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CHARACTERIZATIONS OF GENERALIZED HERMITE AND
SIEVED ULTRASPHERICAL POLYNOMIALS

HOLGER DETTE

ABSTRACT. A new characterization of the generalized Hermite polyno-
mials and of the orthogonal polynomials with respect to the measure
|]Y(1 — z2)1/2dz is derived which is based on a “reversing property” of the
coefficients in the corresponding recurrence formulas and does not use the
representation in terms of Laguerre and Jacobi polynomials. A similar char-
acterization can be obtained for a generalization of the sieved ultraspherical
polynomials of the first and second kind. These results are applied in order to
determine the asymptotic limit distribution for the zeros when the degree and
the parameters tend to infinity with the same order.

1. INTRODUCTION

Consider the generalized Hermite polynomials H,(,'Y)(:E) orthogonal with respect

to the measure |z|” exp(—z?)dz (y > —1). A characterization of these polynomials
can easily be obtained from a characterization of the Laguerre polynomials (see
e.g. Al-Salam [3] or Chihara [8, p. 142]) and the well known relations between
Laguerre- and Hermite polynomials

H () = (—1)"2%"nl LO/271/2)(42),
(1.1)
Hy) () = (=1)"22" il L /201/2) (o)

(see [8, p. 156]). In this paper we present two new characterizing properties of
the generalized Hermite polynomials which are based on a “reversing property”
of the coefficients in the corresponding three term recurrence relations and do not
use explicitly the relation (1). Similar results can be derived for orthogonal poly-
nomials on a compact interval, say [—1,1]. Here the analogue of the generalized
Hermite polynomials (with respect to the new characterizations) are the orthogonal
polynomials on the interval [—1,1] with respect to the measure |z|7(1 — 22)'/2dx
(see [8, p. 156]) which satisfy a similar “reversing property”. While the orthogonal
polynomials with respect to the measures |z|” exp(—22)dz and |z|Y(1 — 22)Y/%dz
are discussed in Section 2, Section 3 investigates analogous characterizations for
some “relatively new” systems of orthogonal polynomials, namely the sieved ran-
dom walk polynomials introduced by Charris and Ismail [5] (see also Ismail [12],
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Charris and Ismail [6, 7] and Geronimo and VanAssche [11]). We give a charac-
terization for a generalization of the sieved ultraspherical polynomials of the first
and second kind, C\* (2, k), B (x, k), which were introduced by Askey [4] as
a limit of the ¢-Wilson polynomials and are orthogonal on the interval [—1, 1] with
respect to the measures with densities

wi(z,0,7) = (1—2%)*2|Upo1(2)** | Ti(z)]

and

wa(w,a,7) = (1—a®) T2 Uy (@) Ti ()]
(here k € N is a fixed integer and Ty (z) and Ug_1(x) denote the Chebyshev poly-
nomials of the first and second kind). In the case v = 0 these polynomials were
obtained by Al-Salam, Allaway and Askey [2] as a limit from the g-ultraspherical
polynomials of Rogers [16].

Finally the results of Sections 2 and 3 are applied in Section 4 in order to
derive the asymptotic zero distribution of the polynomials H\"(z), %7 (z, k)
and B\ (z, k) when the degree and parameters tend to infinity with the same
order. For the generalized Hermite polynomials we thus obtain an alternative proof
of a recent result in Gawronski [10] while the limit distribution for the zeros of
the generalized sieved ultraspherical polynomials of the first and second kind is a
generalization of the measure for which the sieved Chebyshev polynomials of the
first kind are orthogonal with respect to (see [12]).

Our motivation for investigating and characterizing polynomials of this type
stems from the theory of optimal experimental design, although there are no direct
applications of the results of the present paper in this field. In many cases optimal
designs for polynomial regression models can be shown to be supported at the zeros
of certain (classical) orthogonal polynomials. While for observations with constant
variance the solution of the design problem is related to the Legendre polynomi-
als, observations with variances reversely proportional to the Beta, Gamma, and
Gaussian density functions yield solutions of the design problem which are related
to the Jacobi- Laguerre- and Hermite polynomials. For more details about the
application of orthogonal polynomials in the theory of optimal design the reader is
referred to the work of Karlin and Studden [13, p. 333] and Lau and Studden [14].

2. GENERALIZED HERMITE POLYNOMIALS AND
THE WEIGHT FUNCTION |z|7(1 — 22)*~1/2

Let © denote a probability measure on the real line (—oo, 00) with all moments
existing. The Stieltjes transform of p has the continued fraction expansion

wZ—x  |z—bi  |z—by |z — b3

where the quantities a; > 0, b; € R (i > 1) can be expressed in terms of the ordinary
moments of y (see Perron [15, p. 193], or Wall [19, p. 258]). In the following we
consider the nth “truncated” continued fraction of (2.1) (i.e. we put an+1 = 0) and
its corresponding probability measure p,,, that is

(2.2) B, (2) /°° dpn(x) 1 | _ar | o _an |

oo 2 X |z — by |z — ba |z — bps1

It is well known that pu,, has finite support given by the zeros of the polynomial in
the denominator of (2.2). Moreover, it can be shown (see Dette and Studden [9, p.
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4]) that the measure puf? with Stieltjes transform corresponding to the “reversed”
continued fraction

< dul(z) 1| an | a_|
2. ol (2) = n = — — -
(2:3) n(?) /_Oo Z—T |z — bpt |z — by |z — b1

has the same support points as u,. In the following we are interested in measures
for which this “reversed” measure is “nearly” a uniform distribution on its support
points. More precisely, we ask for all probability measures on (—oo,00) with the

property

(2.4)
—If n=2m — 1is odd (n € N), then pf has equal masses at all
n support points
— If n = 2m is even (n € N), then pff has equal masses at n support
points and positive mass at a point z¢ (independent of n).

The following theorem shows that there is exactly one probability measure with the
property (2.4) (up to a linear transformation), namely the measure with density
proportional to the weight function of the generalized Hermite polynomials.

Theorem 2.1. The generalized Hermite polynomials H,({Y) (x) orthogonal with re-
spect to the measure d&,(z) = |x|" exp(—z?)dz (v > —1) can be characterized as the
unique (up to a linear transformation) orthogonal polynomials on (—oo,00) whose
corresponding probability measure satisfies (2.4) for all n € N. Moreover, for all
m € N the weight of f»}f,zm at the point 0 is v+ 1 times bigger than the (equal)
weight of {,};Qm at the remaining 2m support points.

Proof. In a first step we show that the probability measure £, with density propor-
tional to the function |z|” exp(—=2) satifies (2.4). To this end let H{"(z) denote
the nth generalized Hermite polynomial and K,(ﬂ)(x) its monic form. From [8, p.
157] we have the recursive relation (K% (z) = 0, K\ (z) = 1)

(2.5) EQ)\(2) = aK0 (@) — an K, (o)
where

n if n is even,
(2.6) an =

n+y if nis odd .

Consequently the quantities b; in the continued fraction expansion of the Stieltjes
transform of &, in (2.1) satisfy b; = 0 while the “numerators” a; are given by (2.6).
Thus we obtain from (2.3)

en  ef = [ B Ilowl ]

oo AT z z z
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Now let n = 2m (m € Ny), then it follows from KJ(-'Y)(Z) = 2_jHJ(-7)(z), (2.5), (2.6)
and formula (2.47) in [8, p. 157] that

d my
T () = @m DER) () + —KG) 4 (2)

(2.8)
= (@m+ 14+ KL ) - LKS) L (2)

(v) (2).

and formula (2.7) yields that the support of £, is given by the zeros of K/,

v,2m
Whenever KSWBH(,ZO) =0 and zg # 0 we have from (2.8)

R B K(’Y)( ) B 1
&am(20) = — =3 T 2mtltq
K2m+1( )
Z=Z0

has equal masses m at the zeros of Ké:,z +1(2) which are

y+1
different from 0 and mass 5 -

by a similar reasoning that

Consequently, §V om

at the point 0. In the case n = 2m — 1 we obtain

—K3(2) = 2mKy)\(2)

d
dz

which implies for all zo € supp(£Fs,,, 1) = {2 K('y (z) =0}

€R2 1(20) _ Kézz—l(z’b) _ 1
v,2m— :
EEDG|_ "

This proves that the probability measure with density proportional to
|z|" exp(—2?) satisfies the reversing property (2.4).

In a second step we now show that there is no other probability measure with
this property. If n = 2m — 1, then it follows from [9, p. 16] that the property (2.4)
implies for m > 1

2m—1

(2m —1) Zb =2m Z b;,
=1

(2.9)
2m—1 2m—2
(2m — 2) Z ble — Z a;| = 2m Z blbj — Z a;
1<i<j<2m i=1 1<i<j<2m—1 i=1
If n = 2m we denote by xg,x1, ... ,Z2, the support points of a reversed measure

pl  satisfying (2.4) (note that x1,..., 2o, depend on 2m and x¢ is independent
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of 2m) and obtain for the Stieltjes transform for some v > —1

_ i v+1 1
2m—|—1+'y v 2m—|—1—|—7z—x0

P (2) =

2m
HO(Z - $j>_1 2m
_J= 2m o 2m—1
= miiie @Cm+1+7)z —{(2m+7)§x1 vxo}z
2m
—I—{(Qm—l—i—v) Z wixj—wain}z2m_2— 1 .
0<i<j<2m i=1

On the other hand the coefficient of 22™~! and 22™~2 of the polynomial in the
numerator of ®% () in (2.3) can be written as (see [15, p. 7))

2m 2m—1
— E bi 5 E blbj — E a;
i=1 1<i<j<2m i=1
respectively, while it is easy to see that
2m 2m—+1 2m
E xr;, = E bl s E Ty = E bibj — E a; .
i=0 i=1 0<i<j<2m 1<i<j<2m+1 i=1

Thus the property (2.4) (in the case n = 2m, m > 0) implies the equations

2m—+1 2m
2m+7) Z by — yxo = (2m+1+7)2bi,
i=1 i=1

2m 2m—+1
(2m—1—|—7) Z bibj—Zai —’Y$0[Z bi—$0‘|
i=1

1<i<j<2m+1 i=1
2m—1
= (2m—|—1—|—7) Z ble — Z CL;|
1<i<j<2m i=1

which can easily be rewritten as

2m
1
bompi1 = ———— b; )
2m+1 om + ; + 7xo

(2.10)

2m—1 2m+1
(2m—1—|—7)a2m—22ai—7x0[2 bi—$0‘|—2 Z blbj

i=1 i=1 1<i<j<2m
2m

+ (2m -1+ ’7)b2m+1 Z b;
=1
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(m > 0). From the first equations in (2.9) and (2.10) it follows that b; = z( for all
7 € N while the second equations reduce to
2m—2

2
a2m—1:2m_2 ;aja m227

(2.11)

9 2m—1
= i >1.
as 2m—1+7;aj m =

An induction argument now proves that all solutions of (2.12) are of the form

%c_2 if j is even
(2.12) a; = (JEN, ¢>0)
J%ﬂ if j is odd

and by the discussion in the first part of the proof the measure p corresponding to
this sequence has the density proportional to |c(z — xo)|” exp(—|c(x — z0)|?). This
completes the proof of Theorem 2.1 O

For v = 0 Theorem 2.1 reduces to the characterization of the Hermite polynomi-
als given in [9]. In this case the measure 55)” puts equal masses at its support points
or all n € N. The following result provides a slightly different characterization of
the generalized Hermite polynomials in the class of all symmetric polynomials.

Theorem 2.2. The generalized Hermite polynomials ay () orthogonal with re-
spect to the measure dé,(z) = |x|7 exp(—a?)dx (y > —1) can be characterized as
the unique (up to a scaling factor) symmetric orthogonal polynomials whose corre-
sponding probability measure p satisfies for all m € N

ugm has equal masses at all support points which are

(2.13) ,
different from zero.

Moreover, for all m € N the weight of §ﬁ2m at the point 0 is v + 1 times bigger

than the (equal) weight of f»}f,zm at the remaining 2m support points.

Proof. The proof is similar to that of Theorem 2.1 and we only sketch the main
steps. By the discussion in the first part of the proof of the previous theorem it fol-
lows that the measure &, with density proportional to |x|” exp(—z?) satisfies (2.13).
Assume now that p is a symmetric measure such that (2.13) holds for all m € N.
By the symmetry of p we have b; = 0 (i € N) and for some v > —1

0o d,LLR (ZL’) 1| as | CL1| 2m
PR = om0 m_"'__:_ll[_'_l
2m(z) ‘/;Oo Y —x |Z | P |Z z le(z x])
2m -1 2m —3
% z2m _ z2m—2 m +7 E Ti1; +Z2m—4 m +7
277L—|—1+71<1_<j<2m 2m+1+7y

X E TiXjTrXy .-

1<i<j<k<l<2m
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where g = 0, x1,... , T2, denote the 2m + 1 support points of the (symmetric)
measure u4, . Comparing coefficients of the two representations for the polynomial
in the denominator of this continued fraction (similarly as in the second part of the
proof of Theorem 2.1) now yields the equations

2m—1

2

= ————— > 1,
as 2m—1+7;a m

(2.14)

a2m Z a; = ﬁ Z ;i 0541, m > 2.

1<i<j<2m—2
A tedious calculation shows that (2.14) is equivalent to (ag = 0)
2

= m@m—l + agm—_2, m > 1,

a2m

4

2m_1+7a2m 1+ a2m—4a, m 2

a2m

and an induction argument proves that the (unique) solution of this system is given
by (2.12). This completes the proof of the theorem. |

In the remaining part of this section we will concentrate on symmetric distri-
butions on the interval [—1, 1] for which similar characterizations can be derived.
For the sake of brevity we only consider a characterization of the type (2.13). Let
u denote a symmetric probability measure on the interval [—1,1] with Stieltjes
transform

(2.15) B(z) = /1 dp(x) _ 1] pa|  qepsa|  qapel

qz—x |z | z | =z | z
where pa; € [0,1], g2; = 1—p2; (i € N), go = 1 and (g2;—2p2i)ien is the minimal chain
sequence in the recursive relation of the monic orthogonal polynomials with respect
to the measure du(z). If (2.15) holds for a symmetric probability measure p (on
the interval [—1,1]) we write that “u corresponds to the sequence (pa,p4, ps, - -.)".
If py, denotes the (finite) measure corresponding to the ”terminated” continued
fraction

1
d 1 _
(2.16)  ®n(2) = / Bale) _ 1] _ po| _ @bl dancaba]
12— | 2 | z | = | =z
we write that “u, corresponds to the sequence (pa,. .. ,p2n,0)” and denote by uZ
the measure corresponding to the “reversed” sequence (pay, . .. , p2,0). The Stieltjes
transform of uff is given by
1 3 R
d 1 _
1 Z2—7T | = | 2 | =z | z

and it is known that j,, and pf have the same support points (see [9]).

Throughout this paper we define 07(10"7) (x) as the polynomials orthogonal on the
interval [—1, 1] with respect to the measure |2|7(1 —2?)*~1/2dz (without specifying
any normalization). The following result is the analogue of Theorem 2.2 on the
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interval [—1,1] and can be proved by similar arguments as given in the proof of
Theorem 2.2.

Theorem 2.3. The polynomials 07(10"7) (x) orthogonal with respect to the measure
déy o (w) = |z[7(1 - 22)* 1 2dx (o > —1/2, v > —1) can be characterized as the
unique symmetric orthogonal polynomials whose corresponding probability measure
u satisfies for allm € N

(2.18) ufm has equal masses at all support points different from 0.

Moreover, for all m € N the weight of ¢&

*
a,y,2m

at the point 0 is v+ 1 times bigger
than the (equal) weight of R at the remaining 2m support points.

o,y,2m

Proof. We will only show that the probability measure &; , with density propor-

tional to the function |z|7(1 — 22)*~1/2 has the property (2.18). The result that
there are no other measures with this property can be shown exactly in the same
way as the corresponding statements in Theorems 2.1 and 2.2.

The monic polynomials S\ (z) orthogonal with respect to the measure
| (1—22)*~1/2dz can be obtained from [8, p. 156] as $'%7 (2) =0, S§*7 (z) = 1,

(2.19) Sfl‘i;’)(x) - xgglam(x) _ ,(fﬂ)g,(fﬂ)(x)
where
Al (2m—1479)2m —2+2a+7)
2m -

(dm —4+2a+7)(4m -2 +2a +7)’
(2.20)
’y(aw) _ 2m(2m + 2a0 — 1) '
ML T (4m — 24 204 y) (4m + 2a + )

Consequently 77(10_?;) = Qon—2P2n is a chain sequence with (¢o = 1)

J

——— if j is even,
2at+~y+2j 7

(2.21) Py = |
_IFY s odd .
200+ v+ 2j

Thus we have from (2.17), (2.20), (2.21) and straightforward calculations that
(2.22)

dF (2) :/1 M = L pam|  GamPam—s| o gaps|
" -1 =7 z | 2 | = | =
1, 1,
:1_| B Pam| 7(f:r v)| - - 7§a+ v)|
+1,
St ()

2857 () = P85 (2)

2m
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Using the relations

Ala+1,y) - I‘(m + 1)I‘(m +a+1+ :21) (a+1/2,(v—1)/2) 2

~ F(m)I‘(m+a+1+1) 1/2 1)/2
S(gj_lﬁ)(z) _ 2 ZPrEzaj /2,(v+1)/ )(22:2 —-1)
2m=1 rem+a+73) !

(see [8, p. 156]), (2.21), formula (22.7.20) in Abramowitz and Stegun [1] it now
follows that

2Sim () = pam S ()
X
_ ZF(m +I(m+a+1+73) [P$+1/2,(7—1)/2)(2Z2 _1)
r2m+a+1+17)

_ P’,(na_"'ll/l('}""l)/Q) (222 _ 1):|

_ ZF(m +1)(m+a+1+ %)Prgla—l/Q,('y+1)/2)(2z2 —

r2m+a+1+3)

R

a.y,2m 18 obtained as

and the Stieltjes transform of &

) PH/2G-D/2) 9.2 4
(2.23) B () = 2"~ 1)

ZP1’(na—l/2,('y+l)/2)(2Z2 _ 1) .

Consequently the support points of ff)*,ygm are given by the polynomial in the

denominator of (2.23) and we have from Szegd [17, p. 63] for all nonvanishing

support points zg of fff,ﬂm
d

- (ZP1’(na—1/2,('y+1)/2)(2z2 _ 1>)

Z2=Z0

= P7(710‘_1/27('Y+1)/2) (2«3(2) _ 1) + (2m + 20+ v + 2)zgp7(no‘_+ll/2>(')’+3)/2) (223 _ 1)

m+04+%+1 y+1 (at+1/2,(v=1)/2) 2
- mterit {(m + 1P (225 - 1)
1
C met 5+ ) P1/2(H1)/2) (2,2 _ 1) {yp PLat/2.(4)/2) (9,2 1)

= (2m+4 7+ 1)PLF/20-1/2) (2,2 _ 1)

Here the second equality follows from the first by the formulas (22.7.16, 22.7.20) in
[1] while the last equality follows from the second by formula (22.7.19, 22.7.20) (in
the same reference) and Py(na_l/2’(7+1)/2)(2z3 — 1) = 0. Thus we obtain from(2.23)
for every nonvanishing support point zo of ¢

R
ay,2m

*

Plet/20-0/2) 5.2 1) )
g‘i’YQm(ZO) = L =

d;-lz (Pﬁla—l/l(v-i-l)/?)@zz _ 1)) T 2m+ v+1

Z=Z0

which proves the assertion of the theorem. O
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3. GENERALIZED SIEVED ULTRASPHERICAL POLYNOMIALS

In Theorem 2.3 of Section 2 we considered the 1th, 3th, 5th, 7th ... convergent
of the continued fraction expansion for the Stieltjes transform of a given probabil-
ity measure on the interval [—1, 1], reversed the sequences of corresponding ps;’s
and determined all measures with the property(2.18). A natural extension of this
proceeding is to terminate the continued fraction only at the positions k, 3k, 5k,

. (for a given k € N) and investigate if there exist similar characterizations. We
will show in this section that these problems are related to the so called “sieved
random walk polynomials”.

Following the work of [5], [6] and [12] we use a set of “random walk polynomials”

xR, (z) = ApRpi1(z) + BpRu—1(2), n >0,

(3.1)
R_l(x) = 07 RQ(CL’) =1

(An, Bn >0, A, + B, =1, n > 0) in order to define “sieved random walk polyno-
mials of the first kind” by

xrp(x) = bp—1rnt1(x) + ap—17n-1(x), n>1,
(3.2)
ri(z) =z, ro(z) =1

and “sieved random walk polynomials of the second kind” by

28n(x) = anSnt+1(x) + bpsn—1(x), n>1,
(3.3)
s1(z) =2z, so(x) =1
where
1
(34) a, = b, = 5 if kJ(n + 1, ankp—1 = An—l, bpr—1 = Bn_1

and k > 2 is a fixed integer. In the following we are interested in the polyno-
mials 7, (x) and s,(x) when one uses the generalized ultraspherical polynomials

CSIO‘H"Y)(x) defined in Section 2 as random walk polynomials. From [8, p. 156] we
see that in this case

2m+147v

Amzl_Bm: ’
2 2 dm 4 2a+ v+ 2

(3.5)
2m

Agpp1 =1—-Bgppy = ———
2m—1 2m—1 Im+ 20+

(note that the A,,’s correspond to the pa,’s in (2.21), i.e. A,—1 = pan). Through-
out this paper we will denote the polynomials obtained from (3.1), (3.2), (3.3),
(3.4) and (3.5) as “generalized sieved ultraspherical polynomials of the first kind”

ol (7, k) and “generalized sieved ultraspherical polynomials of the second kind”
B (x,k). A straightforward calculation yields the recursive relations C{* (z, k)
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=1, Cl(a"Y)(x, k)=,
(3.6)

2a+vy+ 2n)xC’fﬁ€’V)($, k)= (Qa+vy+ n)C’fﬁéli (z, k) + nCr(:zji (z,k)
if n is even,

2a+ v+ 2n)xC’7(l?§’V)(x, k)= (2a+ n)C?(m_Irl (x, k) + (n+ 'y)C’y(ﬁ;_Vi (z, k)
if n is odd,

2cC\* (k) = CL7 (@ k) + O (x, k) if j # nk

and B (2, k) = 1, B (2, k) = 2a,
(3.7)

2a+y+ 2n)xBr(5fji (x, k) = an;z"Y)(x, E)+ (2a+~v+ ”)Br(uc %(w k)
if n is even,

(2a+v + 2n):1cBT(L7€ji (v, k) = (n + W)B,(;z”)(x, k)+ (n+ 20‘)37(5:% (x, k)
if n is odd,

20 B\ (w,k) = B\ (x,k) + B (k) if j + 1 #nk .

Observing (3.6) and (3.7) we see that these polynomials coincide with the sieved
Jacobi polynomials introduced in [4] as a limit of the ¢-Wilson polynomials. Note
also that the case v = 0 gives the sieved ultraspherical polynomials which were
obtained in [2] as a limit from the g-ultraspherical polynomials of [16]. The corre-
sponding measure of orthogonality can be obtained from [11, p. 561] and [12, p.
96] as

(3.8) wi(z,0,7) = (1=2%)* 2 |Up 1 ()| Tk ()] (w e [-1,1])
for the generalized sieved ultraspherical polynomials of the first kind and as
(3.9) wa(@,0,7) = (1=2®)* P20 ()P Th(2)]” (x € [-1,1])

for the polynomials of the second kind. The following theorem characterizes the
generalized sieved ultraspherical polynomials of the first kind by a similar “reversing
property” as stated in Section 2.

Theorem 3.1. The generalized sieved ultraspherical polynomials of the first kind
orthogonal with respect to the measure déq ~(z) = wi(z, o, v)dz defined by (3.6)
can be characterized as the unique sieved random walk polynomials of the first kind
whose corresponding probability measure p satisfies for all m € Ny

—HkR(2m+1)—1h’aS equal masses at the zeros of Ty (x)
(3.10) _NkR(2m+1)—1 has equal (but not necessary the same) masses at the

remaining 2mk support points.

Moreover, for all m € N the masses of £& L at the zeros of Ty(z) are

a,y,k( 2m+1)
v+ 1 times bigger than the (equal) masses of €&
support points.

oy o(2m41)—1 at the remaining 2mk
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Proof. Consider a set of random walk polynomials defined by (3.1) and the corre-
sponding set of sieved polynomials of the first kind in (3.2) orthogonal with respect
to the measure p. Observing (3.2) and (3.4) it is straightforward to see that the
minimal chain sequence (g2i—2p2i)ien (go = 1) corresponding to the monic orthog-
onal polynomials satisfies

1

(3.11) P2 = 3 i # nk,

and we obtain from (2.15) for the Stieltjes transform of u

B(z) = /1 du(z) 1|  po q2p4] qaps|

4 zZ—x | 2 | z | 2z | =z
R 2 N o 7 B2

lz =z |z = |z |z |2

—_——
k—2
_ﬂ_ _ﬂ_%mﬂ _ %Q4k| B
—_——
k—2

A contraction such that the resulting continued fraction attains successively the
values of the (k —1)th, (2k — 1)th, (3k —1)th ... convergent yields (see [15, p. 12])

(3.12) B(z) = (Z—%H(z))_
where
_ o Uk—2(2) (%)%_SP% | B (%)Sk_BQ%MkUk—l(ZN
HE) =200 VP 0 ) | (O ()
1\2k—2
— 2 P P2k | _ q2kPak| _ qakPek| _
= Tl { =B LG T e T e ]

Thus we obtain from (3.12)
1
B(z) = / dp(z)

12—

1
=U_1(2) { | P2k | QokPak|  QarPekl| 3 ]

(3.14) Ti(z)  |Tu(2)  1Te(z)  |Tk(2)

_ bodpt(x)
= 0 [ 55

where p* is the probability measure defined by the recursive relation of the monic
orthogonal polynomials R’ {(z) =0, Rj(z) =1

R;L+1($) = zR,(v) - q2(n—1)kp2nkR;l_1(x)
(3.15)
=zR) () — Bp—2A,_1R,,_{(2)
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(go =1, A_1 =0), see also [6, p. 82] or [11, p. 562].

Now assume that &, - is the probability measure with density proportional to the
weight function (3.8) such that the generalized sieved ultraspherical polynomials
Ci"(x, k) of the first kind are orthogonal with respect to the measure df, - ().
From (3.5) it follows that the polynomials Rj(x) coincide with the polynomials
S’l(ow)(x) in (2.19). Therefore the measure £ defined by (3.15) corresponds to
the sequence (2.21) and has density proportional to |z|Y(1 — z2)*~1/2
reasoning as used in the derivation of (3.13) gives

. A similar

R

! dga. k(2m+1 —1(‘%') 1 dé'g* 2m($)

= Up—1(2) @5, (Ti(2)) = Uk_l(z)%

where fR* is defined in (2.23) and V5,,(2), Womr1(z) are polynomials of de-
a,y,2m +

gree 2m and 2m + 1, respectively. Consequently Theorem 2.3 yields for all zy €
SUPD(E5 s k(2m41)-1)

oliv,k(2m+1)—1(zo) = (2 — ZO)(ka(Qm-i-l)—l(z)

Z=Z0

= (2 = 20)Uk-1(20) 05, (T1(2))|

z=2z0
 Up—1(20)Vam(Tk(20))
d%W2m+1(Tk(z>>‘z:zg
1 +1 . .
lem () = {§e T =0
e tamirry o Tk(20) # 0

which shows that fg_%k@mﬂ)_l satisfies (3.10) for all m € Ny. On the other hand,
if © denotes a measure of orthogonality for a set of sieved random walk polynomials
of the first kind satisfying (3.10), then similar arguments as given above show that
the measure p* defined by (3.14) and (3.15) satisfies (2.13), which determines p*
uniquely in the set of all symmetric probability measures on the interval [—1, 1] (by
Theorem 2.3). Therefore (observing (3.11)) w is unique and the assertion of the
theorem follows. O

The following result states an analogous characterization for the generalized
sieved ultraspherical polynomials of the second kind. Its proof is performed by
similar arguments as given in the proof of Theorem 3.1 and therefore omitted.

Theorem 3.2. The generalized sieved ultraspherical polynomials of the second kind
orthogonal with respect to the measure dng ~(x) = wa(z, o, v)dx defined in (3.7) can
be characterized as the unique sieved random walk polynomials of the second kind
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whose corresponding probability measure p satisfies for all m € Ny
(3.16)
—ukR(2m+2)_2 has equal masses at the zeros of Ty(z),
_NkR(zm+2)—2 has equal masses at the zeros of Up_1(z),
—Hi(2mt2)—2 has equal masses at the remaining 2mk support points.

R
a,vy,k(2m+2)
Tk(2) are 2a+ 1 and v+ 1 times bigger than the (equal) masses of 775'7 K

at the remaining 2mk support points.

Moreover, for all m € N the masses of n _o at the zeros of Ux_1(2) and

2m+2)—2

Remark 3.3. It is worthwhile to mention that there exist a couple of similar proper-
ties of the weight functions (3.8), (3.9) of the generalized sieved ultraspherical poly-
nomials of the first and second kind. For example, if £, - is the probability measure
with density proportional to (3.8), then it can be shown that for all m € N

—§§")%2mk_1 has equal masses at all 2mk support points.

Similarly it follows for the measure 7, o with density proportional to (3.9) that for
all m € Ny

— T]']y%,a,k:(Qm—i—l)—Q has equal masses W at the zeros of Ug_1(2),

— 1% k(amy1)_o has equal masses gty at the remaining 2mk

support points.

Finally we remark that we conjecture that the properties (3.10) and (3.16) char-
acterize the generalized sieved ultraspherical polynomials of the first and of the

second kind in the class of all symmetric orthogonal polynomials on the interval
[-1,1].

4. ASYMPTOTIC DISTRIBUTION OF THE ZEROS

In this section we investigate the asymptotic behaviour of the zeros of the general-
ized sieved ultraspherical polynomials and generalized Hermite polynomials defined
in Sections 3 and 2 when the degree and the parameters tend to infinity. To this
end consider a set of random walk polynomials defined by (3.1) and (3.4) where
the parameters o and v depend on the degree n, that is

(4.1)
JH1+4m if j is even
- n) 200, + v + 25+ 2 J ’
Ajn :1—Bjn = jZO,...,n—l,
i+ 1
I+ if 5 is odd,

200, + n + 2j + 2
and the corresponding sieved random walk polynomials r;(z) of the first kind where
we use the set {AV, A . A™ Vin (3.2) if nk+1 <1 < (n+ 1)k. Thus the
parameters of the generalized sieved ultraspherical polynomials of the first kind
depend on the degree and we obtain r;(x) = Cl(a?’ﬁ)(x, k) where
(4.2) { af = -/,

M= Y-1)/k]

and |z denotes the largest integer less than or equal to z. For y € [—1,1] let

(4.3) N () o= pfr <y | T (k) =0 )
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denote the number of zeros of Cl(al* ) (2, k) less than or equal to y. In order to

discuss the asymptotic behaviour of Nl(al ) when [ — 00, Qv — 00, Y — 00 We

need the following auxiliary result.

Lemma 4.1. Let p denote a symmetric probability measure on the interval [—1,1]
with Stieltjes transform

(I)*(Z) _ /1 dp(il)) — 1_| _ p_2| _ Q2p4| _ Q4p6| .
4 Z—z | 2 | 2 | 2 | 2
such that for some k € N, g,h € (0,1)
g ifl=Fkj and j is odd,
pa = h ifl=Fkj and j is even,
% else,
then
1 — 2h)T2 ) — ST =R —1
44) o) = LT+ (h—g) — VTEE) —n)” — du
2h Uk—1(2)Tk(2)(1 — 22)
where
k=g(1—h)+h(l—g),
(4.5)

p=g(l—g)h(l—h)
and the sign of the square root is defined such that

72 -k [T -k
2\/u 4p
Proof. Similarly as in the first part of the proof of Theorem 3.1 a contraction

such that the convergent of the resulting continued fraction attains successively the
values of the (k — 1)th, (2k — 1)th, (3k — 1)th, ... convergent, yields

(4.6) —1 > 1.

(4.7) °(2) = [z—%q/(z)y
where
k—2
I D | B L 1St L 1
k—2
2 ; g | h(l—g)| g(1-h)
= 0 PR T TRe | 4G

~ h(1—g)|
| Ti(2)
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By (4.7) and a further even contraction it now follows that
o (2) 1 | gd—=ghl  p |
TR(z) =g |Ti(z) -k |TR(z) -

I
ITZ(2) — K

U(z) = Up1(2)T)

where 1 and k are defined in (4.5). The assertion is now a consequence from
standard results noting that the distribution with density 2v/1 —? (z € [-1,1])
has the Stieltjes transform

/\/1—:52 1 1l 1l

where the square root is such that |w + vw? — 1| > 1 (see e.g. VanAssche [18, p.
176)). O

Remark 4.2. Note that the case g = h was already discussed in [12] where sieved
orthogonal polynomials on several intervals are considered (using the notation g =
h= - +1) By Lemma 5.1 in [6] and a delicate analysis depending on (4.6) we obtain
that the function in (4.4) has no poles at the zeros of the polynomial (1—22)Uy_1(2)
provided that g + h < 1. If g + h > 1 there are simple poles at +1 with residues
g;zgl and simple poles at the zeros of Uy_1(z) with residues g+hhk L. Moreover, by
Lemma 5.1 in [6] it can also be shown that ®*(z) has no poles at the zeros of Tj(z)
if h < g and simple poles with residues % if h > ¢. Finally we mention that by
the Perron-Stieltjes inversion formula the absolute continuous component of dp(x)

is supported on the set

Ex(mp) = {w€[-11]] [T2(x) — n < 4}

with density

R NV Ty ) s A —
(48) ir ~ h | >||Tk< = a2y @ € Bl )}

where k and p are defined in (4.5).

Theorem 4.3. Let lim;_.oo G& = a > 0 and lim;_.o 3+ = ¢ > 0, then Nl(al*"yl*)
defined by (4.3) and (4.2) satisfies

1 ok o
lli)r{.lo 7Nl( 11 )(y)

(4.9) 20+ c+2 Ve — (T2@) = Fan)? -
o /—1 [Uk-1(z )”Tk( (- )I{:EEEk("GCvﬂac)}d:r
with
(a4 1D)(c+1)(2a+c+1)
fae = Qatct o) :
(4.10)

~ Q2a+1)(c+2)+c(c+1)
“e (2a+c+2)?
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Proof. Because af = a|g—1)/k], ¥ = 7Y -1)/k) are independent of I € {nk +
1,...,(n+ 1)k}, the zeros of

(Onkt1:Tnk+1) (O k2 Tnkt2) (@nt 1)k Yt yr)
Crreih (x, k), Crrts (x, k), ..., C(n+1)k (x,k)

are interlacing and consequently it is sufficient to prove (4.9) for the subsequence
I = nk. The polynomial Cff,z:lk’ﬁk)(x, k) is proportional to the polynomial in the
denominator of the Stieltjes transform of the probability measure fan k-1
which is obtained by terminating the continued fraction expansion for the Stieltjes

transform of {4+ - with density (3.8) and reversing the corresponding sequence of
pai’s (see (2.16) and (2.17)). By the results of Section 3 §§*k>7*k>"k—1 is “nearly” a

uniform distribution on the set {z| Cr(f"“ﬁ;’“) (x, k) = 0} and we have to distinguish
the following two cases:
(A) n =2m, 1 = 2mk: In this case it follows from Remark 3.3 that fR

has equal masses at the zeros of Cénf,;”’“’%m’“) (x,k) and the péi ™) in the correspond-

ing continued fraction expansion

/1 d§ Ok Yamp 2K — 1(:1?) 1| p( )|
|

—1 Z—X

2mk ”72771 k ,2771]{1— 1

2m) (2 (2m)  (2m)
B Q§ m)pi m)| ~ Yami— 4p4mk 2

> | > e | P

e
. 2m) . o (2m—1)
are given by py;" = pa@mk—j) (7 =1,...,2mk — 1). From poy; = AT
(j=1,...,2m—1), (4.1), and (3.11) we have
Yam—1+2m — j
2021 + Yam—1 + 2(2m — j)

if 7 is odd,
2m
pgk] ) = om —j

202m—1 + Yam—-1 + 2(2m — j)

if j is even
(j <2m—1) and p(2m) = 3 whenever | # jk (I < 2mk — 1). From the assumption
of Theorem 4.3 it follows that

= i 1 jk,
. 2m * c+ 1 . . ..
(4.11) "}E)noopél ) = P = \9ater2 if I = jk, jis odd,
m if I = ]k, ] is even

and by the same reasoning as in [9] we obtain that the uniform distribution on the

set {z| Cézf,;"’“’%m’“)(x k) = 0} converges weakly to the distribution £* correspond-

ing to the sequence (p5,p},p§,...) in (4.11). An application of Lemma 4.1 and

Remark 4.2 shows that £* is absolute continuous with density given in (4.8) where
c+1 1

T 2a+c+2’ " T 2atct2’

This proves the assertion for the subsequence | = 2mk.

g+h<1l h<g.

(B)n=2m+1,1 = (2m+ 1)k: By a similar argument as in part (4) we obtain

that the probablhty measure §R(2m+l)k Vg nyps(2mA1)—1 converges weakly to the
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distribution £** corresponding to the sequence (p3*, pi*, pg*,...) where

1
3 if I # jk,
Dy = G if l = jk, jis odd,
ctl if | = jk, jis even
ifl = .
2a +c+ 2 TR d
By Remark 4.2 (with g = 2a+1c+2, h = QGC_:L_Q, g+h <1, h > g) the absolute

continuous component of £** has the density

fuolz) = 2a + ¢+ 2 \/Apia,c — (T () — Kaye)?
o 2m(c+1) |Up—1(2)[[Ti(2)[(1 — 22)
where K c, fta,c are defined in (4.10) (note that x and p defined by (4.5) are sym-

metric in g and h). Moreover, there also exists a discrete part of £** at the zeros
of Ty(z) with equal masses

I{LE S Ek(’ia ¢y Ma, c)}

h—g c

kh k(c+1)
(see Remark 4.2). Now Theorem 3.1 (and its proof) show that

R
0‘?2m+1)k’7:2m+1)k’(2m+1)k_1

has equal masses
Yom + 1
2m + yam + 1)k
at the zeros of the Chebyshev polynomial Ty (x) and masses
1
2m + yam + 1)k
at the remaining 2mk support points. This yields

# (a?2m+1)k>'7(*2m+1)k)()
(2m+1)k 2m+1)k Yy

pr— < _
G+ Dk @t £ DR 7S Y Tk =0)
1 2m-+41 2m-+1 )
BT —— T #{x<y|c27(n+1+k)kv< O (2, k) =0,
Ti(z) # 0}
Yom
- (2m+722 +1)k#{x <yl Tu(2) =0}}

2m+1)

R
* * X
/_1 a(2m+l)k,7(2m+1)k,(2m+1)k—1( )

- Gt <l T = 0}],
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and in the limit

. 1 (o " )
1 - @m+1)k Y (2m+1)k
(2777,-‘1-111)1116—»00 (2m+ 1)k 2m+1)k (y)

c

)| [ den@) — e <ol i) =0}

 2a+c+2 /y VAtta,e — (TE(2) — Kaye)?
2 —1 Uk—1 () [[ T () [(1 — 22)
This proves (4.9) for the subsequence I = (2m+1)k and by part (A) for the sequence

I = nk. The assertion of the theorem follows from the discussion at the beginning
of this proof. O

I{x € Ex(Ka.c, fla,c) }dz .

The following result states the analogue for the asymptotic distribution of the
zeros of the generalized sieved ultraspherical polynomials of the second kind and
can be proved by similar arguments as given in the proof of Theorem 4.3.

Theorem 4.4. Fory € [—1,1] let
M) = #{r <y | BT (k) =0

denote the number of zeros of Bl(afm*)(x, k) less than or equal to y. If lim;_. 5

=a>0andlim_o 3 =c>0, then

1 ok ok
ZIEEO 7]\4[( 12 )(y)

R B LTI (7 ) Ry W L —
- / : I I’EE Ra,cs Ha,c dl’
2r ) 1O @T @) (1 = a2) 17 € Frlae o)}

where g c, Ka,c are defined in (4.10).

Note that in the case ¢ = 0 the limit distribution in Theorems 4.3 and 4.4 is ex-
actly the distribution for which the sieved Chebyshev polynomials of the first kind
(introduced in [12, p. 99] are orthogonal with respect to. In the case considered
here the discrete spectrum of this measure is empty (the parameter ¢ in the last
named reference corresponds to 2a + 1 which is obviously > 1 (see [12, p. 99]).
The case a = ¢ = 0 and the trigonometric identity yield the arcsin measure as limit
distribution.

It is also worthwhile to mention that an alternative proof of the asymptotic re-
sults for zeros of random walk polynomials 7,;(z) = R, (Tk(z)) — Ry—2(Tk(z)) [or
of the second kind spptx—1(x) = Up—1(x) Ry (Tk(x))] could be obtained if the
asymptotic distribution of the zeros of the polynomials R,,(z) — Rp,—2(z) [or Ry ()]
is known. This proof requires additionally a careful inspection of the inverse
branches of Ty (z) (see also [11]).

We will conclude this paper by discussing the corresponding limit statement for
the zeros of the generalized Hermite polynomials H,({Y) (x) defined in Section 2. As
pointed out in the introduction this result has already been proved in [10] as an
application of strong asymptotics for the Laguerre polynomials L%O‘)(x) and the
relation (1) between these and the generalized Hermite polynomials. The proof
given here is based on the characterizing property (2.4) of the generalized Hermite
polynomials (note that parametrization and standardization in [10] is different).
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Theorem 4.5. Fory € R let
Nl(’n)(y) = #{z<y] Hl('n)(x) =0}

denote the number of zeros of Hl(m(x) less than or equal to y. If lim;_.o 3 =
c >0, then

(412) lim %Nlm)(\/jy) _ % /g VA D=/ =P | gy,

l—o00 |$|

where E1 = {z € R | |22 — (¢/2) — 1| < Vc+1}.

Proof. We only consider the case of an even subsequence [ = 2m, the odd case is
treated exactly in the same way as part (B) in the proof of Theorem 4.3. Let &,
denote the probability measure with density proportional to |z|" exp(—z?) and let
om—1 denote the uniform distribution on the set

B (@) =0y
| }

From (2.4), (2.7) and (2.12) we obtain for the Stieltjes transform of p2,,—1

| ~ (2m) | ~ (Qm)

/°° dpam—1(x) _ /OO d§$2m—1($) _ 1 o _ _ %om-1l
e 2 —o 2 —x/V2m | 2 | 2 |z
where
12m—j PR
= if j is even,
(2m) 2 2m
a; =
5 5 if 7 is odd.
Thus we have
1
3 =:h if 7 is even,
(4.13) Tim @™ =

1
§(c+1) =:¢g if jis odd

and the same arguments as in [9] show that pa,—1 converges weakly to the distri-
bution p* with Stieltjes transform

o) = L gl pl gl Rl
| 2 | 2 | 2 | 2 | 2
__z | gh | gh | gh |
22 =g [2=(9+h) [2=(9+h) [|2—(9+h)

_ 2 H+h—g—[2—(g+h)> —4hg
n 2hz '
Here the square root is defined such that

22 —(g+h) [22 — (g + h)]?
2v/gh + \/ 4gh -1

> 1
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and the second equality follows from the first by an even contraction while the
second equality implies the third by the same arguments as given in the proof of
Lemma 4.1. An application of (4.13) (which implies h < g) and the Perron-Stieltjes
inversion formula show that p* is absolute continuous with the density in (4.12).
This proves the assertion of the theorem. O
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