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RECIPROCITY LAWS IN THE VERLINDE FORMULAE
FOR THE CLASSICAL GROUPS

W. M. OXBURY AND S. M. J. WILSON

ABSTRACT. The Verlinde formula is computed for each of the simply-connect-
ed classical Lie groups, and it is shown that the resulting formula obeys certain
reciprocity laws with respect to the exchange of the rank and the level. Some
corresponding dualities between spaces of sections of theta line bundles over
moduli spaces of G-bundles on curves are conjectured but not proved.

INTRODUCTION

The purpose of this article is to show that the Verlinde formulae for the classi-
cal simple complex Lie groups exhibit curious reciprocity laws analogous to those
already observed for the unitary groups [B1],[DT],[Z]. To each such group G and
nonnegative integers [, g € Z one associates a natural number N;(G) = Ni(G, g),
called the Verlinde number. This is defined in §2 below; for its derivation in the
formalism of fusion rings see [B2]. Then the basic reciprocity law just alluded to
is:

n9d 19

Given a smooth projective complex curve C' of genus g, and any reductive com-
plex algebraic group G, there exists a moduli space M(G) for algebraic principal
G-bundles over C, whose connected components are normal irreducible projective
varieties indexed by the fundamental group of G. Associated to any finite dimen-
sional representation G — GL(V'), one can construct a natural determinant line
bundle ©(V) over M(G). Moreover, when G is simply-connected there is a non-
negative integer my associated to the representation (see [KNR]) such that the
Verlinde number N, (G, g) is precisely the dimension of the space of sections:

(0.2) dim HO(M(G),0(V)) = Ny (G, 9).

In particular, Donagi and Tu showed that as a consequence of this and of (0.1) one
has

(0.3) dim H°(M(GL,,0), L") = dim H*(M(SL;), L"),

where £ = O(V), V being the standard representation on each side, and where
M(GL,,,0) denotes the component of moduli space at degree 0; and they conjec-
tured that the respective vector spaces are canonically dual (see [DT] for the full
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story). In the present paper we find some more coincidences of dimension of this
kind, though we shall not pursue the subsequent question of finding isomorphisms
of the vector spaces.

The first case—and indeed the simplest—is that of the symplectic groups:

(0.4) Ni(Sp,,) = N.(Sp;) for all [,n > 1.

The immediate consequence of this is then:

(0.5) Theorem. Let G = Sp,, be the complex symplectic group of rankn > 1, and
V = C?" be its standard representation; and let £ = O(V) € Pic(M(Sp,,)). Then
foranyl>1,

dim H°(M(Sp,,), £') = dim H*(M(Sp,), L™).

Noting that in the case I = 1 the moduli space M(Sp;) = M(SL3) = Mc(2,0) is
that of semistable rank 2 vector bundles with trivial determinant, and that then £
is the usual ample generator of Pic M¢(2,0), we have:

(0.6) Corollary. For any n > 1, dim H°(Mc(2,0), L") = dim H°(M(Sp,,), £).

One may perhaps view this as indicating a quaternionic analogue of the well-known
duality
H°(J(0),0%™) = HY(M(SLy,),L)".

(Indeed, while the Jacobian J(C') can be viewed as the space of representations of
m1(C) in the circle group, Mc(2, O) is that of its representations in the 3-sphere of
unit quaternions.)

The reciprocity laws for the spin groups, on the other hand, are rather more
subtle. To explain these, we need to note that the Verlinde number N;(G) is defined
as a certain sum over the finite set P, of integrable representations of level [ of the
affine Lie algebra associated to G. We now consider, for each of the classical groups,
a finite group I' of symmetries of the extended Dynkin diagram of this affine Lie
algebra, and its natural action on P, for each [ € N. It turns out that for eafh G
one obtains reciprocity after replacing N;(G) by a modified Verlinde number N;(G)
defined as a sum over the orbit space P,/T (see §3 below). In particular, for the
symplectic case I is trivial and one has the straight reciprocity relation (0.4); while
for the unitary case G = SL,, I is the cyclic group Z,, and it is precisely this that
accounts for the power of n (resp. !) arising in (0.1).

For the odd and even spin groups I' is Zo and Zy X Zs respectively, and the
resulting reciprocity law for ]Vl(Spinm) is stated as theorem (4.13). Unfortunately,
however, it is far from clear how to interpret this geometrically, except in one case:
that of I,m both odd. For this one needs to consider the two-component moduli
space N'(m) = M(Spin,,,) U M~ (Spin,,, ), where M~ (Spin,,,) denotes the moduli
variety of Clifford bundles on C' with fixed spinor norm of odd degree. Equivalently
N (m) is an étale cover of the two-component moduli space M(SO,,,). For m = 3,
N (3) is the union of M¢(2,0) and M¢(2,0(x)), for x € C.

Now consider the line bundle ©(C™) — A(m) where C™ is the standard orthog-
onal representation of the Clifford group. Our results appear to imply the following
reciprocity law: if there exists, for each odd m € N, a line bundle £ — N (m) such
that £2 = ©(C™), then it satisfies:

(0.7) dim HO(N (m), £') = dim HO(N'(1),£™)  for I,m both odd.
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This is explained in the final section of the paper; its validity, however, depends
on an unproved Verlinde formula on M~ (Spin,,,) (Conjecture (5.2)), which gener-
alises the ‘twisted’ Verlinde formula for rank 2 vector bundles of odd degree.

Acknowledgements. The authors would like to thank Patrick Dorey for some useful
conversations, as well as contributing the Dynkin diagrams.

1. SOME TRIGONOMETRIC IDENTITIES

We begin by proving, in this section, a family of rather surprising trigonometric
identities which underpin the reciprocity laws to be described later on.

To begin, let p be a positive integer and let f(r) = f,(r) = 4sin’(rn/p) =
(1=¢)(1=¢, "), where ¢, = e?™/P_ Given a finite set U = {u1, ... ,u,} of rational
numbers, we shall consider the following products (where an empty product is
deemed to be 1):

) = ] (F =) +u)):

1<i<j<r

®,(U) = I, (U)N,(U) where Np(U):H Fug);

A1) = T (U)Q,(U) where  Q,(U) =[] F(2u)

We shall usually drop the subscript p. Now let ¢ = 0 or 1; and consider the set
S =S(p,e)=(e/24+Z)N(0,p/2).

The main result of this section is the following proposition, which can be thought
of as a ‘failed duality’ relation between II of a set and of its complement in S. We
shall subsequently repair this in several ways, using the products ® and A.

(1.1) Proposition. Let U C S, and let U' = S\U be its complement. Then

I(U) plUI=IU1+1-895(3-8)/2
nU)  NU)?2=Np/2-U)*n

where n is 0 or 1, whichever is congruent to p+¢ modulo 2; and where 6 = e+n—1.
(So & is zero if p is odd and (—1)**! if p is even.)

We begin by gathering together some obvious identities.
(1.2)
(i) f(r)=f(=r);
(i) f(r)=flp—r);
(ili) f(p/2)=4;
(iv) f(2r)=f(r)f(p/2 7).
We also have
(1.3) [[2) f(r) = p*.
Proof. The left-hand side is

p—1 p—1

[Ta-gu-¢n=(Il0-9) - =

r=1 r=1
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Finally, the products IT and ® are easily seen to satisfy:
(1.4)
(i) Forxz ¢ U, I(U U{z}) =1I(U)N(x — U)N(z + U);
(i) 4n particular, if 0 ¢ U then IL(U U {0}) = ®(U)N(U);
(iii) II(U) =T(p/2 — V).
The proof of Proposition (1.1) will be by induction on |U]; for this the necessary
steps are contained in the following:

(1.5) Lemma.

(i) |S|=@®-1+6)/2.

(i) Q(S) =p(4/p)* and N(S) = p'~=2°.
(iil) Initial step.

pP=3)/2  if pis odd;
I(S) = plSI=1H898(6-3)/2 4pP/2=3  if pis even and € = 0;
pP/2 )2 if p is even and € = 1.

(iv) Inductive step. Let U C S and choose x € U' = S\ U. Then

(U U{x}) p? 11({U)

MO\ {=})  F@)2f(p/2—a)2 7 U

Proof. (i) Put m and M for the smallest and largest elements of S. Then m =
l1—¢/2and M = (p+1n)/2—1. But |S| = M —m+ 1 and so the result follows.

(ii) 25(p,0) (resp. 25(p, 1)) consists of all the even (resp. odd) integers in (0, p).
Therefore, by (1.3),

Q(S(p70>) Q(S(p7 1)) = p2'

If pis odd (so n =1 —¢ and 6§ = 0) then z — p/2 — = provides a bijection between
S(p,0) and S(p, 1) which preserves the value of f(2z). So

Q(5(p,0)) = Q(S(p, 1)) = p.

Now the image of N(S(p,0)) under the automorphism (, — ¢ of the field
of p-th roots of 1 is Q(S ) = p. So N(S(p,0)) = p as required. More-
over, N(S(p, 1))N(S(p,0)) = N(S(p,1))N(p/2 — S(p,1)) = Q(S(p,1)) = p. Thus
N(S(p,1)) =1 as required.

If p is even then n = . Moreover, S(p,0) = {1,2,...,p/2 — 1}. So, since
15(20) = fa(r), we have Oy(S(p.0)) = Ny (S(p,0)) = (p/2? by (1.3). And then
QP(S(p7 1)) = Np/Q(S(p7 1)) =4. But p/2 - S(p7‘€) = S(p7‘€)7 50

No(S(p,€))* = Np(S(p. €))Np(p/2 = S(p,€)) = Qp(S(p.€))

and the result follows.
(iii) If we remove the restriction ¢ < j in the formula for II(S) we get

m(s)? = [[ ra-nra+i= J[ ri+i.
i,jES i,|j|€S
i#£] i#+]
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So
0(8)°Q(S) = [ fG+7.

i,l51€8
i#=]
Squaring by including negative i:

p—1
ns)'es)y? = [ fG+»)=1[rm",
lil,|51€5 r=1
i#j

where t,. is the number of ways r can be represented, mod p, in the form ¢+ 7 with
lil, il € S.

Let T be a (multiplicative) cyclic group of order 2p with generator v'/2, and put
Y =1+7y+---+~P~t € ZT. We find, after the proverbial moment’s thought, that

oAt Nyt =2 (1—e) — (1 =1y
lilesS
But ¢, is the coefficient of v" in the expansion of
02 =782 — 28 (y/3(1 — &) + (1 — )y E+P)/2)
+(1=2)? +2(1 =) (1 = n)y"? + (1 = n)y”
=pY 2802 —c—n)+2(1—e) (1 =2 +1—c+ (1 —1).

Sot,=p—22—-—e—n)ifrZ0orp/2mod pand p—2(1 —¢) if r = p/2 (for, if
this happens, then p is even and n = ¢). Thus, by (1.2)(iii) and (1.3),

Hp(5)4 Qp(5)2 — p2(p—2(2—s—n))42(1—6)(1—n)

and the result follows by part (ii).
(iv) Using (1.3) and writing V for U’ \ {z}, the left-hand side is

Nz +U)Nzx —U)Nx+V)N(x V)
=N+ (S\ {z})) x Nz — (§\ {z}))

z+M 1 -1 r—m
=< 11 f<i>> X ) % IT sy = I r6)
i=z+m i=x—M i=1
r—m x+M p—1 1
- =1 i i:lm—J[rmf(i> : i:mg—Mf(i> . f(2x)”

Now (2 + m) exceeds (x —m) by 2m = 2 — ¢ so these integers are consecutive if
e = 1, whilst if ¢ = 0 the integer x lies between them. Again, (x + p — M) exceeds
(x+ M) by p—2M = 2 — 7 so these integers are consecutive if n =1, and if n =0
then the integer x — p/2 lies in between. Thus the above expression is

p—1

T ) / (F(20) f (@)= F(p/2 — 2)'7),

i=1

and the result follows by (1.3) and (1.2)(iv). 1
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Proof of (1.1). This now follows, as already indicated, from parts (iv) and (iii) of
the previous lemma by induction on |U|. 1

The trigonometric identities referred to in the title of this section can now be
derived from proposition (1.1) by examining the various possibilities for p and e.

First we consider the case of p = 2a even—in fact we shall only be interested in
the case a > 3. If e =0 then S = {1,... ,a— 1}, n =0 and § = —1. This case gives
us our most basic identity:

(1.6) Corollary. For any subsetU C {1,...,a—1}, with complement U’, we have

(2a)!V1 (2a)!V'l
Aoa(U) — AU

Proof. From (1.1) and (1.2)(iv) we have

[L.U)  (2a)YI-1Ug2
[T (U")  Q2a(U)?

where by (1.5)(ii) we have used Q2,(U’)Q24(U) = Q24(S) = a?; and the required
relation now follows. 1

= (QQ)IU‘_‘U/I Q2a(U/)/Q2a(U)7

(1.7) Corollary. Let U, U’ be complementary subsets of {1,... ,a — 1} as before.
Then:

(2a)!Vl B 2(2a)IV"{al] .

(1) @Qa(U) B (DQa(U/ U {a})7
) (20)Y _ 4(20)700
(il M2 (U) ~ Thou(U7U{0,a})’

a)|UU{0}] a)lU'U{a}|
(iii) (20) - )

I (UU{0})  Ta(U' U{a})

Proof. We have

©20(U) _ Tho(U) Naa(U)
Do (U U{a})  Tao(U') ~ Nao(U') f(a)Nag(a — U)Nag(a +U')
_ (QG)IU‘_‘U/I) « Q24(U") « N2a(U)
4 Qoo (U) ~ Nog(U)Nag(a—U")?
2a)IV1=171 Ny (a —U) 1
T4 " Nawla—U) " Naala— U2
(2a)IU1-1U"] (2a)!Y1

INoa(S)  2(2a)/00(a)]

—so0 that (i) follows. Furthermore,
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H2a(U) _ (I)2a(U) X 1
o (U U{0,a})  @20(U' U{a}) = Naa(U)Nao (U’ U{a})
B (2a)!Yl
- 2(2a) V"N, (9) f(a)
(2a)!V!

- 4(2a)|U’U{O,a}|'
This gives (ii). Finally,

Ej((gtig}}>) B mﬁ“ﬁ% a}) Naa(U)? x Nao (U U {a})?
(2a)!Y!
= T@ayuoma X Neal$) x 1(@)

 (2a)l0uto)

2410 Ha}l”

and (iii) follows. N

Keeping p = 2a we now consider the case e = 7 = § = 1. Proposition (1.1) says

in this case ,
s, (U) (ga)lU\—\U\

oo (U') " Nag(U)Nag(a —U)’
Now, applying (1.4)(iii) and (1.5)(ii),

Do (U) (2a) V1=V ) L N
Bou(a— U Noala —U)Naala —U) ~ Noa(a—9) = (2a) '

Thus we arrive at:

(1.8) Corollary. This time take U C S = {3,... ,a — 3}, with complement U’;

then we have: ,
(Qa)\UI 7 (ga)lUl
(I)QG(U> a <I>2a(a — U/)

Finally, let us take p to be odd. We shall be mainly interested in € = 1; then
n=6=0and S={3,...,5 -1}

(1.9) Corollary. Forp odd and any complementary subsets U, U’ C {%, oo, BT
we have:

plUU{p/2}| plU’l
(i) =

U U{p/2}) @(U")

) 4plU{p/2}] plv’l
(ii) o, (UU{p/2}) LU
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Proof. From (1.1) we get

IL(U) plUI=IU'1+1
I(U") — NU)N(p/2-U)*

Hence

(U U {p/2}) pIU‘_‘U/|+1N(p/2 - U)2 _ pIU‘_‘U/Hl :p|U\—\U/H-1

oU)  NUMWONp/2-U)?  NS)

and so part (i) follows. Next,

QU U{p/2h) _ pV VN S/ DNG/2 = U
noy NU)N(p/2—T) - ’

from which we get part (ii). B

(1.10) Remark. For the case of p odd and e = 0, note that there is a bijection
V — p/2 — V between the subsets of

S(p,0)U{0}={0,1,...,(p—1)/2}

and those of
S(p,1)u{p/2} ={1/2,... ,p/2}

which, by (1.4)(iii), preserves II,. Therefore one could, if one wished, reinterpret
(1.9) in this case also.

We shall conclude this section with a somewhat simpler identity, due to Zagier
[Z], which is necessary to complete the picture.

(1.11) Proposition. Given complementary subsets U,U’ C {0,1,...,p — 1}, for
any p > 2, set (where U = {u;}) ¥, (U) = [[,; f(ui —u;). Then

P Il

T, (U)  (U)

Proof. The square of the left-hand side is

2

p
ug] HvGU\{u} f(u - ’U))

Then p? = [T°Z; f(r) by (1.3), so the above expression becomes

11 Hfu—v/ I fw-v)=TII fu-.

uel v 0 veU\{u} ;LEELE,],

which is symmetric in U and U’, and the proposition follows.
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2. THE VERLINDE FORMULA

In this section we shall describe the ‘Verlinde number’ N;(G), which depends
on the group, on a nonnegative integer g—interpreted as the genus of an algebraic
curve—and on an integer [ called the ‘level’.

Our notation below is as in [B2]:

e (G is assumed simple and simply-connected;

e h is a fixed Cartan subalgebra, identified with h* via the Killing form ( , );

e P C h* is the weight lattice, @ C P the root lattice and Qiong C @ the
sublattice generated by the long roots;

e A C @ is the root system, S C A a set of simple roots, with respect to which

e A, C Ais the subset of positive roots, and € the highest root, 8 = 26/(6, 6)
the highest coroot;

® P=52nea, @and h =1+ (p,0") is the dual Coxeter number;

e for/ € N weput P, ={\€ PA>0,(\60Y) <I} when (, ) is normalised so
that 0 = 6V; and

L4 ﬂ = P/(l + h)Qlong~

With these conventions, the Verlinde number for group G, genus g and level | is
defined to be

— |1y} 1 in —
(2.1) N(G) = |13 Z( [T 2sin 5 (0p+ )
AEP, acelAy

) —2g+2

Remark. Note, from the inclusions (I + h)Qiong C Qiong C P, that

T3] = (I + B)™™ % P/ Qiong|
= (l + h)rankG|Z(Glong)|
where Glong C G is the canonical simply-laced subgroup—i.e. has the same rank as
G and root system A N Qiong; and Z(Glong) denotes its centre (see [Sz]).

Examples: SLj4q.

As usual we take the Cartan subalgebra h to consist of diagonal tracefree ma-
trices, and in the dual space h* we take Lq,..., L,4+1 to be the restriction of linear
forms dual to the standard basis of diagonal matrices; thus the tracefree condition
is Ly +---+ Lyy1 = 0. We then have:

S={L1—Ls,... , Ly, — Lypi1},
Ay ={L; - Lj}i<j,
9:9\/:L1—Ln+1
with respect to normalised Killing form
n/(n+1) ifi=j,
—1/(n+1) ifi#j.

The dual Coxeter number is A = n+ 1. Finally, the fundamental weights (dual with
respect to (, ) to the simple coroots) are

(Liy L) = {

Ly, L1+ Lo,... , L1 +---+ L,.



2698 W. M. OXBURY AND S. M. J. WILSON

Taking these as integral basis for P we shall write A = (s1,...,8,) € P, 81,...,8, €
Z; then (\,0V) = s1 + -+ s, and we see

S1,...,8, >0

ANEPR &
s1+ -+ sy <.

Also p=(1,...,1) and for a = L; — L; € A} we find

(,p+A)=si+- - +sj_1+j—i
tit- 1,

where we have written t; = s; + 1. Finally, |T;] = (n + 1)({ + n + 1)™ by the
preceding remark, since Giong = G and |Z(SLy41)| = n+ 1. We therefore arrive at
the Verlinde formula in this case:

(2.2)
Ni(SLp41) :((n +1H)(l+n+ 1)n)g—1
X Z ( H (23111#(&4-“'4—@_1))

tyestn > 1<i<j<n+1
t14- o+t <l4n

) —2g+2

Sping,, n > 4.

This time we can take Lq,,..., L, to be an orthonormal basis of h* with respect
to the normalised Killing form (see for example [FH]), with:

S = {Ll - L27 cee 7Ln—1 - L»,“Ln_]_ +Ln}7
A+ = {Ll — Lj}i<j U {Lz + Lj}i<ja
=06 = Ly + Lo.

The dual Coxeter number is h = 2n — 2, and the fundamental weights are
Ll )
Ll + L27

L+ + Ly—2,
1
gLt Ln),

1
§(L1 +---+Ly_1—Ly).

Thus, if as before we write A = (s1,...,8,) € P in terms of this basis, (\,6Y) =
s1+ 2824 -+ 28,2+ Sp—1 + Sn. On the other hand, |T;| = 4(I + 2n — 2)™ since
Spin,,, is simply-laced and has centre of order 4. Using the same notation t; = s;+1
as in the previous case we obtain the Verlinde formula:
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(2.3)
. n\9—1 2g+2
Ny(Spin,,,) = (4(1+2n—2)")" " x 3y (H H)
t1,..ytn>1 =1 1<j
t142to4 2t oty _1+t, <I+2n—3
where

T = T 4sin s (ts + -+ tua) sin s ——= (b + - + tus + 1),
=113 [t2n_2

and
[I= II 2sin—s—s(tit+t1)
l+2n—2 J

i<j 1<i<j<n—1

™
X 2sin ———— (¢ + - - +t;— 25 + - 4 2ty — ty— tn).
Sml—|—2n—2( +o i 2+ + 2+ 1+ tn)

Remark. This formula is also valid for n = 3, in fact; one sees that the resulting
expression for N;(Sping) agrees with that for N;(SL4) from (2.2), as it should.

Spin2n+1’ n > 2.

Again we take Lq, ..., L, to be an orthonormal basis of h* with respect to the
normalised Killing form; for which this time

S= {Ll - L27 v aLn—l - LnaLn}v
Ay ={Li— Lj}ic; U{Li + L }i<; U{Li}i,
0=0" =L+ Lo;
whilst h = 2n — 1 and the fundamental weights are

1
L11L1+L2)"' )L1++Ln—17§(Ll++Ln)

The simply-laced subgroup is now Glong = Spin,,, C Spin,,, .1, with centre of order
4, and so |T;| = 4(I+2n—1)". Again writing A = (s1,... ,8n), A+p = (t1,... ,tn) €
P in terms of the fundamental weights, we have (X, 0Y) = s;+2sa+- - -+25,_1+ 5p,
and the Verlinde formula is:

(2.4)
. nyg—1 29+2
Ny(Sping, 1) = (4(1+2n — 1)) x 3 (H H)
t1,e.tn>1 i=1 i<j
t1+2to+- 2ty 1 +t, <I+2n—2
where
n t n—1 . ¢
. 2sin ———(t; + -+t 2,
1;[ S s e Xg s s (G
and
H H 4sin ——— ( +-Fti)
i<j 1<i<j<n l+2
™
in——(t; + -+ t;_ 2+ -+ 2t,_ tn).
XSlnl+2n_1( + +]1+ ]+ + 1+ )
Remark. Of course, this formula doesn’t make sense for n = 1, and we take

N, (Sping) = N;(SLs) by definition.
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Spn, n > 2.

Here again L4, ..., L, denotes an orthonormal basis of h*; and

S={L1—Lo,... ,Lp_1— Lyp,2L,},
Ay ={Li— Lj}ic; U{Li + Lj}i<j,
0= 9\/ = 2L1,

the dual Coxeter number is h = n + 1 and the fundamental weights are
Ly, L1+ Lo,... , L1+ -+ Ly.

The simply-laced subgroup is the (diagonal) product Giong = Sp; X --- X Sp; (n
factors), whose centre is of order 2"; so |T}] = 2"(l + n + 1)". With the usual
notation A = (s1,...,8,),A\+p = (t1,...,tn) € P relative to the fundamental
weights, we have (\,0Y) = s1 + -+ + s,. Thus one obtains the Verlinde formula:

(25)  Ni(Sp)=(2"(C+n+ 1)) YT (ﬁ x H)_zm,

ti,e tn>1 =1 i<j
tite+tn <l4n

where
n n

H:HQSinﬁ(ti—i—---—i—tn),

=1 =1

o
= II 2sins——=@++t1)
i<j  1<i<j<n 2(l+n+1)
o
280 (t; 4 - A by + 25+ -+ 2y).
X Sm2(l+n+1)( +o bt 2t e+ 2ty,)

and

Remark. For n = 2 one sees that the formula for N;(Spy) agrees with (2.4) for
N, (Sping), as it should. (2.5) is also valid for n = 1, where it gives N;(Sp;) =
N, (SL2) agreeing with (2.2).

3. SYMPLECTIC AND UNITARY RECIPROCITY

Let us begin by proving Theorem (0.5) stated in the introduction. We first need
to recall, as mentioned in the introduction, that to each representation V' of a simple
group G there is an integer invariant my with the property that for any integer [,

dim HO(M(G), 0(V)®) = Nyt (G).

For the definition of my we refer to [KNR]; it is easy to compute that it takes the
value 1 when G = Sp,, and V is the standard 2n-dimensional representation. Thus
in this case

dim H°(M(Sp,,), ©(C*")*') = Ny(Sp,,)

so that Theorem (0.5) is equivalent to (0.4).
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To prove the latter, set
up =t 4+ + iy,
Up—1 = tp—1 +tn,
Up = Tp.

Then we can rewrite (2.5) in the form

(2k)" \9-1
N,(Sp,,) =
o= 3 (suw)

where k = [ +n + 1, where the sum is taken over subsets U = {uy,... ,un} C
{1,...,k—1}, and where Ay (U) is defined as in §1. It follows at once from (1.6),
therefore, that

(2k)" ot
Ni(Sp,,) = Z (m) = Nu(Sp,).
v'c{1,...,k—1}
U=t

We now want to address the problem of determining the appropriate analogue
of (0.4) for the spin groups: a little experimentation reveals that there is certainly
no such simple relation in these cases.

Recall that the extended Dynkin diagram associated to a simple Lie algebra is
obtained by adjoining to the usual Dynkin diagram, whose nodes label the simple
roots in some root system, an extra node corresponding to —f where @ is the highest
root. The values of the Killing form on this enlarged set of vectors is then encoded
as a graph structure on the nodes in the usual way. (See [K].)

Now for a given level [ € N one represents a weight A € P, by attaching to the
original nodes the components a; € Z of X\ along the simple roots; and to the new
node the translate by [ of its component along —6, i.e. the number ag =1 — (A, ).
In this way one identifies

P = {(ao,... ,an)| a; € ZZO’ Zmiai = },

where m; = (1;,0V), 11,... ,1, being the simple roots.

It follows that by permuting the a;, the symmetry group of the extended Dynkin
diagram acts in a natural way on P;. In what follows we shall fix attention on a
certain subgroup I' of this symmetry group, for each of the classical simple algebras,
as described in Figure 1 (the white node in each case is that corresponding to —6):

In other words, the subgroup I is in each case obtained by forgetting the ‘end-
to-end’ symmetry, when this is present. We do not at present offer any geometrical
reason for this choice of group: it merely happens to work in the computations
below!

For each of the classical groups the Verlinde number has the form

o Tyt
Ni(@) —é(A(A))

3
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SLn vt S F:Zn

Sping, 4 I >_—._ tee "‘:#. ['=12,

Sp, o0 —0— - - —0==0 r={1)

Spin,,, I >—-—.— s .. I =2y x2Z

FIGURE 1

where the constant |T}| was defined in §2, and where A()\) is a function invariant
under the action of I'. We shall therefore consider the modified expression

- L 1Tyt
(3.1) Ni(G) = Y] (|P(A)|X%) ’

(Nep/T

where I'(A\) is the I'-orbit of A € Pj; and we claim that for each G there is a
reciprocity law analogous to (0.4) that holds for Ny(G). Indeed, (0.4) is itself a
special case of this as I' is trivial for G = Sp,,. In the next section we shall work
out the reciprocity properties of (3.1) in detail for the spin groups; first we shall
show how the reciprocity (0.1) for the unitary groups fits into this framework.

To begin, let us rewrite the Verlinde formula (2.2) for SL,,. We have n—1 indices
t1,... ,tn—1 in the sum, and analogously to the symplectic case we shall make the
change of variables

uy =t 4+ +th_1,

Up—1 = tn—1,
Uy = 0.

(These numbers are the row lengths for a Young diagram representing the weight
A+ p.) Thus P,(SL;,) can be viewed as the collection of sets U = {k > uy > --- >
Up—1 > Uy = 0}, where k =1+ n. In other words:

P(SL,) ={U C Z| 0€U, U] =n}.
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On the other hand I' = Z,,, acting on P, by cyclic permutation of
tl,... 7tn—1 and todéfk—tl—“'—tn_l.

It is easy to check that Z,, acts on the corresponding subset U C Zj, by translation
in Zy carrying successive members of U to 0.

In particular we observe, first, that there is a canonical bijection
(3.2) P(SL,)/Z, = P,(SL;)/Z,
by taking a subset U C Z to its complement, modulo translation; and second, that
we can identify the stabiliser subgroups
(3.3) Stabgz, (U) = Stabg, (U")

(where U" = Z;;\U) with each other and with the subgroup of Zj;, which preserves,
via translation, the partition Z; = U U U’.
The Verlinde formula (2.2) can now be written

nk™1\9-1
NI(SLn)—UXGI:DL(m> ,

where U (U) is defined as in Proposition (1.11), and hence

N(SL,) 1 kn=t o1
(3.4) NiSL) _ 1 g |
ng n it (\I'k(U))
On the other hand, the “strategy” (3.1) tells us to put
~ kn—1 \g-1
3.5 N(SL,) = Stab .
(3.5) (St = 37 (IStabz, ()] x g7 )
[UleP/Z,
Then it follows at once from (3.2), (3.3) and (1.6) that
(3.6) Ni(SLy,) = No(SL)).
Note that if [ and n are coprime then Z,, acts freely on P,(SL,), so that
~ Ni(SLy,
(3.7) Ni(SLyn) = %;

and we have therefore proved (0.1) in this case. In general, though, the action is
not free and equality does not hold in (3.7); however, the difference is

B NZ(SLn) B kn—l 1 1
Ni(SLy,) — — = UL (0) (|Stabzn(U)|g _ m)
[UeP:/Zy, !

which again is symmetric in n and I. Hence by (3.6) the reciprocity law (0.1)
follows.

Remark. The above proof is essentially equivalent to Zagier’s in [Z, §3]. He works
with the set S of arbitrary subsets of Zj; of size n; and sums modulo the full
translation action of Zjg. This is equivalent to our description via the obvious
bijection S/Zy = P,/ Z,,.

4. SPIN RECIPROCITY

We can now formulate the reciprocity laws for the Verlinde numbers of the spin
groups (Theorem (4.13) below).
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Spin(2n + 1).
Put

128
u1:t1+"'+tn_1+?,

t
Up—1 =tp_1+ _na

2
ln
2 )
Un+4+1 = 0.

Up =

Thus P;(Spiny,,, ;) becomes identified with the collection of sets {u; >
such that:

o u; € %Z;

o u;, —uip1 €Zfori=1,...n—1;

o Ul +us < kdef [+ 92n—1.

>, >0

The group I' = Zs acts by exchanging t; with tg d¢f k —t) —2to —- - - —2t,, 1 —ty;

in other words uy < k — uq.
It follows that we can identify

B(Spin2n+1)/r = {U = (ulv s 7un)|

N |

(4.1)

>Up > > Uy >0,

1
’ui€§z, ui—uiHEZ}

where k = [+ 2n — 1; and that

2 ifu <k,

(1.2 roy={7 "

1 ifu; =3.
By (2.4) the Verlinde number is

4k™ \9-1

(4.3) Ni(Sping,, 1) = Z

UePl((I)k(U>>
where

(4.4) o, (U) = ( H 2Sinz(ui — u;) H 2sinz(ui —|—uj))2

k

1<i<j<n+1 1<i<j<n

k

as defined in §1. Now, by (3.1) we put (using (4.1), (4.2) and (4.4))

(4.5) ﬁl(spin%ﬂ) = Z (ﬁ x cl;t]an))g_l
Uep, /T
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Spin(2n).
This time set ; iy
U :t1+m+tn_2+%,
tp—1+1
Up—2 =tpn—2 + %7
” _ tn—l + tn
n—1 — 2 )
w, — —tn—1+1n
n — 2 .
Then P;(Spin,,,) consists of sets U = {u; > -+ > u,} where

o u; € %Z;

o u;, —uip1 €Zfori=1,...n—1;

o uy +up < kdef [ +2n —2: and

® U, _1+u, >0.
I' = Zy x Zs acts by exchanging t,,_1 < t,, and t1 < tg f k —¢; — 2t — -+ —
2tp—9 — tn—1 — tn; or equivalently u, < —u, and u; < k — u; respectively. So we
can identify

k
P,(Spiny,)/T = {U = (u1,... ,un)| 3 >up > > up >0,
(4.6)

1
uiéiz, ui—quEZ}

where k = [ + 2n — 2. The Verlinde formula (2.3) now reads

47 Ni(Sping,) = 3 (q)
Ueh,

where, again as in §1,

(4.8) Hk(U):( H QSin%(ui—uj)x2sin%(ui+uj)>2;

1<i<j<n

and (3.1) tells us to consider

- NP = Ue%;/r(m . I,(U)

where
4 if§>u1>un>0;
(4.10) IT(U)| =14 2 ifoneofu; =%, u, =0 holds;
1 ifulzéandunzo.
Finally, we shall refine (4.5) and (4.9) still further by considering (for m even or
odd) the decomposition

(4.11) Ni(Spin,,) = N;* + N,
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where N l+ denotes the sum taken over integral U, i.e. those sets with all u; € Z, and
N, , denotes the sum taken over half-integral U. In other words, N, l+ is the sum over
classes in P, /T of highest weights of representations of SO,,: what the physicists
call ‘tensor representations’; while N, , is the sum over the ‘spinor representations’.
(4.12) Remark. J\Nfl"’(SpinQn) = Nl_(Spingn) when [ is odd.

This follows easily from Temark (1.10), where N ;T (Spiny,, ) is summed over sub-
sets of {0,1,...,(k—1)/2} (with k =1+ 2n — 2), and N[(Spin%) over those of
{1/2,...,k/2}.

We can now state the main result of this section.

(4.13) Theorem. Suppose that both of

{ 5 if odd,
Lm > :
8 if even.

(i) Ifl =m mod 2 then
]\~fl+(Spinm) = N;(Spinl).
(ii) If at least one of I,m is odd then
Ny (Spin,,) = N, (Spin).
Proof. (i) Let us first suppose that I = 2n 4+ 1, m = 2r 4+ 1 are both odd; and put

a = k/2 =n+r. The left-hand side ]\Nfl+(Spinm) is the sum over the integral part
of P,(Spin,,,)/Zs, which by (4.1) is the set

Stm ={U C{l,....a}| Ul =11},

and this is bijective to the summation set S,,; of the right-hand side by taking
complements. By (4.5), therefore, it suffices to show that terms corresponding
under this bijection agree, i.e. that

k" k™
Stab(U)| x —— = |Stab(U’)| x
where U, U’ are complementary subsets of {1,...,a}. We can assume without loss

of generality that a € U. Then [Stab(U)| = 2 and [Stab(U’)| = 1, so we have to

show:
2(2a)"  (2a)"

oL(U)  Op(U")

But this is precisely (1.7)(i).
The argument for the case of [ = 2n, m = 2r both even is similar after putting

a= % =n+r— 1, except that now we sum (for the left-hand side) over

Sim ={U C{0,1,...,a}| Ul =7 }.

Again this is bijective to Sy, by taking complements; this time however, one has
two cases to examine: either both 0,a € U so [Stab(U)| = 4 and |Stab(U’)| =1, or
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0€U, K eU’ (say) and |Stab(U)| = |Stab(U’)| = 2. The first case is (1.7)(ii) and
the second is (1.7)(iii).

(ii) First suppose that I = 2n + 1 and m = 2r + 1 are both odd. Again put
a =k/2 =n+r. This time ]Vl_(Spinm) is the sum over the half-integral part of
P,(Spin,,)/Zs, which is

1 1
Sim ={U C {5, sa— Ul =1}

We shall take for a bijection S, — Sm,; that given by end-to-end reflection of the
complement U’, i.e. U — a — U’. Noting that the Zs-action is in this case free so
that |[I'(U)| = 2 for all U, we just need to note from (1.8) that

(2a)" (2a)"

(I)k(U) CIDk(a—U’)’

so the result follows.
Finally, suppose that [ = 2n + 1 is odd and m = 2r is even; so k = 2n + 2r — 1
is odd. By definition

B 1 4k" \9-1
N, (Spin,,) =
; (Spin,,) Z (|(z2><Z2)(U)IXHk(U)) ’
uc{s,...5}
U] =r
B 1 4k™ \9-1
Napim) = > x )
m Zy(U")| = @(U’
U'c{d,.... kY 1Z2(L7)] HO)
[U|=n

Taking U, U’ to be complementary gives a bijection between the terms of the two
sums, and we then just need to check that

k" k"
—— = 2|Stabg, (U’ .

|Stabz2 X Zio (U)| X

Now either k/2 € U, in which case |Stabz,xz,(U)| = 2 and |Stabz,(U’)| = 1—and
the relation reduces to (1.9)(i) (with p = k)—or k/2 € U’ so that |Stabz, xz,(U)| =
1 and |Stabgz, (U’)| = 2 and it reduces to (1.9)(ii); either way we’re done. 1

At least in one case, Theorem (4.13) implies a reciprocity relation for the un-
modified Verlinde numbers N;(Spin,,): this is when [ and m are both odd. Here
again it is necessary to decompose N; into its ‘tensor’ and ‘spinor’ parts Nl+ and
N; that is, we decompose the sums (4.3) and (4.7) into the sums over integral and
half-integral sets U respectively.

Now it is just in the case of the sum N, (Spin,,) with l,m both odd that T', in
this case Zz, acts freely on the summation set; so that |I'(U)| = 2 for all U in (4.5).
At the same time this sum has exactly half as many terms as the sum (4.3), and
hence

(4.14) J\Nfl_ (Spin,,,) = 279N, (Spin,,,) when [, m are both odd.

From this and (4.13)(ii) we deduce:
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(4.15) Corollary. Forl,m > 5 both odd, N; (Spin,,) = N,,(Spin;).

We shall make some comments on the geometrical meaning of this relation in
the next section; first let us complete it by adding in the case of Spins.

(4.16) Theorem. For all odd | > 5 we have Ny, (Sping) = N5 (Spin,).

Before proving this we need to make more precise the meaning of the left-hand
side. By definition the Verlinde numbers of Sping are those of SLg; and from (2.2)
one finds the well-known formula

k—1

N;(Sping) = Z(fj(]j")>g_17

r=1

where k = [+2 and fj, is defined as in §1. The “tensor representations” in P;(Sping)
correspond to the even values of r in this sum, so for N;” we just sum over the odd
values. Making use of (1.2)(ii) and (iii) we have in particular

2k )9—1

!
Noy(Sping) = (1+1)971 + QZ(fk(r)

where now k = 2] + 2; and if in addition we assume that [ is odd, then the power
of I + 1 will not enter the sum for IV;;, and we have:

Proof of (4.16). Let | = 2a — 1, so k = 4a. We can rewrite the preceding formula

as
Ny (Sping) = 2 Z (%C(LU))Q 1
a—1}

-
N
-~
Nl

using Corollary (1.8). On the other hand by (4.5)

~_ . 2(2n + 2)"\ 91
Ny (Sping, 1) = Z (m)
ve{d,.ntdy o2
|U|=n

where we have used the fact that |T'(U)| = 2 for all U in the sum. Puttingn =a—1
these expressions combine to give

Ny, (Sping) = 29N; (Spin,) = N; (Spin,)

by (4.14). ®
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5. FINAL REMARKS

One would like to interpret the reciprocity results (4.13) geometrically, in terms
of the moduli of spin bundles on an algebraic curve, along the lines of (0.3) and
(0.5). Unfortunately it is not clear to us how to do this, and it seems an intriguing
question. On the other hand, the special relations (4.15) and (4.16) for the odd
spin groups are a little more transparent, as we shall now explain.

The moduli space M (Spin,,) of (semistable) holomorphic Spin,,-bundles on our
curve C' has a sister moduli space M~ (Spin,, ), defined as follows. Let G,,, denote
the special Clifford group for a nondegenerate quadratic form on C™; and let Nm :
Gy — C* be the spinor norm. Then by definition Spin,, = ker Nm. Moreover,
there is a projective moduli space M(G,,) of semistable G,,,-bundles on C, and the
spinor norm induces a fibration

6: M(Gy,) — Pic(C).

The isomorphism class of the fibre over L € Pic(C) depends only on ¢1(L) modulo
2; thus

M(Spin,,) =6"1(Oc) and M~ (Spin,,) df 671 (Oc(z)) for z € C.

Equivalently M~ (Spin,,,) parametrises Clifford bundles on C, with fixed norm,
which lift SO,,-bundles with nonzero Stiefel-Whitney class.

The case m = 3 is standard: here G3 = GLo and Nm is just the determinant
homomorphism. Thus M(G3) is the moduli space of semistable rank 2 vector
bundles; while M (Sping) & M¢(2,0) and M~ (Sping) & Mc(2, O(x)).

Now let A'(m) be the union of M(Spin,,) and M~ (Spin,,), and consider the
line bundle ©(C™) — N (m) where C™ is the standard orthogonal representation
of G, (see [KNR]). We shall suppose in what follows that there exists a line bundle
L — N (m) such that L? = ©(C™).

It is not known to us whether this is the case except when m = 3; though from
the results of [KNR] it seems plausible (see also [O]). Note that in the case m = 3,
L restricts to the ample generator of the Picard group on M¢(2, O(x)) and to twice
the ample generator on M (2, 0). Granted this assumption, though, the following
facts are known:

(5.1)
(i) dim H°(M(Spins), £!) = Ny (Sping) = Ny, + Noj;
(i) dim HO(M~(Sping), £1) = Ny, (Sping) — N (Spiny);
(iii) dim H°(M(Spin,,), £') = N;(Spin,,) = N;” + N, for m > 5.
Statement (ii) here is the ‘twisted’ rank 2 Verlinde formula, due originally to Thad-
deus.

(5.2) Conjecture. For any odd m > 5,
dim H°(M~(Spin,,), £') = N, (Spin,,,) — N;"(Spin,,, ).

Note that this makes sense for even values of [ even if our assumption on the
existence of L is false. Somewhat stronger evidence for (5.2) is given in [O], where
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the vector spaces H°(N'(m), ©(C™)) are shown to have natural interpretations as
spaces of theta functions on the Prym varieties associated to the curve.
Finally, (5.1) and (5.2) together imply that for odd m,

2N, (Spin,,) ifm >5,

dim H" L=
m HE(N (m), £ {2N2—l(spm3) it m = 3.

Consequently (4.15) and (4.16) together imply the reciprocity law (0.7):

(5.3)

dim H°(N (m), £') = dim HO(N' (1), £™)  for I, m both odd.

And curiously, this relation remains true if either of I,m is 1, if we interpret (1)
to be the set J2(C') of 2-torsion points in the Jacobian! (See [O].)
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