TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 348, Number 2, FEB 1996

ISOMORPHISMS OF ADJOINT CHEVALLEY GROUPS
OVER INTEGRAL DOMAINS

YU CHEN

ABSTRACT. It is shown that every automorphism of an adjoint Chevalley group
over an integral domain containing the rational number field is uniquely ex-
pressible as the product of a ring automorphism, a graph automorphism and an
inner automorphism while every isomorphism between simple adjoint Cheval-
ley groups can be expressed uniquely as the product of a ring isomorphism, a
graph isomorphism and an inner automorphism. The isomorphisms between
the elementary subgroups are also found having analogous expressions.

1. INTRODUCTION AND MAIN THEOREMS

Let G and G’ be simple Chevalley-Demazure group schemes of adjoint type.
Suppose R and R’ are commutative integral domains containing the rational number
field Q. The main purpose of this paper is to determine the isomorphisms between
Chevalley groups G(R) and G'(R’), as well as the isomorphisms between their
elementary subgroups E(R) and E'(R’). When G is semisimple, the automorphisms
of G(R) and E(R) are also determined in this paper. When R is a field, the
automorphisms of simple adjoint Chevalley groups over R have been determined
by Steinberg |9] and Humphreys [8]. Our main results are as follows.

Theorem 1.1. Let R and R’ be commutative integral domains containing Q. Sup-
pose G and G’ are simple adjoint Chevalley-Demazure group schemes whose ranks
are greater than 1. Then

(i) every isomorphism between E(R) and E'(R') can be extended uniquely to an
isomorphism between G(R) and G'(R');

(ii) if « is an isomorphism from G(R) to G'(R’), the restriction of a to E(R) is
an isomorphism from E(R) to E'(R').

Suppose G and G’ are adjoint Chevalley-Demazure group schemes. Let ® (resp.
®’) be a root system of G (resp. G’) and let A (resp. A’) be a fundamental root
system of ® (resp. ®’). We refer to |7] for the properties of Chevalley-Demazure
group schemes. In particular, for each root a € ® and for each commutative ring
R with a unit, there is a canonical monomorphism (cf. |7, XXII})

ua.r: BT — G(R).
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We rewrite this monomorphism simply as u, for whatever commutative ring with
a unit. We denote by U,(R) the subgroup consisting of the elements wu,(r) for all
r € R and a € ®. The elementary subgroup E(R) of G(R) is generated by U, (R)
for all a € A or —A, where —A is the set of the negative fundamental roots of ®.
Since both G and G’ are of adjoint type, it follows from Demazure’s fundamental
theorem (see |7, XXIII,§5.1]) that every isomorphism of root systems between ®
and @' implies an isomorphism between G and G’. Hence, if v : ® — @’ is an
isomorphism of root systems such that y(A) = A’, it gives rise canonically to an
isomorphism 4 : G(R) — G’(R) satisfying
FY(ua(r)) = Uy(a)(r) forac Aor —A, r€R.
We call this ¥ a graph isomorphism related to . It is obvious that
Y(E(R)) = E'(R).
This identity allows us to define a graph isomorphism from E(R) to E'(R) related
to v to be an isomorphism 4 : E(R) — E’(R) which satisfies
F(ua(r)) = ty(a)(r) for ac Aor —A, rcR.
Suppose G is a simple Chevalley-Demazure group scheme. Let R and R’ be
commutative rings with units. Since G is a covariant group functor on the category
of commutative rings with units, every isomorphism ¢ : R — R’ gives rise to

an isomorphism ¢ : G(R) — G(R') in a canonical way, which is called the ring
isomorphism related to ¢. In particular, we have

P(ua(r)) = ug(e(r)) forac Aor —A, r€R.
Thus
$(E(R)) = E(R).
We shall also call an isomorphism ¢ : E(R) — E(R') to be a ring isomorphism
related to ¢ if it satisfies
D(ug(r)) = ug(p(r)) forae Aor —A, r € R.

Theorem 1.2. Let R, R', G and G’ be as in Theorem 1.1. If a is an isomorphism
from G(R) to G'(R’), then there exist an element g € G'(R’), an isomorphism of
root system v : ® — ® with v(A) = A’ and an isomorphism of rings ¢ : R — R’
such that

a=Intg-v-Q.
Moreover, g, v and o are uniquely determined by a.

Remark 1.3. The isomorphisms between E(R) and E’(R’) have similar expressions
where 4 and ¢ are replaced by 4 and ¢ respectively (see Theorem 3.9).

Theorem 1.4. Let R be a commutative integral domain which contains Q and let
G be an adjoint Chevalley-Demazure group scheme which has no simple component
of type Ay. Then
(i) every automorphism of E(R) can be extended uniquely to an automorphism
of G(R);
(i) the restriction of each automorphism of G(R) to E(R) is an automorphism
of E(R).
In particular, Aut G(R) = Aut E(R).
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Let G be an adjoint Chevalley-Demazure group scheme and let {G;}; be its
simple components. Since G = [[[_; G; (cf. |7, XXIV,§5.5]), G is a covariant
group functor on the category of which the objects are of form [[;_, R for some
commutative ring R with a unit. Hence, if ¢; : R — R is an automorphism for
1 <i < n, then the automorphism [, ¢; € Aut [[;—, R gives rise canonically to
an automorphism of G(R), which is easily seen to be []""_; ¢; and is called the ring
automorphism of G(R) related to [ [~ ¢;. The automorphism [[;" ; ¢; € Aut E(R)
is also called the ring automorphism of E(R) related to []}_; ¢.

Theorem 1.5. Let R and G be as in Theorem 1.4, then every automorphism « of
G(R) has an expression

(1.5.1) a=Intg-5-[] &
i=1

where g € G(R), v : ® — ® is an automorphism of root system which keeps the
fundamental root system A invariant and p; € Aut R for oll 1 <i < n. Moreover,
9,y and @; (1 <1i < n) are uniquely determined by «.

Remark 1.6. The automorphisms of F(R) have similar expressions where 4 and
[Ti_, @i are replaced by 4 and [];_, #; respectively (see Theorem 4.2).

2. PRELIMINARIES

Let H be a group. If M and P are subgroups of H, we denote by Cp(M) and
Np (M) the centralizer and the normalizer of M in P respectively. The centre of H
is denoted by C(H). A subgroup of H generated by subsets My, M, ... is written as
(My, Ms,...) and [M;, Ms] stands for the subgroup of H generated by the elements
of the form zyx~1y~! for all z € My,y € M. If H is an algebraic group, we denote
by L(H) the Lie algebra of H. Suppose M is an abstract subgroup of H, we denote
by M the Zariski closure of M in H and by M’ the connected component of M
which contains the identity element of H. Throughout this paper we fix a universal
domain K of Q and R (resp. R') stands for a subring of K which contains Q.

In this section we give some preliminary properties of algebraic groups and
Chevalley groups over a ring which are needed in the development of our discussion.

Lemma 2.1. The Zariski closure of every infinite abstract simple subgroup of an
algebraic group is connected.

Proof. Suppose H is an infinite abstract simple subgroup of an algebraic group. Let
¢ be the natural embedding of H into its Zariski closure H and let 7 be the natural
homomorphism from H to its quotient group F/Fo. Consider a composition of
homomorphisms

HQ>,>>HQ>7>>H/H .

Since H/H' is a finite group, |H/ kermi| < oc. This yields, since H is infinite and
simple,

szerm:HﬂFogﬁ.

Taking Zariski closures of the above groups, we obtain immediately the connected-
ness of H. O
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Let G be an adjoint Chevalley-Demazure group scheme with its root system ®
and fundamental root system A. We denote by U(R) (resp. U~ (R)) the subgroup
of G(R) generated by Uy (R) for alla € @7 (resp. —a € 1), where ®* is the subset
of positive roots of ®. Let B (resp. B~) be the normalizer of U(K) (resp. U~ (K))
in G(K), which is a Borel subgroup of G(K) and let T' be the maximal torus of G(K)
which is contained in both B and B~. If G’ is also an adjoint Chevalley-Demazure
group scheme, we denote analogically by @', A’ U/(R) (a € @), U'(R) (resp.
U'~(R)), T' and B’ for related root systems and subgroups. Suppose v : ® — @’
is an isomorphism of root systems such that v(A) = A’, then v gives rise to a
homomorphism of algebraic groups 7 : G(K) — G'(K) defined by

Y(ua(k)) = Uy (k) fora € Aor —A, ke K,
which is called the isogeny related to v (cf. |6, exp.18]).

Lemma 2.2. Suppose ¢ is an isogeny from G(K) to G'(K), then there exist an
element g € G'(K) and an isomorphism of root systems vy : ® — @ with y(A) = A/
such that

(2.2.1) e=1Intg-¥
where 7 s the isogeny related to ~.

Proof. Since £(B) is a Borel subgroup of G’(K), there exists an element ¢g; € G'(K)
such that Int g1e(B) = B’. Moreover, Int g1e(T) is a maximal torus of B’ since T'
is contained in B. Hence there exists an element go € B’ such that

Int (g2g1)e(T) =T
This, together with the fact that char K = 0 and
Int (g291)e(B) = B,

gives rise to an isomorphism of root systems v : & — &' with v(A) = A’ such that
(cf. |6, exp.18])

Int (g2g1)e(ua(k)) = ty(a)(qak) for ac Aor —A, ke K,

where ¢, € K*. Since the fundamental roots in A’ are linearly independent, there
exists an element ¢t € T’ such that

Y(a)(t) = qa ' fora€ Aor —A.
Let g = (tg2g1) ™!, we then have for each root a € A or —A
Int ge(ua(k)) = uy(a)(k) for k € K,
from which follows (2.2.1) immediately. O

Lemma 2.3. (i) U(R) =U(K); U=(R) = U~ (K);

(i) TNE(R) =T

(iii) BNE(R) = B.
Proof. (i) Suppose a is a positive root of ®. Since U,(R) is an infinite group
while Ua(R)/Ua(R)O is a finite group, Ua(R)O must be infinite. In other words,
dim U,I(R)O > 1. On the other hand, since

(2.3.1) Us(R) CUL(R) C Uu(K),
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we have

dim U, (R)° < dim U, (K) = 1.
Hence dim Ua(R)O =1 and (2.3.1)
(2.3.2) Uu(R) = Uy(K).
Therefore

implies that

UR) = (Ua(R)|Va € 87 = (Ua(R) |VYa € &+) = U(K).

By taking negative roots instead of positive roots and by following a similar argu-
ment as above, we obtain also the Zariski density of U~ (R) in U~ (K).

(ii) Let {a1,aq,...,an} be the fundamental roots of ® and write T; for the one
dimensional torus T N (U, (K),U_g, (K)) for all 1 <i < n. Then
(2.3.3) T=]]T.

=1
Let T;(R) be the R-rational points of T; for 1 <14 < n, then we have

TNER) 2 [[Ti(R).

H'z:
i

=1

Note that T;(R) is Zariski dense in T; by [1, Ch.V,Cor.18.3] since R contains rational
field Q. Hence we obtain from (2.3.3) that

TOTNER) D ﬁTi(R) =T

This means that T'N E(R) is Zariski dense in T
(iii) We have

B2OBNER)2(TNE(R))-U(R).
This yields

BDOBNER)D(TNE(R))-UR)=T-U=B.
Hence B N E(R) is Zariski dense in B. (|

Recall that the semisimple complex Lie algebra L(G(C)) has a Z-form g with a
Chevalley basis related to the root system @ (cf. [10]). We denote by gr the R-Lie
algebra g ®7z R and let ad : gx — M, (K) be the adjoint representation of g,
where n is the dimension of the Lie algebra gx over K and M, (K) is the algebra
of n x n matrices over K.

Lemma 2.4. Suppose z is an element of gx such that ad(z) € My (R), then z lies
m gR-

Proof. Let {e1,ea,...,en} be a Chevalley basis of L(G(C)) related to ®. Then
ad(e; ® 1) € M,(Z) for all 1 < i < n. Suppose z has an expression y . | e; ® k;,
where k; € K for all 1 < i <n. Then

(2.4.1) ad(z) = Zn: ad(e; @ k;).

On the other hand, we way assume ad(z) = (zpq) € My, (R), where z,, € R for all
1<p<n,1<q<nand suppose ad(e; ® 1) = (e,(fq)) € M,(Z), where e](;q) € Z for
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all 1 <i<n,1 <p<mnandl<gqg<n. Then the equation (2.4.1) implies the
following n? equations:

z11 = klegll) + erﬁ) S knegq)

z12 = kle%) + k2€§22) S knegz)

Znn = klesllg + k28$l2) +-- kne(n)

n nn

Since ad(e; ® 1),ad(es ® 1),...,ad(e, ® 1) are linearly independent, there are n
linearly independent equations in the above system. Therefore the unique solution
for ki, ks, ..., k, in the above equations is given by Cramer’s rule as the quotient
of the determinant of a matrix in M, (R) factored by the determinant of a matrix
in M, (Z). Consequently, k; lies in R for all 1 <4 < n, which implies that z belongs
to gr. O

Lemma 2.5. Let g be an element of G(K), then g lies in G(R) if Int g(uq.(1))
belongs to G(R) for all a € ®.

Proof. Let {eq,hy|Va € ®,b € A} be a Chevalley basis of the semisimple Lie
algebra L(G(C)), where [ep, e_p] = hy for b € A. Considering G(K) as a subgroup
of GL,(gx) through the adjoint representation of G(K) where n = dimgg, we
obtain that u,(1) = exp ad(e, ® 1) for all @ € ® (cf. |10]) and

(2.5.1) Int g(uqa(1)) = exp ad(g(e, ® 1))

where exp is the canonical exponential map which sends the nilpotent elements of
M,,(K) to the unipotent elements of GL,,(K). Recall that the logarithm map log
sends the unipotent subset of M, (R) to the nilpotent subset of M, (R) and the
composite log-exp is the identity map on the nilpotent subset (cf. [3, Ch.IL,6.1]).
We have by (2.5.1)

log(Int g(ua(1))) = ad(g(eq ® 1)) € M, (R) for a € .
Hence g(e, ® 1) belongs to gr for all a € ® by Lemma 2.4. Moreover, we have
g(ha ©1) = [g(ea @1), gle—a @1)] € gr for a € A,
Hence g € GL,(gr) NG(K) = G(R). O

Remark. Lemma 2.4 and Lemma 2.5 have been shown in [4] for the case when R
is a Laurent polynomial ring over the complex number field.

Let a be a root in ®, we denote by g, the root subspace of gx related to a and
by u the subalgebra generated by g, for all a € ®T. If b is a subalgebra of gk, we
denote by C,(b) the centralizer of b in u.

Lemma 2.6. Let a be a positive root and I = {c € ®T|a+b € T = c+b €
o, Vb e d+). Then

(2.6.1) Cu(r) (Cury (Ua(K))) = [ Ue( ),
cel

Proof. Tt is easily seen that the Lie algebra L(U(K)) of U(K) is u, hence we have
L(Cu(x)(Ua(K))) = Cu(L(Ua(K))) = Cu(8a)-
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Note that Cy(x(Ua(K)) is connected since it is a T-stable closed subgroup of U (K)
(cf. |1, Ch.IV,14.4]). Then we have
L(Cux)(Cur)(Ua(K)))) = Cul(L(Cu () (Ua(K))))

= Cul(Cul8a)) =Cu( D a) = [ Culew)

bedt bedt
a+bg¢® a+bg¢®
= ﬂ Z gc:ch:L(<UC(K)|VC€I>)'
bedt cedt cel

a+bgd btcgd
Moreover, it is easily seen that

Note that, since Cy () (Cu (k) (Ua(K))) is a T-stable closed subgroup of U(K), it is
also connected. Thus (2.6.1) follows from the above identities since the correspon-
dence between the connected subgroups of U(K) and the Lie subalgebras of u is
bijective. O

Lemma 2.7. Let a be a positive root, then
(2.7.1) Cu(r)(Ua(Q)) = Cu(x)(Ua(K)).

Proof. Tt is obvious that Uy(R) C Cy(r)(Ua(Q)) for all b € F with a+b ¢ ®. Note
that U,(Q) is a Zariski dense subgroup of U, (K) by (2.3.2). We then have

({Up(R)[b € @ a+bé ) CCym(Ua(Q)
= Cu(r)(Ua(K)) C Cy(xy(Ua(K)).
Moreover, since Up(R) is Zariski dense in Uy(K) for all b € T by (2.3.2), we have
(Up(R)|[be ®t,a+b¢g @) = (Upy(R)| b ®T,a+b¢ D)
= (Un(K)|be @7 a+b ¢ @) = Cux)(Ua(K)).

Therefore, taking Zariski closures of the subgroups in (2.7.2), we obtain immediately
(2.7.1). |

(2.7.2)

Proposition 2.8. Every normal subgroup of G(R) that contains E(Q) must con-
tain the elementary subgroup E(R).

Proof. For each root a € ® and each element ¢ € Q*, let
ha(q) = va(@)u—a(—=¢ ta(@)u—a(Dua(-1)u_o(1) €T NE(Q).
Then (cf. [7])
ha(@)ua(T)ha(q) ™" = ua(¢?r) for ¢ € Q*, r € R.

Suppose H is a normal subgroup of G(R) which contains F(Q) and let ¢ # =+1,
then for all r € R and a € ® we have

Ua(r) = ha(q)ua((qQ - 1)_1r)ha(Q)_lua((q2 - 1)_1T)_1 €H.
This implies that H contains E(R). O

Proposition 2.9. If « is an automorphism of G(R) which fixes each element of
E(R), then « is the identity map on G(R).
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Proof. Since E(R) is a normal subgroup of G(R) by [11], we have for all g € G(R)

grg~' = algrg™') = alg)valg) ™" for v € B(R).
This yields
(a(g)"'g)z = x(alg)~"g) for = € BE(R), g € G(R),
which means that, since E(R) is Zariski dense in G(K) (cf. |2]),
alg)™'g € Cam) (E(R)) = C(G(K)).
Note that C(G(K)) is trivial since G is of adjoint type. Then we obtain
alg) =g for all g € G(R).

3. ISOMORPHISMS OF SIMPLE CHEVALLEY GROUPS

In this section we assume that G (resp. G’) is a simple adjoint Chevalley-
Demazure group scheme with its root system ® (resp. ®’) and fundamental root
system A (resp. A’) whose rank is greater than 1. Let R and R’ stand for subrings
of K containing Q. The elementary subgroup of G’(R’) is denoted by E’(R’).

Lemma 3.1. If there exists a nontrivial homomorphism from E(Q) to G'(K), then
dimG(K) = dim G'(K).
Proof. See [5, Cor.2.4]. O

Lemma 3.2. Let H be a connected algebraic group, then
(i) dim G(K) < dim H if there exists a nontrivial homomorphism from E(Q) to

(i) the image of a nontrivial homomorphism from E(Q) to H is Zariski dense in

H if dim G(K) is equal to dim H.

Proof. (i) Let @ : E(Q) — H be a nontrivial homomorphism. Since F(Q) is a simple
group, a(E(Q)) is a connected and non-solvable subgroup of H by Lemma 2.1.
Therefore, if R is the solvable radical of a(FE(Q)), the quotient group a(E(Q))/R
is a semisimple algebraic group of positive dimension. Let {H;}; be the family of
the simple components of a(E(Q))/R and let H? be an adjoint simple algebraic
group of the same type as H; for all 1 < ¢ < m. Then there exists an isogeny
e:a(E(Q)/R — [[i~, H*. Let 7 be the natural homomorphism from a(E(Q))
to a(E(Q))/R and let p; be the canonical projection of [[~; H?? to the j-th factor
H;d for 1 < j < m. Note that, since p; (1 <j <m), € and 7 are homomorphisms
which preserve the Zariski density, so does their composite pjemr. In particular we
have forall 1 < j <m

piera(E(Q)) = pjen(a(E(Q))) = H?,

which means that the composite pjema is a homomorphism from E(Q) to H ;?d with
a Zariski dense image. It follows from Lemma 3.1 that for all 1 < j <m

dim G(K) = dim H{* = dim H;.
Hence

(3.2.1) dim G(K) < (B(Q))/R < a(E(Q)) < dim H.
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(ii) Suppose G(K) and H have the same dimension, then it follows from (3.2.1)
that for a nontrivial homomorphism a : F(Q) — H we have

dim o(F(Q)) = dim H.
Since H is connected, this implies by Lemma 2.1 that a(EF(Q)) = H asrequired. [

Corollary 3.3. If E(R) and E'(R') are isomorphic to each other, then
dim G(K) = dim G'(K).
Proof. This comes directly from Lemma 3.2(i). |

Proposition 3.4. Suppose « is an isomorphism from E(R) (resp. G(R)) to E'(R’)
(resp. G'(R')), then there exist an element g € G'(R’) and an isomorphism of root
systems v : ® — @ with v(A) = A’ such that

(3.4.1) Int ga(ua(q)) = uy(a)(q) for a€ Aor —A, qgeQ.
In particular
(3.4.2) Int ga(E(Q)) = E'(Q).

Proof. Since E(R) (resp. G(R)) and E'(R’) (resp. G'(R')) are isomorphic to each
other, G(K) and G'(K) have the same dimension by Corollary 3.3. Hence the
restriction of a to E(Q), which is a nontrivial homomorphism from E(Q) to G'(K),
has a Zariski dense image by Lemma 3.2. It follows from the Borel-Tits theorem
|2, Th.A] that there exist a homomorphism of fields ¢ : Q — K and an isogeny &
from ?G(K), the group obtained from the base change through ¢, to G'(K) such
that

a(z) =ep’(z) for x € E(Q)

where ¢° is the canonical homomorphism from G(K) to *G(K) induced by ¢ (see
|2] for the notation). Note that there is no other possibility for ¢ but of the natural
embedding, which implies that ¢° is the identity map. This yields

(3.4.3) a(z) =e(x) for x € E(Q).

It follows from Lemma 2.2 that there exist an isomorphism of root systems v : & —
@’ with y(A) = A’ and an element g € G’ such that

(3.4.4) e=1Intg ' -7

where 7 is the isogeny from G(K) to G'(K) related to v. Hence the identity (3.4.1)
comes from the definition of 4 and the fact that

Int ga(ug(q)) = Int ge(ua(q)) = F(ua(q)) fora€ Aor — A, g€ Q.

We claim that g lies in G'(R’). This is because, for each root a’ € ®’, we have by
(3.4.3) and (3.4.4)

Int g~ (ua (1)) = Int g~ (7~ (uar (1)) = e(7~ (ua (1))
= a(7 (ua (1)) = a(uy-1(a(1)) € G'(R),

which implies by Lemma 2.5 that ¢!, hence also g, lies in G'(R'). O
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Lemma 3.5. Suppose v: ® — @ is an isomorphism of root systems with v(A) =
A'. Ifa: E(R) — E'(R') is an isomorphism such that
a(uq(q)) = Uya)(q) forac Aor —A, qe€Q,

then a(U(R)) = U'(R’).
Proof. Tt follows from the definition of 4 that ¥(B) = B’ and
(3.5.1) a(g) =7(g) for g € E(Q).
Therefore

a(BNEQ)) =5(BNEQ)=B"NEQ).
Hence

o(B A E(R) 2 (BN E(Q) = B' N E(Q).
By taking the Zariski closures of the above groups, we obtain from Lemma 2.3(iii)

a(BNE[R) 2B NE(Q) =B.

However, since a(B N E(R)) is a solvable group, we have
a(BNE(R)) =B,

In particular, we obtain that

(3.5.2) a(U(R)) Ca(BNE(R)) C B NE'(R).

Let a be a positive root in ®, we can choose an element t € T'N E(Q) such that
a(t) # 1 since TN E(Q) is Zariski dense in T' by Lemma 2.3(ii). Note that a(t) lies
in Q, we have

(3.5.3) U (1) = tug((a(t) — 1) )t ug((a(t) — 1)7'r) ™! for r € R.
This implies that
uo(R) C[TNEQ), UR)] for a e ®*.

Thus U(R) is contained in [TNE(Q), U(R)]. Hence we obtain by (3.5.1) and (3.5.2)
a(U(R)) € [a(T' N B(Q)), a(U(R))] = [(T N EQ)), a(U(R))
=[T"NE(Q), o(U(R))] C [T', BN E(R)

=U'NE(R)=U(R).
Replacing o by o~ ! and following a similar argument as above, we obtain on the

other hand that a(U(R)) 2 U'(R’). Hence a(U(R)) is equal to U’'(R’) as required.
(|

Lemma 3.6. Let o and ~y be as in Lemma 3.5, then
(3.6.1) a(Ua(R)) = Uy(o)(R') for a € ®.

Proof. We first show (3.6.1) for the case where a is a positive root. Using Lemma
2.6 and Lemma 2.7, we have

Cur)(Cur) (Ua(Q))) = U(R) N Cux)(Cu(r) (Ua(Q)))
=U(R) N Cyx)(Cux)(Ua(K))) = U(R) N H Ue(K),

cel



ISOMORPHISMS OF ADJOINT CHEVALLEY GROUPS OVER INTEGRAL DOMAINS 11

where I is as in Lemma 2.6. Moreover, since +y is an isomorphism of root systems,
we also have by Lemma 2.6 that

Cur(ry(Cor(r) (Uy(a)(Q))) = U'(R') N H (o) (K
cel
Hence, applying Lemma 3.5, we obtain that

a(Ua(R)) € a(Cu(r) (Cury(Ua(Q))))
(36.2) = Cur( (Coriany ((Ua(@)))) = U'(R)) N ][ Uy (K
cel
Suppose I = {c1,¢a,...,¢n} where ¢; = a. If m =1, then
OA(UQ(R)) - U/(R/) n U,Y(a)(K) = U,Y(a)(R/),
from which follows (3.6.1) since « is an isomorphism. Suppose m > 2. Then
(ker ¢,)° — ker a is an open subset of (ker ¢,,,)°. Note that, since (ker ¢,,)° splits

over Q (cf. [1, Ch.III, Cor.8.7]), (ker ¢,,)° N E(Q) is Zariski dense in (ker ¢,,)° by
|2, Cor.6.8]. Therefore

{(ker ¢;,)° — ker a} N E(Q) = {(ker ¢,,)° N E(Q)} N {(ker ¢,,)° — ker a} # 0.

Let t € {(ker ¢;,)° — ker a} N E(Q). Then the coincidence of the restrictions of «
and ¥ to E(Q) implies that a(t) lies in 7" since ¥(T') = T” (see §2 for the notation).
Moreover, for any root b € ®, t lies in ker b if and only if «(¢) lies in ker ~(b)
because

Uy () (b(t)) = a(up(b(1))) = a(tup(1)t )
= a()us ) (D) ™ = 0y (v(0) (1))
Therefore, a(t) lies in {ker v(¢p,) — ker y(a)} N E’( ). This yields that

H cl) g H cl)
Note that U,(R) = [t, Us(R)] by (3.5.3). We then have by (3.6.2)
a(Ua(R)) = [a(t), a(Ua(R))]
m—1
C |a(t),U"(R') N H ey E) ST (RO ] Uy (K).
i=1

This results in (3.6.1) if m = 2. When m > 3, (3.6.1) follows from the repetitions
of analogous arguments as above.

We show now that (3.6.1) holds also for all —a, where a € ®*. Let w, =
Ua(1)u_a(—1)uq(1) for a € @, Then we have Int w,(U,(R)) = U_4(R). Note that
for all a €

a(we) = F(Wa) = Wy (q)-
This yields
O‘(Ufa(R)) =Int Wr (a) (O‘(Ua(R))) =Int w’y(a)(U’y(a) (R/)) = U—’y(a) (R/)

Hence (3.6.1) holds for all a € ®. O
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Let o and « be as in Lemma 3.5. Thanks to Lemma 3.6, we can assign a map
va : R — R’ to each root a € ® satisfying

(U (1)) = Uy(a)(@a(r)) for r e ®.
It is easily seen that ¢, is an isomorphism between the additive groups R™ and
R'T.
Lemma 3.7. For each root a in ®, ¢, is an isomorphism of rings and

(3.7.1) Ya = @p for be ®.

Proof. We first consider the case where a is a fundamental root. Since G is not
of type Aj, there exists a positive root b such that a +b € ®. We have by the
commutator formula |7, Exp.XXII,§5]

U (7)up (8)ua (1) " up(8) ™ = Uayp(naprs) H ue(re) for rys € R,

ced™
h(c)>h(a+b)

where n, ; is an integer determined uniquely by a and b while r. € R, and h is the
height function of ®. Applying « on both sides, we obtain that

Uy (a) (P (7)) thy (1) (05 (8) )y (@) (0 (1) ™ g () (08 (5)) ™1 = ty(as) (N0 pParn (7)) u

where u is a product of elements of the form w.(p) for some positive root ¢ such
that h(c) > h(a +b) and for some p € R’. On the other hand, it follows from the
commutator formula that

U (a) (©a (1) )iy (1) (06(5) )t (a) (©a (1) ™ 1ty (1) (96(8)) ™1 = Uny(at) (NP ()b () )

where u; is also a product of elements of the form w..(p) for some ¢ € ®* with
h(c) > h(a +b) and p € R'. Note that, if h' : & — Z is the height function of
@', then h'(v(c)) > W' (v(a + b)) for all the factors uy()(p) of u (resp. uy). Thus,
comparing these two identities, we have

(3.7.2) Gatb(rs) = @a(r)ep(s) for r,s € R.

Taking r and s to be 1 alternately, we obtain that .45 = ¢o = @p. Note that for
each fundamental root ¢ € A there exists a sequence of fundamental roots

a=a1,a2,...,0m = C

such that a; + a;41 € @ for all 1 < ¢ < m — 1. Hence we have, by following similar
arguments as above, that

Pa = Paz = "= Pany = Pc-

Thus we may simply write ¢ in stead of ¢, for all a € A. Tt follows from (3.7.2)
that o(rs) = ¢(r)p(s) for all @ € A, which means that ¢ is a homomorphism of
rings and therefore is an isomorphism of rings.

We show now that

(3.7.3) Yo = forac ®t.
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We use induction on the height of the roots. Suppose a is not a fundamental root
and ¢, = ¢ for all ¢ € ®* such that h(c) < h(a). Since a can be written as the
sum of two positive roots, say b and ¢, with h(b) < h(a) and h(c) < h(a), we have

(3.7.4) up(r)ue(s)up(r) " ue(s) ™! = ug(npers)v for r,s € R,

where np . is an integer which depends only on b and ¢, while v is a product of
elements of the form ug(p) for some p € R and d € ®* such that h(d) > h(a), or
equivalently h/(y(d)) > h'(v(a)). Applying « on both sides of (3.7.4) and using the
induction hypothesis, we obtain

-1 -1

Uy () (1)) Uy () ((8)) Uy (1) (1) ™ty () (9(5)) T = Uy () (M, (18) ) V1
where vy is a product of elements that involves only those positive roots of which
the height is greater than h’(7(a)). On the other hand, we have by the commutator
formula that

—1 —1

Uy (1) (D7) thy () () )1y () (1) Tty () (0(8)) T = ty(a) (M, c8p(7) 0 (5) )02
where vg is also a product of elements involving only the positive roots of which
the height is greater than h/(y(a)). Comparing these two identities, we obtain
immediately that

@a(rs) = p(r)p(s) forr,s € R.

This yields (3.7.3) when s is the identity element.
Finally we show that ¢, = ¢ for all negative root a, from which follows (3.7.1).
Suppose a is a negative root, then for all r € R
1

Ua(r) = W_g_g(—7)w_g .

Applying « on both sides of the identity, we have
Uy () (#a(T) = W_ry(a)y(a) (PP Wy (@) " = Uy (a) (1))

which implies that ¢, = . This completes our proof. O
Corollary 3.8. Let a and «y be as in Lemma 3.5, then there exists an isomorphism
of rings ¢ : R — R’ such that o = §.
Proof. This is a consequence of Lemma 3.6, Lemma 3.7 and the definition of ¢. O
Theorem 3.9. If o : E(R) — FE'(R') is an isomorphism, then there exist an
element g € G'(R'), an isomorphism of root systems v : ® — ® with vy(A) = A’
and an isomorphism of rings p : R — R’ such that
(3.9.1) a=1Intg-4-p.
Moreover, g,v and ¢ are uniquely determined by .
Proof. Tt follows from Proposition 3.4 that there exist an element g € G'(R’) and

an isomorphism of root systems v : ® — ®’ such that

Int g~ a(ua(q)) = ty(a) (@) = (ualq)) fora€ Aor —A, g€ Q.

Since E’(R') is a normal subgroup of G’'(R’) (cf. [11]), Int g~ 'a is an isomorphism
from E(R) to E'(R'). Hence 4~ ! - Intg~! - a is also an isomorphism from E(R) to
E'(R'). Therefore by Corollary 3.8 there exists an isomorphism of rings ¢ : R — R’
such that

A7V Intg™ a=¢
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from which follows (3.9.1). Suppose there exist an element g; € G'(R’), an isomor-
phism of root systems v : ® — & with v, (A) = A’ and an isomorphism of rings
1 : R — R’ such that

a=Intg-5-o=1Intgy Y1 - P1,
then

(3.9.2) Intgitg=4-¢1 ¢~ 470

Let U'(R’) (resp. U'~(R’)) be the subgroup of G'(R’) generated by u,(r) for all
a € P (resp. —a € ') and r € R'. Since

YU(R)) = (UR)) =U'(R)
and

G(U(R)) = ¢1(U(R)) = U(R'),
we have by (3.9.2)

Int gy 'g(U'(R) = U'(R).

Similarly we also have

Intgy'g(U'™(R) = U (R').
Therefore, if we denote by B’~ the opposite Borel subgroup of B’, then
gi'g € Nerry(U'(R)) "N (ry (U™ (R))

€ Ne(r) (U'(R') N N (rry (U~ (R')) = Ner (rr) (U'(K)) N N (rry (U (K))
= G'(R") N Ne i) (U'(K)) N N (0 (U™ (K))
=G R)NB'NB~™ =G (R)NT".

This yields that, for each fundamental root a € A’,

Int gy ' g(ua(1)) = ua(algy '9))-
On the other hand, we have

’3/1@1(/371;771(”&(1)) = u71'y*1(a)(1> fOT aec A

Comparing these two identities, we obtain that v; = + and a(gy 1g) = 1 for all
a € A’, which means that

gl € ﬂ ker a = C(G'(K)).
acA’
This implies immediately that g; = ¢g and that, by (3.9.2), ¢1 = ¢. Hence the
expression (3.9.1) of « is unique. O

Proof of Theorem 1.1. (i) Suppose a : E(R) — E'(R’) is an isomorphism. it
follows from Theorem 3.9 that o has an expression of the form Intg -4 - » where
g€ G(R),v: P — & is an isomorphism of root systems with v(A) = A’ and
¢ : R — R’ is an isomorphism of rings. It is evident from the definitions that 4 can
be extended to the graph isomorphism 4 from G(R’) to G'(R’) and that ¢ can be
extended to the ring isomorphism ¢ from G(R) to G(R’). Hence « can be extended
to an isomorphism & from G(R) to G'(R’) in an obvious way. If & : G(R) — G'(R')
is an isomorphism which is also an extension of «, then &-a~! is an automorphism
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of G(R) which fixes each element of E(R) and, therefore, & = & by Proposition 2.9.
Thus the extension of a to an isomorphism between G(R) and G'(R’) is unique.

(ii) It follows from Proposition 3.4 that there exists an element g € G'(R’) such
that

a(E(Q)) = Int g(E'(Q)).

Thus H is a normal subgroup of G(R) which contains F(Q) if and only if a(H)
is a normal subgroup of G’'(R’) containing E'(Q). This implies that « induces a
bijection between the set of normal subgroups of G(R) containing F(Q), which is
denoted by N, and the set of normal subgroups of G’(R’) containing E’(Q), which
is denoted by N’. Note that by Proposition 2.8

E(R)= () H.

HeN
Hence we have

a(E(R) = () a(H)= ()| H =E'(R).

HeN H'eN’

Proof of Theorem 1.2. It follows from Theorem 1.1(ii) and Theorem 3.9 that the
restriction a|g(g) of a to E(R) is an isomorphism between E(R) and E'(R’) which
has an expression of the form Int g-%-@ where g € G'(R'), 4 is a graph isomorphism
from E(R’) to E'(R') related to an isomorphism of root systems v : & — &’
with v(A) = A’ and ¢ is a ring isomorphism from E(R) to E(R’) related to an
isomorphism of rings ¢ : R — R’. Thus a|g(g) can be extended to an isomorphism
from G(R) to G'(R’) by extending 4 (resp. @) to 4 (resp. ¢). This extension of
a|p(r) has the form Int g-7-$ and is equal to a by Theorem 1.1(i). The uniqueness
of the elements g,v and ¢ comes directly from Theorem 3.9.

4. AUTOMORPHISMS OF G(R) AND E(R)

In this section, we assume that G is an adjoint Chevalley-Demazure group scheme
that has no simple component of type A;. Let {G;}"_; be the simple components
of G and ®; (resp. A;) be the root (resp. fundamental root) system of G; for all
1 <i < n. Denote by F;(R) the elementary subgroup of G;(R) for all 1 <i <n.

Proposition 4.1. Suppose H is either E(R) or G(R) and « is an automorphism
of H. Then there exists a permutation o of {1,2,...,n} such that

(i) a(E;(R)) = Eq) (R) for 1 <i<mn;

(il) a(Gi(R)) = Go(i) (R) if a € Aut G(R).
Proof. We show first that «(E(Q)) is a Zariski dense subset of G(K). If n = 1,

we obtain by Lemma 2.1 and Lemma 3.2(i) that dim G < dim «(E(Q)). Since
a(E(Q)) is a subgroup of G(K), this implies that

dim G = dim o(E(Q)).

Thus we have immediately the Zariski density of a(E(Q)) in G(K) since a(E(Q))
is connected by Lemma 2.1. Suppose n > 1, then

(4.1.1) Ei(Q) € Cpr)(E;(Q)) for 1<i#j<n.
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Hence

(4.1.2) a(E;(Q)) € Cok)(a(E;(Q))) for 1 <i#j<n.

Therefore, since E(Q) is the direct product of F;(Q) for all 1 <1 < n, we obtain
(4.13) (@) = (B Q) - a(B>(Q)).- - a(Bn Q).

Hence a(FE(Q)) is connected since each a(E;(Q)) is connected for 1 < i < n by
Lemma 2.1. Let R be the solvable radical of a(E(Q)) and let Y; be the quotient
group of R - «(F;(Q)) modulo R for all 1 < i < n, then

(4.1.4) aE@Q)/R=Y: - Ys...Y,.

It is obvious that Y; is a semisimple normal subgroup of o(E(Q))/R for all 1 <i < n.
Moreover [Y;, Y;] is trivial for all 1 <4 # j < n since

[(Ei(Q)), a(E;(Q)] = {1}.

This implies that |Y;NY;| < oo for all 1 <14 # j < nsince a(E(Q))/R is semisimple.
Thus (4.1.4) yields

(4.1.5) dim o(E(Q))/R = Zdim Y;.

Let ®; be the solvable radical of a(E;(Q)) for 1 <i < n. Note that
We obtain from (4.1.5) that

(4.1.6) dim o(E(Q))/R = Zdima(Ei(Q)) /R

Let m; (1 <4 < n) be the natural homomorphism from «a(FE;(Q)) to its quotient
group a(F;(Q))/R;. Note that the restriction of m; - o to E;(Q) is nontrivial. We
obtain from Lemma 3.2(i)

dim G; < dima(F;(Q))/R; for 1 <i<n.

Thus we have from (4.1.6) that

dim G < Zdim a(E(Q))/R; < dima(E(Q)) < dim G.
i=1
This forces

a(E(Q)) = G(K).

We show now that for each i € {1,2,...,n}, a(E;(Q)) is a simple component of
G(K). From the above identity and (4.1.3) we have

G(K) = ao(E1(Q)) - a(E2(Q)) - .. a(En(Q)).

Then (4.1.2) implies that a(F;(Q)) is a normal subgroup of G(K) for all1 <i<mn
and

(4.1.7) a(BAQ) Na(B; (@) € C(G(K)) for 1 <i#j<n.
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Note that a(E;(Q)) is of positive dimension for all 1 <4 < n. Hence each a(F;(Q))
contains at least one simple component of G(K) and, meanwhile, is the direct
product of all those simple components which are contained in a(E;(Q)). Moreover,
(4.1.7) implies that each simple component G (K) (1 < k < n) lies in at most one
a(E;(Q)) for some 1 < i < n. Since G(K) has exact n different simple components,
each a(E;(Q)) is in fact a simple component of G(K) for all 1 < ¢ < n. In other
words, there exists a permutation o of {1,2,...,n} such that for all 1 <i <n

(4.1.8) a(E;(Q)) = Gy (K).

Now we come to show (ii). Note that for all 1 < i # j < n, [G;(R), E;(Q)] is
trivial and we have

Gi( CCG HE )) for 1<i<n.

J#i
Hence
a(Gi(R)) € Cor) ([ (E5(Q) = Cauy ([ ] a(E;5(@)))
J#i J#i
= Co(r0)([ [ Cot) (K)) = Goga (K).
J#i
Consequently
Oc(Gl(R)) - G(R) N Gg(i) (K) = Gg(i) (R) for1<i<n.
By taking a~! instead of a and by following a similar argument as above, we

obtain on the other hand that a(G,;)(R)) € G;(R) for all 1 < i < n. Hence
OZ(Gl(R)) = Go(i) (R) for all 1 S ) S n.

Finally we show (i). If a is an automorphism of G(R), then (i) comes as a
consequence of the above (ii) and Theorem 1.1(ii). Suppose « is an automorphism
of E(R). Note that

n

Ei(R) € Cpr)(] [ B5(Q) for 1<i <.
j#i

We have, by using the identity (4.1.8),

a(Ei(R)) € Crr H e = Cp(r) (H a(E;(Q)))
J#i j#i
= E(R) N Cai)(J [ Got) (K)) = E(R) N Go(i)(K) = Eqoi) (R).
J#i

Since « is an automorphism, we obtain that a(E;(R)) = E,;) (R) forall 1 <i <n
as required. O

Theorem 4.2. Suppose « is an automorphism of E(R), then there exist an element
g € G(R), an automorphism of root system v : ® — ® which keeps fundamental
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root system A invariant and an automorphism p; € Aut R for each 1 < i < n such
that

(4.2.1) a=1Intg-y-[] &
i=1

Moreover, g, v and ¢; (1 < i <n) are uniquely determined by «.

Proof. Tt is known from Proposition 4.1 that for each 1 < ¢ < n, the restriction of
a to E;(R) is an isomorphism from E;(R) to E,¢;(R) for some permutation o of
{1,2,...,n}. Hence by theorem 3.9 there exist an element g; € G,(;)(R), an iso-
morphism of root system 7; : ®; — ®, ;) with 7;(A;) = A, (;) and an automorphism
¢; € Aut R such that the restriction of a to E;(R) has an expression

(4.2.2) «

Er) =Intgi-4i- @i for 1<i<n.

Since ® = |J_, ®;, it is easily seen that the isomorphisms 1,72, ...,7,, being
pieced together, induce an automorphism of root system v : ® — ® defined by

v(a) = vi(a) forae ®;, 1 <i<n,

which keeps the fundamental root system A invariant. Moreover, we have by the
definition of the graph automorphism that for all 1 <7 <n

(4.2.3) A(x) = Yi(x) for x € E;i(R).

Suppose z is an arbitrary element of E(R), we may assume that x = x123... 2,
where z; € E;(R) for all 1 <i <n. Then we have by (4.2.2)

(4.2.4) alz) = H Int g;9:pi(x;).

i=1
Note that, since G(R) is the direct product of G;(R) for all 1 <i < n, we have for
eachi € {1,2,...,n}

IntgiIntgs...Int g, 5:i@i(x:) = Int gi%idi(x;).
Let g =[]/, gn, then the identities (4.2.3) and (4.2.4) yield

a(@) = Int gy ([T ¢i(z) = Int g3([] 22 (@) for = € B(R),

from which follows immediately (4.2.1). O

Proof of Theorem 1.4. (i) It follows from Theorem 4.2 that every automorphism
a of E(R) has an expression of the form Intg-4 - [], ¢; for some g € G(R),~ €
Aut ® with v(A) = A and ¢; € Aut R for 1 < i < n. Since 4 and []}"_; ¢; have
the extensions ¥ and [[_, ¢; in Aut G(R) respectively, o can be extended to an
automorphisms of G(R) in an obvious way.

Suppose & and ¢ are automorphisms of G(R) and the both are extensions of «,
then &-@~! is an automorphism of G(R) which fixes every element of F(R). Hence
& = & by Proposition 2.9. Thus the extension of « is unique.

(ii) Suppose « is an automorphism of G(R), then by Proposition 4.1(i) there
exists a permutation o of {1,2,...,n} such that a(E;(R)) = Ey;)(R). Hence

a(B(R)) = [[a(BB) = ] Boto (B) = E(R).
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Proof of Theorem 1.5. Since the restriction of « to E(R) induces an automor-
phism of F(R) by Theorem 1.4(ii), it follows from Theorem 4.2 that there exist an
element g € G(R), a graph automorphism 4 € Aut E(R) related to an automor-
phism of root system v : ® — ® with y(A) = A and a ring automorphism @; of
E(R) related to an automorphism ¢; € Aut R for each 1 < ¢ < n such that

n
) =Intg-5- 1] &

i=1
It is easily seen from the definitions that the graph automorphism 4 of G(R) is an
extension of 4 while the ring automorphism []”_; @; is an extension of [, @i,
hence the automorphism Intg - ¥ - [[; @; is an extension of a|p(r). Since the
extension of a|pg(g) is unique by Theorem 1.4(i), we obtain immediately the ex-
pression (1.5.1). Moreover, we have the uniqueness of g,y and ¢; (1 < i < n)
because, by Theorem 4.2 and Theorem 1.4(ii), all of them are uniquely determined
by the restriction a|gry which is, as a consequence of Theorem 1.4(i), uniquely
determined by «. This completes our proof.
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