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PROPERTIES OF EXTREMAL FUNCTIONS FOR SOME
NONLINEAR FUNCTIONALS ON DIRICHLET SPACES

ALEC MATHESON AND ALEXANDER R. PRUSS

ABSTRACT. Let B be the set of holomorphic functions f on the unit disc D
with f(0) = 0 and Dirichlet integral (1/m) [[, |f’|? not exceeding one, and
let b be the set of complex-valued harmonic functions f on the unit disc with
f(0) = 0 and Dirichlet integral (1/2)(1/x) [, |V f|> not exceeding one. For
a (semi)continuous function ® : [0,00) — R, define the nonlinear functional
Ag on B or b by As(f) = %'62‘" O(|f(e?)]) df. We study the existence
and regularity of extremal functions for these functionals, as well as the weak
semicontinuity properties of the functionals. We also state a number of open
problems.

0. INTRODUCTION

Let © be the (holomorphic) Dirichlet space of functions f holomorphic on
the unit disc D = {z € C: |z| < 1}, with f(0) =0 and

01) B[] 17 iR dody < .

Equipped with the inner product
def 1 / NN
(a2 [ re s g Ty dy

® becomes a Hilbert space. Let B = {f € ® : || f|lo < 1} be its closed unit ball.
Note that it is easy to verify that

oo

(0.2) 1A% = nlfm)?

n=1

and

(0.3) (f.9) =Y nf(m)jn),

n=1
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where f (n) denotes the nth Taylor coefficient of f. It is useful for purposes of
intuition to note that 7| f||% is the area of the image f(D), counting multiplicities.

To place ® in a larger picture, it should be noted that ® contains unbounded
functions (any univalent map to an unbounded region of finite area will be in @),
and that not every function from the disc algebra lies in ®. This last fact is
easiest proved by choosing a summable lacunary sequence of Taylor coefficients for
which (0.2) fails be to be finite. Finally, ® C BMOA. One of the easier ways to
prove this is to note that from (0.2) it follows that if f € © then

2

[eS) m—1 )
sup ) |f(mn+ )| | < oo,
mzl,3 \ =1

which is C. Fefferman’s sufficient (and, if we have f(k) > 0 for all k > 0, then also
necessary) condition for a holomorphic function f on D to be a member of BMOA
(see, e.g., [21] or [4]).

In this paper we shall be concerned with functionals Ag on B defined by

Aa(f) = /T B(f1),

for f € B and ® : [0,00) — R having various (semi)continuity properties, where T
is the unit circle with normalized Lebesgue measure, so that [ ®(|f|) is short for
2 .
5= Jo (I f(e)]) db.
These questions are motivated by the Chang-Marshall inequality which states
that if we put

(0.4) D (t) = e,

for positive a, then Ag,_ is bounded on B if and only if & < 1. Given an estimate
of Beurling [3] which we shall discuss later, the cases o # 1 are not difficult to
handle. Chang and Marshall’s original proof [7] of the boundedness for o = 1 used
arguments based on ideas from the proof an inequality of J. Moser [17]. A shorter
potential-theoretic proof which uses Moser’s inequality directly has since been found
by Marshall [15]. On the other hand, Essén [10] has found a significantly more
general and stronger inequality. Among other things he shows that Ag, (f) remains
uniformly bounded in f if the condition || f||» < 1 is weakened to the condition that
the area of the range f(D), not counting multiplicities, does not exceed 7 (recall
that 7| f||% was the area, counting multiplicities).

We shall show that the Chang-Marshall inequality is so sharp that we cannot

replace ®4(t) = et by (;5(t)et2 for any non-negative ¢ tending to infinity. More
precisely, we have the following result.
Theorem 1. Suppose ®(t) = (;f)(t)et2 has Ag bounded on B, or even just on the
Beurling functions, for a non-negative ¢. Then ¢(t) cannot converge to oo as
t — oo. In particular, if ¢ is non-decreasing, then it must be bounded.

The Beurling functions B, are defined by

IOg 1—1?12

,/logﬁ

B.(z) =
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for a € D\{0}, where the branch of the logarithm is chosen so that B,(a) is real.
The denominator was chosen so that ||B,||o = 1. Chang and Marshall’s original
proof [7] of their inequality proceeded by first proving it for the Beurling functions,
and then comparing general functions to them. Up to a normalizing factor, the B,
are the kernel functions for ©.

The final result which we need about the Dirichlet space is Beurling’s estimate,
which we have already mentioned. Let

(0.5) En(f)=H{zeT:|f(2)] = M}

Note that these level functions fit into our general setting, since En(f) = Aa(f),
where @ is the indicator function of the interval [M, oco). Beurling proved in his
influential thesis [3, pp. 34-37] that

(0.6) En(f) < et

whenever f € 8. He also showed [3, pp. 39-41] that this estimate is sharp in the

sense that there is an absolute constant ¢ > 0 such that
2

(0.7) En(Bg) > ce ™7,
when

. M= ,[log ——.
(0 8) 0g 1— |a|2

From (0.6) it is not hard to show that if p is any polynomial and C' any finite
constant, then

(0.9) p(| )" € L7(T),

for every f € © and every finite r (see, e.g., [7], where this observation is attrib-
uted to J. Garnett). Furthermore, as mentioned before, it is well known (and the
knowledge of this fact preceded the Chang-Marshall inequality) that one can use
Beurling’s estimate to show that Ag, is bounded for ao < 1, by using the expression

(0.10) /ea\ff =1+ 2a/ En(f)Me™ dM.
T 0

Definition. A function f is extremal for a functional F' defined on a set of func-
tions S provided f € S and F(f) > F(g) for all g € S. In particular, a function f
is extremal for Ag if f € B and As(f) > As(g) for all g € B.

In the first section of this paper we give results concerning existence of extremal
functions f € B for the functional Ag for certain classes of functions ®: [0, c0) — R,
using weak semicontinuity methods. Theorem 1 will follow from a result given in
that section. Some of our results are general propositions concerning convergence
in measure on a finite measure space, and are related to the direct methods in the
calculus of variations. In the second section we discuss the generalization of the
results of the first section from the holomorphic Dirichlet space to various harmonic
Dirichlet spaces. In particular, we use the Chang-Marshall inequality to obtain an
analogous inequality which is maximally sharp in the sense of Theorem 1 for the
complex-valued harmonic Dirichlet space. We also discuss the generalization to
non-radially-symmetric functionals.

In the third section we discuss the regularity of the extremal functions. In
particular we demonstrate a more general version of the following result.
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Theorem 2. Suppose ® : [0,00) — R is such that ®(v/1) is infinitely differentiable
with respect to t on (0,00) and each of its derivatives is bounded near zero. Also
assume that ®'(t) # 0 on (0,00), and that there is a finite constant C such that
1®/(¢)] = O(eCt’) as t — oo. Then any extremal function for Ae must lie in
C>®(D), i.e., for every non-negative k we must have f*) in the disc algebra.

Note. The theorem does not assert that there actually exists an extremal for Ag,
but only that if there is one, then it must be in C*°(D).

In the fourth section we discuss generalizations of Theorem 2 and similar the-
orems for various harmonic cases and for the case where the functionals are not
radially-symmetric. A particular example of this is the following result.

Theorem 3. Suppose that ® : R? — R is infinitely differentiable, and that the first
partials ® ; satisfy the condition |® ;| = O(e?), for j = 1,2 and some constant
C. Assume also that @ satisfies the strict monotonicity condition x1® 1(x1,z2) +
29® o(x1,x2) > 0 for (x1,22) # (0,0). Then if the functional f — [L(®o f),
defined on the set of complez-valued harmonic functions f on D with f(0) =0 and
Dirichlet integral % IS VS |2 not exceeding one, has an extremal function, then
this extremal function must lie in C°°(D).

Note that one can actually drop the requirement of harmonicity of f here and
consider all functions f on D which lie in the Sobolev space C(D) N W3 (D), and
have Dirichlet integrals not exceeding 1 and whose boundary values (defined via
the operator coming from the trace theorem) have mean zero. For, given such an
f, assuming it is not harmonic, by a generalization of the Dirichlet principle there
will be a harmonic g whose Dirichlet integral will be strictly smaller, but whose
boundary values will be the same, and by our strict monotonicity condition we
will be able to increase the functional by renormalizing g, so that f cannot be
non-harmonic. Thus the extremals are automatically harmonic.

In the fifth and final section we give the proofs of the more difficult theorems
from the first, second and third sections in cases where we have judged it expedient
not to give them immediately.

Finally, we mention the following open problem which we feel is quite interesting,
but which we shall not discuss beyond this section except for a brief mention in §3.
More information can be found in [18].

Open Problem 1. Let U be a domain in the complex plane with finite area,
containing the origin. Let F be the collection of ® : [0,00) — R such that ®(e’)
is convex and non-decreasing in t; we will then have ®(|z|) subharmonic on U.
For ® € F, let h(z) be the least harmonic majorant for ®(|z|) on U, and set
Te(U) = h(0).

(i) Is there a simply connected domain U (independent of ®) such that Area(U)

< Area(U) and T'e(U) > ' (U) for every @ € F7?
(ii) Can, moreover, U be taken to be starlike?

In the notation of this problem, Essén’s result [10] mentioned above says that if
Area(U) < 7 and @, (t) = e'* then I'g, (U) < C for some absolute constant C.

Whenever U is simply connected and ® € F, then I's(U) = Ag(F'), where F is
a Riemann map from D onto U with F'(0) = 0. To prove this we first note that if
I'e(U) < 0o and h is the least harmonic majorant for ®(| - |) on U then, as in [10,
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Proof of Cor. 1], we have

/% O(|F(re'))) do < a h(F(re')) df = 2wh(F(0)) = 2wh(0),
0 0

for every 0 < r < 1. Taking the limit as r T 1 we conclude that Ae(F) < T'e(U).
Assuming Ag(F) < oo, the converse inequality then follows from the fact that F'
lies in the Nevanlinna subclass N T (since F is univalent), so that, as in [11, p. 515],

(0.11) lim QL/O "B F(re®))) do = %/O " F(e))) df = Aa(F),

and then, as usual, if u, is the least harmonic majorant of ®(|F|) on the disc
{lz| < r}, where 0 < r < 1, we will have supy<,.; ur(0) = As(F) < oo, since u,(0)
is equal to the integral on the left hand side of (0.11), and, letting » 1 1, Harnack’s
principle implies that the u, converge to a harmonic majorant for ®(|F|) on D,
whose value at zero will be precisely Ag(F) (cf. [12, Ch. I, Sec. 6]). A similar result
of Burkholder and Baernstein can be found in [5].

Thus, if (i) were to hold, then Essén’s result would be a consequence of the
Chang-Marshall inequality (indeed, of the special case where the Chang-Marshall
inequality is only shown for univalent functions.) It would also follow that to obtain
the supremum of Ag over B, where ® € F, it would suffice to test univalent (and
starlike if (ii) also has an affirmative answer) functions. Furthermore, if such a Ag
achieved its maximum on B, then it would achieve it on the univalent (respectively,
starlike) functions, if the answer to (i) or, respectively, to (ii), were affirmative.

We also remark that a positive answer to Problem 1(i) would, together with the
fact due to Andreev and Matheson [1] that the LP(T) norms for finite p are weak
continuous on ® so that Ag for ®(¢) = tP has an extremal function because of the
weak compactness of B, would imply a positive answer to a problem of Sakai [20] as
to whether there exist extremal domains U with AreaU = 7 for the functional I'g
where ®(t) = tP. (See Sakai [20, Thm. 5.10] for a positive solution of the analogous
problem in all dimensions other than 2.)

We note that circular rearrangement does increase the I'g. This follows from
[2, Thm. 5], though one can also prove it directly by modifying the proof of [2,
Thm. 7]. Marcus [14] has studied a radial rearrangement method which does not
increase area, while it does increase some capacities and transforms domains con-
taining the origin into starshaped ones. Unfortunately, there exist very simple
counterexamples where this rearrangement method decreases some of the I's. Re-
cently, however, the second author has conjectured that Marcus’ rearrangement
does not decrease the I'g if it is applied to a circularly symmetric domain. Were
this conjecture just, an affirmative answer to Problem 1 would follow by combin-
ing Marcus’ radial rearrangement with circular symmetrization. See [18] for the
counterexamples mentioned above and for further information on the problem.

1. EXISTENCE OF EXTREMAL FUNCTIONS

The main tools for results in this section are the weak compactness of B and the
fact that weak convergence in B implies convergence in measure on T. Indeed, as
shown in [1], weak convergence in 9B implies convergence in LP(T), for 0 < p < oo,
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which in turn implies convergence in measure. If we can show that a functional
is weak upper semicontinuous on 8 then we will be able to immediately conclude
that it achieves its maximum there.

The authors would like to encourage the reader to review the work of Andreev
and Matheson [1] (and perhaps also that of Cima and Matheson [8]) to make clearer
the exact nature of the present work.

The outstanding open problem in this area is the following.

Open Problem 2. Does the Chang-Marshall functional Ag,, where ®4(t) = e,
have an extremal function?

It is known that restricted to the closed convex hull of the Beurling functions it
attains its maximum [8], and it was conjectured by Andreev and Matheson [1] that it
attains its maximum on B at the identity function. This last conjecture is supported
by the second author’s numerical verification of the inequality Ag,(p) < e (since
e is the value of Ag, at the identity function) for over 40 million pseudorandomly
chosen polynomials p of degree 6. However, the general methods of the present
paper cannot be used to give the existence of an extremal function for Ag,, because
all the methods herein listed are based on upper semicontinuity, and Ag, fails to
be upper semicontinuous at zero (see [8, end of proof of Thm. 1], or the proof of
Theorem 1 given below). Thus the problem remains open. We note that Carleson
and Chang [6] have shown that extremal functions do exist in the closely related
inequality of Moser [17] (see also [16] for another proof of this non-trivial result).

Finally, we remark that it has been very recently shown [19, Thm. 5] that there
exists a perturbation ® of ®; such that Ag has no extremals over B even though
® is a non-negative non-decreasing convex infinitely differentiable function with
<i>(t) < e!” and limy_ o e_tzfi)(t) = 1. However, this does not provide any evidence
against Problem 2 since an analogous result has also been shown in [19, Thm. 4]
to hold with regard to the Moser inequality, despite the fact that an extremal is
known to exist in the latter. Moreover, it is not very difficult to show that there
exists an infinitely differentiable function ¥ which agrees with ®; outside of some
bounded interval [0, 7] such that Ay has an extremal over B (see [19, Thm. 5]).

As noted above, weak convergence in B implies convergence in measure on T.
Thus, we first give some results on convergence in measure, which immediately
specialize to give results concerning weak semicontinuity on the unit ball of the
Dirichlet space, or indeed semicontinuity on any separable topological space of
functions on a finite measure space whose topology is at least as fine as convergence
in measure. (To avoid confusion, we should note that we say that a topology 7 is
at least as fine as a topology 7’ if all 7/-open sets are also T-open.)

Let (I, 1) be a finite measure space. As before, but now in a more general setting,
write

Aa(f) = / B(|f1) dp.

The following result is a direct consequence of Fatou’s lemma.

Lemma 1. Let ® : [0,00) — [0,00) be lower semicontinuous. Then, given a
sequence {fn} of measurable functions on I converging in measure to f, we must
have

n—oo



NONLINEAR FUNCTIONALS ON DIRICHLET SPACES 2907

We then obtain the following simple theorem.

Theorem 4. Let B be a set of measurable functions on I equipped with some
separable topology T at least as fine as convergence in measure. Let ® : [0,00) — R
be upper semicontinuous and let ¥ : [0,00) — R be lower semicontinuous with
® < U on [0,00). Then if Ay is upper semicontinuous on B with respect to T, so
8 Aq>.

Proof. Let f, — f be a T-convergent sequence in B. This sequence must also
converge in measure. But ¥ — @ is lower semicontinuous and nonnegative, so that
by Lemma 1 we have liminf, o Av_a(fn) > Av_a(f), and thus Ay_g is 7-lower
semicontinuous on B. But Ag = Ay — Ay_o, and Ay is 7-upper semicontinuous,
so Ag must be 7-upper semicontinuous as well. O

Thus if we take I = T and B = B with the weak topology, then under the
conditions of the theorem, Ag is weak upper semicontinuous on 8, and hence it
will attain its maximum there.

Corollary 1. The functionals Ey defined by (0.5) for M > 0 are weak upper
semicontinuous on B and hence attain their maxima there.

Proof. Let ®(t) be the indicator function of [M,00) so that Ep = Ag, and let
U(t) = 1. Then ® is upper semicontinuous, while clearly ¥ is lower semicontinuous
and Ay is upper semicontinuous, so that our result follows from the trivial inequality
® < ¥ together with Theorem 4. O

We do not know any specific functions f € B that maximize the Ep(f) if M > 1,
but the above result implies they exist.

Open Problem 3. Find functions that maximize the Ey; if M > 1.

The extremals are not expected to be unique, not even up to a multiplicative
constant of modulus one. If M < 1, then, e.g., any univalent map f whose range
has area at most 7 and includes the disc {z : |z| < M} will maximize Ep/(f) (with
the maximum Ej;(f) = 1), and there are many such f if M < 1.

Open Problem 4. Determine the extremal functions for other simple choices of
®, such as ®(t) = t2".

This last choice does lead to the existence of extremal functions (since the LP(T)
norms for finite p are weak continuous on ® by [1]), and, by Theorem 2, the extremal
functions will in fact have to lie in C°°(D). It is easy to see that the identity
function is extremal for ®(¢) = ¢2, and the first author has shown it to be extremal
for t? whenever 0 < p < 4. (Professor Makoto Sakai has kindly informed the
authors that he had heard of Professors N. Suita and S. Kobayashi independently
proving almost the very same fact.) However, it is not known what the extremal
functions for ®(t) = ¢2 look like for n > 2. As Andreev and Matheson [1] note,
for n sufficiently large the identity function will not be extremal, since 8 contains
unbounded functions. In fact, the following result holds.

Proposition. (Sakai [20]) If ®(t) = tP where p > 4, then there exists f € B such
that Ao (f) > Ao (2), where z indicates the identity function.

Proof. Let ®(t) = t? for some p > 4. Let I's be the functional in Problem 1. Let
D,, be an open disc of unit radius centred about the point w. The proof of [20,
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Prop. 7.4] shows that

p(p—4)

1 e? 4+ o(e?),

To(Dee) =1+
as € > 0 tends to 0+. Hence for € > 0 sufficiently small, we will have I'g (D) >
1 =Tg(Dyp). Now, if 0 € D,, then let f,, be a univalent function from D onto D,
with f,,(0) = 0. By the remarks following Problem 1, because of the univalence of
the f,, we will have

Ao (fee) =Ta(Dee) > T'ap(Do) = Ao (2),

for sufficiently small € > 0. O

Perhaps some insight could be gained into Problem 4 by numerical solutions to
the necessary condition for extremality given in §3.

Finally, we have the following criterion for upper semicontinuity in the case of
a function ® which is sufficiently strongly dominated by a function ¥ with Ay
bounded. As usual, write yT = max(y, 0).

Theorem 5. Let {f,} be a sequence of measurable, almost everywhere finite func-
tions on I, converging in measure to an almost everywhere finite function f. Let
® be a finite-valued upper semicontinuous function on [0,00), and let ¥ be a non-
negative Borel-measurable function on [0, 00) such that Ay is uniformly bounded on

{fa} U{f}. Suppose that
DT (t) = o(W(t))

as t — oo. Then limsup,, . Aa(fn) < As(f).

The proof of this result will be given in §5. Theorem 5 immediately yields the
following corollary.

Corollary 2. If |®(t)] = o(¥(t)) where ® is continuous and Ay is bounded on
some set B of functions on a finite measure space I, then Ag is sequentially con-
tinuous with respect to the topology of convergence in measure on this set.

Our Theorem 1 on the impossibility of sharpening the Chang-Marshall inequality
is a simple corollary of this, and we prove it as follows.

Proof of Theorem 1. Suppose lim;_,o ¢(t) = oo and suppose Ag is bounded on
the collection B = {B, : a € D} of the Beurling functions. Then et = o(D(t))
as t — oo, so that by Corollary 2 we would have f +— fT elfI” weak continuous
at 0 in BU{0}. But this is false as Cima and Matheson show [8, end of proof of
Thm. 1]. For completeness, however, we give here a different proof of this lack of
weak continuity at zero on B U {0} by using the sharpness of Beurling’s estimate.
For, if Ey = Ep(B,) with M and a related by (0.8), then we may apply (0.7) to
see that

/e'Bﬂz > M By +(1— Ey) > e+ (1= Ey),
T

for an absolute constant ¢ > 0. Now, by Beurling’s estimate (0.6) we have Ey; — 0
as M — oo (or, equivalently, as |a| — 1—), so that liminf |, _;_ fT elBal® > 14 c,
while it is easy to see (from the Taylor series expansions) that B, — 0 weakly as a —
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1—, and of course fﬂ, e = 1. Therefore, the Chang-Marshall functional restricted
to B U {0} fails to be upper semicontinuous at zero, and so lim;_,., ¢(t) = oo is
impossible. In particular, it is not upper semicontinuous at 0 € 8. ([

Cima and Matheson [8] have shown by an ad hoc method that the Chang-
Marshall functional Ag, is weak continuous on B\{0}. This fact implies that to
show the existence of an extremal function for Ag, it would suffice, for example, to
show that if f, — 0 weakly in 9B then limsup,, . As, (fn) < e = As,(2), where z
denotes the identity function.

For0<r<1,let

S(r)={fed:r<|fllo <1},

be a solid half-open spherical shell in ®. The following result then generalizes Cima
and Matheson’s result concerning weak continuity away from zero. We shall give
the proof in §5. The proof is not very difficult and does not depend on the Chang-
Marshall inequality. It is quite similar to the proof of (0.9) attributed to J. Garnett
in [7]. We note in passing that &(r) is not weakly closed, its weak closure being all
of B.

Theorem 6. Fiz 0 <r < 1. Suppose that ® : [0,00) — R is upper semicontinuous,

and that we have ®F(t) = O(e*") for every o > 1/(1—12). Then Ag is weak upper
semicontinuous on &(r).

Remark. If we take &(r,R) = {f € © : r < ||f|l®= < R}, then we can scale
the above result to see that if ® is finite-valued and upper semicontinuous with
(1) = O(e®”) for every a > 1/(R2 —r2), then Ag is weak upper semicontinuous
on 6(r, R).

The following result, which is more general than the result of Cima and Matheson
mentioned above, follows immediately from Theorem 6, as B\{0} = &(0).

Corollary 3. Suppose that ® : [0,00) — R is upper semicontinuous, and that we
have ®*(t) = O(eo‘t2) for every a > 1. Then Ao is weak upper semicontinuous on

B\{0}.

Remark. The result clearly applies to ®4(t) = ¢t”. Thus the difficult part of the
Chang-Marshall inequality (just as of the problem of determining whether it has
an extremal function) is to handle sequences converging weakly to zero.

Finally we have the following result which we give so as not to leave the reader
completely in the dark about the question of norm continuity. While we had defined
the Ag only on B, we can define them on ® as well. In particular, this result shows
that the Chang-Marshall functionals Ag, are norm continuous on all of ® for every
a < 00.

Corollary 4. Suppose that ® : [0,00) — R is upper semicontinuous, and that for
some o € R we have 1 (t) = O(eo‘tz). Then Ag is upper semicontinuous on D
with respect to the norm topology.

Proof. Possibly replacing a by something larger, we may assume that ®*(¢) =
o(e"‘tz). Let f,, — f in ®-norm. There are two cases to be considered. If f = 0,
then choose § > 0 such that aé < 1. For n sufficiently large we will have || f,,[|%, < 6.

Now Ag, , where ®, (1) = e’ is bounded on B if n < 1 (and if n < 1 then this does
not require the Chang-Marshall inequality but only Beurling’s estimate), so that
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by scaling, A, is bounded on ’B(\/g)déf{f €D : | f|l% < &} Then using the fact

that &1 (t) = o(eo‘t2) and applying Theorem 5 to the sequence {f,}2°  where N
is chosen so that || f,]|% < & whenever n > N, we find that limsup,_, . Aa(fn) <
As(f). (We have, of course, used the fact that if f,, — f in norm, then it also
converges weakly.)

On the other hand if || f||o > 0, then let M = || f||%. We have ||f,||3 — M. Fix
€ > 0 to be chosen later, supposing for now only that e < M. For n large enough we
will have M —e < || f||3 < M+e. Let r = M —c and R = M+¢. Then for sufficiently
large n we have f,, € &(r, R). Note that R? —r? — 0 as € — 0, so we may choose
¢ sufficiently small that o < 1/(R? —r2?). Then 8 > « whenever 8 > 1/(R? —r?),
so that for B > 1/(R2 — r2) we have ®T(t) = o(¢”"). Using the scaled version of
Theorem 6, we see that we must have limsup,,_, . Aa(frn) < As(f). O

2. GENERALIZATIONS OF THE EXISTENCE AND SEMICONTINUITY THEOREMS

2.1. Other Dirichlet spaces. We introduce two families of spaces sharing many

of the properties of the holomorphic Dirichlet space ®. Our first family consists of

the complex M-supported Dirichlet spaces. For M C Z*défZ\{O}7 we define

Dy ={f : f is complex valued and harmonic on D, such that

I£11% < oo and Vk € Z\M. f(k) =0},

where

(21) 115 = 5= [[ 195 dedy,

™

and f(k) is the kth Fourier coefficient of the boundary values of f on T. By the
Cauchy-Riemann equations, we see that if f is holomorphic on D then |V f(z,y)[? =
2| f'(x+1iy)|?, so that (2.1) agrees with (0.1). In fact, we easily see that for f € Dy
we have

(2.2) Il = > kIR,

keM

and just as for the holomorphic case we may define an inner product and obtain
a Hilbert space. Note also that our requirement that M C Z, implies that every
f € D has mean zero on T. The particularly interesting cases are the complex

harmonic Dirichlet space Ddﬁfi)z* and the holomorphic Dirichlet space D7+ = D,
where Z*T = {1,2,3,...}.

Our second family consists of the real (M, N)-supported Dirichlet spaces,
which for M, N C Z* are defined by

Du.n = {f: f is real valued and harmonic on D, such that ||f|% < oo,
Vk € ZE\M. ci(f) = 0 and Vk € ZT\N. sx(f) = 0},

where Z;" = Z* U {0}, and where

f(e) ~ i cr(f) coskf + isk(f)sinkﬂ.

k=0 k=1
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As before, ||f||% is defined by (2.1). We can easily verify that for f € DN we
have

(23) 1713 = 5 (Z OEDY k|sk<f>|2> .
keM keN

Note that D s n is a real Hilbert space with the obvious inner product. Note also
that every f € ® s, n has mean zero on T. The particularly interesting case is the

real harmonic Dirichlet space ORdéf@Z+7z+.

Now define B s and By n to be the closed unit balls of ® 3 and Dz, n, respec-
tively. For conciseness, write b = Bz, for the closed unit ball of 0 and br = B+ 7+
for the closed unit ball of 0. Now, suppose f,, — f weakly in one of the B,; or
B n. Then, we can write f,, = g, +hy, and f = g+h, where g and h as well as the
gn and h,, are all found in B, with g, — g and h,, — h weakly in %B. This follows
from (2.2) and (2.3), together with (0.2). Then, g, — g and h,, — h in measure
on T by the properties of weak convergence in 8, and it follows that f, — f in
measure on T. Thus the general measure-theoretic results of the previous section
work just as well for ®B,; and B, n as for B.

However there is a problem when we come to the theorems which deal specifically
with the Dirichlet space, i.e., those which employ the Beurling estimate or the
Chang-Marshall inequality. Thus, we now take some time to discuss the analogues
of these results in b. Note that any boundedness results we prove on b immediately
give results on By, and By N, since, clearly, By C b for every M C Z,, and
Brr,n C br C b for every M, N C Z".

Chang and Marshall [7] note that their inequality remains valid in the real har-
monic Dirichlet space. (Note, however, that our notation is somewhat different
from theirs. While we have chosen to define our ®ys and D, n spaces so that
the norms on their intersections coincide, Chang and Marshall choose a norm on
Og such that the critical exponent for their inequality remains 1.) In our notation
we have the following easy harmonic analogues of Beurling’s and Chang-Marshall’s
results. Note that the critical exponent has now become 1/2 instead of 1. In §5
we show that both results follow from the Beurling and Chang-Marshall results for
the holomorphic Dirichlet space 2.

Theorem 7. Suppose f € b. Then
(2.4) En(f) < 2e7M°/2,
for every M > 0.
Conversely, if we assume that M > \/7 and that M and a are related by (0.8),
and if we put K = M — w/M, then
(2.5) Ex(V2ReB,) > ce 5°/2
for some absolute constant ¢ > 0.

Note. Of course it is easy to verify using (2.3) and (0.2) that

IRe fllo = (1/vV2)llfllo,

for f € ®. Thus ||v/2Re B,||o» = 1. Note also that the constant ¢ may be different
from the one in (0.6). Finally, note that (0.9) remains true in our new case. The
proof is the same as Garnett’s proof of the original (0.9), given in [7], but using (2.4)
in place of (0.6).
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Theorem 8. If ®,(t) = ¢ and a < 1/2, then Ag, is bounded on b. Conversely,
if o(t) — oo and D(t) = ¢(t)et”/2, then Ao fails to be bounded on {(1/v2)ReB, :
a € D}.

Remark. Chang and Marshall [7] noticed that Ag, , is bounded on bg. Of course
br C b.

We thus see that the critical exponent for Chang-Marshall type results on b and
bg is 1/2, and that Ag, , remains bounded. This leads to the following questions.

Open Problem 5. Let B be one of the By or B, n. We call ag the Chang-
Marshall critical exponent of B if ag is the supremum of numbers a such that
Ag, is bounded on B. What are the Chang-Marshall critical exponents of B, and
B,y for different choices of M and N7 Does A%O always remain bounded when
aq is the Chang-Marshall critical exponent, assuming that ay < co?

Theorem 8 shows that 1/2 < «yq for every such B, since each such B is contained
in b. Actually upon deeper investigation of the above question, it might turn out
that for some choices of M, or of M and N, it is more natural to consider functions
other than the et to get an inequality of Chang-Marshall type which is maximally
sharp in the sense of Theorem 1. It should also be noted that if M and N are finite
sets or even if 37, oy, iy and 35,y converge, then ag = oo, since in this case
D and Dpr,v embed into C(T).

By an easy adaptation of Beurling’s proof of (0.6), it can be shown that if
B =%B,/, then

(2.6) > lim inf log 1=
. ao 2 limint —————-.
e SRR

To prove this, it suffices to show that if 3 is strictly less than the right hand side
of this, then we have

(2.7) Ex(f) < Ce X7,

for f € B and K finite, where C' is a constant possibly depending on 3 and M.
For, given this, it follows from the analogue of (0.10) that Ag. is bounded on By,
for every v < (. But it is not difficult to adapt the proof of Beurling’s estimate
in [3, pp. 34-37] to yield (2.7). To do this, one first notes that by Chebyshev’s
inequality, Ex (f) < K72||f|I3 < K72||f||3 < K2 if f € B). This implies that
Ex(f) — 0 uniformly in f € By as K — oco. One then sets 1—(r/R)? = Ex(f)/e,
as in the last sentence of Beurling’s proof, and considers at first only K sufficiently
large that
log —
i - 8.
ZneM \_711| %

This can be done, as these inequalities must hold for /R sufficiently close to 1 since
we have chosen (§ to be strictly lower than the right hand side of (2.6) and since
1—(r/R)?> - 1 as K — oo. For such large K one can then easily adapt Beurling’s
proof to obtain (2.7) with C' = e. For smaller K one can use the trivial estimate
Ex(f) <1, which may possibly force one to increase the constant C'.
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Note that if M = Z, so that B, = b, we then have

1

1—r
1 |n

Znel* \n|T‘ !

lo
5 —1/2,

for every r, and arguing much as above we can in fact obtain (2.7) with 8 = 1/2
and C = e, which is an improvement on the constant in (2.4).

We may now easily translate all the theorems and corollaries of the previous
section from B to By and Br,ny. The only thing that needs to be done is to
scale the exponents to reflect the fact that the Chang-Marshall critical exponent
need no longer be 1. A representative example of this is given by the following
generalization of Theorem 6.

For 0 <r <1, let

Su(r) ={f €Dm:r<|fllo <1},

be a solid half-open spherical shell in @, and similarly define the shell & n(r)
in S)M,N~

Theorem 9. Fiz 0 <r < 1. Let & (r) be one of the Sy or Sy n, and let ap be
the Chang-Marshall critical exponent of the corresponding Bar or Bar,n. Suppose
that @ : [0,00) — R is upper semicontinuous. If ag < 00, then suppose that we
have ®F(t) = O(e") for every a > ag/(1 — r2), and if ap = oo, then suppose
that ®F(t) = O(e*") for some finite o. Then Ag is weak upper semicontinuous on
&'(r). In particular, if we have ®F(t) = O(e™) for every o > 1/(2(1 —12)), then
Ag is weak upper semicontinuous on every Sy and Gy n.

The “in particular” clause follows from the fact that g > 1/2. Note that the
case ap = oo is in fact trivial since in that case if ®F(t) = O(e®"") for some o < 0o
then Ag, ., is bounded on B, and ®*(t) = o(e@+ D) 5o that by Theorem 5 we

have Ag weak upper semicontinuous on all of B.
All the other results of §1 can be analogously translated.

2.2. Removing the radial symmetry. Finally we would like to note that all the
results of §1, together with the generalizations mentioned in §2.1, can be routinely
generalized to deal with functionals of the form

fH/T(%f),

where ® : C — R and the conditions on the growth of ®(t) as t — oo are replaced
by conditions on the growth of ®(w) as |w| — oo uniformly in argw. In fact,
the results of §1 which concerned functions on an arbitrary finite measure space I
(and not specifically the functions from D) can be easily generalized to allow the
functions to take values in R™ and to consider the functionals

fe[@or,

where ® : R" — R.
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3. REGULARITY OF EXTREMAL FUNCTIONS AND
A NECESSARY CONDITION FOR EXTREMALITY

The following necessary condition for extremality is of some interest on its own,
and is needed in the proof of our result on the regularity of extremal functions. It
is proved in §5.

Theorem 10. Write U(t) = ®(\/t). Assume that U is differentiable on (0, 00),
with |V’ (t)] < ce®t for some finite constants ¢ and C, and every t > 0. Suppose
f €D is an extremal function for Ag. Write

Sulf) = / NR%0e)

Then if Sy (f) vanishes, it follows that f¥'(|f|*) vanishes almost everywhere on T.
Assuming that Sy (f) does not vanish, we have f' € H? and

(3.1) Su(f)zf"=Po (FY(If)) .

on T, where z stands for the identity function on T, and Py is the orthogonal

projection from L?(T) to Hg(']l‘)déf{f € H*(T) : f(o) = 0}.

Moreover, if we also have || f|lo < 1, then Sy (f) must vanish.

Remarks. The functional Ag makes sense on 9B since the hypotheses guarantee
that [(t)] < cC~1(e®t — 1) + |¥(0)|, which, together with (0.9), guarantees the
finiteness of Ag(f) for every f € B (indeed, for every f € D). Similarly, the right
hand side of (3.1) and the integral defining Sy (f) make sense because of (0.9) and
our assumption on the size of |¥’|.

Also, we note that the identity function always satisfies (3.1) even though it
may not be extremal. (For example, it will not be extremal if ®(¢) = 2" and n is
sufficiently large.)

The interested reader may, of course, translate the conditions on ¥ into condi-
tions on ®, but they are perhaps more naturally stated for ¥’. This will be even
more true in the next theorem.

If ¥’ (or, equivalently, ®') does not vanish on (0,00), and S¢(f) = 0, then the
vanishing of fU’(|f|?) on T implies that f = 0, and (3.1) trivially continues to hold.

The criterion (3.1) was shown by Andreev and Matheson (see [1, Cor. 3 and
remarks following it]) in the special cases of the Chang-Marshall functions @, (t) =
e’ and of the functions ®(t) = t?", under the auxiliary assumption that f’ €
H'. Our result above shows that this assumption will automatically be satisfied
whenever f is extremal and @’ does not vanish on (0, 00).

Note that for any ® the functions f of the form f(z) = az™ where n|a|? =1 (in
particular this includes the identity function) provide solutions to (3.1). However,
in general they may not be the only solutions. For instance, if ®(t) = t*" where
2n > 4, then an extremal exists as noted before, and clearly the hypotheses of
Theorem 10 are satisfied. But we have seen that the extremal in that case is not
the identity function. Nor can it be of the form f(z) = az™ with n|a|? = 1, since for
any such function we have Ag(f) < Ag(z), where z indicates the identity function.

If one could prove that for all a < 1 sufficiently close to 1 all solutions f
of (3.1) are of the form f(z) = az" with nla|?> = 1, then it would follow that
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Supgem Ao, (9) < e™ for a < 1 sufficiently close to 1, and so by a limiting argument
we would conclude that Ag,(9) < e = Ag,(2), which would give an affirmative
answer to Problem 2.

Numerical solutions to (3.1) might lead to a better understanding of the extremal
functions for Ag.

Open Problem 6. Investigate numerical algorithms for solving pseudodifferential
equations on T of the form

2f" =Po (fo(I£1%) .

where f is the boundary value of an analytic function and v a sufficiently nice
real-valued function.

The following question is related to Problem 1.

Open Problem 7. If ®(e’) is convex in ¢ and ®'(z) > 0 for every z > 0, then
does it follow from (3.1) that f is automatically univalent? If so, then must it also
be starlike?

Finally, as a corollary to Theorem 10, we obtain our result on the regularity of
extremal functions. The proof is also given in §5.

Theorem 11. Write ¥(t) = ®(\/t). Fir an integer n > 0. Suppose that ¥
is n times differentiable on (0,00). If n > 0 then assume further that W™ is
Lipschitz on bounded subintervals of [0,00), and, if n = 0, then assume that U
is differentiable on (0,00). Also assume that 0 < |U'(t)| < ce®t for some finite
constants ¢ and C, and for every t > 0. Finally assume that f € B is an extremal

function for Ag. Then f is n times continuously differentiable on T. Furthermore,
™) s absolutely continuous on T, and in fact f*+t1) € BMOA so that f(") € A*.

Remarks. The Zygmund class A* is the set of functions g on T such that for every
0 € [0,27) we have F(e!0tM) 4 F(e/0—M) — 2F(e?) = O(h).

Of course if Ag has no extremal functions, then the content of the theorem
as stated is null. Note, however, that as the proof will show, the conclusion of
Theorem 11 holds not only for extremal functions f, but indeed for any functions
f satistying the conclusion of Theorem 10 with Sy (f) # 0.

Theorem 2, which we stated in the Introduction, follows from Theorem 11.

4. GENERALIZATIONS OF RESULTS FROM SECTION 3

Let & : R* — R where k = 2 or k = 1. When convenient, we shall make the
identification C = R?. We consider the functionals

Ao (f) :/T@Of),

on the various B and B,y defined in §2.1, with £ = 2 in the case of the Bjs
and k = 1 in the case of the B, n. Note that if ¥ : [0,00) — R then the previously
defined Ay agrees with the newly defined Ag if we take ®(z) = ¥(|z]).

The following result will generalize Theorem 10. For M C Z we can define L% (T)
to be the space of those complex-valued functions on T lying in L?(T) whose Fourier
transforms are supported on M. Similarly, for M C Z*+ and N C Z], we can define
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L% n(T) to be the space of those real-valued functions on T lying in LP(T) whose
Fourier cosine and sine transforms are supported on M and N, respectively. Write
P and Py, n for the orthogonal projections from L? to L, and L3, v, respectively.
Write H for the isometry L3(T) — LZ(T) defined by 2" +— sgn(n)z" for n # 0.

In the foregoing, (V®)(f) will indicate V@ evaluated at f, where VO is the
gradient if ¥ = 2 and the derivative if £k = 1. We denote the euclidean inner
product of x,y € R* by (z,). Of course if & = 1 then (z,y) = xy.

Theorem 12. Let B be one of the By or By n. If B is a By, then let k = 2,
and if B is a By N, thenlet k=1. Let & : RF — R. Assume that Ag is defined on
B, and that ® has first partials ® ; everywhere on R¥, satisfying |® ;(z)| < ceCl#l”,
for every z € RF, where 1 < j < k, and ¢ and C are any finite constants. Suppose
f € B is an extremal function for Ae. Write

Qalf) = / (. (VO)(1)).

Assuming that Qa(f) does not vanish, we have %e;e) € L*(T) and

67;0
(a.1) ~iQa (NP —prv (vay(py),

on T, where P is either Pyr or Par,n, corresponding to the choice of B as By or
BN, respectively.
Moreover, if we also have ||f||lo < 1 then Qa(f) must vanish.

Remarks. The proof of the last sentence of the theorem is an easily justified dif-
ferentiation of the function r — Ag(rf) at » = 1. In the case of B = By, one
proves the rest of the theorem by using exactly the same variational methods as in
the proof of Theorem 10. The only conceivable difficulty is where the proof asserts
the boundedness of Py by means of the M. Riesz theorem. However, the proof only
used the L? case of the M. Riesz theorem, and it is still trivially true that Py is
bounded from L? to L3,. It should also be noted that at the point at which we
had previously asserted that if f is extremal then so is —if, one must modify the
remark to note that if f is extremal for Ag(.) then —if is extremal for Ag(;(.))-

In the case of B = B,n, we simply need to use two slightly different variations,
namely

frn LEXCn
1+ ACmllo’
for m € M, and
fr LS,
1f+ASullo’

for n € N, where C,,(e"?) = cosm@ and S,,(¢%) = sinm#f. The rest of the proof
adapts.

The careful reader will note that Theorem 12 is not a complete generalization of
Theorem 10. First of all, Theorem 10 had a discussion of what happens when Sy (f)
vanishes. We cannot reproduce this, because the proof of it was based on analyticity.
Secondly, Theorem 10, when translated into the language of Theorem 12, did not
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require the first partials of ® to exist at zero. We may explain this as follows. The
proof of Theorem 10 which was adapted to yield Theorem 12 still goes through if
we only assume that, first of all, ® ;(2) exists on R*\E for some set E such that
[{e : f(e?) € E}| = 0, and that, secondly, ® is Lipschitz on compact subsets of
some e-neighbourhood of the image of f. In the holomorphic case of Theorem 12
we simply took E = {0} and noted that if |f| € F on a set of positive measure,
then f =0 and the results are trivial.

Definition. We say that ® : R¥ — R satisfies our strict smooth monotonicity
condition if ® is Lipschitz on compact subsets of R* and has
d®(rz)

(4.2) —— >0

r=1
for every z # 0 for which this derivative is defined.

The primary purpose of this definition is the remark that if ® satisfies our strict
smooth monotonicity condition, and Q¢ (f) vanishes, then f must vanish a.e. on
T. We now obtain the following regularity result. Theorem 3 follows immediately
from it.

Theorem 13. Fizn > 0. Let ® : R¥ = R, fork =2 or k = 1, and let B be
By or Bu.n, if k =2 or k =1, respectively. Assume that Ae is defined on B,
and that ® has first partials ® ; everywhere on R?, satisfying |® ;(z)| < ceCl=l*
for every z € R?, where 1 < j < k and ¢ and C are any finite constants. Assume
that ® satisfies our strict smooth monotonicity condition (4.2). Suppose that all
the (pure and mized) partials of ® of order < n exist. If n > 0 then assume
further that all the (pure and mized) nth order partials are Lipschitz on compact
subsets of R%. Suppose f € B is an extremal function for Ag. Then f is n times
continuously differentiable on T. Furthermore, the nth deriwative of f on T is
absolutely continuous and the (n + 1)st derivative lies in P'[L>°(T)], where P’ is
as in Theorem 12. Finally, the nth order partial derivatives are everywhere defined
on D.
Remark. In the last sentence we allow derivatives with respect to polar coordinates,
and in particular one sided derivatives with respect to r. The last sentence is a
consequence of the fact that the (n + 1)st derivative of f lies in L?(T), which
allows us to split f as the sum of an analytic and an antianalytic function, each of
which has (n + 1)st derivative in L?(T), and hence each is the nth antiderivative
of a function in the disc algebra or in the anti-analytic disc algebra, and the nth
antiderivatives of functions from the disc algebra satisfy the last sentence of the
theorem. Indeed, this sort of splitting of f into analytic and antianalytic parts
whenever we need to obtain an absolute continuity result allows us to modify the
proof of Theorem 11 to obtain Theorem 13.

Finally we would like to make note of one more generalization. For simplicity
of notation we only consider the case of functionals on ‘B, but everything easily
adapts to By and B, n. Let L be a closed subset of C! for some [ € 77T, and set

(4.3) Bl ={feB:(f(1),f(2),....f() e L}

Note that BL is weakly compact since f — f(j) is weak continuous on D by (0.3).
Then, assuming we have the conditions of Theorem 12 satisfied with B% in place
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of B, the proof of Theorem 10 can be seen to imply that if f is extremal with
[fllo =1 and Qa(f) # 0, then

(4.4) —iQa(f)Pu(zf) = PL((VO)(f)).

where P, is the orthogonal projection from L?(T) to Hf(’][‘)dﬁf{f e HX(T) : f(j) =
0,0 < j <1}. This is so because the proof of Theorem 10 proceeds by varying the
Taylor coefficients of f, and in our new case we simply leave f(1),..., f(l) fixed
and vary only f(j) for j > L.

Assume now that @ satisfies our strict smooth monotonicity condition (4.2).
Then f =0 if Qa(f) = 0. Also, as noted in the remarks following Theorem 12, if
Ifllo < 1 and f is extremal, then Qg (f) = 0, so that f = 0. Of course the case
where f vanishes is trivial from the point of view of regularity questions.

Thus if f # 0 is extremal, then (4.4) is valid, so that there is an analytic
polynomial p with p(0) = 0 and degree at most ! such that

Qa(f)zf +p="Po((VP)(f))-

Now the proof of Theorem 13 can be modified to use this expression in place of (4.1)
since p is entire and thus has all the desired regularity properties. We then obtain
the following result.

Theorem 14. Let L be a closed subset of C', and let B* be defined by (4.3). Then
Theorem 13 continues to hold if we set k =2 and replace B by B in it.

This is of particular interest in conjunction with Corollary 3 which implies that,
since B is weakly compact, extremal functions will exist over B% provided 0 ¢ L
and |®(t)| = O(e®”) for every a > 1. In particular we obtain the following result
when we let L= {z € C: |z| > ¢}.

Corollary 5. Let n be a non-negative integer and 0 < o < 1; assume that at least
one of n and a is nonzero. Put ®(z) = |z|>"e®**, and fix § > 0. Then Ag is
weak continuous on {f € B :|f'(0)| > &}, and hence achieves its maximum there.
Furthermore, those functions f € B with |f'(0)] > § at which Ae achieves this
mazimum must lie in C= (D).

Remarks. Recall that by Theorem 1, the functional Ag will not be bounded on B
if n >0 and a = 1, and that for n = 0 and a = 1 it is bounded (Chang-Marshall
inequality) but it is not known whether it achieves its maximum there.

5. PROOFS OF MORE DIFFICULT RESULTS FROM SECTIONS 1, 2 AND 3
5.1. Proofs of the more difficult results from Section 1.

Proof of Theorem 5. Dropping to a subsequence, we may assume that we have
almost everywhere convergence. For, every subsequence of {f,} has an almost
everywhere convergent subsubsequence, and it suffices to show that for every sub-
sequence f,, along which Ag(f,,) converges the limit is no greater than Ag(f).
Now fix € > 0. Let M be a uniform upper bound for Ay on {f,} U {f}. Since
®*(t) = o(¥(t)) and ¥ is nonnegative, we may choose a number T such that
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®(t) < (¢/4M)T(t) whenever ¢ > T. Furthermore, we may ensure that our choice
of T" is such that

(5.1) plz: | f(@)|=T}=0
and
(5.2) |2(0)|p{z : [f(2)] > T — 1} <e/4,

since f is almost everywhere finite.

Let U(z) =z if |z2| < T and U(2) =0 if |z| > T. Then U o f,, — U o f almost
everywhere outside the set {z : |f(z)| = T}. By (5.1) this latter set has measure
zero, so we have convergence almost everywhere. Since ® is upper semicontinuous,
we also have

(5.3) limsup ®(|U o f,,|) < ®(|U o f]),

n—oo

almost everywhere. Now the |U o f,| are uniformly bounded by T, so that the
®(|U o fp]) are uniformly bounded by some constant K independent of n since @
is bounded on the compact interval [0, T], being upper semicontinuous and finite.
Then using the fact that we have a finite measure space, and applying Fatou’s
lemma to the non-negative functions K — ®(|U o f,|), we find that

(5.4) limsup Aa(U o £,) < [ limsup@( o ful) < As(U 0 )
n— 00 ] m—oo

where the last inequality follows from (5.3).
But by the definition of U we have

M) =Moo fu)= [ (@llfa)) - 2(0)

< < / (6/4M)‘1’(|fnl)> — ®(O)u{x : |fal)| > T}
{z:|fn(z)| >T}

< (e/4M)M — @(0)p{z = [fu(x)] = T},

where in the last two inequalities we have used the choices of T and M, respectively.
Furthermore, by (5.2) and the fact that f,, converges in measure to f, it follows
that limsup,,_, . |®(0)|u{z : |fn(z)| > T} < e/4. Therefore,

(5.5) limsup Ag(fn) — Aa(U o fr) < e/2.

n—oo

In much the same way we find that

(5.6) A (f) = Ae(Uo f)] <e/2.
Then, putting (5.4), (5.5) and (5.6) together, we find that

limsup Ag(fn) — Ae(f) =limsup [Ae(fn) — Ae(U o fn)

n—oo n—oo

+As(U o fn) —Ae(Uo f)

+Aa(Uo f) = Ao (f)]
<e.
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Since € > 0 was arbitrary, the proof is complete. O

While reading the following proof, the reader may wish to bear in mind that we
have promised that it would not depend on the Chang-Marshall inequality.

Proof of Theorem 6. Recall that we defined ®,,(t) = et By our hypotheses, for

every a > 1/(1 —r?) we have ®T(t) = O(®,(t)), as t — oo. But since ®5(t) =

o(®,(t)) whenever a > 3, we have in fact ®T(t) = o(®,(t)) for every a > 1/(1—r?),

since we may choose a 3 € (1/(1 —r?), ) and we will have ®T(t) = O(Pz(t)).
Now let f, — f weakly in &(r). We must show that

limsup Ag(frn) < As(f).

n—oo

Write f(2) = Y200, f(k)2*. Since || f||% > 2 for f € &(r), by (0.2) we may choose
a natural number K sufficiently large that

K
(5.7) > kIf(R)? >
k=1

Let h(z) = Yr, f(k)zF. Put g, = fn — h. We claim that limsup,,_ . [[gn]3 <
1 — 2. Indeed, (0.3) shows that the weak convergence of f,, to f implies (in fact,
is equivalent to) the convergence of f,,(k) — f(k) for every natural k. Then

%) K
lgnld = D klfale)?+ " klfu(k) — f(k)?
k=1

k=K+1

K K
= falle = X kIa(R)® + Dkl fulk) = (k)
k=1

k=1

K K
1= SRR+ S kI falk) — F)P,
k=1 k=1

since || fnllo < 1. Now, since f,, (k) — f(k) for every k, it follows that the right hand
side of the above inequality converges to 1 — Zszl Elf(R)2=1—|h|3 <1-r2
where the last inequality is a consequence of (5.7). The claim is thus proved. Now
choose v such that

limsup ||gn |3 <7 < 1—72
For n sufficiently large we then have g, € B(\/7) ={f €D : [|f[3 <~}

Scaling the fact that ®,, is bounded on B if » < 1 (and also if = 1, but that
would require the Chang-Marshall inequality which we have promised to avoid), we
find that @4 is bounded on B(,/7) if By < 1. Since v < 1 — r2, we may choose
a such that ay < 1 and a(1 —7?) > 1. We claim that Ag_ is bounded on the f,
corresponding to those g, which lie in B(,/7). Assume for now that this is proved.
Then, since Ag, is finite on © by (0.9), and since g, € B(,/7) for sufficiently
large n, and finally since a > 1/(1 — r2) so that ®*(t) = o(e®), it follows from
Theorem 5 that limsup,, . Ae(frn) < As(f).
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To prove our claim, note that for every z € T we have |f,(2)] = |gn(2) + h(2)] <
|gn(2)| +|h(z)|, and h is bounded on T, being a polynomial. Since ary < 1, we may
choose 8 > « such that we still have 8y < 1. Then, since h is bounded, there exists
a finite number M = M (||h||s0, v, ) such that

ea|fn|2 < ea(\h|+\gn\)2 < ]\4eﬁ|gn|27

on T. But we have already noted that Ag, is bounded on B(,/y) when gy < 1,
and so we see that Ag, must be bounded on those f, with g, € B(,/7). This
completes the proof. O

5.2. Proofs of the Beurling and Chang-Marshall results for the complex
harmonic Dirichlet space.

Proof of Theorems 7 and 8. We begin by proving the first statement of both
theorems. We may suppose ||f|lo = 1. Otherwise, renormalize it, which will
everywhere increase |f|. We may also suppose @ = 1/2 in Theorem 8. Since
f € 0, we may write f = g + h, where g and h are holomorphic functions
from ©. Then 1 = | f|% = |lgll% + [|k]|%, as can easily be seen from (2.2).
Let A = ||g||3 and B = ||h]|%. Fix A > 0, which will be chosen later. Let
S={weT:|g(w)| > Ah(w)|}, and let S be its complement. For w € S, we have

[f@)] < lg@@)] + [h(w)] < lg(@)] + A7 g(w)] = (1 +A7]g(w)]-

For w € §¢, we similarly have

[f (W) < 1+ A)]A(w)].

Now g and h satisfy the Beurling estimate and the Chang-Marshall inequality.
Scaling the Beurling estimate we get

EM((1+>\_1)Q) < e1—M2/(A(1-"-)\71)2)

)

and
EM((l —|—)\)h) < el—M2/(B(1+)\)2),

since the Dirichlet norms of g and h are v/A and /B, respectively. Splitting T into
S and S¢, we see that we will obtain (2.4) if we can choose A > 0 so that

(5.8) Al +A"H2 <2
and
(5.9) B(1+M\)?<2.

From (5.8) and (5.9), we would also obtain

/e\f|2/2 < / oA g?/2 /e|g|2/A e
S S T
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since ||g/VAllp =1, and

/ (1272 g/ el HNRIZ/2 o /e|h\2/B e
c c T

since ||h/VB|» = 1, and where C' = sup pcg Aa, (F) is the constant in the Chang-
Marshall inequality. Adding the two expressions, we would be able to conclude that
As,,,(f) <2C, and the proof of the first part of Theorem 8 would be complete.

Thus to complete the proofs of the first parts of the theorems, it suffices to show
that we may choose A > 0 satisfying both (5.8) and (5.9). This is an elementary
consequence of the facts that A+ B =1and 0 < A, B < 1. If B = 0 then it
is trivially easy to find such a A. Thus, assume B > 0. Choose A > 0 such that
B(1+ )\)? = 2. Then (5.9) is trivial. Now,

AQ+A 2 =1 -B) A+ A1) =221 -B) 1+ N =2"2((1+ N —2),
since B(1 + A\?) = 2, so that (5.8) is equivalent to the inequality
(1+A)? —2<2)2%
But this is equivalent to the inequality
A —2X+1>0,

which is certainly true for every A € R. Thus the proof of the first parts of the
theorems is complete.
Now note that by rescaling, (2.5) is equivalent to the inequality

(5.10) Ey(ReBg) > ce M

Note also that it follows directly from the definition of B, that if ¢ and M are
related by (0.8), then |Im B,| < w/M, since the absolute value of the imaginary
part of the chosen branch of log(1 — az) cannot exceed m. Hence, if | By (w)| > M
for some w € T, then we have |Re B,(w)| > M — 7/M = K. Thus,

(5.11) Ex(ReB,) > Ea(By) > e ™,

where the last inequality follows from (0.7) and where we have renamed the constant
appearing there to ¢ in order to avoid confusion with the ¢ appearing in (5.10).
But

K2

e _ e—(M—w/M)z _ e—(M2—27r+7r2/M2) 27 —M?

<ee

Letting ¢ = e~2"¢/, we see that (5.11) implies (5.10). This completes the proof of
Theorem 7.

Just as in the proof of Theorem 1, we now see that it follows that Ag,,, is not
upper semicontinuous at zero on {0}U{v/2Re B, : a € D}, and hence by Theorem 5
we cannot have Ag bounded on the v2Re By if ®(t)/®1/5(t) — 0o as t — oco. This
completes the proof of Theorem 8. O
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5.3. Proofs of the results from Section 3. We shall use the following trivial
and very classical lemma to analyze the case where Sy (f) = 0. We write H?(T) =
{f: f € HP(T)} for the antianalytic Hardy spaces.

Lemma 2. (see Koosis [13, p. 87]) Let V. € HP(T) or V € HP(T) for some p,
1 <p < o0, be real valued on T. Then V is almost everywhere constant.

Proof. Without loss of generality consider the case V € HP?(T). By [13, p. 87] we
can continue V analytically to all of C by setting V(z) = f(1/Z) for |z| > 1. Then
V will be a bounded entire function, hence constant. [l

The careful reader will note that at several points in the following proof we would
be able to assert that various functions lie in L? for every p < oo, but we only write
down that they lie in L? or L'. We do this in order to make it clearer how to
generalize the proof to yield Theorem 12.

Proof of Theorem 10. We proceed by a simple variational argument. Let f be
extremal. Write f(z) = > 7, an2™.

Suppose first that || f|lo = 1. Write F(A) = || f + A2"||%, where we use z" as a
short form for the function z — 2™. Since ||f||o = 1 while ||2"||o = /n, it follows
that, for || < 1/4/n, we have FI(A\) > 0 and (f + Az™)/+/F(X\) has unit Dirichlet

norm. Suppose now that A is real. If f is extremal, then we must have

dAs (( Ft )\z”)/«/F(A))
(5.12) - =0,

A=0

as long as this derivative exists. We shall prove this derivative exists, and compute
its form.

First note that

FO) = | > klaxl* | +nlan + A = <Z k|ak|2> + nf(an + @n) X + A2
k=1 k=1
k#n
= IfII% + n(2ARea, + \?) = 1 + n(2ARea, + \?).

(5.13)

Now we have f(z) finite for almost every z € T. Furthermore, we may assume
that |f(2)| # 0 for almost every z. For if f vanishes on a set of positive measure
then, being a function in ® C H', it would have to vanish identically and the
theorem would follow trivially. Moreover, if we restrict A to [—1/(2v/n),1/(2+/n)]
then F'(A) will not vanish. Fixing z such that |f(z)| < oo, we then have U(|f(z) +
Az"|2/F(\)) absolutely continuous with respect to A on [—1/(2y/n), 1/(2y/n)]. For,
U is differentiable except possibly at zero, the derivative is bounded in a neigh-
bourhood of zero (since |W/(t)| < ce?) and, if z is fixed, then |f(z) + A\z"|? can
vanish for at most finitely many (in fact, for at most two) values of A. Thus if
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—1/(2y/n) < X <1/(2y/n), we will have

def |f + )\Zn|2

= (‘I’ = U(|f(2)])

£l
(o
A n|2
o el
AL

T+ 2 2P = PO+t

(F(t))?
1 /A ¥ (_lf +tz"l2)
A Jo (1)
F(t)(2Re(z"f) + 2t) — n(2Rea,, + 2t)|f + t2"|? i@t
(F(1))?
by (5.13) and the fact that |z] = 1 on T. Of course, as long as 0 < |f(2)| < oo

(which happens for almost every z € T), if we let A — 0 then this will converge to

F(2) + Az
v ( FOV

(5.14)

def d

(6:15) o) 5|

) — 9(Re(z" ) — nRean [V (|f(2)).

where we have used the fact that F(0) = || f||% = 1. We wish to conclude that

(5.16) lim AA —/6
A—0
and to this end we will dominate A by an L!(T) function not depending on \.
Now if —1/(2y/n) < XA < 1/(24/n), then 1/4 < F(X) < 9/4, as can be easily
verified. Thus, making simple estimates in (5.14) and using the assumption that
|U/(y)| < ce®Y, we obtain, for —1/(2v/n) < A < 1/(2y/n) and almost every z € T,

1Ax] < KeRTEOP(fl + 1+ (n+ 1)(1f] + 1)),

for some finite constant K depending only on ¢ and C. But by (0.9), the right
hand side of the last expression is integrable on T. Applying Lebesgue’s dominated
convergence theorem we find that (5.16) holds, so that (5.12) makes sense and we
have

dhs ((f +2e")/VFOV) N /5
_ —im [ A, =

(517) d\ o A—=0 Jr

= [ 2(Re(e" 1) = nRean FEY(11P)
by (5.15). But if f is extremal, then so is —if, since |f| = | —if| and the Dirichlet

norms are also the same. Applying (5.17) to —i f then yields the same expression but
with Im(2"f) and Ima,, in place of Re(z"f) and Rea,, respectively. Multiplying
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the new expression by i, adding to (5.17), and dividing everything by two, we find
that

(5.18) /T (" - SO ) = na, /T PP (F2) = nanSu(f),

for every positive integer n.

Assume first that Sg(f) does not vanish. Then (5.18) would immediately yield
(3.1) if we knew that zf’ had boundary values whose positive Fourier coefficients
were {na,}. This would follow if we knew that f’ € H', but unfortunately we do
not a priori know this, and so we must proceed more carefully.

Let G(2) = f(2)V/'(|f(2)?) on T. By (0.9) and the hypothesis that |¥’(y)| <
ce®V, we have G € L%(T). Hence Py(G) € H?(T). But we see from (5.18) that
the nth positive Fourier coefficient of G is S¢(f)na,, which is also the nth Taylor
coefficient of Sy (f)zf’. Now Py(G) extends to a holomorphic function with Taylor
coeflicients equal to its positive Fourier coeflicients, and the positive Fourier co-
efficients of Py(G) must of course match those of G and these match the Taylor
coefficients of Sy (f)zf’. It follows that Sy (f)zf’ = Po(G), which is precisely the
equation (3.1). Furthermore, f' € H?(T) since Po(G) € H*(T).

Now if Sy(f) vanishes, then, by (5.18), the positive Fourier coefficients of the
function fU'(|f|?) € L?(T) must vanish. But this implies that f¥’(|f]?) is the
boundary value of an antianalytic function, call it h. By (0.9) and the inequality
U (y) < ce®Y, h lies in H?(T). Therefore, | f|>U/(|f|?) = h - f is also the boundary
value of an antianalytic function from H'(T), since f is antianalytic and f € ® C
H?. Applying Lemma 2, we see that |f|?U’(|f|?) is almost everywhere constant
on T. But since 0 = Sg(f) equals the integral of this constant about T, it follows
that in fact | f|>¥’(|f]?) = 0 almost everywhere on T, so that f¥'(|f|?) = 0 almost
everywhere on T as desired.

The only remaining thing to do is to consider the case where || f|lo < 1. In this
case, for A sufficiently small we still have f+ Az"™ € 9B, so that we may use a simpler
variation. Much as before, but with the calculations being somewhat simpler, we
find that the condition

dAe(f + X2")

=0
dX

A=0

makes sense, and applied to f and —if leads to the condition
(5.19) [ e -wasen o,

for every positive integer n. As before, this implies that f¥’(|f|?) is the boundary
value of an antianalytic function, say h, which as before will have to be in H2.
Therefore, |f|?W/(|f|?) is the boundary value of h - f € H', so that its integral
about T must equal 2(0)f(0) = 0. But its integral about T is just S¢(f). Thus,
S¢(f) vanishes and we may complete our argument in the same way as was done
in the case of || f||l® = 1, above, but using (5.19) in place of (5.18). O

We now recall the following well-known result which is crucial to the proof of
our regularity theorem, though in fact we only use the easy case p = 2 in our work.
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Lemma 3. (Privalov; see [9, Thm. 3.11]) Let f" € H? for a holomorphic function
fonD and p > 1. Then f is absolutely continuous on T and continuous on D,

and f' has the boundary values f’(e'®) = —ie‘ie%.

We also need the following simple result, which we list here for ease of reference
and to establish a convention which we will use in our proof of Theorem 11.

Lemma 4. Let F be a Lipschitz function and G absolutely continuous. Then F oG
is absolutely continuous and (FoG) = (F'oG)G’ almost everywhere, with the con-
vention that (F'(G(x))G' (x) = 0 whenever G'(x) = 0, whether F is differentiable
at G(z) or not.

Given this, we proceed to the proof of our regularity theorem. The main tool in
the proof will be a qualitative analysis of condition (3.1). The careful reader will
note that at some points in the proof we take some care to conclude that certain
quantities are in L2, and only use the fact that other quantities are in L?, whereas it
may be slightly simpler to replace all the L? conditions by the condition ﬂp <oo L,
and to use the full M. Riesz theorem. This would allow us not to bother with
keeping track of the degrees of the arguments of the polynomial pry;. However,
we choose to argue in L? because the M. Riesz theorem is trivial for the L? case
and generalizes to L%, for arbitrary M C Z, so that it will be possible to adapt our
proof to obtain Theorem 13.

Proof of Theorem 11. First note that for every k < n the function ¥(¥) is bounded
on the intervals [0, A] for every finite A. This follows by (n — k) integrations of the
function ¥ which is Lipschitz there.

We may also assume that Sy (f) # 0. For if it does equal zero, then f¥’(|f]?)
vanishes on T. But ¥’ can only vanish at zero, so we see that f = 0 in this case,
and the theorem is trivial then.

We note that (3.1) can be written in the form

(5.20) Szf"=Po [p(f, F; V' (IF1)]

where p is a polynomial in 2 + 1 variables and S = Sg(f). The basic idea is to
differentiate this expression repeatedly. Write

dg(e™)
g

for a function g on T. Note that Az™ = nz™. If g is holomorphic on D and ¢’ € H*,
then Ag = z¢’ by Lemma 3.
Thus we can rewrite (5.20) as

(5.21) SAf=Po[p(f. [ Y (f7)]-

The main thing to do now is to prove that our hypotheses in effect allow us to
commute A with Py the right number of times.

We shall proceed iteratively. For the convenience of the reader, however, we first
outline the idea of the proof in a less formal way in the case where ® € C*°|[0, c0).
In that case we must show that f € C°°(T). By Theorem 10 and Lemma 3 we have
Af =zf" € H? and f is absolute continuous on T. Moreover,

Ag(e?) = —i

SAf = F,
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where Fy = p(f, f; ¥'(|f]?)). Now,

(5.22) APy =pa(2,2, f F L P (L), 9 (1)),

for some polynomial p,. Moreover, the right hand side of (5.22) is only linear
in f/ and f’ (i.e., f/ and f’ in it are never multiplied together nor are they

raised to a power bigger than 1). The absolute continuity of f implies that

Fld:efp( £, ;¥ (|f]?)) is absolutely continuous on T, since p is a polynomial. To-

gether with an integration by parts and the fact that SAf = Py F}, this shows that
the positive Fourier coefficients of AF} coincide with the positive Fourier coeffi-
cients of SA?f considered as a distribution on T. But by (5.22) since f’ € H? it
follows that AF; € L?(T) (here we have used the fact that the right side of (5.22)
is only linear in f’ and f’). Thus, SA?f € L?(T) and

SA*f =Pk,

where Fy denotes the right hand side of (5.22). From the fact that A2f € L*(T), it
follows (using Lemma 3) that f’ is absolutely continuous on T and that f” € H2.
Thus F3 is absolutely continuous on T. Applying the above method one more time
we conclude that AF5 is a polynomial in

22 L T T (), e (1), 9 (1 1P,
and that
SA3f = PyAF, € L*(T),

so that f” € H?(T). Iterating we conclude that f(*) € H?(T) for all natural k,
which implies that f € C*°(T) as desired.

We now return to the general case and proceed more rigorously. For the sake of
our iteration, suppose that on T we have

SAkf = Polpr(z,Z, f,f f’777 o ,f(k_l),f(k_l);

(5.23)
AR (DR (T
with k& < n, with pi a polynomial in 2(k + 1) + k variables, and with A7 f € H? for
every 0 < j < k. By Theorem 10 and (5.21), we have this for k = 1.

Using the fact that Ag = zg’, we easily see that for any natural j we can write
(in the sense of power series)

J
ij(j) — ZajJAlf

=0

for some set of universal constants a;;. Since AJf € H? for every 0 < j < k, it
follows that likewise f(7) € H? whenever 0 < j < k. Thus by Lemma 3 we have
that f () is absolutely continuous on T for 0 < 57 < k£ — 1. Since sums and products
of absolutely continuous functions are absolutely continuous, and since U for
0 < j < k is Lipschitz on bounded subintervals of [0,00) while f is absolutely
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continuous on T so that W) (| £|?) must be absolutely continuous on T by Lemma 4,
it follows that

ef _ — - _
Bz £ 1 T, fE D D

(5.24)
(£, 9" ([ £17), - ¥B(f))

is absolutely continuous on T. But, in the presence of absolute continuity, we may
use integration by parts to see that for every positive integer m,

2 2m
/ e "MIAF () do = m/ e MY F (%) df
0 0
(5.25) S _
= Sm / e MNP () dp,
0

where we have applied (5.23) to obtain the last equality.
Now it is easy to see from (5.24) and the definition of A that

AFk :pk"_l('z?E)f)?)f/)F?"' 7f(k:))m;

(5.26)
12, O f12), - e f2)

for some polynomial py1 in 2(k 4+ 1) + (k 4 1) variables, such that f*) and f(*)
are not raised to any power greater than one nor are they multiplied together
on the right side of (5.26) (i.e., fixing all arguments other than the (2k + 1)st
and (2k + 2)nd in piy1 we obtain something of degree one), and where we have
used the convention of Lemma 4 at points z of T where W*+1(|£(2)[?) is unde-
fined. This convention may be necessary if kK = n and n > 0, since then we only
know that U**1) exists almost everywhere, and the set of points z of T at which
TEHD (| £2(2)) is undefined may well have positive measure, since after all |f] is
free to be constant (as long as this constant is not zero) on a subset of T with
positive measure, even if f itself is not everywhere constant in D.

Since we know that f is absolutely continuous on T, it must be bounded there.
As noted at the beginning of the proof, the hypotheses of the theorem imply that
¥0) is bounded everywhere on [0, || f||2.] for j < n. This is also obviously true for
j =n+1if n = 0 by our condition on the size of |¥’|. In the case where j = k =n+1
and n > 0, we note that the derivative of the function W, which is Lipschitz on
[0,]|f]I%], is bounded by the Lipschitz constant wherever it exists. Moreover, for
almost every z € T such that |f(z)|? falls into the exceptional set where ¥(") is
not defined, we have, following the convention of Lemma 4, some factor equal to
zero multiplying the U™ (|f(z)|) in the right hand side of (5.26). Finally, since
f®) is in H?, from Lemma 3 we conclude that all arguments of py1 in (5.26) are
bounded, except possibly for f*) and f(*). But these latter two arguments are
never multiplied together, nor are they ever raised to any power, so we see that
since they lie in L?(T), it follows that in fact the right hand side of (5.26) must
lie in L2(T). Thus, Po(AFy) € H?(T), as well, by the L? case of the theorem of
M. Riesz.

Now write g(z) = SAFf(z) = S.°°_ amz™ for z € D. We have zg/(z) =

m=1
> mamz™ in D. In this notation, (5.25) tells us that for m positive, the mth
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Fourier coefficient of AFy, on T is ma,,, and since Po(AFy) € H?(T), it follows as
in the proof of Theorem 10 that we must have zg’ = Po(AFy). But zg’ = SAF1f
so that we obtain

SAMLf = Py[prsa (2,7,

NN N CN
(5.27) 2% U ET PV LSRR RV ALk
U(1f1),

A2, 9" (1F12), .. e D (| f12))),

with APl f = §=1z¢’ € H? since S # 0. But this was precisely what was needed
for the iteration to continue.

Thus iterating, we see that A*¥f € H? for each k < n + 1. As argued before, it
follows that f("*1) € H?, and so by Lemma 3 we have f() absolutely continuous
on T, and of course then f must be n times differentiable, as desired. Finally, since
£ must be bounded, being absolutely continuous, and on the bounded interval
[0, | £]I2.] we have ¥(*+1) bounded wherever defined, it follows from (5.26) that
AF, must lie in L>°(T) (where as before we use the convention of Lemma 4) so
that by (5.27) it follows that A"*!'f € BMOA, and so f("*1) € BMOA, by the
argument which we have used twice before in order to pass from estimates on the
AJf to ones on the fU). But, BMOA is contained in the Bloch space, and a
derivative g’ of a holomorphic function g is in the Bloch space if and only if g € A*
(see, e.g., [22, vol. I, p. 163]), so that f() € A*. O
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