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ASYMPTOTIC EXPANSION FOR LAYER SOLUTIONS OF A
SINGULARLY PERTURBED REACTION-DIFFUSION SYSTEM

XIAO-BIAO LIN

ABSTRACT. For a singularly perturbed n-dimensional system of reaction—
diffusion equations, assuming that the Oth order solutions possess boundary
and internal layers and are stable in each regular and singular region, we con-
struct matched asymptotic expansions for formal solutions in all the regular,
boundary, internal and initial layers to any desired order in €. The formal solu-
tion shows that there is an invariant manifold of wave-front-like solutions that
attracts other nearby solutions. We also give conditions for the wave-front-like
solutions to converge slowly to stationary solutions on that manifold.

1. INTRODUCTION

This is the first of a series of papers devoted to studying internal, boundary and
initial layers for singularly perturbed n-dimensional systems of reaction-diffusion
equations. By a formal asymptotic method, we derive matched expansions of layer
solutions to any desired order in e. We give general conditions for existence and
stability of the formal solutions. The formal expansion shows how the initial profile
quickly converges to a manifold of slow moving wave-front-like solutions. We also
give an analytic condition (see Hypothesis H6) for the formal solution to converge
slowly towards a stable stationary solution. In the next paper we will show that
under the same set of conditions there is a unique genuine solution that is near the
formal series solution. These results have been obtained by other authors for n =1,
or n = 2 with small diffusion on only one variable. Our goal is to generalize their
results to any finite n.

Obtaining matched asymptotic expansion has always been an indispensable part
of the complete treatment of singular perturbation problems, for it often provides
easily computable and highly accurate approximations to the exact solutions. How-
ever, a rigorous treatment of the asymptotic expansion to the layer solutions of the
general systems has remained incomplete for almost twenty years since first raised
by Fife [12, 13]. We have also noted that new tools need to be developed when
moving from scalar equations to systems. Recent advances using the Melnikov in-
tegrals in the functional analytic method of homoclinic bifurcations are crucial to
this paper, see [4, 26, 22, 23].
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Consider the following reaction-diffusion equation
(1.1) eus = upy + f(u,z,€), wER" a<x<b,
with Neumann boundary conditions at * = a,b
(1.2) Ug(a,t) = ug(b,t) =0,
and initial condition
u(z,0,€) = u(z,€)

at t = 0. Here f: R"™ X [a,b] x R — R™ is C*° with the following expansion:

e .
(1.3) flu,ze) =€ fi(u,x).

j=0
Due to the presence of the small parameter € > 0, solutions of (1.1) may have
internal, boundary and initial layers. Those are the regions of x-t space where .,
and/or u; are large so that the solutions do not converge uniformly as e — 0. For
the moment we ignore boundary layers, and give a short introduction to spatially
regular and internal layers. The following is motivated by a discussion in [12, 13].

In the regular layers, a stationary solution wu(z,€) of (1.1) approaches solutions
of

(1.4) folu,z) =0

as € — 0. Assume that u = p(z), i = 1,2, a < z < b, are two solutions of (1.4),
and as € — 0,

g€ pl(z), a<z<n,
(15) (@,¢) {pQ(x), n<z<b.

There is an internal layer at 2 = 7). Using stretched variables { = £=1, 7 = £, we

write (1.1) as (when € = 0)
(1.6) ur = uge + fo(u, n).

Suppose that n = n° can be chosen such that (1.6) possesses a stationary solution
q(§) that satisfies

(1.7) 0 = uge + fo(u,n)

and approaches p*(n°) as £ — —oo (P*(n°) as £ — ), ¢'(§) — 0 as £ — +oo.
The functions {p'(x),q(&),p?(x)} are the Oth order expansion of a formal solution
in regular and internal layers. The position of the stationary internal layer n = no
is determined by the existence of a heteroclinic solution to (1.7). The condition
q(€) — p'(n°) as € — oo is the Oth matching condition between regular and
singular layers. Higher order matching conditions will be specified later in this
paper when higher order formal expansions are computed.

Under some general conditions, which will be stated in §3, it was proved [22, 23]
that there is an exact stationary solution u to (1.1) near the Oth order expansions.
Similar results were obtained in [21].

When 7 changes, generically the heteroclinic solution of (1.7) breaks. However
the time dependent equation (1.6) may have a traveling wave solution u(&,7) =
q(§ — Vr,m) where g(&,n) satisfies

(1.8) uge + Vue + fo(u,m) = 0.
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Here 7 serves as a parameter, and the wave speed V = V(7)) depends on 1. The
function q(¢,n) approaches one of the pi(n), and a%q approaches zero, as & — +00
due to the matching of the internal and regular layers. The wave speed V' and the
wave front position 17 do not depend on the stretched time 7, but they depend on
the slow time ¢. To see this, let n = n(t), £ = w_T"(t), and u(m%"(t),t) = u(&,t) be
a solution to (1.1). Then (when e = 0)

(1.9) 0 = uge +11'(t)ug + fo(u, n(1))-

At each t > 0, we look for a heteroclinic solution of the above connecting p!(n(t))
to p?(n(t)). Comparing this with (1.8), we have

(1.10) dZ—(tt) =Vn()).

We can see that (1.10) determines 7(¢). One should not be surprised to see that
the wave speed V is the same in both z-t and &-7 coordinates, since the scaling by
€ cancels.

We have just described the wave-front-like solutions to the Oth order. Recursive
formulas for computing higher order expansions of u and 7 are also presented in
this paper. In particular, we have found that the higher order expansions in the
internal layers are uniquely determined by growth conditions of the solutions while
the matching of such solutions with those in adjacent regular layers can be proved
as a consequence of that. See [22] for a similar case.

Let 0 < 8 < 1 be a constant. Let the width of the internal layer be O(¢?). The
variable z = € is 0(1) as € — 0. But in the stretched variable, ¢ = z/e = ¢’~1 — oo
as € — 0. See [6, 7] for discussion of such intermediate variables. Define a piecewise
smooth function W(z,t,¢) by

p'(z), a<xz<n(t)—€°,
(1.11) W(z,t,e) = < p*(z), n(t) + e <z <b,
q((x —n(t)/e), n(t) — e’ <z <n(t)+ €.

At the interior of each subinterval, W satisfies (1.1) with an error O(¢?). At the
points n(t) £ €%, W has a jump discontinuity of size O(¢®). Such a function is called
a pseudo-solution to (1.1). In our next paper we will show that there is an exact
solution to the original equation (1.1) that is near W (z,t,€). A function is said
to have a wave-front-like profile or to be a wave-front-like function if it approaches
the solutions of (1.4) at regular layers, but approaches heteroclinic solutions in
stretched variable at internal layers. The function W obviously has a wave-front-
like profile. It follows that the exact solution of (1.1) near W has a wave-front-like
profile.

Recall that V(1) = 0. The wave speed V' (n) generally changes sign when passing
n=mn". The case V < 0 if n > 1% is especially interesting. It shows that the wave-
front-like solution approaches a stationary wave-front-like solution as time evolves.
In the other case V > 0 when 7 > n°, the stationary wave-front-like solution is not
stable among the wave-front-like solutions.

Suppose now the initial condition @(z, €) also has a wave-front-like profile. That
is, w(z,0) has a jump at = 7 and is continuous on [a,n) and (n,b], and using
the stretched variable £ = =1, the limit lim .o+ T(e£ + 7,€) = T(E,0) exists.
We assume that as initial data for the ODE w, = fo(u,z), where x serves as a
parameter, u(z, 0) is attracted by p’(z), i = 1 for = € [a,7), i = 2 for = € (n,b], and
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as initial data for (1.6), u(&, 0) is attracted by ¢(£,n) modulo a spatial shift. q(&,7n)
is stable in the sense of Evans, [8, 9, 10, 11]. The problem of determining when
q(&,m) is stable is very important, but is not the concern of this paper, [20, 2, 25, 19].

Under the above assumptions, using stretched time 7 = t/¢, we also derive formal
series solutions in the initial layers. Special care has to be exercised to ensure
that these solutions match with wave-front-like slow solutions, since the linearized
equation has a zero eigenvalue.

In this paper, the intermediate spaces D 4(6) are used to study parabolic equa-
tions. These spaces are powerful tools to treat fully nonlinear equations. Since our
system is semi-linear, we only use some weaker results. All the results in this paper
are valid with essentially the same proof if D () is replaced by D(A?). An impor-
tant feature in this paper is to use weighted norms in function spaces. Weighted
function spaces have been used in [28, 29] to study the stability of travelling waves.

The outline of this paper is as follows. We introduce notations and some basic
lemmas in §2. In §3 we state a result from [22] that concerns the stationary wave-
front-like formal series solution (Theorem 3.1). The result in §3 is a special case of
the result in §4. Having a separate section helps to show what new hypotheses are
needed to study the slowly moving wave-front-like solutions. In §4, we study wave-
front-like formal series solution (Theorems 4.3, 4.4, and Corollary 4.5). We show
that these solutions have a slowly moving front and form a manifold that depends
on parameters {7} }52, 1 <7 < r—1. Here Y 0° €/77}, is the formal series expansion
of the initial wave front, » — 1 is the number of internal layers. The result agrees
with other publications where the slow manifold is also parameterized by layer
positions, [3, 17, 19, 1]. In §5 we study the formal series solutions in the initial
layer (Theorems 5.3, 5.5). We show that 7}, is determined by the initial condition
of (1.1), and ﬁ;, j > 1, are determined by the matching of initial and regular
(in time) expansions. In §6, we prove that the formal series solutions in adjacent
layers, obtained in §4 and §5, match with each other (Theorems 6.1-6.4). We also
construct a pseudo-solution of any prescribed accuracy based on the matched series
solutions (Theorem 6.5). Most of the technical lemmas are proved in §7.

Internal and boundary layers in singular perturbation problems have been an
active area of current research. Various powerful methods have been developed
to treat the layer solutions [14, 16, 15, 25]. Our approach is different from the
others. We follow the pattern “matched formal series expansions—pseudo solutions—
Newton’s method” which has been used to treat singularly perturbed ODEs, see
[22, 23]. The last step uses a lemma similar to the shadowing lemma in dynamical
system theory. In our next paper we will introduce such a shadowing lemma for
parabolic systems where the pseudo-solutions have jumps in both x and ¢ directions.
A brief look at such a result reveals that the inverse operator of the parabolic
system has a norm of O(¢~%), k > 1. A good initial approximation with residual
smaller than O(e*) is needed which is naturally supplied by the matched asymptotic
expansions.

1.1. Acknowledgment. It is a pleasure to thank the referee for his valuable sug-
gestions which resulted in an improvement of the manuscript.

2. NOTATIONS AND BASIC LEMMAS

2.1. Notations. As ¢ — 0, the solution u(x,t,¢€) of (1.1) may not converge uni-
formly at regions where u,, and u; are large. These regions are called singular layers



ASYMPTOTIC EXPANSION FOR LAYER SOLUTIONS 717

t | (SR | (RR)'|... | (RR)*| (SR)! | (RR)"™ | ... | (SR)"
7 (SSY [ (RS ] ... | (RS | (SS)* | (RS |... | (S9)"
3 x .. x 13 x e 13
FIcure 1

with respect to space or time. In particular, u; may be large near ¢ = 0. That region
is also called the fast (or initial) layer where the stretched time T = t/e is appropri-
ate to express the solutions. u, and u,, may be large near some z = n%,0 <13 < r.
These regions are called boundary (internal) layers if ¢ = 0,7 (or 1 < i < r — 1),
z—n"

where the stretched space variable & = is used. Regions that are not singular
with respect to space or time are called regular layers. We use S or R to denote
singular or regular layers. The symbol related to space is put before that related to
time since in the dictionary order space is before time. Thus (SR)*, (RR)?, (SS)!
and (RS)* are used to denote the ith spatially singular, temporally regular region,
etc. Figure 1 shows relative locations of all the possible layers. Superscripts on a
solution are used to show the type of layers where the solution is expressed by the
appropriate variables.

uf iz, t,¢) = wu(w,t, €), for (z,t) € (RR)li,
u (et e) = u(e€+nite), for (x,t) € (SR)*,
ufSi (7€) = wu(x,er, €), for (z,t) € (RS)?,
w3, me) = u(e€+nierye), for (z,t) € (SS)!
Each layers is further expanded in powers of e, uf*%(z,t, ¢) = Zeiufm(x,t),
j=0

etc.

The notation @ (7) is used to denote the expansion of u(t) in the variable 7. @(¢)
is used to denote the expansion of u(x) in the variable . u is used to denote the
initial condition for a solution wu.

Let Cpy (R, R™), Cpy (R, R) and Cpy, (R™,R™) be the Banach spaces of uniformly
continuous and bounded functions with super norms. Let C}" = {u|u, v/, ... ,ulm™)
€ Chyy, } with the norm

(2.1) lullcy, = > 4Pl
=0

Here Cj7 denotes CJ"(R,R™) or CJ"(R* ,R"). We can show that CJ",m > 1, is
dense in C}" 1.

For a continuous function w(€) > 0, let Eg(w) be the Banach space of functions
with the weight w(§).

Er(w) ={u:R — R"u(-)/w(-) € Cp,(R,R™)}.
lull Ewy = sup{lu(§)/w(§)],§ € R}.
ER(w) = {ulu,...,u™ € E(w)}.
[ull Emewy = X ieo 149 Bw)-
Similarly, Eg} (w) and EJ* (w) are Banach spaces of weighted functions that are
defined on RT and R~. We use E™(w) to denote Eg*(w) or ER% (w) if no confusion



718 XIAO-BIAO LIN

should arise. One of the most often used weights is

(2.2) w(é) = (L+[¢f)e™, yeR,j=0.
Let
By, = {ueC(RT,R"), limg oo Deu(§) = u(®) (4-00) exists for a < m},
Byt = {ue R, R"), lime._ o Dgu(§) = u(®(—00) exists for a < m}.
Byt = {ueCpRR"), lime 100 Dgu(§) = u(® (+00) exists for a < m}.

One can easily verify that u(®)(+o00) =0 if a > 1.
Let w(€) = (1+ |€)7)e €l v > 0. Define,

Br.(w) —{ueBL. u()-u(+) € ER (w)}.
B (w) —{ue B, ul)-u(-0) € EF ()},
Bpt(w) ={ue By, u(-)—u(xoo)e€ EF:(w)}.

The general notation B™(w) will be used if no confusion should arise. Let the
norms of B, BR' , Bg' be induced from Cy respectively. It is clear that B!, , Bp"
and By’ are Banach spaces with these norms. Let

(2.3)
||U||ng(w) = HUHC;; + flu— u(+00)|\E§+(w) + [Ju — u(—OO)HEg;(w)

Similarly definitions are given to ||u|| B (w) and ||ul| B (w). Tt can be verified that
Bg'(w), BR* (w) and B (w) are all Banach spaces with the specified norms.

Let X be one of the Banach spaces: EJ (w), E* (w), BR' (w) or BR* (w), with
m > 1. For C* functions defined on R or R™, denote BC = {u € C* : ug(0) = 0}.
X N (BC) is a closed subspace of X, and a Banach space with the norm induced
from X.

The following lemma is useful when working with these weighted spaces and can
be verified easily.

Lemma 2.1. Let o > 0, |y| < a be real constants, j > 0 be an integer. Then there
exists a constant K1 such that

£ , o0 ,
/ e =) (1 4 |s])e 7% ds + / e =91 4 |s])e 5 ds
— 0 13

Kqie 76 .
< (a_lfwuﬂém.

2.2. Properties of elliptic equations. Assume that f: R™ — R" is C*°, and V
is a real constant. Equation

(2.4) uge + Vue + f(u) =
is equivalent to a system in R2":
ug =0,
2.5
(25) ve = —Vv — f(u).

Therefore the phase space for (2.4) is R?", comprised of points (u, ug). We say p is
a hyperbolic equilibrium for (2.4) if (p,0) is a hyperbolic equilibrium for (2.5). We
say equation

(2.6) uee + Vue + A(§u =0
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has exponential dichotomy on an interval I C R if the system
(2.7)

has an exponential dichotomy on I. Here A(-) : I — R™*™ is a continuous matrix
valued function.

We say u(€) is a heteroclinic solution of (2.4) if (u(§),u¢(§)) is a heteroclinic
solution for the equivalent system (2.5).

Lemma 2.2. Assume that p € R, f : R™ — R" is C°° and there exists og > 0

(2.8) f) =0, Reo{Df(p)} < —o0.
Then
(2.9) uge + Vue + Df(p)u=0

has an exponential dichotomy on R with n—dimensional stable and unstable spaces.
Let 0 < o < \/V2+40g — |V|. Then the decay rate on the stable (or unstable)
subspace is bounded by Ke™°¢, € >0 (or Ke®¢, ¢ <0) respectively.

Let p,i = 1,2, satisfy (2.8). Let q(&) be a solution to (2.4) and is defined on R~
with q(§) — p' as € — —oo, and/or is defined on RT with q(§) — p? as £ — co.
Then

(2.10) uge + Vug + Df(q(€))u =0

has exponential dichotomies on R~ or RT respectively, with RPs(t) and RP,(t)
being n-dimensional subspaces in R*™. Here P,(t) + Ps(t) = I,t € R~ ort € RY,
are the projections to the unstable and stable subspaces. Moreover, the decay rate
a > 0 is the same as that of (2.9). In the case that q is a heteroclinic solution
connecting p' and p?, RP,(07) N RPs(0%) is at least one dimensional, containing

(q¢(0), gee(0)).

Lemma 2.3. (i) Let p € R™ satisfy (2.8), « be the constant as in Lemma 2.2. Let
w(§) be the weight function in (2.2) where |y| < o, X = Eg*(w) and g € X. Then
there exists a unique solution u € Ep'"*(w) to the equation

(2.11) uge +Vue + Df(p)u=g.
Moreover,
(2.12) llull grmt2(wy < Cllgll Em(w)-

(ii) Let X be EFY (w) or Eg-(w), and g € X. Assume that p*, i = 1,2, and q(§)
are as in Lemma 2.2. Assume that ug(0) # 0 for all nontrivial bounded solutions
u to the equation uge + Vue + Df(q)u = 0. Then there exists a unique solution
u € EJT?(w) or Egt?(w) to the boundary value problem

uge +Vue + Df(qJu =g,
ug(0) = ¢,

Moreover,

(2.13) lullzmtziw) < CUlgllEm @) + 9]lRn)-
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Let p' € R™,i = 1,2, satisfy (2.8). Let q(£) be a heteroclinic solution to (2.4)
connecting p* to p?. Let X = ER'(w) where w(§) is as in Lemma 2.3. Define
L, X — X with D(L,) = Eg"*?(w) by

(2.14) Lyu = uge + Vug + Df(q(&))u.

Lemma 2.4. L, is a Fredholm operator with Fredholm index zero. Assume that
dim Ker(L,) = 1 then Ker(Ly) = span{q¢} and Range(Ly) = {U}*+. Here W is the
unique nontrivial bounded solution for the adjoint equation, up to a scalar multiple,

(2.15) L0 Wee — VU + DF7 ()P = 0.
(2.16) = quex [ T W (ule)de = 0},

2.3. Properties of Parabolic Equations. Let A be a closed densely defined
linear operator in a Banach space X. Suppose that A is sectorial and generates a
CY analytic semigroup e* in X. For 0 < 6 < 1, let D4(#) be the intermediate
space between D4 and X.

D4(0) = {z € X|limy_ot' "% AeAtz = 0},
[ z[lo = supge< [t AeMalx +2lx,
Da(0+1) = {zx|ze€ Dy, Ax € Ds(0)}.

Let Ds(1) =D4. Let 0<<60<1land0<6—0F <1 Let F': Da(0) — Da(f)
be a nonlinear, Lipschitz continuous function and z € Dy(#), 0 < 6 < 1. Then
there exist tp > 0 and a unique classical solution u defined on [0, ¢g] such that

uy = Au+ F(u),
u(0) =z,
where
(2.17) u € C([0,t0] : Da(0)) N CH((0,t0] : X) N C((0,%0] : Da).

Denote the solution by U(t). Then U : [0,tg] — Da(0) is Holder continuous
with Holder exponent 1+ 3 — @. Assume that F' € C' with DF being Lipschitz
continuous. Then DF(U(-)) : [0,to] — L(Da(0) : Da(B)) is Holder continuous.
Let g : [0,to] — Da(5) be locally Holder continuous, then
(2.18) uy = Au+ DFE(U(t))u + g(¢),

u(0) = wo,

has a unique classical solution u that also satisfies (2.17). Moreover there exists an
evolution operator T'(¢, s) such that

u(t) = T(¢,0)ug —|—/O T(t,s)g(s)ds.

These well known facts can be found in [5], [31] and [24].
The linear equation (2.18) is said to be exponentially stable if T'(¢, s) is defined
for all 0 < s <t and if there exist constants K, o > 0, 0 < § — 8 < 1, such that

IT(t,s)llg < Ke™®U), £ >
1Tt 8)|lc(paes)Dacey < KL+ (E—35)7, t>s.
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Lemma 2.5. Assume that (2.18) is exponentially stable and g : [0,00) — Da(5)
is locally Holder continuous and for some integer k > 0,

lg@®)pasy < C(L+tF), t=>o0.

Then for each ug € D4(0), (2.18) has a unique solution that satisfies (2.17) for all
to > 0 and
lu(O)lle < C(1+1"), t>0.

Let w(§) be a weight function in (2.2). Let X = Er(w), Ep+(w), Ep-(w),
Bgr(w), Bg+(w) or Bg-(w). Let A: X — X be defined as
Au = Uge
with D4 = EZ(w) or Bi(w) if X = Eg(w) or Br(w),Da = Ej.(w) N BC or
BE.(w) N BC if X = Egs(w) or B (w).
Lemma 2.6. A is a sectorial operator in X with D, dense in X.

Lemma 2.7. Let X and A : Dy — X be as in Lemma 2.6. Then depending on
the choice of X, Ej(w), or Bi(w), or Eg.(w) N BC, or By, (w) N BC C Da(3).

Let f : R* — R™ be C*. Assume that f(p') = f(p?) = 0 and there exists
V € R such that equation (2.4) admits a heteroclinic solution ¢(§) connecting p*
to p?. Let X = E(w) or B(w) and A : D4 — X be defined as Au = uge as in
Lemma 2.6. It can be verified that f : Dy — D4 and f : X — X are both C*°
Therefore, f: D(0) — D4(0) for any 0 < 0 < 1 is also C*°.

Consider

Ur = Uge + Vue + f(u),
’u(O)Zﬂm E()EDA(Q), 0<H<1.

For each Ty, there exists T' > 0 such that a unique classical solution exists in [0, T.
Also, ¢(&) is a stationary solution to (2.19). Consider the linear variational equation
around ¢(&).

(2.19)

ur = uge + Vug + D f(q(€))u,
u(0) = 7o, uo € Da(6).

Define Lyu = uge + Vug + D f(q(§))u. As a perturbation to A, L, is also a sectorial
operator in X, cf. [27, page 80].

(2.20)

Definition 2.1. The solution g to equation (2.19) is said to be asymptotically (ex-
ponentially) stable modulo spatial shifts if there exists an open set O C D 4(6), q €
O, such that for every uy € O, there is a constant ¢ € R, such that

[u(T) —q(- + ¢)[pa) < Ce 7.
The zero solution to equation (2.20) is said to be asymptotically stable modulo g
if for every o € D (), there is a constant ¢ € R, [u(7) — cg¢|p, ) < Ce™ 7.

Lemma 2.8. (Evans) (a) The stationary solution q of (2.19) is asymptotically sta-
ble modulo spatial shifts if and only if the zero solution of (2.20) is asymptotically
stable modulo g .

(b) The zero solution of (2.20) is asymptotically stable modulo qe¢ if and only if
there exists o > 0 such that

o{Ly} N {ReX > —a} = {0},

and A = 0 is a simple eigenvalue with the eigenspace spanned by qe.
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The following lemma puts a strong restriction on the essential spectrum of Lj,.

Lemma 2.9. (a) Let M be a constant n X n matriz, v € R be the constant in
(2.2) and Lu = uge + Vug + Mu. Then L is a sectorial operator on X = Er(w),
Eg=(w), Br(w), or Bgs(w) with Dy, = EZ(w), B2, (w) N BC, BE(w) or B, (w)N
BC respectively. Assume furthermore that Re(o(M)) < —og < 0 and ~y satisfy that
no = (72 +2|Vy|)/4 < oo, then

Re(a(L)) < —09+no
(b) Let p*, i = 1,2, satisfy (2.8) and q(£) be a heteroclinic solution connecting p*

to p*. Let X, v and ny be as in part (a). Then o{Ly,} N{ReX > —cg+no} consists
of only isolated eigenvalues, each is of finite algebraic multiplicity.

Corollary 2.10. The zero solution u, = uge + Vug + fu(Pu,i = 1,2, is asymp-
totically stable in the space X. The stationary solution v = p',i = 1,2, for
ur = uge + Vue + f(u) is asymptotically stable.

3. STATIONARY SOLUTIONS THAT HAVE LAYER STRUCTURES

The stationary solutions of (1.1) satisfy
(3.1) EUgy + flu,z,€) = 0.

The first set of assumptions are used to construct a stationary solution to sys-
tem (1.1) that exhibits internal and boundary layers and to obtain the asymptotic
expansion of such a solution to any desired order in e.

Assume that there is a partition of [a, b]:

P’ =a<at <o <2 =0
On each [z°~1 2%, a C°° function p(z), 1 <i < r, is defined with fo(pi(x),x) = 0.
H1. Reo{fou(p'(z),2)} <Ofor 2=t <z <zl i=1,---,r

We introduce a stretched variable £ = (z — #%)/e in a neighborhood of each
2, 0 <i < 7. The 0-th expansion of (3.1) can be written as

(3.2) uge + fo(u,z*) = 0.

Assume that a C™ function ¢%(¢) is defined for ¢ € Rif 1 <i <r —1, ¢ € RT if
i=0and £ € R™ if i = r, such that u = ¢*(£) satisfies (3.2). Also, ¢*(¢) — pi(a?)
as £ — —oo for 1 < i <rand ¢'(¢) — p'T(z') as € - oo for 0 < i <7 — 1.
Moreover, g¢(0) = 0 for i = 0,7, cf. (1.2).

The linear homogeneous equation

(3.3) Pee + fou(d'(€),2")p = 0,
and its adjoint equation
(3.4) e + f3u(a'(€), 2" )y = 0,

are important in our study. (Here 7 denotes the transpose.)

H2. qé (€), € € R, 1 <i < r—1,is the only bounded solution of (3.3) up to constant
multiples.

Because of H2, we can show that (3.4) has a unique bounded solution ;(£), £ €
R, 1 <4 <r—1, up to constant multiples. See [26]. Moreover, ; decays exponen-
tially as £ — fo0.
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HS3. / U () fou(a (€). 2 )dE £ 0,1 < i <r— 1.

Hypothesis H3 is expressed by a Melnikov type integral that replaces a hypothesis
expressed by potential functions in [12, 13]. If n = 1, (3 3) is self adjoint Thus

¥ = g¢. The integral in H3 is equal to D, J(z*) where J(z fp fo u, x)du as
in [12, 13].

H4. Let ¢°(§), € € RY for i = 0 and £ € R~ for i = 7, be any nontrivial bounded
solution for (3.3). Then ¢ (0) # 0 for i = 0,7

We look for the position of the internal layers xi(e) = > ¢ =0 ¢ x , formal series
solution Y27 /ui(z) to (3. 1) in regular layer (z'=1(¢), 2%(e)), 1 § i <7, and
formal series solution _7° =0 € u i(€), 0 <i <, to the equation
(3.5) uge + fu,x'(e) + €€, €) = 0,

where £ = (z—2%(¢))/e. Let the superscripts “R” and “S” stand for spatial regular
and singular layers. Each ufz (&) satisfies a growth condition

(3.6) 5 (6)] < C(1 +[€))
as |¢| — oo and a boundary condition
(3.7) u3d(0) =0

if = 0, 7. Let the inner expansions of the outer solutions be

D) =D dui (e +a'(e),
j=0 Jj=0

Do) =Y duf (e +a'(e)).
j=0 Jj=0

The right hand sides in the above are formal expressions. Their expansions in € are
well defined even if 27 (e) is a formal series and () is not defined for z € R. See
[22]. Each 1217 n» b =1,2,1isin fact a polynomial of degree j. We say that the solution

in the singular layer > ejujsi(f) matches solution Y e/ uf¥(x) or 3 ejuf’iﬂ(x) if
[u7(€) = @5, ()] < C(A+[g)e), <0,
[47(8) = @) < C((A+[€)e™™), €20,

To construct those series solutions, we shall use the result from [22]. We ver-
ify that for an equivalent first order system in R?", all the conditions in [22] are
satisfied. From Lemma 2.2 and H1, u = p’(x) is a hyperbolic equilibrium for the
equation

(3.9) Uge + fo(u, :L’) =0,

for 271 < @ < a%. That is, (p'(x),0) is a hyperbolic equilibrium for the equivalent
system

(3.8)

Ug =0,
ve = — fo(u, x).

Also from Lemma 2.2, the unstable spaces are n-dimensional for all 1 <i <r — 1,
and x. Thus the hypothesis H1 in [22] is satisfied.

(3.10)
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On the other hand, when z = ¢, 1 < i <7 — 1. Since ¢*(¢) — pi(a?) or p'T1(z?)
as £ — —oo or +00, based on Lemma 2.2 again, the linearized equation
b = 9,
O¢ = —fould'(€),2"),
has exponential dichotomies on R~ and R*. From H2, (qé (f),qé5 (€)) is the only

bounded solution of (3.11) up to a constant factor. From [26], there exists a unique
bounded solution (¢ (£),14(€)), up to a constant factor, to the adjoint equation

e = f3u(a:(€), ),

(3.11)

(3.12) i
1/’5 = —ZZJ-
Cf. (3.3) and (3.4). Denote the right hand side of (3.10) by F(u,v,x). Then
OF 0
(3.13) E(u,v,x) = <—f0$(u,v)> .

It is now clear that H3 implies [22, H3)].
Finally, it is clear that H4 implies that [22, H2)]. The result from [22] yields:

Theorem 3.1. Under the hypotheses H1 to H4, there exist unique formal series:

o0

(3.14) Zejxé, 0<i<r, xézwi,xgzx’;:OforalljZl,
§=0

(3.15) Zeju.Ri(x), ulii(z) = pi(x), 1<i<r,

(3.16)

- EeR, 1<i<r—1,

Do uE), ug'(©) =d'(€), with(E R, i=0,

j=0 EeER™, i=m,
such that (8.14) is the position of the singular layer x*(¢), (8.15) satisfies (5.1),
(3.16) satisfies (3.5), (3.6) and (3.7) if i = 0,7. The functions uf"* and constants
x are computable by systems of recursive linear algebraic equations. The functions

ufl are computable by a system of recursive linear nonhomogeneous differential

equations. Moreover, the series solutions obtained above satisfy the matching con-
dition (3.8).

4. EXISTENCE OF WAVE-FRONT-LIKE SOLUTIONS

4.1. Hypotheses and lemmas. To study time evolution solutions of (1.1), some
more hypotheses will be made. Let Ly : Cpy — Cpy be an unbounded operator
defined by _ _

Lgi (u)(§) = uee + foulq' (§), 2")u.
The domain D(L,:) = CZ,(R,R") for 1 <i <r—1 and D(L,) = CZ, N BC, for
1 =0, 7.

H5. There exists a constant ag such that all the eigenvalues of Lso and L, satisfy
Rel < —ap. The operator Lgi, 1 <4 < r — 1, has a simple eigenvalue A = 0 with
an eigenvector qé (), all the other spectra satisfy Re A < —ap.
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Hypothesis H5 ensures the stability of ¢*(£) as a solution to u, = uge + fo(u, %)
in Cbu'
Since A = 0 is a simple eigenvalue of Ly, 1 <¢ <7 — 1, we have

(4.1) / W) (E)dE£0, 1<i<r—1,

where 1;(§) is the bounded solution for (3.4). The proof of (4.1) uses Lemma 2.4.
If (4.1) were not valid, then qé is in the range of L,:. This contradicts the fact
A =0 is simple. Assume now

He. /_ T (€)g(€)d - /_ UE () fou(q' (€),2')dE > 0 for 1<i<r—1.

Due to H3 and (4.1), H6 is only a sign condition. We shall see that H6 implies
that the position of the wave front near 2* moves towards z°.

It is useful to note that (4.1) is always valid if n = 1. In that case, L, is self
adjoint, thus 1;(€) = g£(€).

We look for wave front positions that are in open intervals O containing 2%, 1 <
i < r —1. We state the following properties of O°.

P1. pi(x) and p**t!(x) can be extended smoothly to O° with

(4.2) fop'(z),2) =0,

(4.3) Re{o(fou(@ (z),2))} <0, j=1i,i+1.

P2. There exists a C* function V? : O — R such that for each € O, equation
(4.4) uge + Vi(x)ue + fo(u,z) =0

admits a heteroclinic solution ¢'(¢,z), connecting p*(x) to p*!(x), with (u(0) —
qi(O))J_qé(O). In particular, V¢(z%) = 0 and ¢* (¢, 2*) = ¢*(£). Moreover, D¥q'(-,z) €
¢}, for all j, k> 0.

P3. The linear equation
(4.5) bee + V' (2)be + fould' (€, 2),2)p =0

has a unique bounded solution qé (&, ), up to constant multiples. And the adjoint
equation

(4.6) bee — Vi@)e + f3,(¢' (& x), ) =0

has a unique bounded solution ¥;(&, ), |1;(0,x)| = 1, up to constant multiples.
Furthermore ¢(., z) is a C*° function of = in the space Cp,.

P4. In the Banach space Er(w), Liu = uge + Vi(2)ue + foulq' (&, z), x)u, 1 <i <
r — 1, has A = 0 as a simple eigenvalue with eigenvector qé(f,x). All the other
spectra of L{ satisfy Re\ < —ayq for some ag > 0.

P5. For x € O, we have

(4.7)
{/_ M(&ﬂc)qg(&x)dé}{/_ U (& 2) fou(q'(€,2), 2)dE} >0, 1<i<r-—1.
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Also Vi(z) > 0(=0,< 0) if z < 2'(= 2%, > 2%). And
Via) _ — Joo ¥ (€) fould' (), 2)dg
Oz S0 0T ()i (€)de

Lemma 4.1. Assume that H1, H2 and H5 are satisfied. Then there exist open in-
tervals O containing x*, 1 < i < r—1 such that Properties P1-P4 hold. Moreover,
if H3 and H6 are also satisfied, then Property P5 also holds.

< 0.

The proof of Lemma 4.1 will be given in §7.
Consider the nonhomogeneous equation, 1 <7 <7 —1:

(4.8) uge + V' (@)ue + foulq' (§, 2), 2)u + Vige(§, 2) = g(€)-

Here Vi(x) and ¢*(£,x) are the functions in P3, V; € R is a parameter. Suppose
that g € E*(1+ [€]*),m, k > 0.

Lemma 4.2. Assume that H1, H2 and H5 are satisfied. Let 1 <i <r —1. Then
there ezists a unique C™ function V! : O' x Eg*(1 + |¢|*) — R such that if Vi =
Vi(z,g), then there is a unique solution u(¢,x,g) of (4.8) with u € Egt2(1 + |¢|*)
and u(0) L qé (0,x). Moreover, u(-,x,g) is C* in (x, g) with respect to the indicated
norms.

In the rest of this section, we always assume P1-P4. Sometime P5 is also assumed
as will be indicated in the text.

4.2. Formal power series solutions in (RR)‘. Let the position of the i-th in-
ternal layer be

(4.9) ni(te) =Y enit), 1<i<r—L
j=0

For convenience, let n°(t,€) = a, 1" (t,€) = b. '
Assume that nj(t) € O° and 7' (t) < nj(t). In the interval (ng " (t), 78 (1)),
1 <1 < r, we seek formal series solution

o0
uftf(z,t,€) = Z ejufRi(x)
7=0

that satisfies (1.1). Since f does not depend on ¢, by induction, we can show
that uf’RZ does not depend on ¢. Expanding in powers of €, we have (drop the
superscripts):

(4.10) 0 = foluo(x), ),
(4.109) 0 = fou(uo(x), z)ur + f1(uo(x),x),

(4.108) 0= fou(uo(), 2)uk+ur—2.00+ Y asCas DI fi(uo (), 2)uc

k—1

Here o = (aq, ... ,ag—1) is a multi-index, u® = uj* ...ugf’ll, E joj+6 =k, Cus
i=1

is a constant.
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Let the solution of (4.10) be ug(x) = pi(x),1 < i < r. Since O° satisfies P1, then
Jou(uo(x), z) is nonsingular. Thus, ufff, j > 1, can be solved successively from
system (4.10)- (4.10%), k > 1.

Theorem 4.3. Assume that O' satisfies P1. Let nj(t) € O and ni~*(t) < nj(t)
for 1 <i<r—1. Then there exists a unique formal series solution u"F (z,t,¢) =
Z;io uftfi(z) to

0= Uy + flu,z,€), 1o () <z < nh(t).
With u, = p'(x), it can be obtained from system (4.10)—(4.10x), k > 1, recursively.

4.3. Formal solutions in (S’R)i. First consider the internal layers, 1 < i <r —1.

Let the position of the internal layer, at ¢ = 0, be n¢(0, ¢) = Z ejﬁé», ie., 173—(0) = ﬁ;
3=0

Assume in this section that {7 }5° is given. The problem of determining {77 }§°

will be discussed in §5. Assume that

(4.11) ne0, 1<i<r—1 and 7y '<q, 2<i<r—1.

Let £ = [z —7'(t,€)] /e. We seek the layer position 7'(t,€) and the formal solution
w5 (€, t, €) near the singular layer at = (¢, €). Since

(@, t.e) = u M ((z —n'(t,€)) /e, t,€),
from (1.1), u9F (¢, t, €) satisfies (drop the super-indices):
(4.12) eur = uge + Dyn(t, €)ue + f(u, e£ +n(t, €),¢€).

Let u(&, t,e) = Zejuj(f,t), n(t,e) = Zejr]j(t). Expanding in powers of ¢, we
=0 =0

have (' (t) denotes <L(t)):

(4.13) 0 = 175(t)uoe + uoge + fo(uo,m0(t)),
uor = 1y (t)uoe + fou(wo, 10(t))m (t)
(4.134) + uiee + 0o (t)ure + fou(uo, no(t))ur

+ { fox (w0, m0(t))§ + f1(uo,mo(t))},

Uk—1,t = 77;C (t>U05 + fox (uOv 770(f))77k (t>

(4.13;)
+ ukee + o (t)ure + fou(uo, 10(t))uk
k—1
+ Y M (Oun—je + Y Capya D DIFH fi(uo, mo(6) u 0.
j=1
Here a = (a1,...,05-1), 8 = (B1,...,Bk—1) are multi-indices, § and ~ are non-
negative integers, u® = uf* ... up "1, nf = 77151 .. .n,fi’f? o+7v+ kz_:l(aj +055)-j=
j=1

k, Capys is a constant.
From P2, there exists a unique heteroclinic solution

(4.14) ug(€,t) = ¢'(&,m0(1))
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to (4.13) connecting p®(nj(t)) to p'Ti(nd(t)) with (ue(0,t) — qi(O))J_qé(O), provided
that
(4.15) () = V' (no(t)).
With the initial condition 7 (t) = 7§, (4.15) uniquely determines 7¢(t) as long as
ny € O'. From (4.14) and the last assertion of P2, we see that D}ug € CJ* for all
7, m>0.

If we also assume P5, then x = 2! is a stable equilibrium of (4.15) in O!. Since
7o € O, we have nj(t) € O for all t > 0 and approaches z* as t — co.

We compute the sequences {u;}52, and {;}32, by induction. Assume that u;
and n;, 0 < j <k — 1, have been obtained, u; is written as

Uj(é-,t) = Uj(ﬁ,l’,l’l,... 7$j)
where z = no(t), ©1 = mi(t),... ,2x—1 = Me—1(t), and DFU; € E™(1 + |€]7) where

y=(z,x1,...,2;5), « = (o, 1,...,05-1), m >0, is an arbitrary integer. Also

assume that 7} (t) = V}(z,r1,... ,2;) and n;(t) — 2} as t — oo. Let ni(t) = xy
Lo _

and 7, (t) = Vi. We can write ug_1+ = Z -1 -V (x,... ,x;) where zg = x
=0 89@

and V{(z) = Vi(x). Equation (4.13)) can be written as
unee + V(@) ure + fou(q' (€, 2), 2)ur + Vigi (€, x)

(4.16)
= hk(§7U07 U17 e ,Uk_l,.’L',.’L']_, e 7$k7>7
where
k=1
hk :f()(U(), ZZ?)xk + Z ij($, ey $j)Uk_j7£
j=1
=1 o
+3 " Capys DDA £ (U, 1)U € =Y Vi (w, . we),
=0 89@
and n? =2 .. .,xf’“_’ll.
From the induction assumptions, we can verify that Dghy € E™(1 + [¢]*) for all
m >0, where a = (v, ... ,a) andy = (z,... ,x). Therefore by Lemma 4.2, there
exists a unique C* function V}' : O x R¥ — R such that if V; = Vi (2,21, ... ,2k),

then (4.16) has a unique solution Uy (§, z, z1, ... ,xk), Up(0, z, . .. ,xk)J_qé(O, x) and
DU € E™(1 +|¢]F)

for all m > 0. With the initial condition zj(0) = 75, equation

(4.17) zh = Vi, z1,... ,x1)

has a unique solution xy = nx(t). Let

(4.18) ug(&,t) = Ur(&,no(t), ... ,nk(t)).
This is clearly a solution to (4.13)) and satisfies

(4.19) |D{u’| € E™(1+1¢[7), ¢, m>0.

Since hy, is linear in x), with % = —'fogc(uo, x), and {hy —Viqi (&, 2)} € {¢i(, z)},
see the proof of Lemma 4.2, thus V) is a linear function of x.
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If P5 is also assumed, then

ng: {/ V7 (6 2)g¢ (€, ) dﬁ} {/ U7 (€,7) fou (¢ (&, ),w)d§}<0

Recali that in this case, n;(t) — x;, 0<j<k—-1last— oo. Also, when z; =
2,0 <j <k—1, 2 =z} is astable equilibrium solution to (4.17) and ng(t) — z,
as t — 00. See Theorem 3.1 for {:,C } . Finally ug(&,t) — Ug(&,zf, ... ,x8) as

t — oo, the latter is u*(¢) in Theorem 3 1.
Next, consider the boundary layers, i = 0, . At the boundary layer (SR)" near

o0
r=a,let v =a+ e, ulz,te) = uS0Ete) = ZejufRO(f,t). The system for
j=0
{ufRO} is simpler than (4.13)—(4.13) since the layer position does not move. After
dropping the super—indices, we have

(4.20) 0 = upge + fo (uo, a),
(4.201) uor = uree + fou(uo, a)ur + for(uo, a)§ + f1(uo,a),

(4.20%) Up—1,t =Ukee + fou (o, a)uk"'z Cans DI DY f5(uo, a)ue.

k—1

Here a = (a,. .. ,05-1), u® = uf"* ...qu’ll, ~ >0, 6—|—7—|—Zjaj =k and Cans
j=1

is a constant. The boundary conditions

(4.21) uje(0) =0

are imposed on {u;}32.

Since ¢"(€) satisfies (4.20) and (4.21), set ug(&,t) = ¢°(€). up € C(RT,R™) for
all m > 0. Observe that the right hand side of (4.20,) does not depend on ¢. Thus,
ujr = 0 for all j > 0. After rewriting (4.20;) and (4 21) to a first order system in
R?", we find they correspond to (5.10j) in [22, §5]. We look for a solution satisfying

(4.22) u; € BZ(1+ [él).

This condition correspond to (5.11j) in [22]. Moreover Hypothesis H4 implies
assumption H2 in [22]. From the results of [22], we conclude that there exists
{uSRO 32, satisfying (4.20)-(4.20;), j > 1, and (4.21) and the growth condition
(4.22). In fact uSRO (&,t) = fl(f) as in Theorem 3.1 of this paper. Similar argu-
ments also apply to (SR)".

Theorem 4.4. (I) Assume P1-P4 and Z;io ejﬁé is given that satisfies (4.11),
l1<i<r-—1, and ey =a, Y&, =b. Lett >0 be such that ny € O for
0 <t < t. Then there exist unique formal series for 0 <t < t,

(4.23) =Y Enit), 0<i<r, ui0) =17,

(4.24)
uSH(E te) =Y ufM(Et), 0<i<r, uf(Et) =g (Enh(t),
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with w3 ™ defined for ¢ e R if 1 <i<r—1,6€RY ifi=0,§ R ifi=r
such that the followings are satisfied: (4.23) and (4.24) formally satisfy (4.12).
ufRi(f,t) satisfies (4.19), and the boundary condition (4.21) if i = 0,r.

The series Zejufm is computable recursively from (4.13)-(4.153;), k > 1, and
Zejn; (t) is computable recursively from (4.15) if 5 =0 or (4.17) if j > 1.

(T0) If P5 is also assumed then t = co. Moreover, n}(t) — x as t — oo, where
Y- €al is the stationary front as in Theorem 3.1. Also usti(f,t) — ufl(f) as
t — oo, where Zejufi(ﬁ) 1s the formal series solution in the stationary singular
layer as in Theorem 3.1.

Corollary 4.5. Assume H1, H2, H4 and H5, then the results in Part (I) of The-
orem 4.4 are valid. If furthermore, H3 and H6 are also assumed, then results in
Part (IT) of that theorem are also valid.

Remark . From Corollary 4.5, Hypotheses H3 and H6 imply that the stationary
wave-front-like solution in Theorem 3.1 is exponentially stable. If H6 is replaced

by
/_ ST ()i (€)de - /_ W7 (€) fou(g' (€),2°)dE > 0 for ome of 1 < <7 — 1,
oV

i(2)
or

then > 0 and the solution is unstable.

5. SOLUTIONS IN THE INITIAL LAYER

In the initial layer near ¢ = 0, we use the stretched time 7 = t/e. (1.1) is now
(5.1) Ur = Uy + f(u,z,€).

5.1. Assumptions on the initial conditions. We assume that the initial data
u(x, €) has a layer structure described as follows. There is a partition of the interval
[a, ]

a=7'<q'<...<7" =b
with ﬁ“ €0, 1<i<r—1. At each ﬁi, 1<i<r-—1, using the stretched variable
€ = (x—77) /e, we have T(x, ¢) = U +e€,¢) =T (£,¢), (a—T')/e < € < (b-T7)/e.
Assume that

HT.
(5.2) ﬂ(x,e):Zejﬂfi(x), nl<a<y, 1<i<r
7=0
(5.3) TE)=D T (), 0<i<n
j=0
(5.4) Ue(0)=0, j>0,i=0,r

The functions " is C*° and has a C* extension to [°~,77].

Observe that " (€, €) is defined for £ in an interval of size O(e™"). As the result
of a formal expansion, assume that ﬁfz is C°°, and is defined for £ € R, RT or R~

if1<i<r—1,i=0ori=r Forexample, Ty (&) is the limit of T (&,¢) as
€ — 0, uniformly in any compact subset of &.
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Let the inner expansion of the outer power series be
Ri

Z;io 6Jﬁj,l(€) = Z;X;O 6Jﬂfz(ﬁl + 65)7 1 < { < T,
co jxRi oo j—R(i+1) (— .
ijoejuj72(€) = Zj:oejuj(+ )(7] +e), 0<i<r-—1
Here, aff,(f), v = 1,2, is a polynomial of degree j. Observe to perform the formal

expansion, the right hand sides only have to be defined in a neighborhood of zero.

HS8. Each ifi € E™(1 + |€)), for all m > 0, and the matching conditions with

outer expansions are satisfied:

=S1 ~Ri m o

T (€) — 1 (6) € B (1 +[€P)e ),
;' (&) —u;0(6) € By (1 +&)e™™),

where v > 0 is a constant.

General discussion of matching conditions can be found in [6, 7].
In the regular region, the 0-th order equation of (5.1) is

(5.5) ur = folu,x), x €@ 17
Let V' be the function in P2, (ii) so that the following equation
(5.6) ur = uge + V' (7 Jug + fo(u, )

has a stationary solution (heteroclinic solution, u, = 0) ¢*(¢,7°) connecting p'(7)
to p'tt (@), 1 <i <r—1. Fori=0,r, let ¢'(&,7") = ¢*(£), V(1) = 0. Recall that
q°(&), € > 0, and ¢"(£), € < 0, are stable stationary solutions of (5.6) satisfying
boundary conditions at x = a or x = b, approaching p*(a) as £ — +oc or p"(b) as
& — —oo respectively.

According to Lemma 2.6, Dg is a sectorial operator in X = Bg(w), so is its

perturbation Au = uge + V(' )ug, 1 <i <7 —1. When i = 0,7, A is sectorial in
X = B+ (w) with Dy = B2, (w) N (BC). Observe that u — fo(u,7") maps D4 to
itself. Let u(0) = up € D4. Local existence for solutions of (5.6) in Br(w),1 <14 <
r — 1, or Br+(w), ¢ = 0,7, has been established. In particular, u €
C([0,t0] : X) N C([0,to] : Da). See [5]
H9. (i) For each x € [7°~!,%"], the equilibrium p’(z) of (5.5) attracts ) (x). (i) The
stationary solution ¢*(€) of (5.6) attracts ﬁgl (€) in the space Bz, (w) or B3_(w) if
i = 0, 7; the stationary solution ¢*(¢£,7%) of (5.6) attracts ﬁgz (¢) in the space B2 (w)
modulo a spatial shift if 1 <7 <r —1.

H9, (i) is a reasonable assumption since H1 and P1 imply that p’(x) is a stable
solution for (5.5). H9, (ii) is also a reasonable assumption since from H8, we have
55 ' € B?(w) and we can prove the following lemma.

Lemma 5.1. ¢°(£,7°) and q"(£,7"7), are asymptotically stable stationary solutions
in BZ, (w) and BE_(w) respectively. ¢'(&,7'), 1 < i < r —1, are asymptotically
stable in B3(w) modulo spatial shifts.

For x € O, define
Lgiu = uge + V' (x)ug + fou(q' (6, 2),x)u, 0<i<r
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See P2 for Vi(z) and ¢'(§,z). L, is a closed linear operator if X = Eg(w), 1
i <r—1, with D(L;) = EZ(w); or if X = Egs(w), i =0 or r, with D(L,)
EZ. (w) N (BC). Consider

(5.7) ur = Lgu, 0<i<r.

I IA

Also the boundary condition u¢(0) = 0 is imposed if ¢ = 0, 7.

Lemma 5.2. Equation (5.7) is asymptotically stable in EZ. (w) if i = 0,r. It is
asymptotically stable modulo qé(-, z)if1<i<r-—1.

5.2. Formal power series solutions in (RS)’. Let
o0
uRSZ(x,T, €) = Zejuf‘&(x, 7).
7=0

From (5.1), expanding in powers of ¢ and dropping the super indices, we have for
S

(58) uogr = fo(Uo, ZZ?),

(5.81) urr = fou(uo, x)ur + fi(ug, ),

(5.82) U2y = Uozz + foultio, TV + fouu - uT/2+ fru - u1 + fo,

(5.8%) Ukr = Uk—2,20 + fou(to, T)u + _ Cas DI fs - u®.

Here 6 > 0, = (a1,...,a5-1), u® = uf* ... uy "', 6 + Y jaj = k, Cas is a
constant.

With x as a parameter, (5.8)—(5.8x), k > 1, are to be solved recursively with the
initial data

(5'9) Uj(CL',O) :Ej(w>7 720,

where T;(z) is the @[ (x) in H7. Since p(x) attracts Uo(z), cf. H, (i), the solu-
tion uf(x,7) of (5.8) approaches p‘(z) exponentially as 7 — oo. From a standard
perturbation theory, the linear variational equation

Ur = fOu(an JJ)U

is exponentially stable. We now proceed by induction. Assume that u;,0 < j
k — 1, have been solved with |Dgu;(x,7)|cm([0,00)) < Cjam, for all @ > 0,m >
Rewrite (5.8;) as

<
0.

(5.10) ugr = fou(uo, )ug + hi(uo, ut, ... ,up—1).

It is easy to see that |Dghi|cm (j0,00)) < 00 for all a > 0,m > 0. Equation (5.10)
with initial condition (5.9) then has a unique solution uy, that satisfies

(5.11) | Dk, 7)o (j0,00)) < €

for all o, m > 0, uniformly with respect to z.

For a = 0, estimate (5.11) comes from the variation of constant formula and the
exponential stability of the evolution operator for (5.10). For a # 0, differentiate
(5.10) with respect to x a-times and consider the equation for D%uy. (5.11) then
follows easily. We have proved the following.



ASYMPTOTIC EXPANSION FOR LAYER SOLUTIONS 733

Theorem 5.3. Assume H1, H7, and H9 (i). Then there exists formal series
uli(z, 7€) = ZejufSi(x,T), ufSi(x, 0) =uf(z),
7=0

for 7=t <o <7, 1 <i <7, such that w5 formally satisfies (5.1). The series
can be obtained by recursively solving the system of ODFEs (5.8)—(5.8x ), k > 1, with
the initial condition (5.9). Furthermore, each uRSZ is C™ bounded jointly in x and
T for all m > 0.

5.3. Formal series in (S’S’)' and matching of (SS)" with (SR)!. The position

of the wave front n’(t, ¢) Ze t) depends on its initial condition 7%(0,¢) =

Z 6J77 We will show in this section that {7 }°° o is determined by the matching
7=0

of expansions in (SS)? and (SR)". In the fast time variable 7 = t/¢, from a formal
expansion,

oo

(5.12) ZeJ def n'(t,€) = n'(er,€).

oo oo

Each 7];—(7’) is a polynomial of degree j. In fact, from ZEJ ni(r) = Zejn; €T)
7=0 7=0

we have

(5.13) an Jo)r 0

where (¢) denotes the ¢-th derivative Wlth respect to t. In particular,

(5.14) 14(0) = n'(0) =7
The stretched variable £ = (z — Z e 53(7)) /€ is used to express the solution
=0

w5 (€, 7,€). When 7 = 0, in the new variable, the initial data are

_SZ (&, ¢) Zej_sz def u(x, e)—ué{—FZeJnj,

7=0
Let now 7 = 7". Recall the definition of @ T Ee Z AT ) Tt is easy to see
7=0
that -
_Si =Si i—i
uS (§7€> =u (5 + Zejnj—i-lv 6)
j=0
(5.15) (&) = TWo(E + 1),
(5.151) 1 (§) =T (€ +7) + Toe (€ +771)7hs,

(5-15¢) T (€) = T (€ +T75) + - + Tog (€ + )T
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Observe that in (5.15), the ... comprises of terms containing only {ﬁ; 2?:1
Let the solution in (SS)? be

U’SSi(§7T7 6) = uSSi((x_ 5i(T7 6))/677—7 6) = ZejufSi(§7T)
7=0

that satisfies

1 * . * .
(5.16) Ur = Uge + EDT N*(1,€) - ug + f(u, €&+ n°(1,€), €).
Observe that
1 s ; < J
(5.17) Do Zeﬂ 7'0)(7) Zeﬂ PR (OEILE)
7=0 =0

where (1) denotes derivatives with respect to 7. Notice that ;]l(ﬂ (7) is a polynomial
of degree j. Expanding (5.16) and using (5.13) and (5.17), we have a system for

S g @uf St (Recall M (0) = V(7') from (4.15), and V(7)) = 0 for i = 0,7.)

(5.18) uor = uoge + V' (77" Juog + fo(uo, '),
(5.18,) U1y = uree + V(7 Jurg + fou(uo, 7')us
-101 * 401 —
+ 15 (T)uog + fou (uo, ) (€4 15(7)) + f1(uo, ),
Uper :ngg + V(7 Juge + fou(uo, 7"k
(5.18) o i
Z J+1 Tuk—je+ Y Capys DINDIIT f5 (o, 7 )un ¢,

Here o = (a1, ..., 1), u® = uftcooug™ 1 B = (Buy--- Be) 0P :73{3 ﬁfk,
k—1

~v,6 > 0 are integers, 6 + v + Z(aj + B3j) - j+ kBr =k, Capys is a constant. The
j=1

initial conditions for wg, u1, ... ,ux are given in (5.15)—(5.15¢), k > 1.

The existence of local solutions for (5.18)—(5.18y), k > 1, follows from the theory
of abstract parabolic equations and analytic semigroup. Let Au = uge + V(") ue.
Let 1 < i <r —1 first. Consider (5.18) in X = Br(w). Then A is sectorial with
D4 = BZ(w). Since ug(£,0) = uj(€) € Da, (5.18) admits a unique solution

(5.19) u € C([0,t] : X) N C([0,t0] : Da)

for some tg > 0. If i = 0 or r, the same conclusion hold but X = B+ (w) and
D4 = Br=+(w) N (BC). However, due to H9, the solution ug¥* (¢, 7) exists for any
to > 0 and approaches ¢'(¢ + ¢, i) as 7 — oo, for some constant ¢ € R. When
1<i<r-—1, (518;), k > 1, is considered in X = Er(w) and A is sectorial
with Dy = EZ(w). When i = 0,7, X = Eg+(w) and Dy = EZ, N (BC). Since
uk(£,0) = ul(€) € Da, and it can be seen by induction that the right hand side
of (5.18;) is in Da(3), (5.18;) admits a solution u that satisfies (5.19). Since
the evolution operator of (5.18) is not asymptotically stable, and the nonhomoge-
neous terms are of O((1+7)*) in D4(3), in general, we can show |ug|p2(14¢r) =
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O((1+ 7)*+1). However, a better result can be obtained by considering the match-
ing of (S9)* and (S’R)' In our case, u(§, 7) exists for all 7 € [0, 00) and satisfies
| D2ug(&,7)] + | Dgun(é,7)| < C(L+ (¢ +7%) for a < 1, ﬂ<2

For the purpose of matching we expand w37 (¢, ¢, €) Z du S Ri(¢ t) in the fast
7=0
time 7 = t/e.

00
’U/SRi(g, €T, 6) SRZ 57 Zej Rz

7=0
Since u(x,t,€) =u SRi((z— ) (1.€))/e,7,¢€), u SRi(¢ 7, ¢) formally satisfies the
same equations as (5.16), therefore Z e ﬂfRi (&, ) formally satisfy system (5.18),
3=0
(5.181), ..., (5.18k), ... . Also from

oo oo
E e]ufm({,a’) = E e ule(ﬁ,T),
=0 =0

and Dfu$Ti(¢,¢) € E™(1 + |¢) for all £,m >0, w7 is a polynomial in 7, in the
form

J
(5.20) w§F= "y, with | e | g (1410 <O, for all m> 0.
=0

In particular, ﬂfRi € O(1 + &) + 77).

Observe here that {ufRi}go has not been determined since {77;}5° is still un-
known. But knowing {77} } suffices to compute {uj™}& and {n}(t)}§.

We now prove by induction that by successively choosing {7;}32,, (7, affects
initial condition @;(§), cf. (5.15;)), system (5.18)—(5.18;) has a unique solution
{uSSZ 2 o such that

(5.21) SSz = Zuﬂ with ||UJ€HE2(1+|§|£ <C(1+ Fi= 6)7
7=0

and

(5.22) |uje— ﬂjé |2 (141eey < C(1+ e,

First, if 1 < ¢ < r — 1, (5.18) has a stable stationary solution q'(é 7') that
attracts g modulo spatial shlfts cf. H9. Thus, there exists a unique 7} such that

with ug(§,0) = o (€) = T(€ +771),
(523) |‘UOSSi(')T) - qz(vﬁZ)HBD%(w) S Ce_’y‘ra T 2 07

where w(¢) = e=7¢l and v > 0. If i = 0,7, ¢(£,7") is stable. We choose 7% = 0,
(5.23) is still valid. Now (5.23) is even stronger than (5.22), j = £ = 0. The extra
control of the rate of approaching uo(£o0,7) as & — +oo will be used in §6. At
this point, {u7f}_, and {77] _o have also been determined.

Assume that {uJSSZ 20 and {m;}5_y have been determined and (5.21), (5.22),
0 < j < k —1, are satisfied. Therefore, n}(t),t > 0,0 < j <k, and all their

derivatives at t = 0 are determined as well as {ufRi}lg and {u fRi}lg . From (5.13)
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and (5.17), %;(7) and 7*73-(1)1(7), 0 < j <k, are determined, which will be used

in (5.18;). We now rewrite (5.18;), which is satisfied by uf5% and u 5% as the
following:

Ukr — Ugee — V(T )uke — fou(uo, T)uk = gr(uo, - - ,ugp—1),

Upt — akgg -Vim) ak& —fOu(ao,ﬁi) U= gk(ao, e ,ak—l)-
Since gi(uo, . .. ,ur—1) is a polynomial in (u1,...,ux—1) and (uig,... , uk—1,¢), us-

ing (5.20)—(5.22) we can verify that
k
gk(uo, - .- sup—1) — g(Uo, - .., Uk—1) = ngj
=0

with [|gi;ll 2114 1esy) < C(L+7777)e 7. Let Au = uj— Uy
Denote

Liu = uge + Vi )+ foulud, 7)u,

k k
Au; — L'Au=Y" |:f0u(u07ﬁi) - fOu(ﬂmﬁi)} U +> gk

(5.24) o 7=
=2_ G

=0
At this point all the terms in the right hand side of (5.24) are known. Observe that
the initial data for Au has the form (€, 0)— g (£,0) = (&) + Tog (€ + T )1
where ¢ € E?(1+ [¢[F). Recall that 70 = a, 7, = b, 71, = 0 for all j > 1if i = 0,r.
Lemma 5.4. (i) Let 1 < i <r —1. Consider

uy = L'u+ h,

u(€,0) = (&) + Tog (€ +71)m,
where b : RY — EL(1 4 [€)7) is continuous with |h(T)|p1(141e15) < C(1+ 767
and ¢ € EZ(1 4 |£)7). Then there exists a unique n € R such that there exists a
unique solution w to (5.25) with |u(7)|g2141¢5) < C(1 + e 7.

(i) Let @ = 0 or r. Consider (5.25) with n =mn =0, where h : Rt —
Ei. (1 + |€)7) is continuous with |h(T>|ED§i(1+|§|j) < CL+1e™ ™ and ¢ €

EZ.(1+ )N (BC). Then there exists a unique solution u to (5.25) such that u :
Rt — E2.(1+ [£)7) N (BC) is continuous and ()| g2, 141y < CA+ 8e 7.
R

(5.25)

k
We now write Auy = Z Awuy; where Auy; satisfies
§=0
(5-26) Ur — L'y = [f()u(ué,ﬁi) - fOu(Ué,ﬁi)] Ukj +9kj = ij-

_ Toe(E+7)Cy, H0<j<k-—1,
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Let 1 < i < r—1 first. Since ¢ € E?*(1 + |¢[F) and Grilz11riey <

C(1 + 7F=9)e=77, from Lemma 5.4, (i), there exists a unique C;,0 < j < k, such
that the unique solution Aug; of (5.26), (5.27) satisfies

(5.28) |AUk;j|EI2§(1+‘£‘j) < C(l—FTk_j)e_'YT.

Let i = 0 or r next. Then (&) = Ux(§) = w(§) € E2.(1+ [¢))*) N (BC) and
GrjlEr, (141g5) < CA + =9)e=" and C; = 0, 0 < j < k. From Lemma 5.4,
R
(ii), the unique solution Awuy; of (5.26), (5.27) satisfies the Neumann boundary
condition at £ = 0 and

(529) |Aukj|E§i(l+\£\j) < C(l + Tk—j)e_VT.
In all the cases let 775, , = Zlg ¢; and u};j = Augj+ ﬂkj. From (5.20), we have

(5.21) for j = k. Thus, (5.21) and (5.22) have been proved by the induction.
We summarize the results in

Theorem 5.5. Assume H1- H5. For each 0 < ¢ < r assume the initial data
(5, €) = Zejujs (&) satisfies HT7 and H9, (ii). Then there exist formal series

(5.30) uSS(E me) =Y duTE,T),  wiT(E,0) =T (©),

(5.31) ST, m=7"
Here 7' is determined by the layer position of the initial data. (5.30) formally

satisfies (5.16) where 731'(7', €) = ni(er,€) is the expansion of the layer position in
the variable T = t/e, see (5.12). Furthermore (5.30) is recursively determined by
(5.18)-(5.18 ), k > 1, with the initial conditions (5.15)-(5.15;), k > 1, in the
space uJSSi € E2(1 + |€)7), where ﬁé, j > 1, is chosen such that for any integers
a<2 <1,

|80t SSz|+|aﬁ SSz| <C’(1—|—|€|j _|_7-j)7
us S SR < C((L+ (€ +77)e 7,

for some v > 0.

6. MATCHING OF LAYER SOLUTIONS, CONSTRUCTION OF PSEUDO SOLUTIONS
1. The matching of (RS)’ and (RR).
Theorem 6.1. There exists v > 0 such that for any integers o, 8, j > 0,
10707 (uf*™ (z,7) = uf¥(2))] < Capje™ 7,
uniformly for all x € [7"~1, 7%], 1 <i <r.

When j = 0, Theorem 6.1 is a consequence of the exponential stability of
pi(z), 1 < i < r, as a stationary solution to (5.8). By induction, we can prove
that the nonhomogeneous term and the coefficient fo,(ug,x) in (5.8;) approach
the corresponding terms in (4.10f) exponentially as 7 — oo. The desired result
then follows easily. Details are omitted.
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6.2. The matching of (SS)" and (SR)’. The matching of expansions in (SS9)°
and (SR)" has been obtained in §5.3. For convenience, we state the result in the
following

Theorem 6.2. Let Au} = uSSZ Q*LJSRi, where Y " € ZJSRi is the expansion of
elu? (€, 1) in the variable T = t/e. Then there exists v > 0 such that for any
o EuSH(E t) in th bl t/e. Then th t 0 such that
nonnegative integers a < 2, 8 <1,

{10g Auk| + [0 Aui|} < Ci(1+ [€) + 77 )e ™.

6.3. The matching of (SR)’ with (RR)" and (RR)"™!. Let the inner expansion
of the outer formal solutions in (RR) be

iej ZEJ RRZ e{“—l—ZeW 1<i<r,

61 =0
ZEZ e (3 ZEJ RR( l+1) 65—1—26 ne(t 0<i<r—1.
Jj=0 j=0 =0

Recall that nJ(t) = a, n5(t) = b and n9(t) = n}(t) = 0 for all £ > 1. From (6.1),

we find that @[, = 1,2, is a polynomial in £ of degree j, with its coefficients

depending smoothly on 7}(t), £ < j. Thus,
afy e BR(L+er),  v=12

with the norm bounded uniformly with respect to ¢ > 0.
Concerning the matching of (SR)* and (RR)’, we want to show that there exists
~ > 0 such that the following estimates hold.

(6.2)
107 (™ (1) = W (D) o (@pjeyeiety < Camyy, 1<i<m,
07" (u SRl( i) — af’f’ (5 ))|Em ((1+e)e6) < Camj, 0<i<r—1,
for all @, m, 7 > 0 uniformly uniformly with respect to ¢t > 0 in the weighted norms.

Only the proof of the second estimate, 0 < ¢ < r — 1, will be presented since the
proof of the ﬁrst is similar.

Notice that Zej Rt (¢, t) formally satisfies
7=0

€lly = Uge + Dyn(t, €)te + f(a, e +n(t, €),¢€).

This has the same form as (4.12). Expanding in power series of €, the equations for

{uRRZ 22 are precisely (4.13), (4.131), ..., (4.13x), ... . When j = 0, the equation
is
(6.3) 0 = V¥()dioe + Toee + follio, z).

The above has a solution ig(£,t) = p*(1o(t)) (which is in fact independent of £). We
can prove by induction that @;(§,t) = Uj(g, T,x1,...,2;) where x = ni(t),...,x; =
ni(t). Also DZUJ- € E™(1+ |¢)) where y = (x,...,z;) and v = (vo,v1,...,v;).
These properties are similar to those of Uj, see §5.
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The assertion is clearly valid if j = 0. Suppose it is valid for 0 < j < k—1. Then
iy, satisfies the following equation, similar to (4.16),
(6.4)
Unee + V' (2)re + fou(tio, )ik + Viiioe = hr (&, Uo, ..Up—1, 21, ..., Tk,

where h has the same form as hy in (4.16) except Uj is replaced by Uj. No-
tice that the homogeneous equation associated to (6.4) has an exponential di-
chotomy in R, and the nonhomogeneous terms are in E™(1 + [£[F). Thus (6.4)
has a unique solution Ug(.,z,...,z;) € E™(1 + |¢[F) that depends smoothly on
(z,...,7k), see Lemma 2.3, (i). Since @y € E™(1+|£|) is a solution to (6.4), thus
tx = Up(.,x,...,21). The proof is complete.

For 0 < i < r —1, let Aug def up — Up. We claim that Au; = AU; def
Uj& x,...,z5) — ﬁj(ﬁ,x, ..., x;) satisfies

(6.5) DyAU; = O((1+ & )e™ %),

where v > 0 is a constant, Dy = DX D% .. Dy!. For k =0 and v = 0, Aug =
¢'(&,x) — p™t(z) = Up(€, ) — Up(€, ). Obviously we have Aug = O(e~¢). When
k=0andv=1, 7 def D, AU, satisfies
0=V'(2)Z¢ + Zee + fou(p' (), 2)Z + fou(q' (€, 2), ) — fou(p'(2), )
+ [f()u(qi(ﬁ,x),x) - fOu(pi(x)a l’)]a$qz(§, ZZ?) + 8$Vl($)AUO

The associated homogeneous equation for Z has an exponential dichotomy in R
and the nonhomogeneous terms are of O(e~7¢). If 7y is smaller than the exponential

coefficient of the dichotomy, then Z = O(e~7¢), see Lemma 2.3, (i). Assuming now

k=0and v > 1, we can write a similar equation for Z % DY AUy and prove (6.5)

by induction on v.
Suppose now (6.5) has been proved for 0 < j < k—1, k > 1. Then Auy, satisfies

(6.6)
Zgg + Vl(CL')Zg + fOu(’ﬁo,x)Z
- hk(§7UO7"'7Uk—17$7"'7$k¢> - Bk(§7[707"'7Uk—17$7"'7$k>

+ [foultio, ) — foulq"(§, @), ¥)]uk + Viltos — g¢(& @)

For 1 < i < r—1, (6.6) is considered for ¢ € R. The right hand side and its
derivatives with respect to y = (z, z1,...,x)) are in E™(1 + |£|*) and

E™((1 + [£[F)e™7¢), due to the induction assumption. Recall that Gy = pi*!
and Lyi+1 has an exponential dichotomy on R. From Lemma 2.3 (i), (6.6) has
a unique solution Z that is in both E™*2(1 + [¢[¥) and E™2((1 + |¢[*)e7¢) and
is differentiable with respect to y. However, it is known that Uy, Ug, therefore
AU, € E™T2(1 + [¢[F). We then have DYAU, = DyZ € E™2((1 4+ [¢[F)e%).
When 1 <i <k —1, (6.5) has been proved by induction.

For i = 0, Auy, satisfies (6.6) for € € RT and the boundary condition

(6.7) Z¢(0,y) = —Uke(0,y),

where y = (x,21,...,25). From Lemma 2.3 (ii), (6.6) and (6.7) have a unique
solution Z that is in Eg (1 + |¢[*) and EF'T2((1 +[€]%)e™7¢) together with all its
derivatives. However, we know that AUy is a solution of (6.6)and (6.7) and is in
E™F2(1 4 |¢]%). Thus AU, = Z. By induction, (6.5) has been proved for i = 0.
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Since equation (6.6) and (6.7) depend continuously on y that is in a compact
subset of R¥*1 the norms of AU and all its derivatives in the function spaces are
uniformly bounded with respect to y. When a = 0, the second estimate of (6.2)
has already been proved. Recall that Aug(€,t) = AUg(&,y). Since the derivatives
of nj(t) are bounded uniformly with respect to ¢ > 0, when a # 0, the desired
assertion follows from (6.5) and the chain rule of differentiation.

Theorem 6.3. LetAu —ufR' RRl 1<i<r, orufR RRl ,0<i<r—1,
where uf‘f’l and uRRl are defined in ( 6. 1 ). Then there exists 7 > 0 such that for

all integers a, 3, j 2 0,
050 M| < Cuay(1+ [€f)e !
uniformly with respect to t > 0.

6.4. Matching of (SS) with (RS)" and (RS)"*!. We use the inner variable

&= (ax— 1 (7,€))/€ to expand the outer solutions

(6.8)
ST dulSi(ee ni(rye),m) = dalie, ),  1<i<r,
Jj=0 j=0
ZﬁjUfS7i+1(e§+ ,;k]i(7_76)77_) _ RS’L(&-7 )7 0<i<r—1.
j=0 j=0

Both expansions formally satisfy (5.16) as does u”%*(¢, 7, €). Therefore, both satisfy

(5.18)— (5.18x), k > 1, just as ZejufSi. It suffices to show the matching of
§=0

expansions in ($9)% and (RS)"*!, 0 <i < r—1. Let the indices be dropped so that

u; denotes uRSZ Then

(6.9) Uor = fO('aO,ﬁi), @(0) = u(l)‘i 1+1(77 ),
(610) UOS,;?Z = uggg + Vi(ﬁi>u551 + fO( SSz7ﬁ7,)
Let £ — +o00 in (6.10). Since up € B, (e77%), uge and ugee — 0 as £ — co. We

have uor (400, 7) = fo(uo(+00,7),77") with ug(c0,0) = Top(co) = we ! (77%). This
is the same as (6.9). Therefore

u3% (0o, 1) = 0(7,7), T >0.
Since ug®" : Rt — B2Z(e~7¢) is bounded, we have

(6.11) ug®' (-, 7) = o () g2, (e ve) < C
Rt

uniformly with respect to 7 > 0.
Let Auy = uf¥" — 45", We now show by induction that

(6.12)

J
Au; = ZAUJ‘@, with |Au]‘g|E§+((1+52)67~,5) <C(+ 7—3—2).
=0
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Suppose (6.12) has been proved for 0 < j <k —1. For 1 <i <r — 1, Auy satisfies
Aup, = Aukgg =+ Vi(ﬁi)Aukg =+ fOU(ﬂo,ﬁi)Auk
(6.13) + [fou(ud®,0") = foultio, n')]ui, >’
+ gr(uo, - . yuk—1) — gr(lo, - . . , Ugp—1)-
For i = 0, Auy satisfies the equations

Auk'r = Aukf& —+ VZ(ﬁZ)A’UJ]gg + fOu(ugsz-vﬁi)Auk

(614) + [fOu(u(?Sl ﬁz) - fOu(aOaﬁi)]ﬂk
+ gk(u07 L) 7uk—l) - gk(ﬂ/07 L] 76//6—1)7
(6.14) Auge(0,7) = —al5(0,7), at £=0,
where V' = 0, 7" = a. Observe that g is a polynomial on uy, ... JUE—1, ULg, - - -,
Ug—1,¢ and ;]11, . ,%}C By the induction assumption, the nonhomogeneous term of

(6.13) has the form

k
(6.15) Gr =Y Grj, With [Grjlp1(r4eyene < C(1+7579),
=0
if 1 <4 < r —1. The nonhomogeneous term in (6.14) has the same form as in
(6.15), but the norm has to be replaced by the norm in EL, ((1 + &f)e™¢).
We need similar decompositions of {1;}72, and {Au;(£,0)}52,. The expansion
of } ejufs’i'Irl into > €/@; can be divided into two steps. Let

S diiE ) =Y uS T e+ miy, 1),
j=0 §=0
Y a6 m) =Y a6+ e N (n),7).
j=0 =0 (=0
We then have
~ * . * def k
(6.16) (8, ) = Z Cos DI as(E+ i (r)I™ =) dins.
[ Xe 6=0
Here 6 > 0 is an integer, [T*]]O‘ = [7*712(7')]0‘1 [;’KI i11(7)]%, Cas is a constant and
k
6+ Z joy = k. 1ys consists of derivatives of ftg only and
j=1
(6.17) |/&/k;5|Em((1+‘E‘5)) < kag(l + Tk_g), m > 0.

In comparison, Y €/%;(€) is also defined in a similar way

o0 oo

(€)= Zejﬁj(f +) ).

=0 =0 £=0
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Exactly like (6.16), we have

k
(6.18) (€)= > CasDITs(€+ T E Y Tns,

b,a 5=0

[Tks| 5 (14+1¢15) < Crmks-

Recall that 7%(0) = 7% and [Ts(€) — s (€, 0)| g (1 jg[o)e—¢) < C, cf. H8. We have

k
(6.19) Aug(€,0) ZA% £,0) = [ (€) — s (£,0)],
7=0
with
(6.20) | At (-, 0) [ pm((141g)3)e-e) < C.

For 1 <i<r —1 we solve
Augjr = Augjee + V@) Augje + fou(To, T') Auk; + Gy,
Augj(&,0) = U, (&) — (&, 0).

For i = 0, we solve

(6.21)

Augjr =Augjee+ V(') Augje+ fou(uf ", 7) Mg+ Gy,

(6.22) Augj(€,0) = s (€) — g (£, 0),

(6.221) Aukjg(O,T) == —ﬂkjg(O,T).

Let 1 < i < r—1 first. Since 4y — p“‘_l(ﬁi) as T — 00, equation (6.21) is
exponentially stable in the space E2((1 + |£|/)e~7¢). Therefore, from Lemma 2.5,
with 6 =1, 8 = 3,

| Al g2 ((141p7)e-e) < C(L+T579).

Thus (6.12) has been proved for 1 <i <r —1.
Let ¢ = 0. We consider (6.22) in £ > 0. The estimate in (6.15) is replaced by

|G’fj|EI§+((1+5j)e—wa) < C(147F9).

To solve (6.22) and (6.221), let G;e(0,7) = ¢;(r). We have |[D%;(7)] <
C(1+ 7F9), a = 0,1. Let ®(&7) be the solution to the elliptic system with
a boundary condition at & = 0,

Pee + VI )Pe + fould (€, 7)), 7)P =0,
Qe (0,7) = —;(7).

Then from Lemma 2.3(ii), there exists a unique solution ® such that
05 @ 2 ((4eee) S CA+THT), a=0, 1.

The solution Aug; = ® + ¥, with

U, = Wee + VI(T) Ve + fou(ug™, 7)¥ + Gij — @,
+  [ou(ug®. ") — fould'(€,7), 7))@,
Te(0,7) = 0,
\11(570) = Auk](&o)_@(&o)
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Since the linear equation for ¥ is asymptotically stable, and the forcing terms are
in E]llx+((1+\5p)eﬂ£) with norms bounded by C(1 + 7%77), from Lemma 2.5 again,

|\P|E§+((l+£j)e*"lf) < C(l + Tk_j).

This proves the case i = 0. The matching of (SS)* with (RS)™,0 <i <r—1,
has been proved by induction. The matching of (SS)? with (RS)?, 1 <i <r, can
be treated similarly.

Theorem 6.4. Let Au;'- = uJSSi — ﬂffi, 1<i<r, or uJSSi — aﬁgi,o <i1<r-—1,
where ﬂf’lsl and ﬂf’z& are defined in (6.8). Then there exists v > 0 such that for all
integers a < 2, <1,
|0g Aul| + [0 Aul| < Cj(1 4 (€] + 77)e 14l
6.5. Constructing a pseudo solution. A pseudo solution is a piecewise smooth
function that almost satisfies (1.1) with a small residual error
€Uy — €Uye — f(u,x,€),

in the interior of each subregion where the function is smooth, and a small jump
error at each of their common boundaries. By truncating the formal series, we can
construct pseudo solutions with arbitrary accuracy.

Let

3

m
uRRi’m(x,e) _ ZEjufRi(w), uSRi’m(f,t, €) = ZejufRi(&t)?
=0

We use n™ and T*]“” as abbreviations for n®™ (¢, €) and ;]i’m(T, €). Let0< g <1
be a constant. Let the width of the initial and internal/boundary layers be O(e?).
Define the subregions

(RR)"™ ={t> ¢, zec (P4 nom -}, 1<i<m

(SR)™™ = {t >, ze (@™ - o+ nla, b)), 0<i<r,
(RS)'™ ={0<t<é, we@ byl nimtl ) 1<i<r
(SS)m ={0<t<eé’, ze (;]i7m+1 — B, %iﬂnﬁ-l +éM), 0<i<n

Theorem 6.5. For all m > 0, let

(6.23)

yRRiLm (J/.7 t, €>-7 Zf (1'7 t) S (RR)i)m,
uSRi,m(i7t,e)7 if (z,t) € (SR)"™,

. B _ € .
U™ (x,t,€) = uRSim (g 2,6)7 if (x,t) € (RS)"™,

€

] _ mim+l t ;

uSSZ’m(La = €), if (x,t) € (S8)™.
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Then U™ is a pseudo solution to (1.1) with residual error being O(e*(m+V)) in each
layer where U™ is smooth. The jump errors of U™, 0,U™, 8,U™ and 02U™ are
of O(P(™+1)) along the common boundaries of adjacent layers. The function U™
satisfies Neumann boundary conditions, and almost satisfies the initial condition
with an error U™ (z,0,¢) —a(z, €) = O(ePm+1)),

Proof. The residual errors can be evaluated by substituting U™ into (1.1) and
expanding in powers of €. For example, in (SS)“™ the error is bounded by

Cemt! sup{1 + |§|m"'1 + |7'|m+1 s el < A1, || < 65_1} < O Pt

The estimates of jump errors use the matching of adjacent layers. For example,
the jump between (SS)>™ and (RS)*t1™ at the boundary

P={z=n""""4+ 0<r<e}
={e=6"1 0<T <A

where ¢ USLESS
(6.24)
m .
|30 S g, 7) — S 7))
0
m
Z SSl 57 - ufésl 7 | + | Zej RSZ 7 - RS H_l(va))"
0

The first term of the above is bounded by

1

O(>_ & sup{(1+ [¢ +|71)e "} = 0" ")
0

where v > 0 is a constant, due to the matching condition Theorem 6.4. For the
second term, observe that

STl e L 1) = 30 S g 1) + O(PHY)

RSZ + O( m+1))'

e
o

Here the O(¢#("+1) terms are caused by truncating 7 °. This gives the desired
estimate on the jump error. The other jump errors can be estimated similarly. [

Finally we mention that using composite expansion techniques we can construct
pseudo solutions with only residual error but no jump error in the entire region
t >0, z € la, b]. See [22] and [6, 7] for more details.

7. PROOF OF THE LEMMAS

Proof of Lemma 2.2. Consider a system in R?" that is equivalent to (2.9):

ug = v,

(7.1) ve = —Df(p)u—"Vo.
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0 1

Let A b i lue for J =
e e an eigenvalue for (—Df(p) v

) . Then,

det(\I —J) = [N + VA + o),
i=1

where p;, 1 < i < n, are the eigenvalues for Df(p). Since Reu; < —oyp, it is
elementary to show that A\* + VA + u; = 0 has two roots {\;1, \i2} with Re);; <
~V —VVZ+40q < VVZ+409 — V < Reliz. Therefore (7.1) has exponential
dichotomy with stable and unstable spaces both n-dimensional, so does (2.9).

Since Df(q(§)) — Df(p'),i = 1 or 2 as & — —oo or +00, by a perturbation
theory of exponential dichotomy, cf. [26], (2.10) has exponential dichotomies on
R~ and R respectively. The stable and unstable spaces, RPs(t) and RP,(t) are
n-dimensional. The rate of decay on RPs(t) and RP,(t) can be any constant
0 < a1 < . Since « can be arbitrary close to V2 + 40¢ — |V, so is ag. O

We now consider the following systems

u¢ = v,
(7.2) ue = —Vv—Df(pu+yg,
u¢ = v,
(7.9 v = —Vo-Df©)u+g

Let T'(&, s) be the solution operator for (7.3).

Proof of Lemma 2.3. (i) Let g € X = E*(w). Let Lyu = uge + Vug + Df(p)u,
with D(L,) = Eg"*(w). From Lemma 2.2, system (7.2) that is equivalent to
L,u = g has an exponential dichotomy on R. Let P, and P, be the projection to
the unstable and stable spaces. Let

(7.4)
(3 )= eon( iy Yo [ern G )

Using the exponential estimates on ||e”/(¢=%)" P,| and |le/¢~*) P,||, and Lemma 2.1,
we can verify that (u,v) € Egt?(w) x Eg™!(w) and (u,v) solves (7.2). Details
will be omitted. Therefore R(L,) = X. On the other hand, if u is a solution to
Lyu = g, then (u,ug) € Bgt?(w) x Eg™t (w) is a solution to (7.2). Tt is standard
to show (u,u¢) is given by (7.4). This proves that Ker(Ly) = {0}.

(ii) Let g € X = EJ (w). All the solutions of (7.3) with u € Eﬂ@”(w) are given

by
( v )(§>—T(£,O)< o )+/O£T(§,5)PS ( 2(5) )ds
+[:T(§7S)Pu< g(os) )ds,

where (ug,vo) € RPs(0). Let II(u,v) = v be the projection from R** ~ R™ x R"
to R™. We can show that IT : RP; — R"™ is a homeomorphism. If not, then there

exists a nontrivial (ZO) € RP;(0), such that vg = 0. Thus, there exists a nontrivial
0
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bounded solution to (2.10) with u¢(0) = 0. This is a contradiction. Based on what

have been proved, there exists a unique ZO € RP; such that
0

(7.5) i ( Zg ) —vg=¢— H/:T(O,s)Pu ( g(os) ) ds.

The desired solution can be obtained by such < ZO ) .
0

The case X = E' (w) can be treated similarly.
Finally the estimates on ||u|| gm+2(,,) in both cases (i) and (ii) come from Banach’s
closed graph theorem. O

Proof of Lemma 2.4. Consider (7.3) but with £ € R, g € X = Eg*(w). Equation
Lsu = g is then equivalent to (7.3). From Lemma 2.2, (7.3) has exponential di-
chotomies on R™ and R™. Also if g = 0, (ge, ge¢) is the only bounded solution to
(7.3), up to constant multiples. It follows from the same argument as in [26], which
treats the case w = 1, that (7.3) has a solution (u,v) € Egt?(w) x Eg™(w) if

and only if (( 2 ) , < Zl >>L2 = 0, where (¢1,12) is a unique (up to constant
2

multiples) bounded solution to the adjoint equation of (7.3)
Y1 = Df7(q(€)) e,
oe = =1 + Vs

It is now clear that (g,v2) = 0 < g € R(L,). The equation for v is Yage — Vipoe +
Df7(q(§))2 = 0. O

(7.6)

Proof of Lemma 2.5. Using the definition of the exponential stability right before
Lemma 2.5, we have

IT(t,0)uolle < Ke™*luollo < C,

[ Tt dslo < [ 1T TG a5l ds

¢
t—
< / Ke ®U=)/2 (1 + (Ts)ﬁ—") -C(1+s%)ds
0
<C(14th).
The desired estimate of u(t) follows from the variation of constant formula. |

Proof of Lemma 2.6. For any v € R, the locus of P = {\?|Re\ = 2|y| + 1} is a
parabola. Let ¥ = {|arg(A —o1)| < 5 46}, 0 <6 < J, be a sector. Let o1 > 0 be
sufficiently large such that ¥ NP = @. Then A € ¥ implies that Rev/X > 2|y + 1,
where v/X is in the branch with |arg vA| < 7/2.

(i) Let g € X = Er(w), w = (1 +[£[9)e™ ¢, A € £. Consider uge — Au = g, and
its equivalent system

u5 = \/XU,

(1) ve = Viu+g/VA
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The eigenvalues for H = ( \/OXI \/OXI ) are u = £/, each is of multiplicity n.

Also |Reu| > 2|y| 4+ 1. Therefore (7.7) has an exponential dichotomy on R , with
n-dimensional stable and unstable subspaces.

For the matrix H, RP, = {( ZZ ) |lw e R”} that is associated to eigenvalue

Vv and RP, = _ww |w € R™ 3 that is associated to eigenvalue V. Thus,

u (u—v)/2 u (u+v)/2 .
— = < .
PS(v) <(U_u)/2>andPu<v> <(u—|—v)/2 with |P,|+|Ps| < C
The constant C' is independent of A\ € 3. Thus, in the following, the constant K is
independent of A € 3.

P, < Ke BevAe ¢ >0,

7.8
(78) efEP,| < Kefevre, ¢ <.

Using (7.8), we can show that the integrals in (7.9) converge and define a solution
to (7.7).
(7.9)

( z ) © = /_EOO HE=9) p, ( g(s)(}\/X )d5+/:eH(€—s)Pu ( 2(5)/\& )ds.

In fact, using the estimates (7.8) and Lemma 2.1, we have
(4 0] [ e Dl e
v ") VAl

b [ K RO gy (1 s s
: VA

Killgll 2(w) (4 [P )e.

= Revhr— [y -V

Here K is a constant that depends on j. From Reyv/A > 2|y|+ 1, we have Rev/A —
ly| > 1 and Rev/A — |7| > $Rev/A. Therefore the above is bounded by

2K1[|9ll Bw)
Rev/X- [V

Since 01 > 0, |argA| < |arg(A —o1)] < § + 6, and largv/A| < %—!—% < %. Thus,
Rev/\ > |V cos(§ + %) = Co|v/\|. From this

()] < Ty g

(1+[¢P)ee.

Thus [Jul| prw) < ﬁHgHE(w) < |,\——cal|H9||E(w)' The solution in (7.9) is also unique
in Er(w) since (7.7) has an exponential dichotomy on R. This proves the Lemma
when X = Fg(w).

(i) Let g € X = Eg+(w),A € X. Consider uge — Au = g with the boundary

condition ug(0) = 0. If < Z ) € By (w) is a solution for (7.7), it can be expressed
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(n)@=e () [een( s )
+ [.j MRy ivm )8

Here ( ZO ) € RPs has to be determined so that v(0) = 0. To this end, choose
0

as

= ‘“[: <R ( oy ) o

Uo .. . ()
and up = —vg, then < v ) € RP;. Similar to (i), '( I, ) < C||gHE§(w)/|)\|.

R2n

With this ( uo ), we have
V0

u
v
This proves the case X = Eg+(w). The same argument can be used for the case

X = ER* (U))
(ili) Let g € X = Bgr(w),A € . If z € Bg(w) is a solution to (7.7), it is ex-

< Cllgllee)/iar < Cllglle,, w) /1A = oul.
ER+(w)

pressed by (7.9). Let g = g(c0)+g1(€), where g(c0) = glim 9(&). Then g1 € Eg(w).

It follows that < v ) = < e )—|— < U2 ),Where < U2 ) = < —9(00)/A ) isa
v U1 V2 V2 0

constant solution and

(o )©- [ e (asyvm ) o [ (e ) &

From (i), [lu1llgaw) < Cllg1ll maqw)/in- Also, [uz| < |g(00)|/[Al. Thus, [[ull pyw) <
Cllgll Bu(w)/IA < Cllgll Bz (w)/|A — 1] This proves the case X = Br(w). The cases
X = Bg+(w) can be handled similar to (ii). O

Proof of Lemma 2.7. (i) Let w =1+ [£], X = Er(w) and D4 = EZ(w) first. Let
Ug € Eé(’w), v = DgUO S ER(w) Let

I(t) =2 AeMug = t1/2D§eAtu0 = tY/2Deety.

Using the fundamental solution for the heat equation

) =12 [ (Vi) (=5 ule - )i
v [ e Dy - o) 2
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Let%zn,xz:l:\/m.
0

2VAI(E, 1) < | — / e~ (€ + \/At)dy

- /me To(€ — /Am)dn|

—| / [o(€ + v/Ht) — v(€

- /0 — /Tt) — v())dn|
2y/m(1 + |e) (1) < | / + /M e Mo(€ + /A) — o(€)](1 + |EF) |
M e’} )

+ / + /M eMo€ — /Atm) — v(©)|(1 + |€)) s

= Il (57 t) + —[2(67 t)
We show 11%1+ sup I1(£,t) = 0. Similar arguments will show lim+ sup I»(&,t) = 0,
t—

13 t—0 £
thus lim |1(t)| p(wy = 0. For any € > 0, choose M so large such that
t—0

(710 /M e Mu(©)](1+ [¢]7) " dn < /M ey - ol pw) < 7
(7.11) /we_"|v(£+\/ﬁ)|(1+|§+\/ﬁv 11+|§+\/F|3 i
. L+l

<C [ ol (1+ (/A < 5,
M

For that fixed M, let t. be small such that for 0 < t < .,
(7.12)

/ e (€ + /4tn) (1 + € + /4ty ™ (1 + [€)7)~ 1|dn<f.

O 4

This is possible since v(£)w™1(€) is uniformly continuous. Also if t. is even smaller,
then

(7.13)
/ e=o( + VI + € + /I — (1+ €)1
0
. |
_ 1+ €+ 4tn)? €
< e Mol g (1 — —2—— " )dn < —,
< [ el - =Ry < |
|e+al’—|¢)

since e 0 uniformly with respect to £ as a — 0.
From (7.10)—(7.13), we see 111%1+ sup I (§,t) = 0.
t— ¢

(i) Let X = Eg+(w),Da = EZ, (w) N BC, and ug € Eg. (w) N BC. Let 4o be
the even extension of ug to & € R. Then @y € Er(w). To find ey, we solve

Uy = Uge, ’LNL(O) = Ug.
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The restriction of @(t) to & > 0 is e**ug. Using the results from (i), we find that
|1§1/2Ae“”u0|E]R+ (w) < |t1/2D§ﬂ(t)|ER(w). The latter approaches 0 as ¢ — 0. Thus
Up € DA(%)

(iii) The other cases can be treated similarly. (]

Proof of Lemma 2.9. (a) Let A € C be such that Re\ > —op. Let g € X and
consider (L — A\)u = g. The equivalent system is

us = 0,
(7.14) ve = (M—-—Mu—Vuv+g.
Let J = i[— M I—VI . Since Reo(M — M) > 0, it can be verified that

J is hyperbolic with n-dimensional stable and unstable subspaces. Assume that
N+iw € o(M — M), and p € oJ. Then p = [-V £ /V? + 4n + 4iw]/2. One can
verify that Re\/V?2 + 4n + 4iw > Re\/V? + 4n. Thus, |Rep| > 1/ V2 +4n—|V|. If
ReX + o¢ > no for some 1y > 0, then let vo = 1/ V2 + 419 — |V|, we have

le’SP,| < Ke™ ¢, € >0,

le’sP,| < Ket,  ¢<0,
for some K > 0, where Ps and P, are the projections to stable and unstable
subspaces of R?". Therefore, if v is the constant used to define w, with |y| < 7o,

(7.15)
( if ) (€)= /_EOO /P, ( g(on) )d" * [.jeJ(E_n)P“ ( 9(077) )dn

is the unique solution to (7.14) that is in E2 (w). It is easy to show that |u]g2(,) <
Cl9|lp(w)- Thus, X € p(L). This proves the case X = Eg(w).
Now consider X = Eg+(w) and g € X. Replace g by its even extension § and

consider (7.14). The solution z can be expressed by (7.15) and is even in

¢ € R. Consider its restriction on ¢ € R*, then u € E2. (w) N BC.

(b) From part (a), if ReX > —og + 1o, equation uge + Vue + D f(p')u — du =0
has exponential dichotomies on R~ and R*. Therefore
us = 0,
ve = [M—-Df(Qu—Vv
has exponential dichotomies on R~ and R with projections Ps(t) + P,(t) =1, t €
R~ and RT respectively. If A is such that RP,(07) NRP(0T) = {0}, then (7.16)
has exponential dichotomy on R. Similar to part (a), we can show A € p(L,).

If X is such that RP,(07) N RPs(0T) # {0}, then X is an eigenvalue of finite
multiplicity. |

(7.16)

Proof of Lemma 4.1. (i) P1 comes from H1 by the implicit function theorem and
the continuous dependence of eigenvalues on the parameter x.

(ii) Equation (4.4) has a heteroclinic solution q(¢) when z = x* and V*(z%) = 0.
Melnikov’s method is used to determine the existence of heteroclinic solutions (u, v)
near (g, q¢) for the following system

ug = v,

(7.17) ve = —folu,x)—Vo.
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Here V € R and z are parameters. Based on H1, H2 and Lemma 2.2, the lin-
ear variational equations for (7.17) around (u,v) = (g,q¢) has exponential di-
chotomies on R~ and R with RPs(0") N RP,(0~) spanned by {(ge(0), gec(0))},
when V = 0 and z = 2. Let G(z,V) denote the function that measures the
distance between W*(p') and W#(p?) along the direction (t;1(0),,2;(0)) based
on the point (g(0), Q§(O)). cf. (7.6). Notice that (;1(0),12;(0)) is transverse to
TyoyW (') + Ty0)W* (p?), thus, G(z, V) is well defined. From [26],

BG”” 0 / () fou (), 2 e

8G:c0 / Wi e

From (4.1), % # 0. Therefore there exist V*(z) such that G(z, Vi(z)) = 0
for x in a neighborhood of z°. The method in [26] also insures that the heteroclinic
solution ¢*(¢, z) depends smoothly on x.

(iii) Define Li¢ by the left hand side of (4.5). When x = z*, L. : C3, — Cp, is
Fredholm with index equal to zero, see [26]. From [30, page 115], if x is in a small
neighborhood of z?, L; is Fredholm with index zero. Also dim ICL; < dim ICL;.
Since g¢ € KL%, we have dim KL!, = 1 for all z € O%. Therefore (4.6) has a unique
bounded solution ;(&,x) up to constant multiples.

It remains to show that by choosing |¢;(¢,z)| = 1, v; is a smooth function of
x. Let {U1 = (¢¢(0),4ee(0)),Us, ... , Uy} be an orthogonal basis for RP,(0~) and
{U, =U,,Us,...,U,} be an orthogonal basis for RP,(0%) of the system

(7.18)

us = v, . .
Ve = fOu(ql(&x)?x)u_Vl(x)Ua

when x = 2% and V?(z) = 0. System (7.19) has exponential dichotomies on R~ and
RT when x € O'. Let P,(z,t) and Ps(z,t) denote the projections to the unstable
and stable spaces. P, (z%,t) = P,(t) and Ps(2%,t) = Ps(t).

Assume that z is near z* so that Vl(x) is near zero. For each U;, 2 < i < n,
there exists a unique AU; € RP;(07) such that U; + AU; € RP,(z,07). Also for
each U;,2 < i < n, there exists a unique AU; € RP,(0%) such that U; + AU; €
RPs(z,0%). The functions AU; and AU; are smooth functions of x. See [18] for
details. For i = 11let Uy + AUy = (qé(O,x),qég(O,x)). AU is also smooth in z. In
particular, |AU;| + |AU;| = O(|z — x|) for all 4. This proves that if z — 2% is small,

RP,(2,07) +RPs(x,0") = span(U; + AU; ... U, + AU, Uy + AU, ... U, +AU,),

depends smoothly on z. The adjoint equation of (7.19) can be found in (7.6)
where V =V ¢ = ¢'. Let (¥;1(z),¥i2(z)) be the unique bounded solution to the
adjoint equation with [1;2(0)] = 1. Let Uy = (¢;1(0),;2(0)) that is orthogonal
to RP,(07) + RPs(0"). By a standard projection method, there exists a unique
AUy € RP,(z,07) +RPs(x,07) such that Uy + AUy is orthogonal to RP, (z,07) +
RPs(z,0%). Tt can be shown that (7.6) has a bounded solution with the initial
data Uy + AUy, cf. [18]. A normalized solution (11 (0, z), ;2(0, x)) with the initial
data (1;1(0, ), 1:2(0,z)), |[1i2(0,2)| = 1, can obtained by rescaling. Let ¢;(0,z) =
1;2(0, ). This proves the smooth dependence of ¥;(0,x) on x.

(iv) From Lemma 2.9, (b), o{Li} N {ReX > —o¢ + 1o} consists of isolated
eigenvalues of finite order. When z = 2%, Vi(z) = 0, from H5, A = 0 is a simple

(7.19)
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eigenvalue, all the other eigenvalues satisfy ReA < —ayp. Since eigenvalues depend
continuously on x. Thus, if 0 < @ = min{ag, o9 — 10}, there exists € > 0 such that
if [z — 2'| < € then A = 0 is the only eigenvalue in { ReA > —@p} and is simple.

(v) From H6, (4.7) is valid if * = 2. Since both integrals in (4.7) depend
continuously on z, thus (4.7) is valid for |z — 2?| < € if € > 0 is small. The formula

for 22 follows from (7.18). O

Proof of Lemma 4.2. L% is a Fredholm operator in Ef'(w) with index zero. From
Lemma 4.1, (iii), Ker{L.} = span{gi(-,z)} is one-dimensional. Therefore

Range{L; } = {t(-,z)}
is of codimension one. Consider the mapping F : (z,u, V1) — (g, h) as follows
Liyu—Vigi(-x) = g,
(u, qé(,x)) = h.
F : O x Eft2(w) x R — E(w) x R is C*, in fact, linear with respect to
u € Egt?(w) and V; € R. Tt can be verified that 0F/d(u, V;) is a linear homeo-
morphism in the indicated norms. We only need to show that (u, V) is uniquely
solvable from (7.20) for any (g,h) € Ef'(w) x R. If we choose Vi = (¢¥;(-, ), 9) -
(Wi, 2), ¢¢(-,x)) ", then g — Vigt € Range{L}}. Any two solutions of the first of
(7.20) differ by a multiple of ¢; € Ker{L,}, that can be determined by the second
of (7.20). Let h = 0 and denote the solutions by Vi = V/(z, g) and u = u(-, z, g).

The smoothness of V}(x, g) and u(-,x, g) on (z,g) also follows from the Implicit
Function Theorem applied on the function F. O

(7.20)

Proof of Lemma 5.1. According to Lemma 2.9, (b), C; = o{Lg:} N {ReX > =0 +
no} consists of only eigenvalues. When i = 0,7, from H5, L, has no eigenvalues in
C; in the space Cp, (RT,R"™). Thus, it also has no eigenvalues in C; in the space
Bg+ (w). This proves the case i = 0,7. When 1 < i < r — 1, from H5 again,
in Cpy(R,R™), the only eigenvalue of Ly in C; is A = 0, simple. Thus the only
eigenvalue of L, in Br(w) is also A = 0, simple. From Lemma 2.8, ¢’(-,7") is

asymptotically stable modulo spatial shifts. O
Proof of Lemma 5.2. The proof is exactly like that of Lemma 5.1. O
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