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SECOND ROOT VECTORS FOR MULTIPARAMETER
EIGENVALUE PROBLEMS OF FREDHOLM TYPE

PAUL BINDING AND TOMAZ KOSIR

ABSTRACT. A class of multiparameter eigenvalue problems involving (gener-
ally) non self-adjoint and unbounded operators is studied. A basis for the
second root subspace, at eigenvalues of Fredholm type, is computed in terms
of the underlying multiparameter system. A self-adjoint version of this result
is given under a weak definiteness condition, and Sturm-Liouville and finite-
dimensional examples are considered.

1. INTRODUCTION

We consider multiparameter operator pencils

(1.1) Wi (A) = NV,
§=0
fori =1,2,...,n, where V;;, j = 1,2,... ,n, are bounded operators on a separa-

ble Hilbert space H; and Vo are closed, densely defined operators with domains
D (Vio) C H;. Eigenproblems of the form

arise in a variety of applications, for example to separation of variables for classi-
cal p.d.e. [3], to linearized bifurcation models [15] and to certain matrix inverse
problems [14]. We refer to the books [5, 13, 23, 26] for background on multipa-
rameter spectral theory. In order to introduce our topic, we suppose initially that
dimH; < o0,1=1,...,n.

When n =1 and V77 is one-to-one we have a problem of the form

MVi1+Vig)z1 =0 #

which is equivalent to the ordinary eigenvalue problem for the matrix I'y =
—VﬁlVlo. If the eigenvalues A of I'y are semisimple (e.g., if V;; are Hermitean
and V11 > 0) then the eigenvectors are complete in Hy, i.e., a basis of eigenvectors
exists. If not, then root vectors are required; specifically, H; decomposes into a di-
rect sum of “root subspaces” of the form R (\) = N (I'y — M)”. If so-called Jordan
bases are used for the R ()), then I'; is represented by a matrix in Jordan form.
When n > 1, it is natural to study completeness in the tensor product space
n
H = @ H; , by means of certain “determinantal” operators A;. Specifically, A;
i=1
is (up to a sign) the tensor determinant of the array [Vii|,<j<, o<i<, With j-th
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column omitted. If Ay is one-to-one, then the operators I'; = Aj'A; commute
and provide a joint spectral decomposition of H [5, Ch. 6]. If the V;; are Hermitean
and Ay > 0 then the eigenvalues are semisimple, and a basis of joint eigenvectors
for the I'; exists for H. It is important to note that these eigenvectors can in fact
be constructed out of (decomposable) tensors of the eigenvectors for the original
operators W;, so the I'; do not need constructing explicitly [5, Ch. 7].

In general, completeness requires “joint root subspaces” of the form

R(A) = ﬁ N (D — M)

j=1

[5, Ch. 6] and it has been an open problem for many years, cf. [4], to describe bases
for the R () in terms of the W;. Here we shall carry this out for the “second” root
subspace, where each v; < 2. For precise definitions see §5. We remark that the
desirability in finite dimensions of using W; rather than I'; can be gauged from the
relation dim H = [];_, dim H;. In typical infinite dimensional examples, the W;
are ordinary differential operators resulting from separation of variables in partial
differential equations. The I'; are then also partial differential operators, so the
main virtue of the technique disappears unless one has completeness statements in
terms of the W;.

In infinite dimensions, there are significant difficulties even in defining the I';, at
least when unbounded operators are involved, e.g., for differential equations. For
self-adjoint problems this has been accomplished in the case when A is uniformly
positive definite [25], and if the spectrum is discrete then again the eigenvectors are
complete in the (Hilbert space) tensor product. Without uniformity, there are still
open problems in this area, and we refer to [26] for some of the relevant problems
and literature. An approach via rigged Hilbert spaces can be found in [6].

In this paper we shall set up an analogue of the I'; for a useful class of problems
involving (generally) non self-adjoint and unbounded operators (see also [2, 16]).
We remark that our construction of “second” root vectors is new even in finite
dimensions, although certain self-adjoint and “simply separated” cases have been
examined in [9, 11, 13, 22]. We shall compare our results with these in §9.

In §2 we set up our notation and assumptions and in §3 we show how to define
our analogue of the I';. In §4 we study the “first” root subspace, and we give a
condition ensuring that it is spanned by eigenvectors. In §5 we define the “second”
root subspace and in §6 we construct a basis for it in terms of the underlying system
(1.1). This is our main result. We compute such a basis for a non-self-adjoint finite-
dimensional example in §7. We conclude with a version of our main result under a
very weak definiteness condition in §8 and we give an application to a semi-definite
Sturm-Liouville example in §9. The Jordan chains in semi-definite examples are
at most of length 2, so our results give complete bases for the corresponding root
subspaces.

2. REGULARITY ASSUMPTIONS

The operators V;;, 7 = 1,2,...,n, induce operators VZE on the Hilbert space
tensor product H = H; ® Hy ® - - - ® H,, by means of

Kg(xl®x2®®l’n):$1®®$Z_1®‘/”xz®xl+l®®xn
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on decomposable tensors, extended by linearity and continuity to the whole of H.
Similarly V;p induces an operator Vl](L) with domain D (VZB) C H (see [23, §2.3]).

We denote by D the intersection (;_, D (Vzg) which is a dense subspace of H.
We then define the operator

(2.1) Ag = det {V”n

i,j=1
on H and operators A; (1 <4 <n) on D by replacing the i-th column in (2.1) by
n
[_V;B} i=1
In what follows we make three regularity assumptions. We state two of them

now and we formulate the third one in §5 when all the notions involved have been
introduced.

Assumption I. There exists @ € C such that the operator A/, = A,, + @A has
a bounded inverse.

In the finite-dimensional case Assumption I is equivalent to the matrix pencil
A, + AAg being regular, i.e., to its determinant being a nonzero polynomial in A.
This can be also formulated in terms of polynomials det W; (A) in n + 1 variables
A0y ALy« -« 5 Ap (cf. [5, Ch. 8]). The two-parameter case was discussed in terms of
Kronecker chains in [20].

In the Sturm-Liouville case of (1.2), A, and Ay are partial differential and
multiplication operators respectively. We denote the null space of an operator T

by N(T).

Proposition 2.1. In the Sturm-Liouville case, if A,, is self-adjoint and uniformly
elliptic, and if N (Do) NN (A,) = {0}, then Assumption I holds with o € R.

Proof. The hypotheses show that A,, is bounded below with compact resolvent, so
by the minimax principle for the eigenvalues of A,, the cone

(2.2) C={zeD, (v,Anx) =0}

has a maximal subspace of finite dimension ¢, say. Suppose Assumption I fails.
Then by Rellich’s theorem (cf. [19, Theorem VII.3.9]) there are real analytic p (o) =
0 and u () satisfying ||u ()| = 1 and (A, — alAg) u () = p(a)u(«) for all real
Q.

Let u; = wu(j) for integers j between 0 and c¢. Routine manipulations give
(uj, Apug) = 0 whenever j # k, and [10, Theorem 2.3] gives

0=p'(j) = (uj, Aouy)
whence
(uj, Apuj) = 7 (uj, Aguj) =0
for all j. Now the argument of [1, Theorem 2.0 (g)] shows that if A corresponds to
multiplication by 6 and ) c¢ju; = 0, then dou; = 0. Thus A,u; = Aguy = 0, so by

hypothesis u1 = 0, contradicting ||ui|| = 1. Thus the u; are linearly independent,
and they span a (¢ + 1)-dimensional subspace of the cone C of (2.2), and this is a
contradiction. O

We remark that the hypotheses in Proposition 2.1 hold, by virtue of unique
continuation for A,,, in the uniformly elliptic case of (1.1) (see §8 and §9) provided
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Ag does not vanish (a.e.) on some open set. This is the setting used (for a one
parameter problem) in [1, Theorem 2.0] cited above.

We assume, unless stated otherwise, that the operator A,, has a bounded inverse.
This form of Assumption I can be obtained by a shift in parameters. Thus we can

normalize our eigenvalue by assuming that A, = 1,0 A = (Ao, A1,... , An—1,1) and
n—1
Wi(A) = Vighj + Vin
§=0

for i =1,2,... .n. We denote the range of an operator T' by R (T).

Assumption II. For a given eigenvalue A = (Mg, A1,...,An—1,1) of (1.2) the
operators W; (A), 1 =1,2,... n, are Fredholm, [24]. In particular, dim N (W; (X))
and codim R (W; (X)) are both finite.

This assumption is satisfied, for example, in several cases arising from boundary
value problems, e.g., of Sturm-Liouville type and also in the finite-dimensional case.
We discuss such examples in §7 and §9.

n n

Let V;rj denote the restriction of V;g to D. The array V = [VH Lo then
i=1, j=
defines a linear map V : D" — H". Here H" is the direct sum of n copies of
H. Omitting the j-th column we get a transformation V; acting on the (algebraic)
direct sum D" for j = 0,1,...,n. Note that A; = (—1)’ detV;. Next we define
the transformations A; adjugate to V;, so (A;),, is the (k,[)-th cofactor of V;.
The following result is a consequence of Assumption I.

Proposition 2.2. The domain D (A,) has a decomposition into an (algebraic)
direct sum

(2.3) D(A) =R Vo) @N (A,).

Proof. From the construction of the transformations 4,, and V,, it follows as in the
finite-dimensional case (cf. [5, Thm. 6.4.1]) that

A, 0 0

0 A, 0

(2.4) (—1)" AV, = : .
0 0 A,

(Note that each operator in the matrix on the right is defined on D, since each
summand in the matrix product is defined on D.) Since A,,V, is one-to-one it
follows that R (V,) N N (A4,,) = {0}. Because A, has a bounded inverse, A, V),
also has a bounded inverse which is denoted by B. Next we choose x € D (A,,) and
write y = V,,BA,x and z = x —y. Then A,z = 0, and therefore x =y + z is the
required decomposition. O

3. ASSOCIATED OPERATORS

The operators I'; = A;lAj7 j=0,1,... ,n— 1, with domain D are called the
associated operators of the multiparameter system (1.1). Note that R (I';) C D for
all 7. We also use the notation I';, = I'p, and we write C; for the j-th column of V,
7=0,1,... ,n.
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Proposition 3.1. If x = [ Ty T1 -+ Inp }T € D"t and Vx = 0 then T; =
Lz, forj=0,1,...,n—1.
Proof. By definition of the transformations V,, and A,, we have (2.4) and
n T

(3.1) (—1D)"ACrn=—[ Ao A1 -+ Apy |0
Then A, Vx = 0 implies that A,x; — Ajz, = 0 and therefore z; = I';jx,,. O

We note that the equation Vx = 0 of Proposition 3.1 may be written in the form
V;y = Cjz. (Here y = [ To ot Tj—1 Tjg1 ccc Tp ]T and z = z;.) The
solvability of this equation for some y €D" is one of the basic problems considered
in multiparameter theory (cf. [2, 4], [5, eq. (11.8.8)], [12, 16, 18, 23]), j = n being
the most suitable for our hypotheses. We remark that the cited works assume

J = 0, so the matrix V; then contains only bounded operators, and the cited results
cannot be taken over directly to our case. We write

(3.2) K; = {z € D,V;x = Cja for some x € D"} .

and we prove the following important property of K, :

Theorem 3.2. The operators I';, j =0,1,... ,n—1, commute on Ky, i.e., I';T'yx
=TI'wjz for all x € Ky, and
(3.3) » Virm=0
§=0
fori=1,2,... ,nandx €K,.

Proof. Suppose that = € IC,. By definition of I, there exist vectors z; € D,
i=20,1,...,n — 1, such that

(3.4) V[ To T1 ccr XTp_1 T ]T=0.

Then by Proposition 3.1 it follows that

(35) Ty = FjLL'

and hence (3.3) follows from (3.4). As for (2.4) and (3.1), we find that
[ Ar -+ 0 —Ay 0 -~ 0 ]

B - 0 -+ Ap —Apqg 0 - 0

(3.6) (=1)" ARV = 0 oo 0 —Aps A 0

L0 -0 A, 0 - Ay

for k =0,1,... ,n — 1. Therefore it follows from (3.3) and (3.5) that

[ Akrox — Aorkx 1
Tox
Flw Akl“k_lx — Ak_ll“k:c
0=(-1)" A4,V : = | ApTpg1® — ApyiDia
I'_1x
T Akl“n_lx — An_lrk.%'
Akx — Anrk.’ﬂ
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and so we have AyI'jz = ATy for all j and k. Multiplying by A,' on the
left-hand side we see that I';, 7 =0,1,... ,n — 1, commute on /C,,. O

4. EIGENVALUES AND EIGENVECTORS

The subspace
n—1
N = nN(Fj—)\jI) (CD)
j=0
is called the (geometric) eigenspace corresponding to A. The direct sum decompo-

sition (2.3) “induces” a direct sum decomposition of M. This is described in the
next two results and illustrated with an example. We write N/ = N N K,,.

Theorem 4.1. Suppose that N; = N (W; (X)), i=1,2,... ,n. Then
N =NMINo® - QN,.
Proof. Choose x; € N; and write 2 = 71 ® T2 ® --- @ T,. Then W; (/\)Tz =0

for all 4, 50 Vo [ Aoz Az --- A1z ]" 4+ Cuz = 0 and hence z € K,. For
j=0,1,...,n—1 we have
(4.1)
vih Wi (,\): Vi
0= ‘/;O W2 (A) ‘/2]:71—1
7AMRPPPRNS /A0 VLANRERINN ‘A
1T0 J 1.{? lTn 1fn_1
V. D VL A AR A
_ .20 j 23. 2 2,' Ll (—1)" A, — A)) 2,
VJO . )\jVJj + VJn e VJ)n_l

and therefore N1 @ N2 @ --- @ N, C M.
Assume now that z € N7. Then z € N gives I'jz = \;z, so by (3.3) it follows
that

(4.2) 0=> Virje=w;(A)'a.
=0

Because N are finite-dimensional it follows that H = @j Bj;, where the sum is over

all the n-tuples j = (j1,J2,...,Jn) of 0's and 1’s and Bj = Bj, ® Bj, ® --- ® B;

where
5 — N;,  ifj =0,
PN, =1

n?

Then we write z =}, y;, where y; € B;. Because W; (M) y; = 0 if and only if
Ji = 0, it follows from (4.2) that y; = 0 if j # (0,0,...,0). Thus z € N1 @ No ®
- @ N ]

Corollary 4.2. If N C K, then N =N, QNo @ --- Q N,,.
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This conclusion is found in many places, e.g., [5, 7, 13, 23, 26], but under hy-
potheses guaranteeing AN/ C K¢ instead.

We write WA = [ (,\)Tr 1D —H"

=

Proposition 4.3. Suppose that J is a subspace of D such that
WA |70 T — N (A,) NR (W)
is bijective. Then the eigenspace has a direct sum decomposition

(4.3) N=NaJ.

Proof. Suppose that z € N. By (3.6), (—=1)" A, W 2 = [(\jA, — A)) x]?:_()l =0,s0
Wz € N (A,) NR (W?*) and therefore there exists y € J such that W™ (z — y) =
0. Then it follows that z =  — y is an element of N/ as in the proof of Theorem

4.1. The decomposition z = y + z is unique because N’ N J = {0}. O

Note that the subspace J in (4.3) is not unique. The importance of the above
result is that it tells us that in general it might happen that N’ ; N, as the

following example confirms. Additional vectors to those from N’ are needed to
construct bases for A if and only if N (A,) N R (W?*) # {0}.

Example 4.4. Consider a separable Hilbert space H with an orthonormal basis
{ei}:2,. For example, we could take H = L?[0,27] or H = [*. We define a
two-parameter system on H; = Ho = H by :

Vioem = eam, Viiem = eam+1,
0, m =0,
€o, m = 17
Visem = es, m=2,
eq, m =3,
em+2, M >4,
and
v _ ] —ex, if k£ even, Vv B 0, if k£ even,
206 =9 0" ifkodd 20k =\ ¢, .. if k odd,
) ) p]
0, k=0,
Vasep, =< e, k=1,
ex, k>2.

The operator As is a special example of the operators considered in [2, Theorem 2]
and [17, Lecture 1]. Because

(4.4) Ag (e ® e2r) = €2m+1 @ e and Ag (€, ® €ap41) = €2m @ €k

it follows that As is bounded and has a bounded inverse. It is easy to see that
A = (0,0,1) is an eigenvalue and that Vi3, ¢ = 1,2, are Fredholm. Hence our
Assumptions I and II are fulfilled.

Next we see that NV = Sp{eg ® ep}, where Sp{S} is the linear span of the
set S. Because we also have Aj(e3®ey—e2®e1) = 0 for j = 0,1, it follows
that N’ ; N. Observe that Theorem 4.1 and Proposition 4.3 then imply that

63@60—62@61¢K2. (|
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5. THE SECOND ROOT SUBSPACE

The subspace
n—1ln—1
M= ﬂ ﬂ N[(Pj —)\jI) (Fk —)\kl)] cD
§=0 k=0
is called the second root subspace of the multiparameter system (1.1) at the eigen-
value A. Note that by definition the I'; commute on M.
Next we formulate our third assumption. The subspace K,, is defined by (3.2).

Assumption III. The second root subspace M is a subspace of IC,,.

By the definition of C,;, Assumption III is equivalent to the solvability condition :
V,x = C,x is solvable for all x € M.

There are several possible levels of this condition, for instance :
(a) local as in Assumption III,
(b) column specific, i.e., V;y = C;x is solvable for all z € D,

(c) global, i.e., V;y = z is solvable for all z € H™.

For j = 0, (c¢) was considered in [12, 18, 23], (b) in [2, 5, 16, 17]. In the
finite-dimensional case (¢) (and so also (a) and (b)) with j = n follows from the
invertibility of A,, (cf. [5, Theorem 6.2.3]).

Assumption IIT also implies that N' C K, (so Corollary 4.2 holds), but the
reverse implication fails as the following example shows :

Example 5.1. Suppose that V;; are as in Example 4.4 except

0, m =0,

eo, m=1,

Visem = es +ey, m=2,
es+e, m=3,

Em+2, m Z 4.

Note that Vo and A, remain as in Example 4.4 and that Assumptions I and II
hold. We also have N7 = Sp{eg ® eg}. A simple calculation, as for (4.4), shows
that N (Ag) = H ® Sp{eo}, and since Aje,, ® eg = —Vise, ® eg vanishes only for
m = 0, it follows that N'= Sp{ep ® eg} = M. Furthermore

(—1)J Aj (63@60—62@61):61®€0:A260®60, 7 =0,1,
implies that e3 ® eg — e2 ® e; € M. Because of the special form of the operators
Vio and Vi3 the operator [ ‘/ITO VlT1 | : H?> — H is invertible. Then VlTO:E—i— Vlle =
VlJf2 (e3 ® eg — e2 ® e1) has the solution z = ea®ep and y = eg @ eg — (eg + €2) R ey.
However Vyix + Vihy # Vi (es®eg—ea ®e1), so e3 @ eg — ez @ 1 ¢ Ko and
M Ks. |

Lemma 5.2. The subspace M is finite-dimensional.

Proof. The subspace M is invariant for all I'; —\;I. The range R ((I'; — A1) |am) is
finite-dimensional because it is a subspace of N' by Corollary 4.2. Then each kernel
N ((Tj — A\I) |am) has finite codimension in M, i.e., the orthogonal complement
Q; of N((T'j — \I) |m) in M is finite-dimensional. Hence the linear span Q of
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the Q; is finite dimensional. Because N = (j_; N ((T; — A1) [am), M =N @ Q
also has finite dimension. |

Our main objective is to construct a basis for the second root subspace under
Assumptions I-ITI. This is done in the next section (see Theorem 6.3). First we
introduce new notations and prove an auxiliary result.

We define a set of integer n-tuples

Q:{(klak27"' 7kn)a 1 S k’L Snz};
where n; = dimN; = dim N (W; (X)), and sets of integer (n — 1)-tuples
Qi ={(l, -, lici,lig1,. .. 1n), 1 <1 <ny}.
We call elements k = (k1,ka,... ,kn) € Qand V' = (I1,... ,li—1,lix1,-.. ,1n) € Q;
multiindices. For 1 <1 < n; we use the notation I'U;l for (I1,... ,lic1, L lig1, .-, 1n)
€ Q. We write ' = N (W; (A)").
In this setting we have :
Lemma 5.3. Suppose that the vectors x;;, € H;, j; =1,2,... ,n;,1=1,2,...  k—
1,k+1,...,n are linearly independent and suppose that for every y in the algebraic
tensor product Hy Qg -+ Qg Hy—1 Qg Njf Q4 Hpy1 Qg + - Qq Hy,

(5.1)

Z Ty, @ @ Tp—1jyy DT, @ Tig1 oy, @ @ Tng,,y | =0,
J'€Qy

where :L‘]k, € Hy. Then 1‘}; € (./\/',j)L for all j € Q.

Proof. Fix j € Q. Assume that the vectors vy, € H;, I, = 1,2,...,n;, are such
that (xij,,vi,) = 8;1,, where 8;; is the Kronecker symbol. Next we choose y =
Vi @ @ Vk—1jy @ Uk @ Vgl ey, @ - @ Uy, where y, € N, Then (5.1)

implies (:L‘L,yk> = 0. Since yi € N} was arbitrary, x’k € (N,:‘)J' O
6. A BASIS FOR THE SECOND ROOT SUBSPACE

We assume that the vectors xfo € H;, k=1,2,...,n;, form a basis for N,

i=1,2,...,n, and we introduce the vectors 2§ = 2% @ 252 ® - .- ® 2¥. We can

complete the basis By = {z(l)‘, ke Q} for N to a basis B = Bou{zi, l=1,2,... ,d}
for the subspace M, and then we have

(6.1) (T; = NI 24 = Z a;‘lzé‘
keQ
ki o _ : I _ (ki

for some a;" for j = 0,1,...,n—1land [ = 1,2,... ,d. We write a; = (aj )keQ'
We regard aé- as an element of the tensor product space
(62) H)\ — Cnl ® Cn2 ® . ® (Cn'n.
and we regard

T
(6.3) al=[al a} .- al_;]

as an element of the n-tuple direct sum HY.
Then we have :

Proposition 6.1. The elements a', | =1,2,... .d, are linearly independent.
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Proof. Let us assume the contrary to obtain a contradiction. If a' are linearly

d
dependent, i.e. 3 ayal = 0 and not all a; equal 0, then there exists a vector
=1

d
z € M\W, ie. z =Y az!, such that (I'; — \;I)z = 0 for all j. But this yields

=1
z € N, which contradicts z ¢ N.

The following theorem describes the general form of a root vector in the second
root subspace that is not an eigenvector, i.e., a vector z € M\N. For convenience

Ap—1 }T € C"and U; (a) = Z?:_Ol a;V;

we write a = [ ag a1

Theorem 6.2. A vector z is in M\N if and only if there exist n-tuples a* € C",
not all 0, for k € Q and vectors xi‘ll €H;, KeQ;,i=12,..

(6.4) > U (kU ) o+ Wy (a) 2 =0,
k=1

Then

(6.5) 2=y Y e @l el @it e

It also follows that

(6.6) (T =Nz = Z a;‘zé‘

keQ

forj=0,1,... . n—1.

Proof. Suppose that (6.4) and (6.5) hold. Then the following direct calculation
shows that (6.6) holds, and since not all a* are 0 it follows that z € M\N. As for

(4.1), we have

Viozl} W1 (A)
()" (A=A z=>" Vil Wi (A) zl
i=1 k'€Q; .
Vo W (A) 2
Vlol'lfé 0
=> Vioy Y (akluq‘k’) i
i=1 kK'€Q; =t
Vnong 0

ij-

., n, such that

kn
- QTp-

k
Vi n—1215

k/
‘/i.n—lxil

k
Vn,"—lxn?)

k
Vin-127p

k/
Vin-123

krn
Vn)n—lxno
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Because the above determinants are independent of Vilxi.‘ll, l # j, we obtain

k k
Vipxhs ... 0 o Vipoazhy

. : : :
E E E ki k' U k; ki ki

kn kn
k k k
VlelO o Uh (a ) iy - Vin—1@yg
k ko k
Z V20$20 o Us (a ) IR SRS E
(6.7) keQ :
kn E\ .k k
Vnoitno e Uy, (a )xng o Vo1,
_ n+1 k k
=(-1) E afAnzg.
keQ

Now assume that € M\N. Then equations (I'; = \jI)z = >y cq a¥z hold
for some a;‘ €eC,keQandj=0,1,... ,n— 1. We also write

a“=1[af af - dk_ }T(E(C").

n—1

By Assumption III we have M C K,,, and so relation (3.3) gives

Z:Vl F—)\I:c—z ZazO—ZU
i=

keQ keQ

for all i. For every y € H1 Q4 -+ Q¢ Hi—1 ®a N @ Hiy1 Qq « -+ Q4 Hy it follows
that

k1 ki—1 k\ ki ki1 kn _
E :$10®"'®$i—1,0®Ui (a*) i QE;i10® - Qapp,y | =0.
keQ

Since x% are linearly independent it follows by Lemma 5.3 that

Uz

>0 Ui (a0 ) ol e V)

k=1
for all k' € Q; and every i. The ranges R; = R (W; (X)) are closed (because the
operators W; (A) are Fredholm, cf. [24, Theorem 5.10, p.217]), so R; = (V)"

and there exist vectors z¥ € D (Vi) such that relations (6.4) hold. Now we can

construct a vector
n
_ E § k1 kjt1 k
(68) Z = $10®"' ] 10®$j1®$J+10®"'®$n6
j=1kKeQ;

The same calculation as for (6.7) shows that (I'; — A\j 1)z = Y7 q a;‘zé‘. Then
we have v — 2z € N, and thus there exist complex numbers S, k € Q, such that
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T =2+ eq Bz, If we substitute the vectors z% + dohioq Breruk, o5 for the
vectors #%, in the expression (6.8), we obtain

n
v i L Fon
- Z Z TH® @1 @ @ T © @ ayg
i=1 k'eQ;
and, since (6.4) and (6.6) are unaffected by this substitution, the proof is complete.
O

Because W; (A) is Fredholm it follows that nf = dim N is finite. We choose
vectors yfg € H;, k; = 1,2,...,n}, so that they form a basis for N*. Then we
write

A E oL\ nlxn;
Vij = [(Vijl"io’yw)]l 1k e
fori=1,2,... ,nand j =0,1,...,n— 1. (Recall that the vectors %, form a basis

for N;.) The matrix Vl-? induces a transformation Vi;‘T, which is defined on the
tensor product space H) of (6.2). Finally, the array

A A A

‘/1/{)1 ‘/1/\11 T V1),\1}—1

Voo Var o Von
(6.9) Dy=| . : :
A A At

‘/n()T ‘/nlT e Vn,;rz—l

defines a transformation on the space HY. It plays an important role in the con-
struction of a basis for the second root subspace completely in terms of the under-
lying multiparameter system (1.1) as described in the following theorem. This is
our main result.

Theorem 6.3. Suppose that a' € HY, | =1,2,....,d, are as in (6.3) and are
determined by (6.1). Then they form a basis for the kernel of D).

Conversely, to any basis {al, l=1,2,... ,d} C HY for the kernel of D) we can
associate a set of vectors By = {zi, l=1,2,... ,d} C H such that By U By is a
basis for M and (T'; — \;1) 24 = > keq a;‘lz(l)‘ for all j and L.

Proof. Suppose that {zi, l=1,2,... ,d} U {z(lf, ke Q} is a basis for M. Then
we have (T — M\I) 2 = Y) cq @52, and the relations (3.3) imply

n—1
—W; ( Z — NI 2 = Z Z a2

keQ

:Zl"ul)@’ ®xz 10®UZ( )xw@xzfllo@”'@x%
kecQ
Now it follows for every y € H1 Qg+ Qq Hi—1 Qq N ®4 Hyy1 Qq -+ - ®q Hy, that

Yodte el @U (@)l @l @ @k y | =0
keQ

Since x% are linearly independent it follows by Lemma 5.3 that

n; n—1

ZZ KUk by %ayzo -0

k;=135=0
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fork" € Q;;1=1,2,....,dand l; = 1,2,... ,n}. This is the entry-wise version of
the equation

n—1

S vifal —0

=0

Hence we have a! € N/ (D,AL) for all I. Proposition 6.1 implies that the a’ are linearly
independent, and so it follows that

(6.10) d < dimN (D).

Next we will show that to every a € N (D;}) we can associate a vector z; € M\N
such that

(6.11) (T =Nz =Y a¥zg

keQ

Because a is in the kernel of D, it follows that Z?:l V;?Jraj = 0 for all 4. This is

equivalent to
n;
'Uiki ) ki, L
0= (Z Ui (akU g ) xiO’yw)

k;=1
for k! = (kl,... 7ki—17ki+17~' 7kn) S Qi, 1 =1,2,...,nand [; = 1,2,... 7n’{.
From the above equations it follows that Y"p'_, U; (akluiki> zf e (N7)". Because

the ranges R; are closed there exist vectors 2% € H/ such that

Z U; (akluiki> $f6 + W; (A) J,'i(ll =0.

ki=1

As in the proof of Theorem 6.2 it follows that the vector

(6.12) a=> Y e e ed e 0o
j=1k'€Q,

is such that relations (6.11) hold. Then, if {al, a%,... ,adl} is a basis for N (D;),

we can associate with every al a vector z; = 2z} as above. The vectors 2}, | =

1,2,...,d, are linearly independent because

(0 =\ 2 =) akzf

keQ

and a' are linearly independent. Thus it follows d > dim A (Df{) and together with
(6.10) we obtain d = dim N (D;) . The proof is complete. |

Corollary 6.4. The dimension of the second root subspace M 1is

Hni +dim N (D).

=1
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7. A FINITE-DIMENSIONAL EXAMPLE

First we illustrate Theorem 6.3 with a non-self-adjoint finite-dimensional exam-
ple, for which d = dim N (D;}) > dimA. This is not possible in the cases treated
in Sections 8 and 9.

Example 7.1. Consider the two-parameter system

1 0 O 1 0 0 0 1 0
Wi (A): 01 0 |X+1]0 % —% M+ 1|0 % %
001 1| 001 1 00 0
and ~ _ -~
1 0 0 0 0 O 0 0 1
Wao (A) =0 0 O (X+]0 1 1| X+[0 0 =2
0 0 1 01 0 0 0 -2

The transformation_Ag is inve_rtible ar_ld the matrices V3o and Vo are singular.
Thus Assumptions I-IIT hold here and Ao = (0,0,1) is an eigenvalue. We have
dim N (Vi2) = 1 and dim N (Va2) = 2, s0 Q = {(1,1),(1,2)}. We choose
T T
z0=[1 0 0], yio=[0 0 1],
and .
zh=[1 0 0] , a3=[0 1 0
T T
yso=[2 0 1], y=[2 1 0] .
Then it follows that the vectors
d=wo®@a=[1 000000 0 0]

}T

)

and
2=z0®2%=[0 1 000 0 0 0 0]
form a basis for N/, and we have
2 0 0 1
Vl)(\Jozvl)iO:[O]’ ‘/2)(\J0_|:2 0:|7 V2>ig_|:0 1:|'
The space Hy, = C ® C?> = C?, and so Hfo =C*. Then
0 0 0O
W 00000
Dp° = 2 0 01
2 0 01

Because the matrix Dy° has rank 1 it follows that d = 3, and we choose
al=[af! a2 o' a2]"=[1 00 2],

a®=[0 1 0 0] anda®=[0 0 1 0

to form a basis for ' (D3). Using (6.4) (indexed also by [ = 1), we construct a

. . ’
vector z{ corresponding to a' by finding vectors xi} (: :rlfll) , 22} and 231 such

that

]T

VioT1o + Viazii =0, —2Vi1210 + Vigzd] =0
and
Vzoxéo — 2V21x§0 + szxﬂ =0.



MULTIPARAMETER EIGENVALUE PROBLEMS 243

A possible choice is
=0 -1 11", 2%=[0 2 —2
0 (6.12) (indexed also by | = 1) gives

1", ai=[0 0 —1]"

3

d=allorl+atl @ad +re@ali=[0 0 -1 -1 2 0 1 -2 0]"
Similarly we find vectors
s2=[0 -1 11", «B2=[00 0]", #2=[00 0],
withzf=[0 0 0 =1 0 0 1 0 0} that correspond to a?, and vectors
=700 0], «B=[0 -1 1], a=[0 0 0]

withzf=[0 0 0 0 -1 0 0 1 0 ]T that correspond to a® Then {z{, 23;
1

21,23, 23} is a basis for M. |

Note that Assumptions I-III hold in finite dimensions if there exists a linear
combination of A;, ¢ = 0,1,...,n, which is invertible. Then we can ensure with
an appropriate shift of parameters \; that the transformation A,, is invertible. If
n = 2 we can construct a basis B in a canonical way. This is discussed in [20]. (See
also [21].)

8. SELF-ADJOINT CASES

In this section we assume that the operators Vj; are self-adjoint and that our
Assumptions I-IIT hold with « in Assumption I a real number. In addition suppose
that at least one of the cofactors Ag;, > 0; for convenience we assume that

(8.1) Agnn > 0.

We remark that stronger positivity assumptions on the cofactors of Aq are called

ellipticity conditions (e.g. [11], [23, p.62]). We return to these later in this section.
Under the above assumptions the structure of root vectors corresponding to real

eigenvalues becomes simpler than in Theorem 6.3. Because W; (A) are self-adjoint

ng

we take V) = {(Vijxég,x%ﬂb _» where {x%’, ki=1,2,... ,ni} is a basis for

the kernel of W; (A), i = 1,2,... ,n. Then D, is defined as in (6.9) and we write

d = dimker D).

Theorem 8.1. Suppose that Vi; are self-adjoint, Aonyn > 0, and that X is an eigen-
value in R*1. Then there exist nonzero real n-tuples p' = (ué,,ull, . ,uﬁl_l) ,
1=1,2,...,d, withd < dim N, and vectors ul; € R (W; (X)) and uly € N (W; (X))
such that

(8.2) Ui (') uby + W; (A) uly = 0.

Furthermore, the vectors
n
Ui = Zul10®"'®ué—l,0®uél ®ué+170®"'®u5107 l=12,....d,

together with a basis for the eigenspace N at X, form a basis for the second Toot
subspace M at X, and we have

(T = XT) v} = prfg,
l

_ ! l
where vy = Uy @ Usy @ -+ - @ Upyg-
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Proof. We consider a finite-dimensional multiparameter system

n—1
WZA(”):ZMJ‘/'Q\? i:172a"'an_17
7=0
(8.3) L
W (u) = ZujVnAj + pnl.
7=0

We denote by ’Dg\ the array

A A A
V1A0: V1A1: T ‘/lj\’r},—l 0
VQO V21 e V2,n—1 0
./\ ./\ /\. :
VnOT anT T Vn,j’b—l I

with j-th column omitted, and we write AJA- = (=1)" det ’D;. Because Ag,,, > 0 it
follows that also (—1)" A} > 0. The transformations

' =(A)""A)  i=01,... 0,

act on the tensor product space Hy (see (6.2)). Suppose that A} is the adjugate of
D). Since A is invertible, A} is also invertible. As for (3.6) with the last column
omitted, we have that

[ —AY Ay 0O - 0]
~A) 0 A} -+ 0
D) — : S :
~AN ., 0 0 A)
| A 0 0 0 |

Then it follows that (a;)!_, € N (D;) if and only if
(8.4) Ma; =0 and a;y; =Iay,

i =1,2,...,n— 1. Note that then d = dimkerI'} < dim Hy = dim A by the
definition (6.2) of Hy. Because (—1)" Ay > 0 [5, Theorems 6.9.1 and 7.9.1] imply
that all the eigenvalues of (8.3) are real and that there is a basis of decomposable
eigenvectors in the joint eigenspaces of the I'}. Since the spectrum of {FZ—A}?:O
coincides with the spectrum of (8.3) (see [5, Theorem 6.9.1]) it follows by (8.4)
that there are precisely d nonzero eigenvalues fi = fi' (€ R""!) of (8.3) with
o = 1 and p, = 0, repeated according to multiplicity. These are the eigenvalues
corresponding to the elements in the kernel of I'). Note also that 1"(} = I. Let
b! =bl @bl ®---® b, be a decomposable eigenvector corresponding to ﬁl. Since
AMb! = 0, it follows from (8.4) that (I‘f‘flbl)?zl, l=1,2,...,d, form a basis for

N (D2). Next we write bl = [ b, bty -+ bl ",

wmy

n;

1 _ |k

Uz = E bikTios
k=1
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and p! for ' with g, omitted. Since W)} (ﬁl) bl = 0, it follows that the vec-

tor U; (p)uly is orthogonal to the kernel of W; (X), and thus there exists a vec-
tor ul; such that (8.2) holds. A calculation similar to that for (6.7) shows that
(=)™ (MA, — Ao = (=1)" T A, vl and we prove that b, I = 1,2,... ,d, to-
gether with a basis for the eigenspace at A, form a basis for the second root subspace
as in Theorem 6.3. O

Note that the structure of second root vectors described in the above theorem is
the same as the structure of these vectors in [9]. One consequence of the above theo-
rem is for the semi-definite, uniformly elliptic case. Let us first state the definitions
and recall some of the results from [11].

A multiparameter system (1.1) is called uniformly elliptic if Vi;, i =1,2,... ,n,
j=0,1,...,n, are self-adjoint and Ag;; >> 0 (i.e. Ag;; > 0 with Ag} bounded)

0ij
for i,j = 1,2,... ,n. A uniformly elliptic multiparameter system is called semi-
definite if Vg > 0 for ¢+ = 1,2,... ,n. Because this assumption is made about the

original operators Vjg, in the rest of this section we do not assume that parameters
are shifted : we assume that A, + @Ay has bounded inverse, and we define I'; =
(A, + aAO)_l A;fori=1,2,...,n.

Now we recall some of the properties of the uniformly elliptic, semi-definite
systems (1.1) from [11, §5] :

(i) the eigenvalues of T'; are all real and they are semi-simple except possibly 0
forT;, i=1,2,...n,

(i) N (A) =N (Vio) @8N (Vao) @ - - @ N (Vipo) for i =1,2,... ,n, and

(i) N N (Th) =N () for all I > 2 and any i = 1,2,... ,n. Also the second
j=1

root subspace at eigenvalue 0 is equal to N/ (Ff)

Assertion (i) follows by [11, Lemma 5.2] and assertion (ii) was proved in [11,
Lemma 5.3]. By [11, Lemma 5.2(iii)] we have that A" (I'}) = N (I'?) for [ > 2
and ¢ = 1,2,... ,n. Then I';I'jz = 0 implies that I';z € N (I';), which is equal to
N (T'y) by (ii) for every i, j, k, and similarly I';Tyz = 0 implies that I'yz € N () =
N (Tx). Thus we have that 0 = I';I'jz = ['yI'jo = I';T2 = T3z, and assertion (iii)
follows. |

From the above properties it follows that our Theorem 8.1 also describes a basis
for the entire root subspace S at 0 (which is the only non semi-simple eigenvalue)
for the uniformly elliptic, semi-definite case completely in terms of the underlying
system (1.1). We remark that a calculation of dimS can be found in [11].

After a possible rotation of the A-axes, condition (8.1) includes most of the
problems studied in the literature, e.g., those of left and right definite [26] and
simply separated [22] types. Also separation of variables in the Helmholtz equation
in R" (n < 3) automatically leads to systems satisfying (8.1), cf. [3].

9. A STURM-LIOUVILLE EXAMPLE

We illustrate our results on a simple example, chosen so that several other meth-
ods also apply to it. The example is detailed in 9.1, and the root subspace is
obtained in 9.2 and 9.3 by various methods which are compared in 9.4. As in the
last part of §8, we do not assume that parameters are shifted.
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9.1. The problem. We consider a two-parameter system

(9.1) Wi (A) = AT — (=1)" M\ T — Mo Ry,

1 = 1,2, where T is the Sturm-Liouville operator in H; = Lo (Z), T = [—g, g},
given by Ty = —y"” — y on

D(T) = {yeAC(I): y' € AC(T), y' € L (), y(:l:g) :o},

and R; is the multiplication on H; given by R;y (t;) = 7; (t;) yi (t;), where r; €
Lo (Z). Then Ay is the operator of multiplication by 8¢ (t1,t2) = —r1(t1) — r2(t2),
and we assume (cf. the remark after Proposition 2.1) that there is an open set in
7?2 on which this does not vanish (a.e.). If the r; are regular enough (e.g., piecewise
continuous) this is the same as requiring Ag # 0, i.e., that 1 and r9 are not constant
functions adding to zero.

We take A = (1,0,0), so W; (A) =T > 0 and y; (t;) = cost; spans N (W, (X)).
Explicit calculations will be carried out on the case

T1 (tl) = tl and T2 (tg) =0.

It will be convenient to have a basis for the root subspace R of the one-parameter
problem (9.1) with ¢ = 1, Ag = 1, A2 = 0 and A\; suppressed. By [10, Corollary
6.2] and the fact that [ ¢ cos®t; = 0, dimR = 2. To find a (second) root vector
z, we solve

(9.2) Tz = Ry,

i.e., the boundary value problem

(=2" = 2) (t1) = iy (t1) z (i%) =0.

It is easily seen that z = 11—6 [7r2 sinty — 4t (t1sinty + costl)] is a solution, so {y1, 2}
is a basis for R.

9.2. Other methods. Although their completeness result is different from ours,
we shall describe briefly the method of [22, §1.2], since it uses some of the same
constructions. Meixner, Schiafke and Wolf set up continuous operators A = T —
MRy, B=T— MRy and C = Ay — A2A(, explaining how to generate a basis
for the root subspaces at 0 of C = A® [ + 1 ® B from those of A and B. This
root subspace differs from A (C') only for certain “exceptional values” [22] of Ag,
which are nonreal since C' is self-adjoint. We remark that A, B and C are treated
as operators, so a second root vector z for A, say, satisfies Az = y € N (4), as
opposed to (9.2).

Faierman [13] also works with A, B and C, but they are now unbounded on
appropriate Lo spaces. He constructs self-adjoint boundary conditions for the
uniformly elliptic partial differential expression C' (which again turns out to be
A® I+ 1® B, but see 9.3). He regards A, B and C as pencils, so a second
root vector for A, say, satisfies (9.2). (Actually he uses the boundary condition
z(%) =2 (—=%) = 0in [13, equ. (3.3)] but deduces (9.2).) As in [22] he aims for
an expansion theorem [13, Theorem 5.7], but one can recover the root subspace S
at A from [13, Lemma 3.1], and it turns out that

(9.3) S=M=5p{y1 ®y2, 2®@ya}

where z comes from (9.2).
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Binding [9] uses an abstract formulation and assumes uniform ellipticity, which
can be achieved by a rotation of A axes. For the semi-definite case, [9, eq. (4.1)]
coincides with (9.2) and hence gives the same basis (9.3).

9.3. Our method. We need to verify Assumptions I-III. The operator W; (X) is
self-adjoint with compact resolvent on H;, and hence Assumption II is satisfied
(with Fredholm index 0).

As noted above, As is self-adjoint. One can demonstrate this by characterizing D
as the W3 functions with Dirichlet conditions on Z?2, as in [13], or via the identity
D=D(T®I+I1I®T). (This can be proved by using orthonormal bases of H;
consisting of eigenvectors for T, cf. [7] for the left definite case, and cf. the example
in [25]. Incidentally [25] also shows that some caution is needed if ellipticity is not
assumed.) Then Assumption I follows from Proposition 2.1 and the ensuing remark.
Thus there is a real number a such that Ay + a/Ag has a bounded inverse.

To prove Assumption III, it suffices to establish solubility condition (b) (see §5),

i.e., to show that
y | _| S
z T2f

(with appropriate boundary conditions) is solvable for y and z in D. Eliminating
z from (9.4), we have a Dirichlet problem —Ay — (2+ a(r1 +72))y = (r1 +72) f.
2

By [13, Theorem 2.2] there exists a solution y € D, and so also z = rof + % +
2

O _1—ar 1
_ 1 _ar —
(9.4) o
—&5 -

l—ary 1

(1 + ary) y exists. Thus (9.4) is satisfied; the boundary conditions for z then follow,
and hence so does Assumption III.

Because r; € Lo, (Z) we can assume by a rotation of A axes that (9.1) is uniformly
elliptic. Since T' > 0 we may apply Theorem 8.1 with A = (0,0,1) and y; = cost;.
Thus

Then (6.4) coincides with (9.2), and this leads to the same basis (9.3).

9.4. Comparison. First we compare the assumptions of the four approaches above.
Continuity of A, B and C forces the use of a smooth function space (analytic in [22])
and hence an implicit assumption that the r; are smooth. Faierman [13] explicitly
assumes the r; to be Lipschitz. While Binding [9] allows r; € L, as here, he as-
sumes Ag to be one-to-one, which means 1 4+ ry # 0 a.e. Self-adjointness is crucial
in [9] and is used heavily in [13], whereas in [22] and here, it makes verification of
the assumptions easier, but is not essential to the methods.

We now compare the methods used. [22] uses a linear topological space set-
ting, while [13] employs indefinite inner product space theory. [13] and [22] both
approach completeness via the tensor product (partial differential) expression C.
In particular, the geometric eigenspace is calculated via C' in [13, 22]. Faierman
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[13, Theorem 2.6] relates this to the Vj;, but certain tensor product constructions

re

main in his analysis, e.g., in the assumptions of [13, Lemma 3.1 and Theorem

5.7]. [9] and our §8 both use the full set of commuting I'; to reduce the size of the
root subspace, and all concepts needed are derived from the V;;. In [9] analytic
perturbation theory is used, and the dimensions and bases are determined by cer-
tain derivatives and certain algebraic relations are deduced . In the approach here,
algebraic relations are central, and since we do not need differentiability, we can
treat more general problems in a more direct fashion.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

REFERENCES

. W. Allegretto and A.B. Mingarelli. Boundary Problems of the Second Order with an Indefinite
Weight-function. J. reine angew. Math., 398:1-24, 1989. MR 90i:35084

. M.S. Almamedov and G.A. Isaev. Solvability of Nonselfadjoint Linear Operator Systems,
and the Set of Decomposability of Multiparameter Spectral Problems. Soviet. Math. Dokl.,
31:472-474, 1985. MR 87b:47018

. F.M. Arscott. Periodic Differential Equations. Pergamon Press : Oxford, 1964. MR 32:5029

. F.V. Atkinson. Multiparameter Spectral Theory. Bull. Amer. Math. Soc., 74:1-27, 1968. MR
36:3145

. F.V. Atkinson. Multiparameter Eigenvalue Problems. Academic Press, 1972. MR 56:9291

. Yu.M. Berezansky and A.Yu. Konstantinov, Ezpansions in Figenvectors of Multiparameter
Spectral Problems. Ukr. Math. J., 44:813-823, 1992. MR 94g:47023

. P.A. Binding. Left Definite Multiparameter Eigenvalue Problems. Trans. Amer. Math. Soc.,
272:475-486, 1982. MR 83h:47015

. P.A. Binding. Perturbation and Bifurcation of Nonsingular Multiparameter Eigenvalues. Non-
lin. Anal., T. M. A., 8:335-352, 1984. MR 86b:47023

. P.A. Binding. Multiparameter Root Vectors. Proc. Edin. Math. Soc., 32:19-29, 1989. MR

90a:47048

P.A. Binding and P.J. Browne. Applications of two Parameter Spectral Theory to Symmetric

Generalized Eigenvalue Problems. Applic. Anal., 29:107-142, 1988. MR 89k:47026

P.A. Binding and K. Seddighi. Elliptic Multiparameter FEigenvalue Problems. Proc. Edin.

Math. Soc., 30:215-228, 1987. MR 88g:47036

P.J. Browne and B.D. Sleeman. Solvability of a Linear Operator System II. Quaestiones Math.,

3:155-165, 1978. MR 80b:47024

M. Faierman. Two-parameter FEigenvalue Problems in Ordinary Differential Equations, vol-

ume 205 of Pitman Research Notes in Mathematics. Longman Scientific and Technical, U.K.,

1991. MR 93b:47095

K.P. Hadeler. Fin inverses Eigenwertproblem. Lin. Alg. Appl., 1:83-101, 1968. MR 37:2774

J.K. Hale. Bifurcation from Simple FEigenvalues for Several Parameter Families. Nonlin.

Anal., T. M. A., 2:491-497, 1978. MR 80d:47092

G.A. Isaev. On Multiparameter Spectral Theory. Soviet. Math. Dokl., 17:1004—-1007, 1976.

MR 54:13608

H.(G.A.) Isaev. Lectures on Multiparameter Spectral Theory. Dept. of Math. and Stats., Uni-

versity of Calgary, 1985.

A. Kallstrom and B.D. Sleeman. Solvability of a Linear Operator System. J. Math. Anal.

Appl., 55:785-793, 1976. MR 54:5881

T. Kato. Perturbation Theory for Linear Operators, volume 132 of Grundlehren der math.

Wiss. Springer-Verlag, second edition, 1976. MR 53:11389

T. Kosir. Kronecker Bases for Linear Matrix Equations, with Applications to Two-parameter

FEigenvalue Problems. to appear in Lin. Alg. Appl.

T. Kosir. Commuting Matrices and Multiparameter Eigenvalue Problems. PhD thesis, Dept.

of Math. and Stats., University of Calgary, 1993.

J. Meixner, F.W. Schifke and G. Wolf. Mathieu Functions and Spheroidal Functions and

Their Mathematical Foundations, volume 837 of Lecture Notes in Mathematics. Springer-

Verlag, Berlin, New York, 1980. MR 83b:33013



MULTIPARAMETER EIGENVALUE PROBLEMS 249

23. B.D. Sleeman. Multiparameter Spectral Theory in Hilbert Space, volume 22 of Pitman Re-
search Notes in Mathematics. Pitman Publ. Ltd., London U.K., Belmont U.S.A., 1978. MR
81h:47004

24. A.E. Taylor and D.C. Lay. Introduction to Functional Analysis. Wiley, New York, second
edition, 1980. MR 81b:46001

25. H. Volkmer. On Multiparameter Theory. J. Math. Anal. Appl., 86:44-53, 1982. MR 83g:47018

26. H. Volkmer. Multiparameter Eigenvalue Problems and Expansion Theorems, volume 1356 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, New York, 1988. MR 90d:47021

DEPARTMENT OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF CALGARY, CALGARY,
ALBERTA, CANADA, T2N 1N4
E-mail address: binding@acs.ucalgary.ca

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTING SCIENCE, DALHOUSIE UNIVER-
SITY, HALIFAX, NOVA ScoTiA, CANADA, B3H 3J5

Current address: Department of Mathematics, University of Ljubljana, Jadranska 19, 61000
Ljubljana, Slovenia

E-mail address: tkosir@cs.dal.ca



