notion of the Bruhat or-
dering on the direct product W x & of the Weyl group W and & = & (0)
introduced in [N].

Definition 2.1.1 (Bruhat ordering). Let w;, w, € W. We write w; — w, if
there exists some y € 4 N4, such that w; = r,w, and £(w;) = £(w;y) + 1.
Moreover, for w, w’ € W, we write w > w’' if w = w’ or if there exist
wp, ... , w, € W such that

W Wy — - — W —w.

Definition 2.1.2 ([N, Definition 2.3]). Let B, B, € & . We write B — f,
if there exists some «; € IT'™ such that f;, = B, + a;. Moreover, for g =
Yokerim Mrag, B =3 cpim Moy € &, we write B > B’ if m > my for all
kerm.
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Definition 2.1.3 ([N, Definition 2.4]). For (w;, £)), (w2, B2) € W x & , we
write (wy, B1) « (w2, B3)

if wy«—wyand gy =4, orif w;=w;and B; « B,.

Moreover, for (w, f), (W', B') € W x &, we write (w, ) > (w', g') if
w>w and > p'.
2.2. Extended Kazhdan-Lusztig polynomials. Let W be the Weyl group of

the GKM algebra g(4). Recall that (W, {r; | i € I"*}) is a Coxeter system.
Then the Hecke algebra # (W) of W is the associative algebra over the Lau-

rent polynomial ring Z[g?, ¢~#] (in the indeterminate g?) which has a free
Z[q%, g~ 1)basis {Ty}wew with the following relations:

(H1) TyTy = Ty if L(ww')=L(w)+L(w') (w,w € W);

(H2) (T, +1)(T,-¢q)=0 (iel”).

Let 1 be the involutive automorphism of the ring # (W) defined by: 1(q?) =
g3, (Ty) = (Ty-1)~! (w € W). Then we know the following proposition
due to Kazhdan and Lusztig [KL1].

Proposition 2.2.1 ([KL1, Theorem 1.1]). For each w € W, there exists a unique
element Cy, € # (W) having the following properties:
(1) 1(Cy) =Cu; ,
(2) Cu= (_l)l(w)q_gﬂ’zysw(_l)e(y)q_l(y) 1Py, w(q))T}, where Py, »(q) =
1, and P, (q) € ZI[q] is a polynomial with integer coefficients in the
indeterminate q of degree < (1/2)-(L(w)—£(y)—1) fory<w,y#w.
Moreover, the elements C,, (w € W) form a free Z[q} , q~1]-basis of #(W).

The above polynomials P, ,(q) € Z[q] (y < w) are called the Kazhdan-
Lusztig polynomials. We set P, ,,(q) =0 unless y <w.
Now, for g, ' € & =/ (0), we define a polynomial Pg g (g) in g by
1 if g'>8,
P ' =
5.4(d) {O otherwise.

Furthermore, for (w, #), (W', ') € W x & , we put
Po . gy, w',5)(q) = Pu,w(q) - Pg p(q).

We call the polynomials Py, gy, w,p)(@) ((w, B), (w', B') € W x &) the
extended Kazhdan-Lusztig polynomials for W x &/ .

It is also known (cf. [KL2], [KT]) that there exist the inverse Kazhdan-Lusztig
polynomials Q. ,(q) (w <y € W) for the Coxeter system (W, {r; | i€ I"¢}),
such that

ST (=)t (@)Py () = dw,w (W S W).

wLysw’

We set Qy,5(q) ;=0 unless w <y.
We put Qg :(q) := Pg p:(q) for B, B’ € &, and then

Quw, ), ,p(4q) := Qu,w(q) - Op, p(q)
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for (w, ), (w', ') € W x & . We call the polynomials Q. g),w,p)(q)
((w, B), (W, ') € Wx) the extended inverse Kazhdan-Lusztig polynomi-
als for W x &/ .

3. BASIC REPRESENTATION THEORY OF GKM ALGEBRAS

In this section, we briefly review some elementary notions and results of the
representation theory of GKM algebras.

3.1. Category & . Before defining the category ¢, we introduce a partial
ordering on h* by:

A>p (A,pep) if A-peQy=) Zya.
iel
Now we define the category @ of g(A)-modules as follows. The objects of
@ are g(A)-modules V satisfying the following (see [K, Chapter 9]):

(1) V admits a weight space decomposition

V=Z®V,

TEH*

with finite-dimensional weight spaces V; ;

(2) there exists a finite subset {4;, ... , 4;} of h* such that the set P(V)
of all weights of V is contained in a finite union (J;_, D(4;), where
D(A)):={Aebh*|A<A} (1<i<ys).

The morphisms in & are g(A)-module homomorphisms.

We note that the category & is closed under the operations of taking sub-
modules, quotients, finite direct sums, and (finite) tensor products.

Obviously, highest weight g(4)-modules, such as V(1) and L(4) (1 € bp*),
are in the category & .

3.2. Formal characters and multiplicities. Here, from [K, Chapter 9] and
[DGK], we recall the definitions of the formal character of a module ¥V in
the category & and the multiplicity [V : L(u)] of L(u) in V for u € bh*.

First we define the algebra & as follows: the elements of & are series of
the form 3° .. c.e(t), where ¢, € C and ¢; = 0 for 7 outside a finite union
of sets of the form D(1) =41 — Q, (4 € h*). Here the elements e(t) (7 € h*)
(called formal exponentials) are linearly independent, and are in one-to-one
correspondence with the elements t of h*. The multiplication in & is defined
by e(ty)-e(t2) :=e(ty + 12) (71, T2 € h*). Thus, & becomes a commutative
associative algebra over C with the identity e(0).

For a module V = Z?Eh‘ V; in the category &, we define the formal char-
acter chV of V by chV :=3% ,.(dimc V;)e(r). Clearly, we have ch V' € &
for a module V in the category &.

Furthermore, a family {f; = 3 ;. cxce(7)}xex of elements in & indexed
by an arbitrary set X is said to be summable if

(1) there exist A, ..., A € b* such that, for each x € X, ¢x; =0 for 7
outside ULID(L) ,
(2) for each 7 € bh*, cx; =0 for all but finitely many x € X .
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In this case, we define - y f. tobe the element 3° .. (3" cx cxo)e(7) of &,
and call it the sum of the f,’s.
Then we know the following.

Propeosition 3.2.1 ([DGK, Proposition 3.4]). For a module V in the category @ ,
there exists a unique set {a,},cy+ of nonnegative integers such that the following
equality holds in the algebra & :

chV = Z a,chL(p).
ueh*
Definition 3.2.2 ([DGK, Definition 3.5(b)]). The above integer a, is called the
multiplicity of L(u) in V, and is denoted by [V : L(u)].

Remark 3.2.3. It is clear that the above definition of the multiplicity [V : L(u)]
is identical with the one in [N], or [K, Chapter 9].

We note that for a module V € @ and u € b*, [V : L(u)] # 0 if and only
if L(u) is an irreducible subquotient of V.

3.3. Some module-theoretic results on GKM algebras. Here we collect some
results about the irreducible subquotients and embeddings of Verma modules
over symmetrizable GKM algebras established in [N], which we shall use fre-
quently later.

We choose and fix an element p € h* such that (p, a)) = (1/2) - a;; for all
i € I, or equivalently, (p|a;) = (1/2) - (ai|a;) for all i € I. From now on, we
shall use the notation

(w, B)od:=w(d+p—-B)—p
for (w,B)e Wx« and A€ P, .

For the following results, the symmetrizability assumption on the GGCM A
is essential.

Theorem 3.3.1 ([N, Theorem 3.5]). Let A € P., (w, B) € W x & (A). Then
any irreducible subquotient of the Verma module V((w, ) o A) is isomor-
phic to L((w’, B') o A) for some (w', ') € W x & (A) with (w', ') >
(w, B). Conversely, for any (w', ') € W x & (A) with (w', B') = (w, B),
L((w', B') o A) is isomorphic to an irreducible subquotient of V((w, f)o A).

Theorem 3.3.2 ([N, Theorem 3.7]). Fix A € P.. Let (wy, B1), (w2, B2) €
W x & (A). Then we have

dimc Homy4)(V ((wy, B1) o 4), V((w2, B2) o 4)) < L

Note that any nonzero g(A4)-module homomorphism between two Verma
modules is injective. So we may write

V((wy, p1)e4) C V((wz, B2)o4)
when the equality holds in the above theorem.
Theorem 3.3.3 ([N, Theorem 3.9]). Let 4 € P,, (wy, p1), (wa, f2) € W x
A (A). Then
V((wy, 1) o A) C V((wz, B2) o 4)
= (wy, B1) = (w2, B2)
< [V((w2, B2)o4): L((wy, B1) o 4)] #0.
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4. GENERALIZATION OF JANTZEN’S CHARACTER SUM FORMULA

In this section, we obtain a generalization to GKM algebras of Jantzen’s
character sum formula for a quotient of two Verma modules.

The original formula was proved by Jantzen [J] for finite-dimensional semi-
simple Lie algebras (over C), and was generalized to the case of symmetrizable
Kac-Moody algebras by Rocha-Caridi and Wallach [RW].

We now generalize this formula to the case of symmetrizable GKM algebras
g(A) associated to a GGCM 4 = (a;;);, jer satisfying the condition that a;; # 0
(i € I). (This condition seems essential to us.) As mentioned earlier, under
this condition, we may apply the proof (for the case of Kac-Moody algebras)
by Rocha-Caridi and Wallach to the case of GKM algebras by making minor
changes. So we shall give only a sketch of the proof, which, however, occupies
the whole of §4.3.

4.1. Shapovalov form and its determinant. Here we recall the definition of
the Shapovalov form on the universal enveloping algebra U(n_) of the Lie
subalgebra n_ = Zfe 4, 9—a Of g(A4), and the result of Kac and Kazhdan [KK]
about the determinant of the Shapovalov form restricted to each weight space
Un_)_, for neQ,.

Let g(4) be the GKM algebra associated to a symmetrizable GGCM 4 =
(aij)i,jer - Then the universal enveloping algebra U(g(4)) of g(4) can be
written as U(g(A4)) = U(n_) ®c U(h) ®¢c U(n;), corresponding to the triangular
decomposition: g(4) = n_ ® h ® n, . In particular, we have the following
decomposition as a vector space:

U(g(4)) = U(h) & (n-U(g(A4)) + U(g(4))n+).

We denote by p: U(g(A)) — U(h) the Harish-Chandra projection of U(g(A))
onto U(h) parallel to the second summand of the above sum.

Then the Shapovalov form F(-, ) with valuesin U(h) on U(g(A4)) (see [S])
is defined by

F(x,y):=p(a(x)y) (x,yeU(s(4)),

where o is the involutive anti-automorphism of U(g(A4)) determined by o(e;)
= fi,o(f)=¢ (i€D),and a(h)=h (heb).

Clearly, F(-,-) is a symmetric bilinear (U(h)-valued) form, such that

F(zx,y)=F(x,a(z)y) (x,y,z¢€U(g(4))).
In particular, we have
F(U(g(A))y, , U(a(A))y,) =0  if m#meQ=) Zay,
iel

where U(g(A)), is the weight space of weight n € Q (C b*) of U(g(4)) under
the (extended) adjoint action of .

Furthermore, on the Verma module V(1) (4 € h*), we define a symmetric
bilinear (C-valued) form (-, :); (see [J]) by

(81V2, &)1 = A(F(81, &) (81, & € U(g(4))),

where v; = 1 ® 1 € V(A) is the canonical generator. Here A € h* is natu-
rally extended to U(h) (& C[h*]) by: A(hihy---hy) = (A, M)A, hy)--- (4, hy)
(hla h2a oo ’hk € b)'
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One can easily check that the form (-, -); is well-defined, and satisfies the
following properties:

(1) (gvi, v2), = (v1, 0( Jv2)i (g €U(g(4)), vi,v2€V(A));
(2) (VA)e,, VA)e)i=0 (i #T2€h);
(3) the radical of (., ) 1 1S a unique maximal proper g(A)-submodule of
V(A).
This form (., -); on the Verma module V(1) is also called a Shapovalov form.
For n € Q,, we denote by F, the restriction of the Shapovalov form F to
the weight space U(n_)_, := U(n_) N U(g(A4))—, . Note that dim¢ U(n_)_, =
K(n) < 400, where K(n) (n € Q,) is the (generalized) Kostant partition
function (see [K, Chapter 10]).
We know the following theorem, due to Kac and Kazhdan [KK].

Theorem 4.1.1 ([KK, Theorem 1]). We keep the above notation. Then, up to a
nonzero constant factor (depending on the basis of U(n_)_,), we have

dety = IT I1 (2078 + olgy - o) """,

Bed, j=1
Where the roots B € A, are taken with their multiplicities.

Remark 4.1.2. In [KK], the above theorem is proved in the more general setting
of contragredient Lie algebras.

4.2. Jantzen’s character sum formula for a single Verma module. Here we
review the theory of Jantzen’s character sum formula for a single Verma module
(cf. [J]). This was generalized to the case of contragredient Lie algebras by Kac
and Kazhdan [KK], by using Theorem 4.1.1 above. However, we prefer to use a
slightly different derivation of the filtration of a Verma module given by Rocha-
Caridi and Wallach, which may be thought of as a special case of the filtration
given in §4.3 (see [RW] and [W]).

Let g(A) be a symmetrizable GKM algebra. Recall that the universal en-
veloping algebra U(n_) of n_ is isomorphic to Verma modules V(1) (A € b*)
as a vector space via the map U(n_) — V(A) givenby y —» y®1 = yv, , where
v; =1® 1 € V(A) is the canonical generator. Then, via the above map, we can
regard U(n_) as a g(A4)-module with an action of g(4) denoted by n,. (Here
we remark that for y € U(n_)_, (7 € Q) and h € bh, we have m(h)y =
(A — n, h)y.) Moreover, again via the above map, the Shapovalov form (-, -);
can also be regarded as a bilinear form on U(n_) (depending on 4 € h*), such
that (7;(g)x, y)r=(x, m(o(8))y)s (8 €U(g(4)), x,y e U(n-)).

Now we look upon C[t]®c U(n-) = foe& C[t]®c U(n-)_, as the space of
all polynomials in one variable ¢ with values in U(n_). We fix an element {
of h* such that ({|n) #0 for any n € Q, \ {0}.

Then we have the following.

Theorem 4.2.1 (see [J], [KK], [W]). We keep the above notation. Set V (A); :=

{f(0)v e V() | f € Cl}®c Un-), (f(2), X)arig € 'C[t] for all y € U(n-)}
for i > 0. Then the filtration

V(A)=V(A)o>dV(A)i D2V(4)2>
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defines a g(A)-module filtration of V(1) such that
(1) forany ne Q., V(A)i_yNV(A):; =0 for some i,
(2) V(A)/V(A); = L(A) as a g(A)-module,
(3) the following equality holds in the algebra & :

Y ochV@u=Y) Y chV@a-Ip),

i>1 Be4, €2y,
2(A+p|B)=1(BIB)

Where the roots f € A, are taken with their multiplicities.

The above filtration V(1) = V(A)g D V(A); D V(4)2 D --- s called
Jantzen’s filtration of V(4), and the assertion (3) is called Jantzen’s character
sum formula.

4.3. Generalization of Jantzen’s character sum formula for a quotient of two
Verma modules. The aim of this subsection is to sketch the proof of a general-
ization (to GKM algebras) of Jantzen’s character sum formula for a quotient of
two Verma modules (= the first assertion of Theorem II in the Introduction).
The proof is based on a number of lemmas below.

From now till the end of this paper, we assume that the GGCM A4 = (a;});, jer
is symmetrizable, and satisfies the condition that a;; # 0 for i € I. This
assumption is crucial for the proofs of some lemmas, and of course, for the
main result (Theorem 4.3.12) of this subsection.

First we recall the following useful lemma.

Lemma 4.3.1 (see [N, Lemma 3.3 and Remark 3.4]). Let uc P,, w e W, and
y € 4, . Then the following are equivalent:

(1) 2(w(p+ p)ly) = m(y|y) for some m € Zy,;
(2) we have either of the following two cases:
(a) yed™ and L(ryw) > ((w),
(b) w™'(y) € I™ and (w'(y)|n) = 0.
Moreover, in case (a), we have ryw > w and m = (w(u+ p), yV). In case
(b), we have m = 1.

Now we introduce some notation, following [RW]. We set

r=Jw,00#r,,
wew

and then, for each i e I"¢,
I'':={Ael|{A+p,a/)>0} and I;":={Ael|{A+p,a)) <0}
In addition, for a € 4 and k € Z>,, we put
ba.k = {2 €b" | 2(A + pla) = k(a]a)}.
If ae W-II'™ (C 4,N4'"™), we put
m(e) = min{f(w) | e = w(a;) (we W, jeI™)}.

Here we note that wy(a;,) = wa(a;,) (w1, w, € W, ji, j» € I'™) implies
aj, = aj,, since (aj,, a)), (aj,, a)) <0 (i € I) (cf. the proof of [K, Propo-
sition 3.12]). We also note that, for a = w(a;) (w € W, aj € [I'™), ka € 4
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if and only if k = £1, and dimc g, = dimc g,, = 1, since the root system 4
is invariant with their multiplicities under the action of the Weyl group W .

Remark 4.3.2. Let a € W -IT'™  and let j € I'* and w € W be such that
a = w(a;) with £(w) =m(a). Then 4 € P. N sz,k implies that

k(ajlaj) = 2(4 + plaj) = 2(4]e;) + (ajla;) ,

so that
0 <2(A4|aj) = (k—1)-(ajla;) <0.

Thus, Pmr);j’ « 18 Zariski-dense in b;,-,k if and only if k =1, since (a;|a;) <
0.

The proof of the following lemma is essentially the same as that of [RW,
Lemma 3.2], except that we use Remark 4.3.2 above.

Lemma 4.3.3 (cf. [RW, Lemma 3.2]). If a € W-II'™ is not an imaginary simple
root, then there exists some i € I"® such that

(1) m(ri(a)) <m(a),

(2) I” Ny | is Zariski-dense in b, | .

We now record (for later use) the following formula, which holds for an
arbitrary i € I:

lei, fF1=kff o) — (k= 1)-as/2) (i€l

Theorem 4.3.4 (cf. [S, Lemma 1] and [RW, Theorem 3.3]). Let a =}, mia; €
W . II'™. Then there exists 6, € Un_ ® h)_q = U(n_ & h) N U(g(4))-a
satisfying:
(1) [e }Ga,nl € U(g(4))(v~'(a) + (pla) = (1/2) - (ala)) + U(g(4))ny for
rtel;
(2) o= S S+ X aiby, where ap € Up(n_), by € U(h) with
P <Y icymi. Here {Uy(n_)},>0 is the canonical filtration of U(n_).

Sketch of proof. The proof is by induction on m(a). If m(a) = 0, then ob-
viously a = o, for some j € I'™. In this case, we can clearly take f; as
On; .1 -

’Suppose that m(a) > 1. Then, by Lemma 4.3.3, there exists some i € I™
such that m(r;(a)) < m(a) and such that I;” N} | is Zariski-dense in b}, ;.

Now, for each 4 € I;”Nb;, | , we can construct an element 6,,1(4) € U(n-)_o
satisfying the conditions i'), ii’), and iii’) in the proof of [S, Lemma 1] with
B replaced by I'” Nb; | (and L,,; by b}, ;) as follows.

We write A = (w,0)oAd for we W and 4 € P,. Put y :=(r;,0)0ld =
(rrw, 0)o 4. Since A € ba 1> i.e.,

(ala) = 2(A+ pla) = 2(w(4 + p)la),

we get a = w(ay) for some o, € IT'™ with (A4|ax) = 0, by Lemma 4.3.1.
Furthermore, since 4 € I, i.e,,

0> (w(d+p), o)) =2(w(4 + p)|oy)/(ai]ai),
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we get w > r;w again by Lemma 4.3.1. So we have

A—a=w(d+p)—p—wloy)
=w(d+p—o)—p
=(w, ar)o4,

and

y —ri(a) = (nw)(4 + p) — p — riw(ox)
=(rw)(A+p—ar)—p
= (riwa ak)oAa

with w > r;w.
Therefore, by Theorems 3.3.2 and 3.3.3, we have two series of inclusions:

Vid—a) = V(4) = V(y),
V(A—a) > V(y —ri(a)) = V(y),

(where the corresponding composite maps V(A — a) — V(y) are identical.
From this, using the induction hypothesis (since m(r;(a)) < m(a)), we obtain
the desired element 6, 1(4) € U(n_)_,, as in the proof of [S, Lemma 1] (we
take € = o).

Now the rest of the argument in the proof of [S, Lemma 1] goes through
without any serious change. 0O

Let x:n_ — C ,be the linear map defined by x(f;) =1 (i € I), and
x([n—,n_]) =0. We extend y to the algebra homomorphism from U(n_) to
C, which is again denoted by y .

For A € h*, let (-, -); be the Shapovalov form on the Verma module V' (4),
which we also regard as a bilinear form on the universal enveloping algebra
U(n_), asin §4.2.

Let & := {1 € h* | V(4) is irreducible} . Then, by results of Kac and Kazh-
dan [KK], we have

Z ={Aebh*|2(A+ pla) # k(a|a) for any a € 4, and k € Z5,}.

Before proceeding further, we prepare the following notation: for the Verma
module V(1) = ?Gh‘ V(A)z, we put V(A)n_; := [l;q- V(4): (direct product
of weight spaces). Then the h-module structure on the vector space V(4)n_;
can be extended in the natural way to a g(A4)-module structure.

The proofs of the next Lemmas 4.3.5 and 4.3.6 are essentially the same as
those of [GW, Lemma 4.1] and [GW, Corollary 4.3], respectively. However,
we give some detail for the convenience of the reader, since our setting differs
considerably from that of [GW].

Lemma 4.3.5 (cf. [GW, Lemma 4.1] and [RW, Lemma 3.5]). For each p€ Q. ,
there exists a rational function A — n_,(A) from b4* into U(n_)_, with the
following properties:
(1) ne(d) =1;
(2) if Aisin &, then n_, is defined at A, and we have (y, i_,(4)); = x(¥)
Jor ye Un_)_y;
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(3) for i € I, there is a rational function A — n_, () from b* into
U(n_)_p+a, » whose singularity set is contained in that of hi_,, such that
for Ae 9,

lei, Apy(D)] = Ao, (A) + A, i(A)(ef = (4, o))

Sketch of proof. If V() is irreducible, then the Shapovalov form (-, -); on
V(A4) is clearly nondegenerate. Moreover, we can naturally extend (-, :); to a
pairing (again denoted by (-, ), ) of U(n_) with V(4)[._y, such that (yX, v),
=X, o)) (X,y€Un), veVdm_).

In this case, the map v — (-, v); defines a linear isomorphism ¢: V' (A){n_) —
Hom¢(U(n-), C). Since x is an element of Hom¢(U(n_), C), there exists
a unique element vy € V(A)a_) such that ¢(vo) = x, ie., (¥, v0)s = x(¥)
(y € U(n_)). Here we have, for x € U(n;),y € Un_),

¥, xvo)a = (a(x)y, vo)z = x(a(x)y) = x(a(x))x(¥)
=x(@(x))(¥, vo)a= (¥, x(a(x))vo)z,

so that xvy = x(a(x))vg .
Because vg is an element of V(A)[._j, we can write

Vo = Z A_u(A)vy,

UEQ,

where v, is the canonical generator of V(4), and for u € Q,, n_,(4) €
U(n_)_, is uniquely determined by the property

¥ g =2() (¥ € Un-)-p).

To show that 7_,(4) depends rationally on A, we define a positive definite
inner product (-, :) on U(n_) in a natural way, using a basis of U(n_) con-
structed from root vectors by the Poincaré-Birkhoff-Witt theorem. Then, for
U= cymia; € Qy, there exists a polynomial map A — 7,(4) from b* into
Endc(U(n-)-,) such that

¥, =0, w@y) ¥,y eUm)y).
If Ae Z,ie., V(A) isirreducible, then (-, -); is nondegenerate on U(n_)_,,
so dett,(4) # 0 for all u € Q.. Furthermore, in this case, we see from the
above argument that 7_,(4) = 7, (A)~! " 7 S
Finally, the assertion (3) follows from the fact that xvg = x(o(x))ve (X €
n,) by the same argument as in the proof of [GW, Lemma 4.1]. Thus, we have
completed the proof of the lemma. 0O

In order to derive a formula for 7_,(4), we prepare some more notation.
For p =3 ,c;mia; € Q4 \ {0}, let ht(u) := 3°;.; m; and set m :=ht(u). Let
Iu) :={(i1, ... ,im) | 1 <i; < nand E;”:la,»j = u}. For J € J(u) and k
(L<k<m), weset uy :=37 , ai = u—Zf;‘ai,, fr=fi,-- fin,, and
ey:=e; ---e; . Define, for Aeph*, ue Q. \{0},and J € J(u),

m

Py, )= [TQGA+ p) — uslis)-
k=1
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In addition, we set

@' = {Aeb* | L(3) #0 for all u € Q. \ {0}},

where L,(4):= (2(A+ p) — ulu). (Note that D' Cc Z .)
Then we have the following.

Lemma 4.3.6 (cf. [GW, Corollary 4.3], [RW, Lemma 3.6]). Let u =3, ma;
€ Q.+ \ {0}, and suppose that A € Z'. Then we have

A_u(A) = 220 3 Pr(A, ) S
JeI(n)

Sketch of proof. Since 1 € @' C &, the Verma module V(1) is irreducible. In
the proof of Lemma 4.3.5, we have shown that the element vo = 3 .. 7-4(4)V;
€ V(A)n_) satisfies xvg = x(o(x))vo for x € n,. Therefore, it is obvious
that the vectors 7_,(A)v; (u € Q4) are annihilated by the derived subalgebra
[ny,ny] of ny.

Here we recall from [K, Chapter 2] that the (generalized) Casimir operator

Q is given by
Q=20"Yp) +Euu,+22e e,
a€dy i

where {u;}; and {u'}; are dual bases of h with respectto (:|-), and for a € 4, ,

{ea')} and {e o} are bases of g, and g_,, respectively, such that (eéi)|e(_j,l) =
dij
Let v € V(A);—, bean [n,, n,]-invariant for u € Q, . Then, clearly we have

ey =0 for a € 4, \ IT . Therefore, from the fact that the Casimir operator
Q acts on V(4) by the scalar (A + p|A + p) — (p|p), we can easily deduce that
L,(A)v = ¥, 2fieiv. Then, by the same argument as in the proof of [GW,
Lemma 4.2], we obtain

v=c(u)- Y. Pi(A, w)”" frus
JEN(p)

for some constant c(u) € C. Furthermore, the constant c(u) is determined by
2ht(ﬂ)e;nl e e"znnzv = c(ﬂ)vjn

Now we can apply this argument to the vector 7_,(4)v;, since the vector
n_u(A)v; € V(4),-, is an [n,, n,]-invariant, as remaked above. In this case,
we can show that c(u) = 2M®) | arguing as in the proof of [GW, Corollary 4.3].
This completes the proof of the lemma. O

For notational simplicity, we put

Zsy -4y :={y € Qs |y=jaforsome j€Z> and a € 4,}.
Set for u € 0.\ {0},

R,= [] L.

V€L 44
y<u
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Lemma 4.3.7 (cf. [GW, Lemma 4.4] and [RW, Lemma 3.7]). Let u € Q,\ {0}.
Then the function S_,(A) := R,(A)n_,(4) extends to a polynomial map from bh*
into U(n_)_,.
Sketch of proof. We put for u € Q, \ {0},

P,:={Aeb* | L,(A) =0}

First, we show that, for 0 # 4 € Q. \Z>, -4, and y € Z5, - 4,, we have
P, # P, . Here it is obvious that for u € Q, \ {0},

P = Ker(ul) + (1/2)u - p,
where Ker(u|) := {4 € b* | (u|4) = 0}.

Suppose that P, = Pj, forsome 0 # u € Q;\Z>,-4, and j € Z>;, a € 4.
Then we have that Ker(u|-) = Ker(ja|-) = Ker(a|-) and that u— ja € Ker(a|-) .
Because (-|-) is nondegenerate on h*, Ker(u|-) = Ker(a|-) implies u = ga for
some positive rational number g € Q.

In the case where (a|a) # 0, we have

0= (aju—ja)=(q - Jj)(ala),
and hence g = j. This is a contradiction, since u ¢ Z>; -4, .
In the case where (aja) =0, we have
aed.nd™= | wK),
weW

where K is as in §1.4. So we have a = w(t) for some w € W, 1€ K. Here
note that u = ga = w(qt) € Q+\{0}, and that g is a positive rational number.
Then it is obvious that gt € Q, \ {0}, (97, ) >0 (i € I"), and supp(q7)
is connected. In addition, we have g7 ¢ | i>2 j+IT'™  since we have assumed
that a; # 0 (i € I). Thus, we get gt € K, so that u itself is a positive
imaginary root. This is a contradiction, since u ¢ Zx; - 4, .

From the above remark, we see immediately that, for 0 # u € Q, \ Z>, - 44
and y € Z»; - 4., P, NP, is a closed, nowhere-dense subset of P,. Hence
P,NY isdensein P, for 0 # u € Q,\ Z> - 4, , because

2 ={ieb* | V(4) isirreducible} =p*\ ] P,.
V€L 4,
Now the rest of the argument in the proof of [GW, Lemma 4.4] carries over
unchanged, by using Lemma 4.3.6 instead of [GW, Corollary 4.3]. O

We need a few more lemmas for the main result of this subsection. For
a€eW-II'm let 0, 1 € U(n_®h)_, be the element in Theorem 4.3.4. Looking
upon U(n_ @ h) as canonically equal to U(n_) ®c U(h), we define for 4 € bh*,

Ba.1(4) = (id ® A)(0a,1) € U(n_)q.
It is clear that
0a,102 = 6a,1(A)v1, and  x(6a,1(4)) =1 (A €D").
We put, for u € Q,,
qu(4) = x(S-u(4)) (A €b7).
Then, as an obvious consequence of Lemma 4.3.5, we have the following.
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Lemma 4.3.8 (cf. [RW, Lemma 3.8]). Let u€ Q, \ {0}.

(1) If y € U(n_)_y, then (S_,(4), y)a = x(»)R,u(4) for 4 €b*.
(2) (S—u(A), S—u(A)1 = gu(A)Ru(2) for A€b”.

Now, for a € W - IT'™ | we set
Vaor:={A€h, | Ljp(d) #0for B €4,,j€Zy suchthat jf <a, jB #a},
and
(hy. 1) :={A€b; | Ly(4) # 0 for y € Q, \ {0} such that y # a}.

Remark 4.3.9. From the assumption that a;; # 0 (i € I), it immediately
follows that ¥, is Zariski-dense in b}, , and that (b} |)° is not empty.

Lemma 4.3.10 (cf. [RW, Lemma 3.9]). Let a € W - IT'™,
(1) If A€by |, then S_4(A) = a(2)04,1(2) .
(2) If A€V, 1, then q,(4) #0.

Sketch of proof. For the assertion (1), we first note that if A € V,, |, then by
[KK, Proposition 4.1(a)],

dime Homg 4 (V (A — @), V(4)) = 1.

(Recall that dim¢c g, =1 for @ € W - II.) Then the rest of the argument used
to prove [RW, Lemma 3.9 (1)] applies to our case.

For the assertion (2), we take an element { € h* such that ({|n) # 0 for any
n € Q4+ \ {0}, instead of p € h* in the proof of [RW, Lemma 3.9]. Then the
proof is exactly the same as that of [RW, Lemma 3.9 (2)]. O

Finally, we come to the main part of this subsection. Let a = }7,., m;a; €
w.mm, le by 1, andlet 6, € U(n- & h)_, be the element in Theorem
4.3.4. Then it easily follows that 6, (4)v; = 6,,1v; € V(4) is a nonzero highest
weight vector of weight 4 — a, where v; is the canonical generator of V' (4).
Hence we get an embedding

T(A): V(A —a) = V(4),

where T(A)vi_, = 6,,1(4)v; with v;_, the canonical generator of V(4 —a).
Now we set
NQA) =V A)/TAV (A - a).
We fix 100t vectors fuii, fa+2, ... €0 = Yoc, 8- SO that fi, fo,... is
a basis of n_ by root vectors. We set 8, ; := f[™--- fi". Then, for each

u € Q. , we can construct a complementary subspace V_, to U(n_)_,iq a1
in U(n_)_,, such that for all £ € b*,

Ve ® (U(n")—yra - 0a,1(6)) = Uln_)—,

as a vector space (see [S, §3]). Now we set V := Z;?e@ V_u.
Then, for £ € b} |, V isisomorphic to N(¢) as a vector space via the map
W given by
we(Y) = Yo + TOV(E ~a) (YeEV).
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Therefore, via the above map y;, we may look upon V' as a g(4)-module
with an action m; of g(4). (Here we remark that, for Y € V_, (u € Q,) and
heb, wehave n:(h)Y =(—pu, h)Y )

On the other hand, the Shapovalov form (-, .): induces a contravariant
bilinear form (again denoted by (-, +):) on N(&) =V (&)/T()V (€ - a), since
T(E)V(E — a) is obviously contained in the radical of the Shapovalov form
on V(). So, pulling back this form (-, :); on N({) by y:, we can define
a symmetric, mg-contravariant bilinear form (-|-): on V (depending on ¢ €

a1 ):

Later, we shall need the following lemma.

Lemma 4.3.11. Let £ € (b} |)°. Then the form (-|-): on V is nondegenerate.

Proof. We show that (-, -); on N(&) is nondegenerate. This is equivalent to
the irreducibility of N(&), since N(&) is a highest weight g(A4)-module with
highest weight &. Hence it suffices to show that if, for some n € Q,, there
exists a nonzero highest weight vector o € N(¢)e_, , then n=0.

Suppose that # # 0. Then it readily follows from the definition of the
Casimir operator Q and the fact that Q actson N(&) by the scalar (£+p|é+p)

— (plp) that

Co=((E+plk+p)—(plp)v

=& —n+pl&—n+p)-(plp))o.

So we get 2(¢+ p|n) = (n|n) . Therefore, from the assumption of the lemma, it
follows that n = c.

Thus we obtain a nonzero weight vector v € V(&):_, of weight £ —a such
that v ¢ T()V(E —a) and nv € T(E)V(E — a). Now it is obvious that
n,v = 0. So we have got two linearly independent embeddings of V(¢ —a) into
V(&) . This is a contradiction, since we have dim¢ Homy 4 (V(é—a), V({)) =1
by [KK, Proposition 4.1(a)]. This proves the lemma. O

We fix an element a = w(a;) (w € W,a; € II'™) of W .II'™, and
an element A € b} ;. Let w € h* be an element such that (w|a) = 0 and
(w| B)#0 (Bedi\{a}).

Now we give a construction of the desired filtration of N(1) = V(4)/
T(A)V(A—a) by g(A4)-submodules. We look upon C[¢]®c V = Z;‘fe& Clf] ®c
V_, as the direct sum of the spaces of all polynomials in one variable ¢ with
valuesin V_, (u € Q4). Set, for each i € Z5,

N :={w(f(0)) e NA) | feCl1&cV, (f(1)|V)1s10 € I'Cl1] for all v € V}.
Then we get a filtration (called Jantzen's filtration)
N(A)=NA)d>N@A); DN@A),D -

of N(1) by g(A4)-submodules. Here N(4)/N(4), is isomorphic to L(4) as
a g(A)-module. Furthermore, the following theorem (= the first assertion of
Theorem II) holds.

Theorem 4.3.12 (cf. [RW, Theorem 3.10]). Let g(A) be a GKM algebra asso-
ciated to a symmetrizable GGCM A = (a;j);, jer satisfying the condition that
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a; #0 (i€l). Let o =w(a;) € W II'™ with w € W and aj € I[I'™, and
let 2 €Yy, . Then, for the filtration

N(@A)=NA)oDN(@A)1 DN(@4)2>
of N(A) given above, the following equality holds in the algebra & :

(4.3.1)
S chN@Ai=> > chV(@-IB)
i>1 Bed, €L,
Lig(2)=0
-3 Y chV(@A-a-my)-a(d)chV(i-a),
y€4y mMEL3,
Lyny(A—0)=0

where a(A) € Z, theroots B € A, and y € A, are taken with their multiplicities.

Sketch of proof. Let p € Q.. Fixabasis {v, ... ,v4,} of V_, (CU(n-)-p).
We set, for & € ba.1>

D;_ (&) := det((vilvj)e)i<i, j<a, = det((Vi, Vj)e)i<i, j<d,-

It is clear that 4 + tw € b} | for all £ € C. We note that if 4+ fw
€ (b )¢ (# @) for some fy € C, then the form (:[-)1,,, 1S nondegenerate
on V = >, V., by Lemma 43.11, and so D}, (A + tw) =
det((Vi|v;)issw)i<i, j<d, # 0 for all u € Q.. Since such f € C clearly ex-
ists, the polynomial map Dj Hw_”(l + tw) in t is not identically equal to
zero. Hence, for each u € Q. , there exists some ¢ = &(u) > 0 such that
D) 1o-py(A+1tw) #0 forall 1€ C with 0< 1] <e.

Then, using [J, Lemma 5.1] applied to C[¢] ®c V-, , we can easily deduce
that

ordo(D} 4y, (A+ tw)) =Y dime(N(A)i N N(A)i-p),
i>1
where ordo(f(¢)) (f(z) # 0 € C[t]) denotes the largest power of ¢ dividing
f(¢). Thus, we obtain

(4.3.2) > chN@A)i=e(A)- Y ordo(Di, (A + tw))e(—p).
i1 HEQ:
Hence we have only to compute ordy(D)_,,,_ ”(/I +tw)) for pe Q..
By the same argument as in the proof of [RW, Theorem 3.10], using Theorem
4.1.1, we obtain

ordo(D}, -y (4 + tw))

=3 S Kw-11-> Y Ku-a-my)

(433) Bed, I€ly, y€Ed, mMEL>,
Lig(2)=0 Ly(A—a)=0

+ K(p — a) - ordo(ga(4 + tw)) — K(u — @) - ordg(Rq (4 + tw)),
where the roots B € 4, and y € 4, are taken with their multiplicities, and

K(n) (n € Q,) is the generalized Kostant partition function. (We have also
used the assumption that a;; #0 (i € I) in this computation.)



3910 SATOSHI NAITO

Here we should mention the following misprints in the proof of [RW, The-
orem 3.10]: the determinant Dy_g,_,(¢ — ko) in the equation (3.12) should
be replaced by D¢_a)—(u—ka)(§ — k), and similarly, D,_4,_,(v — ka) in the
equation (3.13) should be replaced by D, _xa)—(u—ka)(¥ — ka) (in our case,
k=1).

Now we recall that for 7 € h*,

(4.3.4) chV(r)=e(t)- Y K(n)e(-n).
neQ,

Then, from the identities (4.3.2), (4.3.3), and (4.3.4), we can easily derive the
desired formula (4.3.1) in the algebra & . This completes the proof of the
theorem. O

The formula (4.3.1) in Theorem 4.3.12 is called Janizen’s character sum for-
mula.

5. SOME FURTHER INFORMATION ABOUT THE CONSTANT a(A)

Let 4 € P,, w € W, and a; € II'™ with (4|a;) = 0. We put 4 :=
w(Ad+p)—peb*, a:=w(a;) € W-II'" C 4, . Then we have

2(A+ pla) = (ala) = 2(w(4 + p)|lw(ay)) — (w(a;)|w(a;))
= 2(4 + plej) — (ajley)
= 2(ple;) — (ajlay)
=0.

Thus we have 4 € b;, |, and hence we can apply Theorem 4.3.12 to this case.

In this section, we first apply Theorem 4.2.1 to obtain that [V ((w, 0)o A) :
L((w, aj)oA)]=1. Then we apply Theorem 4.3.12 to show that the constant
a(A) in Theorem 4.3.12 is equal to 1 in the above case (which is the second
assertion of Theorem II). The latter fact plays an important role in the proof
of the Kazhdan-Lusztig conjecture in §6.

5.1. Application of the character sum formula for a Verma module. Now we
shall make use of Jantzen’s character sum formula for a single Verma module
to compute the multiplicity [V ((w, 0)o 4) : L((w, aj) o 4)]. Let g(4) be a
GKM algebra associated to a symmetrizable GGCM 4 = (a;j);, jer With a;; #0
(i € I). Note that, in this case, the set &/ (4) consists of all sums of distinct,
pairwise perpendicular, imaginary simple roots perpendicular to 4 € P,. In
particular, &/ (A) is a finite set.

Theorem 5.1.1. Let A € P., w e W,and B,B € &L(A). If B’ > B and
ht(B’) =ht(B) + 1, then we have [V ((w, B)oA): L((w, B')oAd)]=1.

Pr_oof . First we note that by the assumption of the theorem, there exists a; €
II'" with (A|aj) =0, (Blaj) =0 such that ' = f + ;. So we have
wA+p-—p)—p=w((4-B)+p-qaj)-p,

where A - p € P, (4 - Blaj) = 0. Hence we may assume that f = 0, and
that ht(g’) = 1.
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Put A:=w(d+p)—peb, p:=wAd+p—-aj)—p=(w, a;)od. Then,
by Theorem 4.2.1, the Verma module V(1) has a filtration

VA YD V(A1 DV(A)D -
by g(A4)-submodules such that V(4)/V(4); = L(4), and such that

(5.1.1) Y chV(A)i= ) > ch V(A —Ip).
i>1 Bed,  IeZy,
2(A+p|B)=I(BIB)
Since we have the exact sequence
0— V(@A) — V(@A) — L(A) — 0,

we get
V) : L)l =[V(A)1 : L(w)] + [L(4) : L(w)].

Here we recall that, for 4 € P, and (w,, B1), (w2, ) € WxZ(A), (wy, fi)o
A = (wy, f2) oA if and only if (w;, Bi) = (w2, B2), since (A+p—fi, o) €
Zsy (i =1,2) for k € I'* (cf. the proof of [K, Proposition 3.12]). So we
obtain [L(A): L(u)] = 0. Thus, we have to show that [V(1); : L(u)]=1.

Note that, in the formula (5.1.1), all ch V' (1); (i > 1) on the left-hand side,
and all chV(A—-1IB) (B € 4,,! € Z>,) on the right-hand side are clearly
(possibly infinite) sums of some scalar multiple of chL(A —#n) (n € Q4) by
Proposition 3.2.1. Furthermore, chL(1—n) (n € Q.) are linearly independent
over C (i.e., 3 ,cp, anchL(A —1n) = 0 with a, € C implies a, = 0 for all
n € Q). Therefore, we have that

VL2 V(A L] = -+

and that
Z [V(A);i: L(w)] = Z Z [V(A—IB): L(w)]
i>1 Bed, lezy,
2(A+p|B)=1(B|B)

Let us consider the equation

2(A+ p|B) =1(B1B),

or equivalently,

2w+ p)B)=1BIB) (B, l€ls).
By Lemma 4.3.1, the above equation is equivalent to either of the following:
(a) ped,nd™ and rgw > w;
(b) I=1,and w(B) € I'™ with (A|lw~!(B))
(Note that in both cases, we have dimcgg =1.)
In case (a), we have [ = (w(4 + p), BY), so that

A= =w(d+p)—p—(w(d+p), B)B

=rg(w(4+p))—p
= (rpw, 0) o A.

0.

In this case, we have
VA-I1B): L(w]=[V((rpw,0)0A): L((w, aj) 0 4)] =0,
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since, by Theorem 3.3.3, [V ((rgw,0) o 4) : L((w, a;) o A)] # 0 implies
(w, a;) > (rgw, 0). This contradicts the assumption that rpw > w.
In case (b), we have, for some oy := w~!(B) € II'™ with (A|ay) =0,
A-IB=A-p8
=w(d+p)—p—wla)
=wd+p—a)-p
=(w, ag)o .
In this case, we have, by Theorem 3.3.3,
VA=IB): L] =[V((w, ax) o 4): L((w, a;) 0 A4)]
_ { 1 if Qp = Qj,
~ 10  otherwise.
To sum up, we have obtained
> V@i Ll = 1.
i>1
Therefore, we get [V(4), : L(u)] =1, [V(4); : L(x)] =0 (i > 2). Thus, we
have proved the theorem. 0O

5.2. The constant a(d). To show the second assertion of Theorem II, again we
compute the multiplicity [V ((w, 0)oA) : L((w, aj)od)] = [V (A) : L(u)] above,
this time by using Theorem 4.3.12. Let 4 € P, , and let a = w(e;) € W - II'™
with (Ale;) =0. Then A= w(4+ p)— p €Y}, |, as shown before. So, since
A—a=w(d+p)-p-w(a)

=wd+p-oj)—p

= (’LU . aj) oA

=U,
we have an embedding

TA): V() =V((w, aj)od) = V((w, 0) o) =V(4).
Therefore, we obtain
1=[V(4): L(u)]
=[V((w, aj)od): L(w, aj) o )]+ [V(A)/T(A)V (4 - a) : L((w, aj) o 4)],
and hence
VA)/TA)V(A-a): L(w, aj)o4)]=0.
Using this fact, we get the following proposition (= the second assertion of

Theorem II).
Proposition 5.2.1. Let g(A) be a GKM algebra associated to a symmetrizable
GGCM A = (a,-j),-,jel with a;; #0 (i€l). Let A€ P., weW, and Qj €
II'™ with (Ala;) =0. Put A:=w(A+p)—p€b*,and a:=w(aj) e W -II'".
Then A €Yy, . Moreover, in this case, the constant a(A) in the formula (4.3.1)
in Theorem 4.3.12 is equal to 1.
Proof. Put N(A) :=V(A4)/T(A)V(A—«a) and u:= (w, a;)o 4. Then we have
[N(A): L(u)] = 0, as seen above. So we have [N(A); : L(u)]=0 (i>1).
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Note that, in formula (4.3.1) in Theorem 4.3.12, all chN(4); (i > 1) on
the left-hand side, and all chV(A—IB8) (B€dy,l €Zsy), chV(A—a—my)
(y € 44, m € Z>,) on the right-hand side are clearly (possibly infinite) sums of
some scalar multiple of ch¥V (4 —1#n) (n € Q) by Proposition 3.2.1. Further-
more, chL(A—n) (n € Q,) are linearly independent over C (see the proof of
Theorem 5.1.1).

Therefore, we have

0="3" N : L)

i>1
=3 Y A-1B):Lwl-Y, > [V@A-a-my):Lu)
Bed, €Ly, y€Edy mMELy,
Lig(2)=0 Lyy(A—a)=0

—a(A)V(A-a): L(u)]
It has already been seen in the proof of Theorem 5.1.1 that
Y. Y a-1p:Lwl=1

Bed, €25,
Llﬂ()’)=0

Now consider the equation
or equivalently,
2w(d+p—aj)ly) =m(yly)  (y €4y, meLyy).
By Lemma 4.3.1, the above equation is equivalent to either of the following:
(a) yedynd™ and nw > w;
(b) m=1,and w=(y) € [T'"™ with (4 - o;|lw='(y))=0.

(Note that in both cases, we have dimcg, =1.)
In case (a), we have m = (w(4+ p —a;j), yV), so that

A—a—my=w(d+p)—p—w(a;)—my
=wd+p—a;)—-my—p
=r(wd+p—aj)-p
= (nhw, aj)o .

In this case, we have, by Theorem 3.3.3,
V(A—a—-—my): Lw)]=[V({(rnw, aj)od): L((w, aj) o 4)] =0,

since r,w > w. '
In case (b), we have, for some oy := w~!(y) € IT'™ with (4 — ajlay) =0,

A—a-my=w(d+p)-p-wla) - wla)
=wd+p—(aj+o))—p
=(w, aj+a)od.

Here note that o + ay € % (4). In this case, we have, by Theorem 3.3.3,
[V(A—a—my): Lw]=[V(w, a; +ax)o4): L((w, aj) 0 4)] = 0.
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Summarizing, we obtain

0=1-a(AQ)lV(A-a): L(u)]=1-a@)V((w, aj)od): L((w, aj) o 4)]
=1- a()') )

and hence a(4) = 1. Thus the proposition has been proved. O

6. PROOF OF THE CONJECTURE

Fix 4 € P,. In this section, we shall prove the Kazhdan-Lusztig con-
jecture for GKM algebras g(A4) associated to a symmetrizable GGCM A4 =
(aij)i,jer with a;; # 0 (i € I), that is, that the multiplicity [V ((w, f)o A1) :
L((w’, B')oA)] for (w, B), (w', B') € WxH(A) isequalto Py, gy ', p)(1),
where P, p), ', p)(q) is the extended Kazhdan-Lusztig polynomial introduced
in § 2.

Furthermore, we shall describe the (formal) character of the irreducible high-
est weight g(A4)-module L((w, B)o A) with highest weight (w, 8) o A4 for
(w, B) € W x&Z{(A) in terms of the extended inverse Kazhdan-Lusztig poly-
nomials Q. p), . g(@) (W', B) € W x o (4)).

6.1. Proof of the multiplicity formula. In [N], we proved the following theorem
(without assuming that a;; #0 (i € I)).

Theorem 6.1.1 ([N, Theorem 5.3]). Let g(A) be a GKM algebra associated to
a symmetrizable GGCM A = (aij)i jer. Let A€ Py, and (w, B1), (z, B2) €
W x & (A). Then we have

V((w, B1)e4): L((z, B2) o D] 2 Plw, p)),(z, (1) 5

where P, p,),(z,p,)(q) is the extended Kazhdan-Lusztig polynomial. Moreover,
the equality holds if By =, orif w=z=1.

Furthermore, we conjectured that, under the assumption that a;; #0 (i € I),
the equality holds for any (w, B81), (z, f2) € W x & (A) in the above theorem.
Now we are ready to prove this conjecture.

Theorem 6.1.2 (multiplicity formula). Let g(A) be a GKM algebra associated
to a symmetrizable GGCM A = (aij)i, jer satisfying the condition that a;; # 0
(iel). Let A€P,,and (w, B),(z, B2) € W xZ(A). Then we have

[V((w, B1)oA): L((z, B2) o A)] = P, 8,),(z,8)(1),

where P, gy, (z,,)(q) is the extended Kazhdan-Lusztig polynomial.

Proof. By Theorem 3.3.3 and the definition of the extended Kazhdan-Lusztig
polynomials, it suffices to show that, for (z, £,) > (w, 1) € W x & (A),

V((w, Bi)oA): L((z, B2) o A)] = Py, (1),

where P, :(q) is the usual Kazhdan-Lusztig polynomial (associated to w, z €
W) for the Weyl group W . We give a proof of this by double induction on
ht(f2) — ht(f;) and £(z) — £(w). When ht(f,;) — ht(B;) = 0, the assertion is
true by Theorem 6.1.1. When £(z) — ¢(w) = 0, the assertion can be proved by
exactly the same argument as the one below. So we omit its proof.



GENERALIZED KAC-MOODY ALGEBRAS 3915

Now assume that ht(f,) —ht(f) =t > 1, £(z) —£(w) =5 > 1. We first
note that
(z, Br)od=z(A+p—P2)—p
=z((A=B)+p—(B2=B1))—p
=(z,B2—B1)o(4-B1),
where 4 — By € Py, B — By €& (A - ), and that

(w, pr)od=w(d+p—PB)—p
= (w, 0)o (4~ By).
Therefore, we may assume that 8; =0. '

Since ht(f;) =t > 1, we can write f; = B’ + a; for some p' € & (4),
aj € IT'™ such that (A|a;) = (Bf'|la;)=0. Put A:=(w,0)0Ad=w(Ad+p)—p
and o :=w(a;) € W.II'™ . Then, as before, we have an embedding

T(2): V(A-a)=V((w, a;) 0 A) = V((w, 0)o A4) = V().
Put u:=(z, fr)oA and N(4):=V(1)/T(A)V (A — a). Then we have

[V(A): L) =[N@A) : L]+ [V(A = a) : L(w)].
It follows from the induction hypothesis that
VA—a): L]l =[V((w, aj)od): L((z, B2) 0 4)] = Py, (1),
since ht(f,) — ht(a;) = — 1. Thus we must show that
V(A)/T(A)V(A—a): L(p)]=[N(@A) : L(u)] = 0.

On the other hand, by Theorem 4.3.12, the module N(A) has Jantzen’s fil-
tration
N(A)DN@A) DN@A)D---.

Here it is obvious that

[NQ) : L(w)] = [N(A)/N@A)1 : L]+ [N(4)1 = L(w)]
=[N(A) : L(m)],
since N(1)/N(4); = L(4), and A # ,u Hence what we have to show is that
[N(A)1: L(w)]=0.
We will prove that )., [N(4); : L(#)] = 0. By Jantzen’s character sum

formula (4.3.1) in Theorem 4.3.12, together with Proposition 5.2.1, we have (as
in the proof of Proposition 5.2.1)

STINAi:Lwl=Y. > VA-18): L(w]
i>1 Bed, 1€z,
Lig(2)=0
-3 > Wh-a-my): L] -[VA-a): L]
LT

Now let f € 4,, | € Z>, be such that L;z(4) = 0, or equivalently, such
that 2(w (A4 + p)|B) = I(B|B) . Then, as in the proof of Theorem 5.1.1, we have
either of the following.
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Case (a): p € 4,n4™ with rgw > w . In this case, it follows from Theorem
3.3.3, together with the induction hypothesis, that

V(A-1B): L(w)]=[V((rpw,0)04): L((z, B2) 0 4)]
[ Py, 2(1) if z2>rgw,
B { 0 otherwise,

since z > rgw > w implies £(z) — £(rpgw) % £(z) — £(w) = s (note that
rgw # w).

Case (b): [ =1, B = w(oy) for some oy € IT'™ with (A|ley) = 0. In
this case, it follows again from Theorem 3.3.3, together with the induction
hypothesis, that

VA—=IB): L(w)]=[V({(w, ax)oA): L((z, B2) o 4)]
_{Pw,z(l) ifﬂ2>ak,
1o otherwise,

since ht(f#;) —ht(ax)=¢-1.
Therefore, we deduce that

Yo Y WG-IB:Lwl= Y Pyu,:(1)+ht(B)Py o(1).
ped, IeZy, ped.na™
Lip(2)=0 Z2Z2rpw2w
Here we remark that for fixed z, w € W, the cardinality of the set {f €
4,04 |z >rpw > w} is finite.

Now let y € 4,, m € Z>; be such that L,,(4 —a) = 0, or equivalently,
such that 2(w(4 + p — a;)|y) = m(y|y). Then, as in the proof of Proposition
5.2.1, we have either of the following.

Case (c): y € 4,n4" with r,w > w . In this case, it follows from Theorem
3.3.3 and the induction hypothesis that

[V(A—a-my): L(w)]=[V((rnw, aj)o4) : L((z, B2) 0 4)]
_{P,yw,z(l) if z>rw,
I ) otherwise,
since £(z) —¢(r,w) S £(z) —£(w) =s and ht(p,) —ht(aj) =1 —1.
Case (d): m =1, y = w(ay) for some a; € [T with (4 — ajlay) =0.

In this case, it follows again from Theorem 3.3.3 and the induction hypothesis
that

VA—-a-my): L)) =[V(w, aj+ar)od): L((z, B2) o 4)]
_{Pw,z(l) if B' > oy,
10 otherwise,

since ht(f;) —ht(aj+ax) =t-2.
Therefore, we deduce that

Yo Y Wlh-a-my):Lwl= Y Pyu,:(1)+ht(8)Py, (1)
YEA, meZy, y€4,NA™
Lypy(A—a)=0 zZnw2w
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Summarizing the above argument, we obtain that

SINWi: L= Y Pyu.:(1)+1Py (1)

i>1 BEA,NA™
ZZ2rpw2w

— Y Pou,a(1) = (= 1Py, (1) = Py, 2(1)

y€4,N4™
ZZ2rw2w

=0.

Thus, we have completely proved the theorem. 0O

6.2. Proof of the character formula. Here we shall derive the character formula
for the irreducible highest weight g(4)-module L((w, f)o A) with 4 € P, ,
(w, B) e W x & (A) from the multiplicity formula above.

Before proceeding to the proof of the character formula, we prepare the
following lemma.

Lemma 6.2.1. We use the notation of §2.2. For B, B’ € &/ = & (0), we have
Y (=MD, (g)P, p(q) = 5, p-

yeo
Furthermore, for (w, B), (w', B') € W x &, we have
Z (- 1)(Z(y)+ht(v)) (¢(w)+ht(p )Q(w .00 @Py .7, @ p)(4)
v, neWxyY
= 0w, ), (w', B)-

Proof. The second assertion immediately follows from the first one and the def-
inition of the extended inverse Kazhdan-Lusztig polynomials. Hence it suffices
to show the first assertion. Furthermore, we may assume that § < f’. Then
we have

Z( HM-dB Qs (q)P,, 5 (q E (=1)htr=F)

7€EX yeES
BSy<A'

— Z (- l)ht(y)

vEA
0<y<B' -8

=(1- l)hl(ﬁ'—ﬂ)
=0,
which proves the lemma. 0O

Finally, we come to the main result of this paper.

Theorem 6.2.2 (character formula). Let g(A) be a GKM algebra associated to a
symmetrizable GGCM A = (aij)i,jer with a;i#0 (i€l). Let A€ P,. Then,
Jor (w, B) € W x & (A), we have (equality in the algebra &)

chV((w, B)od) = > P, g), @, gy(1) ch L((w’, B') o 4).
(', B)EW x (4)
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Equivalently, for (w, B) € W x & (A), we have (again equality in the algebra
&)

chL((w, B)oAd) = Z (—1)(E@")+ht(B)~(e(w)+ht(8))
(w', BEW X (A)
*Qu, p), ', pn(1)ch V((w’, B) o A).
Proof. The first assertion follows directly from Theorem 6.1.2, by using Propo-

sition 3.2.1, Definition 3.2.2, and Theorem 3.3.1. The second assertion imme-
diately follows from the first one by using Lemma 6.2.1. O

It is a well-known fact that ch V(1) = e(t) - R™! for 7 € b*, where R :=
[Taca, (1 —e(—a))™) (see [K, Chapter 10]). Hence, taking (w, ) = (1, 0) €
W x & (A) in the above theorem, we have

e(p)-R-chL(4) = > (—1)f@IENQ, (1) e(w' (A + p = B)).
(w', BYEW x5/ (4)

Here it is known that Q; (1) =1 forall w’' e W.

Now recall that the set %/ (4) coincides with the set .#(A4) under the con-
dition on the GGCM A4 = (a;j);, jer that a;; # 0 (i € I). Thus we have re-
covered the Weyl-Kac-Borcherds character formula for the irreducible highest
weight g(A4)-module L(A) with highest weight 4 € P, , although the character
formula for L(A) itself is proved without the condition above on the GGCM
A (see [B1] or [K, Chapter 11]).

Remark 6.2.3. From the above argument, we see that the restriction on the
GGCM 4 = (aij)i,jer in Theorems 6.1.2 and 6.2.2, that a;; # 0 (i € 1), is
essential. We do not know what the multiplicity [V ((w, f)od4) : L((w', B’)oA)]
is, for (w, B), (w’, B') € W x &/ (A), when this restriction is removed.
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