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ON JACOBIAN IDEALS INVARIANT
BY A REDUCIBLE s/(2,C) ACTION

YUNG YU

ABSTRACT. This paper deals with a reducible s£(2,C) action on the formal
power series ring. The purpose of this paper is to confirm a special case of the
Yau Conjecture: suppose that s¢(2, C) acts on the formal power series ring via
(0.1). Then I(f) = (¢;,) ® (4iy) @ --- & (4;,) modulo some one dimensional
s(2, C) representations where (¢;) is an irreducible sf(2, C) representation
of dimension ¢; or empty set and {€;,,%;,,... 4, } C {€1,02,...,¢r}. Un-
like classical invariant theory which deals only with irreducible action and
1-dimensional representations, we treat the reducible action and higher di-
mensional representations succesively.

0. INTRODUCTION

In 1983, [Yal] had a spectacular discovery which relates arbitrary isolated hyper-
surface singularities (the same principle applies to arbitrary isolated singularities)
to finite dimensional Lie algebras for the first time. These Yau (Lie) algebras are
very useful in studying isolated hypersurface singularities. For example, Seeley and
Yau showed in [Se—Ya] that one can construct a continuous numerical invariant
from Yau algebras. Recently Xu and Yau [Xu—Ya] showed that Yau algebras can
also be used to detect the quasi-homogeneity of the original singularities. Yau al-
gebras are not arbitrary finite dimensional Lie algebras. It was shown in [Ya2] that
these algebras are solvable Lie algebras. Since every Lie algebra is a semidirect
product of semi—simple Lie algebra and a solvable Lie algebra, in proving his Lie
algebras are solvable, Yau only needs to show that his Lie algebras do not contain
s£(2,C). This leads him to study the sf(2,C) action via derivations preserving
m—adic filtration on the formal power series ring. In [Ya3], Yau classifies all these
actions.

Theorem (Yau). Let L = s{(2,C) act on the formal power series ring via deriva-
tions preserving m—adic filtration where m is the mazimal ideal (i.c., L(m*) C m*).
Then there exists a coordinate T1,Ta, ... , Loy, Toy41y--- s Lly4lys Tlytoodly_141y---
O oot lys Ty 4oeglyy g5 - - - » T SUCh that the action of L is given by
T:DT,1+"'+DT,T;
(0.1) Xy=Dx, 1+ +Dx,
X_=Dx_1+---+Dx_,,
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where 9
D= (4 — 1)$e1+»~+éi,1+18—
Lly4-+0; 141
0
+ (4 — 3)le+"'”“1+28—
Lly4-+L; 142

0

b (=l = 3)) Ty gty
4+ (—( )T —s e ttit

0
A A
( ( )) bt 8x51+---+6i

0

DX+>i = (él - l)xll+'~-+5i71+1a —
Lo+ 4Li 142

) ) 0
+"'+](€i_])xf1+-“+f¢—1+ja -
Ll b1 4541
0
+ -+ ([1 - 1)$51+---+f¢—177
8x51+~'+5i
0
Dx_i= xl1+“'+li71+28—
Lo+ L1 +1
0
+"'+xfl+“'+fi71+ja -
Loyt Ali1+5—1

0
+...+$(1+...+g178xe o 1.
1l —

Let f be a homogeneous polynomial of degree k+ 1 > 3 in n variables. Let I(f)

be the vector space spanned by %Lﬂ %, ceey 8—‘1%. In 1985, Yau gave the following
conjecture about the structure of I(f) when it is a s¢(2, C) module.
Yau’s conjecture. Suppose that sf(2,C) acts on the formal power series ring via
(0.1). Then I(f) = (4i,) D (li,) ®-- - ® (¢s,) modulo some one dimensional sf(2,C)
representations where (¢;) is an irreducible st(2, C) representation of dimension {;,
or empty set and {Ly, liyy ... Li.} C{l1,0a,... L.}

If the s¢(2, C) action is irreducible, i.e., 1 = n in the above theorem of Yau,
then Yau’s conjecture was confirmed by Sampson—Yau-Yu [Sa—Ya-Yu]. In fact,
they proved that f must be an invariant polynomial if I(f) is an s£(2, C) module.
In [Yad], Yau’s conjecture was proved for any sf(2,C)-action for n < 5. The
purpose of this paper is to confirm this conjecture for a special case of n = 6.

Theorem. Let st(2,C) act on the formal power series ring in 6 variables via

7= (3z 0 +x 0 xi—Sxi)—i—(wi—x 6)
T R R "0rs 0w’
0 0 0 0
X+—(3$18 +4.’L’28—3+3$38 4)+(w5a—x6),
0 0 0 0
X_ = (ZL’Qa—xl +l’3a—x2 +$4a—x3) + (xga—%)

Let f be a homogeneous polynomial of degree k41 in 6 variables where k > 2. If I =

(%, 88%2, o 7a%%> is an s£(2,C) submodule then either (1) f is an sf(2,C) invari-

ant polynomial in x1,x, ... ,x6 variables and I = (4)®(2), or (ii) f = g+cr1z523 +
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coxdzg where g = d(2z13§ — T4zl — 2wowsa + x3x5x6) is an s€(2,C) invariant
polynomial with (01,02) 75 (0,0) and d # 0, and I = <3_$1’ 53_::’;’ 5_1?3’ 5_1?4’ 5_55’ g—fﬁ> =
(4)® (2) = (a3, 2226, 522, 23) & (62122 — drox576 + 2372, 20002 — 2037516 + T4T2),

or (iii) f is an sf(2,C) invariant polynomial in x1,x2, x3, x4 variables and I = (4),
where (£) denotes {—dimensional irreducible representation of sf(2,C).

We would like to thank Professor Stephen Yau for many fruitful discussions and
suggestions.
1. THE PROOF OF THE THEOREM

Lemma 1.1. Suppose sf(2,C) acts on the space of homogeneous polynomials of
degree k > 2 in x1, %9, X3, T4, T5, T Via

ap O g 0 0 g 0 0 0
T e T 0, TP0zs  T0xs | Pozs  COws
0 0 0
X+—3ZZ?18 +4$Qa +3$38 +x586
X 0 1032 40l vasl
_—ZL’QB ZL’ga $4a3 x68$5'

Suppose the weight of x; is given by the corresponding coefficient in the expression
of T above, i.e.,

wt(x1) = 3, wt(xe) =1, wt(zs) = —1, wi(xs) = =3, wt(zs) = 1, wt(zg) = —1.

Let I be the complex vector subspace spanned by %, aai, 884, 884, 884, and aﬁi
1 €2 T3 T4 ZTs5 T
where f is a homogeneous polynomial of degree k+1. If I is an sf(2, C)-submodule
and dim I = 6, then either (i) f is an s€(2,C) invariant polynomial in 1,22, x3,
T4, 25,76 variables and I = (4) ® (2), or (i) f = g + c1xsd + coxdxs where g =
d(2z12d — Lwgad — 2woxsad + ws3xiag) is an s€(2,C) invariant polynomial with
] ] ] ] 0, 0,
(01702) 7& (070) and d 7& 0. I = <T£7Ti7?i??i?@%??£ﬁ> = (4) D (2> =
(23, 226, w52k, 23) & (62103 — dwowswe + 1322, 20002 — 2w3w576 + T4TE).

Proof. Case 1. I = (6).
By the classification theorem of sf(2, C) representations, every element in I is
a linear combination of homogeneous polynomials of degree k and weights 5,3, 1,

—1,—-3,—5. Write
> fin

i=—00

where f}c 41 is a homogeneous ploynomial of degree k + 1 and weight i.
For |i| > 9

8 7
P P )
8$j
a [
- fk-i—l
8xj
= fii =0.

-0, 1<j<6
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For i = 41,43, 45, £7

o 7
wt Jini are even integers for 1 <j<6
ij
o 4
S o 1<,
ij
= fii1 =0.
Fori=38 N N
0] 0
wt St =5, wt£z7 for2<j<6
aiL'l €T

= f,f 1 depends only on the x; variable

= fo1 =0 because wt(z1) = 3.

Similar arguments show that f,_ fl =0.

Fori=6
0fi 0fi 2pm
t——— =3 t——— =5 t——— =7
v 6951 ’ v a.%'g ’ v 61'3 ’
8fl?+1 8fl?+1 8fl?+1
t— =9, wt—— =5 wit—— =T
v 8x4 ’ v 8x5 ’ v 8x6

= f,S_H depends only on the x1,z9, x5 variables.

. off off ofp
If 9., were not zero, then either Jicr op Qe o Wi oy1q generate I because
k+1 ’ Ox1 Oxo oxs

I is an irreducible s£(2,C) module. Hence I would involve only the xi,z2, x5
variables. It follows that %, 1 < j <6, involves only the x1, 2, x5 variables and

hence so does f. This implies that aa_m{,, = aa—i = aa_mfs = 0, which contradicts the fact

that dim I = 6. Thus we have f,S_H = 0. Similar argument shows that fk_fl =0
and that f, , = fk_fl = 0. Hence f = fk_+21 + [+ R

Fori=2 ) ) )
0 0 0
wt fk“ =-1, wt fk“ =1, wt fk“ =3,
0x1 Oxo Oxs
of? of? of?
LS S A | S RLC | S NS
(9264 (9165 (9;66
2 2 2 2
Since wtag’gl = wt% =1 and wtag’“T:l = wtangzl = 3, in view of Lemma 5.1
of [Yad], there exist constants 71, r2, 73,74 such that
k+3—4a+2b k—1+4+2a—4b
f,?ﬂ = Z Captiah (rixg + roxs) 2 (rsxs + raxze) )

a,b

Similarly, we can write

0 a b k+1—4a+2b k+14+2a—4b
fk+1 = E da,b$1$4(7‘5$2 + r65) 2 (rras + rgxe) 2
a,b
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and
—2 b k—1—4a+2b k+3+2a—4b
S = E €a iy (roxa +rioxs) 2 (ruxs+risze) 2
a,b
) Ofiia
ASSqulIlg 8_12 }é 0 or 8_15 }é O, then
Of? kE+3—4a+2b b1 Cit2a
k 1 b +1—4a+2b k—1+42a—4b
o E ————————T1Cap2 Ty (12t roms) 2 (rsxs+rqze) 2
Bxg 2
a,b
or
of? E+3—4a+2b fr1— “142a-
k 1 +1—4a+2b k—1+42a—4b
—ktl E fmca,bx‘fﬂ(rlxz—krﬂ@ 2 (raxs+raixe) 2

(9:E5

a,b

is a nonzero element of weight 1 in /. This implies that

of k4+1+2a—4b Bl
k+1 ktl-dat2b
+ — E —T7da,bx‘fﬂci(7‘5x2 + 76x5) 2
8x3 2
a,b
k—1+42a—4b
X (’I”7$3 + ’I”gl’g) 2 y
of k4+1+2a—4b Kt1-d
k+1 a b ktl-dat2b
= —T8da,b$1$4(7'5$2 + T6$5) 2
8x6 2
a,b
k—1+4+2a—4b
X (r7xs + raxe) 2 )
-2
af k—1-4
k+1 b—1 k—1-4a+2b
Bl begpriy (roxe + rioxs) 2
8x4
a,b
k+3+2a—4b
X (ri1xs + r10%6) 2 )

2 2
are constant multiples of %:1 or %. It follows that (rsza + rexs) and (roxe +
r1025) are constant multiples of (r1x2 +rex5) and (rrxs 4 rgzg) and (r1123+r12%6)
are constant multiples of (rsxs + rqxg). Thus

2 0 —2
J=fix1 + fepr + [
k+3—4a+2b k—1+42a—4b

= Z ca,bx‘fxi(rlxg + roxs) 2 (rsxs + raxze) 2
a,b
+ Z dab 2928 (r12o + roxs) e (rgxs + rqze) et
a,b
~ b k—1—4a+2b k+3+2a—4b
+ Z €ab TSxy (T122 + Tox5) 2 (raws + rawe) 2

a,b

This implies that dim I < 4, which contradicts our hypothesis that dim I = 6.

8f13+1 _ 6f1§+1 _
Hence Doy = Oas =0.
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Since wt(X+f,§+1) =4, so X+f,f+1 = 0 by previous argument. Now

9 afi ofi ofi

- Y9 x.r2 _x 41 4 Dkt K+l _

0 6952 +fk+1 + 6952 + (9;63 = 61'3 0
Similarly,

_ 9 2 _ Ofis1 0fi Ofi -
0= 8—233X+fk+1 =X+ Ox3 3 0xy ~ Ory 0

L0 e O Ofin | OfR
0= 6_1'5X+fk+1 N X+ 61'5 + (9!E6 - Bxﬁ =0

Thus f7,, depends only on the x; variable = f2, ; = 0. Similar arguments show
that fi /%, =0. So f = fo,,.

of of of

wt 1 3, wt s , wt D25 ,
af af af
wt 4 3, wt D25 , wt Dig

This implies that dim I < 4, which contradicts our hypothesis that dim I = 6. We
conclude that Case 1 cannot occur.

Case 2. I =(5)® (1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
4,2,0,—2, and —4.

By the same argument as in the beginning of Case 1 we have f; 41 = 0 for
i=0,42,+4 and |i| > 6.

Fori=25
0fi 4 0fi 4 0fis1
t——— =2 t——— =4 t—— =06
v 6951 ’ v a.%'g ’ v 61'3 ’
8fl§+l 8fl§+l 8fl§+l
v 8x4 87 v 8x5 ’ v 8x6

= fl§+1 depends only on the x1,z9, x5 variables.

5 5
Since wt% = wtag’“T? =4, in view of Lemma 5.1 of [Ya4], there exist constants

r1, 79 such that
5 % 3k—2
Jr41 = cry (r1zo 4 roxs) 2

5 5
If f2 1 7 0, then % #0 or 85’“7? =% 0. Without loss generality, we may assume

that 2252 22 0. Then

ofp 3k —2 4=k _
Ji =rc 12 (rize +T2$5)%

Bxg ! 2
is a nonzero element of weight 4 in 1.

Off _
81’2

3k —23k—4 o=k 3k=6
5 5 x, 2 (rize + roxs) 2

X4 3ric
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Since wt(X+%) =6, so AXWL%IZ1 =0=ric=0= % =0. Thus f7,, =0.

Similar arguments shows that f,_ +51 =0.

Fori=3 6f of of
k+1 k+1 k41
=0, t =2, t =4,
wt 0xq v Oxo v 0x3
Ofiia ofi ofi
t—ktl — g, t—rktl — o Ikt g
v (9264 (9165 v (9;66
= f2 1 is independent of the x4 variable.
Since wt—£L f’““ = wtagktl = 2 and wt—5= f’““ = wtaf’“+1 =4, in view of Lemma 5.1

of [Yad], there exist constants ri, ra, T3, r4 such that

fi3’+1 = Z caxl{ (rizo + roxs) (rsxs + raxe)”

a>0
where b = 20=k£2 o — —dad3k
Assuming f’““ # 0. Since wt(Xyf2, ;) = 5, so X f2 , = 0 by previous
3 3
argument. Now 0 = a%X-lrfl?-H = X4 ag’;:l + 4%’;:1 ag’gl # 0. Since
3 3
wt(X_ag’“%) = wt(ag’“J) = 2, there exists a constant d such that X_ af’““ =
3 3 T2
dag’“T;l. Differentiating this equation with respect to the z4 variable, we get
0% fiia X 0% fil :dangH - 0% filn —0
0% " Ox4013 024022 0% '
3
Hence 8£’“T+31 is independent of the x3 variable. Thus
afl?—i—l b c a—1
3 = Z arscqaxy(r1xs + rows)(r3xs + raxe) =a=1.
3 a>1
So o
4—k
E =r3c1@y 2 (riwa + rows) = rzcy # 0.
61'3
3 6—k _
Since wt(X 4 g’““) =6,s00= )(Jr%w:1 =3(=EE ) eyrirgey ® (rimo + raws) ER
s =0 i
Thus g%:l = 0. Therefore,
L2
foi= Z Catizd(rixa + roxs)°
a:ll
where b = 20=kt2 o = =Aad3k g — (k=27 g, = |3k
3
Assuming % #0. Then a > 1, ¢4 # 0 for some a > 1 and 0 = %X+f,§+1 =

afs af3 .
X, Do T g’;zl = g’;? #0=1r9#0,c>1, ¢, # 0 for some a > 0. Since
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3 3
w(X 6fk+l) — wt(—af’““) = 4, there exists a constant d such that X, fk? =
3
dagiﬂ. If d = 0, then X —5t 8f,€+1 = 0. Since wt(X? afkﬂ) = —0, so either (4)

— Ozs

af afe afe 8f afs of ofy
< k+1 X_ k+1 X% thl Xi 61;+1>0r (3) < k+1 X_ k+1 X% 61;+1>0r (2)_

<%,X_ag’“f> or (1) = <£%t1> in I. This contradlcts I = (5) ® (1) because
wtZE1 = 9 Thus d # 0.

815
Now
fiy, Ofi
0=X — =L
+ (9265 61'6
lo
= Z [3rirec(c — l)caxl{"’l:rg(rlxg + roxs)¢ 2
a:ll

+ crgca:rll’:r5xg_l(r1x2 + roxs)¢ T — daCa$l{$g_l(T1$2 + row5)€].
Suppose £1 > 1. Then k > 3 = {5 > 2 and

lo—1

0= Z xb+1x6{ (rize + roxs)” [3r1r20(c —1)cg — d(a + 1)eqy1]
a= El
+x5(rize + T2x5)°_30r2(a + Deay1}
20y —k+2 —401+3k
+ (=d)lico,xy 2 Zl 1(r1x2 +roxs)” 2
—461 + 3k 26 —k+2 —4094+3k—2

5 rolice,ty 2 x5x61_1(r1x2 + roxs) 2
(Note that a = ¢35 — 1 = ¢ = 2 whereas a = {3 = ¢ = 0). Therefore,
(1) 67 2[3r1r9c(c — 1)ca — d(a + 1)car1] =0 for 0 <a<dty—1.
(2) —dlyc,m%* = 0 where 5 = # = ¢, = 0.
If 63 = 0, then ¢1 = 3F = k = —4. So l3 > 1 => cy,r1 =0,

—407+3k—4
a = 61:> d(fl + 1) 2 co,+1=0=cp 4171 = 0.
(1) —46y+3k—8
a="0+1= — d(fl + 2) 2 coi+2 = 0= cp42r1 = 0.

azég—l(:lg—d€2022:0:>0g2zo.

Thus r; = 0. Suppose k = 2. Then f§ = co(r122 + rows)? + c1x126(r122 + r275),

8x5 8_2176

= (—dricy + 18007‘%7‘2):[51262 + (—=dracs + 18007‘17‘% + T2C1)T1T5.

(3) 0 = —drici + 18corire = ri(—dcy 4 18corira).
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(4) 0 = —dracy + 18cor173 + rocy = ro(—dey + 18corim2 + c1).

@ 3) @0
= —decy + 18¢corire = —c1=0 = —c1r1 = ¢ = 0=18¢orirs = 0 = cor1 = 0.
Thus 7 = 0.
3
Thus 2., = 3 coabzfad where b = 20=E42 ¢ = =443k Gince wi(X %;61) =
a>0
3
6, so 0 = X+% = Y coala — Vabaittal™ = ¢, = 0 for all @ > 2. So,
a>2

3 2—k 3k 4—k —4+3k
— 2 2 2 2
fiz1 =cor?® x5 +cxy’ g Z6-

k=2, f3 = coxi + cimasre (= c1 #0).
k=4, f3 =cizire (= c1 #0).

Suppose f3 = coxd + crz1757 Since X225 — 0 and X225 — 0, 50
pp 3 = Cody 1L1T5%6- Y00 — e

0ty Of3 O
8x1 T 81’1

) = (x5w6, 22, 28) C 1.

This contradicts I = (5) ® (1).

3 3
Suppose f2 = c1zixs. Since X+%§ =0 and Xﬁ% =0, so

_0f2 Off 2 0f8 30f L40f2
(5)_<8$67 _a$67X_8$67X_6$67X_6$6>

4 .3 2.2 3 4
= (x5, TR xe, TETE, T5Tg, Tg)-

Now
ofk afk ofs
t—2 =2, wt==> =0, wt—> =2
w o, W Oz ’ Oz ’
ofl o fk ofs
1295 _ g =22 —( t—= = 2.
w 0x4 » W ozs » W Oxg
afd
= 8—1’51 = d1$5$g
= fi = dizywsad + g1 (20, 23, T4, T5, T6)
ofs _ 091
Oxry Ox3

1
On the other hand, 5% = dsadag. Thus

991
8:1:3
= g1 = d3w3ziz6 + g3(T2, T4, T5, T6)

= dgl'gxﬁ

1 3 3
= f; = diziwsxg + dsxsxixe + g3(x2, T4, T5, T6)

ofs 9gs3
= 8—1’2 = 3d1$1$5$§ + dgxgl'g + a—ZL’g
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1
Furthermore, % = dgz3x6. Thus

dl = Clg =0 and % = d6$g$6
61,'6

1
= g3 = §d6$g$g + g6(x2,x4,x5)

= f51 = idegxg —|—96($2,$4,$5)

a 1
9 _ 99
(9264 61'4
aft
Moreover, 6%4 = dyx3. Thus
dg6
=2 — 2t
(9:E4 4o

= g = d4x4x§ + ga(x2, xs5)

1
= f51 — §d6$g$§ + d4$4$§ + g4(ir2, $5)-

Since g4(z2, x5) is a homogeneous polynomial in xs, x5 of degree 5 and weight 1, so
ga(x2,25) = 0. Thus
1
f51 = §d6xg’x§ + d4x4x‘51.

1
Since wt(Xi%’;—) =6, so

1
0= Xf’;% = 144dyz173.
x5

1
=d=0=fi = §d6xgx§.

Similarly, we can show that f5® = cxszd and f5 ! = da2ad. So

=i+ 5+
1
= cwsrg + drizy + §d6xgx§ + c1zize
of _of _of _of _

Ouy  Ory  Ozs  Omy 0

=dim I <2.

3
This contradicts dim I = 6. Thus %;61 = 0. Therefore,

f,‘:’+1 depends only on the x1, 22, x5 variables
2—k
3 == 3k
= fiy1 =cxy? (rixe +rows) 2

= f]?_'_l = (T‘l{EQ + T2£L’5)3.
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Assuming —; f’““ # 0, then af’““ = 3r1(r1mwa+rax5)? is a nonzero element of weight
2 in I. Since wt(X?|r 8&;1) = 67 SO

83
0=X? Jert _ 5,82
O0xa
83
=7 =0= g;“ =0.
2

Thus f} 1 depends only on the x5 variable.

3 _ .3
= fiy1 = cxs.

. 6f}§+1 _ 3 8f;:’+1 _
If ¢ # 0, then since Xy —=+ =0 and X~ —ee = 0,80

afk-H afk-H 2 afk-H
(3) < 81’5 X_ 81’5 X_ 81’5 >

= (22, x526,28) C 1.

This contradicts I = (5) @ (1). Thus f7,, = 0. Similarly, we can show that

i =o.
Fori=1
afl%—ﬁ-l afl%—ﬁ-l afl%—ﬁ-l
t— = 2wt =0, wt— =2,
v 8$1 ’ v 81’2 ’ v 81’3
0fis1 Ofis1 Ofis1
= =4, w2 =0, wt—EE =2,
v (9264 ’ v (9165 ’ v (9;66

1
Since wt—=t+ f’““ = wtag’“ﬁ = 2, in view of Lemma 5.1 [Yad], there exist constants

1,79 Such that

1 b d e
Jrs1 = § Wh,e,eT] T4 T5 (1123 + T2T6)
b,c,e

where a =

- - - . Oy
4c 1§+2@7 d — _ 2bt6e gk+4e 2 assuming gl;zl £0.

Now 0 = 22X fl - X Ofiys +33f%+1 = Ofig1 #0. Th >1e>1 #
ow - 6:E3 + k7+1 - + 6:E3 (9I4 6%3 : 1en ¢ - 76 - ,7'1
0, whe,e # 0 for some ¢ > 1, e > 1. Since wi(Xy 2252 ) = w2 = 4 there exists
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1 1
a constant £ such that X+% = E%. As before, we must make ¢ # 0. Thus

afl%-i—l _ éafl%-ﬁ-l
(9263 61'4

= Z{wb,c,eerl [3bzT el abad (ry 25 + roxg) et

b,c,e

0:X+

b+1 d

+4r1(e — Dafabt asad(rias + roxe) 2

b,c—1,d —1
+ 3exfwgry  wsxs(rixs + roxe)®

+roe — 1):ET$§:L’Z:L’§+1 (rizs + r2x6)6_2]

a, b, c—1_d e
— bwp ¢ ecxlzgry  xs(r1xs + rox6)¢ }

= Z 2925 S e d 1 (r1 23 + 7926 ) [Wha2.0.0413(b + 2) (e 4 1)1y

b>0
c>0
e>1
+Wh,cet2d(e+1)(e+2)r7
+ Wyt1,ce42(€ + 1)(€+ 2)r1re — lwpy cqr,e(c+ 1)
+ x3 (?"11’3 + T2$6)e_lwb+1,c+1,e3(c + 1)67”1}
dec—k+4 —6¢c+3k—4
+ le 2 oxgrs 2 [w1,6,1371 + wo,c,22r172 — Lwo e 41,0(c + 1)]
c>0

a+1 ¢ —6c—4e+3k e—1
+ Z i gy 2 {(rims + rawe)¢ T Wi ¢, e3em1 W ¢ er16(e + 1)1

e>0
e>2
— 6’(U07c+1)@_1(c + 1)]
+ 2173(?"12173 + r2x6)6_2w076+176_13(c + 1)(6 — 1)7”1}
4c—k+4 b+1 ¢ —2b—6¢+3k—6 2
+ Z x, 2 xyxims 2 [Wh+2,6,13(b + 2)r1 + wp, 2877
b>0
e>0
+ Wpt1,¢,22r172 — bwps1,c41,0(c + 1)].
Therefore,

()
’I”f [wb+2,c,e+13(b + 2) (6 + 1)?"1

+ Wh cer2d(e + 1) (e + 2)r7
+ Wpt1,cet2(e + 1) (€ +2)rime

—lwps1,et1,e(c+ 1) + Wpt1,e41,e3(c+ 1)e] =0, b>0,¢c>0, e>1.

(6) rS[whsa.cer13(b+2)(e+ 1)r
+ wb,c,e+24(e + 1)(6 + 2)7"%
+ wb+1,c,e+2(€ + 1)(6 + 2)7‘17‘2

— lwps1,c41,e(c+1)] =0, b>0,¢>0, e>1.

(7) ’LU1’0713T‘1 + ’wo)c)227‘17“2 — Zwo)cﬂ)o(c + 1) =0, c>0.
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(8)

e—1
T we,ce3ert + Wo cer1e(e + 1)rire

—lwg,ct1,e-1(c+ 1) + woet1,e—13(c+1)(e—1)] =0, >0, e > 2.

(9) Tg_l[wl,c,e3er1 + wo ¢ er1€(€+ 1)rire — bwg c41,e—1(c+1)] =0, ¢ >0, e > 2.

(10)

Wh12,6,13(b 4+ 2)r1 + Wp, ¢ 2877 + Wpt1,6,227172 — LWpi1,e+1,0(c+ 1) =0, b>0,
c>0.

. Ofigry _
Since wt(X 4 ) =6, so

Oxy
Oft
(9:E4
= E wbce3cbxa+1 b=1 xy 1$§(T1ZE3+T2$6)
b,c,e

b+l c—1..d 1
+ 4cer1x‘1’x2+ xy g (rizs + roxe)©

+ 3c(c — Dafabasas 2ad(rixs + roxe)°
+ cerariaba§  ad T (r1zs + rowe) !

Z 2§ b es ed T (r12s + rox6)  [Wh 1., 3c(b + 1)
1
e>1

Fwp—1,¢,e+14c(€ + 1)r1 + Wp e 10(€ + 1)72]
—|—$3(T1$3 + T2$6)6_1wb)c+1)@_130(C+1)}

4c—k+2 —6c¢c+3k
+ Z Ty 7o xs > (wi,,03¢ 4+ wo ¢ 10m2)
c>1

+Zxa+1 o 1 —6¢ §e+3k{

c>1
eZl

(r1zg + rax6) ¢ [w1,c,e3¢ + Wo ¢ e+1¢(€ + 1)72]

“+x3 (’I”1$3 + TQZL’g)e_1w0,c+176_13c(c+1)}

de—k+2 b+1 c 1 —2b—6¢c+3k—2
+ § zy ? Ty xy C [Wht2,6,03(b + 2)c + wy ¢, 1401 + Whp1,c1072].

b>0
ch

Thus
(11)
r{{wpt1,c,e3¢(b + 1) + wp—1,c,et14c(e + 1)1
+wp ¢ eqr1c(e + 1)ra] + T(f_l'UJb)cJ,_l)@_lgC(C +1)=0,
b>1,c>1, e>1.
(12)
T5[Wot1,c,e3¢(b + 1) + Wp—1,¢,e+14c(e + 1)1

+wpeerrcle+1)re] =0, 6>1, ¢>1, e>1.
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(13) w1 ,¢,03¢ + wo,c1cr2 =0, ¢ > 1.
(14) r§[wy,c.e3¢+ wo,c.eq1¢(e + 1)ra] + 75 wo c41,e-13c(c+1) =0, ¢ > 1, e > 1.
(15) r5[w1,c,e3¢ + Wo,cerrc(e+1)ra] =0, ¢ > 1, e > 1.

(16) Wp+2,¢,03(b + 2)c + wp ¢ 14cr1 + Wpg1,c16r2 =0, >0, ¢ > 1.

Suppose 12 # 0. Then from equations (5), (6), we get, Wpt1c41, =0,0>0,¢>
0,e > 1. That is,

(17) Whee=0,0>1,¢c>1, e>1.

From equations (8), (9), wo,c+1,e—1 =0, ¢ > 0,e > 2. That is,
(18) Woee =0, c>1, e>1

Equations (17), (18) imply
(19) Whee=0,0>0,c>1, e>1.

From equations (7), (19), we obtain wo c4+1,0 = 0, ¢ > 1. That is,
(20) Wo,e0 =0, ¢c>2.

Equations (11), (12) imply wp c41,e—1 =0,b>1, ¢ > 1, e > 1. That is,
(21) Whee=0,0>1¢>2e>0.

Equations (20), (21) imply
(22) Whee=0,0>0,¢>2,e>0.

Equations (13), (19) imply
(23) wi,eo0=0,c>1

Equations (16), (19) imply wpt2.c0 =0, b > 0, ¢ > 1. That is,
(24) Wheo=0,0>2,¢>1.

Equations (23), (24) imply
(25) Wpeo=0,0>1,¢>1.

From equations (19), (22), (25), we have

1 2e—k b —2b—4e+3k+2 e 4—k 3k—4
— 2 2 2 2
Jir1 = E Wp0,ely 2 Tols (rizs + rowe)€ + wo,1,0T1 > Taky

b>0
e>0
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Ofhis gk Bkt
So = W0,1,0T1° Ty (:> wWo,1,0 75 O)

Oy
afd
Casea: k=2= Jon = W0,1,0L1%5-
o 1
Caseb: k=4= a—ﬁ = wp, 1,074

If gil = Wp,1,0T1%5, then
= _8f§ ofy 5 0f3 _30f3 _,0f1
X — X X>—= X*—=
(5) <ax4 ’ 8$4 y S — 61'4 s A 8$4 , X ax4>

= (T125, 126 + T2T5, 202%6 + T3T5, 3T3L6 + T4Ts, L4T6)

1 1
because X+% =0, and Xﬁ% =0. Now
4 T4

1
f3 = wo1,0T124%5 + ga(1, X2, T3, T5, T6)

Ofs 0
éﬁ = W0,1,0T4T5 + ﬂ

6x1 (95(,'1 )
On the other hand,
o 1
a—ﬁ = dl (3$3$6 + $4$5)
g4 _
=—— = 3dyr3x¢ and d; = w0,1,0
6951

=04 = 3d1£1?1l’3$6 + g1 ($2, x3,Ts5, $6)

1
=f3 = wo,1,0T124%5 + 3wo,1,0T123%6 + g1(Z2, T3, Ts, T¢)

3f§ 091
=>—= =3 —=.
D3 wo,1,021T6 + D13
Furthermore,
af3
23 4
D2 3(x126 + T225)
dg1 . .
=—= =d3groxs; and d3 = 3’LUO)1,0
a’Eg

=01 = d3xax35 + g3(z2, 25, T6)

1
= f3 = w0,1,02124%5 + 3Wo,1,02173%6 + 3wo,1,00273T5 + g3(T2, T5, T6)

Of3 0gs3
=>—==3 .
D Wo,1,021T3 + D
Moreover,
8 1
a—f; = dg(x126 + T275)
8 1
=wo,1,0 = 0= % =0.
4

ofy 4
If o = W0,1,0Z5, then

(5) = (23, 2376, T2TZ, V575, TG).

2773
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Now
1_ 4
f5 = wo,1,0a25 + ga(z1, T2, 23, T5, T6)

af51 _ 094
:>8x3 o (91’3'

On the other hand,

of}
8—:152 = dgxg’x(;
994
j_
61'3

_ 3
=94 = d3x3xyre + g3(x1, ¥2, 5, T6)

= d3$§$6

1 4 3
= f5 = wo1,0T425 + dzxsxixs + g3(z1, T2, Ts, Te)

af3 g3
=0 = dyzzrs +
(9266 3535 61'6
Furthermore,
ofi ofi
%zd(ﬁcg’xﬁ:dg:Oé%:O.
6 3
Thus
ofs _
(9:E4 a
Suppose 5 = 0. So f} 41 is independent of the xg variable. We may write
flir = 3 weaerizha§aizg where q = 2oHd=k p — —de=bd-2ed3hta
c,d,e
- Ofi ofi . ofn
Since wt(X_ -5t ) = w5 = 2, there exists a constant £ such that X —*
o1ty j o1ty . o1ty o8tiy
= ga—mg Ifl= 07 then X_a—u = 0. Since wt(X+ I ) = 6, SO (1) = <6—m4> -

1
I. Since wt% = 4, this contradicts I = (5) @ (1). Thus £ # 0. So
T4

1 1
— aflc+1 afk:—i-l
0=X_—Fr= _p -5
61'4 6(,63
= > Aweaedlart™ a5 agz{ " ag + bafal ag o g
c,d,e

boc—1_d bocod—1_e—1
+ cxfasxy wirt + exiroxrsry T TE %)

a b _c—1_4d, e
— lWe,d,eCTITHTZ THTE}

- Z xllH_lxg_Qx:c’)xzxg[wc,d-ﬁ-l,E(a +2)(d+1) + we—1,a41,e(b — 1)(d + 1)

c>1
d>1
e>1

+ Wet1,d,e(c+ 1)d — lweg ge(c + 1)]



ON JACOBIAN IDEALS INVARIANT BY A REDUCIBLE s¢(2,C) ACTION 2775

b.cd—1 e—1

—|—§ We,d,edex]ToT5Ty " XF X6
>0
d>1
e>1

2-k  —2e43k=2 4 —k
+Y @t @y ¢ af(wone —wi0,ef)

2

e>0

4d—k+2 —6d—2e+3k—2 . 4d — k + 4

> a t w7 afabwoane——g——(d+ 1)+ wige(d — 0]

o

2c—k+4 —4c—2e+3k—6 —4c — 2 3k—4
>0
e>0

2c—k+6
+ wc+1,1,e—2 — Wey2,0,el(c+2)].
Therefore,

(26)
Wedsne(a+2)(d+ 1) + e 1.as1e (b — 1)(d+ 1)
+ Wet1,de(c+1)d = lwes1 ge(c+1) =0, c>1,d>1,e > 0.

(27) We,d,ede =0,¢c>0,d>1,e> 1.

4—k
2

(28) wWo,1,e —wi0,el =0,e>0.

4d — k +4
(29) Woaste s (d+ 1) +wpae(d—0) =0,d 2 1,e 2 0.
(30)
—4c—2 k—4 2c— k
We,1,e < €2+ > + wc+1,1,ecf—’—6wc+270,e£(c+ 2) = 07 c> 076 > 0.

By (27), we have
(31) Wede=0,c>0,d>1,e>1.

From equations (28), (31), we get

(32) W1,0,e = 0, e 2 1.
Equations (30), (31) imply wet2,0,e =0, ¢ > 0,e > 1. That is,

(33) We,0e =0,c>2,e> 1.
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From equations (31), (32), (33), we have

—4c—6d+3k+2 =k —2e+43k+2
fior =D Weaori, wrf + Y woonr w, ° o @
c>0 e>1
d>0 =
. . . ofn
So fi,, is independent of the x5 variable. Thus we get either % =0or fi,
is independent of the x5 and zg variables. Similar arguments show that either
Afny 1. .
% =0or f, +11 is independent of the x5 and x¢ variables.
1
Suppose % =0.
of it of ! of !
wtﬂ =4, wtﬂ = -2, wtﬂ =0,
Ox1 Oxa Oxs
of it of it of !
wtﬂ =2, wtﬂ = -2, wtM =0.
Oxy Oxs Oz

f= fk__;_l1 +fli+17
_(2f of o) 01 of of,
o 6x1 ’ a.%'z’ 61'37 (9;647 (9;657 (9;66
Ofich | Oin Ofiy | iy Oficth
6x1 6x1 ’ (9162 (9;62 ’ 61'3
i Oty Ofis | Ofina Oy | Ok,
(9263 ’ 61'4 ’ (9265 61'5 ’ 61'6 (9;66
Ofity Ofin 0fith Ofly Ofih
6x1 ’ 6x1 ’ (9162 ’ 6:c2 ’ (9;63 ’
Ofis iy Oficts Ofkan Ofichs Bfis,
(9263 ’ 61'4 ’ (9265 ’ 61'5 ’ 61'6 ’ (9;66 )

: 6f11+1 6f11+1 8fl;+11 8fl;+11 :
dim ( Ses ) Orr Omy Ome ) < 2 because they have same weight 0.

=

<

. BfEL Ofi st .
dim ( g’;ﬁl , g’;:l , g’;:W < 1 because they have same weight — 2.

. Oft Off., of! .
dim ( g’;:l, g’;;l, ng ,) <1 because they have same weight 2.

= dim I < 5. This contradicts dim I = 6.
—1

Similar arguments show that % = 0 is impossible. Finally, suppose f} 41 and
f,;rl1 are independent of the x5, xzg variables. Then 6‘9—55 = (')a_mfg =0. So dim I < 4.
This contradicts dim I = 6. We conclude that Case 2 cannot occur.

Case 3. I =(4) @ (2).

Elements of I are linear combinations of homogeneous polynomials in I of weights
3,1,—-1,-3.

By the same argument as in the begining of Case 1 we have f; 41 = 0 for
it ==41,£3 and |i| > 5.
Fori=14
Ofia Ofi Ofi
L — ) L =3 kL — 5
v 6x1 ’ v 6:c2 ’ v 61'3 ’
Ofis ofx ofy
t =7, wt—t = t—tl =5,
v 8x4 ’ v 8x5 37 v 8x6 g

= f,3+1 depends only on the x1,z9,z5 variables.
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Similar arguments as in Case 2 in the proof of “For i = 5” show that f;,; =0 =

—4
et
Fori=2 o2 of2 of2
k1 k+1 fe+1
t =1, wt =1, wt =3,
v 0xq v Oxo v 0x3
Ofia ofi off
t—ktl 5 prktl pIktl _ g
v (9264 (9165 v (9;66
= f,f 1 is independent of the x4 variable.
: 8f}§+1 8fl§+1 . : .
Since wt =5+ = wt—5= = 3, in view of Lemma 5.1 of [Yad], there exist constants

r1, 79 such that

2 a, b, .c d
S = Zwb,d%xzxs(ﬁ% + r2m6)
b,d

where a = Qd_2k+1,

2 2
Assuming %:1 # 0. Then as before, % #0. Thusr; #0,b>1,d > 1,
2 2
wp g 7# 0 for some b > 1,d > 1. Since wt(Xi%) = -5, s0 Xi% = 0. The co-

2
efficient of x5 adxg (123 +rawe)42 in Xi% =0is > wpabrid(d—1)(d—2).
b>1
>3

_ —2b—4d+3k+1
Cc = 2 .

Thus wy,q = 0 for b > 1,d > 3. Therefore,

8f13+1 o bt a1 d
—= = wy,abx{zy xE(r123 + roTe)
8x2
b>1
d<2
1—k b—1 —2b+3k+1 3—k b—1 —2b+3k—3
= E [wbﬁobxlz xy xy 2 +wpabr? g xs 2 (riws + roxe)
b>1
5—k b—1 72b#»23k77

+wp 2bzy 2 Ty Xy (rizs + Tzzg)z}.

Case a: k=3 = f] = (wo12 + w1 12272 + wo125w5 + w3 173) (r123 + T276)
+(wo 215 + w1 22122) (123 + rox6)?.
Caseb: k=5= f2 = (’U)())Q{Eé + wl)gxgxg + w272x§x§ + w372x%x5 + w4,2x‘21)
X (r1z3+r226)2 +wo 37122 (r1 23+ 12206 +wo 423 (r123+7276) L.
Suppose k = 3. Since wt(X+ %‘z) = 5,500 = X+%‘§ = 6riw; 2233 +
67‘17‘2’[1)1)21]%;66 + (87‘1’[1)1)2 + 9’[1)3)1)7“1:%11]% + (27‘271)172 + 611)2’1 + 87‘1’[1)0)2)7“12611:21:5 +

2 _ _ _ 4 _ 2
(3’LU1)1 +2r2w0,2)7"1:171x5. Thus ’wl,z = ’LU3)1 = 0, ’LU2)1 = —§’I”1’LUO)2, ’LU1)1 = —§T2w0)2.
Hence
2 4
2 3 2 2
f4 = (w01,x5 — §T2w0,2$2$5 — §T1w0,2$2$5)(7"1$3 + 7"2116)

2
+ wo 22125 (T3 + ToT6)”.

. 2 0fi\ _ _ y20ff _ 2 2
Since wt(XJra—m‘;) = 5,50 0 = Xizt = —96riwo2x12275 — 24r1m2wo 22125 =
=0 2 __ 3 S 8ff =0 8ff —
wo2 = 0= ff = wo123(r123 + 1276). So 5zt =0= 5t =

Suppose k = 5. Since wt(XJrg—f;Gz) = 5,800 = X+af62 =0=fZ=0=

813
2d—Fk+1 —2b—4d+3k+1
2 ’ 2 :

o 2
%c — 0. Hence f2,, = Y wpariabagad where a = c=

amg

3
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2 2
Since wt(X* %) = -5 s0 X% ag;;l 0. The coefficient of ¢z} ziztzd™" in
x4 e %wb,ddb(b —1)(b—2)(b—3). Thus wpq =0 for b>4,d > 1. So

3
Of?
k41 ZZ a b, c d—1
= Wp,qdT] ToTEL
e 1L2%5Tg

d>1b=0

2
Since wt( X =&+ f’““ =5,80 Xt Uktr — ). Now
oz Jzg

8
fk'H ZZwbdd [3bzs T el agad ™t 4 (d — 1)afabasT 2zl
d>1b=0
—2b—4d+4+3k—1 d—1
S unart e S s 804 D =)
d>1b=0

Therefore, wy41,¢3(b+ 1)d + wp g41d(d+1) =0 for b=0,1,2,3,d > 1

=w3qg=0,d>2; wpg=0,d>3; wiqg=0d>4; wyq=0,d>5

Case a: k =3 = f? = wo)lxg’xﬁ + w0,2x1x5:1c% + w1,1x2x§x6 + wl)gxlxgx% +
w2,1$§x5x5 + wg,lxg:rg.

Caseb: k=5= f& =wp 20308+ wo 301 TEx3+Wwo 4T3 TE+W1 2ToTETE+W1 371 T2w57E
+wa 23T aE.

Case c: k=1T= fZ =wo323a + wosz10828 + w1 3T00823
Case d: k=9 = fZ =wp 4xgx§

Suppose k = 3. Since wt(X+ off ) =5,500=X4 gj;‘; = 6w172x%x6 + 9w3,1x1x§
+(2w1,2 + 6wz 1)T1225 + (2w 2 —|— 3wy 1)T1TE = w1 = wyy = way =0, wyg =
§w0 o = f7 = wo1xdize + wo 21’1$5$6

0= Xigi‘i = —bwy 2x1x5 = w2 =0= f4 = wo, 1x§x6
If 8f4 # 0, then wo 1 # 0.

2 2 : 2 0fiN _
Swo,2T2752¢. Since wt (X7 6;) =5, s0

af4 _ 3f4 _ 3f4
81’1 =5 8:1:2 =3 8:1:3 b
afi? _ ofr? _ Of

wt 0y 1, wt Fra -3, wt e 1.

= fi 2 is independent of the xzjvariable.
Now

_ oy Of2 0fF o OfF (2 0fF
(4) <X 8x5 8x5 X 8:1:5 ’ X_ 8x5 >
= <‘Tg7 L526, $5$6, $g>

2 2
because Xig—f; =0 and Xig—f; =0.

of? - ofs?  0Ogo
8; = coxp = f1 2 = comoxy + go(¥3, T4, 5, 36) = —— = 25
2

8x5 8:1:5 '
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On the other hand,

ofy? dg
3 2 3 3

=g = —— = C5Tg = go = C5T5Tg + g5(x3, Ta, T6)
Oxs Oxs

-2 3 3
= fi° = camowy + csxsg + gs5(w3, T4, T6).

Since wt(gs) = —2 and deg g5 = 4, so g5 = 0, hence

—2
fi°= chng + C5$5x2.

S B
Since wt(X?2 3—g;6') = —5,50 0 = XzaafT: — 3epmard = ¢ = 0. Hence f? —
C5$5$g.
ofy af af°
_— = _37 _ = _17 _J3 17
‘ ! v Ox2 v O0x3
off of af0
=3, wiz™=-1 wizr =1
o, " B o
o aff  om
axi :e1$g:>f£:elzlxg+h1($2,x3,x47x57x6):> a_:;;: B_M'
Furthermore,
of3 oh
Bjxci = eq73 = 8_30:: = ey = h1 = eaway + ha(2, 23,5, T6)

0 3 3
= fi = erx1xg + eavaxy + ha(xo, 23, 5, 6).

a, b 2—a_ 2-b
ha(xa, 3,75, 6) = § Ua,bLo T3 Ty T
0<a<2
0<b<2
2,2 2 2 2
= UQ,025Tg + U,1T3T5L6 + UQ,2X3T5
2 2
+-UL0$2$5$64—U1J$2$3$5$64—U13$2$3$5

2.2 2 2.2
+ U2,0T5Tg + U2,1T5T3T6 + U2 2T5X3.

2 2 2
0,125 + (8’&0)2 + ’LL171){,C2£L'5 + (8’&1)2 + ’LL271)£L'2{,E5
+—3UL1$1$5$6%—6U12$1$3$5

3
+—6uZ1$1$2$64—12UZ2$1$2$3%—SUZ2$T
M ince wt(X; 24) = 3, 50 X; 28 = a3, Thus e = = uiq =
oreover, since wt( +813) = 3,50 Xy 5t = ex. us e = Ug1, Up2 = Ui,1 =
U1,2 = U1 = uU2,2 = 0.

2,2 2 2 2,2
h4(x2, xrs, Ts, xﬁ) = UQ,0L5Tg + U,1T3TELe + UL,0L2T5Lg + U2,0L5Lg-
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Hence
0 3 3 2,2 2 2 2,2
f4 = e1T1%g + e424T5 + U, 0T5L5 + U0,1T3L5T6 + UL, 0L2T5Lg + U2,0L5TG-

Since wt(X? ﬂ) =5=wt(X3 8—f‘?), S0

+ 6LE6 + 8%5
2 8f40 2 2
0= X+a— = 36’&2)0:%11}6 + 24’&2)01}1:%21}5 + (661 + 12’LL1’0 + 12’LL0’1)£L'1{,E5.
Ze
aofd
0= X_?_a—xi = 18(664 + up,1 + 4’UJ0,1)ZL’1$§.
—u1,0 — 4ug1
= U2,0 = 0,61 = —2’UJ1,0 — 2’UJ0,1, ey = T
—U1,0 — 4'UJO,l 2 9
= fi = (—2u1,0 — 2ug1)7178 + — T4TE + ug 0TI
+ u1,0x2x5x§ + uo,lxgzrgxg.
: AfYN _
Since wt(X 4 33%) = 3, so
afd
Xyt =dyad
+ D 5
= (—6’UJ1,0 — 12’UJ0,1)$1$5$6 + (2U1,0 + 4U0)1)$2:Z?§ + 2’UJ0,OZL’g = d1$g
= U1,0 = —2’&0)1.

Hence

1
0 3 3 2,2 2 2
14 = 2’UJ0,1£L’1$6 — —3’UJ0,1$4$5 + Up,0T5Tg — 2U0)1$2$5ZL’6 + Up,1T3T5T6-

0
Assuming g—ﬁ = g—ﬁ;ﬁ # 0. Then ug 1 # 0. Now

afd
4 2 2 2
a— = 6’LL071£L'1{,E6 - 4’LL071£L'2$5$6 + up,1T3%5 + 2’&0)0265156.
Ze
0
+—8f4 = 2ug,073
61'6 o5
0
2 af4 _
X+— =0.
61'6
OfY
4 2 2
X_a— e 2’UJ0,1£L’2£L’6 — 2’UJ0,1£Z?3ZL’5$6 + U0,124T5 + 4U0)0$5$6.
Ze
afd
XE—4 = 4UO)0$g.
al’g
afd
X2t =0

- al’g
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If up,0 # 0, then
0 0 0 0
o OB O o
( ) _< + ) ) — y A — >
61'6 (9266 61'6 (9;66
3 2 2 2
=<£L'5, GUO)1$1£L’6 — 4UO)1$2£L’5$6 + up,123%5 + 2’LL070£L'6;E(;7
2 2 2 .3
2’&0)1{,621}6 — 2’&0)1:631}5{,66 + Up, 1245 + 4’LL0’0£L'5{,E6, {,C6>
2 2 2
:>6’(L0)1$1£L'g — 4UO)1$2£L’5$6 + up,123%5 + 2’LL070£L'5{,E6 = d2$5$6
2 2 2
2’&0)1{,621}6 — 2’&0)1:631}5{,66 + Up, 1245 + 4’LL070£L'5{,E6 = d3T5T6

=Ug,1 = 0.
Thus ug,0 = 0. Then

_,0ff ofy
(2) _<8—356’X_8—xﬁ>

2 2 2 2
=(62115 — 422526 + T35, 2022 — 2X3X5%6 + T4TE).
So f9 = 2up1z17¢ — %uo,luxg — 2u0,1x2x5x§ + up12372w6. Now

f=f2+ 0+ 1

1
3 2 2 3
205x5x2 + 2u0,1x1x?g — ~UQ,1T4X5 — 2u0,1x2x5x6 + Up,1X3T5%6 + Wo,1T5T6-

3

of

L =Qugqas.

6951 0,16

af 2

—— = — 2Up 1T5T5.

A 0,1Z5%g

9f =ug,17576

8133 ;150

of 1 3

—— = — —UQ1T:.

0x4 3 0,175

0

67f = - u0,1(2x2x§ — 2137526 + T4T5) + 3w 1T2T6 + C5T.
5

of 2 2 3 2

Doe =ug 1 (62125 — dxexsTs + T3T5) + W1 x5 + 3C5T5T5.
6

Consider the coefficient matrix & of 6%% with respect to the ordered basis

3 .2 2 .3 2 2 2 27.
{x3, 2 e, 528, E, 6212F — 4xaw5x6 + T3TE, 2000E — 203T5T6 + T4TE 1

0 0 0 2up; 0 0 7
0 0 - 2’&0)1 0 0
0 Uo,1 0 0 0 0
o = 1
— 5 Uo,1 0 0 0 0 0
3
0 311)0’1 0 Cs 0 — Up,1
wo.1 0 305 0 Uuo,1 0 B
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Since det(®) = 3uf; # 0, so dim(aa—m{,g—i,... 786_;‘6> = 6. Let g = f?2. Since

Xy9g =0= X_g, so g is an s/(2,C) invariant polynomial. Note that f = g +

c5T5Tg + wo1r2xize and I = (;—wgl, ;—192, cees ;—mgﬁ) since dim((?—gfl, ;—192, ceey g—wgﬁ> =6
9, 9, 0,

andfg <8_9§]178_9§]27 7(9_mgg>

0
Ifg—g:g—gg:O,thenuo,l:Oéff:uo,oxgxg. Now f = fi 2+ f0+ f} =
(:5:1:53;3 —|—u0,0x§x§ —|—w0,1x§’)x6 = % = % = %C% = 88%4 =0 =dim I < 2. This
contradicts dim I = 6.
a 2
If 85 = 0, then w1 = 0= [ =0.
S _ : afgy _ _ afg _ 2,2
uppose k = 5. Since wt(Xy7.2) =5, 50 0= Xy 528 = (w3 + 12wo,4)v5 2527
+(6w1 3 + 12wa 2)zex2 1272 + (6w 2 + 6w 3)T3T6T1 + 2Wo 2723 + 2wy 2ThT2 +
2’(U0)2$?) = fg =0.
S _ : ofsy _ _ ofs _ 4.2
uppose k = 7. Since wt(X 876) =5,500= X+6—$6 = (12wp 4+9w1 3)T1 2525+
6’(U1)3ZL’2$?$6 + 6w0,3xg:c6 = f82 =0.

2 2
Suppose k = 9. Since wt(X 4 %’;12) =5,500=X_ %J;lg = 12wpszsizd = fi) =

0.

Thus we get either fl?—s-l = wo)lxg’xﬁ, wp,1 # 0 or fl?—s-l = 0. Similar arguments
show that either fk_+21 = cwsag, ¢ # 0or fk_+21 =0.If fk_+21 = cws2g, then we have the
same result as one of f2, | = wo123xg. If f2,; = 0and f =0, then f = f2,, isof
weight 0. Since wt(X; f) =2 and wt(X_f) = —2,s0 X, f = X_ f =0 by previous
arguments. Thus f is an invariant polynomial in the x1, 2, 3, x4, x5, x¢ variables.
Moreover, 0 = 32X, f = Xy 5L + 39 = X, 0L — —32L Similarly, we have

oxq
of _ of af _ af of _ of _ of of _
Xigo, = g Xoger = Baer X490, = 0, Xagm = =500 X455, = 0,
X OF _ o x Bf —_er xoor _loer x of _ _af y of _
—0x1 ? —Oxo Oz’ —Ox3 Oz’ —O0xzq4 Oxz’ — Oxs )
¥ of _ o
—0xg  Oxs’

Cased. I=4)d(1)®(1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
3,1,—1,-3,0.

By the same argument as in the beginning of Case 1 we have f,iH = 0 for
it ==41,£3 and |i| > 5.

For i = +4.

Similar arguments as in Case 2 in the proof of “For i = 5” show that f,iH =0.

Thus f = firy + fip1 + fiin

Similar arguments as in Case 3 show that f7, , = cxizs. If ¢ # 0, then again
similar arguments as in Case 3 and (2) € I show that f,% = cizszd and f), =
cor?zd. So f = crasad +conad + cadre = % = % = %% = % =0=dim I <
2. This contradicts dim I = 6. Hence

c=0= f,;=0.

Similar arguments show that fk_+21 =0. Thus f = f,SH.
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of afp of
wt—fk'H = -3, wt—fk+1 = -1, wt—fk'Irl =1

3

oxy B Oxs 0x3
Ofk11 Ofp11 0fi1a
t = t =-1 t =1.
v 8x4 37 v 8x5 r W 8x6
= dimI < 4,

which contradicts dim I = 6. We conclude that Case 4 cannot occur.

Case 5. I = (3) @ (3).
Elements of I are linear combinations of homogeneous polynomials in I of weights

2,0, —2.
By the same argument as in the beginning of Case 1 we have fi 41 = 0 for

1 =0,£2 and [i| > 4.
Thus f = fk_fl +fk_+11 + fir + figa

0 0 0fi
t =0 t =2 t =4
v 8$1 ’ v 81’2 ’ v 81’3 ’
afl?—ﬁ-l afg-ﬁ-l afg-ﬁ-l
t—Et — 6wt — 9 Rl — g
(9264 ’ v (9165 ’ v (9;66

= f,f 1 depends only on the x1, z2, 5 variables

3 3 2 2 3
= fiy1 = 175 + cow5ws + C3T2T5 + cuy.

o3
fk'H = 3011’3 + 2coxoxs + 0330%.
8x2

8 3
X, fk'H = 18c1x1x2 + 6C2x1 5.
61,'2

. i1y _
Since wt(Xy —5-E) = 4, so

of}
k+1
XJra—x;r =0=c=c=0= f,§+1 = 03x2x§+04x§.

. 8f,‘:’+1 o
Since wt(X; —5:) =4, so

of?
0=X4 8;—: =06cgr1r5 = c3=0=> f,§+1 = C4xg’.

) 1 o 1 o 1
wtﬂ wtﬁ =0, wtﬁ =2,
0xq Oxo 0x3
0fita fp ofp
wt—EEL — g L — g g —2EtL — 9
(9264 (9165 (9;66
= fi 11 is independent of the x4 variable
= fipr = D wpeeririafagad

b,c,e

wherea=c+e—1,d=—-b—2c—2e+4.
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1 _ 2 2 2 2
Thus fk+1 = W0,0,1T5X6 + Wo,0,2L1LF + Wo,1,0T3TF + Wo,1,101T3T6 + Wo,2,0L1L5 +
2 2
wW1,0,1X2L5T6 + W1,1,0L2L3T5 + W2,0,1T5%6 + W2,1,0L5T3.

1 1
Since wt(X 4 21y = wr( X, %) =4, s0

amg
oft
k+1
0= XJFW = (8wo,2,0 + 6wz,1,0)z122 + (wo,1,1 + 3w1,1,0)T12s5.
3
of}
k+1
0= X+6T = (dwo,1,1 + 6wz,0,1)x122 + (2wo,0,2 + 3w ,0,1)T125.
6
4 1 2 2
= W2,1,0 = —5W0,2,0, W1,1,0 = —5W0,1,1, W2,0,1 = —5W0,1,1, W1,0,1 = —5W0,0,2-
3 3 3 3
. aft aft
2 k4+1)\ 2 k+1)
Since wt(X3 —55) = wt(X3 —55) =4, so
2 0fi
0= X+— = —9611)0,2701311’2 — 1211)0,1711311’5.
Bxg
of}t
k1
0= X—%a—; = —12wo,1,121 22 + (—4wo,0,2 + 24wo,1,0)T125.
5
= wo,2,0 = wo,1,1 = 0,w0,1,0 = ZW0,0,2-

6

1 _ 2 2 1 2 2
Thus fk+1 = W0,0,1T5%6 + W0,0,2L1Tg + E’LU())O,2$3$5 — §w0)072$2$5$6.
Similarly, we can show that fk_f’l = dyx3 and f,;rll = U0,0,2T5TE + U0,0,0T4TE +

2
2’UJ0,070$21’6 — 2U0)0,02E3ZL’5$6.
If wo,0,2 75 0, then

oft., Ofk Ofk Oft., OfL Oft
@)@ @) = (x, rxt Hens o ey gy Oins Oins y Oin,
8:1:2 8x2 8x2 8x5 8x5 8:1:5
= <x§, T5Tg, x%) @ (—3x126 + ToTs, —2ToT6 + T3X5, —T3T6 + T4T5).
Now 3 1 -1 -3

f=Vima+ e + i + e

8_f = Wo,0 2ZE2

a.’IJl ;0,206

of 2

— = ——w Ts5xe + 2u Tz,

Dy 30,0,2%56 0,0,0L6

ﬁ = 1w 22— 2u T5T

B3 6 0,0,2L5 0,0,0L5%6-

O _ 002

8134 ,0,045-

0 1 2

97 = 3c4? + 2w0,0,175T6 + =W0,0,2T3T5 — —Wo 0,2T2T6

61'5 3 3

+ U0)0,2$§ + 2’UJ0,070$4$5 — 2U0)0,0$3£L’6.

0

of = Wo,0,172 + 2W0,0,2T1T6 — = W0,0,2T2T5 + 3daTg

61'6 3

+ 2u0,0,2T5%6 + 410,0,0T2%6 — 2U0,0,0L3L5 -



ON JACOBIAN IDEALS INVARIANT BY A REDUCIBLE s/(2,C) ACTION 2785

Consider the coefficient matrix ® of Ban,- with respect to the ordered basis

2 2 .
{5, x576, TG, —3T12T6 + T2X5, —2T2T6 + T3xs, —T3Te + TaTs}:

I 0 0 wo,0,2 0 0 0 T
0 — §w070)2 QUO)QO 0 0 0
1
—wo,0,2 — 2U0,0,0 0 0 0 0
o= |6
U0,0,0 0 0 0 0 0
3C4 211)070)1 U0,0,2 0 §w0)072 QUO)QO
L wo,0,1 2’11,070)2 3d4 - gwo)Q’Q - QUO)QO 0 ]

Since det(®) = 0, so dim I < 5. This contradicts dim I = 6. So wp2 = 0.
fl%—s-l = w070)1x§x6. Similarly, ug,0,0 must be zero. So f,;rll = u0)072x5x%. Therefore,
f= C4$g + U)070)1{,E§$6 + UO)072$5$%+ d4$g = Ba_ml = 66—52 = 68—53 = g_mjl =0=
dim I < 2. This contradicts dim I = 6. We conclude that Case 5 connot occur.

Case 6. I =(3)®(2)®(1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
2,0,-2,1, 1.

By the same argument as in the begining of Case 1 we have f,i_H =0 fori=+2
and |i| > 4. Thus f = f,;f’l + f,;rll + foi1 + fesq + [y, Similar arguments as in
Case 5 and (3) @ (3) € I show that

3 S 2 -1 _ 2 -3 _ 3
fk+1 = C1Z5, fk+1 = C2T6L5, fk+1 = C3TgTs5, fk+1 = CaZg.

0fia 0fia Ofi i
wt =-3, wt =-1, wt =1,
0x1 Oxa Oz
0fia Ofia Ofi1a
wt + =3, wt + =-1, wt 1.
8x4 8x5 81’6
= ff., is independent of the z1,z4 variables
3_ 3_p
= fla1 = D wapaiales "zg
a,b
0 _
= fr41 =0.

Thus

F=1 + fih + fe + iy = axd + coadmg + cawsag + cax
_of _of _of OoF _
(9;61 (9262 (9163 8$4

= dim I < 2.

0

This contradicts dim I = 6. We conclude that Case 6 connot occur.
Case 7. I=(3)@ (1)@ (1) @ (1).
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Elements of I are linear combinations of homogeneous polynomials in I of weights
2,0, —2.

Similar arguments as in Case 5 and (3) @ (3) € I show that this case cannot
occur.

Case 8. I =(2)® (2) @ (2).

Elements of I are linear combinations of homogeneous polynomials in I of weights
1,-1.

By the same argument as in the beginning of Case 1 we have f; 41 = 0for |i| > 1.
Thus f = fp,,

Ofisa Ofia 0fi i
t =_ t =-1 t =1

v 8x1 37 v 81’2 ’ v 81’3 ’

aflg-i-l 8f18+1 aflg-&-l

= =-1 t =1.
wt (91,'4 3, wt (91,'5 v Bxﬁ
Offr _ Ol _
0x1 0x4

= dim/ < 4.

This contradicts dim I = 6. We conclude that Case 8 cannot occur.

Case9. I=(2)@(2)® (1)@ (1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
1,-1,0.

Similar arguments as in Case 8 show that this case cannot occur.

Case 10. I=(2)@ (1)@ (1)@ (1) @ (1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
1,-1,0.

Similar arguments as in Case 9 show that this case cannot occur.

Casell. I=1o D)oo 1)a(l)a(1).

Elements of I are linear combinations of homogeneous polynomials in I of weights
0.

The same argument as in the beginning of Case 1 shows that this case cannot

occur.
Q.E.D.

Lemma 1.2. With the same hypothesis as Lemma 1.1, if dim I = 5, then I cannot
be an s£(2, C) submodule.

Proof. We assume on the contrary that I is an sf(2, C) submolule.
Case 1. I = (5).
By the same argument as in Case 2 of Lemma 1.1 we can write

f= fk_+11 + fas1-

Again, the same argument as in Case 1 in the proof “For i = 2” of Lemma 1.1 will
prove that f = 0. Thus Case 1 cannot occur.

Case 2. I =(4) @ (1).

This case cannot happen by the same argument as Case 4 of Lemma 1.1.

Case 3. I =(3)® (2).

This case cannot happen by the same argument as Case 6 of Lemma 1.1.
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Cased. I=(3)®(1)®(1).

This case cannot happen by the same argument as Case 7 of Lemma 1.1.

Case 5. I=(2)® (2)® (1).

This case cannot happen by the same argument as Case 9 of Lemma 1.1.

Case 6. I=(2)® (1)@ (1)@ (1).

This case cannot happen by the same argument as Case 9 of Lemma 1.1.

Case 7. I=(1)@ (1)@ (1)@ (1) @ (1).

This case cannot happen by the same argument as Case 11 of Lemma 1.1.
Q.E.D.

Lemma 1.3. With the same hypothesis as Lemma 1.1, if dim I = 4, then f is an
sl(2, C) invariant polynomial in the x1,x2,x3, x4 variables and I = (4).

Proof. Case 1. I = (4).

Elements of I are linear combinations of homogeneous polynomials in I of weights
3,1,-1,-3.

By the same argument as in the beginning of Case 1 in Lemma 1.1 we have
fiq1 =0fori==+1,43 and [i| > 5.

Fori=14
Ofis Ofis 8fk+1
v 8x1 ’ v 8:52 37 wt 8:53 ’
8flécl-i-l 8f]3+1 8fk-i—l

= f,§+1 depends only on the x1, 22, x5 variables.

fk+1 5f;cl+1 5f;cl+1

If fii, | were not zero, then either or = or -5 would generate I because
I is an irreducible s{(2,C) module Hence I would involve only the x1,x2, x5

variables. It follows that 88%]4 1 < j <6, involves only the x1, x2, x5 variables and

hence so does f. This implies that 43 8%4 i = 0. Thus dim I < 3, which

contradicts the fact that dim I = 4. Similar arguments show that fk +1=0.
For i =2

afl?—o—l afl?—o—l afl?—O—l
o e T T =
v 0x v Oxs v Oxs 3
Of2ss Of2s Of2s
pothtl pothtl g gy kL 3
v 0x4 5 w 0xs v 0xg 3

= f,f 1 is independent of the x4 variable.

=1 and wt 5
of [Yad], there exist constants ry, s, 7"3, r4 such that

2 2
Since wt—=tL f’”l = wtaf’Hl fk+1 _ wtafk+1
T2 O T3 Ox6

= 3, in view of Lemma 5.1

foi = Z Cad (r12o + roxs) (r3ws + 1426)”
a>0

2a—k+1 —4a+3k+1

where b =

C:

Assuming ak“ # 0. Slnce wt(X4 f2,1) = 4, so Xy fZ,., = 0 by previous

a a a
arguments. Now 0 = B—MXJrka = X g’gl +4 g;:l = g;:l # 0. Since




2788 YUNG YU

2 2 2
wt(X_%) =1= wt(ag’““), there exists a constant d such that X_% =
1 T2 T3

2
dag’;“ . Differentiating this equation with respect to the x4 variable, we get
2

T Y N
0z3 " Ox4013 024022 0z3 '

2
Hence 832:1 is independent of the x3 variable. Thus

Of?
akﬂ = Zargcaxl{(rlxg + rows)(r3zs + 7‘4966)“_1 =a=1.
T3 a>1
5f13+1 % =343k . 8f1§+1
So ows - 13C1T4 (rizg +rexs) 2 = rsc; # 1. Since wt(X 4 ot ) =5, 50
oft —3+ 3k _ - df2

0=Xy g;*l =3(—g)arrse T (nastres) T = =0 gf;ﬂ — 0.

3 2

Thus % = 0. Similar arguments show that % = 0. Therefore, f? 1 depends
only on the x1, x5, s variables. Similar arguments as in the proof of “For i = 47
shows that f2,, = 0. Similar arguments show that f, 2, = 0. Thus f = f, is of
weight 0. Since wt(X4 f) =2 and wi(X_ f) = —2,s0 X1 f = X_f =0 by previous

arguments. Now

ar of of

t = — t—— = —1 t— =1
v 8$1 37 v 8:52 ’ v 8:53 ’
of of of
t—— = t—— =—1 t— = 1.
v Ox4 3 w Oxs r W Oxg

Now that g—mfl # 0 and g—mi # 0, otherwise dim [ < 2 < 4. 66—52 # 0, otherwise

2] 9 0 0 :
0=2(X_f)=3L+ X 2L = 2L =0 JL #0, otherwise 0 = 52 (X f) =

39L 4 X+ﬁ = 2L —q. 1t 2L # 0, then there exists a constant d # 0 such that
oxs Oy Oxs

Oxy

aa—wfz = 8(9_9{5' Since 0 = %(X_f)z aa—jl—i—X_g—wJ; and 0 = %(X_f) :X_aa—mij =

_g_rfl = X_aa—i = d(X_g—Js) = 0. Thus g_ag; = 0. Similar arguments show that

8‘% = 0. Therefore f is an invariant polynomial in the x1,xs,x3, x4 variables.

of _ _o0f of _ _4.0f of _ _odf of _
MOT;;)VGI’, XJF@_@’éf_ —3({%72, X+6% = ;f45—m37 ?j}ﬁ.m gf—?)a—u, X+8_14 = 07
X g =0 X g =—mr X0 = 020 X921 = " 0a5-

Case 2. I =(3)@® (1).

This case cannot happen by the same argument as Case 7 of Lemma 1.1.

Case 3. I =(2)® (2).

Elements of I are linear combinations of homogeneous polynomials in I of weights
1,—1. By the same argument as in the beginning of Case 1 in Lemma 1.1 we have
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f=fl. Now
of afk+1 _
wt(?xl wt 0y -3.
w2 Ofes1
8x4 = wt Oxy
af _of _,
8$4 8$4 '
B} L0 of
%X-l-f = X+6_:Ejf + CLJ a.’L'j+1 e I

0
wt(%XJrf) =-1,1,3,5,1,3 for j =1,2,3,4,4,5,6 respectively
J

= X, f depends only on the z1, x2, x5 variables
= X, f = 125 + coxomws + c3xs for wt(X, f) =2
= X, f =0 because k > 2.

Now 0 = 52X, f = X, 2L 4320 = OL — 0. Similarly, 0 = ;ZX,f =

—L + 4—L —L = 0. Thus dim I = <8%5, g}) < 2. This contradicts dim
I 4 So Case 3 cannot occur.

Cased. I=(2)d (1)@ (1).

By the same argument as in the beginning of Case 1 in Lemma 1.1 we have
fiyer = 0for [if > 1. Thus f = f,, is of weight 0 and aa—lfl = aalf = 0. Similar
arguments as in Case 3 show that Case 4 cannot occur.

Case 5. I=(1)® (1)@ (1).

This case cannot happen by the same argument as Case 11 of Lemma 1.1.

Q.E.D.

Lemma 1.4. With the same hypothesis as Lemma 1.1, if dim I < 3, then I cannot
be an st(2,C) submodule.

Proof. We assume on the contrary that I is an s£(2, C) submodule.
Case 1. I = (3).
This case cannot happen by the same argument as Case 7 of Lemma 1.1.
Case 2. I =(2)a® (1).
This case cannot happen by the same argument as Case 4 of Lemma 1.3.
Case3. I=(1) o (1)@ (1).
This case cannot happen by the same argument as Case 11 of Lemma 1.1.
Case 4. T = (2).
By the same argument as in Case 3 of Lemma 1.3 we have f = f7 | is of

weight 0 and a% = 9L — 9L — 9/ _ (. Thus f depends only on the x5, x¢

Oxo Oxs Ox4
. k:+l k+1 k;-‘,—l k+1 k+1
variables = f = cx;? x5 . If f#0, then ¢ # 0, 2L Bas = 3 5 Tgo X+‘Lam6 =

krl kzlcx;s:rg?. Since wt(X+&%) =3, so X+&% =0 = ¢ =0. We conclude
that Case 4 cannot occur.

Case 5. I = (1) (1).

This case cannot happen by the same argument as Case 11 of Lemma 1.1.

Case 6. I = (1).
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This case cannot happen by the same argument as Case 11 of Lemma 1.1.
Q.E.D.

Theorem. Suppose st(2,C) acts on the space of homogeneous polynomials of de-
gree k > 2 in x1,%2,T3, T4, X5, Tg VG

o 0 0O 00D
T= xl(? T xQ@xg x?’@xg x48$4 x5a$5 xGaxﬁ,
0] 0 0] 0
X+ = 321?18—2 +4$26 +3ZL’38 +$5ax6
X_ —xi—i—x +x 4 +x 4
2001 POry | 'Oxs | COws

Suppose the weight of x; is given by the corresponding coefficient in the expression
of T above, i.e.,

wt(z1) = 3,wt(z2) = 1, wt(zg) = —1,wi(xs) = =3, wt(zs) = 1, wt(zg) = —1.

Let I be the complex vector subspace spanned by %, aa—f, aa—f, aa—f, aa—f, and g—f
1 T2 T3 T4 ZTs5 T
where f is a homogeneous polynomial of degree k+1. If I is an sf(2, C)-submodule
then either
(i) f is an s£(2, C) invariant polynomial in the x1,Ta, X3, T4, Ts5, Te variables and
I=(4)®(2), or
(i) f =g+ c1zsad + caxdze where g = d(2z12] — Fraxd — 2w0w523 + 2w30¢x6)
is an sf(2, C) invariant polynomial with (c1,c2) # (0,0) and d #0. I =

dg 0dg 0g 0dg dg OJg
— 2 2 2 Z 2N _(4 2
<al’1,a$2,al’3’6$478$576$6> ()@()

3.2 2 3
= (x3 2226, 2522, 23) © (61123 — Arows26 + T37E, 20003 — 2037576 + T4TE),

or
(i) f is an s€(2,C) invariant polynomial in the x1, 22, x3, x4 variables and I =

(4).

Proof. This is an immediate consequence of Lemma 1.1 through Lemma 1.4.
Q.E.D.
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