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ON THE POLES OF RANKIN-SELBERG CONVOLUTIONS
OF MODULAR FORMS

XIAN-JIN LI

ABSTRACT. The Rankin-Selberg convolution is usually normalized by the mul-
tiplication of a zeta factor. One naturally expects that the non-normalized
convolution will have poles where the zeta factor has zeros, and that these
poles will have the same order as the zeros of the zeta factor. However, this
will only happen if the normalized convolution does not vanish at the zeros of
the zeta factor. In this paper, we prove that given any point inside the critical

strip, which is not equal to % and is not a zero of the Riemann zeta function,

there exist infinitely many cusp forms whose normalized convolutions do not
vanish at that point.

INTRODUCTION

Assume that k is a positive even integer. Let T be the modular group SLy(Z).
Denote by 6, the dimension of the space Si(T") of cusp forms. Assume that functions

f]k(z)zzw]k(n)e(nz)u .7:1727 79k7
n=1

form an orthogonal base of Hecke eigenforms of Sy (I') such that the norm of fjx(2)
is one under the Petersson inner product of the space. Put

Rjk(s) = Y |wjr(n)Pn=7FL,
n=1

R. A. Rankin expressed in 1939 [7] that R;x(s) may have poles at the complex zeros
of ¢(2s).

In this paper, we prove the following theorem:

Main Theorem. If p # % is a complex number with 0 < Rep < 1, which is not
a zero of the Riemann zeta function ((s), then infinitely many cusp forms fjr(2)
exist such that ((2s)R;x(s) do not vanish at the point s = p.

This paper is divided into three sections. In section 1, we recall some well-known
results. The main theorem is proved in section 2. An estimation of the term II left
from section 2 is given in section 3. All notations are defined as they first appear.
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The proof of the main theorem goes briefly as follows: Let 1 be a zero of the
Riemann zeta function on the critical line. Assume that p # % is a complex number
with 0 < Rep < %, which is not a zero of the Riemann zeta function. Put

RK(s)=Zbk% > Rik(s)

1<j<bk

where by are integers satisfying a number of constraints and where the summation
is taken over all positive even integers k. Let § = 1 + v with v a sufficiently small
positive number. Consider the integral

L[0T (2 = 1)t (2)¢(22)
2mi Js—ioo (z=n)(z—p)

(0.1) Ri(2)N*dz.

Argue by contradiction, assuming that {(2s) Rk (s) vanishes at the point p. Then
the integrand in (0.1) is analytic in the region —v < Re z < § except a simple pole
at the origin. Moving the line of integration to Re z = —v, we find that the integral
(0.1) is < KA+ (Theorem 2.1). On the other hand, it follows from the Petersson
trace formula that the integral (0.1) is equal to

K 4 1 [T (z - 1)r *D(2)¢(22) .
Sy M e e e L

= S(nmie) | dnm 1P (2 DrtT()0(@2) N
D T M e =

(0.2)

where S(n,n;c) are Kloosterman’s sums and where E(y) = Y 27mi*b,Ji_1(y). By
computation we find that the first term in (0.2) is equal to (Theorem 2.2)

C(%)2_A A v P — 1
0.3) ——2 _KAMHE LD q0mrom AT ()¢ (p)C(20) KAT2HPY L O(KA).
039) 55— — (D)) 29) (k%)
After a long tedious computation, we find that the second term in (0.2) is equal to
(Theorem 2.6)

@2t ey el 1-2pgp 3 1
x ((p)C(2p — 1)[e(p; 1) - e(—%l)] +or (1)} KA+

when K — oo. It has been shown that the sum of (0.3) and (0.4) should be
<« KAt1. This derives a contradiction. The result of the main theorem then
follows. When % < Rep < 1, the result of the main theorem follows from the
functional identity.

A significant improvement of the main theorem is made following a suggestion of
the referee. The author wishes to thank the referee for his/her valuable suggestions,
and he also wishes to thank Freydoon Shahidi for helpful comments. For related

results, see Deshouillers and Iwaniec [3], Luo [5] and Phillips and Sarnak [6].
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1. PRELIMINARY RESULTS

Lemma 1.1. [1] The inequality

[0 (m)] < [s(1)ld(n)n =
holds for all positive integers n, where d(n) is the number of divisors of n.
Lemma 1.2. [7] Let
r(s) = (27) "2 T(s)T(s — k +1)¢(25 — 2k + 2)Rjr(s — k + 1).
Then the identity
r(s+k—1)=r(k—s)

holds for all complex numbers s. Furthermore, Rjx(s) has a simple pole at s = 1
with a residue 12(4m)*=1/(k — 1)!.

Lemma 1.3. [8] The function ((2s)R;x(s)/¢(s) is an entire function.

The Kloosterman sum S(m, n;c) is defined by

Smme)= Y e(2dEnd)

C
d (mod ¢)

where the sum is taken over a reduced set of residues modulo ¢ and where d denotes
the inverse of d modulo c.

Lemma 1.4. [4] [11] The inequality
1S(m, n; )| < (m,n,c)?/ed(c)
holds for all positive integers m, n and c.

The Bessel function of order k — 1 is defined by

oo Z\2mtk—1
Jea() = 3 (2

m=0

mi(m k-1 T SMEEST

Lemma 1.5. The inequality

lz]

2)”

holds for all real numbers x and for all positive integers n.

()] <

Proof. Since the identity

(g )n /1 . o
Jn(z) = —2—— e ME(1 -t dt
RAVC IR ) S
holds for all positive integers n, the stated inequality follows. O

The Bessel function of order k — 1 can be written as

L[ -
Jk:—l(x) = %/ e_z(k_1)9+lw51n9 do.

—T
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Lemma 1.6. [9] We have

0, for k=2,
0, = [%]—1, for k> 2 k=2 (mod 12);
[%], for k£ 2 (mod 12).

Lemma 1.7. [2, (4.4)] The identity

(k—2)! |t (n)[? = S(n,m;0) dnm
AT 2 per o =Y T ()
1<7<04 =1

holds for all positive even integers k and for all positive integers n.

Lemma 1.8. [10] Let [t| > to for some positive number to. The inequality

l1—0o
2

Clo+iat) < |t 2 In(1+t])
holds uniformly for 0 < o < 1, and ((§ +it) < |t|T6s. For o > —e, we have
Clo+it) < Jt|3+e.

The following lemma is a variant of Lemma 4.2 in [10].
Lemma 1.9. Let F(z) and G(x) be real valued functions, which have continuous
derivatives. Assume that |F'(z)| > m for some positive number m when x belongs

to (a,b). If F'(x) is monotone on the interval, and if G(x) is a finite product of
monotone functions, then the inequality

b n
- 1
Gz)e' @ dy <« — sup |Gy(z)]
/a m 11;[1 z€(a,b)

holds, where G(x) = G1(x) - - - Gy (x) with G;(z) being monotone functions.

Throughout this paper, the following notations are used. The constants implied
by < and O are absolute constants. A is a large positive even integer such that
A> %, and L is a large positive integer depending on A. K is a sufficiently large
positive even integer. Put N = K2™. Denote by by the number of solutions
(k1, -+ ,ka) of the equation

k=ki+ - -+ka, LK <k; <(L+1)K, k;even integers.
The number by, is nonzero only if k is a positive even integer such that ALK < k <

A(L + 1)K. The identity
K
2 =)

holds, where the summation is taken over all positive even integers k.
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Lemma 1.10. The inequality
E(y) < KA—%+3
holds when 0 < y < 4nK?~% and the identity
E(y) = V2miy™? Y bifi(y) + O(yK A > 4 KA3 4 K4 )y)
holds when y > 4w K2~ where

Br(y) = eXP(—%i)ak(y) - eXp(%i)ak(—y)

with a(y) = exp(iy + 25-2).
Proof. Write

i(k—1)2
2y

jus
2

(1.1) E(y) = 2Im{/ Zbkei(ke—e—ycose)de},

R

where the summation is taken over all positive even integers k. The identity
Zbkeike = A0 (ILKE _ ei(L+1)K0)A(2Z~ sin@)~A

holds. It follows that

(1.2) Z bre'®0=9 < min{ K4, 674}

for 0] < §. The inequality

(13) efiy cosf e*iy+%iy02 < min{l, y94}

holds for all positive numbers y when |0 < 7. By using (1.1)-(1.3), we find

jus
2

(1.4) E(y) — 2Im{/ Zbkei(k070)7iy+%iy92d9} < yKA75+51/ + KA-3+y

jus
2

m T

1217

for positive numbers y when the interval [-7, 7] of integration is divided into three

subintervals with second one being [—K ~!*¥, K~1*¥]. Since
Zbk exp(zkt? o Zo) _ e*i(A‘Fl)@(eiLKG . ei(L+1)K0)A(2i9)7A + O(KA92)

for |0] < %, and since

41
1ot _ N~ Ll o -2
2 — Z —(Gwo") <K
= It 2
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for 0 <y < 4nK?~% and for 0 < |f] < K~!*¥, we obtain

K1ty
/ S by explikd — i6 + %iy92)d9 + O(KA-3+)

_K—1+u
(1.5) .

2

| =

dé.

1 ; K~y e—z‘(AJrl)G(eiLKO761'(L+1)K9)A
1(5w) /, . (20)A0A2i

[}
<

<

Consider 6 as a complex variable. By using the residue theorem around the contour
Cr={0:—-R<O<R}U{#:]0| =R, Im 6 > 0}, we find that the right side of
(1.5) is < KA™343" for 0 < y < 4nK2~% when R — oo. By (1.2), the inequality

/ Zbkei(k—l)e-i—%iyezde < KA-3+v
K-tv<|o|<g

holds. It follows from (1.4) that the inequality
E(y) < KA73+31/

holds for 0 < y < 4w K24,
The second assertion of the lemma follows from (1.4) and the identity

2 j i 1 1
/ exp(ikd — i0 — iy + %y92)d9 =V2ray(—y)e Ty 2 + O(;)

3
for y > 4r K217, O

2. PROOF OF THE MAIN THEOREM

From now on, k is always meant to be an even integer between ALK and
A(L + 1)K. Define

z— )7 *T'(2)¢(22)
(z=m)(z=p)
Theorem 2.1. If ((2s)Rx(s) vanishes at p, then

(2.1) Az) =

— AN2)Ri (2)N* dz < KA
ot | (2)Rk(z) z K

Proof. Since ((22)R;i(%)/((2) is an entire function, the left side of the stated in-
equality is equal to

1 —v+i00 ; 9k:
(2.2) = Az)Rk (2)N dz—i—Zbk%

by the assumption and Lemma 1.2. It follows from Lemma 1.2 that the first term
of (2.2) is equal to

1 [PHise 492-42 =32, 4 |k 1)T(2)((22) 1—2
(2.3) Zbk%/ﬁm R oo i e Ry (2)N'"?dz
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where

Rk(z 47'rk 1 Z R7k
1< <0

By using Stirling’s formula, we obtain
D(z+k—1)/T(k-2) < (k|lz|)?.
By Lemma 1.1 and the inequality
D(8+it) < |t~ exp(*—ltl)

we find that (2.3) is

(2.4) <<szbkkl+2vgjﬂ)f_)f S ).

1<j<6;

We have by Lemma 1.7

k—1
mt 52, o

Since S(1,1;¢) is bounded by v/cd(c), and since Jj,—1(?X) < 1 by Lemma 1.5 when
k > 1, we have

= 5(1,1; 4
ZMJk_l(_”) < 1.
C C

c=1

It follows that (2.4) is < K4*!. By Lemma 1.6 and (2.2) the stated inequality
follows. g

Theorem 2.2. Let ®(x) be given by

(o / (- <p—1>tp-1>}w<§>dt

(25) n=1 . c:KI B ¢ c
- %‘/ﬁ + ;—zW*pF(p)C(f))C@p)(%)ANP + O(KAT).

Proof. By Theorem 2.1 and Lemma 1.7, the identity

> S(n,n;c) nmw bico
i) +Z gy, L /5 A2y = oA+
n=1

c 278 J§_ioo
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holds. By the identity

Ep )z = 1) /{17 WL 4 (p— 1)r
z—n
for Rez = 6, we ﬁnd

1 [o+ice
e Az)x?dz = ®(x).
It follows that
© N 1 [o+ico
(2.6) ;@(5) =i ) Mz)¢(2)N?dz.

The right side of (2.6) is equal to

C(%)\/]_V p—1 _, ) 1 »
(1—2n)(2p—1)+ =" L(p)C(p)C(2p)N —%+0(N ),

and then the stated identity follows. ]

The second term on the left side of (2.5) will now be estimated.

Lemma 2.3. Let
dnm S(n,n;c
Q(n,c, k) = ( V-1 (— c )%
Then the inequalities

(2.7) > iQ(n, ¢, k) < K™%

n>K?2+2v c=1

(2.8) Z Z Qn, e, k) < K4,
n< K220 o> K1ty
and
(2.9) > Qe k) <K
n<K c<K1+2v
hold.

Proof. By using the identity
2w(k — 1) Jp—1(z) = :C/ cos e k- DiFizsing gg
we find that Jy—1(427) < 2. Since the inequality
n t
< _ Z
V(1) < exp(— (L)
holds for n > N and for ¢t > 1, <I)( ) < exp(—4) when n > N. It follows from
is

Lemma 1.4 that the left side of (2.7 SL

n e /cd
< > n%e—ﬁz\/iz(c) < K3,
c=1

n>K2+2v

We have ®(&) « VN In K for all positive integers n. It follows from Lemma 1.5
and Stirling’s formula that Ji_1 (42%) < 2K =24 for n < K**?" and for ¢ > K2
The left of (2.8) is then < K~4.

Similarly, we can show that the left side of (2.9) is < K ~24. O
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Lemma 2.4. Let N A s )
nmw n,n;c
Q =¢(—)p(—)———2~2.
(n,¢) = B(— ) B(—) 2

Then the inequalities

(2.10) > > Qn,e) < KA

K<n<K2—4v c< K1+2v

and

(2.11) > > Qn,c) < KA
K2-4v <n< K2+2v K10V <c< K1+42v

hold.

Proof. Since ®(&) <« K2t for n > K, it follows from Lemma 1.10 and Lemma
1.4 that the left side of (2.10) is

< Z Kty Z d(C)KA73+3u < KA+E+3v
K<n<K2-4v c< K1+2v

For the second inequality (2.11), ®(X) < K3 when n > K2~ It follows from
Lemma 1.10 that the left side of (2.11) is < KA+11¥, O

Theorem 2.5. Let
i 1 N S(n,n;c) , 4Anm
o= ﬁzbk Z %‘P(g) Z Tﬁk(T)-

K2-4v e g2+2v c< K10V

Then the identity

Do
n=1

3=

> —S(";”;C)E(”‘T”) = T+ O(K*+)
c=1

holds.
Proof. By Lemma 1.10, the identity

VAT = i(E)5 Y by (10T 1 oA

holds for ¢ < K19 when K2~ < n < K?+2”. The theorem then follows from
Lemma 2.3 and Lemma 2.4. O

Proof of the Main Theorem. If ((2s)Rx (s) vanishes at the point p, it follows from
Theorem 2.2, Theorem 2.5 and the following Theorem 2.6 that

1—p _ K 4 sty Gp—1._4 B o
oI (p((20) () N O(KA) = {30 oA (AL) s

x T(p)L'(p — %)C(p)C(Qp —1De(p — %) F o (1) KA,

This identity derives a contradiction. Hence a cusp form f;;(z) exists for some k
between ALK and A(L + 1)K such that {(2s)R;x(s) does not vanish at the point
p. By letting K — oo, we obtain infinitely many such cusp forms.

When % < Rep < 1, it follows from Lemma 1.2 and the above argument that
the main theorem is true. O
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Theorem 2.6. Let p(s) = e(5 — §) —e(—% + §). Then
L ﬁ
C( )( \/_+ {C+0K( )}KA+1+pu

>)
C -2 -
when K — oo, where
= Ly AAL) e T ()T — 2)C(p)(20 — Dl — 3).

4p—n
The next section is devoted to the proof of Theorem 2.6.

3. PROOF OF THEOREM 2.6

Put a = K2=% and b = K?*2". By € we always mean a sufficiently small positive
Let u(x) be a smooth function, which is a product of two monotone

number. x
functions and which equals zero outside (a,b) and equals one inside (a + €,b — €)

Theorem 3.1. Let

b
wie) = [ e el ot

Then the identity
) ( _ A
= — b — + O(K
¥ ;KW 2 ute) = i)} + 0K

holds, where 7(c) =1 if ¢ = I?py ... ps with p1,...,ps distinct prime numbers.

Proof. By the definition of Kloosterman’s sums, we can write

I [ - e

(p—m)Il = % b Y
(4mr)}

c<K10v

x{ Z > el (@xd,) > R

d (mod c) 0<r<c n=r (mod c)

Using the Poisson summation formula, we obtain
1 dnm
> n hum)p(08(=)
n=r (modc)

(3.) 1 = hr [T tex
= %h_z_ooe(—?)/_oo x 2u(cx)w(w)ﬂk(élﬂx)e(hx)dx.
tr). Then G(z) is a product of four monotone func-

Let G(x) = x_%u(cx)w( <
G- , then F”(x) > 0 and F’(z) is monotone for

tions. If F(x) = hx + 22 + 5=
positive numbers z. The integral on the right side of (3.1) is equal to

—+o0

+oo
(32 e(-3) / Ca)e(F(a))dr () /

G(z)e(2hx — F(z))dx.
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When z belongs to [£, 2], we have

(/@) 2 min{|h -+ 31, b+ 21} =
when h # —2. Write
(G@)/ /(@) = Galo) + v (o) (ta)a™t /(@)

Then G1(z) is a sum of three functions which are finite products of monotone
functions. When these monotone functions are replaced by their maximums on
[2,%] in Gy(x), the resulting sum corresponding to Gy (z) is

c’ec

K—l
< ——{Y(tK™) -t/ (tK )}
mp

It follows from Lemma 1.9 that

+oo K1
/ G (2)e(F(x))de < S {ih(HK ) — ty! (HK )}

2
— 0o my

By partial integration, we find

oo e (ex)r~ 39 (cta
[ g e < K ) —  (01 ),

It follows that the inequality
o0 1
(3.3) / Gla)e(F(x))di < — K520 (R ) — 1)/ (1K)}
o 7

holds when h # —2.
Let mj, = min{|h — 2|,|h — 2|}. Similarly, we can show that the inequality

(3.4) /_+OO G(x)e(2h — F(x))dx < (m1§1)2 K12 Op(t K —5) — t! (tK 7))

holds when h # 2.
It follows from (3.1)—(3.4) that

i 1< tee N 1 d+d
H:EZbk Z - Z )/OO @(a)u(cz)x 2 Z e . r)

c<K'0v ~ d(modc)”

X {6(2% - é)ak(4wx)e(—2z) — 6(*2?T + é)ak(—élﬂ'z)e@z)}dz + O(KA).

The identities

> (d+cZ+2 ) {0, if d+d # —2 (mod c);
677& = —
¢, ifd+d=-2(modc)

0<r<c
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and _ -
Z (d+d—2 {O, if d+ d # 2 (mod ¢);
e(——r) = -
¢, ifd+d=2(modc)

0<r<c

hold. The following two equations

dd = 1 (mod c) dd = 1 (mod c)
d+d=—2(modc) and { d+d=2(modc)
1<d,d<c(c,d) =1 1<d,d<c(c,d) =1

have the same number of solutions, which is denoted by 7(¢). By computation, we
find that 7(c) = [ if ¢ = [?p; - - - ps. Every positive integer ¢ can be written uniquely
in this form. It follows that

i (¢) [*. N _1
HZEZbk > %/ﬂ O(—)u(y)y 2

(3'5) c< K10V , y )
g+ o) et - = ay + o).

Since u(y) differs at most one from the constant function 1 on the union of (a, a+e€)
and (b—€,b), and since the sum of terms in (3.5) involving the integration over the
union is <« K4, the stated identity follows. ]

Let v(z) be a monotone function such that v (z) < 1 for i = 0,1,2, which
equals zero when x > K'°” and equals one when z < K'% — ¢, Put

Ty(s) = / (@) — (@) yola)e e

for s = 7+t with 7 > 0. Then Tj(s) has an analytic continuation to the half-plane
Res > —1 except at the point s = 0 where it has a possible simple pole. By the
inversion formula of Mellin’s transform, we have

T4ico
v(@){yk(z) — Jk(2)} = % /riioo Ti(s)x™%ds.
Put
2(s) = SN+ 5).
C(2s+1)
It follows from Theorem 3.1 that
T4ico

(3.6) = % Zbk% /H_OO T(s)Z(s)ds + O(K™)

for 7 > %

Let 1 1
o(z) = e(—g +x)— e(g — ).

By changing the routes of the integrations, we find

(3.7) / T g(a)da = (2m) T (s)e(s)

0

for 0 < Re s < 1.
For the convenience, denote 1672(k — 1)~2 by 3.
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Lemma 3.2. We have Tj,(3) < K and

1 4724
Ty(5) =

b N
5 —\/§(k1)/a @(g)derO(K).

Proof. Write

b (o'
Ti(s) = ° / @(%)W%dy / o(Bya)e® o) d.
By (3.7) the identity

oo

b
68 Ty =B [ oy [, o o) - ods

holds. It follows from Lemma 1.9 that the innermost integral on the right side
of (3.8) is < K~'7°, /y. By considering the integrations on [a, K?], [K?, N] and
[N, b] respectively, we find that T (3) < K.
A similar argument shows that
1 b N >
Ti3) = VG [ ®Cdy [ v(Bya)e o) mads + O(K).
a 0

Since 272 Inz is monotone on (9, +00), the inequality

/ atnefe(Byr) - (@ds < K Gk

K10v _
By

holds. The second assertion then follows from (3.7). O
Theorem 3.3. The identity

b
N b,
H——G/a @(g)dyzkil

+ %Zbkﬁ/ Ti(s)Z(s)ds + O(KA*)

—1i00

holds.
Proof. By Lemma 1.8 the inequality
Z(s) < |s|T072Re9) 1 | o]
holds for |s| > to > 1 when 0 < Res < 3. Since Tj(s) <x ﬁ when the real part
of s is bounded, the line of integration for the integral
1 [rico

(3.9) 5 Tw(s)Z(s)ds

with 7 > % can be moved to the imaginary axis. Write
1

C(s) = f(s) + PSR

where f(s) is analytic in the half-plane Re s > —1. It follows that the integral (3.9)

is equal to
3f(1),, 1. (2, 1. T3 1 i
2¢(2) Tk(§) - C(2)2Tk(§)+ 22(5) + %/ Tw(s)Z(s)ds.

The stated identity then follows from the identity (3.6) and Lemma 3.2. O

—1i00
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Lemma 3.4. The identity

iK® iK® b
/ ﬂ@ﬂwb:/ I@W@%@ﬂﬂ@/w%w%@+mm

_iK8v K8V 2 a
holds.

Proof. Assume that s is on the imaginary axis and bounded by K8. It follows
from (3.7) and Lemma 1.9 that T (s) can be written as

b b
{(%)Sr(s)w(swog{*su)}/a @(%)y*%dwﬂs/a ¢(%>B(y,s)y5*%dy

where

Bma=/wﬁﬂmewm.

K8v

It follows from Lemma 1.9 that B(y, s) < K ~% . By partial integration, we have

1./ N ol bi N et
(3.10) (S+§)/a (5Bl s)y™ 2 dy = /ady@(y)B(y, )yt 3 dy

b N 57% o i s 1-7v
- [t [ o)t otde + 0",

K8v

Dividing [a, b] into several small intervals and considering the integration on each
small interval respectively, we find that the first term on the right side of (3.10) is
< K1~ The second term on the right side of (3.10) equals

—1

(3.11) 8 /000 v’(:v)xsd:v/bal q)(yN)y*%¢(%)dy.

Divide [%, %] into several small intervals, and divide the integral

LA
S G

into several integrals correspondingly. By using Lemma 1.9, we find that (3.11) is
< Klf%’u.
We have

1. (" N
(s+§)/ @(g)ys_%dy < Kt

It follows that the identity

1—25

1 v

b
812 1) = 0 Tl [ o by + o

)

holds. By Lemma 1.8, Z(s) < (1 + |s|)? when s is on the imaginary axis. Then
the stated identity follows from (3.12). O
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Lemma 3.5. The inequality
/Tk(s)Z(s)ds < K

holds, where the integration is taken over the set of all complex numbers s on the
imaginary axis whose absolute values are greater than K.

Proof. Assume that s is on the imaginary axis with absolute value greater than
K*v, Write

b o g2 st
1) =0 [ ot [T D oo

which is equal to

s b N L K15U
(3.13) S(i y / By /0 W(Byx)d (@)2° dx + O(KH57|s|2).

By Lemma 1.9 the innermost integral in the first term of (3.13) is < K171, It
follows that the first term of (3.13) is < K~ 14|s|~2. Since Z(s) < |s|3, the stated
inequality follows. O

Lemma 3.6. Let I be the set of all real numbers whose absolute values are between
K8 and K*V. Then the identity

b %)
/Z_ITk(s)Z(s)ds: / 2(s)8°ds / @(%)f*%dy / o(Byz)d(x)z*~ i + O(K)

a K8 /8

holds, where the integration is taken over the set % +e+1l.

Proof. First assume that s belongs to iI. Write

b N . 00 K8 /8
T, — S P(—= s—3 sfld sfld d )
) =8 et [ e s [T o ey
The inequality

2

holds. By partial integration and Lemma 1.9, we have

1./ N
(s 4+ 2 / By by < K1

K8/8
/ o(x)z*tdr < |s| L.
0

It follows that

b %)
Ti(s) = ° / syt / o(Bye)dla)a® ) du}dy + O 5| 2).

Y K3v /8

By Lemma 1.8 the left side of the stated identity is equal to

b
(3.14) / 2(5)6°} / ¢(%)ys‘%J(y,s)dy}ds+0(K),
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where
(3.15) J(y, s) :/ v(Byx)p(x)z* " d.
K#v /8
Now assume that s =7 + it with 0 < 7 < % + e and [t| = K3 or K*". Divide
the interval of the integration (3.15) into three subintervals with the second one
given by [It‘ elt| Moy €|t|7]. By using Lemma 1.9 for the integrations on the

) 2T

first and the third subintervals, we find that
(3.16) Ty, s) < [t]3(jt]772 + K3 ~Dv),
By partial integration and the inequality (3.16), the identity
b b
N 1 -pB° N 1 d
BS/ O(—=)y "z J(y, s dy:—/ B(—)y I ——J(y,s)dy
a(y) (y,s) s+§a(y) dy( )
+ O(Kl+(2‘r+1)u|t|—% [|t|7—_% + K8(T—1)V])

(3.17)

holds. We have
b
N _.d
5 [ B )y = / 5 / - )da}dy

Y
Dividing [a, b] into several small submtervals and considering the 1ntegrat10ns on
each small subintervals, we find that the first term on the right side of (3.17) is
< ﬁKH‘(lOT"’%)”. By Lemma 1.8, we have Z(s) < [t[™{0:2=47)/3} 3 ¢,
follows that the integrand of the integration with respect to s in (3.14) is
< K|t|max{o, 247y In3 |t|{K(10‘F+%)V + K(27+1)V|t|i[|t|‘r7% + ];(8(771)1/]}7
which is < K. Then the stated identity follows. O

Lemma 3.7. The inequality
Z T(c) < xlnx
clz

holds when r — oo.

Proof. Let T > %, and put

/ (3" 7).

c<t
By the inversion formula of Mellin’s transform, we have

M) _ 1 /T*m (25— 1) L,

o 2mi ) s(s+1)C(29)

Write ¢(s) = f(s) + —=5. Then

hz) ez 3f(1) 3 (@)1 [EORs - 1As) L
v 1@ X 8@ 2@ i )y s
We know

Zr(c) < 2h(2x) - M

clz

By Lemma 1.8, ¢(2s—1)((s)/¢(2s) < [t|3 when Re s = 3, and the stated inequality
follows. g
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Theorem 3.8. The identity
s ’ N s—2 > s—1
Z(s)p*{ | ®(—)y’ 2dy v(Byx)p(x)x®"dz}ds = O(K)
a Y K8 /8
holds, where the integration is over the set % +e+l.

Proof. Assume that the imaginary part of s belongs to I with Res = % + €. Let
J(y, s) be given as in the proof of Lemma 3.6. We have

b N d A > o 3
18) 5 [ o)Lty = [ @etds [ awN) oGy

An argument similar to the estimation of (3.11) shows that the left side of (3.18) is
< K'7¥. Since Z(s) is bounded, it follows by partial integration that the left side
of the stated identity equals

s 1 b 1
(3.19) —/Zl(s%{aiﬂq)(%ﬂ(a,s)—i—/ d%@(%)yﬂw(y,s)dy}ds+0(K).

Let ¢ be a positive integer. Denote by I;(c) the interval
max{K™ /8, (c = VeK™)/(Ba)}, (c + VeK ™) /(Ba)]
when ¢ < K and the empty set when ¢ > KV, Put
I(c) = [K¥/8,00) — I1(c).

The first term of (3.19) can be written as

- T(C) % e l+4e N 6—% (ﬁaz/c)it
(3.20) ;cl—keﬂ tegtt @(z){/ll(c)Jr/I(c)}:c v(ﬁaz)(b(z)dz/I mdt

The sum of terms in (3.20) involving the integration over I (c) is by Lemma 3.7

<K' N ™9 k.
c
11 (c)#0
The inequality
In~*(Bax/c) < VeK*

holds when z belongs to I(c) with ¢ > BaK8" /8. Dividing I(c) into three subsets
with the second one being I(c) N[t — /|t],t + /|t|], we find by Lemma 1.9 that

J Mv(ﬁax)%mdw < V(] + KO0 are?,
I(c) nLpoaxr/c

By partial integration we obtain the inequality

e—1 (ﬂax/c)it (8e—6)v
/I(C) x v(ﬁax)qﬁ(m)dw/l mdt < VK .



1230 XIAN-JIN LI

The sum of terms in (3.20) involving the integration over I(c) with ¢ between
BaK® /8 and KV is by Lemma 3.7

T(c
< K'7TON fgé < K.
CSKI]J/ c2

We have Bax/c < K~V for ¢ > K" when x belongs to [K® /8, K1%/(3a)].
Then In"*(Bazx/c) < In"!' K. Tt follows that the sum of terms in (3.20) involving
the integration over I(c) with ¢ > K% is

1-v T(C)
<K'y T <K

c>KMv

Since c¢ is a positive integer, there exists a positive number €7, which does not
depend on ¢, such that ¢ < BaK® /8 — ¢; whenever ¢ < BaK8” /8. Hence,

In~!(Baz/c) < K*.

It follows that the sum of terms in (3.20) with ¢ < 3aK®” /8 is by Lemma 3.7

1-v T(C)
<K > e <K

c<PBaK8" /8

Therefore, the first term (3.20) of (3.19) is < K.
Assume that ¢ is a positive integer. Let a < y < b. Denote by I(c,y) the

interval
max{K® /8, (c = VeK™")/(By)}, (c + VeK ™)/ (By)]
when ¢ < K, and empty set when ¢ > K. Put
I(Ca y) = [Ksy/sv OO) - Il(C, y)

The second term of (3.19) can be written as

2 [ feChteary T0e) [o st | (Byz/o"

1+e+it

where the integration is taken over the union of I;(¢,y) and I(c,y).
The sum of terms in (3.21) involving the integration over I1(c,y) is

b
d N
<k [ Zei Y My <
o @Y Y Liep#o €

when the interval of integration [a, b] is divided into several small subintervals.
The sum of terms in (3.21) involving the integration on I(c,y) with ¢ > K1 is

b
v, d N 7(c)
(6e—8)r—1 el YA Y 4
<K / Gy S T <k,

c>K1lv
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The sum of terms in (3.21) involving the integration over I(c,y) with ¢ between
ByK® /8 and KV is by Lemma 3.7

b
d _ N
< K(Ge—?)u—l/ |@@(?)|yl+edy Z T(C) < K.

1
_+6
c< K11V c2

Divide I(¢,y) into two subsets, [K3/8, K8 /8 + K3*] N I(c,y) and the comple-
ment of this set in I(c,y) when ¢ < SyK®” /8. The sum of terms in (3.21) involving
the integration over the first subset is

b
(6e—4)v+5v—1 i E 1+e T(C)
< K 2 1nK/a |dy<I)(y)|y dy E Iie < K.

c< K10v

The sum of terms in (3.21) involving the integration over the second subset is

cl—i—e
c<K10v

b
Q) ll, d N 7(c)
< K(Ge 8w+ Ly 1/ Lot y1+edy < K.
ISt Y
The stated identity follows. ]
Theorem 3.9. The identity
ico iK®Y 1 boON L
/ T(s)Z(s)ds = / (s+ E)w(s)ds/ @(?)ys_idy + O(K)
—i00 —iK8v a
holds, where w(s) = T'(s)B3*(2m)~*Z(s)¢p(s)/(s + 3).
Proof. The stated identity follows from Lemma 3.4-Lemma 3.7 and Theorem 3.8.00
For the convenience, denote by A the interval [— K%, K®].
Lemma 3.10. We have
N d_ N ...
2ﬂ'i/ w(s){a*T2d(= +/ —®(—)y*t2dylds
[ weatha)+ [ e iay
:/ w(s)N5+Eds/ z)\(z)/(sferi)dquO(K).
A 6—i00
Proof. We have
b 6+ioco (s—z+3)yw _
d N K 1
271'@'/ —<I>(—)y5+%dy:/ z)\(z)Ner%—zdz.
Ndy vy 5 z—85—3
The inequality

—100

S+ic0
1
/ w(s)Ns+%ds/ ZNZ) K243V (5 — 5 — 5l < K
A

6—1i00
holds. It is seen that the identity

(3.22) /A w(s)as+%q>(%)ds = /l+ . w(s)as+%@(%)ds + O(K)

holds. For Re s = 1 + ¢, the integrand of the integration on the right side of (3.22)
is < K'7¥|s|*7L. Tt follows that the left side of (3.22) is < K. Then the stated
identity follows. ]
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Lemma 3.11. We have

Y Nty — et 10 =T (2n)
/mw(s)ds/a dyq)(y)y dy_O(KH/m (N2 (n—p)(s—n+3)

— D) PT(p)C(2 1 L R NC
plp = ) "T(p)¢(2p) _ME) s,

m—p)s—p+3) 20-2)A-2p)s 2mi ) s s—2+3

Proof. Tt will first be shown that the inequality
1
(3.23) / WENTFER S0 (5 )ds < K
iA

holds. The integrand of the integration in (3.23) is < K% (1 + |s|)~% when the
real part of s is nonnegative. It follows that the left side of (3.23) differs by a term
of order K from an integral, which has the same integrand and whose interval of
integration is taken over the set % + e +iA. Note that the integrand has a simple
pole at s = % with a residue of order less than K. When Re s = %Jre, the integrand
is < K'~27|s|*2. It follows that the inequality (3.23) holds.

A similar argument shows that

1
/ w(s)NSJr%K*S(S*pJ“%)V/(S —p+ i)ds < K.
A

It will now be shown that the inequality

ds
s

(3.24) / w(s)N* T2 K52 « K
iA

holds, where the integration around the point s = 0 is taken along the route ee®
with —% < 6 < 7. The integrand of the integration in (3.24) is < K5 |s|~% for
Res > 0. The left side of (3.24) differs by a term of order K from an integral,
which has the same integrand and whose interval of integration is taken over the
set T 4+ iA. When Res = 1, the integrand is < K'=%|s|=%. This implies the
inequality (3.24).

It will finally be shown that the inequality

—e+io0o
(3.25) / w(s)N*t3{ 2N (2)K 56242V j(5 — 2 4 %)dz}ds <K
A

—€—100

holds. When s is on the imaginary axis, the integrand of the integration with
Zu

respect to s in (3.25) is < K'72”(1 + |s|)~ %, and the inequality (3.25) follows.
The identity

1 5+ic0 1— K—5(s—z+l)l/
=— z)\(z)NSJF% T -

210 Jo—ioo Z—s—3

(SIS

N
i _N._ ..
(3.26) / il i

holds. Moving the line of integration on the right side of (3.26) to the line Re z =
—e and using (3.23)—(3.25), we obtain the stated identity. O
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Theorem 3.12. The identity

b KV
- —6/ @(%)dyZ%-i‘i\/izbk%/ D) (L0 ()

—iK8v
C(2s5)¢(s + %)F(s—i— %)(25— 1) N, s X
Tsi-mm@sti—z) x) ds + O(KH)

holds.

Proof. Use partial integration for the integral

and move the line of integration for the integral
5+i00 A
/ @),
s—ico S— 213
to the line Re z = —e. Then the stated identity follows from Theorem 3.3, Theorem
3.9, Lemma 3.10 and Lemma 3.11. (I
Proof of Theorem 2.6. From Theorem 3.12, we obtain
by /” N C3)VN A
II=-6 — | P(—)dy + —5———(K/2
21, XU gy ey K/
+ NP> (k= 1)1 7% + O(KAT),

where

= iziigpﬂ_%F(p)F(p - %)C(p)c@p —1)p(p - %),

The identity

b b
/ a(Nyay = / y%@%)dwou@ﬂ

holds. Write

ori [* d _ N
- —®(=)d

S+ioc0 Py S+ico Py
:/ Mz) K=V +/ Mz) K202V dy = ) + Js.
s z—1 1—=2

—1i00 6—1ioco

By moving the lines of the integrations, we find that

24100
Ji :/ Z A2)Kg « KV
2—ico 21

and

%-{-ioo P
Jo = / AMz)K P02y « KV,
2 1—2z

3 —100
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It follows that
((3)VN A 1-2 A
N=—2"" _ _(K/2)"+¢,N*Y bpk'"2’ + O(KATH).
T2 =2y /e )
We have
(3.27)

2 A k 1-2p L+1 L+1 Lo
i _ —_ — <P
Klgnoo<K> Zbk<K> /L /L (ty+ -+ ta) 72ty .. . dLa.

The right side of (3.27) equals (AL)!~2° +o0r,(1) when L is large enough. Therefore,
the identity

(VN ~A(AL)2 tew
= B (/2 4 (62 (ALY o (D} KA1

holds. This completes the proof of Theorem 2.6. O

[Na
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