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OPERATOR SEMIGROUP COMPACTIFICATIONS

H. D. JUNGHENN

ABSTRACT. A weakly continuous, equicontinuous representation of a semitopo-
logical semigroup S on a locally convex topological vector space X gives rise
to a family of operator semigroup compactifications of S, one for each invari-
ant subspace of X. We consider those invariant subspaces which are maximal
with respect to the associated compactification possessing a given property
of semigroup compactifications and show that under suitable hypotheses this
maximality is preserved under the formation of projective limits, strict induc-
tive limits and tensor products.

1. INTRODUCTION

Let U : s — Ug be a weakly continuous, equicontinuous representation of a
semitopological semigroup S on a locally convex topological vector space X. If YV
is a Ug-invariant subspace of X then the weak* operator closure Uy of Ugly in
L(X,X") is a left topological semigroup compactification of S under a multipli-
cation which may be viewed as the natural extension of operator composition in
L(X). Given a property P of semigroup compactifications of S one can ask if there
exists a maximal invariant subspace Y of X such that the compactification Uy has
property P. Such a subspace, if it exists, is called a maximal P-subspace of X
(or U). For example, if U is weakly almost periodic and P is the property that a
compactification of S is a group, then the maximal P-subspace of X is the space
Xsap of strongly almost periodic vectors as defined by deLeeuw and Glicksberg [3].

In this paper we prove a general existence and uniqueness theorem for maxi-
mal P-spaces. We show that for certain properties P, called regular properties,
X has a unique maximal P-subspace, which we denote by Xp». We then examine
the semigroup theoretic and topological dynamical properties of Ux, as well as
the functional analytic properties of Xp. We show that under suitable conditions
direct products, projective limits, strict inductive limits and tensor products of
maximal P-spaces are again maximal P-spaces (relative to the appropriate derived
representations) and we characterize the resulting operator semigroup compacti-
fications in terms of those of the given representations. As an illustration of the
sort of result that one can expect, consider an infinite family {X; : ¢ € I'} of unital
abelian C*-algebras and let X := &),.; X; be the C*-algebra tensor product of
the X; (see Section 5). For each i € I let U’ be a weakly almost periodic rep-
resentation of a semitopological semigroup S; by unital *-homomorphisms on X;.
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Let s — U : []; S — L£(X) be the tensor product of the representations U®. It
follows from general results in Section 5 that Ux is an inverse limit of finite ten-
sor products of the Uy . Moreover, if WAP(S;) is left amenable for every i then
Xsap = ®i Xisap and X splits into a direct sum of X4, and a subspace of flight
vectors (see [3]).

2. TERMINOLOGY AND NOTATION

In this section we set down the basic notions of semigroup representations and
compactifications needed in the sequel. For details the reader is referred to [1,2].

A semitopological semigroup (stsg) is a semigroup S with a topology relative to
which multiplication is separately continuous. If multiplication is jointly continuous
then S is a topological semigroup (tsg). If U : s — Us is a representation of a stsg
S on a (separated) locally convex topological vector space (letvs) X we define the
subspaces

Xuye :={x € X : s— Usx is weakly continuous},
Xop :={x € X : Ugx is relatively compact},
Xuwap :={z € X : Ugx is relatively weakly compact}.

If U is equicontinuous (i.e., Us is an equicontinuous family) then X, and X,
are closed. If, additionally, X is quasicomplete, then X,,qp is closed [2, 6.1.14]. U
is weakly continuous (weakly almost periodic, almost periodic) it X = Xy (X =
Xwap, X = Xap). For the right translation representation s — Ry on C(S),
the C*-algebra of all bounded, continuous, complex-valued functions on S, we use
the standard notation WRC(S) = C(S)we, WAP(S) = C(S)wap and AP(S) =
C(S)ap-

If X and Y are lctvs then £(X,Y") denotes the space of continuous linear trans-
formations u : X — Y. The adjoint of u is denoted by u'. Note that L£(X)
(= L(X, X)) is a stsg under composition and the weak operator topology. If U and
V' are representations of a stsg S on X and Y, respectively, and if u € L(X,Y)
satisfies w o Ug = Vi ow for all s € §, then u(Xye) C Yue, w(Xuwap) C Yiap and
u(Xap) C Yop, as is easily verified.

A semigroup S with a topology is left (right) topological if the mappings A; :
s> ts (py s st), t €S, are continuous. A compact, Hausdorff, left (or right)
topological semigroup S has a smallest ideal K(S), called the minimal ideal of S.
We use freely the properties of K(S) (see, for example, Sections 1.2 and 1.3 of [2]).

A left topological compactification of a stsg S is a pair (p,S’), where S’ is a
compact, Hausdorff, left topological semigroup and ¢ : S — S’ is a continuous
homomorphism with dense range such that the mappings p,(s) : " — S5, s € S,
are continuous. Right topological compactifications are defined analogously. A
compactification (p, S’) is said to be (semi)topological if S’ is a (semi)topological
semigroup. We sometimes omit reference to the mapping ¢ and call S’ a com-
pactification of S. Compactifications in this paper are assumed to be left
topological unless otherwise stipulated.

A homomorphism from a compactification (¢, S’) of a stsg S to a compactifi-
cation (¢,S5") of S is a continuous function 6 : S’ — S” such that 6 o ¢ = 9.
The compactification S” is then called a factor of S and S’ an extension of S”
and we write (p,S") > (¢,S5”). Note that 6 is necessarily unique, surjective and
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a semigroup homomorphism. If @ is 1-1 then 6§~ ! is a compactification homomor-
phism. In this case 6 is called an isomorphism and we write (@, S’) = (¢, S"). If
(p,8") > (¢,8”) and (p,5") 2 (¥, S”) we write (¢,S") > (¢,5”). The relation >
partially orders (equivalence classes of) compactifications of S.

Let F be a translation invariant subspace of C(S). For u € F’, the dual space
of F, define the right introversion operator i, on F by (u,-f)(s) := p(Rsf). F is
right introverted if pu,F C F for every p € F'. If F is a C*-subalgebra of C(S5)
and pu,F C F for every u € ST, the spectrum of F, then F is said to be right m-
introverted. Left introversion and left m-introversion are defined analogously. The
space WRC/(S) is right introverted [2, 4.5.2], and any closed, translation invariant
subspace of WAP(S) is both right and left introverted [2, 4.2.7].

Every left topological compactification (¢, S’) of a stsg S is isomorphic to the
canonical F-compactification (e, ST) of S. Here, F is the right m-introverted C*-
subalgebra *(C(S’)) (the function space of the compactification), € : S — S
is the evaluation mapping €(s) : f — f(s), and multiplication in S is given by
wxv = pl (v). Every translation invariant, right m-introverted C*-subalgebra F' of
C'(S) which contains the constant functions is the function space of a left topological
compactification of S. Similar remarks apply to right topological compactifications.

If S and T are stsgs, ¢ : S +— T is a continuous homomorphism and (¢, T”) is
a compactification of T', then the induced compactification (¢ o ¢, o ¢(S)) of S
is called a subcompactification of (1, T"). If {S; : i € I} is a family of stsgs and
(i, S;) is a compactification of S;, then the compactification (], 1, [, S;) of the
stsg [, Si is called the direct product of the compactifications (v, S;). If S; = S

for all i and ¥(s) := (¥i(s))i, s € S, then the subcompactification (1,4 (S)) of
(I, ¥4, 11, Si) is called the subdirect product of the compactifications (1;, S}).

A compactification with a given property P which is invariant under compact-
ification isomorphisms is called a P-compactification. A universal or maximal P-
compactification of a stsg S is a P-compactification which is an extension of ev-
ery P-compactification of S. Minimal P-compactifications are defined analogously.
Maximal and minimal P-compactifications of S, if they exist, are unique up to iso-
morphism. We denote the maximal and minimal P-compactifications of S by S”
and Sp, respectively.

A property P of compactifications (of a specified or understood family of stsgs)
is said to be inherited by factors (extensions, direct products, subcompactifications,
subdirect products) if factors (extensions, direct products, subcompactifications,
subdirect products) of P-compactifications are again P-compactifications. For
example, let P be the property of compactifications (¢,5’) of a locally compact
topological group S that SILIEO ©(s) exists, and let Q be the property that ¢ is an

isomorphism and S"\¢(S) is an ideal of S”. Then P is inherited by factors, Q is
inherited by extensions and S¥ = Sg = S, the one-point compactification of S
(with infinity acting as a zero). If P is, more generally, a property of compact left
topological semigroups we say that P is inherited by continuous homomorphic im-
ages if any continuous homomorphic image of a compact left topological semigroup
with property P also has property P. Similarly, P is inherited by direct products if
the direct product of a family of compact left topological semigroups with property
‘P also has property P.

We shall call a property P of compactifications (resp., compact left topological
semigroups) regular if universal P-compactifications exist and if P is inherited by
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factors (resp., continuous homomorphic images). Note that the conjunction of
regular properties is regular. Some examples of regular properties are: the property
of being a topological or semitopological semigroup or group, the property of being
a semilattice, the property of being a left simple, right simple or simple semigroup,
the property of having a left, right or two-sided zero, and the property that the
minimal ideal is left simple or right simple. These are also examples of properties
which are inherited by direct products.

3. MAXIMAL P-SUBSPACES OF A REPRESENTATION

Let X be a lctvs with strong dual X' = X7 and let X" = (X})’ be the bidual of
X with the (natural) topology of uniform convergence on equicontinuous subsets
of X’. We identify X with its image in the bidual under the canonical imbedding
2 +— &. The topology of X" is generated by the seminorms

qa(a") = sup{| (', 2")| : 2’ € A'},

where A’ is an equicontinuous subset of X’. The topology of X is generated by the
seminorms pa: := qar|x.

Following Witz [12] we define the product uv of u,v € L(X, X") by uv := @' o v,
where @ :=u/|x, € L(X'). Thus

(2" uv(z)) = (W (2"),v(z)) (re X, 2 e X').

Under this multiplication, £(X, X") is a left topological semigroup in the weak*
operator topology, and the mapping v — @ : L(X,X") — L(X') is a homeomor-
phism and a semigroup anti-isomorphism. If v(z) € X then (uwv)(z) = u(v(z)),
hence multiplication restricted to £(X, X") x L£L(X) is separately continuous. In
particular, £(X) is a semitopological subsemigroup of £(X, X").

Now let U be an equicontinuous representation of a stsg S on X. For a U-
invariant subspace Y of X let Uy denote the closure of Ug|y in the weak™ operator
topology of L(Y,Y"). Then Uy is equicontinuous and is a weak* operator compact
subsemigroup of L(Y,Y"). Moreover, Uy C L(Y) if and only if Y C Xyqp, in which
case Uy is a stsg and is the weak operator closure of Ugly in L(Y). If Y C X,
then Uy is a topological semigroup, and if Y C X, then Uy is a left topological
compactification of S (with compactification map s — Usly). We write U for Ux.
Compactifications of semigroups of operators on Banach spaces were studied by
deLeeuw and Glicksberg [3,4] in the weakly almost periodic case and by K. Witz
in the general case in connection with various ergodic problems [12].

The following simple result will have important consequences in what follows.

Lemma 1. Let U be a weakly continuous, equicontinuous representation of a stsg
S on alctvs X. If Y is a U-invariant subspace of X then U > Uy . The compacti-
fication homomorphism m, . : U — Uy satisfies

(1) @y, m @) =" uly)  (wel, yeY, 2’ eX').

Proof. The mapping 7., defined by (1) is well defined, continuous, and maps U,
to Usly. Therefore 7, , is a compactification homomorphism, hence U > Uy .

Note that Uy is isomorphic to Uy := {ul, : u € U} C L(Y, X"), where multipli-
cation in U|y is defined by ul, v|, = (uv)|,. Indeed, the mapping 7, , (u) — ul,
is easily seen to be a compactification isomorphism.
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Example 1. Consider the right translation representation s — R, on the Banach
space X := WRC(S). Let Y be a right translation invariant subspace of X.
Denote by Y" the right introverted subspace generated by Y and let Y* denote
the (necessarily right m-introverted) C*-algebra generated by Y and the constant
functions . We use the compactification homomorphism of Lemma 1 to show that

(a) Ry it RYT;

(b) Ry = SY" if S has a right identity and Y ¢ WRC(S).
(The inclusion Y* ¢ WRC(S) in (b) holds if S is a k-space or a complete metric
semitopological group, since in each case WRC/(S) is an algebra [2, p. 173].)

To verify (a) note first that for pu,v € Y/, s € S and f € Y" we have

(v, Rs(ur f)) = (Rs f, i.(v)), so letting R, tend to u in Ry~ we obtain

(2) ou(pef)) = (ur),u(f)) (v Y™, ueRy-, fEYT).

If f € Y, then the right side of (2) is (u,.(¥)|y, 7y (u)(f)), which shows that 7.
is 1-1 and therefore a compactification isomorphism.
To verify (b) define 6 : Ry~ — S¥" by

O(myrya ()(f) = (e(lr),u(f))  (u€Rye, feY?),

where 1, is a right identity of S. 6 is well-defined, for if 7., (u) = Tyrya (V), u,v €
Rya, then, since u and v are weak™ operator limits of homomorphisms, (v, u(fg)) =
(v,v(fg)) for all f,g € Y" and all v € S¥", hence (e(1,),u(h)) = (e(1,.),v(h))
for all h € Y. Since 6 is continuous and 0(R;) = €(s), 0 is a compactification
homomorphism. Moreover, for f € Y™ and v € Ryr, 0(v)(f) = {(e(1.)|yr,v(f))

from (1), hence, from (2), 0(v)(urf) = {(u * (e(1,)]y+),v(f)) = (u,v(f)) for all
u € Y. Therefore 6 is 1-1 and hence is an isomorphism.

Definition 1. Let U be an equicontinuous representation of a stsg S on a lctvs
X and let P be a property of compactifications of S. A U-invariant subspace Y of
X is called a P-subspace of X (or of the representation U) if the compactification
Uy has property P. A P-subspace of X which is not properly contained in another
‘P-subspace is called a maximal P-subspace of X. If X is a P-space then U is called
a P-representation of S.

Note that the closure of a P-subspace is a P-subspace (71'Y7 is a compactification
isomorphism).

The following example shows that a representation need not have a maximal
‘P-space.

Example 2. Let S = (R,+), X = WRC(S), Us = Rs, and let P be the property
of compactifications (¢, S") of S that ¢ is not 1-1. For p > 0 let Y}, be the space of
all periodic functions in X with p as a period. An invariant subspace Y of X is a
P-subspace if and only if ¥ C Y}, for some p > 0. Since Y}, is a proper subset of Yo,
a maximal P-subspace cannot exist. Note that if Q is the negation of P (namely,
the property that ¢ is 1-1), then X is the unique maximal Q-subspace, and each
nonperiodic function in X generates a minimal Q-subspace (analogously defined).

The next example shows that maximal P-spaces need not be unique.
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Example 3. Let P be the property of compactifications (¢, S’) of a stsg S that
© is constant on a nontrivial subgroup of S. If X = WRC(S) and U; = R, then
an invariant subspace Y of X is a P-subspace if and only if there exists a nontrival
subgroup T of S such that Y C Yp:={f € X : f(st) = f(st') forall t,t' € T, s €
S}. Let S be a discrete, commutative semigroup which is the disjoint union of
nontrivial simple subgroups S; and S5 such that s;so = s, s; € S;. Then S and
Sy are the only nontrivial subgroups of S, and since Ys, = {f : f|s, is constant} it
follows that Yg, and Yg, are distinct maximal P-subspaces of X.

For regular properties, the pathologies exhibited by Examples 2 and 3 cannot
occur. Indeed, if P is regular then the union of all P-subspaces of X is a P-space.
To prove this we use the first part of the following lemma.

Lemma 2. Let I be a directed set and let {(1;,S}) : i € I} be a family of compact-
ifications of a stsg S such that S < S} whenever i < j. Let

S i=1im 8] = {(w;); € [[ SF: 0s5(wy) = wi, i <}
el

be the inverse limit of the semigroups S| relative to the compactification homo-
morphisms 0;; : S; w— S, i < j, and set (s) = (Yi(s))i, s € S. Then (,5)
is the compactification of S which is minimal with respect to the property that
(1, 8") > (¢, SL) for all i. Moreover, K(S') = @K(Sé) (relative to the mappings

Oijlx(sy))-

Proof. Let (¢,S5”) be an extension of every (1;,S:) and let 6; : S” — S} be the
corresponding compactification homomorphism. Define 6 : S” — [[, S! by §(u) =
(0;(u));. We claim that 0(S”) = S’. Indeed, if i < j then 60;; 0 §; = 0;, hence
6(S"”) C S’. For the reverse inclusion let (u;); € S" and note that since I is directed
and 0; is surjective, the sets 6, Y(u;), i € I, have the finite intersection property
and hence must contain a common point u € 6~!((u;);). Therefore § maps S”
continuously onto S’. Since 6 o ¢ = 9 it follows that (¢, S") is a compactification
of S and a factor of (¢, S").

To prove the last assertion of the lemma, observe that the inverse limit J :=
lim K (57) is defined since 6;;(K(S})) = K(S7), @ < j. Let p; : &'+ 57 be the
projection homomorphism. Since p;(S") = Si, pi(K(S")) = K(S]). Therefore J
contains the idempotents of K(S”) so J is nonempty and hence is an ideal containing
K(S"). If s = (s}); € J then for each i there exists a unique idempotent e; € K(S})
such that s, € e;Sle;. If ¢ < j then d; := 0;j(e;) is an idempotent in K (S]) and
s; = 0ij(s;) = Oij(ejsie;) = disid; so e; = d;. Therefore e = (e;); € S" and
es’e = s'. Thus, to show that s’ € K(S’) it suffices to show that e € K(S’). This
follows easily from the characterization of idempotents in the minimal ideal of a
semigroup as minimal relative to the natural partial ordering of idempotents (see,
for example, [2, 1.2.29]).

The compactification (1, S’) of Lemma 2 is called the inverse limit of the com-
pactifications (¢, S;) and is denoted by %iin(i/}i, S?) (or simply by 1215'1’)

Corollary 1. If P is a regular property of compactifications and if each (;, S}) is
a P-compactification of S, then @(1/%, S1) is a P-compactification of S.
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Corollary 2. Let U be a weakly continuous, equicontinuous representation of a
stsg S on a lctvs X, let I be a directed set and let {Y; : i € I} be a family of
U-invariant subspaces of X such that Y; C Y whenever i < j. ThenY :=J,c;Yi
is a U-invariant subspace of X and Uy = @Un. Hence, if P is a reqular property
of compactifications and each Y; is a P-space, then Y is a P-space.

Proof. Y is clearly a U-invariant subspace of X and Uy > Uy, for all ©. By Lemma 2,
Uy > %iinl/{yi under the compactification homomorphism ¥ : Uy — [],c; Uy,
u— (7., (u));. It follows from (1) that ¥ is 1-1 and hence is an isomorphism. The
last assertion of the corollary is a consequence of Corollary 1.

Theorem 1. Let U be a weakly continuous, equicontinuous representation of a stsg
S on alctvs X. If P is a reqular property of compactifications then X has a unique
mazimal P-subspace Xp. Moreover, Xp is closed and the P-subspaces of X are
precisely the invariant subspaces of Xp.

Proof. We show first that if Y and Z are P-subspaces then so is W :=Y + Z.
Let S’ be the universal left topological compactification of S and consider the
compactification homomorphisms ¢ : S’ — S7 ¢, : " — U, 0, : ST — Uy and
0, : ST — Uz. Define 0, : ST — Uw by 0, (6(t)) = ¢, (t), t € S'. 0, is well
defined, since if w’ € W/, y € Y and z € Z then from (1)

(W', () (y + 2)) = (W', by, (£) () + (W', By, (£)(2))
= <wI|Y7 (ﬂ-yw © ¢W)(t)(y)> + <wl|27 (ﬂ-zw © ¢W)(t)(z)>
= (W'ly, (6, 0 9)(t)(y)) + (W'|z, (0, 0 §)()(2)).

Since 0, is obviously a compactification homomorphism, the regularity of P implies
that W is a P-subspace of X.

Now let Y denote the family of all P-subspaces of X. Since the trivial semigroup
is a P-compactification of S (it is a homomorphic image of S¥), {0} is a P-subspace
of X, so Y # (. By the first part of the proof, Y is directed upward by inclusion.
Therefore, by Corollary 2 of Lemma 2, Xp := (J) is a P-subspace of X. Since Xp
is also a P-subspace, Xp is closed. That any invariant subspace of Xp is a P-space
is consequence of Lemma 1 and the regularity of P.

Theorem 2. Let U be a weakly continuous representation of a stsg S on a com-
mutative C*-algebra X . If each Uy is a *~homomorphism and if either Ug is weakly
almost periodic or X has separable dual, then Xp is a C*-subalgebra of X. If X
and the operators Uy are unital then Xp is unital.

Proof. Let Q(X) denote the spectrum of X with the weak* topology. Since u € Y
is the weak™® operator limit of *-homomorphisms we have

(3) (ryu(zy)) = (ru(@)(r,u(y))  (v,y€X, 7€ QX))
and
(4) (T,u(z™)) = (7%, u(z)) (re X,7eX’),

where 7%(z) := 7(z*). Let Y = Xp and let Z be the (necessarily Ug-invariant)
C*-algebra generated by Y. To show that ¥ = Z it suffices to show that the
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compactification homomorphism 7 : Uz — Uy is 1-1. A typical member of Z is
a limit of sums

k% *
z= E TiaTio TinYpYie Yim, Tk, Yik € Y).
1

For any 7 € Q(Z) and u € Uz we have, by (1), (3) and (4),

() = 3 [ uta) [ ulo)

k

(5) = ZH<T|Y’ my o (W) (i) [T sy () (an)-

k

Now let u,v € Uy with 7, ,(u) = m,,(v). From (5),
(6) (ryu(z)) = (1,v(2)) (r1eQZ), z€ Z).

We claim that v = v. If Ug is weakly almost periodic this follows from (6) and
the Gelfand representation. Now suppose that X has separable dual and let z €

Z. Then U(z) is weak™® metrizable hence there exist sequences U, = N u(z) and

Ui,z % v(z). From (6) we have ((Us, — Uy, )(2),7) — 0, 7 € Q(Z). Since an
arbitrary member z’' of Z’ can be represented by a Borel measure on (Z), the
dominated convergence theorem implies that (z',u(z) — v(z)) = 0 so u = v in the
separable case as well. Therefore Z = Xp.

If X and the operators U, are unital and if W denotes the C'*-algebra generated
by the unit and Xp, then 7, is an isomorphism hence W = Xp.

If U is a weakly continuous, equicontinuous representation of a stsg S on a lctvs
X then by Theorem 1 there exist maximal subspaces Xysg and X5 of X such
that Ux,,,, is a stsg and Ux,,, is a tsg. By maximality,

(7) Xwap C Xstsg  and Xy C Xigy.

We make use of these spaces in the following examples.

Example 4. Consider the right translation representation R on the space X =
WRC(S). If S has a topological left (or right) identity then equality holds in
(7). Indeed, for sequences {Rs,} and {R;  } and for f € WRC(S)stsg and 7 €
WRC(S)', the separate continuity of multiplication in Ry rc(s).,,,, implies that
lim,, im,, (Rs, Ry, f,7) = lim,, lim, (R, Ry, f, 7) whenever all limits exist. Taking
7 to be a weak™ limit point of the net of evaluations at the topological left identity of
S gives limy, lim,, f(spty,) = lim,, lim,, f(s,tnm,), which is the double limit criterion
for weak almost periodicity of f. Thus WAP(S) = WRC(S)stsg- To see that
AP(S) = WRC(S)tsg, let f € WRC(S)tsg and let Ry, — u in Ry ro(s),.,- Lhe
joint continuity of multiplication in Ry rc(s),,, implies that Ry, f(t) = (7, RiRs, f)
converges uniformly in ¢ to (7, Ryuf), hence f € AP(S).

The inclusions in (7) can be strict. For example, let S = [0,00)® with the
usual topology and with multiplication (a,b,c)(a’,t',¢') = (0,ac’,0). For any
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f e WRC(S)and s,t € S, RsR: f is the constant function (0, 0, 0) hence (uwv)(f) =
£(0,0,0) for all u,v € Rwpre(s). Therefore, trivially, WRC(S)stsg = WRC(S)tsg
= WRC(S). But it is easy to construct functions f in WRC(S)\WAP(S). For
example, if g(a) = arctan(ln a), @ > 0, and g(0) = —n/2, then f(a,b,c) = g(b) is
such a function.

In the next examples we consider maximal P-spaces which arise from certain
topological dynamics considerations. These are based on the observation that for
each z € X the semigroup S acts on U(x) by

(8) (s, u(x)) = (Usu) (@),

the action being jointly continuous if x € X, and separately continuous if S is
commutative or if £ € X54. In the latter case the map

O, :U— X, 0.(u)(v(x)) =uwv(z)

is a compactification homomorphism, where 3, is the enveloping semigroup of the
action.

Example 5. Call a vector € X distal (with respect to the representation U) if the
action in (8) is distal, i.e., if lim, (Us, u)(z) = lim, (Us, v)(z) implies u(z) = v(x).
Denote the set of all distal vectors by X4. We show that if x € X4 then the
following statements are equivalent:

(a) T € Xg.

(b) w,u,us € U and vuq(z) = uuz(x) = ui(x) = uz(x).

(c) ev(x) =v(z) for all (minimal) idempotents e € U and all v € U.

The equivalence of (a) and (b) is an obvious consequence of the separate conti-
nuity of multiplication in Ux,,,,. That (b) = (c) is seen by taking u = e, u; = ev
and ug = v in (b), where e is an arbitrary idempotent in U/. For (¢c) = (a) let e € U
be a minimal idempotent (i.e., an idempotent in K (I)) such that ev(x) = v(x) for
all v € U. Then 0, (e) is the identity of 3;, hence 3, = 0,(U) = 0(eUe). Since
ele is a group, it follows from a well known theorem of Ellis [5,6] that « € Xg.

If S is commutative then similar arguments show that for arbitrary z € X,
z € Xy iff ev(z) = ve(x) = v(z) for all e? = e,v € Ux,.

It follows from (c) that Xy, N X4 is a closed, invariant subspace of X and is
maximal with respect to the property that Ux,,,,nx, is a right simple stsg com-
pactification of S. Similarly, if S is commutative then Xy is a closed, invariant
subspace of X and is maximal with respect to the property that Ux, is a left
topological group.

Example 6. Call a vector x € X minimal (with respect to U) if for each v € U
there exists u € U such that uv(x) = x. Denote the set of all minimal vectors by
X and set Xpq := X, N Xg. We show that for x € X4,
(a) ¢ € X,, < there exists a minimal idempotent e € U such that e(z) = x;
(b) x € X;na <= ev(z) = v(z) and e(z) = z for all v € U and all (minimal)
idempotents e € U.
(Part (a) is proved in [3] for weakly almost periodic semigroups of operators on
Banach spaces.) Since the homomorphism Ty, maps the minimal idempotents
of U onto the minimal idempotents of Ux

sg X

we may suppose that X = Xg.

stsg)
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To prove (a), let x € X,,. Then, for any minimal idempotent d, the set {u €
Ud : u(x) = x} is a nonempty, closed subsemigroup of U and hence contains an
idempotent. Conversely, assume that e(x) = 2 for some minimal idempotent e € U.
If we choose w € U so that weve = e, then z = weve(zr) = wev(x), so x € Xpy,.

To prove (b) let x € X,,4 and let €2 = e € U. Choose u € U such that ue(z) = x.
Then e(x) = eue(x) = ue(z) = x, the middle equality by (c) of Example 5. The
converse follows from (a) of this example and from (c) of Example 5.

As a consequence of (b), X,,q N Xstsq is a closed, invariant subspace of X and is
maximal with respect to the property that Ux, ,nx.,., is a topological group with
identity the identity operator. Hence, if Ug is weakly almost periodic then X,,q4 is
the space X4, of strongly almost periodic vectors of X [2,3] and ¥ = X, has the
deLeeuw-Glicksberg splitting property:

Y = X.ap & (Y Nkere) for all minimal idempotents e € U.

In this connection, let X,,,; denote the subspace of X which is maximal with
respect to the property that Ux,, .. has a unique minimal right ideal. It follows
from [3, Theorem 4.10] (or [2, 6.2.14]) that if Us is weakly almost periodic then
Xumri 18 the largest invariant subspace of X with the splitting property.

We note for future use that if Ug is weakly almost periodic and X = X,,,,,; then
Xmd = Xm. This follows from (a) and (b) and the fact that eve = ve and de = e
for all minimal idempotents d,e € U and all v € U [2, 1.2.17].

Example 7. Call a vector x € X prozimal (with respect to U) if the action of
(8) is proximal, i.e., if for each pair u, v € U there exists a net {Us, } such that
lim, (Us, u)(xz) = lima(Us,v)(x). Denote the set of proximal vectors by X,. We
show that if x € X444 then

r € X, < wu(z) =w(z) for all w e K(U) and u € U.

Note first that since Ux,,,, is semitopological, z € X, <= for each pair u,v € U
there exists w € U such that wu(z) = wv(z). Hence, if z € X, then wu(z) = wo(x)
for all w € (J{Ue : e a minimal idempotent} = K (U). Taking w € Ue and v = e
we have wu(z) = we(z) = w(x) for all u € U. The converse is clear.

As a consequence, Xq59 N X, is a closed invariant subspace of X and is maximal
with respect to the property that K(Ux,,,,nx,) is the set of left zeros of Ux,,,, nx,
(or, equivalently, is a left zero semigroup). Also, Xssq N Xgq N X, is maximal with
respect to the property that Ux_,. nx,nx, consists of a single projection (with range
Kstsg N Xma N Xp), and Xt N Xing N X, is maximal with respect to the property
that Ux,,,,nx,,anx, consists of the identity operator.

4. INDUCTIVE AND PROJECTIVE LIMITS OF P-SUBSPACES

In this section we prove that the property of being a P-space is preserved under
the formation of projective and strict inductive limits. We treat the easy inductive
limit case first.

Theorem 3. Let X = J, X, be the strict inductive limit of a sequence of lctvs
X,y Let S be a stsg and for each n let U™ be an equicontinuous representation of S
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on X,, such that UMY x, =UP. For s € S define Us on X by Us|x, = U". Then
s — Us is an equicontinuous representation of S on X such that

ch = Uan07 Xwap = Uanap and Xap = UXnap-

Moreover, if P is a regular property of compactifications of S and if each U™ is
weakly continuous then U is weakly continuous and

Xp = JXnp.

Proof. U is clearly a representation on X. To see that U is equicontinuous, let
p be a continuous seminorm on X. Then p|x, is a continuous seminorm on X,,,
hence there exists a continuous seminorm ¢, on X,, such that p(Usx) < g, (z) for all
xz € X,, and s € S. By definition of inductive limit topology, ¢(x) = sup,cg p(Usz)
defines a continuous seminorm on X and p(Usz) < ¢(z) for all z € X and s € S.

The assertions regarding the spaces Xy, Xwap, and Xgp, are clear, since the
original topology of X, is the relative topology from X. The last assertion of the
theorem follows from the observation that X,,p = Xp N X,,.

Corollary. If, for each n, X, is a strictly convex Banach space, U™ is weakly
almost periodic and ||UZ|| < 1 for all s, then X has the splitting property (see
Ezample 6).

Proof. The strict convexity implies that X,, = X, ymri [4, Corollary 4.12] or [2,
6.2.15]. Hence, by Theorem 3, X = X4, so X has the splitting property.

Theorem 3 may be applied to the following typical setting: Let S be a topological
group acting continuously on the right on a locally compact topological space €2
and let {Q,} be an increasing sequence of open invariant sets whose union is €.
Let X,, be the normed linear space (sup norm) of all continuous, complex valued
functions on € with compact support contained in €2, and define U} on X, by
U f(w) = f(ws). The inductive limit of the spaces X, is the space of all continuous
functions on ) with compact support.

For the projective limit case we need the following lemma.

Lemma 3. Let U and V be weakly continuous, equicontinuous representations of
stsgs S and T on lctvs X and Y, respectively. If 8 : S — T is a continuous,
surjective homomorphism and w € L(X,Y) satisfies w o Us = V(s o w for all
s € S, then there erists a continuous, surjective semigroup homomorphism 7 :
U = Vy(x) such that 7% (u) ow = w"” ou and 7 (Us) = Vi(s)lw(x). Moreover, if
T =S and if 0 is the identity map on S then ) ow, = my for any U-invariant

subspace Z of X with w(Z) =Y.
Proof. We may assume that w is surjective. For u € U define 7% (u) € L(Y') by

(w)(w(z)) = w”(u(x)) (v €X).

™

g

If U, 5w and V(o) % o then

(¥, w" (u(@))) = m(Us, (), w'(y)) = im(Va(s,) (w(@)), ') = (¢, v(w(2))),



1062 H. D. JUNGHENN

hence 7% (u) is well defined and equals v. Therefore 7% maps U into V' such that
7Y (Us) = Vy(s). Since 7% (u) is obviously continuous, it is a semigroup homomor-
phism.

To prove the last assertion of the lemma, let v € U,z € X and y € Y’'. Then

(W' ) o7 (u)(w(@))) = ((w]2)" (1), 7o () (@) = (W' ()2, 7, x () ()
= (w'(y), u(@)) = (¢, 7 (u)(w(2)))-

Corollary.
(a) IfP is a regular property of compact left topological semigroups then w(Xp) C
Yp.
(b) If P is a reqular property of compactifications of S and if T = S and 0 is the
identity map then w(Xp) C Yp.

For the next result recall that if X is the direct product [],.; X; of a family of
letvs X; then Xj may be identified with the locally convex direct sum B, ; X;5
under 2’ < Y. a}, where o' (z) = )" (z;, 25), x = (2;); € X [11, p. 192]. Thus X" =

a2l 7

X7) is algebraically isomorphic to []..; X/ under 2 < (x);, where " (}>_. %) =
8 g Yy el <1 7 i
> (@, @) [11, p. 138]. Since the natural topology of X" is the topology of uniform

convergence on subsets of B,; X/ of the form ([[;c, Ni X [[;z, Xi)° = TiealV7,
where N; is a convex, circled neighborhood of 0 in X;, a is a finite subset of I, and
T" denotes the convex circled hull operation, it follows that the natural topology of
X" is the product of the natural topologies of the X/

Theorem 4. For each i € I let U be an equicontinuous representation of a stsg
S; on a lctvs X;. Define the product representation U = [[,c; Ut of T := [Lic; Si
on X :=[L;c; Xi by

Us(z) = (USZ'IZ)Z (S = ()i €T, o= (z:); € X)-

Then
(a) U is equicontinuous and U = [, U’;
(b) Xuwe = Hi_e[ Xiwe, Xwap = [Lier Xiwap and Xap = [L;e; Xiap;
(c) if each U" is weakly continuous and if P is a regular property of compact
left topological semigroups which is inherited by direct products then Xp =
[Lies Xir-
Proof. Part (a) is clear, in light of the above discussion. The first equality in (b)
follows from o(X,X’) = [[, 0(X;, X]), and the remaining equalities follow from
Urz =[], Ugixi. To prove (c), let Y; := X;p and Y := [[,.;Y; and note that
since Uy = []; L{{, and P is inherited by direct products, ¥ C Xp. For the
reverse inclusion apply the corollary of Lemma 3 to the projection transformation
wj : [l;e; Xi — X; and the projection homomorphism 6; : T' + S to obtain
w; (XP) (- Y;

Theorem 5. Let I be a directed set and for each i € I let U® be an equicontinuous
representation of a stsg S on a lctvs X;. Let

Y = lEle = {(xi)i S HXZ : wij(:vj) =x;,1 < j}
el
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be a projective limit of the spaces X;, where the w;; € L(X;, X;) satisfy wy; = idx,,
Wij O Wik = Wik, and wi;j o U = Ulow;j, i < j <k. Define Vs on'Y by Vs((z;);) =
(Ulxz;);. Then V is an equicontinuous representation of S and

Yie = lim X; Yiar = lim X; and Y., = lim X;
we T wWey wap Twap ap i ap

(relative to the appropriate restrictions of the mappings w;;). If each U is weakly
continuous and if P is a reqular property of compact left topological semigroups
inherited by direct products, then

Yp = @le

Proof. The projective limits in the statement of the theorem exist since w;; (X we) C
Xiwm wij(Xj wap) C Xiwap; Wi (XJ ap) C Xiap and, by the corollary to Lemma
3, wij(X;p) C Xip. Let U, X and T be as in the statement of Theorem 4. The
representation V' in the statement of the present theorem is the restriction to Y of
the representation s — Wy := U, ) on X, where ¢ : S +— T denotes the injection
onto the diagonal. Clearly, W is equicontinuous and has properties (b) and (c) of
Theorem 4. The theorem now follows from the observation that Y N Xp = Yp,
Y N Xyue =Yy, ete.

Here’s a simple example to which Theorem 5 may be applied: Let {¢; : i € I}
be a net of units of a stsg S with identity and set s;; = tj_lti, 1 < j. Let F be a
translation invariant, linear subspace of C(S) and let U! = Rs; on X; = F. Then
the left translation operators w;; = Ls,; have the required properties.

For another example, let J be a family of right ideals of a stsg S such that
UJJ = S and let C(S, J) denote the set of all continuous, complex-valued functions
on S which are bounded on each member of 7. The right translation representation
of S on C(S,J) is obviously equicontinuous with respect to the locally convex
topology generated by the seminorms py : f — sup,c;|f(s)], J € J, and is a
uniformly bounded representation on the Banach space C(J). If J is directed
upward by inclusion then C(S,J) is a projective limit of the Banach spaces C(J)
relative to the restriction mappings w,, : C(K) — C(J), JJK € J, J C K (which
clearly commute with Ry, s € S). For example, one could take S = (0, 4+00) under
addition or V and J = {(1/n, +o0) : n € N}.

5. TENSOR PRODUCTS OF P-SUBSPACES

If X and Y are lctvs we denote by X ® Y the completion of the algebraic
tensor product X ® Y in the topology of bi-equicontinuous convergence. This is
the topology generated by the seminorms

pasn (2) i=sup{|(z.2)| : 2/ € A' ® B},

where A’ C X’ and B’ C Y’ are equicontinuous, A’ @ B' :={a' @y’ : 2’ € A",y €
B’} and ¢’ ® ¢’ is the unique member of (X ® V)" satisfying (z @ y, 2’ ® ¢/) =
(x,2")(y,y"). More generally, if X7, Xs,..., X, are lctvs then X; @ Xo ® --- @ X,
denotes the completion of the algebraic tensor product X1 ® X5 ® --- ® X,, in the
topology of n-fold-equicontinuous convergence. Equivalently, X; ® Xo ® --- ® X,
may be defined inductively as (X1 @ Xo® - ® X,,—1) @ X,

In this section we determine general conditions under which the tensor product
of P-spaces is a P-space. We begin with the following key result.
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Lemma 4. Let X and Y be lctvs. Then (z,y) — 2 Qy: X xY — X QY extends
to a continuous bilinear mapping (z"”,y") — 2" @y" : X" xY" - (X ®Y)" such
that

(a) 2" — 2"y’ : X" — (X ®Y)" is weak™ continuous for each y" € Y";

D) ¥vV'—zy":Y'— (X®Y)" is weak™ continuous for each v € X;

(c) (2 @y, 2" @y")y = (2", 2"y ,y") for allx’ € X' and y' € Y’;

(d) if X andY are normed spaces then ||z @ y"|| < ||2”]]|]y"|]-
Proof. For x € X define ¢, € LY, XQY) by £,(y) = 2®y and set z®y" = £/ (y").
The mapping (z,3") — 2 ®y": X xY” — (X ® V)" is clearly bilinear, and for
Y e(X8Y) mdyeY wehave (z@y, ) = (5, (L()) = (2, 01(3)) = (/.2 §).
so y"” — x®y" is an extension of y — x®y. Moreover, (b) holds since (', z®y") =

).
Let C’ be an equicontinuous subset of (X ® Y)" and choose equicontinuous sets
A’ C X" and B’ C Y’ such that por < pargp’. Then

(y, (N = (e @y, ) <pa(@)pp(y) (€ X,yeY,z' el

hence By := {l/,(2) : par(z) < 1,72/ € C'} is an equicontinuous subset of Y’ and
qor(x @y") < qpy(y") for all  with pas(z) < 1. Therefore

(9) gor(x@y") <pa(e)gs (') (xe X,y eY")
Fix y” € Y and define ry : (X ®Y) +— X' by

(x,ryn(2)) = (&, z @y") (re X,z e (X®Y)).

Let A be any bounded subset of X and let B = {y4} be a bounded net in Y such
that yo = 3”. Then A® B:={xr®y:x € A,y € B} is bounded in X ® Y and

[z, 1y (2))] = lim [{(2®@ya, 2')| < sup{|(z,2)|: 2 € A®B} (z€ A,z € (X®Y)).

Thus ryr € LI(X @ Y)5, Xj) sory, : X' — (X ®@Y)". Set 2" @y" == r,,.(2").
Then (z”,y") — 2’ ® y" is bilinear and for any 2’ € (X ® Y) and z € X we
have (2,2 ®@ y") = (2/,7,,,(2)) = (z, 1y (2")) = (z', 2 ®y"), s0 2" = 2" @ y" is an
extension of z — x ® y”. Moreover, (a) holds since (', 2" @ y") = (r . (2'),2").
To establish the continuity of (z”,y”) — z” ® y”, let C’ be an equicontinuous
subset of (X ® Y)" and choose equicontinuous sets A’ C X’ and Bf C Y’ as in (9).

Then
[z, ryr (2)] = (2 @y")| < par(@)gp (y’) (re€ X,y €Y, 2 €,

hence A := {ry»(2') : qp; (y") < 1,2’ € C'} is an equicontinuous subset of X’ and
qor (2" @ y") < qay (2) for all y” with gp; (y") < 1. Thus

(10) qu (xll ® y/l) S qul (:I:/I)qBi (yl/) (xll c X”,y” c }//I)7

which shows that (z”,y"”) — 2 @ 3" is continuous.
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Part (c) is a consequence of (a) and (b) and the weak* density of a locally convex
space in its bidual. Part (d) follows easily from (10).

Note that the bilinear extension (z”,y") — 2" ® y” of (z,y) — x ® y is unique
with respect to properties (a) and (b) of Lemma 4. We shall refer to this extension
as the right continuous tensor product. Obviously, a unique left continuous tensor
product also exists. For finitely many lctvs X7, Xs,... , X, we define the (right
continuous) tensor product zf @ x4 @ - -+ ® x!/ inductively by

1! i i 1! 1! " i
TIRTy;® @I, = (7] Ty Q- QTp_1) @ T

Lemma 5. Let S and T be equicontinuous semigroups of operators on the lctvs X
and Y, respectively, and let S® T := {u®@wv :u € S,v € T}. For each u € S and
v €T there exists a unique member u@v of S® T (weak* operator closures) such
that (u® v)(z @ y) = u(z) ® v(y) (= the right continuous tensor product of u(x)
and v(y)). Moreover,

(11) (u®v)(u1 ®v1) = vy @ Vg (weSNLX), ur €8, v,v1 €7).

Proof. Let {us} C S and {vg} C T be nets such that u, — u and vg — w.

Since the mapping (z,y) — u(z) @ v(y) : X XY — (X ® Y)” is bilinear it factors
through a linear mapping u®v: X Y = (X Y)". Ifz=) 2,0y, € XOY
and 2/ € (X ® Y)' then from (a) and (b) of Lemma 4

(', (u®v)(2)) = (2, Z u(@:) ® v(ys))

(12) = limlig1<z',2ua(xi) ®v5(yi)>

(e

= lién liér1<(ua ®vg)(2),2').

Let C’ be an equicontinuous subset of (X ® V)’ and choose equicontinuous subsets
A" ¢ X’ and B’ C Y’ such that pcr < pargp. Then Ay := S§'(A’) and By =
T'(B') are equicontinuous and |((uq ® v3)(2),2")| < pa,ep,/(2) for all «, f and
all 2/ € . From (12), gc'((u @ v)(2)) < pa,'ep,/(2) for all z € X © Y and all
uw e S,v € T. Thus u ® v is continuous on X ® Y and hence may be extended
continously to X ® Y. By (12) and the equicontinuity of S ® 7, (u ® v)(z) =
w*-lim, limg(ua ® v8)(2) for 2 € X @Y so u ®@ v = lim, limgu, @ vg € S® 7.

To verify (11), let Us, %P uy and Vis “_S” v1. Then in the weak* operator
topology

(uRv)(u1 @v1) = ligllién(u @) (Us, ® Vi)
= lim lién(uUSa) ® (vViy)

=uu1 K VU1,

the last equality because uUs, € L(X).
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Lemma 6. Let A and B be relatively weakly compact subsets of X and Y, respec-
tively. Then AQ B:={x®y:x € A,y € B} is relatively weakly compact.

Proof. We use the double limit criterion of Grothendieck [11, p. 187]. Let {x,, @ yn}
be a sequence in A ® B and let {z/,} be an equicontinuous sequence in (X ® Y’
such that the limits a := lim,, lim, (x,, ® yn, 2},) and b := lim,, lim,,, (z,, ® Yn, 2.,)
exist. Let xo and yo be weak cluster points of {x,} and {y,}, respectively, and let
2z, be a weak* cluster point of {z/,} (Alaoglu’s Theorem). There exist weak* closed,
equicontinuous subsets A’ of X’ and B’ of Y’ and a bounded sequence of complex
Borel measures p,, on A’ x B’ (where the latter has the product of the relative
weak™ topologies) such that

<I®y,Z§n>:/A B<$,$’><y,y’>dum(:c’,y’) (reX,yeY,m>0)
/>< 7

[11, 9.2]. Choose subsequences {x,, } and {yy, } such that (z,, ,z") — (xg,2’) for
all 2 € A" and (yn,,vy") — (yo,y’) for all y/ € B’. This is possible by the weak*
compactness of A" and B’ (see [11, p. 186]). By Lebesgue’s dominated convergence
theorem,

a = lim lim (@, ") Yny ') dp, (27, y")
mon Jarp
= lim (0, 2"} (yo,y') dpm (2, ¥/)
m Jarxp

= lim(zo ® yo, Zp) = (T0 ® Yo, 20)

= lim (T, ") (Yn, y') dpo (', y")
n A’ x B’

= lim(z, ® Yn, 20)

:b7

as required.
The following theorem generalizes Theorem 2.2 of [7].

Theorem 6. Let U and V be weakly continuous, equicontinuous representations
of stsgs S and T on lctvs X and Y, respectively. Suppose that one of the following
holds:
(a) U and V are weakly almost periodic;
(b) Yj is separable;
(c) V is almost periodic.
Then
(1) Wisy :=Us ®V; defines a weakly continuous, equicontinuous representation
W=UQRV of SXxT on X QY such that W=URV;
(i) KW)=KU)® K(V);
(i) if U and V are (weakly) almost periodic then W is (weakly) almost periodic;
(iv) if P and Q are regular properties of compactifications of S and T, respec-
tively, and if U is a P-representation and V is a Q-representation then the
compactification U @ V of S x T is a factor of the direct product compactifi-
cation ST x T<.
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Proof. We claim that under condition (a), (b), or (c¢) the mapping (u,v) — u® v :
UXV—U®RYV is jointly continuous in the weak* operator topologies. Assuming
this for the moment, we see immediately that (i) and (iii) hold, the latter by Lemma
6. Moreover, if fg : ST +— U and 7 : TS — V are the compactification homomor-
phisms in (iv) then (s',#') + 0s(s') @ O7(t') : ST x T2 +— U ® V is continuous in
the weak™ operator topology and hence is a compactification homomorphism.

To prove the claim, let u, — u in U and v, — v in V. Suppose that (a) holds.
Then W=URV C LIX®Y). We show that v ® v is the unique limit point of the
net {uq ® vo}. Let a subnet {ug ® vg} converge in the weak operator topology to
somew € W. Forx € X, yeY, 2’ € X' and y € Y/ we have

(wz®y), 2 @y) = HénWﬁ (z) @ vs(y), 2’ @)
= 1ién<w (), 2" ) (vs(y), y")
= (u(x),z")(v(y),y")
= (u(z) @v(y), 2" @ y').

Therefore w = u ® v, which proves the claim in case (a).
For the remaining cases note that by virtue of (a) of Lemma 4 and the identity

Ua () @ va(y) — u(z) @ v(y) = (ua(z) — u(z)) @ v(y) + ua(2) @ (valy) — v(y))

it suffices to show that for 2’ € (X ®Y), co = ca(z,y,2") := (Z/, ua(z) @ (va(y) —
v(y))) — 0. This is obvious if (c¢) holds. Suppose that (b) holds. Let A" C X’ and
B’ C Y’ be weak* closed and equicontinuous and let i be a complex Borel measure
on A’ x B’ such that

Yaon)= [ wa)pahauy)  @eX yeY).

Let A} denote the equicontinuous set Us’(A’) and let p4,s be the corresponding
seminorm. If w € V then, since V(y) is weak™ metrizable, w(y) is the weak™* limit
of a sequence {V;, y}. The function y' — (y',w(y)) is therefore Borel measurable
on B’, and by (b) of Lemma 4 and the dominated convergence theorem,

¢ Uaouw) = [ Uaa) u) die ) (s€S)
A'x B’

Thus, for all o and all s € S,

(2", Usz @ (va(y) —v(y)))| < pa,(2) / (Y, va(y) — v(y)] dlul(2’,y"),

A'x B’
so by (a) of Lemma 4
leal < PAﬂ(SC)/ (Y va(y) = v(y)| dlpl(z’,y").
A'x B’

Since V(y) is weak* metrizable, we may assume that {v,(y)} is a sequence. The
dominated convergence theorem then implies that ¢, — 0. This completes the
proof of the claim.
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It remains to prove (ii). Since K (U)® K (V) is obviously an ideal of W, K(W) C
K(U) ® K(V). To show the reverse inclusion it suffices to show that if d € K(U)
and e € K (V) are idempotents then d®e € K(W). This follows easily from the fact
that the idempotents in the minimal ideal are precisely those which are minimal
with respect to the natural partial order on the set of all idempotents.

A similar theorem holds if X is separable or if U is almost periodic, provided
one uses the left continuous tensor product.
By induction we have

Corollary 1. For i = 1,2,... ,n let U* be a weakly continuous, equicontinuous
representation of a stsg S; on a lctvs X; such that one of the following holds:
(a) U? is weakly almost periodic for every i;
(b) for eachi > 2, either X[ is separable or U' is almost periodic.
Then
(i) the tensor product representation U, s,... s.) = Usl1 ® US22 ®---®UY is
a weakly continuous, equicontinuous representation of S; X Sg X --+ X S,
on X1 ® Xo® - ® X, such that = U QU* ® --- @U"™ and K(U) =
KUHYRKU)® - @ KU™);
(ii) if each U* is (weakly) almost periodic then U is (weakly) almost periodic;
(i) if P; is a regular property of compactifications of S; and if U; is a P;-
representation then the compactification U of S1 X So x --- X Sy, is a factor
of the direct product compactification Sfl X S;DQ X - x 8P in particular,
(iv) if P is a regqular property of compactifications which is inherited by finite direct
products then @, Xip C Xp.

We now prove an infinite tensor product version of Corollary 1 for commutative
C*-algebras. Let {X; : i € I} be an arbitrary family of unital abelian C*-algebras
and let I; denote the collection of all nonempty finite subsets of I. The C*-algebra
tensor product X := @), ; X; is the C*-algebra inductive limit of the family {Y; :=
®;cq Xi s a € Iy} relative to the maps ®qp 1 Yy — Yy, b C a, defined by ®,5(y) =
Y ® Qjcq\p €ir where e; is the unit of X; [10, Section 1.23]. X may be viewed
as the closure of YV := Uaelf
stsg S; by unital*-homomorphisms on X;. For s = (s;); € S := Hie] S; define an
operator Us on Y by Usly, = Q;, USZ Us is well-defined and may be extended
to an operator on X =Y. It is easy to see that U, is a *-homomorphism and that
s +— Uy is a unital representation of S on X. U is called the tensor product of the
representations U’ and is denoted by @, U".

Y,. For each i € I let U’ be a representation of a

Corollary 2. For eachi € I let U be a weakly continuous representation of a stsg
S; by unital *~homomorphisms on a unital abelian C*-algebra X;. Suppose that
either
(a) U? is weakly almost periodic for every i, or
(b) for each i, either Xi; is separable or U? is almost periodic.
Then
(i) U := Qe U is a weakly continuous representation of S = [[;; Si by uni-
tal * - homomorphisms on the C*-algebra X = @,c; X such that U =
lim — @,c, U' and K(U) = &naelf Rice KUY);

—a€ly

(i) if each U is (weakly) almost periodic then U is (weakly) almost periodic;
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(iii) if, for each i, P; is a regular property of compactifications of S; and U* is
a Pi-representation, then U is a factor of the direct product compactification
Pi .
[Lics S
(iv) if P is a regular property of compactifications which is inherited by finite direct
products then @Q,;.; Xip C Xp.
Proof. Since X is the closure of |J,. I Y., it follows from Corollary 1 that U is

weakly continuous and from Corollary 2 of Lemma 2 that U = 1&1 . Uy,. To
acly

complete the proof of part (i), use Corollary 1 and Lemma 2.

To prove (iii) note that by Corollary 1, [T;c; ST > [T;co ST > ®;e, U for all
a € Iy hence, by Lemma 2 and part (i), [[;c; ST >U. Part (iv) follows from part
(i) applied to the C*-algebras X;» and from Corollary 1 of Lemma 2.

Now assume that each U’ is weakly almost periodic. Since X is commutative,
Xwap 18 a C*-subalgebra of X. (For example, to see that X,,qp is closed under
multiplication, express X as C'(2) for some compact Hausdorff topological space 2
and use the fact that a norm bounded subset of C'(2) is relatively compact in the
weak topology if and only if it is relatively compact in the topology of pointwise
convergence of C(€2).) Since X is generated by the X, and since X; C Xqp, it
follows that X = Xyqp.

In the next section we show that the inclusion in part (iv) of Corollaries 1 and
2 may be proper (Example 8) but that equality holds for the right translation
representation on certain subalgebras of C(S;) (Corollary to Theorem 8). The
following result provides another instance of equality.

Corollary 3. Suppose that, in addition to the hypotheses of Corollary 2, W AP(S;)
is left amenable for each i. Then Xgeqp = ®l Xisap and X has the splitting property
(see Example 6).

Proof. Let V and W be weakly continuous, weakly almost periodic, equicontinuous
representations of stsgs S and T on lctvs Y and Z, respectively, such that Y = Y,
and Z = Zymri. By Corollary 1, Y®Z = (Y ®Z)umers and Ysap®@ Zsap C (Y ®Z ) sap-
Let x = limy, Y, Yin ® 2in € (Y ® Z)sap, where y;n, € Y and z;, € Z, and let d € V
and e € W be minimal idempotents. Then d® e is a minimal idempotent in V® W,
and by Example 6 z = (d®e)x = lim, Y, d(yin)®€(2in) € Yma®Zmd = Ysap® Zsap-
Thus, (Y ® Z)sap = Ysap ® Zsap.

Now, since WAP(S;) is left amenable, U* has unique minimal right ideal [2,
6.2.14], [3]. Therefore, by Corollary 2, X = Xy, hence X has the splitting
property. By the same corollary, ®i Xisap C Xsap. For the reverse inclusion, let
z = lim, yp, € Xsap, where y, € Y, = ®i6an Xi, an € Iy. By the first part of
the proof, Y, sap = ®i€an Xisap- Let e be any minimal idempotent in ¢/. Then
z = e(z) = lim, e(y,) and e(yn) € Y sap 50 ¢ € @Q); Xi sap-

6. COMPACTIFICATIONS OF INFINITE DIRECT PRODUCTS OF SEMIGROUPS

Let {S; : 4 € I} be an infinite family of stsgs with identity. In this section
we consider tensor products of right m-introverted C*-subalgebras of C(S;) by
examining compactifications of the direct product semigroup S := [];c; Si. The
following notion is fundamental in the construction of such compactifications.
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Definition 2. A left topological compactification (¢, T’) of a stsg T' with identity
is said to have the local joint continuity property if the mapping

)= tolt): T xTw—T

is continuous at each point of 77 x o(1).

For example, if T is semitopological or if T is locally compact or complete
metrizable, then, by a theorem of Lawson [9], (¢, T”) has the local joint continuity
property. The local joint continuity property is clearly inherited by factors, direct
products, and subcompactifications.

We shall use the following notation: For each a C I let S, := Hiea S; and
let p, : S — S, and ¢, : S, — S denote the projection and canonical injection
mappings. We set r, := g, © p,- The directed set of all nonempty finite subsets of
I is denoted by I;.

Lemma 7. Let (p,S’) be a left topological compactification of S. If S has the local
joint continuity property then ¢(s) = limaer, p(ra(s)) uniformly in s € S (relative
to the unique uniformity on S’ compatible with the topology).

Proof. A standard compactness argument shows that if O is a neighborhood of the
diagonal in S’ x S” then there exists a neighborhood N of the identity in S such
that

(s'p(s),8") € O (se N,s" € 5").

Now choose a € I and a neighborhood N, of the identity in S, such that p, ' (N,) C
N. For any s € S and b € Iy with b D a we have rp,(s) € p;*(N,) and rp(s) -
r1\»(s) = s hence

((s), 0 (s))) = (0(r(s)) - p(rre(s)), (re(s))) € O

Definition 3. Let P; be a regular property of semigroup compactifications of .5;,
i € I. A compactification (¢, S’) of S will be called a P;-compactification if it
satisfies the following conditions:

(a) For each i € I, the subcompactification (¢4, S]) := (¢ © ¢;, ¢ 0 ¢;(S;)) of S" is
a P;-compactification of S;.

(b) For each a € Iy and each choice of s} € S, the set {s} : i € a} is commutative
and the multiplication map p, : S, := [[,c, Si — ', 1, ((57)ica) = [Lica i
is continuous.

(c) @(s) = limaer, ©(rq(s)) uniformly in s € S.

Note that the commutativity condition in (b) always holds for elements s; =
©(gi(si)). Hence, if (¢, 5’) is a semitopological compactification of S then the
commutativity condition holds for arbitrary s} € S;.

Lemma 8. Let P; be a regular property of semigroup compactifications of S; and
let (1/}i,SZDi) be the universal P;-compactification of S;, i € I. If each (1/)1,5'17)1)
has the local joint continuity property then Pr is reqular and the direct product

compactification
.8 = ([Ten IT57)
iel i€l

is the universal Pr-compactification of S.
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Proof. Denote the projection and canonical injection mappings by p, : S+ S, and
Ga : Sq — S, respectively. Let (¢, S5") be a factor of (1, 5) with compactification
homomorphism 6 : (1, S) — (¢, S’). We show that (¢, S’) is a Pr-compactification
of S. Let 0; := 0o : S+ S'. Then 6; 0p; = ogioty; =0opoq = poq,
so S = 91(5’331) Since P; is regular, S} is a P;-compactification of S;. Therefore,
(p, S") satisfies (a) of Definition 3. To verify (b), let @ € Iy and note that the
multiplication map

fia : Sa = S, (8i)ica H@z(gz)
i€a
is well defined and continuous. Since {6;(5;) = 00G;(8;) : i € a} is commutative and
00 f1a((8:)ica) = pl((0:(8:))ica), it follows that u!, is well defined and continuous.
To verify (c) of Definition 3 use the fact that S’ has the local joint continuity
property (because S does) and apply Lemma, 7.

We have shown that any factor of (i,S) is a P;-compactification of S. To
complete the proof of the lemma we need to verify that the converse holds. So let
(p,S") be a Pr-compactifcation of S. By (a) of Definition 3, there exists for each
i € I a continuous homomorphism 6; : SZ) — S such that 60; o 1), = ¢ 0 ¢;. For

a € Iy let (Y4, Sa) := (Hi@ Yis [ica Sfi) and define 6, : Su — S’ by

Oa((wi)ica) = 1o ((05(1i))ica)-

By (b) of Definition 3, 6, is well defined and continuous. Also, from 6; 01, = pog;
we have 6, 0 ¥, = @ 0 qq, so 0, is a homomorphism on a dense subsemigroup of
S, and hence on S,. By (c) of Definition 3, if W is a closed neighborhood of the
diagonal in S” x S’, then for some a € Iy and any b, ¢ € Iy containing a,

(6 0Py © (), 0c 0 Pe 0 Y(s5)) = (porp(s), pore(s)) eW (s €5),

(Here we have used the identities pp 0 9) = ¢ opp and Oy o, = poqp , be Iy.) It
follows that (8 o pp(u), 8. 0 pc(u)) € W for all uw € S. Therefore, {0, 0Py : b € I}
is a uniform Cauchy net, so the limit

(13) O(u) := lilI)n 0y o pp(u) = hlgnlug((@i(ui))ieb) (ues)

exists and defines a continuous mapping 6 : S — S’ such that 6 o) = . Therefore
S’ is a factor of S.

The next theorem gives sufficient conditions for a factor of the direct product
compactification (1, .5) to be a direct product of compactifications.

Theorem 7. For each i € I let P; be a regular property of semigroup compactifi-
cations of S; and let ST have the local joint continuity property. If a factor (p,S")
of (¥, S') is universal with respect to a regular property P which is inherited by sub-
compacifications, then S’ is isomorphic to a direct product of P-compactifications.
If P is also inherited by direct products then S’ = ], ST.

Proof. We show that (¢, S") 2 ([1,e; @i, [1;e; S;) (notation as in (a) of Definition
3). Let 6 : (1, S) — (p,S’) be thecompactification homomorphism. Then 6; := 6 o
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Gi - (i, ST") = (3, S!) is a compactification homomorphism, where §; : S7¢ — S is
the canonical injection. Define a mapping ¥ : S" — [[,.; S; by ¥(0(u)) = (i (us))i,
where u = (u;); € S. To see that W is well defined, consider the compactification
(pori, p or;(S)) of S, which is a subcompactification of S” and hence, by hypothesis,
a P-compactification. Thus there exists a continuous mapping ¢; : S’ — S’ such
that ¢; 0 p = por;. If p; : S Sfi denotes the projection mapping then ¢; o
0(1h(s)) = ¢i 0 p(s) = pori(s) = @oqsi) = 0; othi(si) = 0; o pi(1(s)), hence
¢; 0 O(u) = 6;(u;). This shows that ¥ is well defined and continuous. By (13),
¥ is also 1-1 and hence is a compactification isomorphism. Since S" > S}, S/ is a
P-compactification.

Finally, if P is inherited by direct products then ], ; ST is a P-compactification
of S50 [T;c; St > [l,e; ST and hence S! = Sip.

The next theorem, which generalizes results of [4] and [8], gives sufficient condi-
tions for a compactification of S to be a direct product of compactifications.

Theorem 8. Let P; = P for all ©, where P is a regular property of compact-
ifications which s inherited by subcompactifications and direct products. If P-
compactifications are topological then ST = SP.

Proof. Since P is inherited by direct products, S¥7 (= S’) is a P-compactification
of S hence S > S%1. Since S7 is obviously a P;-compactification of S, S71 > SP.

Corollary. Let X; be a C*-subalgebra of WAP(S;) containing AP(S;) and let X
be the C*-algebra tensor product Q,.; Xi. If P is a regular property inherited by
subcompacifications and direct products and if P compactifications are topological

then, with respect to the right translation representation, Xp = @, Xip-

Proof. By Theorem 2, Xp is a unital C*-subalgebra of X C WAP(S). Also, since
Lso Ry = Ry o Ly it follows from the corollary to Lemma 3 that LgXp C Xp.
Therefore Xp is left and right introverted [2, 4.2.7] so we may form the canonical
Xp-compactification SX7. Since S has an identity, S*? 2 Ry, (Example 1). We
claim that Xp = ¢*(C(S%)). Indeed, since P-compactifications are topological,
Y = ¢*(C(S7)) c AP(S) = ®, AP(S;) C X, and since Ry = S7,Y C Xp. On
the other hand, since SX? = Rx_,, S*7 has property P hence Xp C Y. Therefore,
Xp = ¢*(C(S7)), as claimed. Similarly, X;» = ¢*(C(SF)). Since S¥ =[], SF
(Theorem 8), Xp = ¢* (C(SP)) = @, 9} (C(SP)) = @, Xip.

The conclusions of Theorem 7, Theorem 8 and the above corollary hold if P
is any of the following properties of compactifications (¢, T”): T" is a topological
group; 1" is a topological semilattice; T” is a left simple, right simple, or simple
topological semigroup [2, p. 32]; T” is a left zero or right zero semigroup; more
generally, 7" is a topological semigroup which satisfies a family of identities |2,
p. 119].

The conclusions of Theorems 7 and 8 fail in general if P is not inherited by
subcompactifications, as the following example demonstrates.

Example 8. Let P be the property of compactifications (¢, .S’) of locally compact
stsgs S that multiplication in S’ is jointly continuous and limg_, ¢(s) exists. If T
is the interval [0, 00) under addition, then (¢, (T x T)%) = (¢, (T x T)¥), where F
is the C*-algebra of almost periodic functions f on 7" x T" with the property that
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f(s,t) exists. Similarly, T?” x TP = T> x T> = (T x T)%, where G

(s,6)— (00,00

is contained in the C*-algebra of almost periodic functions f on 7" x T with the

property that lim tlim f(s,t) and tlim lim f(s,t) exist. Since there are almost
§—00 oo — 00 §— 00

—

periodic functions f on T x T for which the joint limit exists but the iterated
limits do not (e.g., f(s,t) = !t [(s + 1)L+t + 1)), (T xT)P >TP xTP.
Therefore (T'xT) is not a direct product of compactifications, hence the conclusion
of Theorem 8 fails. Note that (T x T)AF = TAP x TAP > (T x T)P, hence the
conclusion of Theorem 7 also fails, as does that of the above corollary.
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