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FACTORIZATIONS OF SIMPLE ALGEBRAIC GROUPS

MARTIN W. LIEBECK, JAN SAXL, AND GARY M. SEITZ

ABSTRACT. We determine all factorizations of simple algebraic groups as the
product of two maximal closed connected subgroups. Additional results are
established which drop the maximality assumption, and applications are given
to the study of subgroups of classical groups transitive on subspaces of a given
dimension.

INTRODUCTION

Let G be a simple algebraic group over an algebraically closed field K of charac-
teristic p (allowing p = 0). In this paper we determine all factorizations G = XY
of G as a product of two maximal closed subgroups X and Y. Various cases of this
problem have been studied by other authors. The “parabolic” factorizations—that
is, the factorizations in which one of the factors X,Y is a parabolic subgroup—
were determined by A. Onishchik [On] (and also by I.L. Kantor [Ka] when p = 0).
We also mention that the maximal factorizations of the finite simple groups were
determined in [LPS]. Our results form an interesting contrast with those of [LPS];
there are far fewer maximal factorizations of simple algebraic groups than there are
of finite simple groups, but a few of those occurring in the algebraic case have no
counterpart in the finite case.

One consequence of our results is the determination of all closed reductive sub-
groups of classical algebraic groups G which act transitively on the set of totally
singular or non-degenerate subspaces of some fixed dimension of the usual module
for G.

We shall give complete proofs, including the parabolic cases covered by [On, Ka],
since our methods are somewhat more straightforward than those of Onishchik and
Kantor. In particular, we have the advantage of the substantial information on
maximal subgroups of simple algebraic groups of exceptional type provided by
[Se2].

We state our results separately for G exceptional and G classical. For G excep-
tional, we give in fact all factorizations G = XY (X,Y closed), with no maximality
assumptions on X,Y. It is elementary to see that if G = XY, then also G = X°Y?°
and G = X9Y" for any g,h € G (Lemma 1.1); thus it is sufficient to list all
possibilities for X© and Y up to G-conjugacy.

To state our first result, we need to explain a little notation. In the root system
of type Fj, the long roots form a D, subsystem, and the short roots a subsystem
which we denote by Dy. When p = 2, the corresponding root groups in F generate
subgroups Dy, Dy; these are contained in subgroups By, Cy, respectively. Similarly,

Received by the editors May 3, 1994 and, in revised form, January 30, 1995.
1991 Mathematics Subject Classification. Primary 20G15.

©1996 American Mathematical Society
799



800 M. W. LIEBECK, JAN SAXL, AND G. M. SEITZ

when p = 3 and G = G, the long and short root subsystems give subgroups A
and As, respectively.

Theorem A. Let G be a simple algebraic group of exceptional type in characteristic
p, and suppose that G = XY with X, Y closed proper subgroups of G. Then one of
the following holds:

(i) G=Fy,p=2and X° =D, or By, Y° = Dy or Cy;

(i) G=Ga,p=3 and X° = Ay, YO = A,.
Conversely, if G, X,Y satisfy (i) or (ii), then G = XY

Remark. In (i), if 7 is a graph automorphism of Fy, then Dy = D] and Cy = By .

To state our result for G classical, we need some further notation. Let V' be the
usual vector space associated with the classical group G; if (G,p) = (Bp,2), we
take V' to be the associated 2n-dimensional symplectic space. Label the Dynkin
diagram of G as in [Bou, p. 250], and let P, be the parabolic subgroup of G
obtained by deleting the ith node of the Dynkin diagram. Thus P; is the stabilizer
in G of a totally singular i-subspace of V' except when (G,4) = (Dp,n — 1 or n);
in the exceptional case, P,_1 and P, are stabilizers of totally singular n-subspaces
in different G-orbits. When G # SL,, let N; denote the connected stabilizer in
G of a non-degenerate subspace of V' of dimension ¢ with ¢ < dim V/2; and when
(G,p) = (SO2p,2), let N7 denote the connected stabilizer of a nonsingular 1-space.
Finally, if X\ is a dominant weight, denote by V() the rational irreducible KG-
module with highest weight A.

Theorem B. Let G be a simple algebraic group of classical type in characteris-
tic p with (irreducible) natural module V', and suppose that G = XY with X,Y
maximal closed connected subgroups of G. Then G = XY 1is one of the following
factorizations:

(1) parabolic factorizations:

SLom = SpamPr = SpamPom—1 (m > 2),

S50, = NP, = NiPy,_1 (m>4),

SOg = BgPl (Z = 1,3,4) (where V l Bg = VBg()\S))7
SO; = GaFy,

Sps = G2P1 (p=2);

(2) non-parabolic factorizations, p arbitrary:

SO = (Spm ® Sp2)Ny (m even),
SO16 = BNy (where V | By = Vg, (\1)),
PSOs = B3BJ = B3N3 = B3(Sps ® Spa) (where

V | B3 = Vp,(A3) and 7 is a triality aut. of PSOs),
507 = GQNl;

(3) mon-parabolic factorizations, p = 3:

SOy = FyNy (where V | Fy = Vg, (A1),
SO13 = C3Ny (where V | C3 = Vi, (A2));
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(4) non-parabolic factorizations, p = 2:

Spam = SO Nap (1 <k<m-—1),

SOs6 = E7Ny (where V | Er = Vg, (A7),

SOs32 = DgNy (where V' | Dg = Vp,(As) or Vpg(Xe)),
SOy = AsNy (where V | As = Va,(A3)),

Sp6 = G2N2 = GQSOG.

Remarks. (1) Note that factorizations of Spa,, with p = 2 give corresponding fac-
torizations of SOqyy,+1, via a surjective morphism from one group to the other (the
latter factorizations are not listed in Theorem B).

(2) Tt is possible to drop the maximality assumptions on X and Y in Theorem B,
and to determine all factorizations G = XY where X, Y are closed proper subgroups
and each is either reductive or parabolic. We do this in an Appendix at the end of
the paper.

Corollary 1. If G is classical with natural module V', and G = XY with X,Y
closed connected proper subgroups, then there is an automorphism o« of G (as ab-
stract group) such that X or Y is reducible on V.

Theorem B, together with Theorem C in the Appendix, determines all closed
reductive subgroups of classical groups which act transitively on the set of totally
singular or non-degenerate subspaces of some fixed dimension. In the next corollary,
we highlight one particular case.

Corollary 2. Let V be a vector space of dimension n over an algebraically closed
field of characteristic p. Suppose G is a closed proper subgroup of SL(V) which
acts transitively on the set of i-dimensional subspaces of V' for some ¢ < n. Then
either G = Sp(V) with n even and i =1 orn—1, or G = Gy withn =6, p =2
andt=1 orb.

This can be deduced from Theorems A and B as follows. Let G be as in the
hypothesis of Corollary 2. Then SL(V) = GP;. By Lemma 1.1 we may take G to
be connected. From Theorem B we deduce that i = 1 or n — 1 and G < Sp(V).
If G < Sp(V), then Sp(V) = GP, whence Theorem B gives n = 6,p = 2 and
G < Gg; then G = GPy, so G = G2 by Theorem A.

The layout of the rest of the paper is as follows. In section 1, we demonstrate the
existence of all the factorizations in Theorems A and B. Section 2 contains some
general lemmas on factorizations, and in section 3 we prove Theorem A. Theorem B
is established in sections 4 and 5: section 4 classifies the parabolic factorizations
of classical groups, and section 5 the non-parabolic factorizations. Finally, in the
Appendix we show how the maximality assumptions of Theorem B can be relaxed,
determining all factorizations G = XY with X, Y reductive or parabolic.

Acknowledgment. The first and third authors acknowledge the support of a NATO
Collaborative Research Grant.

1. EXISTENCE OF THE FACTORIZATIONS IN THEOREMS A AND B

As before, let G be a simple algebraic group over an algebraically closed field K
of characteristic p. In this section we establish the existence of the factorizations
in Theorems A and B. We thank Professor R. Steinberg for suggesting the method
used in Proposition 1.9 below, which is conceptually more natural than our original
proof.
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Lemma 1.1. Suppose that G = XY with X,Y proper closed subgroups. Then

(i) G=X%%",

(i) G = X9Y" for any g,h € G,

(iii) if X < Ng(D) for some non-central subgroup D of G, then' Y contains no
conjugate of D.

Proof. To prove (ii), let g = zy with x € X, y € Y. Then G = (XY )Y = X™Y =
X9Y. Repeating the argument gives G = X9Y". For (iii), note that Y is transitive
on the conjugates of D, so cannot contain one of these.

We now prove (i). Since X is closed, G/X is an irreducible variety. The group Y’
acts transitively on G/ X, so Y has finitely many orbits, say A1, ..., Ay, and these
are permuted transitively by Y/Y?. Suppose that k > 1. As G/X is irreducible, the
orbits A; are not closed. Some orbit, hence every orbit, is open in its closure, hence
is open and dense in G/X. But this means that the complement of Ay, namely
AgU...UAy, is open and closed, hence is equal to G/ X, a contradiction. Therefore
k =1, and YV is transitive on G/X. In other words, G = XY°. Repeating the
argument, we see that G = XY 0, O

In the first three propositions we give elementary geometric proofs of some of
the factorizations in Theorem B.

Proposition 1.2. The parabolic factorizations in Theorem B(1) occur.

Proof. The factorizations SLo,, = SpamP1 = SpomPam—1 are clear, as Spay, is
transitive on the sets of 1-spaces and hyperplanes in 2m-dimensional space.

Next we show that SOs,, = N1P,, = Ni1P,_1. Let V be the natural 2m-
dimensional module for G = SOs,,. Pick a Levi subgroup L = GL,, of G. Then L
fixes a pair F, F of totally singular m-spaces with V = E® F, and every nonsingular
1-space contains a vector e + f such that e € E, f € F and (e, f) = 1.

Fix ey € E with ey # 0. The stabilizer L., acts transitively on vectors f € F
such that (eg, f) =1 (indeed, so does (L').,). Since L’ is transitive on the nonzero
vectors in E, it follows that L’ is transitive on the set of all nonsingular 1-spaces in
V. Hence G = Ny L’'. Since conjugates of L’ lie in P, and in P,,_1, it follows that
G=MNP,=NPFP,_1.

In particular, SOs = N1 P; = N1 P;. The image of N; under a triality automor-
phism of Dy is an irreducible Bs; hence SOg = B3 P; for ¢ =1, 3, 4.

It remains to show that SO; = G2 Py and Spg = G2 P; (p = 2). The latter follows
from the former on application of a surjective morphism SO; — Spg(p = 2);
so we need only prove that SO; = GoP;. For this, it will suffice to show that
SO07 = G2505, since SO5 is a Levi subgroup of P;. By the third paragraph, we
know that SOg = N1SL4. Application of triality gives SOs = B3SOg. It follows
that N1 = (Bg N Nl)SOG = GQSO(;; that iS, SO7 = GQSOG. Again by the third
paragraph, SOg = SO5SL3. Inside SO7, this SL3 lies in Ga, so SO7 = G250s.
Hence SO; = G2 Py, as required. O

Proposition 1.3. The factorizations in Theorem B(2) (excluding SO16 = B4N1)
all occur.

Proof. We established in the proof of 1.2 that SOs,, = N1SL,,. Let V be the
natural 2m-dimensional orthogonal module, and let V= E & F' as in the proof of
1.2. Suppose that m is even, and choose a subgroup S of SL,, with S = Sp,,.
For 0 # e € E, S, fixes a nonzero vector d € F with (e,d) = 0, and is transitive
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on the set of vectors f € F with (e, f) = 1. Since S is transitive on the nonzero
vectors in F, it follows that S is transitive on the nonsingular 1-spaces in V', and so
SO2 = N1Spm = N1(Spm ® Sp2). This is the first factorization in Theorem B(2).

We showed in the proof of 1.2 that SO; = G3S0s5, so SO7; = GoN;. And we
also proved that SOg = B3Ny, so PSOg = B3B3 for any triality automorphism 7
of PSOs. |

Proposition 1.4. The following factorizations in Theorem B(4) occur:

Spam = SO2mNox (p=2,1<k<m—1),
Spe = GaN2 (p = 2),
Spﬁ = GQSOG (p = 2)

Proof. The first factorization is an immediate consequence of Witt’s Lemma.

We showed in the proof of 1.2 that SO7 = Go N1 = G2505. For p = 2, applica-
tion of a surjective morphism SO7 — Spg yields Spg = G2SOg = G2Spy. Therefore
S’pﬁ = GQSO6 = GQNQ. (|

The remaining factorizations in Theorems A and B are less easy to establish,
and we use a method suggested by R. Steinberg.

Lemma 1.5. Let U be a connected unipotent algebraic group over K, and suppose
that A, B are closed subgroups of U such that dim A4+dim B—dim ANB > dimU.
Then U = AB.

Proof. Induct on dimU. We may assume B is proper and embed it in a maximal
closed subgroup M of U. If A < M then, by induction, M = AB and dim A +
dim B — dim A N B = dim M, contradicting the hypothesis. Hence A £ M; so
U=AM and dm AN M =dim A — 1.

Now the hypothesis gives dimANM +dimB —dimANMNB =dimA -1+
dimB —dimANB > dimU — 1 = dim M. So by induction, M = (AN M).B.
Multiplying by A we have the assertion. O

Corollary 1.6. Let B be a connected solvable algebraic group over K, and X,Y
closed subgroups with dim X +dimY —dim X NY > dim B. Then B = XY

Proof. We may assume X and Y are connected. Replace X by a conjugate, if
necessary, so that X and Y have tori, Tx, Ty, each contained in a fixed maximal
torus T of B. In fact, we may also assume that Tx N 7Ty is a maximal torus of
xXny.

First we claim that Tx Ty is a closed subgroup of T'. Indeed, the map T — T'/Ty
is a morphism, so T'x has closed image. Taking preimages we have the claim.

Next note that R,(X),R,(Y) are contained in R,(B). Now X NY =
R,(X NY).(Tx NTy). A dimension count shows that we have the hypotheses
of Lemma 1.5, so R, (B) = R, (X).R,(Y).

Now consider B/R,(B), a torus. The images of X and Y are both subtori, so
the argument of the second paragraph shows that the product of the images is a
closed subgroup. Hence the preimage, X R,(B)Y = XY, is also a closed subgroup.
Finally, the hypothesis forces XY = B. O

Lemma 1.7 ([St2, Lemma 2, p. 68]). Let J be an algebraic group over K acting
algebraically on an algebraic variety V over K, and let H be a closed subgroup of
J with J/H complete. Suppose that U is a closed, H-invariant subset of V.. Then
J.U is closed.
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Proof. Although this is in [St2] we give a proof for completeness. Let S = {(zH,v) :
x7lv € U}. Since S is H-invariant, it is a well-defined subset of J/H x V.

We claim S is closed. Map J xV — V via (g,v) — g~ *v. Let D be the preimage
of U. Then D is closed. The natural map J x V — J/H x V is an open map (see
[Hu, p. 86, Ex.4]). Under this map, D and its complement have disjoint images.
The assertion follows.

By hypothesis, J/H is complete, so projecting S to the second coordinate, we
find that the image, J.U , is closed. O

Corollary 1.8. Let X,Y be closed subgroups of G such that dim X + dimY —
dim X NY = dim G, and suppose that there are Borel subgroups Bx,By of X,Y
such that Bx By is closed. Then G = XY.

Proof. Apply Lemma 1.7 to J = X X Y acting on V = G with (x,y) sending g —
gy (r € X,y € Y,g € G), with H= Bx x By and U = BxBy. We conclude
that J.U = XY is closed. Hence by the assumption on dimensions, G = XY. O

We are now in a position to establish the remaining factorizations in Theorems A
and B.

Proposition 1.9. The following factorizations G = XY occur:

Fy = DyD4(p=2) (as in Theorem A),
Go = Aydy (p=3) (as in Theorem A),
SOs6 = E7N1(p=2) (as in Theorem B(4)),
SO32 = DgNy(p=2) (as in Theorem B(4)),
SO35 = FyNi(p=3) (as in Theorem B(3)),
S0y = AsNi(p=2) (as in Theorem B(4)),
SO16 = B4N1 (as in Theorem B(2)),

SO13 = C3Ni(p=3) (as in Theorem B(3)).

Proof. The embeddings F7 < SOs6 (p = 2), Dg < SO32 (p = 2), Fy < SOa5 (p = 3),
A5 < 509 (p = 2), By < 8016 and C3 < SOq3 (p = 3), via the modules given in
Theorem B, are well known (see 2.7 in section 2, for example, for some of them).

Let G, X,Y be as in the statement of the proposition. We claim that we can
choose X and Y such that

(a) there is a Borel subgroup Bg of G which contains Borel subgroups Bx, By
of XY, respectively, and

(b) (X NY)? is as follows (where T; denotes a rank i torus):

G X Y (XnYp

(1) F Dy Dy Ty
(2) G2 AQ A2 TQ
(3) SOs¢ Er N1 Es
(6) SOy As N; AsAs
(7) SO By Ny Bs

)

5013 Cg Nl AlAlAl

In cases (1) and (2) this is easy: choose X,Y to satisfy (a) and such that X NY
contains a maximal torus 7' of G. Then (X NY)? is generated by T together with
any T-root subgroups lying in X NY; but the root subgroups in X correspond to
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long roots, whereas those in Y correspond to short roots, and hence (X NY)? =T,
as claimed.

The remaining cases (3)—(8) are similar to each other. In each case we claim first
that we can find a closed connected subgroup D of X as in the last column of the
above table, generated by long root subgroups of X, such that V | D is as follows:

(3) VIiD = VEg(Al)@VEg(AG)@%,
VID = Va(h)®Vas(Aa) D Vo,

(4)

(5) VID = Vp,(M)®Vp,(A3)® Vp, (A1) ® V74,

6) VID = (Vay(M)®Va,(A2)) @ (Va,(A2) @ Via, (A1) © Vo,

(1) VID = Vi(\)&Vs(A3) @ V1,

®) VID = (Va,(M)®Va, (A1) ®Va, (0) & (Va, (M) ® Va, (0) @ Via, (M)

@(VAI (O) ® VAl (>‘1) & VAI ()‘1)) & Vi,

where V; (i = 1 or 2) denotes a trivial submodule of dimension ¢. This claim is
well known in cases (3), (4) and (5)—see for example [LS2, §2]. The claim is clear
in case (6), since in this case V | X is the wedge-cube of the usual 6-dimensional
X-module; similarly in case (8), V' | X is a section of the wedge-square of the usual
6-dimensional module. Finally for (7), take a subgroup D4 of X = By such that
the spin module V' = Vx (\y) restricts to Dy as Vp,(A3) @ Vp,(A\4). Now choose a
subgroup D = Bj of this D, fixing a nonsingular 1-space in one of the summands.

Thus V' | D is as above. Let Tx be a maximal torus of X and choose a basis B
of T'x-weight vectors for V. All Tx-weight spaces have dimension 1; for a weight
i, let e, be the chosen weight vector. In cases (3), (4) and (6), if A denotes the
highest weight, we may take Vo = (ey,e_»), and we define v = ey 4+ e_y; in the
other cases we choose v so that V3 = (v). Then X0 = D. Taking Y = G2, we
therefore have (X N'Y)Y = D, establishing conclusion (b) above.

Now we argue that (a) holds. Let Bx be a Borel subgroup of X containing
Tx. In cases (5) and (8) we may take V4 = (v) to be the 0-weight space for Tx.
Then By fixes a complete flag F of V' determined by an ordered basis of the form
Cprseee s ChumsVy€pysee. s €—yy (Where dimV = 2m 4 1). Then Yz = (G,)% is a
Borel subgroup of Y. Hence the Borel subgroup G of G contains Borel subgroups
of X and of Y, establishing (a) for these cases. Now consider cases (3), (4), (6).
Here Bx fixes a complete flag F of V' determined by an ordered basis of the form
€utr e sy €—pims - - 5 €—py. Since the Weyl group W (X)) is transitive on the set
of weights appearing, the 2-space (e,,,,e—,,.) is fixed by a W (X)-conjugate of D;
replace V5 by this 2-space and v by the vector e,,,, +e_,,.. Then Yr = (G,)%
is again a Borel subgroup of Y, and (a) follows as before. Finally in case (7), a
maximal torus of D = Bj has 0-weight space of dimension 2, which we may take
to be (ep,., €—p,,) in the previous argument. This argument now yields (a) for this
case.

Thus (a) and (b) hold in all cases. Observe now that for all the cases (1)—(8)
listed above, we have

dimX +dimY —dimX NY =dimG
and also
dim Bx + dim By — dim Bxny = dim Bg.

Hence by Corollary 1.6 we have B¢ = BxBy. It now follows from Corollary 1.8
that G = XY, as required. O
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We have now established all the factorizations in Theorems A and B.

2. PRELIMINARIES FOR PROOFS OF THEOREMS A AND B

Continue to assume that G is a simple algebraic group over an algebraically
closed field of characteristic p. The first two results of this section give useful
information concerning parabolic factorizations of G.

Lemma 2.1. Suppose that G = XY with X a proper closed subgroup, and Y a
proper parabolic subgroup of G. Then

(i) X is reductive;

(ii) X NY is a parabolic subgroup of X;

(ili) Ry(Y) and R, (X NY) have equal dimensions (equal to dim(G/Y));

(iv) dim X > 2dim(G/Y) 4 rank(X);

(v) X lies in no proper subgroup of maximal rank in G.

N¢g(U). But the parabolic subgroup Y contains a conjugate of U, so this contradicts
1.1(iii).

(ii) Let Y = QL, where @ = R,(Y) and L is a Levi subgroup of Y. Choose
maximal tori T'x, T lying in Borel subgroups Bx, B of X, G respectively, such that
Tx <T < Land By < B <Y. Then X NY contains Bx, hence is a parabolic
subgroup of X.

(ili) We have dim(G/Y) = dim R, (Y); and by (ii),

dim(X/X NY) = dim(R,(X NY)).

Since G = XY, dim(G/Y) = dim(X/X NY), and (iii) follows.
(iv) We have

dim X =dim(G/Y) + dim(X NY) > dim(G/Y) + dim R, (X NY) 4 rank(X)
= 2dim(G/Y) + rank(X),

using (iii) for the last equality.

(v) By way of contradiction, assume that X is a proper subgroup of maximal
rank in G. Then Tx = T. Write X NY = QxLx, where Qx is the unipotent
radical and Lx a Levi subgroup of X NY. Since Tx = T, every root subgroup of
X is a root subgroup of G.

Suppose that Qx £ @, where Y = QL as before, and pick a T-root subgroup
Up lying in @ x but not in . Since every T-root subgroup of ¥ = QL lies in @ or
in L, we have Ug < L. This implies that U_g < L. As U_g < X also, this gives
U_3 < LNX <QxLx, which is impossible as Ug < Q)x. Therefore Qx < @, and
so Q@x = @ by (iii). But then

G=(Q%) =@ =(@") <X,
which is a contradiction. This completes the proof. O

Lemma 2.2. Suppose that G = XY with X a closed subgroup and Y = QL para-
bolic, with unipotent radical @ and Levi subgroup L. Assume that the subsystem of
the root system of G corresponding to L is fived by wy, the longest element of the
Weyl group of G. Then G = X L.
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Proof. Choose maximal tori Tx,7T contained in Borel subgroups Bx,B of X,G
respectively, with Tx < T < L and Bx < B <Y. As in the proof of 2.1, write
XNY =QxLx.

We first establish that @x N L = 1. By our hypothesis concerning wg, we can
find a dominant weight A such that V' = Vg()) is self-dual and G(,+y = Y for
some maximal vector vt € V. Let wy be an element in the coset of wg, and put
v~ = vtwy. Then Guty,w-y =Y N YW =L,

Let § = X | T, so that v*,v™ afford the weights 8§, —§ for Tx, respectively.
As Bx < B, vt is a maximal vector for Bx and V | X has a composition factor
of high weight 6. Because V is finite-dimensional, it follows that ¢ is a dominant
weight. Since G = XY, we have

V={(TG) = (v X).

Consequently V' | X is an image of the Weyl module W (8) in which the weights
6, —6 appear with multiplicity 1. Now X(,+y = X NY = QxLx, so X(,-) =
(QxLx)", where t = wo(X). As Lx fixes (v™), we have Ly = Ly and QY is the
unipotent radical of the parabolic of X opposite to Qx Lx. Hence we conclude that
Xty vy = Lx. Then Qx N L =Qx NGty vy =Qx NLx = 1.

Thus Qx N L = 1. Since dimQx = dim@Q = dim(Y/L) by 2.1(iii), it follows
that @x has a dense open orbit on Y/L. Now Y/L is an affine irreducible variety
as L is reductive (see [Ha, Ri]). By [Bo, 4.10], every orbit of a unipotent group
on an affine variety is closed. We deduce that Qx is transitive on Y/L—that is,
Y = QxL. Therefore G = XY = XQxL = XL. O

Proposition 2.3. Assume that G is of exceptional type, and that X is a reductive
mazimal closed connected subgroup of G.

(i) If X is of mazimal rank and dim X > 3 dimG, then (G, X) is one of the
fOllO’LUiTLgI (E87A1E7)7 (E77A1D6)7 (F47 B4)7 (F47 C4) (p = 2)7 (G27A2)7 (GQ’ AQ)
(p=3).

(ii) Suppose that X is not of mazimal rank, and that dim X is greater than
66, 55,22, 14 or 3, according as G = Eg, F7, Eg, Fy or Ga, respectively. Then (G, X)
18 (E67F4), (Eﬁ, C4) (p 75 2) or (}7147 Ang) (p 75 2)

Proof. (i) Since X is of maximal rank, it is generated by root groups corresponding
to a subsystem A of the root system of G. As X is maximal connected, it has no
central torus (otherwise it lies in a Levi subgroup). It follows that, apart from the
cases where (G,p) = (Fy,2) or (Ge,3), A is obtained by deleting a node in the
extended Dynkin diagram of G. Now a check of dimensions gives the conclusion.
In the exceptional cases, the dual of such a subsystem A also yields a group X,
giving the extra cases (Fy, Cy) (p = 2) and (G2, 43) (p = 3).

(ii) We use [Se2, Theorem 1], which determines the maximal connected subgroups
X of G (assuming certain mild restrictions on the characteristic p when X is of small
rank). By the lower bounds on dim X, none of the characteristic restrictions comes
into play, and the result is immediate from [Se2, Theorem 1]. O

The rest of this section contains various results on representations of simple
algebraic groups with small dimensions, and corresponding subgroups of classical
groups. We use the notation

G =Cl(V)
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to indicate that G is a classical algebraic group with natural module V' (where if
(G,p) = (Bn,2), we take V to be the natural 2n-dimensional symplectic module).

The next proposition is a general result on maximal subgroups of classical groups,
taken from [Sel].

Proposition 2.4 ([Sel, Theorem 3]). Let G = CI(V), and suppose that X is a
maximal closed connected subgroup of G. Then one of the following holds:
(i) X = Py or Ny for some k (notation as in the Introduction);
(i) V=UQW and X = Cl(U) @ Cl(W);
| (iii) (X,G) = (Sp(V), SL(V)), (SO(V),SL(V)) (p # 2) or (SO(V),5p(V)) (p =
2);
(iv) X is simple, and V' | X is irreducible and tensor indecomposable.

Proposition 2.5. Let X be a simple algebraic group over the algebraically closed
field K of characteristic p, and suppose that V- = Vx () is a rational irreducible
KX -module such that dimV < dim X and X # ClU(V'). Then, up to duals and field
twists, either V' is a composition factor of the adjoint module for X, or X, \ are as
follows:

X A
An )\27 2)\17 )\3 (n: 5,677)
Cp A2, A3 (n=3), \,(B3<n<6,p=2)
Bn,Dn )\2, >\n (n§7), )\n—l (X:Dn,n§7)
Go A
Fy Ag
Eg A
E; A7
Proof. This is immediate from [Li, Section 2]. O

The next result determines the type of form (symplectic or quadratic) fixed by
a simple algebraic group X on a self-dual module in many cases. In the statement
we use the usual parametrization h,(t) for elements of a Cartan subgroup of X,
where ¢t € K* and « is a root in the root system of X.

Proposition 2.6. Let X be as in 2.5, and let Vx(\) be a rational irreducible self-
dual K X-module.
(i) Suppose p # 2, and define z = [[ ha(—1), the product being over all positive
roots a of X. Then X preserves a quadratic form on Vx (X\) if and only if A\(z) = 1.
(ii) Suppose p = 2 and the Weyl module Wx (\) is irreducible (i.e. Vx(\) =
Wx(A)). Then either (X,\) = (Cp, A1), or X preserves a quadratic form on Vx (X).

Proof. Part (i) is [Stl, Lemma 79]. Part (ii) is proved in [KST]; as this is un-
published, we sketch the argument. Let V = Vx(A). The action of X on V
gives a morphism X — Spy,, where dimV' = 2n. Following this by a morphism
Spon — SO2p,41 gives a morphism X — SOsg,4+1. Let W be the corresponding
(2n + 1)-dimensional X-module. Then W is an extension of a Frobenius twist V72
by the trivial X-module. If this extension is indecomposable, then by [LS2, 1.3],
either (X, \) = (Cp, A1), or there is an indecomposable extension of V' by the trivial
X-module, which contradicts the hypothesis that Vx (\) = Wx (\). Therefore, as-
suming that (X, A) # (Cp, A1), we see that W must be decomposable as V2 @ (v).
Therefore X preserves a non-degenerate quadratic form on V2 hence on V. [
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Proposition 2.7. Let X be as in 2.5, and suppose V. = Vx () is such that X #
Cl(V) and

dimV < —(dim X — rank(X) + 4).

1
2
Then, up to duals and twists, X, X are as in the following table; we also give C1(V),
the smallest classical group on V' containing X:

X ) CIl(V)

A, (Tl > 4) A2 SLn(n+1)/2

Bg (or 03, p= ) )\3 SOg

B4 (or 04, p= 2) )\4 SOIG

D5 A5 SLig

Dy As or Xe  Sps2 (p #2), SOz (p = 2)
G2 )\1 SO7 (p 75 2), Spg (p = 2)
F4 )\4 5026 (p;é?) s 5025 (p=3)
FEg A S Loy

E; A7 Spse (p # 2), SOs6 (p = 2)

Proof. The possibilities for A are immediate from 2.5. Except for (X, p) = (G2, 2),
the group CI(V) is determined by 2.6. In the exceptional case it is clear that X
lies in Spg but not in SOg. O

Proposition 2.8. Let X be as in 2.5 and let V = Vx(\) with dimV < dim X.
Assume that p = 2 and that X < Sp(V) but X £ SO(V). Then either V is a
composition factor of the adjoint module for X, or (X, A) = (Ga, \1).

Proof. This follows from 2.5 and 2.6. O

Our final result is also a straightforward consequence of 2.5.

Proposition 2.9. Let X be as in 2.5, and assume that V = Vx (\) is self-dual and
that X # ClL(V'). Let P = QL be the stabilizer of a 1-space spanned by a mazimal
vector in V , where Q is the unipotent radical and L a Levi subgroup of the parabolic
P. Suppose that

1
dim V < max(dim X — dim L' + 1, §dimX +2).

Then, up to duals and twists, (X, \) is one of the following: (A2, A1 +A2), (A5, A3),
(037)\2>y (037)‘3) (p # 2)7 (Bn7)\n> (TL S 5)7 (Cn7)\n) (TL S 57]9 = 2)7 (-D67)\5 or )\6>7
(G2, M), (Fi, M), (Es, M), (E7, 7).

3. EXCEPTIONAL GROUPS: PROOF OF THEOREM A

Let G be a simple algebraic group of exceptional type in characteristic p, and
assume that G = XY with XY proper closed subgroups of G. By 1.1 we have
G = X°Y?. Choose maximal connected subgroups X1,Y; of G containing X Y°
respectively. We aim to show that (G, p, X1, Y1) is (Fy,2, Bs, Cy4) or (Gs, 3, Aa, 1212)
Theorem A will follow quickly from this.

Lemma 3.1. Both X and Y7 are reductive.
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Proof. Suppose otherwise. Then X; or Y; is parabolic, say Y;. Write Y1 = QL,
where () is the unipotent radical and L a Levi subgroup. By 2.1(i,v), X is reductive
and is not of maximal rank in G. Also dim X; > 2dim(G/Y1)+rank(X;) by 2.1(iv).
Inspection of dim(G/Y;) for parabolics Y yields

dim(G/Y1) > 57,27,16,15,6 for G = Eg, E7, Fg, Fy, G5 (respectively).

Hence dim X; > 114, 54 + rank(X7), 32, 30, 12 in the respective cases. Now 2.3(ii)
forces G = Eg and X7 = Fy or Cy (p # 2).
radical Qx,, Levi subgroup Lx,, and dim Qx, = dim Q = dim(G/Y7). Hence Y] is
not Ps, Py or Ps (as for these, dim(G/Y7) > 25, which is greater than the dimension
of a maximal unipotent subgroup of X; = Fy or Cy). So Y7 is P, P, or Ps; and if
Y1 = P, then dim(G/Y;7) = 21 forces X; = Fy.

Suppose Y1 = P,. Then by 2.2,

G =Es = X,L = FyAsTy.

Now L = AsT7 normalizes a fundamental subgroup A; of G. As X; = Fj contains
a conjugate of this Aj, this contradicts 1.1(iii).

Thus Y7 = P, or Ps, and dim(G/Y1) = 16. One checks that 16 is not the
dimension of the unipotent radical of any parabolic subgroup of Fy. Hence X; =
Cy(p #2) and X1 NY; is a Borel subgroup of X;. However both X7 and Y7 then
contain fundamental subgroups S Ly of G so replacing X, Y by conjugates, we may
take SLo < X7 N Y7, which contradicts the previous sentence. (|

Lemma 3.2. We have (G, p, X1,Y1) = (Fy,2, By, Cy) or (Ga,3, Ay, As).

Proof. Since G = X1Y7, we may assume that dim X; > %dim G.

Suppose first that X7 is not of maximal rank in G. Then by 2.3(ii), G = FEs
and X; = Fy. Hence dimY; > 26, so again by 2.3, either Y; is of maximal rank or
Y1 = Fyor Cy (p # 2). If Y7 is of maximal rank, then dimY; > 26 forces Y1 = A; As.
But then Y; normalizes a fundamental A;, a conjugate of which lies in X7, contrary
to 1.1(iii). If Y7 = Fy, then X3 and Y7 are G-conjugate, which is impossible. Thus
Y1 = C4 (p # 2). Then dim(X;NY7) = 10. By [CLSS, 2.7], we can choose X1, Y7 so
that X7 = Cq(7),Y1 = Ce(th), where 7 is a graph automorphism of G and h is an
involution of G commuting with 7. Then X; NY; = Cg(7,h) = Cx, (h) = A1Cs,
which has dimension more than 10, a contradiction.

This establishes that X7 must have maximal rank. Then X7 is given by 2.3(i): X3
is A1 E7, A1 Dg, By or C4(p = 2), As or A, (p = 3), according as G = Eg, F7, Fy, Ga,
respectively. We deduce that dim Y7 is at least 112, 64, 16, 6 in the respective cases.
If G = E7 or Eg then 2.3(ii) forces Y7 to be of maximal rank also. But then X;
normalizes a fundamental A;, a conjugate of which lies in Y7, a contradiction.

Now let G = Fy. By 2.3(ii), either Y7 is of maximal rank or Y7 = A1G2 (p #
2). In the latter case, Y7 normalizes the factor G2, while X; = By contains a
conjugate of this Ga, contrary to 1.1(iii). Hence Y; is of maximal rank, and so
Y1 is By, Cy(p = 2), A1C5, AlBg, Agflg, A3 Ay or AsA,. The last five cases are
impossible by 1.1(iii), as X; contains conjugates of the factors A; or As of these
maximal rank subgroups. Therefore, as Y7 is not conjugate to X, we conclude that
p=2and {X;,Y1} = {B4,C4}, as in the conclusion.
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Finally, consider @' = (G5. Here Y7 is of maximal rank by 2.3(ii), so Y7 is
Az, Az (p = 3) or A1A;. The latter is impossible by 1.1(iii) as usual, so p = 3 and
{X1,Y1} = {Az, A3}, as required. |

To complete the proof of Theorem A, it remains to determine the possibilities
for the (not necessarily maximal) connected subgroups X°, Y lying in X1, Y3, such
that G = XY, Observe that X; = X°(X; NYy).

If G = Gy and (X1,Y1) = (Ag, Ay), then dim(X; NY;) = 2, so X (respectively
Y?) can have codimension at most 2 in X (respectively Y;). But the only proper
connected subgroup of As of codimension 2 or less is a parabolic, and G2 has
no parabolic factorizations by 3.1. Hence X° = X;,Y" = ¥;. This does give a
factorization of Ga, by 1.9.

Finally, consider G = Fy, (X1,Y1) = (B4,C4) (with p = 2). Suppose that
X% < X;. Since G = X7, we have dim X° > 16; also X© lies in no parabolic
subgroup of G, by 3.1. Using 2.4 and 2.5, we see that this forces X° = D, or D3B;.
In the latter case Y] contains a conjugate of the subgroup B (note that By = A;),
contrary to 1.1(iii). Hence X° = Dj.

We have established that X° = B, or Dy; similarly, Y° = C, or Dy. All these
possibilities give factorizations of Fy, by 1.9.

This completes the proof of Theorem A.

4. CLASSICAL GROUPS: PARABOLIC FACTORIZATIONS

In this section we determine the maximal parabolic factorizations of classical
algebraic groups, showing that they are as in (1) of Theorem B.

Let G be a simple algebraic group of classical type, with natural module V' over
an algebraically closed field K of characteristic p. If (G, p) = (By,2), we take V to
be the 2n-dimensional symplectic module; and if G = D,,, we assume that n > 4.
Suppose that G = XY, where X,Y are maximal closed connected subgroups of G
and Y is parabolic. Thus Y = P; for some i, the parabolic obtained by deleting the
ith node from the Dynkin diagram of G. Write Y = QL, where @ is the unipotent
radical and L a Levi subgroup of Y. We aim to show that G, X,Y are as in (1) of
Theorem B. Since those factorizations exist by 1.2, this will establish Theorem B
for parabolic factorizations.

By 2.1, X is reductive and X NY = Px = QxLx, a parabolic subgroup of X
with unipotent radical @Qx and Levi subgroup Lx. Moreover, dimQx = dimQ =
dim(G/Y).

Our first lemma is immediate from inspection of parabolic subgroups of G.

Lemma 4.1. Define a number ¢(G) as follows: ¢(G) =1 if G # D,,, ¢(G) =2 if
G =D,,. Then dim @ > dimV — ¢(QG).

In the rest of the section we consider separately the possibilities for X which are
given by 2.4.

Lemma 4.2. If X is simple and irreducible on V, and X # Sp(V),SO(V), then
(G7 —X7 Y) = (5087337—Pi) (7’ = 17374>7 (SO7aG27P1) (p 7é 2) or (Sp67G27P1) (p =
2) (as in (1) of Theorem B).
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Proof. Suppose X is simple and V' is the irreducible K X-module Vx (A\). By 2.1(iv),
we have dim X > 2dim @ 4 rank(X). Hence by 4.1,

dimV <dim@ + ¢(G) < %(dimX —rank(X) +4).

Consequently the possibilities for (X, \) are given by 2.7; and since X is maximal,
G is the group CI(V) given in 2.7.

Assume first that Y = P; (or P,—1 for G = SL,,). Then dim @ = dimV — ¢(G),
hence also dim Q@ x = dim V' — ¢(G). The parabolic X NY = Py is the stabilizer in
X of a 1-space spanned by a maximal vector of V' (or of V* if Y = P,,_1), hence
is given by deleting from the Dynkin diagram of X those nodes corresponding to
nonzero coefficients in A. We conclude from the list in 2.7 that dim @ x is as follows:

X = A, Bs Bjy Ds Dg Gy Fy FEg E;
A= A2 A3 M A5 A5 A1 A A g
dmQ@Qx = 2n—2 6 10 10 15 5 15 16 27

The fact that dim Q@ x = dim V —¢(G) now forces (X, G) to be (Bs, SOs), (G2, SO7)
(p #2) or (Ga, Spe) (p = 2).

Now suppose that Y = P; with ¢ > 2 (and i« < n — 2 if G = SL,). Inspection
of the list in 2.7 shows that dim @ is greater than the dimension of a maximal
unipotent subgroup of X, except in the following cases:

(G, X,Y) = (SO7,Gs, Ps)  (p #2),(Sps, Go, P3)  (p=2),
(SOs, B3, P;) (i =2,3,4).

Since dim @ = dim Q x, one of these cases must occur. It remains to rule out the
cases (G, X, Y) = (507, GQ, Pg), (Spg, GQ, Pg) and (SOg, Bg, PQ). In the first two
cases, 2.2 implies that SO; = G2A2T: (where AsTh is a Levi subgroup of Ps).
But the subgroup G2 contains a conjugate of this As, so this is impossible. And
in the last case, application of triality yields SOg = N7 P,. This implies that Ny,
the stabilizer of a nonsingular vector v, is transitive on the set of totally singular

2-spaces, which is false (since a totally singular 2-space may or may not lie in
1
v ). O

Lemma 4.3. If X is Sp(V) or SO(V), then (G,X,Y) = (SLam, Spam,P1 or
Pyy—1) (as in Theorem B(1)).

Proof. If G = SL(V), then the fact that G = X P; implies that X is transitive
on i-spaces in V', and clearly the only possibility is that given in the conclusion.
Otherwise, G = Sp(V), X = SO(V),p = 2 and X is transitive on totally isotropic
i-spaces in V. This is impossible, as some of these i-spaces are totally singular
(with respect to the quadratic form on V preserved by X), and some are not. [

Lemma 4.4. Suppose that X = Ny, the (connected) stabilizer in G of a non-
degenerate k-subspace of V' (or, if (G,p) = (Dn,2), of a nonsingular 1-space).
Then (G, X,Y) = (SOap, N1, Py, or Pp—1) (as in Theorem B(1)).

Proof. By 2.1(v), X is not of maximal rank in G. Hence G = D,, and X =
BB,,—i—1, where k =2l +1 < m. Also, if p=2, then kK =1,] = 0. Let X be the
stabilizer of the k-subspace W of V. Thus either W is non-degenerate, or p = 2
and W is a nonsingular 1-space.

Recall that Y = P;. Suppose that ¢ < m — 2. Then X is transitive on totally
singular i-spaces in V. However, if £ > 1, then there exist totally singular i-spaces
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W1, W such that Wy N W, Wy N W have dimensions [, — 1, respectively; and if
k =1 there exist totally singular i-spaces W7, Ws such that Wy, C W+, W, Z W+,
Hence X cannot in fact be transitive, a contradiction.

Therefore ¢ = m or m — 1, and Y is the stabilizer of a totally singular m-space
U. If k£ > 1, then there are non-degenerate k-spaces U;, Uy such that Uy NU, U NU
have dimensions [,l — 1, respectively; hence Y is not transitive on non-degenerate
k-spaces, a contradiction.

We conclude that ¢ =m or m — 1 and k& = 1, as required. O

By Lemmas 4.2, 4.3, 4.4 and Proposition 2.4, the only remaining possibility for
the maximal connected subgroup X is

X =Cl(U)® Cl(W), where V =U @ W.
The various subgroups X < G occurring are as follows:

SLg® SLy < SLgp,
Spa & Spb < SOaba
Spa & SOb < Spabv
S0, ® SOy < S0qp.

Note that for any factor SO, or SO}, we have a > 3 or b > 3 accordingly, since SO,
is a reducible group.

For convenience in the proof of Theorem B, we handle in the next lemma all
factorizations G = XY, where Y is either P; (as assumed at the beginning of this
section) or N;.

Lemma 4.5. Let G =CIl(V),X = Cl(U)QCI(W) with V =UQW. Suppose that
G=XY withY = P; or N;. Then (G, X,Y) = (5024, Spa ® Sp2, N1) with a even.
In particular, no parabolic factorizations occur in this case.

Proof. Let a = dimU,b = dim W, and for any m < a,n < b let U,,, W,, denote
subspaces of U, W of dimension m, n respectively. Also, write U(X) for a maximal
connected unipotent subgroup of X.

The proof is somewhat long and tedious, and we divide it into a number of steps.

(1) X is not SL, ® SLy.

For suppose that X = SL, ® SLy, G = SLg, and take a > b. Then Y = P;, and
dim Q = dim Qx = i(ab—i). We may assume that i < 1ab (since G = X P; implies
G = X P,p—; by application of a graph automorphism).

If ¢ > a, then dim@Qx > a(ab — a), and hence a(ab — a) < dimU(X) =
za(a—1)+ 2b(b—1) < a?, which is false. Therefore i < a. Now define i-subspaces

2
A, B of V as follows. If i > 1,

A=U;@w, B= U1 @w)® (uxw'),
where u € U — U;_1 and w,w’ € W are linearly independent; and if i = 1,
A=(u®w), B=uw+u ou'),

where u,u’ € U and w,w’ € W are linearly independent. Then A and B lie in
different X-orbits, and hence G # X P;, a contradiction.
(2) (1) IfY = P, and X = Sp,®Spy or SO, @S0, with a > b, theni < 1(a—1).
(i) If Y = P; and X = Sp, @ SO, then i < %a ifa>b, and i < %(b—l) if
a <b.
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We prove (i). Here G = SOq;, and dimQx = dimQ = i(ab — 2i — 1) = d;, say.
Note that a > 3, since otherwise X = Spy ® Sps = SO, = G.

Suppose that i > $(a — 1). Now d; increases with ¢ until reaching a maximum
at i = x or ¥ + 1, where z = [}(ab — 1)), after which d; decreases. Hence either
dim @ > dy(q_1y) or dim @ > dj1 4. In the first case, we have

%(a —1)(ab—a+1) <dimQ@Qx <dimU(X) <
This implies that @ = b = 2, a contradiction. We obtain a similar contradiction
when dim Q > d[%ab].

For part (i), note that here dim Q = i(ab—3i+3) and apply the same argument.

(3) Y = P; does not occur.

For suppose Y = P;. Then (2)(i) or (2)(ii) holds. Interchanging the factors in
(i) if necessary, we can assume that a > b, and then (2) gives i < 3a, and also
i < $(a—1) if a is odd. Now define totally singular i-subspaces A, B of V as in the
proof of (1) above (taking U; and (U;_1, u) to be totally singular in U, etc.). Then
A, B are in different X-orbits, so G # X P;.

In view of (3), we have Y = N;. We may assume that i < %ab. Interchanging
the factors of X if necessary, we may also take a > b.

(4) We have i < 2a.

To see this, suppose first that G = SOgy, so that X = Sp, ® Spp or SO, ® SOy.
Then dim(G/N;) = i(ab —4). If i > 2a, then b > 5 (as i < Lab), so dimX >
dim(G/N;) > 2a(ab — 2a), which is false. Therefore ¢ < 2q in this case. A similar
argument proves this when G = Spgp.

(5) We have b = 2.

For suppose b > 3. Choose a non-degenerate 2-space Wy in W. Then U ® Wy
is a non-degenerate 2a-space in V. By (4) we may choose a non-degenerate i-space
ACU®Ws; (or, if p=2 and i = 1, a nonsingular 1-space A C U ® Ws), and take
Y = (G4)°. However, when b > 3 it is easy to see that there are nonsingular vectors
which do not lie in any such subspace U ® Ws. Hence X cannot be transitive on
G/N;. This shows that b = 2.

By (5), X = Sp, ® Spa or SO, ® Spa (p # 2). To complete the proof of 4.5,
it only remains to show that ¢ = 1, that is, ¥ = N; (note that N; does not exist
when X = S0, ® Sp2, G = Spa,).

Suppose then that i > 2, and choose non-negative integers ¢, r such that

(a® +b?).

N

i=4q+r and r € {0,2,3,5}.

(6) PEither2¢ <a—4 ori=4.

To see this, observe first that ¢ < $dimV =a,s02¢=%(i—7) < (a—7r). If
2qg > a—4, then a < 8,80 ¢ =0 or 1, and hence either i = 2 and X = SO3 ® Spo,
ori=4. If i =2 and X = SO3 ® Sps, then there is a non-degenerate i-space of
the form (u) ® Wa; since not all non-degenerate i-spaces are of this form, X is not
transitive on G/N;, a contradiction. Therefore i = 4 if 2¢ > a — 4.

We now complete the proof. Pick a non-degenerate 2g-space Uz, in U, and set
M = Uy, ® W, a non-degenerate 4¢-space in V. If r = 0, then ¢ = 4¢ and M is a
non-degenerate i-space; however not all non-degenerate i-spaces are of this form, so
G # X N; here. Therefore r # 0, and in particular ¢ # 4. Consequently 2¢ < a — 4

by (6).
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We may choose non-degenerate subspaces Us, Uy of U such that Uy C Uy C UQJ;Z.
If » = 2 or 3, choose non-degenerate r-subspaces M7, My in V such that M; C
Us @ W, My C Uy ® W, and M lies in no subspace Uj ® W with U} a non-
degenerate 2-space in U. Then M & M; and M & M, are non-degenerate i-spaces
lying in different X-orbits, so G # X N;,.

This leaves the case where r = 5. Here i = 4¢+ 5, an odd number, so G must be
S0, with p # 2, and X = Sp, ® Sps. There exist non-degenerate i-spaces lying in
(Uzq + Uy) @ W, but not all non-degenerate i-spaces lie in a subspace of this form
(i.e. of the form Usqqs ® W). Hence again G # X N;.

We have now established that ¢ =1 and X = Sp, ® Sps, as in the conclusion of
Lemma 4.5. O

Lemmas 4.2—-4.5 establish Theorem B for parabolic factorizations.

5. CLASSICAL GROUPS: NON-PARABOLIC FACTORIZATIONS

Continue to assume that G is a classical algebraic group with natural module
V' over the algebraically closed field K of characteristic p. Suppose that G =
XY, where X and Y are maximal closed connected reductive subgroups of G. To
complete the proof of Theorem B, we must show that G, X,Y are as in (2), (3) or
(4) of Theorem B (all these factorizations exist, by §1).

Clearly either X or Y has dimension at least % dim G, say

dim X > %dim G.

Lemma 5.1. The possibilities for X, G are as follows:

X G

N Sp(V) or SO(V)
Sp(V) SL(V)
SO(V) Sp(V) (p=2)

Bs SOg

Ga  Spe(p=2),507(p#2)

Proof. The maximal subgroup X of G satisfies one of the conclusions of 2.4. If
2.4(i),(ii) or (iii) holds, then the fact that dim X > 1 dim G forces X to be Ny, Sp(V')
or SO(V)(p = 2). In case (iv) of 2.4, X is simple and irreducible on V; then
dim X > %dimG forces dim V' < dim X, whence X is given by 2.5. A quick check

shows that dim X > % dim GG only in the cases given in the conclusion. |

Remark. When X = C3 and V = Vx(A3) with p = 2, the image of X in SO(V)
is Bs rather than C3. Hence the pair (X,G) = (C3, SOg) does not appear in the
conclusion of 5.1.

The remaining lemmas deal with the possibilities for X given by 5.1.
Lemma 5.2. If X = Ny, then G, X,Y are as in Theorem B(2,34).

Proof. Here G = Sp(V)) or SO(V'), and we may take k < $dim V.

We exclude until later the case where k£ = 1 and Y is simple and irreducible
on V with Y # CI(V). Thus we assume now that either £k > 2 or Y satisfies
(i), (ii) or (iii) of 2.4. When k > 2 and Y is simple and irreducible, we have
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dimY > dim(G/Nz) = 2dimV — 4, so dimV < 1dimY + 2. By 2.4, we conclude
that one of the following holds:

(a) Y = N, for some [,

(b) Y = Cl(V1) ® Cl(Vz), where V =V} @ Va,
(¢) Y =SO(V) with G = Sp(V), p =2,
(d) Y is simple and irreducible on V, with k > 2 anddim V' < %dimY + 2.

In case (a), take k <[ and let YV stabilize the l-space W. There are nonsingular
k-spaces lying in W, and nonsingular k-spaces not lying in W, so Y cannot be
transitive on nonsingular k-spaces. Thus G # NiY, a contradiction.

In case (b), Lemma 4.5 implies that k = 1,Y = Sp, ® Sps and G = SOy, as
in Theorem B(2). And in case (¢) we have the factorization Sp(V) = SO(V)Na,,
(where 2m = k), as in Theorem B(4).

Assume now that (d) holds. Let V | Y = Vi ()). Since dimV < §dimY +2, the
possibilities for (Y, A) are among those listed in the conclusion of 2.9, from which
we deduce that Y, A\, G are in the following list:

Y A G

Bg )\3 SOS

B4 )\4 SOlG

Dﬁ )\5 or )\6 Sp32 (p 2), 5032 (p = 2)
Ga A 507 (

p
Fy A SO0 (p
E; A7 Spse (p

We have k > 2. Suppose that k = 2. Then G = Sp(V) (as Nz is non-maximal in
SO(V)), so Y = Dg, G2 or E7. For Y = G5 we have the factorization Sps = Ga2Na
in Theorem B(4). For Y = Dg or E7, let v be a maximal vector in V. The
stabilizer of v in Y is a parabolic subgroup QL, where @ is the unipotent radical
and L a Levi subgroup (and L' = Aj or FEg, respectively). Relative to a maximal
torus of L, let Wy be an element in the coset of the longest element of W (Y'), the
Weyl group of Y, and let v~ = vtwg. Then (v, v7) is a non-degenerate 2-space
in V' which is stabilized by L. We conclude that X NY = N, NY contains L' = Aj
or Eg. Thus dim X NY > dim X +dimY — dim G, and so G # XY

Now assume that & > 3. We know that dimY > dim(G/Ng). From the above
table, the only possibilities for (Y, A) are (Bs, A3) and (G2, A1). The factorization
SOs = B3N3 is in Theorem B(2). Thus it remains to exclude the possibilities
(G,X,Y) = (SOg, N4, Bs) and (SO7, N3,G3). In the first case, application of
triality to a factorization SOg = B3N, would yield SOg = Nj Ny, which is not
true. Now suppose SO7; = G2N3. A maximal rank subgroup A;A; of G fixes
a non-degenerate 3-space, so lies in X NY; but then dm X NY =6 > dim X +
dimY — dim G, a contradiction.

We now consider the case where £ = 1 and Y is simple and irreducible on
V with Y # CI(V), excluded from consideration earlier. Here G = SO(V) and
dim(G/X) = dim(G/N;) = dimV — 1. As above, let v be a maximal vector in V/
with Y,+ = QL, a parabolic subgroup of Y, and let v~ = v+ @g. Then (vF,v7) is a
non-degenerate 2-space in V, fixed pointwise by L’. Taking X to be the stabilizer
in G of a nonsingular 1-space in (v, v7), we then have L’ < X NY. Thus

dimY = dim(G/X) +dimX NY >dimV — 1+ dim L.
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Consequently dimV < dimY — dim L' + 1, and so the possibilities for ¥, A (where
V 1Y =W ())) are given by 2.9; as G = SO(V), combining this with 2.6 shows
that the possibilities are:

Y A G

Az M+ SOgs,,

A5 )\3 SOQO (p = 2)

Cs A2 SO014-5, 4

B, An SOan (n = 3,4,5)
Dg )\5, )\6 5032 (p = 2)

G2 )\1 SO7 (p 75 2)

Fy A S026-5, ,

E; A7 SOs6 (p = 2)

All these give factorizations G = Y N7 in Theorem B, apart from the cases where
Y =A45,C3(p#3),Bsand Fy(p#3). TY = Bsthen Y < Dg < G,s0Y is
non-maximal. It remains to show that the other cases do not give factorizations.

Suppose Y = Ay. If p # 3 then G = SOg and there is a maximal torus of Y
fixing pointwise a non-degenerate 2-space, hence contained in Y N Ny, so dimY =
8 < dim(G/N1) +dim X NY, hence G # Y N;. Andif p=3,then Y = A2 < G2 <
G = 507, s0 Y is non-maximal in G.

Now let Y = C3 with p # 3, so G = S0O14. If W is the usual 6-dimensional
Y-module Vy (A1), then V = V4 (A2) is a submodule of codimension 1 in /\QW.
Hence the maximal rank subgroup A; A1 A; of Y fixes nonsingular vectors in V', so
lies in Y N Ny. Therefore G # Y N7 by the usual count of dimensions.

Finally, consider Y = Fy with p # 3. Here G = SO4. Let D be a maximal rank
subgroup By of Y. Then V | D = Vp(\y) ® M, where M is a D-submodule of
dimension 10 having one composition factor Vp (A1) and the other 1+ 6, 2 factors
trivial. It follows that D fixes a nonsingular 1-space in M, so we may take it that
D <Y N N;. Since dimY/D < dim G/Ny, it follows that G # Y Njy. O

In view of 5.2, we assume from now on that neither X nor Y is Ng.
Lemma 5.3. We have X # Sp(V).

Proof. Suppose X = Spoy,,G = SLoy,. If m = 2, then X corresponds to the
subgroup N7 in SO =2 G/(—I). So we assume that m > 3. We have dimY >
dim(G/X) = 2m? —m—1. This implies that Y # Cl(U)@CI(W) with V = U W,
so 2.4(iii) or 2.4(iv) holds for Y. Certainly dimV < 3 dimY + 2, so from 2.9 we
deduce that 2.4(iii) holds—that is, Y = CI(V'). Since X,Y are non-conjugate, it
follows that Y = SO, and p # 2. Then

dimX NY =dimY — dim(G/X) = 1.

However, a maximal torus in SOa,, fixes both a non-degenerate symmetric bilinear
form on V' and a non-degenerate skew-symmetric bilinear form on V', hence lies in
a subgroup Spa,,. Hence dim X N'Y > m, a contradiction. O

Lemma 5.4. If (X,G) = (SO(V),Sp(V)) withp = 2 (and Y # Ni), then dimV =
6 and Y = G2, as in Theorem B(4).

Proof. Let dimV = 2m. Clearly Y £ SO(V). Since p = 2, Y is not Cl(V1)®CI(V2)
as in 2.4(ii) (all these subgroups lie in SO(V') when p = 2). Also Y # Ni, so Y must
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be simple and irreducible on V, as in 2.4(iv). Moreover, if T is a maximal torus of
Y, then T lies in a maximal torus of a subgroup SO(V') of G (since maximal tori of
SO(V) and Sp(V) coincide), and hence we may take it that T'< X NY. We may
also assume that rank(Y’) = k£ > 1. Thus

dimY — k > dim(G/X) = 2m = dim V.

Write V' | Y = V4 (). Then by 2.8, either V' is a composition factor of the adjoint
module for Y, or (Y,;\) = (G2, \1). If (Y,;)) = (G2, A1), the conclusion of the
lemma holds.

Assume now that V is a composition factor of the adjoint module for Y. Since
dimV < dimY — k and k > 2, it must be the case that Y = B,,,C,,, D,, or Fy. In
the last case the adjoint module has two composition factors, Vy (A1) and Vy (Ag),
both of dimension 26; since neither of the Weyl modules Wy (A1), Wy (A4) has
a trivial composition factor, the proof of Lemma 2.6 shows that Y < SO(V), a
contradiction. Thus Y = B,,,C), or D,,. Clearly V is not the usual 2n-dimensional
module for Y, so V = Vy(A2). The image of B,, in SL(V) in this representation is
Cy; moreover, D,, < C,, < Sp(V'). Therefore by the maximality of Y in G, Y = C,,.

We conclude that Y = C), and V = Vi (A2). If n is odd, then Vi (A\y) = Wy (A2),
s0 2.6 gives Y < SO(V), a contradiction. Therefore n is even.

If n =2, then dimV =4 and Y = G; son > 4. Let W be the usual 2n-
dimensional Y-module V4 (A1). Then there is a series of Y-submodules

0<Vi<Vy< N°W

with dim Vi = dim(A*W/Vz) = 1, such that V = V3 (\2) = Va/V4; in particular,
dimV = 2m = n(2n — 1) — 2. Choose a maximal rank subgroup CD = C;C,_; in
Y. Then

V1 CD=Vp(\) @ (Velh) @ Vp(A)).

By 2.8, since n — 1 is odd, D preserves a quadratic form on Vp(A2); and CD
preserves a quadratic form on Vo(A1) ® Vp(A1). Hence CD lies in a subgroup
SO(V) of G, so we may take it that CD < X NY. But then

dimY —dimX NY <dimC,, —dimC;Cp,—1 = 4n — 4 < dimV = dim(G/X),
and so G # XY. |

The final lemma deals with the last remaining possibilities for X given by 5.1.

Lemma 5.5. If (X,G) = (Bs, SO0s), (G2,507) (p # 2) or (G2, Spe) (p = 2), then
G, X,Y are as in Theorem B.

Proof. If X = Bjs, then there is a triality automorphism 7 of G such that X7 =
Ni. The factorization G = X7Y7 is then given by 5.2; hence G = XY is as in
Theorem B. Now suppose X = Gz. Then dimY > dim(G/X) = 7. We are
assuming Y # Ng; and if Y = SOg (p = 2), the result follows from 5.4. So we
assume that Y # Ni, SOg. Then by 2.4 and 2.5, we have p = 3 and Y = A, or
Go (with V' | Y = V3 (A1 + A2) or Vi (A1), respectively). But then X contains a
conjugate of Y, which means that G # XY. O

Lemmas 5.1-5.5 complete the proof of Theorem B.
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APPENDIX

In this Appendix we use Theorem B to determine all factorizations G = XY
with G a classical group, X,Y closed proper subgroups, and X, Y either reductive
or parabolic. We do this by finding the minimal factorizations, where a factorization
G = XY is minimal if G # XY for all closed subgroups X, Yy of X, Y, at least
one of which is proper.

Theorem C. Let G be a classical simple algebraic group in characteristic p. The
minimal factorizations G = XY of G as a product of closed proper subgroups X,Y ,
each of which is either reductive or parabolic, are as follows:

(1) generic factorizations:

SLQm = SmeSLQm—la

SOQm = leLm (’ITL Odd),
SO2m = N1Spm (m even, (m,p) # (6,2)),

SO2m = N1(SO, ® Spa) (m even,m # 8,p = 2),
Spam = SO2,((Spa)t x (Sp2)*) (p = 2,2m = 8t + 2u);
(2) factorizations in bounded dimensions:

S032 = BsN; (p = 2)7

SO = (B3® Sp2)N1 (p=2),

SO12 = G2Ni (p=2),

Sps = B3Ny (p=2),

SOs = BsA} = B3Sps = B3SOs,

SO; = G250s,

507 = A2N1 (p:?)),

Sps = G2(Sp2)® = G28ps = G250s (p=2),

SLG = GQSL5 (p = 2),

(3) factorizations occurring in Theorem B:

SOs6 = FE7Ni(p=2),
SOQ5 = F4N1 (p = 3),
SOQO = A5N1 (p = 2),
SOlG = B4N1 (p 75 2),
5013 == CgNl (p == 3).

Remarks. (a) In particular, classical groups have no minimal parabolic factoriza-
tions. (This is not too surprising, in view of 2.2.)

(b) The embeddings of a few of the subgroups in the list require some elucidation:

(i) In the last case of (1), the subgroup (Sps)t x (Sp2)* of Spay, (with 2m =
8t +2u) lies in (Sps X Spa)t x (Sp2)*, with Spy embedded in Spy x Sps as {(g,97) :
g € Sps}, where T involves a graph automorphism of Spy.

(ii) In the third case of (2), the subgroup Ga < Spg < Sps ® Sp2 < SOq2.

(iii) In the fifth case of (2), A} is either SO4 ® Spa < Sps ® Sp2 < SOs, or
S04 x SO3 < N3 < SOsg.

(iv) In the seventh case of (2), the factor A is irreducible on the natural 7-
dimensional module (which is a composition factor of the adjoint module for As).

Sketch proof of Theorem C. By 1.1 and minimality, X and Y are connected.
Choose maximal connected subgroups Xi,Y; of G containing X,Y respectively.
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Then the factorization G = X1Y7 is in the list in Theorem B. Moreover, we have
X =X(X1nY), Y1 =(XNhH)Y.

Using this, it is usually a simple matter to determine the “sub-factorizations” of a
given maximal factorization G = X1Y7 in Theorem B. We do this for the factor-
izations in Theorem B of large dimension:

SLom = SpamP1, SOz = N1Pp,, SOz, = (Spm @ Sp2) N1, Spam = SO2m Nag,

and leave the rest to the reader.

Suppose first that G = X1Y7 is SLay, = Spam P1. Write Q = R, (Y1) and let T}
be the centre of a Levi subgroup of Y7. If Y < Y7 then SLo,, = Sp2,, Y. When Y is
parabolic, Theorem B implies that Y lies in the intersection of P; and Ps,,_1; but
then it is easy to see that SLoy,, # Sp2,Y. Thus Y is reductive, and writing Y for
the image of Y modulo QT}, we have SLy,,_1 = Spam—_2Y, whence Y = SLy,_1
by Theorem B. In fact, SLsy,, = SpamSLom—1, since the subgroup SLo,,_1 is the
stabilizer of a vector v and a hyperplane H not containing v, and Spa,, is transitive
on such pairs v, H. If X < Xy, then Spa,, = X Pp; hence by Theorem B, we have
p = 2,m = 3 and this factorization is Spg = G2 P;. In fact Spg = G2Sp4: for Go
is transitive on the set of non-zero vectors, so Sps = G2 P/, and the assertion now
follows from the proof of 2.2. Hence SLg = SpgSLs = G2SpsSLs = GoSLs. We
have now established that the minimal sub-factorizations of SLo,, = Spa,, P; are

SLQm = SmeSLQm_l ((m,p) 7é (3, 2)) and SLg = GQSL5 (p = 2)

In both cases the conjugacy class of Y in G is uniquely determined, as can be seen
using [LS2, 1.5].

Now suppose G = X1Y7 is SOgy, = N1 P, (m > 4). If X < X5, then SOsgp,—1 =
X P,,_1; there is no such factorization by Theorem B. Assume then that Y < Y;. If
Y is parabolic, then Theorem B implies that Y < P,,NP,,_1, which is the stabilizer
of a totally singular (m —1)-space, W say. But there are nonsingular 1-spaces inside
and outside W+, so G # N1Y. Therefore Y is reductive. Let Y be the image of Y’
modulo QT (defined as in the previous paragraph). Then SL,, = SL,,_1Y. By
the previous paragraph, Y is SL,,, Sp., (m even) or Go (m = 6,p = 2). Hence we
obtain the minimal factorizations

SO2, = N1SL,, (m odd), SOay, = N1Spp, (m even, (m,p) # (6,2)),

5012 = N1G2 (p = 2)

The existence of the first two of these is given by the proofs of 1.2 and 1.3; for the
existence of the last one, use SO12 = N1Sps and Spg = G2Sp4, noting that the
factor Spy lies in a subgroup N; of SO12. As above, the conjugacy class of Y in G
can be seen to be uniquely determined, using [LS2, 1.5].

Next suppose G = X1Y] is SO2, = (Spm @ Sp2)Ny (m even,m > 4). Here
X1NY1 = Spm—2 X Spa, where the factor Sps is a diagonal subgroup of a subgroup
Spa x Spy in X;. If X < X3, then Sp,, ® Sps = X (X7 NY7) implies that Sp,, =
XoNa, where X is the projection of X in Sp,,. Hence by Theorem B, either
Xo = Spm or Xg < SO, (p=2) or m =6,Xg = Gy (p =2). In the case where
Xy < SO, we have SO,, = XqNy = XoPy, whence either Xo = SO,,, or m = 8
and XO = Bg.

IfY <Y, then SOg,, 1 = Y(Xl n Yl). When p 75 2 this gives SO2,,—1 = Y N3,
which is not possible by Theorem B. And when p = 2, applying a morphism
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SO9m—1 — Spam—_o we have Spo,,—o = Y No which forces either Y < SOs,,_2 or
m =4,Y = G5. In the first case,

Spam—2 = SO2m—2((Spm—2 @ Sp2) X Sp2),

which is not possible as the factor Sp,,_2 ® Sps lies in SOs,,—2. The second case
is also impossible as Spg # G2(Sp2 x Sp2) by dimension considerations.

We conclude that the minimal factorizations in this case (X1Y7 =
(Spm ® Spa)N1) are

SO2m = Spm N1 ((m,p) # (6,2)), SO = (SOym @ Sp2) Ny (p =2, m #8),

S016 = (B3 ® Sp2)N1 (p = 2), SO12 = GaN1 (p = 2).

Finally, consider the case where G = X Y7 is Spaym = SO, Nop (p = 2). If
X < Xi, then SOs,, = X Ny, whence by Theorem B, m = 4, X = B3 and we have
the factorization Spgs = B3Ns; one checks that this factorization is minimal. Now
suppose Y < Yi. Let Y1) V() be the projections of Y in the factors Spak, Spam—aok
of Y1 = Ny, respectively. Then Spo, = SO2:Y (D) and Spoy—or = SO2m_21Y 2.
If YD = Spoy, and Y® = Spoy_op, then 2k = m and Y = Sp,, is a diagonal
subgroup of Y1 = Sp;, X Spm, say Y = {(a,a”) : a € Spy,}, where 7 is an auto-
morphism of Sp,, (as abstract group). This implies that Sp,, = (S0.,)(SO,)T,
whence m = 4 and 7 involves a graph automorphism of Spy. If Y1) < Spyy, then
by Theorem B, Y() < Ny for some | < k, and we repeat the above argument.
Hence we obtain the minimal factorizations

Spg = BgNQ, Sme = SOQm(Spi5 X Sp2u) (Wlth 2m = 8t + 2u)
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