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ITERATED SPECTRA OF NUMBERS—ELEMENTARY,
DYNAMICAL, AND ALGEBRAIC APPROACHES

VITALY BERGELSON, NEIL HINDMAN, AND BRYNA KRA

ABSTRACT. IP* sets and central sets are subsets of N which arise out of appli-
cations of topological dynamics to number theory and are known to have rich
combinatorial structure. Spectra of numbers are often studied sets of the form
{[na +v]: n € N}. Tterated spectra are similarly defined with n coming from
another spectrum. Using elementary, dynamical, and algebraic approaches
we show that iterated spectra have significantly richer combinatorial structure
than was previously known. For example we show that if « > 0and 0 < v < 1,
then {[na+~7]: n € N} is an I P* set and consequently contains an infinite se-
quence together with all finite sums and products of terms from that sequence
without repetition.

1. INTRODUCTION

A A set is a subset of the set N of positive integers which contains an infinite
difference set, that is, a set of the form {x — y: z,y € A and y < x} for some
infinite A C N. An I'P set is a set containing FS((z,,)22 ;) for some infinite sequence
(1)1 in N (where the set of finite sums of the sequence ()52, FS({z,)5%,) =
{> ,cp®n: F is a finite nonempty subset of N}). (The terminology in both cases
differs from [12] in that for us both notions are closed under supersets. They are
notions of combinatorial richness, so bigger ought to be better.)

Our third basic notion of combinatorial richness, namely the notion of central
sets, was introduced in [12] with a definition in terms of topological dynamics. This
definition can be found in Section 3. An alternate, algebraic, characterization of
“central” was shown in [5] to be equivalent: A subset A of N is central if and only
if there is a minimal idempotent p of (0N, +) with A € p. (Here N is the Stone-
Cech compactification of N and + denotes the extension of ordinary addition to AN
which makes (SN, +) a left topological semigroup with N contained in its center.)
An element p of SN is a minimal idempotent provided p = p+ p and p is a member
of some minimal right ideal of SN. (A right ideal R satisfies R + N C GN.) We
will describe this structure in more detail later in this introduction.

Each central set is an I P set and in fact has very intricate combinatorial structure
including arbitrarily long arithmetic progressions ([12, Proposition 8.21] or see [5]).
To see that each TP set is a A set let FS((2,)22;) C A and consider the differences
from {>p_, zi: n € N}.
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Given any class B of subsets of N, there is a corresponding class B* defined by:
A € B* if and only if for each B € B, AN B # 0. Obviously then if B C C one has
C* C B*. Further, if N € B and B is partition regular (meaning that whenever the
union of finitely many sets is in B, some one of them is), then B* C B. (To see this let
A € B*. Then either A or N\Aisin Band AN(N\A) = @ so A € B.) Since the notion
of “central” is partition regular, we have A* C I P* C central* C central C IP C A.
(According to [12, p. 178 and p. 186] all these inclusions are proper.)

Since central sets are partition regular, explicit examples of central sets are
plentiful. That is, define any finite partition of N. At least one cell is guaranteed
to be central. For example, partition N according to the rightmost nonzero ter-
nary digit of each * € N. (So A; = {3*B3m + 1): k,m € NU {0}}, Ay =
{3%(3m + 2): k,m € NU{0}}. Then either A; or Ay must be central. But it
is easy to see that if B is central so is 2+ B. (See for instance Lemma 3.8(b).) So
we must have that both A; and As are central. Many more explicit examples are
produced in this paper.

Further, it is possible to partition N into infinitely many parts, each of which is
central [5, Corollary 5.9].

Consider, on the other hand, A* sets and IP* sets. (The structure of IP* sets
is known to be very rich—see [6].) It is easy to see that for any n € N, the set Nn
of multiples of n is a A*-set, and hence an I P* set. (Given any infinite set some
2 elements are congruent mod n and their difference is divisible by n.) It is also
known for example [12, Proposition 9.4] that if (X, T') is a minimal compact metric
dynamical system (that is, no proper nonempty closed subset of X is invariant
under T'), I € N, and U is a nonempty open subset of X, then {n e N: UNT"UN
-~ -NT~I"U # (0} is an IP* set. Other explicit examples of I P* sets are deducible
from [13]. However, there would seem to be a shortage of simply described A* sets
and I P* sets. It is in this context that we are interested in the spectra of numbers.

Given an irrational number & > 1 and § = /(v — 1) (so that 1/a+1/6 =1) it
is “an often rediscovered result” [27, p. 45] that {[na]: n € N} and {[né]: n € N}
are complementary sets. This result may be due originally to J. W. Strutt (Lord
Rayleigh) [31]. See [28] for an interesting discussion of the context of this discovery
and additional references. Further, Uspensky showed [32] that one cannot partition
N into 3 parts with such sets. (The proof was simplified by Graham in [15], and
again by Fraenkel in [11]. In fact there is an even simpler proof that if ag, as, a3
are positive, then {[na1]: n € N}, {[naz]: n € N}, and {[nas]: n € N} cannot be
pairwise disjoint. To see this one utilizes the well known fact [17, Theorem 201]
that any set of numbers may be simultaneously brought close to zero mod 1. Let
e =1/2(a1 + az + ag) and pick n,my, me, and ms in N with |n-1/a; —m;| < e
for each i. Then |n —m; - o] < €+ a; < 1/2 for each i, so for each i, [m;a;] =n or
[mia;] =n=1.)

Numerous results about the sets {[na]: n € N} were derived by Skolem [29]
and Bang [3] and are nicely presented in [27]. In [30] Skolem introduced the more
general sets {[na+v]: n € N}, determining for example when two such sets can be
disjoint.

In terminology introduced by Graham, Lin, and Lin [16], the set {[na+~]: n €
N} is called the y-nonhomogeneous spectrum of a. (See also [8].) We shall restrict
our attention to such spectra for 0 < v < 1. We determine for example that
if 0 < v < 1, then {[na+7]: n € N} is a A* set and consequently enjoys the
combinatorial structure guaranteed to such sets. In fact we show much more. For
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example, we have as a consequence of Corollary 2.6 that if A is any A* set (for
instance another spectrum), then {{na+~v|: n € A} is again a A* set. In particular if
aq, a are positive and 0 < ;3 < 1and 0 < 72 < 1, then {[[na; +v1]as+72]: n € N}
is a A* set. We also show for example as a consequence of Theorem 6.3 that if « is
irrational, then both {[na+0]: n € N} and {[na+ 1]: n € N} are central. If a > 2,
these sets are disjoint and since each contains FS((x,)22,) for some sequence,
neither is IP*. We determine precisely in Theorem 6.7 when the composition of
two such sets yields a central set.

Most of the results which we present were first obtained using algebraic methods
in ON. Subsequently [25] elementary and dynamical proofs of several of these results
were obtained, as well as proofs of some additional results. We present our results
by the methods we feel best suited for their proofs. In Section 2 we present the
results for which we have elementary proofs. (The proofs are elementary both in
the intuitive sense and in the fact that they avoid the axiom of choice.)

In Section 3 we present the required background material in Topological Dynam-
ics and in Section 4 present some results on spectra for which we have dynamical
proofs. In Section 5 we present the required algebraic background material and
present in Section 6 algebraic proofs of several results, concentrating on results
about iterated spectra.

We use the semigroup (BN, +) where AN is the Stone-Cech compactification of
N and + denotes the extension of ordinary addition to SN which makes (SN, +) a
left topological semigroup with N contained in its center. An element p of ON is a
minimal idempotent provided p = p 4+ p and p is a member of some minimal right
ideal of ON. (A right ideal R satisfies R + ON C ON.)

We take the points of SN to be the ultrafilters on N, the principal ultrafilters
being identified with the points of N. Given A C N, A = {p € fN: A € p}. The
set {A: A C N} is a basis for the open sets (as well as a basis for the closed sets)
of ON. When we say (06N, +) is a left topological semigroup, we mean that for each
p € BN the function \,: SN — BN, defined by \,(¢) = p + g, is continuous. The
operation + on (N is characterized as follows: Given A C N, A € p+ ¢ if and only
if{r e N: A—z € p} € gwhere A—z = {y € N: y+2z € A}. See [22] for a detailed
construction of SN and derivations of some of the basic algebraic facts.

2. ELEMENTARY RESULTS

We take the circle group 7' = R/Z to be represented either as [0,1) or [—1, 1),
whichever is more convenient.

2.1. Definition. Let a > 0 and let ho(n) = [na + 1], the nearest integer to nov.
Define fo: Z — T by fo(n) = na — [nal.

In Definition 2.1 we viewed T as [0, 1), so that f,(n) is the fractional part of na.
If we view T as [—3, 1), we have f,(n) = na — ha(n).

We say that a set B of subsets of N is “partition regular” provided that whenever

F is a finite set of subsets of N with | JF € B one has some A € F N B.

2.2. Lemma. Let B be a set of subsets of N such that:

(1) B is partition regular.

(2) For each A € B, there exists x,y € A with x +y € A.

Then for each a > 0, each € > 0, and each A € B, there exists B € B such that
B C A and for alln € B, fo(n) € (—¢,¢), that is, —¢ < na — hq(n) < e.
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Proof. Let a > 0, ¢ > 0, and A € B be given. Pick m € N such that 1/(2m) < ¢
and m > 2. Let A4y = {n € A: —1/(2m) < na — ha(n) < 1/(2m)} and for
i€ {2,3,....2m—1} let 4, = {n € A: (i —1)/(2m) < na — [na] < i/2m}.
Then A = [J7" A; so some A; € B by (1). Let z and y be elements of A;. If
2<i<m-—1,thenx+y € As;_1 UAs;. If i = m, then z+y € As,,_1 U A5.
Ifm+1<i<2m—1,then v +y € Ayi_m)y—1 U Azi—m)- In any of these cases
x+y ¢ A; and hence by condition (2) we must have ¢ = 1. Since 1/(2m) < &, we
have, for all n € A1, fo(n) € (—¢,¢) as required. O

We observe that the classes of central sets, I P sets, and A sets all satisfy the
hypotheses of Lemma 2.2. Indeed given a A set A and z,y, and z with y — =,
z—x,and z—y in A one has (z —y) + (y — ) = z — x € A so condition (2) holds
for A sets and hence for central sets and [P sets. Further each of the classes is
known by elementary means to be partition regular. The original proof that 1P
sets are partition regular [18], while the most complicated of the proofs now in
existence, is elementary. The proof that A sets are partition regular is a simple
application of Ramsey’s Theorem for two element sets, and the standard proofs of
Ramsey’s Theorem are elementary. The fact that central sets are partition regular
is immediate from the algebraic characterization (since if the union of finitely many
sets is a member of an ultrafilter, some one of them is a member).

2.3. Theorem. Let a >0, let 0 <y <1, and let A C N.
(a) If A is a A set, then {[na+~v]: n € A} is a A set.
(b) If A is an IP set, then {[na+~]: n € A} is an IP set.

Proof. Both proofs are similar; we present the proof of (b).

Let ¢ = min{vy/2,(1 — ~)/2}. Pick by Lemma 2.2 some IP set B C A with
fa(n) € (—¢,¢) for all n € B. Observe that for any n € B one has hq(n) = [na+7].
Indeed —y < —e < na—he(n) < e < 1—7vs50 ho(n) < na+7y < ho(n)+1. Observe
also that for n,m € B one has ho(n +m) = ho(n) + ho(m) since € < 1/4.

Pick a sequence (x,,)2° ; with FS((2,,)%% ;) € B. We show by induction on |F|
that, for a finite subset F' of N, > o ha (%) = ha(D o, cp Tn). Since ha (D, cp Tn)
= [(X_hcp Tn)a + 7], this establishes that FS((ha(zn))5Z1) € {[ma+~]: m € A}.

If |F| = 1, the conclusion is trivial so assume |[F| > 1, pick m € F, and
let G = F\{m}. Then Y _pha(zn) = ha(zm) + X, cqha(®n) = ha(rm) +
ha(Ypeq n) = ha(Tm + 3, cq Tn) since zp, and Y- -z, are in B. O

2.4. Theorem. Let o > 0 with a € Q and let A C N.
(a) If Ais a A set, then {[na]: n € A} is a A set.
(b) If A is an IP set, then {[na]: n € A} is an IP set.

Proof. Assume « = p/q with p,q € N. We again present only the proof of (b).
Pick (2,,)22; with FS({(x,)22 ;) C A. By the pigeon hole principle one may

presume , = Z,,(modq) for all n,m € N. Letting y,, = Zfi(n_l),qﬂ Zn one has

q divides each yy, so each y, - @ € N. We claim FS((y,, - a)521) C {[na]: n € A}.

Let F' be a finite nonempty subset of N. Then } _pyn - =[(32,cpuyn) - a] and
Y oner Un € A O

2.5. Theorem. Let B C P(N) (where P(N) = {A: A C N}) and assume
(1) B is partition regular;
(2) whenever a > 0,0 <~y <1, and A € B, one has {[na+~]: n € A} € B; and
(3) for each A € B there exists x,y € A with x +y € A.
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Then whenever o >0, 0 <y < 1, and A € B* one has {[na+~]: n € A} € B*.

Proof. Let o < 0,0 < < 1, and A € B* be given. Let B = {[na+7]: n € A}.
Let C € B. We need to show that CNB # ). Let ¢ = min{1/2,~v/a, (1—7)/a}. By
Lemma 2.2 (with 1/a replacing «) pick D € B with D C C and fy/4(k) € (—¢,¢)
whenever k € D. Let E = {[k/a +¢]|: k € D}. Then by hypothesis (2) with
1/a replacing a and ¢ replacing v we have E € B. Therefore E N A # () so pick
n € ENA and pick k € D such that n = [k/a+e]. We show that k£ = [na++] so that
k€ BN C as required. Let [ = hy/o(k). Since k € D we have | —¢ < k/a <1+c¢.
Alson < k/ja+e<n+lson<kfla+e<l+2 <Il+1son >1 Also
I <k/a+e<n+1sol<nand hencel =n. Therefore n —e < k/a <n+¢€ so
ne—1+v<na—eca<k<na+ea<na+~vyand hence k <na+vy<k+1 as
required. O

As a consequence of the following corollary we see for example that if aq, s > 0,
and 0 <1 <1, and 0 < 42 < 1, then {[[naq + y1]as + 72]: n € N} is a A* set.

2.6. Corollary. Let a >0, let 0 <~y < 1, and let A C N.
(a) If A is a A* set, then {[na+~v]: n € A} is a A* set.
(b) If A is an IP* set, then {[na+~]: n € A} is an IP* set.

Proof. Theorems 2.3 and 2.5. |

Again we see that with a rational one can allow v = 0. (See Theorem 6.3 for a
proof that one cannot allow v = 0 with « irrational.)

2.7. Theorem. Let B C P(N) and assume
(1) for each A € B and each n € N, ANNn € B and
(2) for each o > 0 with o € Q and each A € B one has {[na]: n € A} € B.
Then for each a > 0 with a € Q and each A € B* one has {[na]: n € A} € B*.

Proof. Let o > 0 with o € Q and A € B* be given. Pick p,q € N with o = p/q.
Let B = {[na]: n € A} and let C € B. We show BNC # (). Now C N Np € B by
assumption (1) so D = {[k/a]: k € CNNp} € B by assumption (2). Pickn € DNA
and pick £ € C'N Np such that n = [k/a]. Since p divides k we have n = k/«a so
k=na=[na]soke BNC. O

2.8. Corollary. Let a > 0 with o € Q and let A C N.
(a) If A is a A* set, then {[na]: n € A} is a A* set.
(b) If A is an IP* set, then {[na]: n € A} is an IP* set.

Proof. By Theorem 2.4 the classes A and I P satisfy hypothesis (2) of Theorem 2.7.
As in the proof of Theorem 2.4 one sees that the classes A and I P satisfy hypothesis
(1) of Theorem 2.7. O

3. DYNAMICAL PRELIMINARIES

In this section we collect some definitions and results from topological dynamics
which are pertinent to our presentation.

Given a compact metric space (X, d) and a continuous T: X — X, a point y of
X is uniformly recurrent for (X, T) if and only if whenever U is a neighborhood
of y, the set {n € N: T"(y) € U} is syndetic, that is, has bounded gaps. Also
points x and y are prozimal if and only if for each € > 0 there is some n € N with
d(T"(x), T"(y)) <e.

The notion of “central” was introduced by Furstenberg [12].
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3.1. Definition. Let A C N. We say A is central via (X,T,z,y,U) to mean
that X is a compact metric space, T is a continuous function from X to X, x
and y are proximal in X, y is uniformly recurrent, U is a neighborhood of y and
A={neN: Tz € U}. A subset A of N is central if and only if there exist
X,T,x,y, and U such that A is central via (X, T, z,y,U).

We now show that if A is central via (X,T,z,y,U) one may assume that T is
onto X.

3.2. Lemma. Let A C N be central. There exist X, T,x,y, and U such that T
maps X onto X and A is central via (X, T,x,y,U).

Proof. Pick Y, S,a,b, and V such that A is cental via (Y, S,a,b, V). Let Z = {0} U
{1/n: n € N} with the ordinary Euclidean metric. Let X = Z x Y, and for c € Y
and n € N define T(0,¢) = (0,¢), T(1,¢) = (1,5(¢)), and T(1/(n+1),¢c) = (1/n,c).
Let z = (1,a), y = (1,b), and U = {1} x V. Then T maps X onto X and A is
central via (X, T, x,y,U). |

The following lemma is well known, and we omit its proof.

3.3. Lemma. Let (Y,d) be a compact metric space and let X = Y%, the set of
functions from Z to Y. For f,g € X define

D(f,9) = sup{(1/(In| + 1)) - d(f(n), g(n)): n € Z}.

Then D is a metric on X and the metric and product topologies agree.

The proof of the following theorem is sketched in [12, pages 169, 170]. We
strengthen the conclusion of Lemma 3.2 to obtain a homeomorphism.

3.4. Theorem. Let A C N be central. There exist X,T,x,y, and U such that T
is a homeomorphism from X onto X and A is central via (X, T,x,y,U).

Proof. Pick, by Lemma 3.2, Y, S, a,b, and V such that S maps Y onto Y and A is
central via (Y,S,a,b,V). Let X = {f € Y% for alln € Z, f(n+1) = S(f(n))}.
Then X is closed in YZ. Indeed if f € Y%\ X pick n € Z and disjoint neighborhoods
Uy and W of f(n + 1) and S(f(n)) respectively. Pick a neighborhood Us of f(n)
with S[Us] C W. Then 7, [U1] N7, }[Us] is a neighborhood of f missing X. Thus
by Lemma 3.3, X is a (compact) metric space.

Define T: X — X as the restriction of the shift. That is, T(f)(n) = f(n + 1).
Then T is easily seen to be a homeomorphism of X onto X.

Now we observe that

(x)ifneN,i€Z, n+i>0,and f € X, then T"(f)(i) = S (£(0)).

This fact is easily established by induction on (n + 7).

We also observe that

(%) if ¢ € Y then 7y '[{c}]N X # 0. (That is, there exists f € X withf(0) = c.)
To see this for n > 0 let f(n) = S™(¢) and inductively for n < 0 pick f(n — 1) such
that S(f(n — 1)) = f(n), which one can do since S is onto Y.

Now let W = cly {S™(b): n € N}. Since b is uniformly recurrent, W is minimal
closed S invariant [12, Theorem 1.17]. Then 7, '[W]N X is closed and T invariant
so (by Zorn’s Lemma) pick Z C 7y '[W] N X which is minimal closed 7' invariant.
Then 7m[Z] is a closed S invariant subset of W and hence mo[Z] = W. Pick y € Z
such that mo(y) = b. Since Z is minimal closed T invariant, y is uniformly recurrent
in (X,T) [12, Theorem 1.15].
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By (xx) pick some = € X such that mo(z) = a. We show now that x and y
are proximal. First observe that since Y is compact, S is uniformly continuous
so for each ¢ > 0 pick h(e) > 0 (with h(e) < ¢) so that for all u,v € Y, if
d(u,v) < h(e), then d(S(u),S(v)) < e. Now let € > 0 be given. We need to
produce some n € N such that D(T"z,T™y) < &, where D is as in Lemma 3.3.
Let M = sup{d(u,v): u,v € Y} and pick k¥ € N such that 1/(k + 1) < ¢/(2M).
Let 6 = h*(g/2) and pick m € N such that d(S™(a), S™(b)) < 6. Then given
t€{0,1,...,2k} we have d(S™*(a), ST (b)) < h?*~t(g/2) < e/2. Let n = m+k.
Then one easily verifies that D(T"z, T"y) < e/2 < e.

Finally let U = 7, ' [V]. Then using () we have for n € N that

T'(z) e U & T (x)(0) e V
< S"(x(0)) eV
< ne A
O

3.5. Lemma. Let X be a compact metric space, let T be a homeomorphism from
X onto X, and lety € X. Ify is uniformly recurrent for (X, T), then it is uniformly
recurrent for (X, T~1).

Proof. Let W = cl{T"y: n € N}. Since y is uniformly recurrent, W is minimal
closed T invariant. But then W is T~! invariant. (To see this let x € W and
suppose T~1x ¢ W. Pick an open neighborhood U of T'x missing W. Then
WA\T[U] is a proper closed subset of W so some z € W\T[U] has Tz ¢ W\T[U].
Then Tz € T[U], so z € U N W, a contradiction.) Pick a minimal closed 7!
invariant subset A of W. By the above argument A is T invariant so A = W. Since

y is a member of a minimal closed T~! invariant set, y is uniformly recurrent for
(X, T71). |

We omit the proof of the following well known result.

3.6. Lemma. Let X be a compact metric space and let T be a homeomorphism
from X to X. In X x [0,1] identify (x,1) and (Tx,0) for all x € X and let
Y = X x [0,1) have the quotient topology resulting from this identification. Then
Y is a compact metrizable space and for each s € (0,1) the function Fs: Y —Y
defined by Fi(z,t) = (Ts+x, s+t — [s +t]) is continuous.

3.7. Lemma. Let X,T,Y and F, (for 0 < s < 1) be as in Lemma 3.6 Let y € X.
If y is uniformly recurrent for (X,T), then there exists T € (0,1) such that (y,7) is
uniformly recurrent for (Y, Fy).

Proof. Let W = clx{T"y: n € N}. Since y is uniformly recurrent, W is minimal
closed T invariant. Then W x [0,1) is a closed Fy invariant subset of Y. (To see
that W x [0,1) is closed observe that if z € Y\W and U is a neighborhood of x
missing W, then T—1U also misses W so that (U x [0,1)) U (T~1[U] x [0,1)) is a
neighborhood of (z,0) missing W x [0,1).)

Pick Z, a minimal closed Fy invariant subset of W x [0,1). Consider P: Y — X
the projection onto the first coordinate. (Be cautioned that Y does not have the
product topology so P need not be continuous.)

We claim first P[Z] is T invariant. Indeed, given (z,t) € Z pick the least positive
integer n such that ¢t + sn > 1. Then F?(z,t) = (Tz,t+sn—1) € Z.
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Now we claim P[Z] is closed. Let x € X\P[Z]. For each ¢t € (0,1) pick ¢, > 0
with &; < min(¢,1 —t) and pick U a neighborhood of z such that (U x V;)NZ = 0)
where V; = (t — &¢,t + &¢). Likewise pick Up a neighborhood of « and gy > 0 with
(Ug x Vo) N Z = 0 where Vy = [0,&9). Now F;[Z] is closed and F invariant so
F;[Z] = Z. Thus if we had (Tz,0) € Z we would have (z,1 — s) € Z and hence
x € P[Z]. Therefore (T'z,0) ¢ Z so we may pick a neighborhood U; of z and
g1 > 0 with (U; x Vi) N Z = () where V; = (1 — e1,1). Pick finite F C [0, 1] with
[0,1) € User Vi Let U =(,ep Us. Then U N P[Z] = 0 as required.

Now, P[Z] is a closed T invariant subset of W so P[Z] = W so we may pick
t €[0,1) with (y,t) € Z. If ¢t > 0,let 7 =¢. If t =0, let 7 = ¢ + s so that
(y,7) = Fs(y,t). In either case (y,7) € Z and is hence uniformly recurrent for
. F). 0

3.8. Lemma. Let A C N be a central and let n € N.
(a) A/n={m € N: mn € A} is central.
(b) An is central.

Proof. (a) This is [12, Lemma 8.24]. (If A is central, via T', A/n is central via T™.)

(b) Pick Y;S,a,b, and V such that A is central via (Y,S,a,b, V). Let X =
Y x {1,2,3,...,n}, where {1,2,3,...,n} is discrete, and define T: X — X by
T(y,k) = (y,k+1) for k <n and T(y,n) = (Sy,1). Then T*"(y,1) = (S*y, 1) for
all k € N. Let = (a,1), y = (b,1), and U = V x {1}. Then An is central via
(X, T,x,y,U). |

4. DYNAMICAL RESULTS
We begin by establishing the analogue of Theorem 2.3 for central sets.

4.1. Theorem. Let o > 0, let 0 < v < 1 and let A C N. If A is central, then
{[na+~]: n € A} is central.

Proof. Let § = min{vy,1 — v} and let B = {k € N: for some n € A, |k —na| < §}.
Then B C {[na+~]: n € A}. Indeed, if |k —na| < 6, then v — 1 < k —na < vy
so k = [na + v]. Thus it suffices to show that B contains a central set. Pick
m € N such that 1/(ma) < 1 and let s = 1/(ma). Let u = min{s,1 — s}. Now
by Lemma 3.8(a), A/m = {n € N: nm € A} contains a central set. Pick by
Theorem 3.4 a compact metric space X, a homeomorphism 7" of X onto X, a
uniformly recurrent point y of X, a point x proximal to y, and a neighborhood U of
y such that {n e N: T"z € U} C A/m. Let Y and F} be as in Lemma 3.6 and pick
by Lemma 3.7 some 7 € (0,1) such that (y,7) is uniformly recurrent for (Y, Fy).

We now claim that (z,7) and (y,7) are proximal. Choose a sequence (n(k))32 ;
in N such that limy_, o d(T"®)z, T*¥)y) = 0. Passing to a subsequence we may
presume we have a € X such that a = limy_ T"(k)y = limp_.0o T™®) 2. For each
k € N choose r(k) € N such that [s-7(k)+7] = n(k) and n(k)+p/2 < s-r(k)+7 <
n(k)+1— /2, and let t(k) = s+ (k) +7 —n(k). Then Fi"™(z, 1) = (I" ¥z, t(k))
and FI'™(y,7) = (T"®)y, t(k)). Let I be a cluster point of (£(k))?2, and note
l € [u/2,1—u/2]. Let b = (a,l). Then given any neighborhood W of b one has
some k with F7*) (x,7) € W and m® (y,7) € W and hence (z,7) and (y,7) are
proximal as claimed.

Now let ¢ = min{r,1 — 7,6/ma} and let V = U x (t —¢,7 +¢). Then V is
a neighborhood of (y,7). Let C = {k € N: F¥(x,7) € V}. Then C is central.
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We claim C C B. To this end let k € C. Let n = [ks + 7] = [k/(ma) + 7].
Then (T"z,k/(ma) + 7 —n) = FF(x,7) € V. Since T"z € U we have n € A/m so
nm € A. AlsoT—e < k/(ma)+7—n < 7+es0 =6 < —ema < k—nma < ema < §
so |k — nma| < 6 and hence k € B. O

4.2. Lemma. Let o > 0 with « € Q and let A C N. If A is a central set, then
{[na]: n € A} is a central set.

Proof. Let o = p/q with p,q € N. By Lemma 3.8(b) Ap is central and hence by
Lemma 3.8(a) (Ap)/q is central and (Ap)/q C {[na]: n € A}. O

4.3. Theorem. Let a >0 and let 0 < v < 1 withy >0 if « ¢ Q and let A C N.
If A is central*, then {[na+y]: n € A} is central*.

Proof. For the case v > 0 let B = {B C N: B contains a central set}. (We know
algebraically that B is the class of central sets.) In any event A € B* if and only if
A is a central® set so Theorems 2.5 and 4.1 together with the fact from [5, Corollary
6.12] that central sets are partition regular yield the desired conclusion.

For the case v = 0 and a € Q we can apply Theorem 2.7 and Lemma 4.2 once
we have shown that given a central set A and n € N one has that ANNn is central.
Since ANNn = (A/n)n, this follows from Lemma 3.8. O

The following result is of independent interest because at least from the point of
view of the algebraic characterization of central it is quite surprising. (From that
point of view one finds more natural the fact that {m € N: A — m is central} is
central, which follows immediately from the algebraic definition.)

4.4. Theorem. Let A C N be central and let B = {m € N: A+ m is central}.
Then B is a central set.

Proof. Pick by Theorem 3.4 X,T,x,y, and U such that T is a homeomorphism
from X onto X and A is central via (X, T, z,y,U). By Lemma 3.5 y is uniformly
recurrent for 77! so C = {m € N: T~y € U} is central via (X,T1,y,y,U).
We show that C' C B. Let m € C. Then y € T™[U] which is open since T is a
homeomorphism. Then A+ m = {n € N: Tz € T™[U]} so A+ m is central. [

5. ALGEBRAIC PRELIMINARIES

In [5] it was shown that the dynamical definition of “central” given in Section 3
is equivalent to the following simple algebraic characterization: A subset A of N is
central if and only if A is a member of some minimal idempotent of (5N, +) where
an idempotent is minimal if and only if it is a member of some minimal right ideal.
(Equivalently an idempotent is minimal if and only if it is minimal with respect to
the ordering of idempotents wherein p < ¢ if and only if p = p+ ¢ = ¢+ p. See [5,
Lemma 3.2].) (One can also verify that an idempotent p is minimal if and only if
the dynamical system (X, T) is minimal where X = p+ SN and T'(¢) = ¢+ 1.)

From this characterization of central it is immediate that a set A is central® if
and only if A is a member of every minimal idempotent.

It is a well known result of Galvin (see [20, Theorem 2.3(b) and Theorem 2.5))
that a set A is an I P set if and only if A is a member of some idempotent of (5N, +).
Consequently A is an I P* set if and only if A is a member of every idempotent.

We now establish an algebraic characterization of A sets and A* sets. We expand
our horizons temporarily to work with the semigroup (8Z, +). Strictly speaking SN
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is not a subset of 87Z since an ultrafilter on N is not an ultrafilter on Z. However,
given p € ON, the family {A C Z: ANN € p} is an ultrafilter on Z, so we may
reasonably pretend that SN C SZ (just as we pretend all along that N C ON).

Given p € N, —p={A C Z: — ANN € p} is an ultrafilter on Z. One should
be cautioned that p — p = p+ (—p) # 0 unless p € N. Since SN\N is a right ideal
of (8Z,+), one has p — p € SN\N whenever p € SN\N. (However (—p) + p ¢ ON;
it is in —AN.)
5.1. Theorem. Let A C N.

(a) A is a A set if and only if there exists p € BN\N such that A € p — p.

(b) A is a A* set if and only if for every p € SN\N, A € p — p.

Proof. (a) Assume A is a A set and pick an infinite increasing sequence (x,)52 4
in N with {z,,, — 2: n < m} C A. Pick p € SN\N with {z,,: n € N} € p. To
see that A € p —p we show {—z,:n € N} C {y € Z: A—y € p}. To this
end let n € N be given. Then since p is non-principal, {z,,: m > n} € p and
{zm:m>n} CA—(-x,),s0 A—(—x,) € p as required.

Now assume we have some p € SN\N with A € p—p. Let B = {a € Z: A—x € p}.
Then B € —pso (—B)NN € p. Let C; = AN (—B) and pick 1 € C;. Then
—x1 € B so A+ x1 € p. Inductively let Cpy1 = C, N (=B) N (A + z,,). Then
Cht+1 € p so pick xp41 € Cpyq with 2,41 > x,. Then given m > n we have
Tm € Cpy CChi1 € A+, 80 Ty — Ty € A

(b) Given that A is a A* set one can’t have N\A € p —p for any p € SN\N since
AN(N\A) =0 so A € p— p. Likewise given an A € p — p for all p € SN\N and
given a A set B we have B € p+ (—p) for some p € SN\N so AN B # (). O

Recall that for « > 0 we have defined f,: N — T and h,: N — N in Defini-
tion 2.1. One has h,(n) is the nearest integer to na and f,(n) is the fractional
part of na.

5.2. Definition. Let & > 0,y > 0. Define go,: N — NU{0} by ga,,(n) = [na+7].
(Then ho = ga,1/2.)

Since T is compact, f, has a continuous extension to SN which we also denote by
fa. Likewise go~: N—=NU{0} C B(NU{0}) = SN U {0} so ga,4 has a continuous
extension to SN which we also denote by g. . Similarly, we denote the continuous
extension of hy again by hg.

It is easy to see that, since f, is a homomorphism on (N, +), the extension
to (BN,+) is also a homomorphism. On the other hand, g, . is usually not a
homomorphism. We shall see however, in Theorem 5.10 below, that the restriction
to certain special subsets is often a homomorphism.

For points z,y, and z in T, when we write x < y < z we mean y is on the
counterclockwise arc from z to z.

5.3. Definition. Let a € R with a > 0.

(8) Ua = {p € BN: {n € N: fu(p) < fa(n) < fa(p) +1/2} € p}.
(b) Do ={p € BN: {n € N: fo(p) —1/2 < fa(n) < fa(p)} € p}-
(¢) Za = {p € BN: fa(p) = 0}.
(d) Xo =U,N Z,.

(€) Yo = Do N Zy,.

The sets U, and D, consist of those points of BN for which f, approaches its
value from above and from below respectively. We shall see in Theorems 5.5 and
5.6 below that these are interesting algebraic objects.
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5.4. Lemma. If a > 0 is irrational, then U, U D, = BN\N and for each ¢ > 0
and each p € U, and each q € Dy, {n € N: fo(p) < fa(n) < fo(p) +c} € p and
{n eN: fo(q) —e < fa(n) < fa(q)} € q. If @ > 0 is rational, then Uy U D, = 0.

Proof. First assume « is irrational. Given n € N, {m € N: fo,(m) = fo(n)}
is a member of the principal ultrafilter generated by n (which you will recall we
have identified with n). Thus U, U D, C BN\N. Now given p € SN\N we have
{n € N: fo(n) = fa(p)}| <1 so either {n € N: fo(p) —1/2 < fa(n) < fa(p)} €p
or {n € N: fa(p) < fa(n) < falp) +1/2} € p.

Now given £ > 0 (which we may presume is less than 1/2), p € U,, and g € D,,
observe that, by the continuity of fo, {n € N: fo(p) —e < fa(n) < fo(p) +€} €p
and {n € N: fo(q) — € < fa(n) < fa(q) + €} € ¢ so the conclusion follows.

Now, if « is rational one has {f.(n): n € N} is finite so for any p € pN,

{n eN: fa(n) = fa(p)} € p. 0

The following result (done explicitly in the case a = 1/(27) with essentially the
same proof which we use) is due to Baker and Milnes [2]. Recall that for a,b,c € T
we write a < b < ¢ to mean that b is on the counterclockwise arc from a to c. It is
an exercise to verify that if a < b<ec,d<e< f,0<c—a<1/2,0< f—-d<1/2
andoneof c—a<1/20r f—d<1/2,thena—f<b—e<c—d.

5.5. Theorem. Let a« > 0 be irrational. Then U, and D, are left ideals of
(BN, +).

Proof. We prove the statement for Uy, the other case being nearly identical. Let
p € U, and let ¢ € ON. Let x = fo(p), y = fa(q), and let r = ¢ + p. Since f,
is a homomorphism we have z + y = f,(r). Suppose r ¢ U,. Since SN\N is an
ideal of (BN, +) we have r € SN\N so by Lemma 5.4, r € D,. For each k € N let
Ar={neNiz < fon)<z+1/k}, Bp={neNiz+y—1/k < fo(n) <z +y}
and Cx = {n € N: By —n € ¢g}. Since p € U, we have each Ay € p. Since r € D,,
we have each By € r. Since r = g + p, we have each Cy € p. Pick n € Ay N Cs.
Now z < fo(n) < x+1/2 so pick k € N with z + 2/k < fo(n) < z+1/2. Pick
m € A, NCy. Now z < fo(m) <z +1/kso 1/k < fo(n) — fa(m) < 1/2. Since
n € Cy and m € Cy, we have (B2 —n)N (B —m) € g so pick t € (Ba—n)N (B —m).
Then z+y—1/2 < fot+n) <z4+yand e +y—1/k < fat+m) < z+y.
Since fo(t+n) = fo(t) + fa(n) and fo(t + m) = fo(t) + fa(m) we conclude that
—1/2 < fa(n) = fa(m) < 1/k, a contradiction. O

There is a similar multiplicative result.

5.6. Theorem. Let a > 0 be irrational. Then X, and Y, are right ideals of
(BN, ).

Proof. We establish the statement for Y,. Let p € Y,, and let ¢ € SN. To show that
p-q €Y, it suffices to show that, for every e > 0, {n € N: —e < f,(n) <0} €p-q
(for this then forces fo(p-¢) = 0 and p-q € D,). To this end let ¢ > 0 be
given (with ¢ < 1) and let A = {n € N: —¢ < fo(n) < 0}. We show that,
for all n € N, A/n € p, and hence that A € p-q. To this end let n € N. Let
B={meN: —¢/n < fo(m) < 0}. Then B € p and so it suffices to show that
B C A/n. Let m € B and let k = [ma]. Then k+1—¢/n < ma < k+1 so
kn+mn—e <nma < kn+nso[nma]=kn+n—1and — < fo(nm) < 0 so that
nm € A as required. O
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Observe that f, is not a homomorphism on (N,-). The above proof however
utilizes the fact that it is nearly a homomorphism around 0.

5.7. Lemma. For any « > 0,Z, is a compact subsemigroup of (ON,+). If a is
irrational, X, and Y, are subsemigroups of (BN, +). If « = m/n where m and n
are relatively prime natural numbers, then Z, = Nn.

Proof. For the first assertion observe that Z, is the kernel of a continuous homo-
morphism. The second assertion follows from the first assertion and Theorem 5.5.
For the last assertion observe that the range of f, is finite and that for k£ € N,
fa(k) = 0 if and only if k € Nn. O

We see in the next two results that we are really only concerned with three
functions from SN to SN, namely gn,0, ga,1, and hq.

5.8. Theorem. Let o > 0, let 0 <~y <1 and let p € Z,. Then go(p) = ha(p).
If a € Q, then goz,O(p) = ha(p)'

Proof. Let ¢ = min{y,1 —~} and let B = {n € N: —¢ < fo(n) < €}. Since
fa(p) = 0 we have B € p. We show that g, and h, agree on B. Let m = hqo(n).
Thenm—-e<an<m+tesom<<m—c+vy<an+y<m+e+vy<m+1so
m = [0+ ] = oy (). B

If « = m/n in lowest terms we have by Lemma 5.7 that Z, = Nn. Since gq.0
and h,, agree on Nn we have gq,0(p) = ha(p). O

5.9. Lemma. Let o > 0 be irrational and let p € Xy and ¢ € Yo. Then ga,0(p) =
ha(p) and ga,1(q) = ha(q)-

Proof. We establish the result for q. Let B ={n € N: —1/2 < f,(n) < 0}. Since
g € Yy, we have B € q. We show h, and g.,1 agree on B. Let n € B and let
m = he(n). Thenm—1/2 <an <msom+1/2 <an+1 < m+ 1 and therefore
m = [an + 1] = go1(n). O

5.10. Theorem. Let aw > 0. Then h, s an isomorphism and a homeomorphism
from Z, onto Zy,, with inverse hy . If « is irrational, he takes X, onto Yy,q
and takes Yo onto X /q-

Proof. We show

(1) if p € Zq, then ha(p) € Z1 /4,

(2) if p,q € Za, then ha(p+ q) = ha(p) + ha(q),

(3) if p € Zq, then hy /o (ha(p)) =

(4) if p € Xq, then ho(p) € Yi/q, and

(5) if p € Yo, then ha(p) € Xi/q-

Using the fact that these same assertions are valid for 1/« replacing « then estab-
lishes the theorem.

To verify (1), let € > 0 be given, with e < 1/2, and let B = {n € N: —¢ <
fi/a(n) < e}. We need to show B € hq(p). Pick 6 > 0 such that 6 < e-a and
6<1/2. Let C ={n e N: —é < fo(n) < 6}. We show ho[C] C B. Let n € C and
let m = hqo(n) so that m — 6 < an <m + 6. Then m/a—é6/a <n <mj/a+ 6/«
son—e<n-—6/a<m/a<n+d/a<n+e. This says m € B as required.

To verify (2), let p,q € Zy. Let A={n e N: —1/4 < f,(n) < 1/4} and observe
that A € p and A € q. Suppose that he(p + q) # ha(p) + ha(g) and let U and V
be disjoint open neighborhoods of hq(p + ¢) and he(p) + ha(q) respectively. Pick
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B € p+q with ho[B] C U. Pick W, a neighborhood of hy(q), with ho(p) +W CV
and pick C' € ¢ with ho[C] € W. Then AN{n € N: B—n € p}NC € ¢ so pick n in
this intersection. Now hy(n) € N, and hq(p) +ha(n) € V so pick a neighborhood R
of he(p) with R+ha(n) C V. Pick D € p with ho[D] € R. Then ANDN(B—n) € p
so pick m € AND N B —n. Then ho(m) + ho(n) € V and ho(m +n) € U. We
show that hq(m) + he(n) = ho(m + n), obtaining the desired contradiction. Let
k= ho(m)andl = he(n). Thenk—1/4 < am < k+1/4andi—1/4 < an <1+1/4
sok+1—-1/2 < a(m+n) <k+1+1/2so that ho(m+n) =k+1 = ho(m)+ hao(n).

To verify (3), let € > 0 be given with ¢ < 1 and € < /2. Let B =
{n € N: —¢e < fa(n) < e}. Then B € p so it suffices to show that hyq 0 ha
agrees with the identity on B. Let n € B be given and let m = hy(n). Then
m—e<na<m+tesom/a—1/2<m/a—c/a<n<m/ate/a<mfa+1/2
son—1/2<m/a <n+1/2. Thus hyo(m) = n as required.

To verify (4), let € > 0 be given with ¢ < 1/2, and let B = {n € N: —¢ <
fi7a(n) < 0}. We need to show B € hq(p). Pick 6 > 0 with 6 <e-a and § < 1/2.
Let C = {n € N: 0 < fo(n) < 6}. We show ho[C] € B. Let n € C and let
m = hq(n) so that m < an <m+§. Then m/a <n <mj/a+6/a <m/a+e so
n—e <m/a < n and hence m € B as required.

The proof of (5) is essentially the same as that of (4). O

For our next algebraic preliminary we deal with the notion of the smallest ideal
of a compact left topological semigroup.

5.11. Definition. Let S be a semigroup. Then K(S) = [J{R: R is a minimal
right ideal of S}.

It is a fact that if S is a compact left topological semigroup, then K (S) is the
smallest two sided ideal of S and in fact K(S) = |J{L: L is a minimal left ideal
of S}. (See for example [7], in particular Theorem 1.3.11.) Observe that p is a
minimal idempotent of S if and only if p is an idempotent and p € K(S). See the
above reference also for unfamiliar algebraic facts cited in the proofs below.

5.12. Lemma. Let (S,+) be a compact left topological semigroup and let T be a
compact subsemigroup of S such that whenever p € T, q € S, and p+q € T one
has q e T.

(a) If R is a minimal right ideal of S and RNT # 0, then RNT is a minimal
right ideal of T.

(b) If K(S)NT # 0, then K(T)=K(S)NT.

Proof. (a) RN T is a right ideal of T so pick a minimal right ideal R* of T with
R* C RNT. Pick p € R*. Then R* = p+ T (since p+ T is a right ideal of T') and
R=p+ 5. Tosee that RNT C R* let r € RNT and pick ¢ € S with r =p + q.
Then by assumptiong € T'sor e p+ T = R*.

(b) Since K(S)NT # 0 we have K(S)NT is an ideal of T'so K(T') C K(S)NT.
To see that K(S)NT C K(T), let p € K(S)NT and pick a minimal right ideal R
of S with p € R. Then RN T is a minimal right ideal of T so p € K(T). O

5.13. Theorem. Let a > 0. Then K(Z,) = K(fN)N Z,.

Proof. All idempotents are in Z, so K(8N)N Z, # (). Given p € Z,, and ¢ € N
with p + ¢ € Z, we have 0 = fuo(p + q) = fa(p) + fa(q) = 0+ fa(q) s0 q € Za.
Thus Lemma 5.12 applies. O
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6. ALGEBRAIC RESULTS—ITERATED SPECTRA

We begin by accumulating the main results from Sections 2 and 4. (These results
all do have algebraic proofs as well.)

6.1. Theorem. Let a > 0, let 0 < v < 1 with v > 0 if « is irrational, and let
ACN.

(a) If A is a A* set, then go~[A] = {[na+~]: n € A} is a A* set.

(b) If A is an IP* set, then g ~[A] is an IP* set.

(c) If A is a central* set, then ga[A] is a central® set.

(d) If A is a central set, then ga ~[A] is a central set.

(e) If A is an IP set, then go ~[A] is an IP set.

(f) If Ais a A set, then go[A] is a A set.

Proof. Theorems 2.3, 2.4, 4.1 and 4.3, Lemma 4.2, and Corollaries 2.6 and 2.8. [

Theorem 6.1 together with Theorems 2.4 and 2.6 of [6] shows that spectra and
even iterated spectra are combinatorially rich. Given o > 0 and v with 0 <y < 1
(and v > 0 if a ¢ Q) one has for example that {[na + v]: n € N} is an IP* set.

Theorem 2.5 of [6] tells us that given any sequence (2,,)22; and any I P*-set A,
there is a sequence (y,)52; with FS((yn)52 1) € FS((z,)52,) and FS({yn)52 1) U
FP((yn)2 ) C A. Since I P* sets are central” sets, {[na+~]: n € N} also contains
solutions to any partition regular system of homogeneous linear equations. Now
given o/ > 0 and v/ with 0 <4/ <1 (and 4’ > 0 if & ¢ Q) one has

{[[na+~]a’ ++]: n € N} = gar 4 © gy [N]

and so is an I P* set and hence satisfies the same conclusions. The iteration can
clearly continue any finite number of times.

It is a fact that for & > 0 and 0 < v < 1 the sets {[na +7]: n € N} = g, 4[N]
contain dynamical IP* sets (that is, sets of the form {n € N: y(ANT-"A) > 0}
where p(A) > 0). On the other hand (see [6]) there exist [P* sets which do not
contain dynamical IP* sets. Given any such set A, Theorem 6.1(a) tells us that
{[na+~]: n € A} is still an IP* set.

We restrict our attention to 0 <« <1 for the following simple reasons. If @ > 2
and say 1 < v < 2 we have g ~[N] N ga,y—1[N] = (. Since the latter set is an IP*
set, the former is not an I P set. Likewise if o > 2 is rational, we have since gq,0[N]
is an IP* set that g, 1[N] is not an IP set. We shall see now that the sets gq,0[N]
and gq,1[N] are both combinatorially rich if « is irrational. (And hence if o > 2,
neither is an I P* set or even a central set.)

6.2. Theorem. Let o > 0 be irrational. There are minimal idempotents p and q
of (BN, +) such that every member of p and every member of q is additively central
and such that ga o[N] € p and go,1[N] € q.

Proof. Let § = 1/a. We prove the assertion about g.,[N]. The corresponding
assertion about ga,o[N] uses Us and X5 in place of Ds and Ys.

Let M = cl{p: p is minimal idempotent of (SN, +)}. We first show that Ys C
9a,0[N]. Indeed let p € Y5 and let ¢ = min{1/2,1/a}. Let B ={n € N: —¢ <
fs(n) < 0}. Then B € p. We show B C g, 0[N]. Given n € B, let m = hs(n) so
that m—e<én<m. Then ma—ca<n<mason<ma<n-+ea<n+1and
hence n = [mal. It thus suffices to show that there is a minimal idempotent p of
(BN, ) with p € M N Y5.
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By Theorem 5.6, Y;s is a right ideal of (N, ). By [5, Theorem 5.4] M is a right
ideal of (BN, +). It thus suffices to show that Ys N M = 0, for then Y5 N M is a right
ideal of (8N, -) which thus contains an idempotent p minimal in (AN, ).

By Theorem 5.5, Ds is a left ideal of (6N, +). Thus (see [7, Theorem 1.3.11]) Ds
contains an idempotent r which is minimal in (N, 4). Then immediately r € M.
Also fs(r) =0 since r +r =17, so r € Yy, as required. O

If @ > 2 it is an easy exercise to show g4 0[N] N ga,1[N] = 0. Consequently if « is
also irrational, one has by Theorem 6.2 that there is an IP* set (namely N) such
that ga,0[N] and ga,1[N] are not central®.

In fact if @ > 1 and irrational one can show as in the proof of Theorem 6.2
that ga,0[N] N X1/ = 0 and go1[NJNYy/q = 0. (If € < =L and p € X1/a, then
{neN:0< fija(n) <e}epand {n € N: 0 < f1/4(n) < €} N ga,o[N] =0.) Since
Ui/ and Dy, are left ideals of (BN, +), they contain minimal left ideals which
then contain minimal idempotents which are then in X;,, and Y/, respectively.
(These facts are not as easy as the corresponding facts about right ideals, but see
[7].) Consequently gq0[N] and gq,1[N] are not central® sets. Of course if o < 1
we have gq 0[N] = go,1[N] = N. Even then we shall see in Corollary 6.8 that there
exists an IP* set A with go 0[A] and gq,1[A] not central®.

6.3. Theorem. Let o > 0 be irrational and let A C N. If A is a central® set, then
9a,0[A] and ga1[A] are central sets.

Proof. We show that g, 1[A] is central. By Theorem 5.5 D, is a left ideal of
(BN, +) so by [7, Theorem 1.3.11] D,, contains a minimal idempotent p. Since p
is an idempotent, fo(p) = 0 sop € Y,. Now p € K(Z,) so by Theorem 5.10
ha(p) € K(Z1q). By Theorem 5.1, K(Z1,,) = K(6N) N Z; o and hence hq(p) is
a minimal idempotent. By Lemma 5.9 hy(p) = gq,1(p). Since A is central®, A € p
S0 ga,1[A] € ga,1(p) and consequently gq,1[4] is central. O

We will return to this topic in Corollary 6.8.

Because of the reduction in combinatorial strength from input to output in The-
orem 6.3 we cannot simply iterate spectra with v =0 or v =1 at will.

For the remainder of this paper we consider spectra formed by a single iteration,
namely sets of the form ga, ~, ©ga,, [A] = {[[no +71]ae+72): n € A}. The case of
a single iteration seems to be significantly simpler than that of multiple iterations.
In fact we are able to solve this case in a rather complete fashion.

Compare the following result with Theorem 6.3.

6.4. Lemma. Let a > 0 be rational. If « > 1 then go1[N] is not an IP set. If
a <1 then there is some a € N so that go1[Na] is not an IP set.

Proof. Assume o = m/n where m and n are relatively prime integers. Assume
first that & > 1, so m > n. We claim g, 1[N] N Nm = () which suffices for the
first assertion since Nm is an IP* set. Indeed suppose we have k,r € N with
ga1(r) =km. Then km <r-(m/n)+1<km+1sokn <r+n/m<kn+n/m.
Since r < kn we have kn — 1 > r > kn —n/m > kn — 1, a contradiction. For the
second assertion let a = 2n. Then g, 1[Na] N N2 = . O

We are precisely interested in ga,.~, © gay 7. [A] Where a1 and ay are irrational
and 71,72 € {0,1}. (Theorems 6.1 and 6.3 and Lemma 6.4 allow us to handle the
other possibilities.) We obtain a necessary and sufficient condition for the image to
be central which turns on the intersection of the sets X, and Yj.
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6.5. Lemma. Let a and 6 be positive irrational numbers. The following statements
are equivalent:
(a) XoaNXs # 0.
(b) Yo, N Xs # 0.
(¢) Either
(1) 1,«,6 are linearly independent over Q or
(2) there exist positive integers m,r, and s with ma + rd = s.

Proof. We show (a) < (c), from which (b) < (c) follows by interchanging a and é.

(a) = (c). Assume (1) and (2) fail. Since (1) fails pick integers m,r, and s, not
all 0, with ma + r6 = s. Since o ¢ Q, r # 0 and since 6 ¢ Q, m # 0. We may
presume that m > 0. Since (2) fails we must then have » < 0 and so m —r > 0.
Let e = 1/(m —r). We have some p € Ys N X, so {n € Q: —e < fs(n) <0 and
0 < fa(n) < e} € p. Pick n with —¢ < fs(n) < 0and 0 < fo(n) <e. Let k = hgs(n)
and t = ho(n). Thenk —e<né <kandt <an <t+e. Nowm >0 andr <0 so
kr < nréd < kr —er and mt < anm < mt + em. Since ma + rd = s we thus have
mt < n(s—rd) < mt+em so that mt+kr <ns < mt+kr+e(m—r) =mt+kr+1.
Since m, t, k,r,n and s are integers this is a contradiction.

(c) = (a) For each e > 0let A, = {n € N: 0 < fo(n) < e and —e < fs(n) < 0}.
It suffices to show each A, # (. For then pick p € AN with {A.: ¢ > 0} C p. One
has p € Ys N X,.

Let £ > 0 be given. If (1) holds apply Kronecker’s Theorem [17, Theorem 442] to
directly produce n € A.. Therefore we assume (2) holds and pick positive integers
m,r, and s with ma + ré = s. Since a ¢ Q pick by Kronecker’s Theorem n and k
in Nwith £ <na <k+e/(m+r). Then kr < nra < kr+er/(m+r) < kr+e
50 0 < fo(nr) <e. Also km < nma =ns —nréd < km+em/(m—+r) < km+ ¢ so
ns—km—e < nré < ns—km and hence —e < fs(nr) < 0. Therefore nr € A.. O

Note that condition (c) (2) of the following lemma includes the possibility that
s =0, that is, that «/§ is rational.

6.6. Lemma. Let « and é be positive irrational numbers. The following statements
are equivalent:
(a) XoNXs# 0.
(b) Y, NYs # 0.
(c) Fither
(1) 1,6 are linearly independent over Q or
(2) there exist integers m,r, and s with m >0, r <0, and ma+ réd = s.

Proof. The proofs that (a) < (c) and that (b) < (c) are nearly identical to the
proof that (a) < (c) in Lemma 6.5. O

The following theorem determines precisely when a single iteration of spectra
results in a combinatorially rich set. Recall that for any ¢ € N, Na is an I P* set.
Note that by Lemma 6.5 and 6.6 the conditions of Theorem 6.7 can be phrased as
purely algebraic conditions on a1 and as. Recall that a subset A of N is an I P set
if and only if there is some idempotent p of SN with A € p.

6.7. Theorem. Let oy and as be positive irrationals and let y1,v2 € {0,1}. Con-
sider statements (a), (b), and (c).

(a) 1 =72 and Yi/q, N Xa, # 0,

(b) 11 # 72 and Xy /6, N Xa, # 0,
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(¢) 71 # 72 and as < 1.

If any of (a), (b), or (c) holds and A C N is a central® set, then ga, v, © gay v [Al
is central. If none of (a), (b) or (c) holds, there is some a € N such that ga, -, ©
Gar v Na] is not an IP set.

Proof. Assume (a) or (b) holds. There are four cases involved depending on the
values of v; and 2. We do the case 73 = 79 = 1, the others being very similar.
Since Y7 /o, N Xqo, # 0 we have by Lemma 6.5 that X/, N Y, # 0. Let Wo =
Xi/ay NYa, and let Vo = 71/, N Z,,. Then Wo = Uy, N Do, N V. Since by
assumption Wy # (0 this says Ws is a left ideal of Vo. Let Wi = hy o, [Wa] and
Vi = hi/a,[V2]. Then Wi is a left ideal of V; and Vi contains all idempotents of
BN. Consequently V; N K (AN) # (. Pick a minimal left ideal L of V; with L C Wj.
Then L C K(V}) C ViNK(BN). Pick an idempotent p € L. Now hq, (p) € K(V3) C
K(Zy)a,) = K(BN) N Zy 4, by Theorem 5.13, so hq, (p) € K(BN) N Zs, = K(Za,)
80 hay 0 hay (p) € K(Z1)a,) € K(BN) 50 ha, 0 ha, (p) is @ minimal idempotent. Now
p is a minimal idempotent and A is a central® set s0 A € P SO gay,4s © Jar v [A] €
Gazvs © Jar,y (p). It thus suffices to show that ga,., © Jar, (P) = hay © hay (P).
Now p € Wi = hy/q, [Wa] C hi/a,[X1/a,] = Ya,. Therefore ho, (p) = gay,1(p). Also
hal (p) eW; C YCV2 S0 ha2 (hal (p)) = gaz,l(hal (p)) = ga271(96¥171(p)) as required.

Now assume that (¢) holds. We may further assume that (b) does not hold
so that Xy, N Xa, = (). There are two nearly identical cases. We do the case
71 = 0 and 72 = 1. We know Y,, is a compact subsemigroup of SN which thus
has idempotents. By Lemma 6.6 we have Y, NY1/q, = 0 so Yo, N Xy/o, # 0.
Thus we may proceed exactly as in the first case of this proof obtaining a minimal
idempotent p € Vi = hy/q,[X1/a, N Ya,] and concluding as there that hq, © ha, (p)
is a minimal idempotent. Now let B = {n € N: —1/2 < f,,(n) < 0}. Since
P € hi/a,[X1/a,] = Ya, we have B € p. Let ¢ = 1 — ay (which is positive by
assumption) and let E = {n € N: —e < fu,(n) < 0}. Since hq, (p) € Y,, we have
E € ho,(p). Pick D € p with hy, [D] C E. Since p is a minimal idempotent we
have A € p. Thus hq, © ha,[AN BN D] € ha, © ha, (p) so it suffices to show that
has © ha; [ANB N D] C gay1© ga,,0[A]. To this end let w € hq, © ho,[AN BN DJ.
Pick x € AN BN D with w = hg,(ha, (2)) and let m = hq, (z). Now z € B so
m—1/2 < a1z < m S0 ga, 0(x) =m — 1. We show that w = ga, 1(m — 1) so that
W € Gy, 1°9as,0lA]. Now z € Dsom € E s0 (since w = hg,(m)) w—e < agm < w.
Since € < 1 —ag we have w — 1 < ag(m — 1) < w 80 W = gq,,1(m — 1) as required.

Now assume none of (a), (b), or (c¢) holds. Assume first that 71 = 2. The
two cases are nearly identical. We do the case 71 = 72 = 0. Pick a € N with
a>2/a1+2/(aqaz). Let C = gay,009ay,0[Na] and suppose we have an idempotent
p with C' € p. Let ¢ = hy/q,(p) and let 7 = hy /4, (q). Then g and r are idempotents
and therefore Na € r.

Consider first the possibility that ¢ € Y,,. By Lemma 6.5 ¢ ¢ X;/4, s0 q €
Yi/a,- Then r € Xq,, 80 ¢ = ha, (1) = ga,,0(r) 80 ga,0[Na] € q. Also p =
has (@) = Gas,1(q) SO Gas,1 © gay,0[Na] € p. By assumption C' € p so pick w €
Gaz,1 © gal,O[Na] N Gaz,0 © gOcl,O[Na] and ple T,y € Na with w = ga2,1(ga1,0(y)) =
Gaz,0(Gar0(x)). Let k = ga, 0(z) and m = ga, 0(y). Then k < a1z < k+1 and
m < a1y < m+ 150 ak < ajasr < ask + as and aem < ajasy < asm + as.
Also w = ga,,1(M) = gay,0(k) so w —1 < aem < w and w < ask < w+ 1. Thus
a1y < aom+as < wHag < ask+as < araer+as < ask+2as < w+142a0 <
asm + 2 + 2as < ajagy + 2 4+ 2a. Thus —as < ajasxr — ajasy < 2 4 as so
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—a < —1/og < x—y < 2/(1a2) + 1/aq < a. Since z,y € Na this says x = y.
Then k = m while w < ask = agm < w, a contradiction.

Now we assume ¢ ¢ Yy, from which we conclude ¢ € X,,. Since X, NY] /0, =
0 we have ¢ € Xj/o,. Then r € Yy, 50 ¢ = ga,1(r) 50 ga;,1[Na] € ¢. Let
¢ = min{ag,1/2} and let D = {n € N: 0 < fu,(n) < e}. Since ¢ € X,, we
have D € ¢q. AlSO p = ga,,0(q) 50 gas,0l9a:,1[Na] N D] € p. Since by assumption
C € p, pick W € gay,0 © Gay,0[Na] N Gas,0[gar,1[Na] N D). Pick k € gq,,0[Na] and
m € ga, 1[Na] N D with w = ga,,0(m) = gas,0(k). Then w < agm < w+ 1 and
w < agk < w+ 1. Pick z,y € Na with k = ga,,0(z) and m = gqa,,1(y). Then
k<arz<k+landm-—1< oy < m so ask < ajasxr < ask + as and
aom — g < agay < agm. Thus sy < aom <w—+1 < awk+1 < ajasxr+1<
ak+1l+a<w+2+as <am—+2+as < ajasy + 2+ 2ao. Thus as above we
conclude z = y. Since k < vz <k+1and m —1 < ayy < m we have k =m — 1.
Nowm € D sow < agm < w+¢e. Now also w < agk = as(m — 1) < w+1 so
w4+ ag < asm < w+ € so ag < g, a contradiction.

Finally assume that 71 # 72 and neither (b) nor (¢) holds. We shall do the case
71 =0 and v, = 1. In this case, since (b) does not hold we have X/, N X4, =0
and by Lemma 6.6 Y7o, NY,, = 0. Pick a € N such that a > 2/a; +2/(aya2). We
let C' = gay,1 © gay,0[Na] and show C supports no idempotents. Suppose instead we
have an idempotent p with C' € p. Let ¢ = hy/q,(p) and let 7 = hy/4,(q). Then ¢
and r are idempotents and therefore Na € r.

Consider first the possibility that ¢ € Xo,. Then q ¢ X/, while g € Z;/4,, so
q € Y1/q,. Therefore r € X, and so ¢ = ha, (1) = ga,,0(r) 80 ga,,0[Na] € g. Since
q € Xa, we have p = gqa,.0(q) and therefore ga,.0 © ga,,0[Na] € p. By assumption
C € p so pick W € gay,1 © Jar,0[Na] N gas .0 © gay,0[Na]. Pick 2 and y in Na such
that w = ga;,1(9a1,0(¥)) = 9gas,0(gar,0(2)). Let k = ga,,0(x) and m = ga, 0(y)-
Then k < aqz < k+1and m < a1y < m~+ 1. Also w = ga,,1(M) = Gay,0(k) so
w—1<aym<wand w < azk < w+ 1. But these eight inequalities were shown
to yield a contradiction during the treatment of the case v =2 =0 and g € Y,,.

Now we assume q ¢ X,,. Since ¢ € Z,, we have q € Y,,,. Therefore ¢ ¢ Y1 ,,,
and consequently ¢ € X;/,,. Therefore r € Y,, s0 ¢ = ha, (1) = ga,,1(r), and
therefore gq,.1[Na] € ¢. Since g € Yy, we have p = ga,,1(q) S0 Gas,1[9as,1[Na]] € p.
By assumption C' € p so pick w € gay,1 © Jor,1[Na] N Gay,1 © gay0[Na]. Pick x
and y in Na with w = gaz,l(gal,O(‘r)) = gaz,l(gal,l(y)) and let k = gou,O(x) and
m = ga,.1(y). As above we conclude that = y and hence £ = m — 1. But now
w—1 < agk <wand w—1 < asm < w so ag = az(m—k) < 1, a contradiction. O

We saw in Theorem 6.3 that if « is irrational and A is a central® set then gq 0[A]
and gq,1[A] are central sets. We show now that, even for a < 1, the conclusion
cannot be strengthened to central®, even if the hypothesis is strengthened to IP*,
and the hypothesis cannot be weakened to central.

6.8. Corollary. Let a > 0 be irrational. There is an I P* set A such that neither
9a,0[A] nor ga,1[A] is central*. There are central sets B and C such that neither
9a1[B] nor ga0[C] is an IP set.

Proof. Let a; = o and let aa = 1/a. Then Yi/a NXa, = (). Note that in the proof
of the second half of Theorem 6.7, only the fact that a was sufficiently large was
used. Pick a sufficiently large so that neither ga,. 10 ga,,1[Na] n0r ga,.00ga, 0[Naj is
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an IP set and let A = Na. If one had say that g, o[A] were central®, Theorem 6.3
would guarantee that ga,,0 © ga,,0[A4] is central.

Likewise one can get a € N s0 that ga,.1 0 ga,,1[Na] and ga,,0 © ga,,0[Na] do not
support idempotents. Let B = gq,.1[Na] and C' = gq,,0[Na]. By Theorem 6.3 B
and C are central. O

We conclude by showing in Theorem 6.10 that if both a2 and oy are bigger than
1 we get an even stronger result than in the second half of Theorem 6.76.7.

6.9. Lemma. If a > 1 then go1[N] N ga,0[N] is not an IP set.

Proof. Suppose we have an idempotent p with ga,1[N] N gao[N] € p. Let ¢ =
I —1/aand let B = {n € N: —¢ < fy/q(n) < e}. Then B € p so pick n €
9a1[N] N gao[N] N B. Pick k,m € N such that n = ¢o,1(k) = ga,0(m). Then
n—1<ak <nandn <am <n+1 Then k < nfa < k+1/a <k+1
and m—1<m-—1/a <n/a <msok=m-—1. Since n € B we have either
kE<n/a<k4+eork+l—-e<n/a<k+1l Butn/a<k+1/a=k+1—c¢sothe
latter case cannot hold. Then m —1 <n/a<m—1+e=m—1/a < n/a, again
a contradiction. |

6.10. Theorem. Let oy and as be irrationals each bigger than 1 and let y1,v2 €
{0,1}. If either (a) v1 = 2 and Y1 ja,NXa, = 0 or (b) v1 # 72 and Xy /o,NXa, =0,
then gas v, © Jai,v [N] is not an IP set.

Proof. Again there are four cases. This time we will do the case v = 1 and v, = 0.
We have X /o, N X, = (). Suppose we have an idempotent p with ga, 00ga, 1[N] € p
and let ¢ = hy/q,(p). Assume first that ¢ € Y,,. Then p = ha,(q) = gas,1(q) so
9as,1[N] € p while gay.0 © 9ar.1IN] € gas,0[N] S0 gay,0[N] € p. This contradicts
Lemma 6.9.

Thus ¢ ¢ Ya,. Then ¢ € X,, and since Xo, N Xy/0, = 0, ¢ € Yi/q,. Let
7 = hi/a,(q). Then r € X4, 50 ¢ = ho, (1) = ga,,0(r) and hence ga, 0[N] € q.
By Lemma 6.12 we have go, 1[N] ¢ ¢ so A = N\gq, 1[N] € ¢. Since ¢ € X,,,
P = hay(q) = 9as,0(q) 50 gas,0[A] € p. Also by assumption ga,,0 © ga,,1[N] € p. But
a2 > 150 ga,,0 1S one-to-one so ga,,0[A] N gas.,0 © ga, ,1[N] = 0, a contradiction. O
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