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PRIME SPECTRA OF QUANTUM SEMISIMPLE GROUPS

K. A. BROWN AND K. R. GOODEARL

Abstract. We study the prime ideal spaces of the quantized function algebras
Rq[G], for G a semisimple Lie group and q an indeterminate. Our method is to
examine the structure of algebras satisfying a set of seven hypotheses, and then
to demonstrate, using work of Joseph, Hodges and Levasseur, that the algebras
Rq[G] satisfy this list of assumptions. Rings satisfying the assumptions are
shown to satisfy normal separation, and therefore Jategaonkar’s strong second

layer condition. For such rings much representation-theoretic information is
carried by the graph of links of the prime spectrum, and so we proceed to a
detailed study of the prime links of algebras satisfying the list of assumptions.
Homogeneity is a key feature – it is proved that the clique of any prime ideal
coincides with its orbit under a finite rank free abelian group of automorphisms.
Bounds on the ranks of these groups are obtained in the case of Rq [G]. In the
final section the results are specialized to the case G = SLn(C), where detailed
calculations can be used to illustrate the general results. As a preliminary set
of examples we show also that the multiparameter quantum coordinate rings
of affine n-space satisfy our axiom scheme when the group generated by the
parameters is torsionfree.

0. Introduction and Background

0.1. Let P and Q be prime ideals of a noetherian ring R. We say that P is linked
to Q, and write P  Q, if there is an ideal A of R with PQ ⊆ A ⊂ P ∩ Q such
that (P ∩Q)/A is a nonzero torsionfree left (R/P )-module and a torsionfree right
(R/Q)-module. This condition can be simplified in case R satisfies the second layer
condition (see below). In that case, P  Q if and only if (P ∩Q)/PQ is faithful as
a left (R/P )-module and as a right (R/Q)-module [39; 10, 1.4].

The graph of links of R is the directed graph whose vertices are the points of
specR (the set of prime ideals of R), with a directed edge from P to Q if and only if
P  Q. The primes in the connected component of the graph of links containing P
constitute the clique of P , denoted clique(P ). There is a close connection between
the graph of links of R and the representation theory of R (cf. [20], [4]); this
connection is particularly strong when R satisfies the strong second layer condition,
which requires that, whenever U is a cyclic uniform R-module with the annihilator
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of each of its nonzero submodules being a prime P , no nonzero finitely generated
submodule of the injective hull of U can have annihilator equal to a prime other
than P . Details of these concepts can be found in [13, 20].

In particular, links between primitive ideals in a noetherian ring R with the
strong second layer condition test for the existence of extensions of simple modules.
Namely, if S and T are simple left R-modules and there exists a non-split extension
0 → S → M → T → 0, then either annR S = annRM or annR(S) annR T [20,
9.1.2; 13, 11.4; 31, 4.3.10]. (The cited results are all stated for right modules;
interpreting them for left modules requires reversing the link arrows.) Conversely,
the existence of links implies the existence of certain non-split extensions (e.g., [4,
3.5; 13, 11.2]), although not necessarily extensions of the given simple modules.
The connection is tight, however, in case R/ annR S and R/ annR T are artinian
(e.g., if S and T are finite dimensional over a central subfield of R). In this case, a
non-split extension 0→ S →M → T → 0 exists if and only if annR S annR T .

0.2. Let q be an indeterminate, and let g be a finite dimensional complex semisim-
ple Lie algebra. Generators and relations for the quantized enveloping algebra
Uq(g) over a field K ⊇ Q(q) are given in [23, 3.2.9, 5.1.1]. Being a Hopf algebra,
Uq(g) possesses a Hopf dual

Uq(g)
?

= {f ∈ HomK(Uq(g),K) | f = 0 on some ideal of finite codimension}

which is an algebra by virtue of the comultiplication on Uq(g). The nature of the
finite dimensional representations of Uq(g) [23, Section 4.3] implies that Uq(g)

?
is

a skew group ring over a finite elementary abelian 2-group, with coefficient ring
Rq[G], the so-called quantized function algebra of G (see [23, 9.1.1]), which is a
sub-Hopf algebra of Uq(g)

?
and which is the main object of study of this paper.

In general, G is just a symbol, but when K = C it denotes the connected, simply
connected semisimple algebraic group with Lie algebra g. For g = sln(C) generators
and relations for Rq[G] are given in [15, 1.4.1] (see (6.1) below).

0.3. Let A = Rq[G] be as in (0.2). The prime and primitive ideals of A have
been classified by Joseph [21; 22; 23, Chapters 9,10], confirming a conjectured
description by Hodges and Levasseur which they had shown to be valid in the case
G = SLn(C) [15; 16]. Joseph’s description for the case of an algebraically closed
base field can be summarized as follows. Let H be a maximal torus in G and let
W be the associated Weyl group. There is a canonical action of the representation
group H on the Hopf algebra A (see (5.2) below), and the orbits in primA (the
space of primitive ideals of A) under these automorphisms are parametrized by the
elements of W ×W [23, 10.3.8]; we write primA =

⋃• {primw A | w ∈ W ×W}.
If w = (w+, w−) ∈ W ×W and P ∈ primw A, then the factor algebra A/P has
Gel’fand-Kirillov dimension `(w+)+`(w−)+s(w), where s(w) denotes the minimum
length of an expression for w−1

− w+ as a product of reflections [23, 10.3.9]. Further,
it follows from [23, 10.3.3, 10.3.4, A.1.18] that H/ StabH(P ) is a torus of rank
(rankG) − s(w) (cf. [16, 4.1]). The classification of primA extends to the prime
ideals also: one has specA =

⋃• {specw A | w ∈W×W}. Each specw A is nonempty,
and if P ∈ specw A then P is an intersection of ideals from primw A; see [23, 10.3.5]
and (1.3).
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0.4. The classification of primA as above is a quantum analog of the following
structure on G. There is a canonical (“Sklyanin-Drinfel’d”) Poisson bracket on
O(G) with respect to which G is a Poisson Lie group [8, Ex. 3.2]. Recall that a
symplectic leaf of a Poisson variety is a maximal connected symplectic submanifold
[6, §11.1]. The group H permutes the symplectic leaves of G, and the orbits under
this action are indexed by the elements of W ×W ; if w ∈ W ×W and A is a leaf
of type w, then H/ StabH(A) is a torus of rank (rankG)− s(w) [15, A.3.2].

0.5. In Sections 1–3 of this paper we study an arbitrary noetherian algebra A over
a field K satisfying seven hypotheses which are listed in (1.1), (1.2). The most
crucial of these are abstracted from the properties of specRq[G] which are sketched
above in (0.3); indeed, as will be shown in Section 5, they are all satisfied when
A = Rq[G], provided the latter algebra is defined over an algebraically closed field
K. (This hypothesis on the field is required for only a part of our results – details
are given at appropriate points.) We also show that these hypotheses are satisfied
by the quantized function algebras O(qij)(Kn) when K is algebraically closed and
the multiplicative group 〈qij〉 is torsionfree (Section 4).

Our results in the abstract setting can be summarized as follows.

Theorem. Let A be a noetherian algebra over a field K which satisfies Assump-
tions 1–7 of (1.1), (1.2). In particular, there is a disjoint partition specA =⋃•

w∈W specw A and there is an abelian subgroup H of AutA, such that for each
w ∈ W, specw A contains a unique minimal member, Jw, which is H-invariant
and H-polynormal (cf. (0.8)), and the intersection of the H-orbit of each prime in
specw A is Jw.

(a) A satisfies normal separation (cf. (1.6)), and (hence) the strong second layer
property.

(b) Fix w ∈ W. There are subgroups Nw ⊆ Tw of H, and a finite set Σw/Nw of
cosets of Tw/Nw with Tw = 〈Σw ∪Nw〉, with the following properties:

(i) Let P ∈ primw A. Then clique(P ) = {τ(P ) | τ ∈ Tw} and Nw = StabH(P ).
In particular, clique(P ) ⊆ primw A and clique(P ) is in bijection with Tw/Nw.

(ii) Let Q ∈ specw A, and define TQ = {τ ∈ H | τ(Q) ∈ clique(Q)} and NQ =
StabH(Q). Then Nw ⊆ NQ and TQ = TwNQ (hence, TQ/NQ is a homomorphic
image of Tw/Nw). Moreover, clique(Q) = {τ(Q) | τ ∈ TQ} ⊆ specw A, so that
clique(Q) is in bijection with TQ/NQ.

(iii) Nonzero primes Q,Q′ ∈ specw A satisfy Q′ Q if and only if Q′ = σ(Q)
for some σ ∈ Σw.

(iv) Under an additional assumption, the groups TQ/NQ (and in particular
Tw/Nw) are free abelian of finite rank, and so the cliques in specA are each either
singletons or infinite.

These results are proved below in (1.7), (1.9), (2.11), (3.3), and (3.4).
The axiomatic approach we have used was undertaken at the urging of the referee.

It facilitated the extension of our original results from the case G = SLn(C) to the
general case, and has – we hope – made the development clearer.

0.6. In Section 5 we show that the above theorem applies when the algebra A =
Rq[G] is defined over an algebraically closed field. Here, W = W ×W and the
abelian group H consists of winding automorphisms which act semisimply on A;
further, the subgroups Tw ⊆ H are generated (modulo Nw) by automorphisms
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whose eigenvalues are powers of q. The latter property verifies the additional hy-
pothesis of part (iv) of Theorem 0.5, so that each clique in Rq[G] is either a singleton
or infinite, and (rankG)− s(w) is shown to be an upper bound for the rank of the
free abelian group Tw/Nw, for all w ∈ W.

0.7. At the geometric level, the results of this paper lend support to the philosophy
[38, 15, 16] that the structure and representation theory of Rq[G] should reflect the
Poisson structure of G. To explain this statement requires some further background
(which is not needed in the rest of the paper). We first recall the construction of
the Manin triple corresponding to the Poisson Lie group G [8, p. 802]. Thus, let g
be the Lie algebra of G and

gd = {(x, x) | x ∈ g}, a = {(y,−y) | y ∈ h},
d = g⊕ g, u+ = {(x, y) | x ∈ n+, y ∈ n−},

where g = n− ⊕ h ⊕ n+ is a triangular decomposition of g. The Iwasawa decom-
position of d [7, 1.13.14] corresponding to this data is

d = gd ⊕ a⊕ u+.

The bilinear form on d given by

〈(x, y), (z, t)〉 :=
1

2

(
(x, z)K − (y, t)K

)
,

where (·, ·)K is the Killing form on g, is non-degenerate, invariant and symmetric.
Set gr = a ⊕ u+, a solvable algebraic subalgebra of d. One checks easily that gd
and gr are maximal isotropic subalgebras of d for 〈·, ·〉; in short,

(d,gd,gr)

is a Manin triple. Notice that gd ∼= g∗r and gr ∼= g∗d; the Lie bracket on gr is
exactly the linearization at 1 of the Poisson structure on G [29, p. 504]. (One
can also arrive at gr by using the classical r-matrix R ∈ EndC(g) corresponding
to the Poisson structure on G to define a new Lie bracket [−,−]R on g, setting
[x, y]R = [Rx, y] + [x,Ry]; see, for example, [36].)

Recall next that the space of primitive ideals of the enveloping algebra U(gr) is
in bijection with the orbits in g∗r under the action of the “adjoint algebraic group”
of gr [1], and that these orbits are the symplectic leaves for the Poisson structure
on g∗r dual to the Lie bracket on gr [14, IV.7.2; 26, §§15.1, 15.2] (cf. [6, §11.5]).
Moreover, U(gr) is a quantization (in the sense of [8, §2]) of the coordinate ring of
g∗r equipped with this Poisson structure [6, §11.6].

Compare the above with the situation for Rq[G]: This algebra is a quantization
of O(G) where the latter is given the Poisson structure of (0.4). One expects,
therefore, that there should be a close resemblance between the algebras U(gr) and
Rq[G]. That this is so as regards the cliques and link graphs of the algebras can
be seen by comparing the results of this paper with [3, 2], in which similar results
were obtained for enveloping algebras of solvable Lie algebras. The details of this
comparison are summarized for the case G = SL2(C) in Example 6.8.
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0.8. All rings, algebras, modules, ring homomorphisms, etc. in this paper are as-
sumed to be unital. We write J(R) for the Jacobson radical of a ring R, and Z(R)
for its center. As mentioned above, we denote by specR the prime spectrum (i.e.,
the set of prime ideals) of a ring R, and by primR the set of primitive ideals;
similarly, maxR denotes the set of maximal ideals.

A normal element in a ring R is an element c ∈ R such that cR = Rc. In case
there exists an automorphism h of R such that cr = h(r)c for all r ∈ R, we say that
c is h-normal. (Such an automorphism need not exist, nor need it be unique, unless
c is a regular element.) When we do not wish to record the particular automorphism
h, but only that it exists in some specified subgroup H of AutR, we say that c is
H-normal.

A polynormal sequence (or normalizing sequence) in R is a sequence c1, c2, . . . , cm
of elements of R such that each cj is normal modulo the ideal 〈c1, . . . , cj−1〉. In par-
ticular, c1 must be a normal element of R. Such a sequence is called H-polynormal
(for a subgroup H of AutR) if there exist h1, . . . , hm ∈ H such that each cj is
hj-normal modulo 〈c1, . . . , cj−1〉, meaning that cjr ≡ hj(r)cj (mod 〈c1, . . . , cj−1〉)
for all r ∈ R. (A priori, the ideal 〈c1, . . . , cj−1〉 need not be invariant under hj ,
although in practice that will usually be the case.) Finally, an ideal is polynormal
(or H-polynormal) if it has a polynormal (H-polynormal) sequence of generators.

Any unexplained ring-theoretic terminology or notation is standard, and may be
found in [13] or [31].

1. The Setup: Assumptions and Basic Consequences

1.1. As basic data, we take
• A noetherian algebra A over a field K;
• An abelian subgroup H ⊆ AutA;
• A disjoint partition specA =

⋃•
w∈W specw A;

satisfying the following six assumptions:

Assumption 1. The algebra A is a Jacobson ring, i.e., every prime factor ring of
A has zero Jacobson radical.

This assumption is automatically satisfied in case A is countably generated and
K is uncountable (see [31, 9.1.8]).

Assumption 2. For each w ∈ W, there is a (unique) minimum element Jw ∈
specw A.

Assumption 3. Each of the ideals Jw is H-invariant and H-polynormal.

Assumption 4. For each w ∈ W, there is a multiplicative set Ew ⊆ A/Jw, gener-
ated by normal elements, such that the prime ideals of A/Jw disjoint from Ew are
precisely those which come from specw A, that is,

{P/Jw | P ∈ specw A} = {Q ∈ specA/Jw | Q ∩ Ew = ∅}.

Since Ew consists of normal elements, it is an Ore set, and so we can form the
localization Aw := (A/Jw)[E−1

w ]. Included in our assumption is that Jw/Jw must
be disjoint from Ew. Hence, 0 /∈ Ew and so Aw 6= 0. Since Jw is a prime ideal,
Aw is a prime ring and A/Jw embeds in Aw [13, 9.20, 9.21]. Further, standard
localization theory shows that extension and contraction give inverse bijections
between specw A and specAw [31, 2.1.16(vii); 13, 9.22].
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Assumption 5. Each Ew is generated by a finite set of H-eigenvectors.

It follows from this and Assumption 4 that specw A is a union of H-orbits.
Further, the multiplicative set K× · Ew is invariant under H, and so we obtain an
induced action of H on Aw.

Assumption 6. Each prime ideal of any Aw is minimal over a centrally generated
semiprime ideal.

It follows, in particular, that specAw is centrally separated in that for any com-
parable primes P < Q in specAw, we have P ∩ Z(Aw) < Q ∩ Z(Aw). Assumption
6 of course holds in case the primes of each Aw are centrally generated, which will
be the case for some of the examples we consider.

1.2. While Assumptions 1–6 suffice for some of our initial results, our main theo-
rems require one further hypothesis, which we do not uniformly invoke until Section
3.

Assumption 7. For each w ∈ W, the set primw A := primA ∩ specw A equals a
single H-orbit.

In particular, H acts transitively on primw A. That primw A is stable under H is
already guaranteed by Assumptions 4 and 5, which imply that specw A is H-stable.

It is typically more difficult to satisfy Assumption 7 than the other six. For
instance, the commutative polynomial ring A = K[x1, . . . , xn], the trivial group
H = {id} ⊆ AutA, and the trivial partition specA = specw A with a single index
w satisfy Assumptions 1–6. A more natural choice of H for this algebra, which also
works for quantum coordinate rings of affine spaces, is presented in Section 4. In
that setup, Assumption 7 only holds when K is algebraically closed.

1.3. Proposition. Let w ∈ W, and suppose only that Assumptions 1–5 hold.
(a) Each prime in specw A is an intersection of primitive ideals from primw A.
(b) Every maximal element of specw A is primitive.
(c) If P ∈ primw A, then PAw ∈ primAw.
(d) The localization Aw is a Jacobson ring.

Proof. Set R = A/Jw, and choose a finite set of generators for Ew, say e1, . . . , en.
Since the ej are normal, any prime of R which meets Ew must contain some ej ,
and hence must contain the element e = e1e2 · · · en. Consequently,

{P/Jw | P ∈ specw A} = {Q ∈ specR | e /∈ Q},

because of Assumption 4.
(a) If P ∈ specw A, then P =

⋂
i∈I Pi for some collection of primitive ideals Pi,

by Assumption 1. Write I = I ′ ∪ I ′′ where e ∈ Pi/Jw for i ∈ I ′ and e /∈ Pi/Jw
for i ∈ I ′′. Then P =

(⋂
i∈I′ Pi

)
∩
(⋂

i∈I′′ Pi
)
, with the first intersection properly

containing P . Hence, P =
⋂
i∈I′′ Pi with Pi ∈ primw A for all i ∈ I ′′.

(b) This is immediate from part (a).
(c) Let M be a faithful simple left (A/P )-module. Since Jw ⊆ P , we may also

view M as a left R-module. For any x ∈ Ew and any nonzero m ∈ M , we have
x /∈ P/Jw = annRM , whence Rxm = xRm = xM 6= 0 and so xm 6= 0. Hence,
M is Ew-torsionfree. It follows that the localization [E−1

w ]M is a simple left Aw-
module [13, 9.18] and that M embeds in [E−1

w ]M . Hence, Q = annAw [E−1
w ]M is
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a primitive ideal of Aw and Q ∩ R ⊆ P/Jw. On the other hand, P [E−1
w ]M = 0

because PAw = AwP (cf. [13, 9.20]). Thus Q ∩R = P/Jw, and so PAw = Q [13,
9.22]. Therefore PAw ∈ primAw.

(d) Consider an arbitrary prime PAw ∈ specAw, where P ∈ specw A. By
parts (a) and (c), P =

⋂
i∈I Pi for some primitive ideals Pi ∈ primw A, and each

PiAw ∈ primAw. For i ∈ I, the prime Pi/Jw in R is disjoint from Ew, and so
A/Pi is Ew-torsionfree [13, 9.21]. It follows that

⋂
i∈I PiAw = PAw, and therefore

J(Aw/PAw) = 0. �
1.4. A noetherian K-algebra R is said to satisfy the Nullstellensatz (over K) pro-
vided that R is a Jacobson ring and the endomorphism ring of every simple R-
module is algebraic over K [31, 9.1.4]. These conditions are, in particular, satisfied
when R is countably generated and K is uncountable [31, 9.1.8].

Corollary. Suppose that A satisfies the Nullstellensatz.
(a) For each w ∈ W, the bijection of specw A onto specAw given by P 7→ PAw

restricts to a bijection of primw A onto maxAw. In other words, primw A equals
the set of maximal elements of specw A.

(b) Assumption 7 holds if and only if H acts transitively on maxAw for each
w ∈ W.

Proof. (a) If P ∈ specw A and PAw ∈ maxAw, then P must be maximal in specw A,
and so P ∈ primw A by Proposition 1.3(b).

Conversely, let P ∈ primw A, and let M be a faithful simple left (A/P )-module.
We adopt the notation of the proof of Proposition 1.3(c). As shown in that proof,
the localization [E−1

w ]M is a simple left Aw-module, M embeds in [E−1
w ]M , and

the ideal Q = annAw [E−1
w ]M coincides with PAw. Now the image of M in

[E−1
w ]M , being simple and essential, must be the unique simple R-submodule of

[E−1
w ]M . Hence, restriction from [E−1

w ]M to this image yields a K-algebra em-
bedding EndAw [E−1

w ]M ↪→ EndAM . Consequently, Z(Aw)/(Q ∩ Z(Aw)) embeds
in EndAM . It now follows from the Nullstellensatz that Z(Aw)/(Q ∩ Z(Aw)) is
algebraic over K. This commutative domain must therefore be a field, and so
Q∩Z(Aw) must be a maximal ideal of Z(Aw). We thus conclude from Assumption
6 that PAw = Q is a maximal ideal of Aw.

(b) This is clear from part (a). �
1.5. Corollary. Assumption 7 implies statement 1.4(a).

Proof. The maximal elements of specw A lie in primw A by Proposition 1.3(b). In
particular, at least one element of primw A is maximal in specw A. Since H acts
transitively on primw A (Assumption 7), all elements of primw A must be maximal
in specw A. �

The natural companion result to Corollary 1.5 – that primAw = maxAw – does
not seem to follow from our assumptions. It can be shown to hold in the examples
we consider later, but since we shall not need this result, we will leave the details
to the reader.

1.6. We say that the prime spectrum of a ring R has normal separation provided
that for any pair of comparable primes P < Q in specR, the factor Q/P contains
a nonzero normal element of R/P . Normal separation is connected to the second
layer condition via the Artin-Rees property, as follows.
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An ideal I in a ring R satisfies the left Artin-Rees property if for each left ideal
L of R, there is a positive integer n such that L ∩ In ⊆ IL. This is equivalent
to the condition that every finitely generated left R-module which has an essential
submodule annihilated by I must be annihilated by a power of I [13, 11.11; 31,
4.2.2]. The right AR-property is defined symmetrically, and an AR-ideal is an ideal
satisfying the left and right AR-properties. Any normal element in a noetherian ring
R generates an AR-ideal [31, 4.1.10]. Hence, if specR has normal separation, then
it is also AR-separated in the sense that for any comparable primes P < Q in R, the
ideal Q/P in R/P contains a nonzero AR-ideal. Now AR-separation implies the
strong second layer condition [20, 8.1.7; 13, 11.14], and therefore normal separation
implies this condition.

1.7. Proposition. specA has normal separation, and therefore A satisfies the
strong second layer condition.

Proof. As noted in (1.6), the strong second layer condition follows from normal
separation.

Consider primes P < Q in specA. Then P ∈ specw A for some w ∈ W, and
Jw ⊆ P . If Q /∈ specw A, there exists an element c ∈ (Q/Jw) ∩ Ew, and the image
of c in A/P is a nonzero normal element lying in Q/P . If Q ∈ specw A, then by
Assumption 6 there exists an element z ∈ Z(Aw)∩QAw \PAw. Further, z = cd−1

for some c ∈ Q/Jw and d ∈ Ew. Since d is normal in A/Jw, it follows from the
centrality of z that c is normal in A/Jw. Thus the image of c in A/P is a nonzero
normal element contained in Q/P .

Therefore specA has normal separation. �
1.8. Given a set Φ of automorphisms of a ring R and an ideal P in R, let
(P : Φ) denote the largest Φ-ideal (Φ-invariant ideal) contained in P . In case
Φ is a subgroup of AutR, the ideal (P : Φ) equals the intersection of the ideals in
the Φ-orbit of P .

It is well known that if P is prime, then (P : Φ) is Φ-prime. Namely, if I1 and
I2 are Φ-ideals whose product is contained in (P : Φ), then I1I2 ⊆ P and so some
Ij ⊆ P ; since Ij is Φ-invariant, it must be contained in (P : Φ).

Now assume that R is noetherian and Φ is a subgroup of AutR. In this case, a
standard argument shows that the primes minimal over any Φ-prime ideal J form a
single Φ-orbit, and that J equals the intersection of this orbit, i.e., J = (P : Φ) for
any prime P minimal over J . In particular, J must be semiprime. (Cf. [9, Remarks
4*,5*, p. 338; 35, 14.2].) To see this, choose one prime Pi from each of the distinct
Φ-orbits of primes minimal over J . There are finitely many Pi, and the intersection
of the ideals (Pi : Φ) equals the prime radical of J . Since J contains some power of
the product of the (Pi : Φ), it must contain some (Pj : Φ). Therefore J = (Pj : Φ).

1.9. Proposition. Suppose that Assumption 7 holds.
(a) For P ∈ specA and w ∈ W, we have P ∈ specw A if and only if the inter-

section of the H-orbit of P equals Jw.
(b) The map w 7→ Jw gives a bijection from W onto the set of prime H-ideals

of A.
(c) The prime H-ideals of A coincide with the H-prime ideals.

Proof. (a) By Assumption 7, primw A consists of a single H-orbit, and so (Q : H) =⋂
primw A for any Q ∈ primw A. Since every prime in specw A is an intersection of
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primes from primw A (Corollary 1.5), and since Jw is H-invariant, it follows that
(Q : H) = Jw for all Q ∈ specw A.

Conversely, assume that (P : H) = Jw. Since the elements of Ew are nonzero
H-eigenvectors in A/Jw, we must have (P/Jw) ∩ Ew = ∅. Therefore P ∈ specw A
by Assumption 5.

(b) The ideals Jw are clearly prime H-ideals. On the other hand, any prime
H-ideal J equals the intersection of its own H-orbit. Moreover, J ∈ specw A for
some w, and thus J = Jw by part (a). Finally, Jw 6= Jy for distinct w, y ∈ W
because specw A and specy A are disjoint.

(c) Obviously prime H-ideals are H-prime. If J is an H-prime ideal of A, then
by (1.8), J = (P : H) for some prime P . But P ∈ specw A for some w ∈ W, and
(P : H) = Jw by part (a). Therefore J = Jw is prime. �

Proposition 1.9 allows us to rewrite the specw-partition of specA solely in terms
of the action of H, in the following fashion:

1.10. Theorem. Suppose that Assumption 7 holds. For each prime H-ideal J in
A, let EJ denote the set of nonzero normal H-eigenvectors in A/J , and set

specJ A = {P ∈ specA | J ⊆ P and (P/J) ∩ EJ = ∅}.

(a) specA is the disjoint union of the sets specJ A.

(b) The set of primitive ideals in each specJ A coincides with the set of maximal
elements of specJ A, and H acts transitively on this set.

(c) A prime P ∈ specA lies in specJ A if and only if (P : H) = J .

Proof. (c) By Proposition 1.9, J = Jw for some w ∈ W, and we note that Ew ⊆ EJ .
If P ∈ specJ A, then P ∈ specw A by Assumption 4, and so (P : H) = J by
Proposition 1.9. Conversely, if (P : H) = J , then J ⊆ P and P/J contains no
nonzero H-eigenvectors, whence (P/J) ∩ EJ = ∅ and so P ∈ specJ A.

Statements (a) and (b) now follow from part (c) together with Proposition 1.9,
Corollary 1.5, and Assumption 7. �

2. Linked Prime Ideals

We continue with the setup and assumptions of (1.1); Assumption 7 is not needed
in this section. This section is devoted to the relationship between links and au-
tomorphisms in A. We show first that the cliques in specA are contained within
the sets specw A, that is, each specw A is closed under incoming and outgoing links.
Next, we show that all non-minimal primes in specA have self-links. The remainder
of the section is devoted to proving that all links in specA arise from particular au-
tomorphisms of A; further, links are “generic” in the sense that all links in specw A
lift to links in primw A given by the same automorphisms.

2.1. Recall that if P and Q are linked primes in a noetherian ring, then any AR-
ideal contained in one of them must be contained in the other [20, 5.3.10; 13,
11.16]. Thus, the presence of AR-ideals imposes a certain rigidity on the graph of
links.
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2.2. Lemma. For any w ∈ W, the ideal Jw is an AR-ideal. Further, if c+Jw ∈ Ew,
then Jw +Ac is an AR-ideal.

Proof. By Assumption 3, Jw has a sequence of generators x1, . . . , xm such that each
xj is H-normal modulo 〈x1, . . . , xj−1〉. Since Jw is H-invariant, it follows that

xjJw + 〈x1, . . . , xj−1〉 = Jwxj + 〈x1, . . . , xj−1〉

for j = 1, . . . ,m. Therefore by McConnell’s criterion [31, 4.2.7], Jw is an AR-ideal.
By Assumptions 4 and 5, c+Jw is a normal H-eigenvector. Hence, x1, . . . , xm, c

is a polynormal sequence of generators for Jw + Ac, and Jw + Ac is H-invariant.
Thus

xj(Jw +Ac) + 〈x1, . . . , xj−1〉 = (Jw +Ac)xj + 〈x1, . . . , xj−1〉

for j = 1, . . . ,m. Clearly c(Jw +Ac) + Jw = (Jw +Ac)c+ Jw as well, and therefore
Jw +Ac is an AR-ideal. �

2.3. Proposition. If w ∈ W and P ∈ specw A, then clique(P ) ⊆ specw A.

Proof. It suffices to show that any Q ∈ specA which is linked to or from P must
lie in specw A.

Since Jw ⊆ P and Jw is AR by Lemma 2.2, we have Jw ⊆ Q. Suppose there
exists a coset c + Jw ∈ (Q/Jw) ∩ Ew; then Jw + Ac ⊆ Q. Since Jw + Ac is AR
(Lemma 2.2), it follows that Jw + Ac ⊆ P , contradicting the fact that P/Jw is
disjoint from Ew. Therefore (Q/Jw) ∩ Ew = ∅, and hence Q ∈ specw A. �

2.4. Lemma. For w ∈ W, there are no links in specAw except possibly self-links.

Proof. Consider a link P  Q in specAw. By Assumption 6, P is minimal over
a centrally generated semiprime ideal N , and since N is an AR-ideal it must be
contained in Q. It follows from [20, 5.3.12 and proof] that either P = Q or
P/N Q/N in Aw/N (this also follows from Lemma 2.7 below). However, there
are no links to or from minimal primes in a semiprime noetherian ring [13, 11.17],
and therefore P = Q. �

2.5. Proposition. Let R be a noetherian ring satisfying the right second layer
condition, and P any non-minimal prime of R. Then there exists Q ∈ specR such
that Q P .

Proof. There exists a minimal prime P0 < P , and any link of the formQ/P0 P/P0

lifts to a link Q P . Hence, there is no loss of generality in assuming that R is a
prime ring and P 6= 0. Let E be the injective hull of (R/P )R. Then E is a faithful
right R-module [13, 12.9], and so E1 := annE(P ) is a proper submodule of E. Note
that E1 is a torsionfree (R/P )-module. Choose an affiliated submodule E2/E1 of
E/E1, with affiliated prime Q. Since R satisfies the right second layer condition,
we conclude from Jategaonkar’s Main Lemma [20, 6.1.3; 13, 11.1] that Q P . �

2.6. Theorem. Every non-minimal prime in specA is linked to itself.

Proof. Let P be a non-minimal prime in specA. Then P ∈ specw A for some
w ∈ W. If PAw 6= 0, then since Aw is a prime ring, Proposition 2.5 shows that
there must be a prime in specAw linked to PAw. In view of Lemma 2.4, the only
possibility is PAw PAw, from which it follows that P  P .
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If PAw = 0, then P = Jw. Proposition 2.5 implies the existence of a prime
Q ∈ specA linked to P , and Q ∈ specw A by Proposition 2.3. But then P ⊆ Q,
whence P = Q (because of the second layer condition, distinct primes in the same
clique are incomparable [13, 12.6]). Thus P  P in this case also. �

Since our assumptions include no restrictions on the prime radical of A, the
question whether the minimal primes of A are linked to themselves is open. One
can easily concoct examples satisfying (1.1) in which the minimal primes do have
self-links (e.g., K[x]/〈x2〉). However, the quantum coordinate rings to which we
will apply our results are domains. In those cases, 0 is the unique minimal prime
of A, and 0 cannot be linked to any prime.

The key to writing cliques as orbits lies in the following easy lemma. It is
relatively well known, but we have not located a reference for this form of it. The
proof below is adapted from [2, 4.1] and [27, 2.5].

2.7. Lemma. Let P  Q be linked prime ideals in a noetherian ring R, and I an
ideal contained in P ∩Q. Suppose that I has a polynormal sequence of generators,
say c1, . . . , cm, and that each cj is αj-normal modulo 〈c1, . . . , cj−1〉 for some αj ∈
AutR. Then either P/I Q/I or P = αj(Q) for some j.

Proof. Suppose that the link P  Q is implemented by a bimodule (P ∩Q)/B. If
I ⊆ B, then P/I Q/I via the bimodule [(P/I)∩ (Q/I)]/[B/I]. If I * B, let j be
the least index such that cj /∈ B. Then the coset c = cj +B is a nonzero αj-normal
element of the bimodule (P ∩ Q)/B. Since this bimodule is torsionfree as a left
(R/P )-module and as a right (R/Q)-module, we conclude that

P = l.annR(Rc) = l.annR(c) = αj(r.annR(c)) = αj(r.annR(cR)) = αj(Q). �

The results of this section so far can be used to show that links in specA all arise
from the actions of certain automorphisms from H, namely those associated with
H-polynormal sequences of generators for the Jw. This follows from an application
of Lemma 2.7 with R = A and I = Jw. However, we will also need that links
in specw A lift to corresponding links in primw A, in the following sense: whenever
P  Q are distinct linked primes in specw A, there exists a suitable h ∈ H such that
P = h(Q) and h(K) K for K ∈ primw A. To prove this, we require a stronger
version of Lemma 2.7, namely Corollary 2.10, which is a variant of [2, 4.1].

2.8. It will be convenient to work with bonds between prime factor rings. Recall
that a bond [20, p. 123] from a prime noetherian ring R′ to a prime noetherian ring
R′′ is a nonzero noetherian R′-R′′-bimodule which is torsionfree as a left R′-module
and as a right R′′-module. We shall mainly be concerned with bonds between prime
factors R/P and R/Q of a given noetherian ring R, and in fact with bonds of the
form I/J where I > J are ideals of R. (Such bonds are sometimes called internal
bonds or ideal links; links as defined in (0.1) are a special type of ideal link.)

A well-known argument of Jatagaonkar [20, proof of 8.2.4] shows that if P and
Q are primes in a noetherian ring R with the second layer condition, and if there
is a bimodule subfactor of R giving a bond from R/P to R/Q, then either P = Q
or there is a chain of links P0 = P  P1 · · ·  Pr = Q (cf. [10, 1.1]). The
determining factor distinguishing the two cases is how “deep” within the ring R
the bond lies, relative to P ∩ Q. This can be proved by modifying Jategaonkar’s
argument as follows.
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Theorem. Let R be a noetherian ring satisfying the second layer condition, and
let P,Q ∈ specR. Suppose that there exist ideals C ⊃ D in R such that C/D is a
bond from R/P to R/Q.

(a) If P ∩Q ∩ C ⊆ D, then P = Q.
(b) If P ∩Q ∩ C * D, then there exists a chain of links

P0 = P P1 · · ·  Pr = Q

in specR with r ≥ 1.

Proof. Recall that, because of the bond from R/P to R/Q, the rings R/P and R/Q
must have the same classical Krull dimension [13, 12.6].

(a) In this case we have C ∩ [(P ∩Q) +D] = D, and so

[(P ∩Q) + C]/[(P ∩Q) +D] ∼= C/D.

Hence, there is no loss of generality in assuming that P ∩Q ⊆ D. After passing to
R/(P ∩Q), we may assume that P ∩Q = 0. Since cl.K.dimR/P = cl.K.dimR/Q,
neither P nor Q is properly contained in the other, and so P and Q are both
minimal primes. As a result, the bond survives localization with respect to CR(0),
and hence we may assume that R is semisimple. Now the ideal C must be generated
by a central idempotent, and we conclude that P = Q.

(b) In this case, the ideal factor (P ∩ Q ∩ C)/(P ∩ Q ∩ D) is nonzero. Since
this factor is isomorphic to a sub-bimodule of C/D, it also is a bond from R/P to
R/Q. Hence, there is no loss of generality in assuming that C ⊆ P ∩Q. Then, we
may pass to R/D, and so we may also assume that D = 0. Choose an ideal J in
R maximal with respect to the property J ∩C = 0. Then J ⊆ l.annR(C) = P and
similarly J ⊆ Q. Thus we may pass to R/J , and hence there is no loss of generality
in assuming that C is essential as an ideal of R.

Now choose a right ideal A of R maximal with respect to the property A∩C = 0.
Then C is isomorphic to an essential submodule of R/A, whence Q is the unique
associated prime of R/A, and A1/A := annR/A(Q) is a torsionfree right (R/Q)-
module. Note that A1/A is essential in R/A. Let

0 ⊂ A1/A ⊂ A2/A ⊂ · · · ⊂ At/A = R/A

be an affiliated series for R/A, with corresponding affiliated primes Q1 = Q,Q2, . . . ,
Qt. Since A1/A is essential in R/A, it follows from the (right) second layer condition
that each Qj has a chain of links to Q [20, 9.1.2; 13, 11.6]; further, for j ≥ 2 there
is a chain Qj · · ·  Q of positive length. The product QtQt−1 · · ·Q1 annihilates
R/A, whence QtQt−1 · · ·Q1 ∩C ⊆ A∩C = 0. Since C is essential as an ideal of R,
we obtain QtQt−1 · · ·Q1 = 0.

Note that QtQt−1 · · ·Q2C ⊆ QtQt−1 · · ·Q1 = 0, whence QtQt−1 · · ·Q2 ⊆ P .
Thus Qj ⊆ P for some j ≥ 2. There is a chain of links

P0 = Qj P1 · · ·  Pr = Q

with r ≥ 1. Because of these links (and the bond from R/P to R/Q) we have

cl.K.dimR/Qj = cl.K.dimR/Q = cl.K.dimR/P

[13, 12.6]. Therefore Qj = P . �
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2.9. Lemma. Let R be a noetherian ring satisfying the second layer condition and
I an ideal of R. Let K0 and K be prime ideals of R, containing I, such that the
cliques of K0/I and K/I in specR/I are singletons. If there is a bimodule subfactor
of I/I2 which is a bond from R/K0 to R/K, then K0 K.

Proof. Let I ⊇ C ⊃ D ⊇ I2 be ideals such that C/D is a bond from R/K0 to R/K.
After passing to R/D, we may assume that D = 0.

Choose a right ideal A ⊆ I maximal with respect to the propertyA∩C = 0. Then
C is isomorphic to an essential submodule of I/A. Hence, K is the unique associated
prime of I/A, and annI/A(K) is a torsionfree right (R/K)-module. We may view

I/A as a right (R/I)-module, because I2 = 0. Hence, I/A is annihilated by some
finite product of primes from the (right) clique of K/I. By hypothesis, the clique of
K/I is a singleton, and so (I/A)Km = 0 for some m. Thus IKm ∩C ⊆ A∩C = 0.

Now (C + IKm)/IKm ∼= C, and so the ideal (C + IKm)/IKm in the ring
R/IKm gives a bond from R/K0 to R/K. After passing to R/IKm, we may
assume that IKm = 0. Since K0 ∩ K ⊇ I ⊇ C, Theorem 2.8 provides us with
a chain of links K0 K1 · · ·  Kr = K in specR, with r ≥ 1. Note that
cl.K.dimR/Ki = cl.K.dimR/K for all i [13, 12.6]. If Kr−1 = K0 we are done, so
assume that Kr−1 6= K0.

Let j be the least index such that Kj 6= K0; then K0 Kj . This link can
be given by (K0 ∩ Kj)/B for some ideal B ⊇ K0Kj . Since K0/I / Kj/I (by
hypothesis), B cannot contain I. Hence, (I + B)/B is a nonzero torsionfree right
(R/Kj)-module. But Km annihilates (I + B)/B on the right, whence Km ⊆ Kj

and so K ⊆ Kj . Since R/K and R/Kj have the same classical Krull dimension,
we conclude that K = Kj, and therefore K0 K. �

2.10. Corollary. Let R be a noetherian ring satisfying the second layer condition
and I an ideal of R. Suppose that I has a polynormal sequence of generators,
say c1, . . . , cm, and that each cj is αj-normal modulo 〈c1, . . . , cj−1〉 for some αj ∈
AutR. Let K be a link-closed subset of specR which is invariant under α1, . . . , αm.
Suppose that each K ∈ K contains I and that the clique of K/I in specR/I is a
singleton for all K ∈ K.

If P  Q are distinct linked primes in K, then there exists an index j such that
P = αj(Q) and such that αj(K) K for all K ∈ K that contain Q.

Proof. Suppose that the link P  Q is implemented by (P ∩Q)/I0, and note that
I2 ⊆ I0. Since P/I / Q/I (because P,Q ∈ K), we have I 6⊆ I0. Let j be the
least index such that cj /∈ I0, and set c = cj + I0. Then c is a nonzero αj-normal
element of (I + I0)/I0, and P = αj(Q) as in the proof of Lemma 2.7. Moreover,
l.annR(c) = P and r.annR(c) = Q.

Now let K be any prime in K that contains Q. Then αj(K) ∈ K as well, and so
the cliques of αj(K)/I and K/I in specR/I are singletons. Note that I0 ⊆ Q ⊆ K
and I0 ⊆ P = αj(Q) ⊆ αj(K), so that K/(I + I0) and αj(K)/(I + I0) are primes
in R/(I + I0). The cliques of these primes in specR/(I + I0) are singletons. Since
r.annR(c) = Q ⊆ K, we have cR/cK ∼= R/K as right R-modules. Similarly,
l.annR(c) = αj(Q) ⊆ αj(K), and so cR/cK = Rc/αj(K)c ∼= R/αj(K) as left
R-modules. Hence, cR/cK is a bond from R/αj(K) to R/K. Since cR/cK is a
bimodule subfactor of (I+ I0)/I0, we conclude from Lemma 2.9 that αj(K) K.�
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2.11. We can now prove our fundamental result on the relationship between links
and automorphisms in A. For each w ∈ W, choose an H-polynormal sequence of
generators xw,1, . . . , xw,m(w) for Jw (Assumption 3). Thus, each xw,j is hw,j-normal
modulo 〈xw,1, . . . , xw,j−1〉 for some hw,j ∈ H. All links in specA arise from the
automorphisms hw,j as follows.

Theorem. Let P and Q be distinct primes in some specw A. If P  Q, then
P = hw,j(Q) for some j ∈ {1, . . . ,m(w)}. Furthermore, j can be chosen so that
hw,j(K) K for all K ∈ specw A that contain Q.

Proof. By Proposition 2.3, specw A is a link-closed subset of specA. By Assump-
tions 4 and 5, specw A is invariant under H. In view of Lemma 2.4 and the fact
that localization preserves links, we see that for any K ∈ specw A, the clique of
K/Jw in specA/Jw is a singleton. Therefore the theorem follows from Corollary
2.10. �

3. Homogeneity of Cliques

We continue with the setup and assumptions of (1.1), and we impose Assumption
7 throughout. Here we globalize the results of the previous section, by proving that
cliques in specA have the form of orbits with respect to certain subgroups of H.
Further, for each w ∈ W there is a subgroup Tw ⊆ H that determines all the cliques
within specw A, as well as a finite subset of Tw that determines almost all the links
within specw A.

3.1. For P ∈ specA, define

TP = {τ ∈ H | τ(P ) ∈ clique(P )},
ΣP = {σ ∈ H | σ(P ) P},
NP = {η ∈ H | η(P ) = P}.

The following proposition exhibits some general observations relating these sets of
automorphisms to the structure of the clique of P .

Proposition. (a) TP is a subgroup of H, and the TP -orbit of P coincides with its
clique.

(b) NP is a subgroup of TP , and there is a bijection TP /NP → clique(P ) given
by the rule τNP 7→ τ(P ).

(c) If T is a subgroup of TP such that all primes linked to P lie in the T -orbit
of P , then the clique of P equals its T -orbit.

(d) If P is not a minimal prime, then NP ⊆ ΣP and ΣP generates TP .

Proof. We have P ∈ specw A for some w ∈ W. By Proposition 2.3 and Theorem
2.11, clique(P ) ⊆ specw A and whenever Q Q′ in specw A there exists σ ∈ H such
that Q = σ(Q′). It follows that the clique of P is contained in its H-orbit. Hence,
clique(P ) = {τ(P ) | τ ∈ TP }.

(a) First observe that clique(P ) is invariant under every τ ∈ TP : since automor-
phisms preserve links, τ maps clique(P ) into clique(τ(P )), and the latter coincides
with clique(P ) because τ ∈ TP . It follows that TP is closed under composition. Fur-
ther, for τ ∈ TP we have P ∈ clique(τ−1(P )) and so τ−1(P ) ∈ clique(P ), whence
τ−1 ∈ TP . Therefore TP is a subgroup of H.
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(b) This is clear.
(c) Obviously the T -orbit of P is contained in its clique. Given Q ∈ clique(P ),

choose primes P0 = P, P1, . . . , Pm = Q such that for l = 1, . . . ,m either Pl−1 Pl
or Pl Pl−1. If Pl−1 Pl, choose τl ∈ TP such that τl(P ) = Pl and note that
τ−1
l (Pl−1) P . Then τ−1

l (Pl−1) = σl(P ) for some σl ∈ T , and Pl−1 = σl(Pl)
(because σl and τl commute). Similarly, if Pl Pl−1, then Pl = σl(Pl−1) for some
σl ∈ T . Hence, Q = σ(P ) for some automorphism σ of the form σ±1

m σ±1
m−1 · · ·σ±1

1 ,
and therefore Q lies in the T -orbit of P .

(d) It follows from Theorem 2.6 that NP ⊆ ΣP . Let T be the subgroup of TP
generated by ΣP . By part (c), the T -orbit of P equals its clique. Given τ ∈ TP , we
have τ(P ) = η(P ) for some η ∈ T . Then η−1τ(P ) = P and so η−1τ ∈ NP ⊆ ΣP ,
whence τ ∈ T . Therefore TP = T . �
3.2. Lemma. Let P, P ′ ∈ primw A for some w ∈ W. Then TP ′ = TP , ΣP ′ = ΣP ,
and NP ′ = NP .

Proof. By Assumption 7, P ′ = ρ(P ) for some ρ ∈ H. Since H is abelian, it follows
that

TP ′ = {τ ∈ H | τρ(P ) ∈ clique(ρ(P ))} = {τ ∈ H | ρτ(P ) ∈ ρ(clique(P ))}
= {τ ∈ H | τ(P ) ∈ clique(P )} = TP .

Similarly, ΣP ′ = ΣP and NP ′ = NP . �
3.3. Let w ∈ W, choose Pw ∈ primw A, and set

Tw = TPw ; Σw = ΣPw ; Nw = NPw .

By Lemma 3.2, these definitions are independent of the choice of Pw. We write

Σw/Nw = {σNw | σ ∈ Σw}

for the image of Σw in the group Tw/Nw. In view of Theorem 2.11, the finite set

Σw ∩ {hw,1, . . . , hw,m(w)}

contains a full set of coset representatives for Σw/Nw.

Theorem. (a) The group Tw determines all the cliques within specw A: the clique
of each prime P ∈ specw A coincides with its Tw-orbit. Moreover, Nw ⊆ NP , and
so there is a surjection Tw/Nw → clique(P ) given by the rule τNw 7→ τ(P ).

(b) The finite set Σw/Nw determines almost all the links within specw A: if
{σ1, . . . , σr} is a transversal for Σw/Nw, then

{σ1(P ), . . . , σr(P )} = {Q ∈ specw A | Q P}

for P ∈ specw A, except possibly when P is a minimal prime of A. (In that case,
clique(P ) = {P}, but P might not be linked to itself.)

(c) Any transversal for Σw/Nw generates TP modulo NP for each P ∈ specw A.
In particular, Tw ⊆ TP and TP /NP is a homomorphic image of Tw/Nw.

Proof. First consider a prime P ∈ specw A which happens to be a minimal prime
of A. Then P must also be minimal in specw A, and so P = Jw. In this case,
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P is H-invariant (Assumption 3), and so TP = NP = H. On the other hand,
clique(P ) = {P} by Proposition 2.3 and Theorem 2.11. Hence, statements (a), (b),
and (c) are trivially satisfied for this P .

Now fix a prime P ∈ specw A which is not a minimal prime of A. We first
show that Nw ⊆ NP . By Proposition 1.3, P =

⋂
λ∈Λ Pλ for some primitive ideals

Pλ ∈ primw A. Since the automorphisms in Nw stabilize each Pλ, they must also
stabilize P ; thus Nw ⊆ NP .

Next, we show that Σw ⊆ ΣP . It follows from Lemma 2.4 that the clique of
each Pλ/Jw in specA/Jw is a singleton. Hence, the Pλ/Jw are localizable primes of
A/Jw [20, 7.3.1; 31, 4.3.16; 13, 12.21]. Now for any τ ∈ Σw, we have τ(Pλ) Pλ
for all λ. Thus the hypotheses of [2, 4.2] are satisfied, and so either τ(P ) = P or
τ(P ) P . Since P  P (Theorem 2.6), this shows that τ ∈ ΣP , as claimed.

(b) Each σi ∈ Σw ⊆ ΣP , and so σi(P ) P for all i = 1, . . . , r. Conversely, let
Q ∈ specw A such that Q P . If Q = P , write Q = σ(P ) where σ = id ∈ H.
If Q 6= P , then by Theorem 2.11, there exists σ ∈ H such that Q = σ(P ) and
σ(Pλ) Pλ for all λ. In either case, σ ∈ Σw, whence σ ∈ σiNw ⊆ σiNP for some
i, and so Q = σi(P ).

(c) Since P is non-minimal, ΣP generates TP by Proposition 3.1(d). Let {σ1, . . . ,
σr} be a transversal for Σw/Nw. In view of part (b), ΣP ⊆ σ1NP ∪· · ·∪σrNP , and
therefore the cosets σ1NP , . . . , σrNP generate TP /NP .

(a) We have seen that Σw ⊆ ΣP . Since Tw is generated by Σw (Proposition
3.1(d)), we thus have Tw ⊆ TP . On the other hand, all primes linked to P lie in
the Tw-orbit of P by part (b). Therefore Proposition 3.1(c) shows that the clique
of P equals its Tw-orbit. The final statement of part (a) is clear. �
3.4. Theorem. Let w ∈ W and P ∈ specw A. Assume that there is a subgroup
Hw of H such that

(a) Jw is Hw-polynormal;
(b) For all h ∈ Hw, the 〈h〉-orbit of P is either infinite or a singleton.
Then TP /NP is a free abelian group of finite rank. Consequently, clique(P ) is

either infinite or a singleton.

Proof. We may choose the automorphisms hw,j in the statement of Theorem 2.11
from the group Hw. Let T be the subgroup of Hw generated by the set

{hw,j | j ∈ {1, . . . ,m(w)} and hj,w(P ) P}.

In view of Proposition 2.3 and Theorem 2.11, all primes linked to P occur in the
T -orbit of P . Thus by Proposition 3.1(c), the clique of P equals its T -orbit. Hence,
TP = TNP , and so TP /NP ∼= T/(T ∩NP ). Hypothesis (b) shows that T/(T ∩NP )
is torsionfree. Since T is finitely generated, we conclude that T/(T ∩ NP ) is free
abelian of finite rank.

The final statement of the theorem follows from the existence of a bijection from
TP /NP onto clique(P ) (Proposition 3.1(b)). �
3.5. Theorem. The intersection of the clique of any prime P ∈ specA is a local-
izable semiprime ideal. Further, if P ∈ specw A and the conditions of Theorem 3.4
hold, this intersection is prime and lies in specw A.

Proof. Set JP =
⋂

clique(P ). Now clique(P ) ⊆ specw A by Proposition 2.3, so
Jw ⊆ JP . By Theorem 3.3(a), the clique of P coincides with its Tw-orbit, and
therefore JP = (P : Tw). Hence, JP is a Tw-prime ideal.
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Let Q1, . . . , Qm be the primes of A minimal over JP . Each Qj contains Jw, and
the Qj form a single Tw-orbit (as explained in (1.8)). At least one of the Qj is
contained in P , say Q1 ⊆ P ; thus Q1 ∈ specw A. Now Theorem 3.3(a) shows that
the clique of Q1 coincides with its Tw-orbit, and so

clique(Q1) = {Q1, . . . , Qm}.

In particular, the set {Q1, . . . , Qm} is link-closed, and therefore JP is localizable
[20, 7.3.1; 13, 12.21].

If the conditions of Theorem 3.4 hold, then since the clique of Q1 is finite,
Theorem 3.4 implies that m = 1. Therefore JP = Q1 is a prime ideal in specw A in
this case. �
3.6. In the situation of Theorems 3.4 and 3.5, specA can be parametrized by the
set of localizable primes. Namely, specA is the disjoint union of the sets

VQ = {P ∈ specA |
⋂

clique(P ) = Q}

as Q ranges over the localizable primes. This provides a finer partition of specA
than that given by the sets specw A, since each specw A is the union of the sets VQ
for localizable primes Q ∈ specw A, and in the typical examples there are infinitely
many such Q.

3.7. It is well known that cliques are invariant under the automorphisms associated
with regular normal elements. We record a convenient form of this fact as follows.

Lemma. Let R be a noetherian ring satisfying the second layer condition, I an
ideal of R, and c an element of R which is regular and α-normal modulo I for some
α ∈ AutR. If P is a prime ideal of R that contains I, then α(P ) and α−1(P ) lie
in the clique of P . Further, if c /∈ P , then α(P ) = P .

Proof. Note that α(I)c ⊆ cI + I = I, whence α(I) ⊆ I. Similarly, α−1(I) ⊆ I, and
so α(I) = I. Hence, after passing to R/I there is no loss of generality in assuming
that I = 0. Now cα−1(P ) = Pc ⊆ P and α(P )c = cP ⊆ P . If c /∈ P , it follows
that α±1(P ) ⊆ P , and thus α(P ) = P .

Since c is regular in R, we have cR/cP = Rc/α(P )c ∼= R/α(P ) as left R-modules
and cR/cP ∼= R/P as right R-modules. Hence, cR/cP gives a bond from R/α(P )
to R/P , and therefore α(P ) ∈ clique(P ) by [20, 8.2.4] (cf. Theorem 2.8 above). It
follows that P ∈ clique(α−1(P )), and thus α−1(P ) ∈ clique(P ). �
3.8. Recall that a sequence x1, . . . , xm of elements in a ring R is called a regular
sequence if x1 is a regular element of R and xj is regular modulo 〈x1, . . . , xj−1〉 for
j = 2, . . . ,m.

Let w ∈ W, and let xw,1, . . . , xw,m(w) be anH-polynormal sequence of generators
for Jw, with corresponding automorphisms hw,j ∈ H, as in Theorem 2.11.

Theorem. Assume that xw,1, . . . , xw,m(w) is a regular sequence. Then hw,1, . . . ,
hw,m(w) all lie in Tw, and so Tw = 〈hw,1, . . . , hw,m(w)〉Nw. Hence, the clique of
each prime P ∈ specw A coincides with its 〈hw,1, . . . , hw,m(w)〉-orbit.

Proof. Since xw,j ∈ Jw ⊆ Pw for all j, Lemma 3.7 implies that hw,j(Pw) ∈
clique(Pw) for all j, that is, hw,j ∈ Tw. The remainder of the theorem now fol-
lows from Theorem 3.3. �
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4. Quantum Affine Spaces

Multiparameter quantum coordinate rings of affine space afford a straightfor-
ward illustration of the axiom system and results of Sections 1–3. Some results in
the direction followed below were obtained by Lenagan and the second author in
connection with [11, Section 2].

4.1. Let q = (qij) be a multiplicatively antisymmetric n × n matrix over a field

K, that is, qii = 1 and qji = q−1
ij for all i, j. Let A = Oq(Kn) be the K-algebra

generated by elements x1, . . . , xn subject only to the relations xixj = qijxjxi for
i, j = 1, . . . , n; this algebra is the general multiparameter quantum coordinate ring
of affine n-space over K. Suppose that the multiplicative subgroup of K× generated
by the qij is torsionfree. We shall show that under these conditions, A fits the setup
and assumptions of (1.1). If K is algebraically closed, Assumption 7 holds as well.

4.2. It is well known that A is a noetherian domain; in fact, A can easily be
expressed as an iterated skew polynomial ring of the form

K[x1][x2;σ2] · · · [xn;σn].

For any n-tuple α ∈ (K×)n, there is a K-algebra automorphism hα of A such that
hα(xi) = αixi for all i. The set H = {hα | α ∈ (K×)n} is then an abelian subgroup
of AutA, isomorphic to the torus (K×)n. LetW be the set of subsets of {1, . . . , n},
and for w ∈ W let specw A be the set of those primes P ∈ specA such that

P ∩ {x1, . . . , xn} = {xi | i ∈ w}.
Then specA is the disjoint union of the sets specw A.

Assumptions 2–5 are easy to verify. For each w ∈ W, the ideal Jw = 〈xi | i ∈ w〉
is the minimum element of specw A, and Jw is obviously H-invariant. Since all
the xi are H-normal, Jw is H-polynormal. Let Ew denote the multiplicative set
in A/Jw generated by the images of those xj with j /∈ w. These generators are
normal H-eigenvectors, and since they are normal, the primes in A/Jw which are
disjoint from Ew are precisely the primes which do not contain xj + Jw for any
j /∈ w. These are exactly the primes of the form P/Jw for P ∈ specw A.

To check Assumption 1, note that since A is an iterated normalizing extension
of K (each xi normalizes the subalgebra K〈x1, . . . , xi−1〉), it is a constructible K-
algebra in the terminology of [31, 9.4.12]. Thus by [31, 9.4.21], A is Jacobson; in
fact, A satisfies the Nullstellensatz.

4.3. Verification of Assumptions 6 and 7 requires some analysis of the localizations
Aw. Observe that any Aw is generated by the elements (xj + Jw)±1 for j /∈ w,
subject to our initial relations. Note also that the induced action of H on Aw
consists of the K-algebra automorphisms sending xj + Jw to βjxj + Jw for any
choices of scalars βj ∈ K×, j /∈ w.

The algebra Aw can be viewed as one of the algebras P (λ) investigated in [30].
Here λ = (λij) is a multiplicatively antisymmetric m×m matrix over K, and P (λ)

is the K-algebra generated by elements y±1
1 , . . . , y±1

m subject only to the relations
yiyj = λijyjyi for all i, j. In particular, P (λ) is isomorphic to a localization of
Oλ(Km), and there is a torus H = {hα | α ∈ (K×)m} of automorphisms of P (λ)
just as in (4.2), where hα(yi) = αiyi for all i. It will be convenient to use the
standard multi-index notation for monomials in P (λ): thus ys = ys11 y

s2
2 · · · ysmm for

any m-tuple s = (s1, . . . , sm) ∈ Zm.
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4.4. Theorem. Let R = P (λ) as defined in (4.3), and assume that the multiplica-
tive subgroup of K× generated by the λij is torsionfree.

(a) All ideals of R are centrally generated. In fact, extension and contraction
give inverse isomorphisms between the lattices of ideals of Z(R) and R.

(b) All primitive ideals of R are maximal.
(c) If K is algebraically closed, the group H acts transitively on maxR.

Proof. Let S denote the following subgroup of Zm:

S = {s ∈ Zm | λs11jλ
s2
2j · · ·λ

sm
mj = 1 for all j = 1, . . . ,m} = {s ∈ Zm | ys ∈ Z(R)}.

Since the multiplicative group 〈λij〉 is torsionfree, so is the additive group Zm/S.
Hence, there exists a basis s1, . . . , sm for Zm such that for some t ∈ {0, . . . ,m}, the
sequence st+1, . . . , sm is a basis for S. The monomials zi = ysi and their inverses
form a new set of generators for R, satisfying the relations zizj = µijzjzi for all i,
where

µij =
m∏

k,l=1

λ
siksjl
kl .

Thus, we obtain a presentation of R in the form P (µ), where µ = (µij). Note that
the multiplicative subgroup of K× generated by the µij is torsionfree.

The automorphisms in H have the form hα given in (4.3), and

hα(zi) =

 m∏
j=1

α
sij
j

 zi,

for all α, i. Thus hα can be described as a K-algebra automorphism of the form kβ ,
where β ∈ (K×)m and kβ(zi) = βizi for all i. Conversely, since (sij) ∈ GLm(Z),
every kβ can be expressed as an hα. Thus H = {kβ | β ∈ (K×)m}.

Therefore we may assume, without loss of generality, that s1, . . . , sm is the stan-
dard basis for Zm, that is, ysi = yi for all i. Hence, yt+1, . . . , ym ∈ Z(R), and no
monomial in y1, . . . , yt is central except in the trivial case where all exponents are
zero.

Let Rt and R′t denote the subalgebras of R generated by y±1
1 , . . . , y±1

t and
y±1
t+1, . . . , y

±1
m respectively. We claim that Rt is a central simple K-algebra, and

that R′t = Z(R). To establish the first claim, it suffices, by [30, 1.3], to show
that for any nonzero t-tuple r ∈ Zt, there is an index j ∈ {1, . . . , t} such that
λr11jλ

r2
2j · · ·λ

rt
tj 6= 1. This is immediate from the definition of S. Therefore Rt is a

central simple K-algebra, as claimed.
Observe that the multiplication map Rt⊗KR′t → R is a K-algebra isomorphism.

Since Rt is central simple while R′t is commutative, the center of Rt⊗KR′t must be
1⊗R′t. Hence, R′t equals the center of R, as claimed.

(a) This follows from the tensor product decomposition of R just given, together
with the standard analysis of ideals in tensor products with one central simple
factor (e.g., [19, V.6.1, p. 109]).

(b) Note that Z(R) = R′t = K[y±1
t+1, . . . , y

±1
m ] is a commutative Jacobson ring.

Further, if we view R as constructed from Z(R) by successively adjoining y±1
1 , . . . ,

y±1
t , then R is obtained from Z(R) by an iterated sequence of normalizing ex-

tensions. Hence, R is a constructible Z(R)-algebra, and thus by [31, 9.4.21], all



2484 K. A. BROWN AND K. R. GOODEARL

primitive ideals of R contract to maximal ideals of Z(R). In view of the lattice
isomorphism established in part (a), it follows that all primitive ideals of R are
maximal.

(c) If K is algebraically closed, the maximal ideals of Z(R) are the ideals of the
form 〈yt+1 − γt+1, . . . , ym − γm〉 for γt+1, . . . , γm ∈ K×. Clearly the restriction of
H to Z(R) permutes these ideals transitively. In view of part (a), it follows that
H also permutes maxR transitively. �

4.5. In view of (4.3), Theorem 4.4 verifies that Assumption 6 is satisfied. We now
impose the condition that K is algebraically closed; then Theorem 4.4 together with
Corollary 1.4 verifies Assumption 7. This completes the check of Assumptions 1–7
for the algebra A = Oq(Kn), under our hypotheses that K is algebraically closed
and the multiplicative group 〈qij〉 is torsionfree. Hence, all the results of Sections
1–3 are applicable to A. One consequence is that specA has normal separation
(whether or not K is algebraically closed – see Proposition 1.7); this has been noted
in [11, 2.4].

In particular, we can find lattices Hw ⊆ H which determine the cliques in
specw A, as follows. For i = 1, . . . , n, let τi denote the automorphism h(qi1,...,qin)

in H; thus τi(xj) = qijxj for all j, and xi is τi-normal in A. For w ∈ W, set
Hw = 〈τj | j ∈ w〉 and observe that the xj for j ∈ w (taken in any order) form
an Hw-polynormal regular sequence of generators for Jw. Thus by Theorem 3.8,
the group Tw of (3.3) has the form HwNw, and the clique of each prime in specw A
coincides with its Hw-orbit.

Further, Theorem 3.4 applies in this situation, as a result of the following easy
lemma. It is presumably well known, but we have not located a reference in the
literature. One form of the idea is used in [22, 7.17].

4.6. Lemma. Let R be a K-vector space and τ a K-linear automorphism of R.
Suppose that R is the sum of its τ-eigenspaces, and that the multiplicative subgroup
of K× generated by the eigenvalues of τ is torsionfree. Then any subspace I of R
whose 〈τ〉-orbit is finite must be τ-invariant.

Proof. By hypothesis, τm(I) = I for some integer m ≥ 1. As R is spanned by τm-
eigenvectors, I must be spanned by τm-eigenvectors. Hence, it suffices to show that
every nonzero τm-eigenvector x ∈ R is also a τ -eigenvector. Write x = x1 + · · ·+xt
where the xi are nonzero τ -eigenvectors with distinct eigenvalues λ1, . . . , λt. Then
λm1 x1 + · · ·+ λmt xt = τm(x) = λx for some λ ∈ K. Since eigenvectors with distinct
eigenvalues are linearly independent, λmi = λ for all i. Consequently, because the
λi lie in a torsionfree subgroup of K×, they must all coincide. Therefore t = 1 and
x is a τ -eigenvector, as desired. �

4.7. Theorem. Let w ∈ W.
(a) The group Hw is a lattice of rank at most cardw.

(b) The clique of each prime in specw A coincides with its Hw-orbit.
(c) Each clique in specw A is either infinite or a singleton.

Proof. Part (b) has already been noted in (4.5).
(a) Any automorphism in Hw has the form hα where the entries of α lie in

the multiplicative group 〈qij〉. Since the latter group is assumed to be torsionfree,
we see that hα cannot have finite order unless it is the identity. Therefore Hw is
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torsionfree. Since it is generated by cardw automorphisms, it is thus a free abelian
group of rank at most cardw.

(c) Given hα ∈ Hw as above, observe that A is the sum of its hα-subspaces, and
that the eigenvalues of hα all lie in the torsionfree group 〈qij〉. Hence, Lemma 4.6
shows that any ideal of A whose 〈hα〉-orbit is finite must be hα-invariant. Thus, by
Theorem 3.4, the clique of any prime in specw A is either infinite or a singleton. �
4.8. In our present case, it is easy to determine the links in specA. Given w ∈ W
and P ∈ specw A, we know that P  P unless P = 0 (Theorem 2.6), and that the
only possible other primes linked to P are the primes τj(P ) for j ∈ w (Proposition
2.3 and Theorem 2.11). In fact, τj(P ) P for all j ∈ w. To see this, fix j ∈ w, set
J = 〈xi | i ∈ w\{j}〉, and observe that xj is regular modulo J . Since Jw = 〈xj〉+J
and xj is τj-normal, it follows that there is a bimodule subfactor of Jw/J

2
w which

is a bond from A/τj(P ) to A/P . On the other hand, the cliques of τj(P )/Jw and
P/Jw in specA/Jw are singletons (because of Lemma 2.4), and so Lemma 2.9 shows
that τj(P ) P . To summarize:

Theorem. Let w ∈ W, and let P be a nonzero prime in specw A. Then

{Q ∈ specA | Q P} = {P} ∪ {τj(P ) | j ∈ w}. �

4.9. Example. The standard one-parameter coordinate ring of quantum affine
space is often denoted Oq(Kn), where q ∈ K×. This algebra is just the case of
A = Oq(Kn) where qij = q for all i < j. Suppose that q 6= 1 and that q is not a
root of unity.

As observed in [37, pp. 144-145], it follows from [30, 1.3] that the localization
Aw is simple if and only if n− cardw is even. In that case, specw A = {Jw}.

Now suppose that m = n − cardw is odd, and let l1 < · · · < lm be a list of the
elements of {1, . . . , n} \ w in ascending order. Set yi = xli + Jw for i = 1, . . . ,m.
Then Aw is generated by y±1

1 , . . . , y±1
m with relations yiyj = qyjyi for all i < j. Set

S = {s ∈ Zm | ys ∈ Z(Aw)}, and observe that

S = {s ∈ Zm |
∑
i<k

si −
∑
i>k

si = 0 for all k = 1, . . . ,m}.

Since m is odd, S is generated by (1,−1, 1,−1, . . . ,−1, 1). As in the proof of
Theorem 4.4, it follows that Z(Aw) is generated by (y1y

−1
2 y3y

−1
4 · · · y−1

m−1ym)±1.
Therefore, in view of Proposition 1.3 and Theorem 4.4, specw A = {Jw} ∪ primw A
and

primw A = {Jw + 〈xl1xl3 · · ·xlm − λxl2xl4 · · ·xlm−1〉 | λ ∈ K×}.
The patterns of links and cliques in specA are clear from Theorems 4.7 and 4.8.

When w is nonempty and n − cardw is odd, the cliques in primw A are infinite
sequences with links in one or both directions. For instance, if n = 3 the cliques
of the maximal ideals 〈x1, x2, x3 − 1〉, 〈x1, x2 − 1, x3〉, and 〈x1 − 1, x2, x3〉 have the
following forms (with self-links deleted):

· · · −→ 〈x1, x2, x3 − q−1〉 −→ 〈x1, x2, x3 − 1〉 −→ 〈x1, x2, x3 − q〉 −→ · · ·
· · · −→←− 〈x1, x2 − q−1, x3〉 −→←− 〈x1, x2 − 1, x3〉 −→←− 〈x1, x2 − q, x3〉 −→←− · · ·
· · · ←− 〈x1 − q−1, x2, x3〉 ←− 〈x1 − 1, x2, x3〉 ←− 〈x1 − q, x2, x3〉 ←− · · ·

�
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5. Quantum Coordinate Rings of Semisimple Algebraic Groups

We show that the quantum coordinate rings of semisimple algebraic groups fit
the setup in (1.1). The required properties will be derived in the case that the
parameter q is an indeterminate, based on the development in Joseph’s book [23].
For the case where q is a scalar non-root of unity, see [15, 16, 17] and [21, 22].
Throughout this section g, Uq(g), G, Rq[G], and W will be as in (0.2) and (0.3).
In addition, π = {α1, . . . , α`} will be a set of simple roots for g, Q(π) = Zπ the

corresponding root lattice, and P (π) =
∑`
i=1 Zωi the corresponding weight lattice

generated by the fundamental weights ω1, . . . , ω`. The semigroup
∑`
i=1 Z≥0ωi of

dominant weights is denoted P+(π). The theory of highest weight modules for
Uq(g) closely resembles that for g (see [23, Section 4.3]). In particular, for each
λ ∈ P+(π) there is a finite dimensional simple Uq(g)-module V (λ) with highest

weight λ, so that V (λ) = Uq(g)uλ with ti.uλ = q(αi,λ)uλ for i = 1, . . . , `. Here
(−,−) denotes the Killing form for g and ti ∈ U0 ⊆ Uq(g) is the grouplike generator
corresponding to αi. The complete set of isomorphism classes of finite dimensional
simple Uq(g)-modules is {γ ⊗ V (λ) | γ ∈ Γ; λ ∈ P+(π)}, where Γ is the group of
1-dimensional Uq(g)-modules; in particular, Γ ∼= Z`2.

5.1. Let K be an extension field of a rational function field k(q), where k is a field
of characteristic zero and q is an indeterminate. We further assume that K contains
q1/d, where d is the determinant of the Cartan matrix of g. Since the weight lattice
P (π) is contained in 1

dQ(π), inner products of weights lie in 1
dZ. Hence, by placing

q1/d in K we ensure that q(η,λ) ∈ K for all η, λ ∈ P (π).
Define the quantized enveloping algebra Uq(g) [23, 3.2.9] over K rather than

over k(q), and let A = Rq[G] be the corresponding K-subalgebra of the Hopf dual
Uq(g)? [23, 9.1.1]. (We will need to take K to be algebraically closed in order

to obtain Assumption 7.) Thus A is spanned by the coordinate functions c
V (λ)
ξ,v

for λ ∈ P+(π), ξ ∈ V (λ)∗, v ∈ V (λ); recall that c
V (λ)
ξ,v is the element of Uq(g)?

given by the rule c
V (λ)
ξ,v (u) = ξ(uv). The algebra A is noetherian and satisfies the

Nullstellensatz [23, 9.2.2]. In particular, Assumption 1 holds.

5.2. As noted in [23, 9.1.1], A is a sub-Hopf algebra of Uq(g)
?
. Hence, the set A∧ of

linear characters onA (i.e., K-algebra homomorphismsA→ K) forms a group under
convolution (cf. [23, 1.3.4]). Further, there is a homomorphism θ` : A∧ → AutA
and an anti-homomorphism θr : A∧ → AutA, where θ`χ = µ ◦ (1 ⊗ χ) ◦ ∆ and
θrχ = µ ◦ (χ⊗ 1) ◦∆ for χ ∈ A∧ (cf. [23, 1.3.4]); thus

θ`χ(a) =
∑
(a)

a1χ(a2) and θrχ(a) =
∑
(a)

χ(a1)a2

for a ∈ A and χ ∈ A∧. Observe that each θ`χ commutes with each θrχ.
For our particular algebra A, the group A∧ is in fact a torus [23, 10.3.8, 10.3.12];

in particular, A∧ is abelian. Hence, the sets H` := {θ`χ | χ ∈ A∧} and Hr := {θrχ |
χ ∈ A∧} are abelian subgroups of AutA. Since these subgroups centralize each
other, the set H := H`Hr, finally, is also an abelian subgroup of AutA. (Most of
our assumptions hold equally well for H` as for H, but we will need H in order to
obtain Assumption 3.)
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5.3. Let W = W × W , where W denotes the Weyl group of g [23, 4.2.5], and
write elements of W in the form w = (w+, w−). By [23, 9.3.9], there is a disjoint
partition specA =

⋃•
w∈W X(w); thus set specw A = X(w) for w ∈ W. There is a

unique minimum element Qw ∈ X(w) [23, 10.3.5]; hence, we obtain Assumption 2
with Jw = Qw. (Cf. [23, 10.1.8, 10.1.10] for a description of this ideal.)

In certain later formulas, the longest element of W appears; let us denote this
element w0.

5.4. Each of the ideals Jw is generated by certain elements of the form cµη,λ [23,

10.1.10, 9.3.7, 9.1.5], all of which are H-eigenvectors [23, 10.3.12]. Thus Jw is
H-invariant. To see that Jw is H-polynormal, we first identify the appropriate
automorphisms, as follows.

The presentation of Uq(g) given in [23, 3.2.9] includes commuting generators
t±1
α for α ∈ π, such that ∆(t±1

α ) = t±1
α ⊗ t±1

α . The map α 7→ tα thus extends to
a group homomorphism β 7→ tβ from the root lattice Q(π) to the group of units
of Uq(g), and ∆(tβ) = tβ ⊗ tβ for all β ∈ Q(π). Evaluation at tβ gives a linear
functional χβ ∈ A∗, and χβ is a character because ∆(tβ) = tβ⊗ tβ. To compute the

effect of χβ, recall that cµη,λ stands for an arbitrary element of the form c
V (µ)
ξ,v where

µ ∈ P+(π), ξ ∈ V (µ)∗η and v ∈ V (µ)λ. Since v has weight λ, we have tβv = q(λ,β)v
and thus

χβ(c
V (µ)
ξ,v ) = c

V (µ)
ξ,v (tβ) = ξ(tβv) = q(λ,β)ξ(v).

Define automorphisms σ`β = θ`χβ and σrβ = θrχβ in H for all β ∈ Q(π). Using the co-

multiplication formulas for the cµη,λ [23, 1.4.7], one obtains σ`β(c
V (µ)
ξ,v ) = q(λ,β)c

V (µ)
ξ,v

and σrβ(c
V (µ)
ξ,v ) = q(η,β)c

V (µ)
ξ,v .

We also require analogous automorphisms arising from weights. As in [25, 3.1],
Uq(g) can be enlarged to a Hopf algebra Ǔ = U−Ǔ0U+ where Ǔ0 is the group
algebra of the multiplicative group τ(P (π)) isomorphic to P (π); here τ(α) = tα for
α ∈ Q(π) and the new τ(λ)’s satisfy analogous relations:

τ(λ)xατ(λ)−1 = q(α,λ)xα,

τ(λ)yατ(λ)−1 = q−(α,λ)yα,

∆τ(λ) = τ(λ) ⊗ τ(λ)

for λ ∈ P (π) and α ∈ Q(π). (This is a smaller version of the algebra labelled Ǔ
in [23, 3.2.10].) The Uq(g)-modules V (µ) all become Ǔ -modules with the same

weight spaces as originally, and A becomes a subalgebra of Ǔ?. Consequently,
for any β ∈ P (π) we obtain a character χβ of A as above, and corresponding
automorphisms σ`β and σrβ . Since the formulas for σ`β and σrβ applied to elements

of the form c
V (µ)
ξ,v only depend on the weights of ξ and v, these automorphisms are

completely determined by the following expressions:

σ`β(cµη,λ) = q(λ,β)cµη,λ and σrβ(cµη,λ) = q(η,β)cµη,λ

for µ ∈ P+(π) and η, λ ∈ Ω(V (µ)).
By [23, 10.1.10, 10.1.8, 9.1.6], the ideal Jw for w ∈ W can be described as

follows:
Jw = Qw =

∑
λ∈P+(π)

AV +
w+

(λ)⊥ +
∑

λ∈P+(π)

AV −w−(λ)⊥,



2488 K. A. BROWN AND K. R. GOODEARL

where

V +
w+

(λ)⊥ = {cV (λ)
ξ,uλ

| ξ ∈ (Uq(b
+)uw+λ)⊥ ⊆ V (λ)∗},

V −w−(λ)⊥ = {cV (λ)
ξ,uw0λ

| ξ ∈ (Uq(b
−)uw−w0λ)⊥ ⊆ V (λ)∗},

and uλ, uw0λ, uw+λ, uw−w0λ are nonzero vectors in V (λ) of weights λ, w0λ, w+λ,
w−w0λ respectively. To prove that Jw is polynormal requires suitable commutation

formulas for the elements c
V (λ)
ξ,uλ

and c
V (λ)
ξ,uw0λ

. The formulas given in [23, 9.1.5] are

of the right type but not sharp enough for the purpose; instead, we use [17, 3.10],
observing that the proof given there, over C, works equally well over K. Translating
this result into the notation of [23] yields that

cµη′,λ′c
V (λ)
ξ,uλ

≡ q(λ′,λ)−(η′,η)c
V (λ)
ξ,uλ

cµη′,λ′ mod
∑

ν∈Q+(π)\{0}
〈cV (λ)
ρ,uλ

| ρ ∈ (ξ.Uq(b
+))η−ν〉

for ξ ∈ V (λ)∗η, µ ∈ P+(π) and η′, λ′ ∈ Ω(V (µ)). Hence,

ac
V (λ)
ξ,uλ

≡ cV (λ)
ξ,uλ

σ`λσ
r
−η(a) mod

∑
ν∈Q+(π)\{0}

〈cV (λ)
ρ,uλ

| ρ ∈ (ξ.Uq(b
+))η−ν〉

for a ∈ A. It follows that AV +
w+

(λ)⊥ is an H-polynormal ideal of A.

Similarly, AV −w−(λ)⊥ is an H-polynormal ideal. This follows from the commuta-
tion formula

c
V (λ)
ξ,uw0λ

cµη′,λ′ ≡ q(λ′,w0λ)−(η′,η)cµη′,λ′c
V (λ)
ξ,uw0λ

mod
∑

ν∈Q+(π)\{0}
〈cV (λ)
ρ,uw0λ

| ρ ∈ (ξ.Uq(b
−))η+ν〉

for ξ ∈ V (λ)∗η, µ ∈ P+(π) and η′, λ′ ∈ Ω(V (µ)), which can be obtained exactly as
[17, 3.10], and which implies

c
V (λ)
ξ,uw0λ

a ≡ σ`w0λσ
r
−η(a)c

V (λ)
ξ,uw0λ

mod
∑

ν∈Q+(π)\{0}
〈cV (λ)
ρ,uw0λ

| ρ ∈ (ξ.Uq(b
−))η+ν〉

for a ∈ A.
Therefore Jw is H-polynormal, and Assumption 3 is established.

5.5. It is convenient to note that the set

Hπ := {σ`λσrη | λ, η ∈ P (π) and λ+ η ∈ Q(π)}

is a subgroup ofH, and that the ideals Jw areHπ-polynormal. (The latter assertion
follows from the fact that the automorphisms implementing H-polynormality in
(5.4) are all of the form (σ`λσ

r
−η)−1 or σ`w0λ

σr−η for λ ∈ P+(π) and η ∈ Ω(V (λ)).)
Since the inner product of a weight with a root is integral, we have

σ`λσ
r
η(cµη′,λ′) = q(λ′−η′,λ)+(η′,λ+η)cµη′,λ′ ∈ q

Zcµη′,λ′

for all σ`λσ
r
η ∈ Hπ, µ ∈ P+(π), and η′, λ′ ∈ Ω(V (µ)). Thus A is spanned by Hπ-

eigenvectors, and the eigenvalues of any σ ∈ Hπ are integral powers of q. Since q is
not a root of unity, it thus follows from Lemma 4.6 that the 〈σ〉-orbit of any ideal
in A is either infinite or a singleton.
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5.6. For w ∈ W, there is an Ore set bw in A/Jw = Rq[G]/Qw which determines
specw A = X(w). More precisely, specw A

∼= spec(A/Jw)[b−1
w ] via the localization

map [23, 10.3.2]; that is,

{P/Jw | P ∈ specw A} = {Q ∈ specA/Jw | Q ∩ bw = ∅}.

The elements of bw are nonzero scalar multiples of the images in A/Jw of the
elements

bw,λ = cw+λdw−λ0 = cλw+λ,λc
λ0

w−w0λ0,w0λ0

for λ ∈ P+(π), where λ0 = −w0λ. By [23, 9.1.5], the two factors of bw,λ are normal
modulo J+

λ (w+λ, λ) and J−λ0
(w−w0λ0, w0λ0) respectively. Since both of these ideals

are contained in Jw [23, 10.1.10], we have that bw,λ is normal modulo Jw.
Let Ew denote the multiplicative set in A/Jw generated by the images of the

elements bw,α for α ∈ π; thus Ew is an Ore set generated by a finite set of normal
H-eigenvectors. Modulo Jw, the elements cw+λ and dw−µ commute up to scalars
[23, 9.1.5], and hence it follows from [23, 9.1.10] that bw,λ+µ is congruent modulo
Jw to a nonzero scalar multiple of bw,λbw,µ for all λ, µ ∈ P+(π). Hence,

bw = {ke | k ∈ K× and e ∈ Ew},

and Assumptions 4,5 follow. Also, Aw = (A/Jw)[E−1
w ] coincides with (A/Jw)[b−1

w ],
which is denoted Rw in [23, 10.3.2]; for the convenience of the reader we use the
latter notation.

5.7. By [23, 9.3.16], there is a grading of A by the finite group Γ = P (π)/2P (π)
satisfying the conditions of [23, 1.3.8]. In particular, there is a homomorphism

Γ
∼=−→ Γ∧ → A∧ which allows Γ to act on (ideals of) A via automorphisms of the

form θ`χγ in H`. Since each specw A is stable under H (by Assumptions 4,5), it
follows that specw A is stable under the action of Γ.

Let R0 be the zero component for the Γ-grading of A, fix w ∈ W, and let Bw be
the subalgebra of Rw defined in [23, 10.3.3]. Then ((R0 +Qw)/Qw)[b−1

w ] = Bw[bw]
by [23, 10.3.4]. Now take P ∈ X(w). Then P ∩ R0 is an (adR)-stable prime
ideal of R0 [23, 10.3.4, end], and so (P ∩ R0)A is a semiprime ideal of A and the
primes of A minimal over (P ∩ R0)A form a single Γ-orbit [23, 1.3.9]. Since A is
a finite module over R0, one of the primes minimal over (P ∩ R0)A is P itself (cf.
[13, 10.6]). Hence, all the primes minimal over (P ∩ R0)A lie in X(w). It follows
that A/(P ∩ R0)A is bw-torsionfree, and consequently (P ∩ R0)Rw is a semiprime
ideal of Rw [13, 9.20]. Note that PRw is minimal over (P ∩ R0)Rw, and that
(P ∩R0)Rw = (PRw ∩Bw)Rw. Further, PRw ∩Bw is generated by its intersection
with the algebra Zw ⊆ Z(Rw) [23, 10.3.3]. This shows that PRw is minimal over a
centrally generated semiprime ideal of Rw, and thus verifies Assumption 6. In the
case K = C, one in fact has that all ideals of Aw are centrally generated [17, 4.15].

Finally, [23, 10.3.8] shows that if K is algebraically closed, then H (in fact, H`)
acts transitively on maxRw. In view of Corollary 1.4, Assumption 7 follows in this
case.

5.8. All of Assumptions 1–7 are now verified for the algebraA = Rq[G]. Immediate
consequences include the following applications of Proposition 1.7 and Theorems
2.6, 3.4, 3.5. (In obtaining part (b) from Theorem 2.6, we use the fact that Rq[G]
is a domain [23, 9.1.9].)
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Theorem. (a) specRq[G] has normal separation, and therefore Rq[G] satisfies the
strong second layer condition.

(b) Every nonzero prime ideal in Rq[G] is linked to itself.
(c) If K is algebraically closed, then each clique in specRq[G] is either infinite

or a singleton.
(d) If K is algebraically closed, then the intersection of any clique in specRq[G]

is a localizable prime ideal. �

We note that the second layer condition for the cliques of the augmentation
ideals in the algebras Rq[SLn(K)], Rq[GLn(K)], and Oq(Mn(K)) was verified by
Chin and Musson [5, Corollary 1.4].

5.9. For the remainder of the section, we assume that K is algebraically closed.
Let w ∈ W. Recall from (5.4) that Jw is generated by the set

{cV (λ)
ξ,uλ

| λ ∈ P+(π); ξ ∈ (Uq(b
+)uw+λ)⊥}

∪ {cV (λ)
ξ,uw0λ

| λ ∈ P+(π); ξ ∈ (Uq(b
−)uw−w0λ)⊥}.

In fact, it suffices to let λ run through the fundamental weights ω1, . . . , ω` [24,
Théorème 3]. A suitable finite set of these generators, taken in an appropriate order,
forms an H-polynormal sequence of generators xw,1, . . . , xw,m(w) for Jw. Each xw,j
is hw,j-normal modulo 〈xw,1, . . . , xw,j−1〉 for some hw,j ∈ H, and in view of (5.4)
we can take these hw,j from the (finite) set

{σ`−ωiσ
r
η, σ

`
w0ωiσ

r
−η | i = 1, . . . , `; η ∈ Ω(V (ωi))} ⊆ Hπ .

Theorem 2.11 shows that all non-self links in specw A can be expressed in terms
of the automorphisms hw,j: if P and Q are distinct primes in specw A such that
P  Q, then P = hw,j(Q) for some j.

For the maximal ideals of codimension 1, an alternate description of the links
was given by Musson in [32, 2.2].

5.10. By Theorem 3.3, the subgroup Tw ⊆ H determines all the cliques within
specw A, the set Σw ∩ {hw,1, . . . , hw,m(w)} contains a full set of coset representa-
tives for Σw/Nw, and this set generates Tw modulo Nw. By (5.5) and Theorem
3.4, Tw/Nw is free abelian of finite rank. There are natural bijections Tw/Nw ↔
clique(P ) for all P ∈ primw A (Proposition 3.1(b)), and natural surjections Tw/Nw
� clique(P ) for all P ∈ specw A (Theorem 3.3(a)). Thus any bound on the rank
of Tw/Nw gives a bound on the sizes of these cliques.

5.11. To develop a bound on the rank of Tw/Nw, we work with the algebras R0,
Bw, Zw discussed in (5.7). Recall that Zw ⊆ Z(Rw) and that Zw is generated by
certain elements of the form

aw,µ = c−1
w+µdw−µ0 = (cµw+µ,µ)−1cµ0

w−w0µ0,w0µ0
,

where µ ∈ P+(π) and µ0 = −w0µ [23, 10.3.3]. Since the aw,µ are H-eigenvectors,
Zw is invariant under H.
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Lemma. The homomorphism Tw → AutZw afforded by restriction (of the action
of H on Rw) has kernel precisely Nw.

Proof. By Theorem 3.3(a), all primes in specRw are invariant under Nw. Since
every prime of Zw is the contraction of some prime of Rw [23, 10.3.4], it follows
that all primes of Zw are invariant under Nw. Now Zw is a Laurent polynomial
ring over K by [23, 10.3.3]. Hence, every maximal ideal M of Zw has codimension
1, that is, Zw = M +C · 1. Consequently, η(t)− t ∈M for all η ∈ Nw and t ∈ Zw.
Since J(Zw) = 0, it follows that Nw acts trivially on Zw.

Conversely, let η ∈ Tw be an automorphism that acts trivially on Zw. Then by
[23, 10.3.4], η permutes each Γ-orbit in X(w). Therefore η|Γ|! fixes each prime in
X(w), and so η|Γ|! ∈ Nw. Since Tw/Nw is torsionfree, we conclude that η ∈ Nw,
and the proof is complete. �
5.12. Theorem. Let w ∈ W. Then the free abelian group Tw/Nw has rank at
most `− s(w), where ` = rankG and s(w) is the minimum length of an expression
for w−1

− w+ as a product of reflections. Consequently, for all P ∈ specw A the rank
of TP/NP is at most `− s(w).

Proof. The groups Tw/Nw and TP /NP are free abelian of finite rank by (5.5) and
Theorem 3.4, and TP /NP is a homomorphic image of Tw/Nw by Theorem 3.3(c).
Hence, it suffices to show that rankTw/Nw ≤ `− s(w).

By [23, 10.3.3], Zw is a Laurent polynomial ring of the form K[a±1
w,µ1

, . . . , a±1
w,µr ]

where µ1, . . . , µr is a basis for Pw(π). It is shown in [23, A.1.18] that r = rankPw(π)
= `− s(w). There are commuting K-algebra automorphisms η1, . . . , ηr of Zw such
that ηi(aw,µj ) = qδijaw,µj for all i, j, and the ηi generate a free abelian subgroup
of AutZw of rank r.

We have just seen that restriction affords an embedding Tw/Nw → AutZw. As
noted in (5.9) and (5.10), Tw/Nw can be generated by cosets of the form hw,kNw
for certain hw,k ∈ Hπ. Observe that the elements aw,µj are eigenvectors for the
hw,k, with all the eigenvalues being powers of q. Thus, restriction actually yields an
embedding of Tw/Nw into 〈η1, . . . , ηr〉, and therefore rankTw/Nw ≤ r, as desired.�
5.13. Example 6.12 shows that the bound ` − s(w) is best possible in general,
for in this case s(w) = 0 and rankTw/Nw = `. On the other hand, the case
w = ((1, 2), (1, 2)) of Example 6.8 demonstrates that in general the inequality
rankTw/Nw ≤ ` − s(w) can be strict. In that case, primw A consists of local-
izable primes, each having a singleton clique, whence Tw/Nw is trivial, whereas
`− s(w) = 1− 0 = 1.

It would be very interesting to find a general formula giving the rank of Tw/Nw
in terms of combinatorial properties of w.

6. The Quantum Special Linear Groups

In this final section, we specialize some of the results of the previous section to the
groups G = SLn(C). That allows us to give these results in a more concrete form,
using the standard presentation of Rq[SLn(C)] by generators and relations. This
setting also allows us to do detailed calculations of some examples which illustrate
and support our results.

Throughout this section, we let A = Rq[SLn(C)]. Thus, we are in the setting
of Section 5 with K = C and q ∈ C transcendental over Q. We shall cite various
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facts from [15, 16]; in order to match notation with that of [23] on which Section 5
relies, we replace all occurrences of q2 in [15, 16] by q. The results of Theorems 5.8
and 5.12 hold for A; in particular, specA has normal separation and A satisfies the
strong second layer condition. These results can also be extended to the algebras
Rq[GLn(C)]; see (6.14).

6.1. It is well known (cf. [15, 1.4.1]) that A is generated by symbols Xij for 1 ≤
i, j ≤ n subject to the following relations:

xijxlj = qxljxij (i < l),

xijxim = qximxij (j < m),

ximxlj = xljxim (i < l and j < m),

xijxlm − xlmxij = (q − q−1)ximxlj (i < l and j < m),

DetqX :=
∑
σ∈Sn

(−q)l(σ)xσ(1),1xσ(2),2 · · ·xσ(n),n = 1.

Further, A is a Hopf algebra with comultiplication ∆ and counit ε given by

∆(Xij) =
n∑
l=1

Xil ⊗Xlj and ε(Xij) = δij

for all i, j. For a description of the antipode, which we shall not need here, see [15,
1.4.1]. The algebra Oq(Mn(C)), the coordinate ring of quantum n× n matrices, is
generated by symbols Xij satisfying the relations above except that DetqX is not
set equal to 1.

Recall from [28] that A is a domain, and from [12, 3.3] that – due to our
assumption that q is not a root of unity – all prime ideals in A are completely
prime.

6.2. The character group A∧ is isomorphic, via evaluation at the matrix (Xij), to
the torus of diagonal matrices in SLn(C) [15, 2.5]. For χ ∈ A∧, the automorphisms
θ`χ and θrχ act on (Xij) via multiplication by the diagonal matrix (χ(Xij)):

θ`χ(Xij) = Xijχ(Xjj) and θrχ(Xij) = χ(Xii)Xij

for all i, j.

6.3. (a) Certain of the coordinate elements cµη,λ coincide with quantum minors, i.e.,

quantum determinants of submatrices of the matrix (Xij). These are the coordinate
elements

c+k,w := c$kw$k,$k and c−k,w := c$n−kww0$n−k,w0$n−k

for k = 1, . . . , n− 1 and w ∈W (suitably normalized), where $1, . . . , $n−1 are the
fundamental dominant weights (cf. [15, 1.5]). Recall that the Weyl group W may
be identified with the symmetric group Sn [15, 1.5]. Hence, W = Sn × Sn.

(b) Let K and L be nonempty subsets of {1, . . . , n} of the same cardinality, say
cardinality t. Set D(K,L) equal to the quantum minor built from the Xij for i ∈ K
and j ∈ L, as in [34, 4.3] (cf. [33, 1.2]).
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List the elements of K and L in ascending order; say K = {k1 < k2 < · · · < kt}
and L = {l1 < l2 < · · · < lt}. Then define K ≤ L if and only if (k1, k2, . . . , kt) ≤
(l1, l2, . . . , lt) with respect to the product ordering, i.e., if and only if ks ≤ ls for
s = 1, . . . , t.

(c) Let j ∈ {1, . . . , n−1} and w ∈ Sn. Set J = {1, . . . , j} and J ′ = {j+1, . . . , n}.
Then by [15, 1.5],

c+j,w = D(wJ, J) and c−j,w = D(wJ ′, J ′).

For y, z ∈ Sn, define y ≤j z if and only if yJ ≤ zJ . Note that ≤j is only a
pre-order (reflexive and transitive, but not antisymmetric). These orderings can be
interpreted as component suborderings of the reverse Bruhat ordering on the Weyl
group W [15, 1.8; 16, §1] (cf. [18, Example 2, p. 119]).

(d) For w ∈W and λ ∈ P+(π), observe that the ideals I±(w, λ) defined in [15,
1.7] can be expressed in the forms

I+(w, λ) = 〈V +
w (λ)⊥〉 and I−(wλ) = 〈V −w (−w0λ)⊥〉

(recall (5.4)). It is shown in [15, 2.2] that

I±(w,$j) = 〈c±j,y | y ∈ Sn and y �j w〉

for j = 1, . . . , n − 1. Now set I±w =
∑n−1
j=1 I

±(w,$j) and E±w = {c±j,w | j =

1, . . . , n− 1}. Given w = (w+, w−) ∈ W, set Iw = I+
w+

+ I−w− and Ew = E+
w+
∪ E−w− .

(The definition of Iw given in [16, p. 458] relies on the alternate description of the
I±(w,$j) displayed above.) Since −w0$j = $n−j for all j, we have

Iw =
n−1∑
j=1

(
〈V +
w+

($j)
⊥〉+ 〈V −w−($n−j)

⊥〉
)
.

It then follows from [24, Théorème 3] and the definition of Qw (cf. (5.4)) that
Iw = Qw, which yields the following useful description of Qw:

Qw = Iw = I+
w+

+ I−w− ,

where

I±w± = 〈c±j,y | j = 1, . . . , n− 1; y ∈ Sn; y �j w±〉.

6.4. We next show that our notation specw A as used in Section 5 coincides with
the use of this notation in [15, 16].

Proposition. The subsets X(w) ⊆ specA as defined in [23, 9.3.9] coincide with
the sets specw A defined in [15, 2.8; 16, 1.3].

Proof. Take the form of the definition of specw A given in [16, 1.3]:

specw A = {P ∈ specA | Iw ⊆ P and P ∩ Ew = ∅}.
These sets form a disjoint partition of specA [15, 4.1.1; 16, 1.2].

Fix w ∈ W, and recall that Iw = Qw. Note that up to scalars, the products
c+j,w+

c−j,w− coincide with the elements bw,$j (in the notation of [23, 10.3.2]). Hence,

the cosets c+j,w+
c−j,w− +Qw all lie in the Ore set bw. Now any P ∈ X(w) contains

Qw, and P/Qw is disjoint from bw. Hence, P ∈ specw A.
Therefore X(w) ⊆ specw A for all w ∈ W. Since the X(w) also form a disjoint

partition of specA, we conclude that X(w) = specw A for all w ∈ W. �
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6.5. For all i, j ∈ {1, . . . , n} there is a C-algebra automorphism τij of A such that
τij(Xkl) = qδik−δjlXkl for all k, l. For j ∈ {1, . . . , n} and y ∈ Sn, set σj,y =∏j
t=1 τy(t)t. Note that σj,y(Xkl) = qδk,yJ−δl,JXkl, where J = {1, . . . , j}.
We next observe that the automorphisms τij and σj,y all lie inH. To see this, fix i

and j, and let α, β ∈ SLn(C) be the diagonal matrices with entries αkk = qδki−(1/n)

and βll = q(1/n)−δlj . If φα and φβ are the corresponding characters of A, then
θrφαθ

`
φβ

(Xkl) = qδki−δljXkl for all k, l; thus θrφαθ
`
φβ

= τij . This shows that τij ∈ H
for all i, j, and it follows that σj,y ∈ H for all j, y.

Lemma. Let j ∈ {1, . . . , n− 1}, y ∈ Sn, ε = ±. Then cεj,y is σj,y-normal modulo
the ideal 〈cεj,z | z >j y〉. In particular, cεj,y is σj,y-normal modulo Iε(y,$j).

Proof. Set J = {1, . . . , j}. By [16, 3.1], c+j,yXkl − σj,y(Xkl)c
+
j,y lies in the ideal

generated by {c+j,(a,k)y | k > a ∈ yJ} for all k, l. For k > a ∈ yJ , note that

(a, k)yJ > yJ , so that (a, k)y >j y. Therefore c+j,y is σj,y-normal modulo 〈c+j,z |
z >j y〉.

Now let Dkl = D({1, . . . , n} \ {k}, {1, . . . , n} \ {l}) for all k, l, and observe that
σj,y(Dkl) = q(j−δk,yJ )−(j−δl,J )Dkl. Hence,

c+j,yDkl − qδl,J−δk,yJDklc
+
j,y ∈ 〈c+j,z | z >j y〉.

Now apply the C-linear antiautomorphism ∗ of A discussed in [15, 1.2, 1.4]. Since
D∗kl = (−q)k−lXkl [15, 1.4.1(c)] and each (c+j,z)

∗ is a nonzero scalar multiple of c−j,z
[15, 1.6.1(b)], we see that Xklc

−
j,y − qδl,J−δk,yJ c−j,yXkl ∈ 〈c−j,z | z >j y〉 for all k, l.

Therefore c−j,y is σj,y-normal modulo 〈c−j,z | z >j y〉. �

6.6. Lemma 6.5 shows that the generators for the ideals Iw = Qw given in (6.3d)
areH-polynormal, and identifies the corresponding automorphisms. The advantage
is that we obtain a smaller set of automorphisms with which to describe the links
in specw A than the set given in (5.9).

Theorem. Let P and Q be distinct primes in some specw A. If P  Q, then
P = σj,y(Q) for some j ∈ {1, . . . , n − 1} and y ∈ Sn such that either y �j w+

or y �j w−. Furthermore, j and y can be chosen so that σj,y(K) K for all
K ∈ specw A that contain Q. �

6.7. Let w ∈ W. By Theorems 3.3 and 6.6, the subgroup Tw ⊆ H determines all
the cliques within specw A, the finite set

Σw ∩ {σj,y | j = 1, . . . , n− 1; y ∈ Sn; y �j w+ or y �j w−}

is a full set of coset representatives for Σw/Nw, and this set generates Tw modulo
Nw. It is easy to see that not all σj,y with y �j w+ or y �j w− lie in Σw (cf.
Example 6.12); in fact, these σj,y need not even be in Tw (Example 6.13). Recall
that Tw/Nw is a free abelian group of rank at most n− 1− s(w) (Theorem 5.12).
Given the identification of W with Sn, we can calculate the quantity s(w) as the
minimum length of an expression for w−1

− w+ as a product of transpositions.

6.8. In our first example, we give a complete picture of specA in the case n = 2.
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Example [n = 2]. Observe that the only relation of the form y �1 z in S2 is the
relation (1, 2) �1 e, and that σ1,(1,2) = τ21. Hence, Theorem 6.6 shows that the
only possible links between distinct primes that can occur in specA are links of the
form τ21(P ) P . On the other hand, since X21 is a regular τ21-normal element
of A, it follows from Lemma 3.7 that all cliques in specA are invariant under τ21.
Therefore the clique of every prime in specA coincides with its 〈τ21〉-orbit.

(a) Primes, primitives, and links in Rq[SL2(C)]. The following can be confirmed
by direct calculation (for the primitive ideals, see [15, B.1.1]):

spec((1,2),(1,2))A = {〈0〉} ∪ {Qλ := 〈X21 − λX12〉 | λ ∈ C×},
spec((1,2),e)A = {〈X12〉},
spec(e,(1,2))A = {〈X21〉},

spec(e,e) A = {〈X12, X21〉} ∪ {Pλ := 〈X11 − λ,X12, X21, X22 − λ−1〉 | λ ∈ C×}.

All these primes are primitive except for 〈0〉 and 〈X12, X21〉. The links among these
primes are

P  P (0 6= P ∈ specA) and Pqλ Pλ (λ ∈ C×).

All the non-maximal primes are AR-ideals and have singleton cliques, whereas all
the maximal ideals have infinite cliques (compare [5, 4.3]). The intersection of the
clique of any maximal ideal is 〈X12, X21〉.

(b) Symplectic leaves in SL2(C). These are listed in [15, B.2.1]; as predicted
by the results of that paper, these leaves are in bijection with the primitive ideals
listed in (a):

Qλ ←→
{(

a λb

b d

) ∣∣ a, d ∈ C; b ∈ C×; ad− λb2 = 1
}
,

〈X12〉 ←→
{(

a 0
b a−1

) ∣∣ a, b ∈ C×},
〈X21〉 ←→

{(
a bk
0 a−1

) ∣∣ a, b ∈ C×},
Pλ ←→

{(
λ 0
0 λ−1

)}
.

(c) Primes, primitives, and links in U(gr). Taking the standard presentation of
g = sl2(C) with basis e, f, h, one finds that the Lie algebra gr of (0.7) has a basis
consisting of x := (h,−h), y := (e, 0), and z := (0, f). Then [y, z] = 0, [x, y] = 2y,
[x, z] = 2z. One calculates the prime spectrum of U(gr) to be

〈0〉, 〈y〉, 〈z〉, 〈y, z〉,
Q′λ := 〈y − λz〉 (λ ∈ C×), P ′λ := 〈y, z, x− λ〉 (λ ∈ C).

All these primes are primitive except for 〈0〉 and 〈y, z〉. Each of the nonzero prime
ideals of U(gr) is linked to itself; the only other links are

P ′λ+2 P ′λ (λ ∈ C).

Therefore the link graph of specU(gr) is isomorphic to that of specRq[SL2(C)].
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(d) Symplectic leaves in g∗r . As explained in (0.7), these are the orbits in g∗r of
the adjoint algebraic group. For this particular example, the calculation appears as
[1, Example 1, §12.6] (with their parameter α = 1; replace our x by 1

2x). Taking
{x∗, y∗, z∗} as the dual basis of g∗r , one finds that the orbits corresponding to the
primitives under the Dixmier map are as follows:

Q′λ ←→ {ax∗ + by∗ + cz∗ | a, b, c ∈ C; b = λc 6= 0},
〈y〉 ←→ (Cx∗ + Cz∗) \ Cx∗,
〈z〉 ←→ (Cx∗ + Cy∗) \ Cx∗,
P ′λ ←→ {λx∗}. �

6.9. To understand fully the cases where n ≥ 3, it is important to know exactly
which quantum minors lie in a given prime ideal. It is, of course, easiest to give
a complete answer for the 1 × 1 minors, i.e., the generators Xij , and we do so
below. In the first version of this paper, we conjectured that some analog of this
result should hold for 2× 2 and higher quantum minors; such an analog has in the
meantime been obtained by Joseph [24, Théorème 2].

Lemma. Let w ∈ W and P ∈ specw A, and let i, j ∈ {1, . . . , n}. Then Xij ∈ P if
and only if either i > max{w+(1), . . . , w+(j)} or i < min{w−(j), . . . , w−(n)}.
Proof. Assume first that i > max{w+(1), . . . , w+(j)}. Choose any x ∈ Sn with
x(1) = i. Then x >1 w+ and so Xi1 = c+1,x ∈ Iw ⊆ P . This covers the case j = 1.
If j > 1, we may assume, by induction, that Xi1, . . . , Xi,j−1 ∈ P . Choose y ∈ Sn
such that y(k) = w+(k) for k < j while y(j) = i, and observe that y �j w+. Hence,

c+j,y ∈ Iw ⊆ P . Expand c+j,y along the i-th row; since Xi1, . . . , Xi,j−1 ∈ P , it follows
that

D({w+(1), . . . , w+(j − 1)}, {1, . . . , j − 1})Xij ∈ P.

However, D({w+(1), . . . , w+(j − 1)}, {1, . . . , j − 1}) = c+j−1,w+
∈ Ew, and so we

conclude that Xij ∈ P .
Assume next that i < min{w−(j), . . . , w−(n)}. Observe that the permutation

x = (i, w−(n))w− satisfies x �n−1 w−, whence Xin = c−n−1,x ∈ Iw ⊆ P . This covers
the case j = n. If j < n, we may assume, by induction, that Xi,j+1, . . . , Xin ∈ P .
Set y = (i, w−(j))w− and observe that y �j−1 w−. Hence, c−j−1,y ∈ Iw ⊆ P .

Expanding c−j−1,y along the i-th row and using the fact that Xi,j+1, . . . , Xin ∈ P ,
we find that

Xijc
−
j,w−

= XijD({w−(j + 1), . . . , w−(n)}, {j + 1, . . . , n}) ∈ P.

Since c−j,w− ∈ Ew, we conclude that Xij ∈ P in this case also.
For the converse, assume we are given that Xij ∈ P . We claim that one of the

following cases must hold:

Xkl ∈ P for all k ≥ i and l ≤ j;(SW)

Xkl ∈ P for all k ≤ i and l ≥ j.(NE)

Consider the expansion of D along the i-th row. Since D = 1 /∈ P , we must have
Xil0 /∈ P for some l0. Similarly, Xk0j /∈ P for some k0. Suppose first that l0 > j.
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For any k > i, we have (q − q−1)Xil0Xkj = XijXkl0 −Xkl0Xij ∈ P and hence
Xkj ∈ P , because Xil0 /∈ P . In particular, it follows that k0 < i. For any k ≥ i and
l < j, we have (q − q−1)Xk0jXkl = Xk0lXkj − XkjXk0l ∈ P and hence Xkl ∈ P ,
because Xk0j /∈ P . Thus, case (SW) holds.

Similarly, if l0 < j then case (NE) holds.
In case (SW), we claim that i > max{w+(1), . . . , w+(j)}. If not, then i ≤ w+(t)

for some t ≤ j, and so Xw+(t),1, . . . , xw+(t),t ∈ P . Considering the expansion of
D along the w+(t)-th row, we see that t < n. On the other hand, by expanding
c+t,w+

along the w+(t)-th row, we find that c+t,w+
∈ P , contradicting the fact that

c+t,w+
∈ Ew. Therefore i > max{w+(1), . . . , w+(j)}, as claimed.

An analogous argument shows that i < min{w−(j), . . . , w−(n)} in case (NE).�
6.10. Corollary. Let w ∈ W and P ∈ specw A, and let i, j ∈ {1, . . . , n}. If
either i > max{w+(1), . . . , w+(j)} or i < min{w−(j), . . . , w−(n)}, then τ±1

ij (P ) ∈
clique(P ).

Proof. We only treat the case that i > max{w+(1), . . . , w+(j)}; the remaining case
is analogous. By Lemma 6.9, we have Xkl ∈ P for all k ≥ i and l ≤ j.

Let P0 denote the inverse image of P in the algebra A0 = Oq(Mn(C)). We shall
keep the notations Xij and τij for the obvious elements and automorphisms of A0.
Then Xkl ∈ P0 for k ≥ i and l ≤ j, and in view of [20, 5.3.12 and proof] (or Lemma
2.7), it suffices to show that τ±1

ij (P0) ∈ clique(P0).

List the ordered pairs (k, l) for k ≥ i and l ≤ j as a sequence (i1, j1), (i2, j2), . . .
in such a way that for t > s either it ≤ is or jt ≥ js. Set cs = Xisjs for all s, and
observe that each ct is τitjt -normal modulo 〈cs | s < t〉. Also, it is easily checked
that the algebra A0/〈cs | s < t〉 is an iterated skew polynomial ring starting from C
(adjoin generators Xkl for (k, l) /∈ {(i1, j1), . . . , (it−1, jt−1)} in lexicographic order).
Hence, A0/〈cs | s < t〉 is a domain, and so ct is regular modulo 〈cs | s < t〉. The
desired conclusion now follows from Lemma 3.7. �
6.11. We can now give an example showing that when n > 2, no single subgroup
of H can determine all the cliques within specA.

Example [n = 3]. Since the transposition (1, 3) ∈ S3 is maximal with respect to
≤1, the elements c±1,(1,3) are both σ1,(1,3)-normal in A (Lemma 6.5). Consequently,

the element c+1,(1,3) − c
−
1,(1,3) = X31 − X12X23 + qX13X22 is σ1,(1,3)-normal, and

so the ideal P1 = 〈X31 − X12X23 + qX13X22〉 is AR. It can be checked that P1

is prime. Similarly, the element c+2,(1,3) − c−2,(1,3) generates an AR-prime P2 =

〈X21X32− qX22X31−X13〉. Thus P1 and P2 have singleton cliques. Let P3 denote
the maximal ideal

〈X11 − 1, X12, X13, X21, X22 − 1, X23, X31, X32, X33 − 1〉,

and note that P3 ∈ spec(e,e) A (cf. Example 6.12). It follows from Corollary 6.10

that τ21(P3) ∈ clique(P3).
We claim that there is no subgroup S of H such that the S-orbits of P1, P2,

P3 coincide with their cliques. If such a subgroup did exist, there would be some
τ ∈ S such that τ fixes P1, P2 and τ(P3) = τ21(P3). Now there exist λij ∈ C×
such that τ(Xij) = λijXij for all i, j. Since τ fixes P1 and P2, we must have
λ31 = λ12λ23 = λ13λ22 and λ21λ32 = λ22λ31 = λ13. Since τ(P3) = τ21(P3), we
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must have λ11 = q−1 and λ22 = q while λ33 = 1. But then λ31 = qλ13 and
λ13 = qλ31, which is impossible because λ31 6= 0 and q2 6= 1.

Therefore no subgroup ofH determines the cliques of P1, P2, P3 simultaneously.�
6.12. Our next example exhibits the links and cliques of the maximal ideals of
codimension 1.

Example [w = (e, e)]. In this case, Lemma 6.9 shows that the primes in specw A
must contain Xij for i 6= j. Conversely, any prime containing those Xij clearly
contains Iw and avoids Ew. Hence, if J = 〈Xij | i 6= j〉, then

specw A = {P ∈ specA | J ⊆ P};

in particular, specw A contains all the maximal ideals of codimension 1. By Corol-
lary 6.10, the cliques in specw A are invariant under τij for all i 6= j. Moreover, since
τii(Xjj) = Xjj for all i, j, each τii induces the identity automorphism on A/J ; thus
τii fixes the primes in specw A, and hence the cliques in specw A are also invariant
under τii. This shows that τij ∈ TP for all i, j and all P ∈ specw A; in particular,
τij ∈ Tw for all i, j. Therefore by Theorem 6.6 and Proposition 3.1(c), the group
〈τij | i, j = 1, . . . , n〉 determines the cliques within specw A. Alternatively put, the
set {τij | i, j = 1, . . . , n} generates Tw modulo Nw.

The maximal ideals of A of codimension 1 are the maximal elements of specw A;
these are in bijection with the maximal ideals of the torus

A/J ∼= C[x11, . . . , xnn]/〈x11x22 · · ·xnn − 1〉,

and so they can be parametrized by the set

Λ = {λ = (λ1, . . . , λn) ∈ Cn | λ1λ2 · · ·λn = 1}.

Thus primw A = {Pλ | λ ∈ Λ}, where Pλ = 〈Xij , Xii − λi | i, j = 1, . . . , n; i 6= j〉.
Since these primes form a single H-orbit, it suffices to consider a single one of them,
say P1 where 1 = (1, 1, . . . , 1).

Since A/J is a commutative domain, we see directly that P1/J P1/J , and so
P1 P1, without appealing to Theorem 2.6. One can exhibit links τk+1,k(P1) P1

for k = 1, . . . , n−1 by direct calculation, but we shall obtain this more easily below.
Note that since the primes linked to P1 are in specw A and so contain J , all links
to P1 must arise from links to P1/JP1 in specA/JP1.

We next show that Xij ∈ JP1 whenever |i− j| ≥ 2. If j ≥ i+ 2, then

(q − q−1)XijXi+1,i+1 = Xi,i+1Xi+1,j −Xi+1,jXi,i+1 ∈ J2

and so XijXi+1,i+1 ∈ J2. Since Xij(Xi+1,i+1−1) ∈ JP1, it follows that Xij ∈ JP1.
Similarly, if i ≥ j + 2, then

(q − q−1)XijXi−1,i−1 = Xi−1,jXi,i−1 −Xi,i−1Xi−1,j ∈ J2,

Xij(Xi−1,i−1 − 1) ∈ JP1,

and again Xij ∈ JP1. Thus J/JP1 is generated by the cosets Xij + JP1 where
|i− j| = 1. Observe that for k = 1, . . . , n− 1, the elements Xk+1,k and Xk,k+1 are
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both τk+1,k-normal modulo JP1. Since links to P1 all arise from links to P1/JP1,
Lemma 2.7 now shows that the only primes that can possibly be linked to P1 are
P1, τ21(P1), τ32(P1), . . . , τn,n−1(P1).

In the notation of (3.3), we now have that {id, τ21, . . . , τn,n−1} contains a trans-
versal for Σw/Nw; in particular, τ21, . . . , τn,n−1 generate Tw modulo Nw. Since any
monomial of the form τm1

21 τ
m2
32 · · · τ

mn−1

n,n−1 maps P1 to Pλ, where

λ = (q, q−1, 1, . . . , 1)m1(1, q, q−1, 1, . . . , 1)m2 · · · (1, . . . , 1, q, q−1)mn−1 ,

we see that τm1
21 τm2

32 · · · τ
mn−1

n,n−1 ∈ Nw only when m1 = m2 = · · · = mn−1 = 0.
Therefore Tw/Nw is a lattice of rank n − 1. Consequently, no proper subset of
{τ21, . . . , τn,n−1} is large enough to generate Tw/Nw, and so no proper subset of
{id, τ21, . . . , τn,n−1} can be a transversal for Σw/Nw. (Recall from Proposition
3.1(d) that Σw generates Tw.) Thus {id, τ21, . . . , τn,n−1} must be contained in Σw
and

Σw = Nw ∪ τ21Nw ∪ τ32Nw ∪ · · · ∪ τn,n−1Nw.

Therefore we conclude from Theorem 3.3(b) that

{Q ∈ specw A | Q P} = {P, τ21(P ), . . . , τn,n−1(P )}

for all P ∈ specw A. �
6.13. In our final example, we show that the automorphisms σj,y appearing in
Theorem 6.6 do not always correspond to the clique of the prime in question.

Example [n = 4]. Let w+ = (1, 3, 4) and w− = (1, 4)(2, 3). Then y ≤j w− for
all y ∈ S4 and j ≤ 3. On the other hand, the non-inequalities y �j w+ have the
following solutions:

j = 1 : y(1) = 4;

j = 2 : y({1, 2}) = {1, 4}, {2, 4}, {3, 4};
j = 3 : no solutions.

The corresponding automorphisms σj,y may be listed as follows:

{σj,y | y �j w+} = {τ41, τ11τ42, τ21τ42, τ31τ42}.

(The automorphisms σ2,y depend only on the sets y({1, 2}); for instance, τ11τ42 =
τ41τ12.) Thus, by Theorem 6.6, nontrivial links in specw A can only be given
by the above four automorphisms, i.e., in the notation of Section 3, those of
τ41, τ11τ42, τ21τ42, τ31τ42 which are in Σw generate Tw modulo Nw. We shall see
that, in fact, τ11τ42 /∈ Tw.

Now I−w− = 0, and I+
w+

is generated by the elements

X41, X11X42 − qX12X41, X21X42 − qX22X41, X31X42 − qX32X41;

therefore Iw = 〈X41, X11X42, X21X42, X31X42〉. Since also X11, X21, X31, X41

generate A as a left ideal, we see that in fact Iw = 〈X41, X42〉. Now X41 is τ41-
normal in A, and X42 is τ42-normal modulo 〈X41〉. Hence, Lemma 2.7 shows that
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nontrivial links in specw A can only be given by τ41 or τ42. Thus, Σw ∩ {τ41, τ42}
generates Tw modulo Nw. Further, τ41, τ42 ∈ Tw by Corollary 6.10, and therefore
τ41 and τ42 generate Tw modulo Nw.

We claim that Tw = Nw, which we can see with the help of Lemma 5.11 once
Zw is identified. Recall [23, 10.3.3] that Zw = C[a±w,µ1

, . . . , a±w,µr ], where µ1, . . . ,
µr is a basis for the lattice

Pw(π) = {λ ∈ P (π) | w+λ = w−λ}.
For the current example, we compute that

w+$1 = −$2 +$3, w−$1 = −$3,

w+$2 = −$1 +$3, w−$2 = −$2,

w+$3 = −$1, w−$3 = −$1.

It follows that Pw(π) = Z$3, and hence Zw = C[a±1
w,$3

]. Since

aw,$3 = (c$3
w+$3,$3

)−1c$1
w−w0$1,w0$1

= (c+3,w+
)−1c−3,w− = D({2, 3, 4}, {1, 2, 3})−1X14,

we see that τ41(aw,$3) = τ42(aw,$3) = aw,$3 . Hence, τ41 and τ42 restrict to the
identity automorphism of Zw, and thus τ41, τ42 ∈ Nw by Lemma 5.11. Since τ41

and τ42 generate Tw modulo Nw, it follows that Tw = Nw. In particular, all cliques
in specw A are trivial.

Finally, observe that τ11τ42(aw,$3) = q2aw,$3 , whence τ11τ42 does not restrict to
the identity on Zw. Since Tw = Nw, we therefore conclude from Lemma 5.11 that
τ11τ42 /∈ Tw. This shows that the automorphisms σj,y with y �j w+ or y �j w− do
not always lie in Tw. �

The main point of the example above is that the “obvious” conjecture for a set
of generators for Tw/Nw (based on Theorem 6.6) is false. The problem of giving
an explicit description of the groups Tw/Nw remains open, as does the question of
determining the sets Σw/Nw.

6.14. The quantized function algebra Rq[GLn(C)] is given by the same genera-
tors and relations as Rq[SLn(C)] (see (6.1)) except that DetqX is inverted rather
than being set equal to 1. Corresponding to the natural embedding GLn(C) ↪→
SLn+1(C) given by the rule

x 7→
(
x 0
0 (det x)−1

)
,

there is a surjective C-algebra homomorphism O(SLn+1(C)) � O(GLn(C)). In-
spection of the relations for Rq[SLn+1(C)] and Rq[GLn(C)] reveals that we have,
analogously,

Rq[SLn+1(C)]/〈Xn+1,1, . . . , Xn+1,n, X1,n+1, . . . , Xn,n+1〉 ∼= Rq[GLn(C)].

In particular, it follows immediately from Theorem 5.8 that specRq[GLn(C)] has
normal separation and that Rq[GLn(C)] satisfies the strong second layer condition.
Similarly, the other results of Section 5 yield, after specialization to Rq[SLn+1(C)]
and passage to the quotient, corresponding results for Rq[GLn(C)]. It is also pos-
sible to transfer our results from Rq[SLn(C)] to Rq[GLn(C)] by means of the iso-
morphism Rq[GLn(C)] ∼= Rq[SLn(C)][z, z−1] given in [28]. We leave the details to
the interested reader.
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