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IMMERSED n-MANIFOLDS IN R?>®* AND THE DOUBLE POINTS
OF THEIR GENERIC PROJECTIONS INTO R?*!

OSAMU SAEKI AND KAZUHIRO SAKUMA

ABSTRACT. We give two congruence formulas concerning the number of non-
trivial double point circles and arcs of a smooth map with generic singularities
— the Whitney umbrellas — of an n-manifold into R?*~1, which generalize
the formulas by Sziics for an immersion with normal crossings. Then they
are applied to give a new geometric proof of the congruence formula due to
Mahowald and Lannes concerning the normal Euler number of an immersed
n-manifold in R2™. We also study generic projections of an embedded n-
manifold in R2" into R?”~! and prove an elimination theorem of Whitney
umbrella points of opposite signs, which is a direct generalization of a recent
result of Carter and Saito concerning embedded surfaces in R*. The problem
of lifting a map into R2"~1 to an embedding into R2" is also studied.

1. INTRODUCTION

Let g : M™ — R?"~! (n > 2) be an immersion with normal crossings of a closed
n-dimensional manifold M™ which has no triple points. Note that when n > 2, the
latter condition is automatically satisfied. The self-intersection set A(g) of g is a
closed 1-dimensional submanifold of M™ and g(A(g)) is also a closed 1-dimensional
submanifold of R?"~!. We say that a component C of g(A(g)) is non-trivial if the
double cover glg=1(C) : g71(C) — C is non-trivial, i.e., if g71(C) is connected. Let
the number of non-trivial components be denoted by §(g). In [19] Sziics has proved
the following.

Theorem 1.1 ([19]). (1) Suppose that f : M™ — R*" is an immersion with
normal crossings and that © : R*® — R?"~! is a projection such that g = 7o f is
an immersion with normal crossings without triple points. Then we have

D(f) =6(g) (mod 2),

where D(f) denotes the number of double points of f.
(2) Suppose that g : M™ — R*"~1 is an immersion with normal crossings without
triple points. If n is even, we have

6(g) = (@1 (M") U wn 1 (M"), [M"]2)  (mod 2),

where w;(M™) € H{(M™;Zs) denotes the i-th dual Stiefel-Whitney class of M™ and
[M"™)a € H,(M"™;Zs) is the fundamental class of M™.

As an interesting consequence of the above theorem we have the following.
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Corollary 1.2. Let M™ be a closed n-dimensional manifold with n even and
w1 (M™) U Wy,—1 (M™) # 0. Then no immersion with normal crossings g : M™ —
R2"~ 1 without triple points can be lifted to an embedding into R?*"; i.e., there exist
no projection 7 : R?>® — R?"~! and no embedding f : M™ — R?" with g=mo f.

The above corollary shows that 6(g) is an obstruction to the existence of a lift
f: M™ — R?" which is an embedding.

Suppose that we are given an immersion with normal crossings f : M™ — R?".
Then, in general, there does not exist a projection 7 : R?® — R2?"! such that
g=mof: M" — R?~!is an immersion with normal crossings. In this situation,
Mather [15] has shown that for a generic projection 7, the map g = wo f is “generic”
in the sense of Whitney [24]; i.e., g is an immersion with normal crossings outside
a finite set of points, where the singular set consists of so-called Whitney umbrella
points [22, 24]. Such a map is called a stable map ([7]). Note that when n > 2,
every stable map g : M™ — R?"~! has no triple points. Note also that the set
of the stable maps is open and dense in C°°(M™, R?"~!) with respect to the C'>°-
topology. Our main purpose of the present paper is to generalize the results of
Sziics (Theorem 1.1) concerning immersions with normal crossings to stable maps
g: M"™ — R2n—1,

Let g : M™ — R?"! be a stable map without triple points. Then the closure
of the self-intersection set A(g) is a closed 1-dimensional submanifold of M™ and
the closure g(A(g)) of g(A(g)) is a finite disjoint union of circles and arcs, where
the two boundary points of each arc component correspond to Whitney umbrella
points of g. If g = wo f and R is oriented, where f : M™ — R2?" is an immersion
with normal crossings and 7 : R?® — R?"~! is a projection, then we can define a
sign, +1 or —1, for each Whitney umbrella point of g, using a method essentially
the same as that by Carter and Saito [5]. Our main result of the present paper is
the following generalization of Theorem 1.1.

Theorem 1.3. (1) Suppose that f : M™ — R>" is an immersion with normal
crossings and that m: R?™ — R~ s a projection such that g = wo f is a stable
map without triple points. Then we have

D(f)=6(9) +e(f)  (mod 2).

(2) Suppose that g : M™ — R?"~1 is a stable map without triple points. If n is
even, we have

6(g) + B(g) = (01 (M") Uwn 1 (M"), [M"]5)  (mod 2).

Here the two terms e(f) and 8(g) in Theorem 1.3 denote the numbers of arc
components J of g(A(g)) with some respective prescribed properties, which are
described by the signs of the Whitney umbrella points corresponding to dJ and the
triviality of the normal bundle of g=1(.J) in M™. Precise definitions will be given
in §3.

As an application of our generalization, we give a new geometric proof of the
following congruence formula, which has been proved by Mahowald [12] and Lannes
[10] by using methods of algebraic topology.
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Theorem 1.4 (Mahowald [12], Lannes [10]). Let f : M™ — R?" be an im-
mersion with normal crossings, where M™ is an n-dimensional closed manifold and
n > 2 is even. Then we have

e(f)

—~ T D(f) = (@1(M") Uwp—1(M"), [M"]2)  (mod 2),

where e(f) is the (twisted) Fuler number of the normal bundle of f.

Note that, in our situation, the Euler number e(f) is always an even integer. The
above theorem is a generalization of the celebrated Whitney congruence for n = 2
([21]). Recall that the proofs by Mahowald [12] and Lannes [10] are algebraic in
nature. Recently Carter and Saito [5] have given a geometric proof of the Whitney
congruence using projections extensively together with surgery techniques. Our
proof of the above theorem is motivated by their work, but is different from theirs.
Our method is to find a generic projection 7 : R?» — R?*~! and to count the
number of connected components of the double point set of the stable map 7o f :
M™ — R?>"! with some prescribed property.

Let g : M™ — R ! be a stable map without triple points. Then, using
our techniques, we see that the possible values of the normal Euler number of an
embedding f : M™ — R?" which is a lift of g (i.e., g = mo f for some projection
7: R?" — R?"7 1) are somewhat restricted as follows.

Theorem 1.5. Let g : M™ — R?"~! be a stable map and m : R — R*~ 1 ¢
projection. Suppose that n > 2 and that g has no triple points.

(1) There always exists an immersion with normal crossings f : M™ — R*" such
that g=mo f.

(2) There exists an embedding f : M™ — R*" such that g = 7o f if and only if
6(g) =0, i.e., if and only if g has no non-trivial double point circle.

(3) For an embedding f : M™ — R2" such that g = 7o f, we have

Furthermore, if §(g) = 0, there exists an embedding f : M™ — R?" with g = 7o f
and with prescribed Euler number of the normal bundle in the above set.

Note that Theorem 1.5 (1) can be regarded as the existence theorem of a desin-
gularization of a given stable map f : M"™ — R2?"~! in the sense of Blank and
Curley [4, (1)]. Theorem 1.5 (1) holds also for maps with triple points. Note also
that Theorem 1.5 (3) is closely related to the well-known Whitney conjecture which
has been proved by Massey [14] (see also [9]). See Remark 6.1 in §6.

Furthermore, we prove an elimination theorem of Whitney umbrella points of
opposite signs, which leads to the following.

Theorem 1.6. Let M™ be a closed connected n-dimensional manifold and f :
M™ — R? an embedding, where n is even. Then there exists an isotopy f: :
M"™ — R (t € [0,1]) such that fo = f, that wo fi is stable and that 7 o fi has
exactly |e(f)| Whitney umbrella points, where 7 : R*™ — R2?"~! is a projection.

Note that this is a direct generalization of the main result of [5] concerning
embedded surfaces in R* to higher dimensions.

As to the problem of lifting a map into R?"~! to an embedding into R?", we
obtain the following refinement of Corollary 1.2.
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Theorem 1.7. Let M"™ be a closed n-dimensional manifold (n > 2) and 7 : R*" —
R2?"~1 a projection. Then the following three are equivalent.

(1) No immersion g : M™ — R2"~L can be lifted to an embedding into R?".

(2) For every embedding f : M™ — R?", the map o f can never be an immer-
sion.

(3) (@1 (M™) U on—y(M™),[M"]2) #0 (mod 2).
We also obtain the following result concerning the lifting problem.

Theorem 1.8. Let M™ be a closed n-dimensional manifold (n > 3) and m : R*" —
R2?"! a projection.

(1) If M™ is orientable and n is even, then, for every stable map g : M™ —
R?2"1, there exists an embedding f : M™ — R2™ such that o f = g.

(2) If M™ is non-orientable or n is odd, then there exists an immersion with
normal crossings g : M™ — R2™™1 which can never be lifted to an embedding into
R?".

The paper is organized as follows. In §2, we define the sign of each Whitney
umbrella point of a generic projection of an immersed n-manifold in R?" and relate
it to the normal Euler number of the immersed manifold. In §3, we give a precise
definition of the quantities e(f) and ((g) appearing in Theorem 1.3. §4 is devoted
to the proof of Theorem 1.3. In §5 we prove Theorem 1.4, using Theorem 1.3. We
also consider an application of the Mahowald-Lannes congruence to the study of
fold singular points. In §6, we consider the problem of lifting a map into R?"~!
to an embedding into R?" and prove Theorems 1.5 and 1.8. In §7, we prove an
elimination theorem of Whitney umbrella points and as a direct consequence we
prove Theorem 1.6. Using this elimination theorem, we also prove Theorem 1.7.

Throughout the paper, M™ denotes a closed n-dimensional manifold, all mani-
folds and maps are of class C*°, and the homologies and the cohomologies are with
Zo-coefficients unless otherwise indicated.

The authors would like to express their sincere gratitude to Masahico Saito for
pointing out a mistake in an earlier version of this paper.

2. SIGNS OF WHITNEY UMBRELLA POINTS AND NORMAL EULER NUMBER

Let f: M™ — R?" be an immersion with normal crossings; i.e., f is an embed-
ding except at a finite number of transverse double points. Our purpose of this
section is to find a generic projection 7 : R?® — R?"~! to define the sign of each
Whitney umbrella point of 7 o f and to study the normal Euler number of f. Set
A(f)={x e M™: f~Y(f(z)) # {x}}, which is called the self-intersection set of f.

Let g : M™ — R?"~! be a smooth map. We define the self-intersection set A(g)
of g by A(g) ={x € M™: g7 1(g(x)) # {x}}. We say that g is stable if the orbit of
g in the mapping space C>°(M"™, R*"~1) by the action of Diff(M") x Diff(R?"~1)
is an open set (see, for example, [7]). It is known ([22, 24]) that g is stable if and
only if the singular set S(g) = {z € M™ : rank dg, < n} of g is a discrete set,
the self-intersection set A(g) does not contain any singular point, g|(M"™ — S(g))
is an immersion with normal crossings, and every point p in S(g) is a Whitney
umbrella point; i.e., there exist local coordinates (x1,---,2,) centered at p and
(y1,- - ,y2n—1) centered at g(p) such that g has the following normal form:

ylog:‘T%?yiog:xi(i:Q?"' 7”)7yn+j09:$1$j+1(j: 17 7n_1)
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FIGURE 1. Whitney umbrella for the case n = 2

(See Figure 1.) Note that, for every Whitney umbrella point p, rank dg, = n — 1.

Lemma 2.1. For almost every projection m : R?™ — R2?"™1, the composite map
g=mo f: M"— R? ! is stable and non-singular at every point of A(f).

Here we say that a linear map m : R* — R! (k > 1) is a projection if it is
surjective. A property is said to be true for almost every projection if the set of the
projections for which the property is not true is of Lebesgue measure zero in the
space of all projections.

Proof of Lemma 2.1. By Mather [15], for almost every projection 7 : R?" — R?*"~1,
the composite g = 7o f is stable. On the other hand, the self-intersection set A(f)
consists of a finite number of points. For x € A(f), set ¥, to be the set of the
projections 7 : R?” — R2?"~! for which 7o f is singular at z. Since rank df, = n, the
codimension of ¥, in the space of all projections is equal to (2n—1)—(n—1) =n > 1.
Hence J,, . A(f) Y, is of Lebesgue measure zero in the space of all projections. This
completes the proof. ||

Let 7 : R?*® — R?"~! be a projection as in Lemma 2.1. Take a Whitney umbrella
point p € S(g), where g = 7o f. We assume that R*" and R?"~! are oriented. We
will define the sign of p as follows.

Take local coordinates around p and g(p) as in the paragraph just before Lemma
2.1. Set D. = {y? +---+v3,_1 < e} C R for ¢ > 0 sufficiently small. Set
D. =g YD.).

Lemma 2.2. The set D, is a closed disk neighborhood of p in M™.

Proof. Tt is easy to see that (1, -- ,,) is in D, if and only if
2 _ 4
2 2 & T X
< i
Tpt I S 1+ 22

Then the result follows immediately. This completes the proof. ||

Note that we have also shown that D, = g~ (D).

In the following, we denote by Ox the orientation of a space X. First we orient
kerm so that Og2n = ORr2n—1 @ Okerr- It is easy to see that, if ¢ is sufficiently small,
A(g) N dD, consists of two points. Let these two points be denoted by p; and po.
Then the vector f(p1) — f(p2) is an element of kerm and is not the zero vector,
since A(f) does not contain any Whitney umbrella point of g. We may assume
that f(p1) — f(p2) is consistent with the orientation of kerm, exchanging p; and ps
if necessary. We fix an orientation of D, and take an oriented base (Ug,+ ,Up—1)
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(resp. (v1,---,vn_1)) of the tangent space T, (9D.) (resp. T}, (dD.)). Then we
see that (dgp, (u1),- -+, dgp, (Un—1),dgp, (v1),- -+ ,dgp,(vn—1)) is a base of T,(0D,),
where ¢ = g(p1) = g(p2). We denote this orientation by O4. Recall that D, is
oriented, and hence its boundary 0D, is also oriented. Here we adopt the convention
that Opp, ® £ = Op_, where £ is the outward normal vector of 0D,.

Definition 2.3. We say that the Whitney umbrella point p € S(w o f) is positive
if O, = Opp, and negative otherwise. We denote by p(f) (resp. n(f)) the number
of positive (resp. negative) Whitney umbrella points.

Remark 2.4. (1) The above definition does not depend on the choice of the orien-
tation of dD.. It only depends on the orientations of R2" and R2"~!.

(2) When n is even, the above definition does not depend on the choice of the
orientation of R?"~1,

(3) When n = 2, the above definition coincides with the definition due to Ban-
choff [3] and Carter and Saito [5].

Proposition 2.5. Suppose that n is even and that R®® is oriented. Then we
always have

e(f) = p(f) —n(f),

where e(f) € Z is the (twisted) Euler number of the normal bundle of the immersion
f-

Note that, when n = 2 and f is an embedding, this is a result of Banchoff [3,
§4] and Carter and Saito [5].

Proof of Proposition 2.5. First note that the Euler number of the normal bundle
of f is equal to the intersection number of f(M™) and its parallel copy obtained
by pushing f(M™) off itself slightly to the positive direction of kerw, where we
ignore the intersections corresponding to the self-intersection points of f(M™).
Since g = m o f is an immersion off the Whitney umbrella points, we have only
to investigate the contribution of each Whitney umbrella point to the intersection
number. Let p € M™ be a Whitney umbrella point and set ¢ = f(p). Orient
the disk neighborhood D, of p arbitrarily. Then the contribution of the Whitney
umbrella point p to the intersection number is equal to the intersection number
of f(D.) and its parallel copy D’. By our orientation convention for the bound-
ary, it is not difficult to see that this is equal to the intersection number of D"
and 9D’ in 7= 1(0D;), where D" is a canonical n-disk in 7=1(0D.) bounded by
f(D) N7~ Y(0D,) = f(dD.) and it intersects D’ transversely in one point (see
Figure 2). (Note that 7=1(dD.) is oriented as the boundary of #=*(D.).) Further-
more, this intersection number is easily seen to be equal to the sign of (df,, (u1),-- -,
dfpl (uﬂ—1>7 f(p1> - f(p2)7dfpz (U1>7 T 7dfp2 (vﬂ—1>) in 71—_1(8D€>7 where p1,p2 €
M™, uy, -+ ,up_1 € Tpl((?DE) and vy, - ,v,_1 € Tp2(8Ds) are as in the para-
graph just before Definition 2.3. Then this is equal to the sign of (dfy, (u1),-- -,
dfpl (uﬂ—1>7 f(p1>_f(p2>7 dfpz (U1>7 e 7dfP2 (Un—1>7 f) in R2n7 where ¢ is the outward
normal vector of (7 ~1(D.)). Since n is even, we see that this is equal to the sign of
(dfpl (ul)a e adfpl (un—l)a dfp2 (Ul)v T 7dfpz (Un—l)v ga f(pl) - f(pQ))7 which is equal,
by the orientation convention of kerm, to the sign of (dgp, (u1),-- -, dgp, (Un—1),
dgp, (v1), -+ ydgp, (vn—1),&’) in R*"~1, where ¢ is the outward normal of dD..
Then, by the orientation convention of the boundary, this is equal to the sign of
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(dgp, (u1), -+, dgp, (Un—1),dgp, (V1) -+ ,dgp, (vn—1)) in OD.. Hence, this is equal
to +1 if p is a positive Whitney umbrella point and —1 if it is a negative one. This
completes the proof. ||

3. NON-TRIVIAL CIRCLES AND ARCS

Let f: M™ — R?" be an immersion with normal crossings. In what follows, we
assume that R?" is oriented. Take a projection 7 : R?* — R?"~! as in Lemma 2.1
and set ¢ = mo f, which is a stable map. We assume that, when n = 2, g has no
triple points. (For the case where g has triple points, see the last paragraph of the
proof of Theorem 1.4 and Remark 5.1 in §5.) Set B(g) = g(A(g)). It is easy to see

that the closure A(g) of A(g) in M™ is a closed 1-dimensional submanifold of M™
without boundary. Furthermore, the closure B(g) of B(g) in R**~! is a compact
1-dimensional submanifold of R?"~! with boundary corresponding to the Whitney
umbrella points of g. Note that, if J is an arc component of B(g), then J= g H(J)

is a smooth submanifold of M" diffeomorphic to S!.

Definition 3.1. A circle component C' of B(g) is said to be non-trivial if g~ (C)
is connected. An arc component J of B(g) is said to be non-trivial if either of the
following two conditions is satisfied:

(1) the normal bundle of J in M™ is trivial and the signs of the two Whitney
umbrella points dJ coincide, or

(2) the normal bundle of J in M™ is non-trivial and the signs of the two Whitney
umbrella points dJ do not coincide.

Here we note that the above definition does not depend on the orientation of
R?"~1 even when n is odd. We denote by §(g) the number of non-trivial circle
components, by £(f) the number of non-trivial arc components, by a(f) the number
of arc components J such that the signs of the two Whitney umbrella points 9.J
coincide, and by 3(g) the number of arc components J such that the normal bundle
of J in M™ is non-trivial. Note that § and 3 depend only on g, while ¢ and o depend
on f and the projection 7.

We have the following lemma.

Lemma 3.2. a(f) = 8(g9) +(f) (mod 2).
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Proof. We denote by a the number of trivial arc components J with the same sign
of the two Whitney umbrella points 0.J, by b the number of trivial arc components
J with distinct signs of the Whitney umbrella points, by ¢ the number of non-trivial
arc components with the same sign of the Whitney umbrella points, and by d the
number of non-trivial arc components with distinct signs of the Whitney umbrella
points. Then we have a(f) = a+ ¢, B(g) = ¢+ d, and e(f) = a + d. Then the
required congruence follows immediately. ||

4. PrROOF OF THEOREM 1.3

First we prove part (1) of Theorem 1.3. By Sziics [19], the number of double
points of f over the circle components of B(g) has the same parity as §(g). Thus
it suffices to prove that the number of double points of f over the arc components
of B(g) has the same parity as £(f). Hence, we have only to show the following.

Lemma 4.1. Let J be an arc component of B(g). Then the number of double
points of f in 7= 1(J) is odd if and only if J is non-trivial.

Proof. We denote by ¢; and g2 the two end points of J and set p; = g~ (q;)
(i =1,2). Let Dy and D5 be sufficiently small closed disk neighborhoods of ¢; and
g2 in R?™~! respectively as in §2. We may assume D1NDy = (). We may also assume
that there are no double points of f in #=1(JND;) (i = 1,2). We denote by J; and
Jo the two components of the closure of g~ (J—(D1UDy3)). Set g~ (D;)NJ; = {pi;}
(i,j = 1,2) (see Figure 3). We fix orientations of D; = ¢~'(D;) and R**~!. We
may assume that f(p11) — f(p12) gives the orientation of kerm, exchanging p1; and
p12 if necessary. Let (u1,---,un—1) (resp. (v1,-+-,vn—1)) be an oriented base
of Tp,,(8D1) (resp. Tp,,(dD;)). This is also regarded as a base of a fiber over

9(p21) = g(ps3)

g{M™)

FIGURE 3
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p11 (resp. pi2) of the normal bundle of J; (resp. Jz) in M™. Since the nor-
mal bundle of J; is trivial, the above base can be extended to a trivialization
(U1, ,Up—1) (resp. (Vi,---,V,—1)) of the normal bundle. Let (¢t1, -+ ,tp—1)
(resp. (w1, ,wp—1)) denote the base of the fiber over pa; (resp. pa2) of the
normal bundle of J; (resp. J2) which corresponds to the extended trivialization
(U, -+ Up—1) (vesp. (Vi,--+,Vy_1)). Notethat (t1,-- ,t,—1) and (w1, -+, wn—1)
are regarded as bases of T}, (9Ds) and T, (9Ds) respectively. Then we see
that (dgp,, (1), -+, dgpy, (Un—1),dgp,, (V1) -+ ,dgp,, (Vn—1)) gives the orientation
of aljl if and Only if (dgpm (tl)v e 7dgp21 (tn—l)a dgpzz (wl)a e adgpzz (wn—l)) does
not give the orientation of Dy, since (dg(Ur), -+ ,dg(Un—1),dg(V1), - ,dg(Va-1))
is a trivialization of the normal bundle of the closure of J — (D7 U Dg) in R?"~ 1.
Moreover, it is easy to see that f(p21)— f(p22) is not consistent with the orientation
of kerr if and only if the number of double points of f in 7=1(J) is odd. Now we
orient Dy = g~ 1(D3) so that (t1,--- ,t,_1) is an oriented base of Tp21(8D2). Note
that (wi,--- ,w,_1) is consistent with the orientation of T},,,(9Dy) if and only if
the normal bundle of J = g 1(J) in M™ is trivial.

Now suppose that ps is a positive Whitney umbrella point and that the normal
bundle of .J is trivial. Then the number of double points of f in 7—'(J) is even if
and only if f(p21) — f(p22) is consistent with the orientation of kermr, which is true
if and only if (dgp,, (t1), -+ dGpay (tn=1), dGpay (W1), - -+, dgp,s (Wn—1)) is consistent
with the orientation of 9D,. This is true if and only if (dgp,, (1), -+, dgp,, (Un—1),
dgp,,(V1), -+ ,dgp,, (Un—1)) is not consistent with the orientation of 9Dy, which is
true if and only if p; is a negative Whitney umbrella point. This is true if and only
if the arc component J is trivial.

The other cases where ps is a negative Whitney umbrella point or the normal
bundle of J is non-trivial are treated similarly. This completes the proof of Lemma
4.1 and hence Theorem 1.3 (1). ||

Now we prove part (2) of Theorem 1.3. Let g : M™ — R?"~! be a stable map
without triple points with n even. First we give a proof based on results of Sziics [19]
which works for n > 2. Take an arc component J of B(g). Then we can eliminate
the two Whitney umbrella points 0J by a surgery technique similar to that used
in [18]. (The technique is considered only for n = 2 in [18], but the same idea is
valid also for general n.) More precisely, we remove small ball neighborhoods of
g~ 1(dJ) and replace it with S"~! x [—1,1]. Constructing an immersion into R?"~!
properly on this cylinder, we can reduce the number of Whitney umbrella points of
g by two, preserving the property that g = m o f has no triple point, since n > 2.
Note that, by this procedure, the arc component J turns into a circle component.
In this way, we may assume that g has no Whitney umbrella points. Furthermore,
it is not difficult to see that the normal bundle of g=!(J) in M™ is trivial if and
only if the new circle component corresponding to J is trivial. Then Theorem 1.3
(2) follows from Theorem 1.1 (2). Note that the parity of

(@1 (M™) Uiy (M™), [M"]2)

does not change by the surgery operation as above, since this is a cobordism invari-
ant.

Unfortunately, the above argument works only for n > 2. In the following, we
give a proof which works for all n > 2 and which is elementary in nature.
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Recall that the set S = S(g) of the Whitney umbrella points of g is a finite set.
Take a small tubular neighborhood N(S) of S in M™. Note that g|(M™ — N(S)) is
an immersion, whose normal bundle is denoted by v;.

Lemma 4.2. We have
Z'*ﬁ)n_l(Mn) = wn—l(Vl)a

where i : M™ — N(S) — M™ is the inclusion map.

Proof. Since vy is a normal bundle of M"™ — N(S), w;j(v1) is a polynomial in
wip(M™ — N(S)) = i*wi(M™). On the other hand, w;(M™) is a polynomial in
wi(M™) with the same form. Then we see easily that :*w;(M"™) = w;(v1). This
completes the proof. ||

Lemma 4.3. We have [A(g)]5 = wp—1(M™) in H"1(M™), where [A(g)]5 €
H" Y (M™) is the Poincaré dual of the homology class [A(g)]2 € Hyi(M™)
sented by the closure of A(g).

repre-

Proof. By Poincaré duality, we have only to show that
[A(g)]2 - v = (Wn—1 (M), )

for every 4 € H,_1(M"), where [A(g)]z -7 is the Zy-intersection number. Let T' be
a singular (n—1)-chain in M™ representing . (In fact, by Thom [20], there exists a
closed (n — 1)-dimensional submanifold V' of M™ which represents v € H,,_1(M™").
However, we do not need this here.) By a transversality argument, we may assume

that TN N(S) = 0, that I intersects A(g) transversely in a finite number of points.
Then we have

(4.4) [A(g)l2 -y =8(T N A(g))  (mod 2),
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where f denotes the number of elements in the set. Let I be a singular (n—1)-chain
in R?"~1 which is obtained by a small homotopy of g(T') so that I N B(g) = 0,
that IV intersects g(M™) transversely in a finite number of points, and that I and

g(M™) intersect in one point in a neighborhood of each point of g(I' N A(g)) (see
Figure 4). Since H,,_1(R*"71) = H,,(R*"~!) = 0, we have

(4.5) fIT'Ng(M™) =0 (mod 2).
On the other hand, by Lemma 4.2, we have

(Wn—1(v1), [T2) = (" wWn—1(M"), [I2)
(4.6) = (Wn-1(M"),7),

where [I']2 = v is the homology class represented by I'. Furthermore, we have

(4.7) BT Ng(M™)) = (wn-1(1), [T2) + 4" N A(g))  (mod 2),

since (wp—1(v1), [[]2) is congruent modulo 2 to the number of intersection points of

I" and g(M™) off the neighborhood of g(I'N A(g)). Then, by (4.5), (4.6) and (4.7),
we have

8N A(g)) = (@n-1(M"),v) (mod 2).
Combining this with (4.4), we have

[A(9)]2 - v = (@n1(M"),7)  (mod 2).

This completes the proof of Lemma 4.3. ||

Here we note that Lemma 4.3 can also be proved using Ronga’s result [16].

Let v denote the normal bundle of A(g) in M™ and e! the trivial line bundle

over A(g). Then we see that v @ ! is isomorphic to TM"|A(g). Hence we have

wi(v) = wi(TM"[A(g)).

Thus we have

(w1 (1), [A(g)]2) = (w1 (TM"[A(g)), [A(g)]2)
— (w (M), [Ag)]:)
= (w1 (M"), (Wp—1(M™))*) (by Lemma 4.3)
(4.8) — (@ (M™) U (M™), [M"]2),

since wy (M™) = w1 (M™), where (0,—1(M™))* € Hy(M™) is the Poincaré dual of
Wp—1(M™).

Lemma 4.9. Let C be a circle component of B(g).
(1) If C is non-trivial and n is even, the normal bundle of g=*(C) in M™ is
always non-trivial.
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(2) If C is trivial, we set g~(C) = C1 UCq, where C; are the components. Then
the normal bundle of C1 in M™ is trivial if and only if the normal bundle of Cy in
M™ is trivial.

Proof. First we prove part (1). Suppose that the normal bundle v of g=(C) in
M™ is trivial. Fix a trivialization £ of . Recall that glg=1(C) : g71(C) — C'is a
double cover. Then we see that dg(§) gives a trivialization of ¢*1), where 1/ is the
normal bundle of C' in R**~! and ¢ : [0,1] — C is a parametrization. Then the
monodromy matrix of v with respect to the trivialization of ¢*1}) is of the form

0 A
w=[5 5]

where A and B are (n — 1) X (n — 1) real matrices with AB the identity matrix.
Then we have

detR = (—1)""D"(detA) - (detB) = —1.

This contradicts the fact that 1) is orientable. Thus vy must be non-trivial.

Now we prove part (2). Let v} denote the normal bundle of C; in M™ (i = 1,2).
We regard v, as a bundle over C' by the diffeomorphism ¢|C; : C; — C. Then we
see that the bundle v} &1} is isomorphic to the normal bundle of C' in R*"~1. Thus
v @ vh is trivial and we have w; (1) = w1 (v4). This completes the proof. ||

Now we go back to the proof of Theorem 1.3 (2). By Lemma 4.9 and the
definition of 8(g), we have

(wi(v), [A(g)]2) = B(9) +6(9)  (mod 2).
This, together with (4.8), implies
(w1 (M™) Utn_1(M"),[M"]2) = B(g) +6(9)  (mod 2).
This completes the proof of Theorem 1.3 (2). ||

5. PROOF OF THE MAHOWALD-LANNES CONGRUENCE

In this section we give a new geometric proof of the Mahowald-Lannes congruence
formula as an application of our Theorem 1.3. We also consider an application of
the congruence formula to the study of fold singular points.

Proof of Theorem 1.4. First we assume that n > 2 and we continue to use the
notations of the previous sections. We denote by a4 (resp. a—) the number of arc
components J of % such that the normal bundle of J = g 1(J) in M™ is trivial
and that the signs of the two Whitney umbrella points d.J are both positive (resp.
negative). Furthermore, we denote by cy (resp. ¢_) the number of arc components
J such that the normal bundle of J is non-trivial and that the signs of the two
Whitney umbrella points 9J are both positive (resp. negative). We use the same
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notations as in the proof of Lemma 3.2. Then we have

@ = (a4 +c¢4) — (a— +c-) (by Proposition 2.5)
=(ay+ ta-)+(c+ +c-) (mod?2)
=a+tc
= a(f)
=06y

e(f) (mod2) (by Lemma 3.2)

5(g) + D(f) (mod 2) (by Theorem 1.3 (1))

= (w1 (M™)Uwy_1(M™),[M"]2) + D(f) (mod 2)

(by Theorem 1.3 (2)).

This completes the proof of Theorem 1.4 for n > 2.

Now suppose that n = 2. Then it is easy to see that there exists a projection
7 : R* — R3? such that g(A(f)) does not contain any triple points of g. Then we
can change f by a surgery so that g = w o f has no triple points, without changing
the difference between the numbers of positive and negative Whitney umbrella
points, the number of double points, and the parity of (w;(M?)Uw; (M?), [M?]s) =
x(M?) (mod 2), where y denotes the Euler characteristic. (For details, see [5,
Figure NJ.) Hence, in order to prove Theorem 1.4, we may assume that g has no
triple points. Then the same argument as above can apply. This completes the
proof. ||

Remark 5.1. We have used surgery techniques in order to prove Theorem 1.4 for
n = 2. However, we can prove it without using surgery techniques, modifying the
proof as follows. Suppose that f : M? — R* is an immersion with normal crossings
and that 7 : R* — R3 is a projection as in Lemma 2.1 such that g(A(f)) contains
no triple point, where g = mo f. Then there exist immersions with normal crossings
a; + St — M? (i = 1,---,7) such that |J_, @;(S*) = A(g) and that o;(S') and
a;j(S') intersect transversely if i # j. (In the terminology of Giller [6], each a;(S?!)

is a transverse component of A(g).) There are three types of a; as follows.

(a) The set ;(S!) contains a Whitney umbrella point.

(b) The set a;(S*') does not contain a Whitney umbrella point and there exists
one and only one j(# i) such that g(a;(S')) = g(a;(S1)).

(c) The set ;(S') does not contain a Whitney umbrella point and there does
not exist j(# i) such that g(a;(S1)) = g(a;(S1)).

In the case of (a), it is easy to see that a;(S') contains exactly two Whitney
umbrella points. For a;(S') containing no Whitney umbrella points, we say that it
is non-trivial if it satisfies condition (c). For a;(S!) containing Whitney umbrella
points, we say that it is non-trivial if the normal bundle of the immersion «; is
trivial and the signs of the two Whitney umbrella points contained in a;(S') are
the same, or if the normal bundle is non-trivial and the signs of the Whitney
umbrella points are opposite to each other. (Compare this with Definition 3.1.)
Furthermore, we define 6(g),e(f),a(f) and 5(g) as in §3. Then it is not difficult
to see that Lemma 3.2 and Theorem 1.3 hold also for this case. Then we can prove
Theorem 1.4 without using surgery techniques.

Remark 5.2. Theorem 1.4 was first proved by Mahowald [12] when f is an embed-
ding. Then Lannes [10] proved it for immersions with normal crossings in general.
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Note that Audin [1] gave another proof of Theorem 1.4 and generalized it for im-
mersions with normal crossings of a closed n-dimensional manifold into a closed
oriented 2n-dimensional manifold [2, Lemme 2.5.2]. See also [11, 25].

Remark 5.3. Note that wi(M™) U @,—1(M"™) = 0 unless n = 2" for some r >
1 (see [13]). Conversely, for n = 2", consider the real projective space RP".
Then it is known that (w;(RP™) U @,_1(RP™),[RP"]2) # 0. Note also that
(W1 (M™) U W1 (M™), [M"]2)(€ Z5) is a cobordism invariant of M™.

Here we give an easy application of Theorem 1.4 to the study of maps with fold
singularities (see [7, 17]). For a smooth map f: M™ — NP (n > p), we denote by
S(f) the singular set of f. Recall that a component S of S(f) is said to be a fold
component if every point of S is a fold singularity of f. Note that a fold component
is always a non-singular (p — 1)-dimensional closed submanifold of M™.

Proposition 5.4. Let f : S — R?™* be a smooth map and S C S(f) a fold

component. Then we have

(01(S) U Wam—1(5), [S]2) = 0.

Furthermore, we have
S-5=0 (mod 4),

where S - S denotes the self-intersection number of S in S4™.

Proof. First consider the case where m = 1. Then S is a closed surface. When S
is orientable, we always have

(01(S) Uw1(S), [S]2) =x(S) =0 (mod 2).

When S is non-orientable, S is an indefinite fold component and hence S-S =0
by [17]. Combining this with Theorem 1.4, we have

0.

(w1 (S) Uwi(S),[S]2)

(Here we can regard S as an embedded submanifold in R*™ = §4™ — {x}.) Note
that, in this case, we always have S-S = 0.

Next we consider the case where m > 2. Since f|S: S — R2?™+1 ig an immersion,
we see that w;(S) = 0 (Vi > 2). Thus we have

(01(S) U Wam—1(5), [S]2) = 0.

Then by Theorem 1.4, we have
S-S=0 (mod 4).

This completes the proof. ||
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6. LIFTING PROBLEM AND PROOF OF THEOREM 1.8

Let g : M™ — R?"~! be a stable map (or an immersion with normal crossings).
Suppose that 7 : R?® — R?"~! is a projection. In this section, we consider the
problem of finding a lift f : M™ — R2" of g which is an embedding, where f is
a lift of g if g = mwo f. Recall that we have already a result in this direction, i.e.,
Corollary 1.2, which is a direct consequence of a result of Sziics.

First we prove Theorem 1.5.

Proof of Theorem 1.5. We may assume that 7 is the standard projection defined
by 7(z1, -, Tpn-1,Tn) = (X1, -+ ,&p—1). First we prove part (1). We construct a
smooth function h : M™ — R with the following properties:

(a) if g(x) = g(y) for © # y, then h(z) # h(y) or when h(xz) = h(y) we have
Im d(g,h), ®Im d(g,h), = Th(m)R%, and

(b) if rank dg, < m, then dim dhg(ker dg,) = 1.
Take a point p € S(g). Recall that, in a neighborhood of p, g is of the following
normal form:

yiog=ai,yi0g=ai(i =2, ,n),ynyj0 g =a1201(j = 1,--+ ,n—1).

Then we define h(z1, -+ ,2,) = x1 in this neighborhood. Then it is not difficult
to see that h satisfies the above conditions (a) and (b) over the neighborhood of

S(g). Next we extend this h to a neighborhood of A(g) as follows. It is easy to
find a smooth function on a neighborhood of A(g) such that, for z,y € A(g) with
g(x) = g(y) and = # y, we have h(z) # h(y), or h(x) = h(y) and there exist
v e T(A(g)) and w € T,(A(g)) with 0 # dg.(v) = dg,(w) € Ty (9(A(g))) and
dhy(v) # dhy(w). Then we extend the above constructed smooth function to a
smooth function defined on the whole of M™ arbitrarily. Then f = (g,h) : M™ —
R?"~! x R = R is a desired immersion with normal crossings.

Next we prove part (2). Suppose that there exists an embedding f : M"™ — R2"
such that 7 o f = g and that ¢ has a non-trivial double point circle C' C W
Since C' is non-trivial, there exists a diffeomorphism 1 : g=1(C) — S! such that
g(z) = g(y) if and only if ¥(z) = £ (y) for z,y € g71(C), where S is the unit
circle in R%2. Then the composite ¢ = po, o fop™! : S — R is a smooth
function such that ¢(z) # ¢(—x) for every x € S*, since f is an embedding, where
pon @ R?™ — R is the projection defined by poy (21, ,%2,) = T2,. However, it
is an easy consequence of the intermediate-value theorem that there does not exist
such a continuous function on S'. Hence, if an embedding f with g = 7o f exists,
g cannot have a non-trivial double point circle.

Conversely, suppose that g has no non-trivial double point circles. In the proof
of part (1), it suffices to construct a smooth function h : M™ — R satisfying the
following condition (a’) and the previous condition (b):

(&) if g(x) = g(y) for x # y, then h(x) # h(y).

We construct h in a neighborhood of S(g) as follows. For each arc component
J C %, on the neighborhoods of the two Whitney umbrella points g=1(9.J), we
define h(x1,--- ,x,) = 1 or —x1 so that we can construct h on g—*(J) with the
property (a’). For a circle component C' C B(g), we can construct h on g~1(C)
with the property (a') easily, since g~1(C) is disconnected. Then extend this smooth
function as in the proof of part (1) and consider f = (g,h). This completes the
proof of part (2).
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Now we prove part (3). Recall that, by Proposition 2.5 we have e(f) = p(f) —
n(f), where p(f) (resp. n(f)) is the number of positive (resp. negative) Whitney
umbrella points of g. Furthermore every arc component J C W must be trivial
by Lemma 4.1, since f has no double points. Hence, the signs of the two Whitney
umbrella points g~1(A.J) coincide if and only if the normal bundle of g~1(.J) in M™
is non-trivial. We denote by 4 (resp. () the number of arc components J such
that the normal bundle of g=1(J) in M™ is non-trivial and that the signs of the
two Whitney umbrella points g=1(8J) are both positive (resp. negative). Then we
have

By + - = B(g)

and
e(f) =264 —20-.

Thus we have e(f) € {—208(¢9), —28(g)+4,--- ,208(g)}. We can prove the realization
result by using an argument similar to that for part (2). We have only to change h

on g~1(J) properly for each arc component J. This completes the proof of Theorem
1.5. |

Remark 6.1. Consider the case n = 2. Suppose that f : M? — R* is an embedding
such that M? is non-orientable and that ¢ = 7o f does not have a triple point. If J
is an arc component of % such that the normal bundle of g=*(J) in M? is non-
trivial, then the tubular neighborhood of g=1(J) is diffeomorphic to the Mobius
band. Since g=(J) N g=1(J’) = 0 for distinct arc components J and J’, we see
that the number 3(g) of arc components J such that the normal bundle of g=*(J)
is non-trivial cannot exceed the non-orientable genus of M?2. Then by Theorem 1.5
(3), we have

—442x(M?) < e(f) <4-2x(M?),

which is the well-known Whitney conjecture, where x denotes the Euler character-
istic. Note that the above inequality has been proved for general embeddings by
Massey [14] and also by Kamada [9]. The proofs by Massey and Kamada use the
double branched covering of S* = R* U {co} branched along f(M?) and they are
completely different from our approach. Our method would probably give a new
geometric proof of the Whitney conjecture. Note that Theorem 1.5 (1) holds even
if g has a triple point, while results corresponding to Theorem 1.5 (2) and (3) do
not in general. See Remarks 6.2 and 5.1.

Now we prove Theorem 1.8 in the introduction.

Proof of Theorem 1.8. First we prove part (1). Suppose that n > 4. Then the
stable map g : M™ — R?"~! does not have a triple point. Hence, by Theorem 1.5,
we have only to show that 6(g) = 0, which follows immediately from Lemma 4.9
(1) and the assumption that M™ is orientable.

Next we prove part (2). First we consider the case n > 2. When M™ is non-
orientable and n is even, take an orientation reversing simple closed curve C in
M™. Otherwise take an orientation preserving simple closed curve C' in M"™. Then
it is easy to construct an immersion ¢ : N(C) — R?"~! such that the double
point set £(A(£)) coincides with £(C) and that &|C : C — £(C) is a non-trivial
double cover, where N(C) is the tubular neighborhood of C in M™. (See the proof
of Lemma 4.9 (1).) Since R?>"~1! is contractible, £ can be extended to a smooth
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map g1 : M" — R?"~1. By changing g; outside N(C), we obtain a stable map
g2 : M™ — R?~L Since n > 2, £(C) remains to be a non-trivial double point
circle of go. Then, by the method of Whitney [24], we can eliminate the Whitney
umbrella points of go without changing the map on N(C'). Let this map be denoted
by g : M™ — R?"~!. Note that, since n > 2, g has no triple point. Then by
Theorem 1.5 (2), there exists no embedding f : M™ — R?" such that g = 7o f,
since g has a non-trivial double point circle.

Next consider the case n = 2. Then M? is a non-orientable surface and is
diffeomorphic to the connected sum of some, say r, copies of the projective plane
RP2. Note that there exists an immersion with normal crossings ¢, : RP?> — R3.
Then, since the Euler characteristic of RP? is odd, there exists no embedding
f1: RP? — R* such that 7o f; = g1, by Theorem 1.4. (See also Theorem 1.7
and [6, Remark (p.610)].) Now let g : M? — R3 be the immersion with normal
crossings which is constructed by the connected sum of r copies of g;. Then it is
easy to see that g cannot be lifted to an embedding into R4, since, if it is lifted, g; is
also lifted, and this leads to a contradiction. This completes the proof of Theorem
1.8. ||

Remark 6.2. Note that Theorem 1.8 (1) does not hold for n = 2. In fact, Giller [6,
p.600] has given an immersion with normal crossings g : S — R? which cannot be
lifted to an embedding into R*. Furthermore, Giller has given a characterization
of immersions with normal crossings of orientable surfaces into R® which can be
lifted to embeddings into R* [6, Proposition 4].

7. CANCELING WHITNEY UMBRELLAS AND PROOF OF THEOREM 1.7

Before proving Theorem 1.7, we prove the following lemma, which is a direct
generalization of a result of Carter and Saito [5] for n = 2.

Lemma 7.1. Suppose that f : M™ — R?" is an embedding such that g = mo f
is stable, where m : R*™ — R2"~! is a projection, n is even, R?" is oriented and
M™ is connected. Then a pair of oppositely signed Whitney umbrella points of g
are canceled by an isotopy of f without creating any new Whitney umbrella point.

Ys

FIGURE 5. n =2
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Proof. Let p € M™ be a Whitney umbrella point of g and set ¢ = g(p). We choose
local coordinates (x1,--- ,x,) centered at p and (y1,- - ,yan—1) centered at g for
which g has the normal form as in §2. For t € R and (ag,--- ,a,) € R"™! — {0},
we set

Ly ={(y1, - ,Y2n—1) 1 y1 + G2Y2 + - - + anYn =t}
and M; = g~ 1(g(M™) N L;) C M™ (see Figure 5). Then we see easily that M; =

{(x1, ,2n) : 22 +agwa + -+ anx, = t}. Since (az, -+ ,a,) # 0, we may assume
a, # 0, for example. Then the map defined by (21, ,2,) = (21, -+ ,¥pn_1, 25 +
as®a+ -+ + apr, —t) is a diffeomorphism. Set (X1, -, X,) = (z1, -, Tp_1,27 +

asxe + - + apx, — t), which is another local coordinate centered at p. Then we
have M; = {X,, = 0}. Elementary but tedious calculations show the following;:

(a) the map g|M; is an immersion if ¢ # 0, and when ¢ = 0, it is an immersion
except at (X1,---,Xp—1) =0, and

(b) when ¢t > 0, for (X, -+, X,—1), (X1, -, X} 1) € My, g(X1, - ,Xn-1)
=g(X{,---, X! ) ifand only if X1, X| =+Vt,Xo = =X, 1 =X| =--- =
X, _1 =0 and g|M; is an immersion with normal crossings, and when ¢ < 0, g|M,
is an embedding.

In other words, we can consider g, in a neighborhood of p, as a projection move
of the isotopy f|M; (t € (—¢,€)), where € > 0 is sufficiently small (see Figure 6).

Now we suppose n > 2. (Recall that the case n = 2 has been proved by Carter
and Saito [5].) The choice of L; corresponds to the choice of (az,- -+ ,a,) € R* ™! —
{0}, where R"~! — {0} is connected. Hence the choice of L; is essentially unique.
(Note that, when n = 2, we have essentially two choices of L;.)

Now take two Whitney umbrella points p,p’ € M™ with opposite signs. Since
M™ is connected we can connect p and p’ by a simple closed curve . Since n > 2,
we may assume that o N A(g) = {p,p'}. By sliding the Whitney umbrella points
along this curve, we may assume that p and p’ are sufficiently close to each other,
changing f by an isotopy. If we consider the map g in neighborhoods of p and p’
as projection moves, we see that they correspond to moves opposite to each other.
This is because the choice of L; at a Whitney umbrella point is essentially unique
and the signs of the Whitney umbrella points p and p’ are opposite. Then we can
change f in a neighborhood of o by an isotopy so that the two Whitney umbrella
points are eliminated. For details see Figures 7 and 8. This completes the proof of
Lemma 7.1. ||

Since pairs of oppositely signed Whitney umbrella points can be eliminated suc-
cessively by Lemma 7.1, we have proved Theorem 1.6 in the introduction, which is
a direct generalization of the main theorem of [5].
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Remark 7.2. Hirsch [8, Theorem 6.4] showed that if M™ is immersed into R™*"
(m > n) with a transversal r-field, then it can be immersed into R™. (Moreover,
such an immersion into R™*7 is regularly homotopic to one in R™.) Theorem 1.6
gives another proof of this result for n even, r = 1, and m = 2n — 1 as follows.
Suppose that f: M™ — R2" is an immersion with a transversal 1-field. Then f is
regularly homotopic to an immersion with normal crossings fi : M™ — R?" with
a transversal 1-field. Then we see that e(f;) = 0, and by Theorem 1.6, we can
change f1 by a regular homotopy so that it has no Whitney umbrella points when
composed with the projection 7 : R?*™ — R?"~!. (Note that, in Lemma 7.1 and
Theorem 1.6, f can be an immersion with normal crossings, if we replace the word
“isotopy” by “regular homotopy”.) Then g = 7o f : M™ — R?"~! is an immersion.

Now we proceed to the proof of Theorem 1.7.

Proof of Theorem 1.7. Tt is easy to see that parts (1) and (2) are equivalent to each
other. Now we prove that part (3) implies part (1). Suppose that there exists an
embedding f : M™ — R?" such that ¢ = mof. Then it is easily seen that the normal
bundle of f has a section which is nowhere zero. Hence we have e(f) = 0 if n is even.
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Furthermore, since f is an embedding, D(f) = 0. This contradicts the assumption
(3) by Theorem 1.4. When n is odd, it is known that w;(M™) Uw,—1(M™) =0 by
Massey [13]. Thus, when n is odd, the assumption (3) is not satisfied. Thus we
have proved that part (3) implies part (1). Note that this argument is essentially
the same as that used in [6, Remark (p. 610)].

Now we prove that part (1) implies part (3). Suppose that

0.

(w1 (M™) U on 1 (M™), [M"]2)

Choose an arbitrary immersion with normal crossings f; : M™ — R?". We will
modify f; so that it becomes an embedding which projects to an immersion into
R2n—1'

First we consider the case where n is even. We will modify f; so that e(f;) = 0.

Case 1. When M™ is orientable.

Orient M™ arbitrarily. Let I(fi1) € Z be the self-intersection number of f;
defined by Whitney [23]. Then we have the following.

Lemma 7.3. e(f1)+ 2I(f1) =0.

Proof. Consider the intersection number of fi(M™) and its push-off. Then every
self-intersection point of f; contributes by twice the sign of the self-intersection.
Thus we have

(f1)«[M"] - (f1)«[M"] = e(f1) + 21 (f1),

where [M"] € H,(M"™;Z) is the fundamental class of M™, and the left hand side
denotes the intersection number in R?". Since H,(R?";Z) = 0, we have the con-
clusion. This completes the proof. ||

By the method of Whitney [23], we can modify f; so that I(f;) = 0. For this
immersion f1, we have e(f;) = 0 by Lemma 7.3.

Case 2. When M™ is non-orientable.
First, by Theorem 1.4 and our assumption, we have

e(f1)
2

+D(f1)=0 (mod 2).

By the method of Whitney, we can modify f; so that D(f1) is increased by one and
that e(f1) is changed by +2 (see the proof of Lemma 7.3). Thus we may assume
that e(f1) = 0 and D(f1) is even.

Now assume that n > 3. Then by Whitney’s trick [23], we can change fi by a
regular homotopy to an embedding fo : M™ — R2". Note that e(f1) = e(f2) = 0.
Then by Theorem 1.6, we can change f2 by an isotopy to an embedding f : M™ —
R?" such that g = 7 o f is an immersion. This contradicts our assumption (1).

When n = 2, since (w1 (M?) U w(M?),[M?]3) =0, we see that the Euler char-
acteristic x(M?) of M? is even. When M? is orientable, M? can be embedded into
R3, which can easily be lifted to an embedding into R*. This is a contradiction.
When M? is non-orientable, M? is diffeomorphic to the connected sum of some
copies of the Klein bottle. Then consider the immersion g : M? — R? with normal
crossings without triple points as in Figure 9. Then, since every double point circle
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of g is trivial, it can be lifted to an embedding into R* by Theorem 1.5 (2). This
is also a contradiction.

Now we consider the case where n is odd (n > 3). By [23], there exists an
embedding f; : M™ — R?". Let e(€ Z) be the intersection number of fi(M™) and
its push-off into the positive direction of kerw. Then by an argument as in the proof
of Proposition 2.5, we see that

e=—(p(f1) —n(f1)),

where p(f1) and n(f1) are the numbers of positive and negative Whitney umbrella
points respectively. Here we orient R?>*~! properly and then the sign of a Whitney
umbrella point is defined in exactly the same way as in the case where n is even
(see §2). On the other hand, it is known that e is always equal to zero, when n is
odd. Then the rest of the argument is exactly the same as that for n even. This
completes the proof of Theorem 1.7. ||
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