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PRESENTATION AND CENTRAL EXTENSIONS
OF MAPPING CLASS GROUPS

SYLVAIN GERVAIS

ABSTRACT. We give a presentation of the mapping class group M of a (possi-
bly bounded) surface, considering either all twists or just non-separating twists
as generators. We also study certain central extensions of M. One of them
plays a key role in studying TQFT functors, namely the mapping class group
of a pi-structure surface. We give a presentation of this extension.

INTRODUCTION

All surfaces that we shall consider are connected and oriented. We shall denote
by X4, a surface with genus g and r boundary components, or simply ¥ when
there is no ambiguity. We shall denote its mapping class group by M, , (or Myx).
Recall that My is the group of diffeomorphisms of 3 which leave fixed its boundary,
modulo those which are isotopic to the identity. The aim of this article is to find a
presentation of M, with very simple geometrical relations and to describe more
precisely this presentation as central extensions.

These groups are generated by Dehn twists ([D]). Lickorish ([L1, L2]) proved
that 3g—1 of these twists generate M, o. Humphries ([Hu]) reduced this number
to 2g+1 and showed that it was minimal.

Using the presentation of M, found by Hatcher and Thurston in [H-T],
Wajnryb gave in [W] an explicit presentation of My 1 and Mg with Humphries
generators. We shall also use their result to obtain a presentation of M, , with
the set of all Dehn twists for generators.

Four types of relations will appear in this presentation: “braids”, “lanterns”,
“stars” and “chains”.

The braids. It is well known that if « is a simple closed curve (s.c.c.) in ¥ and
h is a diffeomorphism of ¥, then 73,4 = htoh~1 (where 7, represents the twist
along «). More specifically, if h is a twist 73, one has the relation (called a braid
relation)

(T) T’Y = TﬁTaTﬁ_la
where y=75(a). We will denote this relation by 7, when |aNf=n and by Ty,
when |o N F=2 and the algebraic intersection is zero (denoted |oN G=2 ).

Remark. If G is a multiplicative group, T will denote =1 and y (x) will denote
the conjugate of x by y (i.e. yz 7).
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The lanterns. These relations were discovered by Johnson ([J]). Let us consider
a subsurface of 3, which is homeomorphic to a sphere with four holes. Let aq,
g, asz and a4 be the boundary components and (31, f2 and (3 curves as shown
in Figure 1. The relation (called a lantern relation) is:

(L) TaiTagTazTay = TB3TB2 T -

Remark. By a homology calculation, one can check that if two curves « and 3
in a surface ¥ are such that |a N B|= 2y, then a neighborhood of o U B in ¥
is homeomorphic to a sphere with four holes. So, a lantern (L) is completely
determined by the curves g1 and B3. The curves «; are the four boundary
components of a neighborhood of (3 U #3. There are two choices for (2, but only
one gives the equality (L) (the other choice, the curve 35 shown in Figure 1, gives
the equality To, To, TasTas = 76,758,785 )-

The stars. We consider a subsurface of ¥, , which is homeomorphic to a surface
of genus one with three boundary components. The relation is

3
(E) (7—0&1 Tag TOtsTﬂ) = T6:T65Tb35
where the curves are described in Figure 2.

Remark. The star (E) is uniquely determined by four curves aq, a2, a3 and 8 such
that |a; Ney|=0 if i # j and |fNay|=1 for all ie{1,2,3} (a neighborhood of
these curves in ¥ is homeomorphic to ¥ 3).

The chains. These are just a particular case of the stars: we suppose that the
curve 61 bounds a disc in 3. Then, we have 75, =1, 7o, =Tay , and the relation
(E) becomes:

(C) (TOtlTﬂTOé2)4 = T§5Tb3-
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Remark. Using relations Ty and T, it is easy to show that (Ta,Ta,Ta,Ts)? =
(TayT8Tas)*. This kind of calculation will be often done in this article, and the
reader can refer to them. Note that a chain is determined by the curves a;, 3 and
ag, with |o; N A= 1 and a1 Nay = 0.

Theorem A. For any oriented surface 32 of genus g>0, with r boundary compo-
nents (r>0), My has the following presentation:
generators: {7, /a s.c.c. in B} (if a bounds a disc in X, then 7, =1).
relations: (I) All the braids Ty, Ty and Ta, .
(IT) All the chains.
(IIT) All the lanterns.
If g>1, one can replace (II) and (III) by (IV):
(IV) All the stars.

Remark. If g =0, only the relations Ty, Ta, and (III) remain.

Harer proved in [H] that when ¢>3, M, , is generated by the twists along the
non-separating curves for any r. We shall see that this result is still true when
g = 2, but not when g=1. We shall also give a presentation of M, (¢g>2) with
these generators.

Notation. If the curves involved in a lantern L (resp. a star F or a chain C) are
all non-separating curves, we will denote L by Lo (resp. E by Ey and C by Cp).

Theorem B. For any orientable surface X of genus g >2, with r boundary com-
ponents (r>0), Ms has the following presentation:
generators: {71, [ a mon-separating s.c.c. in X}.
relations: (I)’ All the braids Ty and Ty (with non-separating curves).
(II)’ One chain Cy .
(IIT)’ One lantern Lo .
When g>3, one can replace (I1)" or (III) by a star Ey .

Remark. In the case of genus two, there are only the relations (I)’ and (II)’ (the
lanterns Lo and the stars Fy exist only if g>3).

Let Sy, be the group generated by {a, /o non-separating s.c.c. in X} and
defined by the relations Ty and 77 between these curves. Theorem B shows that
Mg is a quotient of Sy, when g>2. We shall prove the following more precise
result.

Theorem C. For any orientable surface 3, there exists a central extension
(%) 0 —7Z—T1Ty — My —1

satisfying the following properties:

1) ¥ My, ¥ Sy and ¥ +— Ty are three functors from the category of
surfaces (where morphisms are embeddings) to the category of groups, and
the extension (x) is natural. When g >3 (g denotes the genus of 3), this
extension is the universal central extension of My .

Furthermore, there exist two natural morphisms ¢:Sy —7x and ¥:Sx —7Z
such that:

2) if g>3, ¢ and ¢ induce an isomorphism from Ss, to Ty, X Z.

3) if g=2, ¢ is an isomorphism from Sy, to Ty .
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1. PRELIMINARY RESULTS

In this section, X is a surface of genus g >0 with r boundary components (r>0).

Let Ry (resp. Sx) be the group generated by {a,/a a s.c.c. in ¥} (resp.
{aq / & a non-separating s.c.c. in X}) and defined by the relations Ty, 71 and Th,
(resp. the relations Ty and 77 between non-separating curves). The goal of this
section will be to prove that all the braid relations are satisfied in R and S and to
find an equality between the lanterns, the stars and the chains.

We start by proving two lemmas that will be used often.

Lemma 1.1. (i) Let a and 8 be two disjoint s.c.c. (resp. non-separating s.c.c.)
in X. Then, aq commutes with ag in R (resp. S).

(i1) If o and B are two s.c.c. in X such that laNG=1, then aagaa=asaq as
in R and S.

Notation. In the following, we will refer to these relations respectively by (0) and
(1)

Proof. (i) is exactly the relation T because 73(a) =« . (i) is a consequence of
Ty and the fact that 75(a)=7,1(3). |

Lemma 1.2. Let (aq, a2, a3,0) be a star in ¥ and set
X1 = aq, Gay, X9 =ag X1 ag, X3 =aq, X20q,-

Then, one has in R and S:
(1) Xi X; = X; X,
(i1) (Ao, Gy Gas ag)® = X1 Xo X3,
(iii) (G, ag aay)* = XE X3.

Proof. (i) Using (1), we obtain
(2) oy X2 = 0,08 0a, Gay O3 = 3 (o, G Gay O3 = A8 (o, Gay G8 Gay = X2 oy

and in the same way, aq,X2=X5aqs, . From this, we conclude that X; Xo=X5 X,
and, since a,, commutes with a,, and a,, (by (0)), X1 X3=X35X;.
One has by (0) and (1)

ag X3 = AB0qa3 A3 Aqy Gay 3 Gz = Gasz B Gaz Aoy Aoy A3 Gag
= Qas A8 Aa, Qa, A8 Qay A3 = X3 ag

so X commutes with X3.
(17) X1X2X3s = aq Gay 08 Gay Gap 08 Gay 3 (o Gay 08 Gay

= Qay Gay A3 Aoy Gay Qag A8 oz Qay Gay A3 Qag by (1)
= Qa; Gay B Qag Ga; Qas A8 Gy Qay Gaz A3 Qag by (O)
= Ga, Gay 8 Gy Gy O Gay 3 Ga, O3 Aoz ag Dy (1)
= (o, Gas 08 Qay Qay A8 Gy oy O Gay Gag @3 Dy (1)
= (o, Gas 08 Qay O Gay Gy G8 Gay Gay Gag @3 Dy (2)
= (aoq Aoy Qg a‘5>3 by (0> and (1) .

Qo Qg OB Gay Gap O Gay Gy A8 Gay Gay 63 DY (1)

Aoy QB Qo A8 Goy A8 Gay 8 Gay A3 G, ag by (0) and (1)
= G, 08 Gay Qay A8 Gay Gay 08 Gay Gay 63 G, by (0) and (1)
(aoq ag aa2>4 by (0> .

(i) X2 X2

|
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1.1. The braids.

Theorem 1.3. For any simple closed curves a and 3 in 3, one has in Ry ay=
agaqag where y=13(a).
If a and (B do not separate, this relation is also true in Sy.

Corollary 1.4. Let h be a diffeomorphism of ¥ and suppose that it is decomposed
into a product of Dehn twists; denote by m the corresponding word in Ry. Let «
be a s.c.c. in ¥ and y=h(a). Then, in Ry, one has the relation ay =ma, ™.
Furthermore, if the twists involved in the decomposition of h are all twists along
non-separating curves and if a does not separate, then the relation is also true in

Ssy.
Proof. Write h=75" ... 75" (e;==+1); tahen7 Tzagz ...az in R (or S).

Denote, for k€ {0,...,n}, v =75 ... 75/ (a) (70 = and v, =7). Then,
Theorem 1.3 implies

Ay, = a%z Ay a[;:k )
thus
Ay = Gy, =05 Ay, 05" =...=Maa M.
|

Before we prove Theorem 1.3, let us show that the relations T, are true in S:
Lemma 1.5. Let a and (8 be two non-separating curves in ¥ such that laNG=2 .
Then, if y=73(c), one has in S

Uy = Q3 Uq O3 -

Proof. A neighborhood of a U in ¥ is a lantern where o and 3 are respectively

identified with the curves 5; and (2 of the Figure 1. Since these curves do not
separate, there exists a curve § such that

Pna=sNnA=l6Nail=ld Nag=1.
(We might have to replace {aq, a2} by {as,as}.)
It can be seen that
ToTon Tas Ts(8) = @ and 71;170711707217{1(6) =".
And since [6NG=lae N7s(B)= ... =P N7 7 751 (8)= 1, the relation 7} implies
Xagy =a, and YagX =a,, where X =asaq, Ga,as
and so aga,ag = ag X ag X ag.
Since (a1, a2,8,6) defines a star in X, Lemma 1.2 shows that X commutes with
ag X ag. Thus, we obtain:
agands=XagXagaz =a,. O

Proof of Theorem 1.3. Suppose inductively that the braid relations T} are satisfied
in Rand S for k<n-—1, let & and 8 be two s.c.c. in ¥ such that |aNFd=n, and
set y=7g(a) (for S, we suppose also that o and 3 do not separate). Let us fix an
orientation on « and g.

First case. There exist two points A and B in aN @ which are consecutive on «
and such that the signs of the intersection of « and 3 at these points are the same.
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Let us consider the curves 73 and 72 shown on Figure 3. As shown on Figure
4, one has 77, (72) = (8 and so, using T} and (1),
(3) A8 = Ty Qryy Qryy = Gy Gy Gy Qg Gy = Gy Qg Gy Gy Gy
Let us denote by 61, 62, 83 and 64 the curves
§1=Tp(), b2 =7y (61), 63="7y(02), b1=7"(83).

Then, we have y=7;"(64). We will successively show that [y2 N a|, [y1 N6,
|v2 N 82|, |v1 N 63| and |y N é4| are smaller than n—1. Then, by the induction
hypothesis we obtain:

Uy = Ty; (s,) = Ty Ty (as;) = - oo = Tqy Ty Ay, Ay Gy (Aa),
that is to say, ay=agaq g using (3).
e By definition, 2 Ndf< n.
e 1 Néil = N7y, (@)=  (71) Nal=n—2 as shown on Figure 5.
o heNdd =hanm,my(a) = I (r2) Nal = I3 s () Nal = i Nal< n.
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FIGURE 7

o N8| =ImNTyuTy T, (o) = Lt () Nal = [, (12) Nl =
heNaoj<n.
o 1 Nog =y, (1) N7y, (62)) = 1 N &< 7.

Remark. Note that the curves v; and v, do not separate. So, the proof above
remains valid for S.

Second case. There are not two points in N G consecutive on « and with the
same intersection sign.

If n is equal to two, then T;, is the relation Ty, (wich is true in S by Lemma 1.5);
S0, suppose that n>3. As we can see in Figure 6 there are only two different ways
to join the strands in order to obtain the simple closed curve 3. Denote by nj the
number of points in « N B which are on the arc k—k of 8 (k=1,2 or 3).

Let us consider the first case. If 1 and - are the curves shown in Figure 7,
one has fy1 N A=2¢ and 75(y1)="~2. So, the relation Ty, yields

G, = ag a, ag, ie., A8 =TUnr, G A, .
Now, if & =75, () and 8 =75(61), then v = 7.'(62).

Since |y1 Nal =n1 +1 < n—2 < n, one has by the induction hypothesis that

as, =a, (aq). We have (Figure 8 shows 77.1(3))
I8N éi=[BN Ty, (a)|:|T,Y_11 (B)Na=n—-2<n

s0 as, =ag(as, ) =ag a~, (aq). Finally,

ha N =ha N 757, (@)=lr5 " (72) N 7, (@)=l N7, ()= Nal=n1 +1 <n
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and we obtain

ay = @(a‘@) = Gy, 08 Oy, (0“04) = aﬁ(a‘a)'

Note that the curve v; (and also ) may separate 3, and in this case the
proof above is incorrect for S. But, if 4] is the curve shown in Figure 7, then
[11] + [v1] = [A] (where [A] is the homology class modulo two of the curve \) and
so 71 is a non-separating curve if 5 does not separate and 7, does.

Let us set v4=7g(71); then, since |8 N~+j=2¢, one has by Lemma 1.5

ay, =aga, ag, and thus ag =a agay;.

If 6] and &) are respectively the curves Tw_il(a) and 753(67), then y=7,,(85).

o [y1Nal=24n2+n3 <n.

o [Bn&I=l3N 77 (@)=l () Nal.

Since 7., (8) = 7;,'(B) (see Figure 8), one has 3N 6j|=n—2.

o hsN&=hiN7e7t(a)=lm 75 (13) Nel=hi Nal<n.

So, by the induction hypothesis,

ay = aqy(ag,) = ayy aglas;) = ay agayg(aa) = ag(aa) .

For the second case of the Figure 6, the proof is the same using the curves v; , v/,
and 7 of Figure 9 O

1.2. A relation between the lanterns, the stars and the chains. For any
lantern determined by the curves 8 and fs, we denote by L((31,033) the element
G, Qs Oay G, 0B, 03, g, Of R, and by L the subgroup of R generated by all these
elements. Similarly, we define elements E(«1, ag, as, 3) and C(aq, 5, a2) associated
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to the stars and the chains and the subgroups £ and C. When the curves involved
do not separate, we will also consider these elements in .S, but we will denote them
with a subscript “0”.

Theorem 1.6. a) (i) The subgroups L, £ and C are in the center of R.

(i) If g>1, then € = CL, where CL is the subgroup generated by C and L.

b) (i) The elements Lo(.,.), Eo(.,.,.,.) and Co(.,.,.) are central in S.

(i1) For any lanterns (B1,B3) and (0%, 55) with non-separating curves, one has
in S

Lo (1, B3) = Lo (61, Bs)-

The same result holds for stars and chains. Let us denote by Ly, Ey and Cy the
three elements of S obtained this way.
(ZZZ) CO = L() E() n S.

Remark. Part b) makes sense only if the elements Ly, Ey and Cy exists, that is to
say, when g > 2 for Cy and when g > 3 for Ly and Ej.

Proof. The assertion (i) of a) and b) is an easy consequence of Corollary 1.4, and
(7i) of b) is a consequence of (i) and the classification of surfaces. Thus, let us look
at the relation £=C L. To do this, we first consider a lantern L= L(f1,3) where
the curves are denoted as shown in Figure 1.

First case: At least one of the curves «; does not separate. Then, there is
a second curve a; which does not separate. Without loss of generality, one can
suppose that these two curves are oy and as. Then, if 3 and 6 are the curves
shown in Figure 10, one has by Lemma 1.2

C=C(u,B,00) = X{ X3 a5 a5,
and
E = E(a1, B1,a2,8) = X1 X2 X305 Ga, Gay

where X1 =aq, @0, , Xa=ag X103 and Xs=ag, X2ag, . Thus, we obtain by (0),
Lemma 1.2 and ()

CE = aq, G, Qo 0o, G5, G5, X2 5, Xo .

But (757, Tas ™) "1 (B1) =2, so, by Corollary 1.4, ag, = Xa2(as,) and we obtain
C E=L. Thus, since C C £, we have LEE (by (i), L = aa, Gay as o, 5, G5, G5,
= Qq; Qay Gag Ga,08; 085 08, = Qay Gay Gag am@@@)-

Note that this shows the relation (ii7) of b) because if 33 does not separate, then
6 does not separate either.

Second case: All the curves «; separate in X. Since g is greater than or equal
to one, there exists ¢ such that the component of ¥\«; which does not contain «;
(for all j 1) is of genus greater than or equal to one. We can suppose, without loss
of generality, that ¢=3 and consider the curves i,...,7 shown in Figure 11.



3106 SYLVAIN GERVAIS

FIGURE 10

FIGURE 11

Denote respectively by Li, Ly and Ls the lanterns L(vs,71), L(v6,71) and
L(75,7v1). Then, using (0) and (i), one has

L_1L2 Ly = (a’OQ ABy Ay Ay, W@W)_l (a’OQ Aoy Az Qg a_m@@)
X (aal Aoy a’>’2 a"/4 @Wa_w)
= Oqy Oy Gy A8; Oy Gy O3, Gy oy Gy G5
= Qqy 08 Gay G, Gay Gay 085
= L.

The first case proves that Ly €&, so we have Le€&.

Thus, we have proved that £LCE& and so LCCE. Now, let (a1, a9,as3,3) be
a star E. We shall find a lantern L and a chain C such that F = CL in R.
Considering the curves shown in Figure 12, one has

E = X1 X9 X3ag, as, Gs,,
Clar, B, a2) = X X3 a5, 7, = C,

L(V?a '71) = Qqy Qoy A5y Ay Qo Aryy Gy = L,

where X1 =aq, @n,, Xo=0ap Xia3 and Xs=aq, Xoaq, -
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FIGURE 12

Then, using (0) and (i), we obtain
CL = X Xsas X1 X20y, Gy, Gy, oy O, Gay G5, 06,
= X1 Xy as, Xs Uy Qg A§; Ay
= X1 X9 X5a, aq, G5, G5, G-

But one can see that 7574,7a, 78(72) = a3, S0 aay = X2 sy X5 by Corollary 1.4.
Thus,

CL = XiXsaa; X20q,0s, s, Gs;
= X1 Xo X3zas, as, s,
E .
This shows that £ CCL and concludes the proof of Theorem 1.6. O

We conclude this section by a lemma which gives us a new relation in M.

Lemma 1.7. Let X' be a subsurface of ¥ which is diffeomorphic to a surface of
genus one with four boundary components. Consider the curves shown on Figure

13 and set (in R and S)
X1=0q, Gay, Xo=agXi1as, X3=da, X20a,, X4=00, X2aq,-
Then, one can find two stars E1, Es, and a chain C' such that
X3 X} = as, as, as, as, By E2C™ in R.
The same result holds in S if 61,...,04 do not separate in X.

Proof. By Lemma 1.2, one has

By = E(o,a3,00,8) = X1 Xo X35, Gs, as,
By = E(ou,a3,04,8) = X1 X2 X3a5, g, ag/,
C=C(o,B,a3) = X}XZ2asas,
where § and ¢ are the curves shown on Figure 14. Thus, we obtain
E\E;C™Y = a3, as, as, as; X1 Xo Xz as X1 Xo Xy @5 asas X2 X3 by (0)

= @s, G, Gs, G5, X3@5 X5as by Lemma 1.2 and (0)
s, s, G, ag, X3 X5 by (0) and (i) of Theorem 1.6.
Suppose now that the four curves 61,...,84 do not separate. The proof above

remains valid for S only if both § and ¢’ do not separate . But if they separate, the
curves v and 7’ shown on Figure 14 do not separate. Then, one can conclude in the
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FIGURE 14

same way using the stars (ag, aq, a1, ), (ag,aq,as,5) and the chain (ag, 5, as).
O

2. PrROOF OF THEOREMS A AND B

Let ¥ be a surface of genus g >0 with r boundary components (r>1), M=
My, its mapping class group (we consider X to be a disc with ¢g handles attached
and r—1 holes).

In order to simplify notation, we will denote by ( the twist along a curve .
First, we shall recall the results obtained by Hatcher-Thurston ([H-T]) and Harer
([H]) about presentations of M. To do this, we will consider the curves shown on
Figures 15, 16 and 17. If Dy, Ds, ..., Dagqr—1 are the holes obtained when we cut
Y along the curves «; or corresponding to 9% (exept 4, the boundary of the disc
on which the handles were attached), then 6;; 1<i<j<2g4+r—1 is a curve in ¥\(J ;)
which encircles the holes D;, and D; and ¢ 3<k<2¢4+r—1 @ curve which encircles
Dy, Dy and Dy, (see Figure 17).

8

FIGURE 15
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o4 0,

FIGURE 16

FIGURE 17

Denote by Hg the subgroup of elements of M which leave the curves «; fixed.
Hatcher and Thurston have proved in [H-T] that Hy is isomorphic to Pagyr—1 X
Z9t7=1  where P, is the pure braid group on n strands. It is generated by «;’s
and ¢; ;’s, and admits a presentation with relations (see [B] for a presentation of
P,)

(i)a o 0 =0y VL]’G <1’g+r_ 1>’
(1)p ardij=bijar Vi<je(l,2g+r—1) and ke (1,g+7r—1),
(1)e i Nijki = Nijki 0ij, with

Okl fl1<k<i<i<ji<2g+r-1

orl <i<k<l<ji<29+r-—1,

Aijkl = Ok Ok fl<k<l=i<j<29+r-1,
01650k fl<i=k<l<j<2g9+r-1,

65065100 1<k <i<l<j<2g4r—1.

H is the subgroup of elements of M which leave the set {aq,..., a4} fixed (an
element of H can permute the «;’s and reverse their orientations). So H is defined
by the following exact sequences (see [W]):

1 Hy—HSES, -1, 1-(Z/22)" — S, —» S, — 1,

where S,, is the symmetric group of rank n and # the morphism which assigns to
each element of H the induced signed permutation on the «;’s. Therefore, H is
generated by H(), 52[))1 a1 (1 [))1 and (01 =&; O O 6i)1§i§g—17 and is defined by
the relations (7) and
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(i1)q Oiy10;0;11=0;0;110; for 1 <i<g—2 and6;6;=0;0; for [i—j>2,

(ii)p 02 € Hy for 1 <i<g-—1,

(ii). &2 € Ho,
)
)

) d [é-i,fj]EHO for 1§i<j§g where &':91'_191'_2...9169_1...91'_291'_1,
-e [9’La€j]EHO for Z#]v]_la

Remark. 0; permutes «; and ;41 , and &; reverses the orientation of o; (£3=¢).

Theorem 2.1 ([H-T][H]). M is generated by H and o= oy 1 a1 . All relations
involving o come from (A)—(E) below and, together with (i)—(iii), they suffice for
the presentation of M.

(A) o commutes with H(aq, (1), where H(aq, 81) is the subgroup of elements of
H which leave oy and 31 fized.

(B) 0?€H.

(C) Consider the curves y1,... ,yn shown on Figure 18. For any v among these
curves and any h € H such that ho(ai) =~, ho(y)=01 and ho(81) = aq,
one has ochoho € H . In the presence of (A), the choice of one h suffices.

(D) For any h€H such that h(B2)=pB1, o commutes with h(c). In the presence
of (A), the choice of one h suffices.

(E) Ife is the curve shown on Figure 16, then o hs o hyo hgohyohy o€ H when-
ever there are hi, ho, hg, ha, hs € H such that hyo(823) =01, haohio(e) =
51, th’hQO’hl a(al) :61, h40’h30’h20’h1 O’(ﬁg)zﬁl and

h50’h40’h30’h2 O’hl 0'(052) :ﬂl.
The choice of one 5-tuple (hy,... , hs)€H® suffices.

Remark. Relations (C) and (E) are slightly different from [H-T]. Moreover, Hatcher
and Thurston worked only with closed surfaces. The result above is due to Harer

([H]).

Corollary 2.2. Let ¥ be a surface with at least one boundary component. Then
My, admits a presentation with generators a;, 6; 5, &, 0;, o and relations (i)—(ii1)
above added to the following: o
(iv) o commutes with (oi)2<i<gtr—1, (0i)2<i<g—1, & = 0162407(&), 61,2,
(6ij)3<i<j<2gtr—1 and (i)s<i<agrr—1, where p;=ai(€62)*ar, with ki=
[(i4+1)/2] if i<2g and ki=i—g if i>2g+1.

(v) o?€H.
(’U’L) chohoe H fO’I‘ all hEH:{al ; 61,3 ) 61)4 61,305_1; 61)5 61,3a_1; 61)29_._1, RN
01,2g4r—1 5 01294101300, ... ,01,2g4r—161,300 ; 61,k 015 00 for 2g+1<

j<k<2g+r-—11}.
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FIGURE 18

(vii) o commutes with hoh, where h=a; E@l.

(UZ?Z) O’h50’h40’h30’h20’h1 O’EH, where hl :hg :h5 :()4_1(5273, h2 :@9 and
h4=(5273 04_15, here 92@50@@2(91) .

Remarks. (i) ¢; is the curve shown in Figure 17. The chain (aq, 81, 82,) and the
computations of Lemma 1.2 prove that

oi=(a1B162,:) @, =ai(€ 6a,:) k-

(ii) As diffeomorphisms of X, £ and 6 can be seen to be equal to 3 a2 ag F2 and
€ aq ag € respectively, where the curves are whose which are shown on Figures 15
and 16.

Proof. We have to prove that the relations (iv)—(viii) are equivalent to the relations
(A)-(E).

(2v) Let Ho(ai1,B1) be the subgroup of elements of H(aq, ;) which leave
each curve o; fixed. Then, H(aq, 1) is generated by Hp(a, 1) and elements
permuting the a;’s for 2<i< g or reversing their orientation. We have seen that
0; permutes a; and «;y1. The diffeomorphism &' preserves ay, §1 and «; for
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i >3 and reverses the orientation of ay (using braid relations, one can see that
fl = ﬁg Q2 ﬁg ) SO, H(al,ﬂl) is generated by Ho(al,ﬂl), fl and (9i>2§i§g—l .
Furthermore, following the proof of Hatcher-Thurston for Hy, one can prove that
Hy(ou,31) is isomorphic to Pagyr—o2 x 7972 and deduce that it is generated by
61)2, (Oéi>2§i§g+7«_1, (6ij>3§i<j§2g+r—1 and (@i)3§i§2g+r—l- SO, we have found
the required generators for H(aq, 1), and this proves that (i) is equivalent to
(A).

(v?) For any s.c.c. v in {y1,...,7n}, we have to find an element h of H such
that ho(ai)=~, ho(y)=01 and ho(81)=a1 . H is exactly the set of the elements
that we have found:

*xy=m = h=a,

* Yy =72 = h=0b3,

* y=7v3 = h=4é1401307,

*x y=7v = h=0s50i301,

* Y=, 125, ,T+3 = h:61)29+1‘_4,

* Y=, i=r+4,...,2r+2 = h= 61)29+1’_T_3 (517304_1,

* Y=, 1=2r+3,... ,N = h=0101,07 if y; encircles D; and Dy.

(V%) h=0 62401 is an element of H satisfying h(f2)= /31, so (vii) is equivalent
to (D).

(’U'l/”/) If we choose hi =hsg=nh; 20_16273, ho :EG and hy = 6273 a_lg, then
h; € H for all i and the 5-tuple (hi, ha, hs, ha, hs) satisfies the condition of the
relation (E). |

2.1. Proof of Theorem A. Let G be a group with generators {a=a, / « s.c.c.
in ¥} and relations (I), (IT) and (III) (Theorem A). We shall denote by H| the
subgroup of G generated by the a;’s and the d;;’s, and by H' the subgroup generated
by H{, =01 a1 a1b1, and the ¢;’s, where t;=¢;a;,a,41¢; (i=1,...,9—1).

Remark. Since G is a quotient of R, the relations which have been shown in Section
1 are also true in G.

Let ¢:G— M be the epimorphism defined by ¢(a)=a. In order to prove that
© is an isomorphism, we shall construct an inverse morphism % : M — G. So, let
us define 1 on the generators of M as follows:

Y(a)=a VaE{(ai)1§i§g+r—1; (0ij)1<i<j<2g+r—1 }

ti s w(a)zalblalzs.

<
—~
I
~—
I
5
<
—
>
~—
Il

First of all, let us prove that v is a homomorphism defined on M; to do this, we
will show that the relations (¢)—(viii) are mapped by v into true relations in G.
Relations (%). (i), and (i), are consequences of (0), and since Aijx(6:5) =26
(). is a consequence of Corollary 1.4.
Relation (2%)q. (0) implies t;t;=t;t; when |[i—j>2. For 1<i<g—1, one
has
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tiv1(ti) = (€i+1 Git1 Qiy2 €iv1)(€; @i Qit1 €;)(€itt Gig1 Git2 Eit1)

= €i4+1 Q41 Q342 €5 Q5 €541 A54-1 €541 €4 Qi1 Q542 €541 by (0)

€it+1 Qj41 Ai42 €5 Qf Aj41 €541 Qi1 €4 Qi1 Q42 €41 by (1)

€it+1 Ai42 Q41 €4 Aj41 Gi€541 Aj41 € Qi1 A54-2 €441 by (0)
€it1 Qit2 & Qi1 €; Qi €541 € Qi1 €5 Gita Ei+1 by (1)

= € €it1 Git2 Qit1 €; ;€ €i41 Git1Gi12 €11 €; by (0

€ €it1 Git2 Qi1 T €; Qi €41 Gi11Gi12 €41 € by (
€ 0 €541 Qi1 € Qg2 €41 Gi42 Git1€41 ;€5 by (0
€ 0; €41 Qi1 € €11 Ait2 €41 Qit1 Eix1 ;€5 by (1)

€07 €41 i1 €11 €; Qit2 €i410i4+1 €ir1 ai€; by (0)

€ 05 Wit 1 Cit1 Qi1 €5 Qg2 At €i41 Qi1 A3 € Dy

€ Wit €it1 Qit1 € Qit1 Git2 €i41 Qit1 G €5 Dy
= €0 Gt Cit1Ci Qig1 € Qiy2 €ix1 Gip1 G €; by (1)
€ Q7 Qit1 € €11 Qi1 Git2 Cit1 € Gip1 a;¢; by (0)
ti(tiv1),

which implies ti+1 ti t1+1 :ti ti+1 ti .
Relation (22)p. Let 6;; be the curves shown in Figure 17.

Lemma 2.3. d;; € H) for all 1<i<j<2g+r—1, and H} is generated by a;’s
and dj;’s.

Proof. Since 6; j=s <+ Ts;:01 (07 ;) one has

1,j—1

d/i,j:di,i—i-l . di,j—l(di7j) EH(/)

(use Corollary 1.4). Symmetrically, we obtain d;; =d;; q...d; ;_1(d; ;), which
proves the lemma. O

By Lemma 1.2, one has (a;e;a;11)* = a?a?, (t?. But the chain (ay,&;, @41)
gives:

4 U
(ai€iait1)” = da;_q 9i41d2i2i42 -

Thus, by Lemma 2.3, ¢? is an element of H.

Relation (2%)¢. The chain (a1, 81, 1) yields the relation af(braiaibr)?=di 2
(using Lemma 1.2). Thus we have x2=d; sa;* € H}).

Relation (22%)q. For i>2, x(a;)=a; € H}) by (0). One has

x(al) = bl aj aq bl (al) = bl aj aq a_l(bl) = bla(al) = a1 EH(S by (1)

Relation (2%2). When 3 <i < j <2g9+r—1 or (i,j) = (1,2), one has
$(di7j):di)j EH(/J by (0)

When 3<j<2g+r—1, one has 7'6_1; £(61,5)=02,; so, according to Corollary 1.4,
l’(dl)j) :dl)g (dg)j) EH(/) .

Similarly, when 3<j<2g+r—1, we have z(dy;)=d, ;€ H}.

Relation (22%)c. We have seen that 6 permutes aj, and ax,; and leaves o;
fixed when i#k, k+1. So, by Corollary 1.4, one has ty(a;) € Hy).
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Relation (’L’I,’L)d For all i, j, k, we shall find h € Hy such that 6i(6;;) =

h(bi ) for some 4’, j'. Then, if h is given as a word on the generators a;’s and

0i,j’s, and m is the associated word in H{, one has by Corollary 1.4
fk(dij> Zm(di/)j/) EH(/)

The cases of 62k—1,2k+1,02k+1,; and 0;2x+1 Will be proved in a slightly different
way:

* Z,]§é2/€—1 2]6 2k+1, 2k+2 = Gk(éi,j)zéi,j.

* j>2k+3 = 9k(52k 15)= 5ék 1264102k 2641 (02k41,5)-
i<2k—2 = Ok(6i26—1)=0%,_1 21105k 2k+1(0i,2k+1)-
* j>2k+3 = Op(b2r,5) =02 2k+2(52k+2 )
1<2k—=2 = 01(6i2k)=02k,2k+2(0i 2k+2)-
% j>2k+3 = Oi(02k+2,) =062k+1,-
1<2k—2 = 01(6i2642) =0 2k+1-
# O (026—1,2k) =054 _1 oppy1 (O2k+1,26+2)-
* Ok (6ak—1,2%+2) =650 1 ok (020,2641)-
* Ok b2k 2k41) = 62k+1 2k+2(5§k—1,2k+2)-

s Ok (82k,2k+2) =02k 2042
% Ok (82k+1,26+2) = 02k 2k+2 (02k—1,2k )-
: !
% Since d2x—1,2k+1 :6%_17%(62,6_1)%“), one has

O (82k—1,2k+1) = Ok 021,265k 1 2k 41) = O 521{—1,%5%(5/%_1,%4_1) .

But since

/ Y
Ok (62k—1,2k+1) = 62k—1,2k+17

one has using Corollary 1.4
tr(dor—1,2641) = tr don—1,2k tr(dop_q opr1) -

We have seen that tx(dog—1,2r) € H|; therefore ty(dok—1,2k+1) € H) by
Lemma 2.3.
* We saw in Lemma 2.3 that

!
dog41,j =dok+1,5-1 - - d2k+1,2k+2(d2k+1’j)-

Since, for j>2k+3, ok(6§k+17j):6§k—1,2k+1(6§k—1,j) , one has tk(d’%ﬂ)j)
€ Hj by Corollary 1.4. Furthermore, we already have ty(dagt1,2k+2) €
HY , thus, ti(dak+1,5) € H) by induction on j.

* Similarly, one has d;ak+1 = di ok - ..di)i+1(d§72k+1) and, for 7 less than
2k =1, tr(df g y1) = dip_q op11(d op—y) € Hp . Since ty(diy) € Hg for
l=i+1,...,2k, we have tk(di)Qk.Fl)EHé .

Relation (%) 4.
Lemma 2.4. ¢; commutes with zt1z in G.

Proof. We have
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l’tll'tl

(bl aj aq bl)(el ajq ag 61)(b1 ai ay bl)(el aj ag 61)

biataierbiarbiaserararbierarazer
biaraierarbraiaserararbieraraze;
biareraierbiazaieraiarerbraiaze;
bierarerbierazeraieraierbrarazer
etbiarbiererazeraiarerarbaraze;
etaibiaierazeiazaraierbyarbaze;
etaibiaiazerazaiarazerazbyarer b
erajazbiaiearazarbrerazerarer by
erajazbieraierarbrazerazarerar by
etajazerbiarerarbrerazeraierar by
erajazerbraierare; biazare;arar by
erajazerbraiarerarbarazeraarb
eraiazerbraiareibraibrazerarar by
erajazerbraiarbieraiazer biaiar by
tl x tl xZ. O

by (0)
by (1)
by (0) and (1)
by (0) and (1)
by (0) and (1)
by (1)
by (0) and (1)
by (0) and (1)
by (0) and (1)
by (0) and (1)
by (0) and (1)
by (0) and (1)
by (1)
by (0)

Denote (&) =ti—1ti—2...t1(z) by x;; we have to prove that [z;,z;] € H) (i<
j). Relations (iii).—q show that H/, is stable under conjugation by ¢;. So, one can
conjugate by g=to...tit1...t;_1:

and

gtj_l . t1(£L'>

gti—l . t1(£L'>

by (ii)a

=ty...ti(x) =2 Dby (0),
:E'"t_iH-"ti—lt_i-"tj—lti—l'”tl(x>
5 Eﬁtz_latz_ltl(li) by (ZZ)a and (0)
E ..t_iH...ti_gtiti_lt_iti_g...tl(w)
*5 ..t_iti_l...ti_Qti_lti_g...tl(x)

= E cticity e ti—gti—itioti—1ti—g ..

= fg fg Eg({t) by (ii)a

by (ii), and (0)

. tl ({,C) by (ii)a

Thus, (i4)q is equivalent to [¢1(z),z] € H{,. But, by Lemma 2.4, we have

[t1(z),z] =t izt ot THT = Hth% T.

Then, relations (i), and (#ii),—p yield (ii)4.
Relation (22)e. For i>j+1, relations (ii), and (0) give

i.e.

ti({bj) = titj_l ...tl(w) = tj_l ...tl ti(x) =Ty

ti,iL'j] = 1€H6
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For ¢+<j—2, the same relations give

tl(lij) = tl tj—l tl(l’)
= tj_l...t'ti+1t' ( )
= tj_l .. 'tz-f-l t tz—i—l ({,C)
= tj_l .. .ti+1 t tl tH_l(ZL’)
= tj—1-~-ti+1ti~-~tl( ):Jij.

Thus [t;,z;] =1€H,.

Relation (2v). The relation (0) shows that s commutes with (a;)2<i<gtr—1,
(ti)e<i<g—1, di2, (dij)s<i<j<ogtr—1-

By Corollary 1.4, one has 9(§') =t1d24a1(z) = b2 az az by and so (0) implies
that s commutes with (&’).

Chain relations and Lemma 1.2 show that v (p;) :a%( T d27i)2a_ki is equal to f;.
Thus, s commutes with ¥(p;) by (0).

Relation (v). s’=ajxa;€H'.

Relation (v%). Suppose first that m=1(h) € {ay; di3; di2g41,- -, d12g+r—17 -
Then

maj; = a;m by (0) and bymby =mbym by (1).

So,

smsms=ai1biarmaibyarmaibyar=a1by1ar a1 mbymayay by a;
=azmza €H .
Suppose next that
me{diadizar ; disdizar ; diggy1di3ar, .., diggrr—1di3ar ;dygdyjar
for 29+1< j<k<2g+r—1};
m can be seen as a product dipdyjar with j =3 and ke {4,5,29+1,...,
2g+r—1}or 2g4+1<j<k<2g+r—1.
If p1j, is a curve in ¥\{a;} C ¥ which encircles Dy, D; and Dy, the lantern
L((Sj)k,(SLk) yields
(4) aq aij Qi Mk = dl,k dl)j djk.
Thus, m=ay; a;, mjk@ and
smsms = (a1bar)(djr ai; ai, mjx)(a1 by ar)(djx a;, a;, mji) (a1 by ar)

— 2
= dji a2 a . a1b1 a1 aymybymjpara;byrar by (0)
= d]_k a?j aj ayzmipzra; by (1).
It is already known that a1, a;;, a;,, © and dji are elements of H'; (4) shows that
mj € H'. Therefore, smsmseH'.

Relation (vtz). If h:Tang_zLTslTalTaszl , then h=1(ay)=
B2 . Thus, by Corollary 1.4, one has m(a;)=as and m(bl):bg , where m=1vy(h)=
a1 daati, so M(s)=asbaas . Then, s commutes with m(s) by (0).

Relation (v%2%). Set m;=v(h;) and t=1(0)=v(p3) 'z a? az (t1>. We have
seen that ¥(p3) = fs and so, using Corollary 1.4, we can see that t =eajase
where € is the curve shown in Figure 16.

as and h_l(ﬁl) =
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Recall that by relation (2) (see the proof of Lemma 1.2), one has aj t; =t1 as
and agty =t a1 . Then one can compute:
S$M5 SNy S M3 SMa S S
= (a1 b1 a1)(@rda3)(a1 by a1)(d2zart)(ar by ar)(ar da,s)
x (a1 by al)(ﬂt)(al b1 a1)(@1 dz,3)(a1 b1 aq)
= a1 byaidz3bids 3fa1 b1 d23a1 by alatal b1 d23a1 biar by (0)
= (a1 b1 da3 and (1)

tbla1bld23b1d23a1ta1b1d23alb1a1 by (0)
blald23b1dggdggagtagbldggalblal by (1) and (2)

= (a1b1da3)”t
= a1b1d23 Z b1dg3a1b16a1a26b1d23a1b1a1a2 by (O

S

)
1b1d232@1tbld23a16b1a1b1a26d23a1b1a1a2 by (0) and (2)
’ )

= a1b1d23 altb1d2301€a1b1a102€d23a15101CL2 Y (1

2
= (a1b1d23

2 JR—

a1 Ea_ageb1d23ea1b1td23a1b1a1a2 by (O

aq dg3ealeb1a1aged23a1b1a1a2 by (1)
aibids s )

1b1d23 2@ éalagbldg3a1b1td23a1b1a1a2 by (0)

S

a1b1d232@1blealdggbldggtdggblalag by (0) and (1)
a1 b1d232a bldggealbltblalag by (0)

aq bl d23 35(1,1 bl eal a2€b1 aj ag

3

a1 b1d23 Ealeblalblagealag by (0)

3

a1b1d23 a1€a1a1b1a1a26a1a2 by (1)

3

a1 by eajazsearaz by (0)

)?
)?
)?
)
)
)
)
)
ay bldzg)za earbiaidasbiaztdaszarbiaias by (0)
)
)
)
)
)
)
a1 by dz,3)
)

(
(
(
(
(
= (
= (
= (
= (a1 bldgg2a16b1a1b1dggbltaldggalblalag by (1) and (2)
= (
= (
= (
= (
= (
= (
= (

a1b1d23 dzgta1a2

=ad3(z d273) d2)3 tayas by Lemma 1.2.

It is known that a;,  and da 3 are elements of H’'. Since 1(p3)=a3(zds3)? ay, €
H', one has t=1(0)=1v(p3) x a? az(t1) € H'. This concludes the proof of (viii).

This ends the proof that ¥ : M — G is a homomorphism. One has oy =
Idag. So, to prove Theorem A, it is enough to show that v is onto. Let « be
a s.c.c. in X. We have to show that a is in K, the subgroup of G generated by
{ai's, di;'s, x, t;s, s} (one has Y(M)=K).

First case: o does not separate 3. There exists a diffeomorphism A of ¥ such
that h(a;)=a. If we decompose h into a product of elements of {a;'s, &;;'s, &, 0i's,
o} (these elements generate M by Corollary 2.2) and set m =1(h), then Corol-
lary 1.4 implies a=m(a;)€ K.

Second case: « separates in Y. Denote by g, the genus of the component of
¥\ a which does not contain 6§, and by 7, its number of boundary components.
Up to diffeomorphism, « is the curve shown in Figure 19.

If, in ¥\ (Jas), a encircles only one hole, then o =agq1 and a € K. If a
encircles two holes, then a is one of the curves 624_124 Or 029412942 and a €
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o

FIGURE 19

FIGURE 20

K. Otherwise, one can find three curves 3, v, A verifying the lantern relation
aag, ag,, b=dgry1cl in G and such that if one of them separates, it encircles
fewer holes than a does (see Figure 20). Then we conclude, using the first case and
an inductive argument.

We have proved the first part of Theorem A when r>1. If r=0, it is clear
that the presentation given by Wajnryb in [W] together with Theorem 1.3 implies
Theorem A. The last statement of the theorem was proven in Theorem 1.6.

2.2. Proof of Theorem B. Harer proved in [H] that, when ¢ > 3, M, is
generated by twists along non-separating curves . The following two lemmas tell
us what happens in genus one and two.

Lemma 2.5. For any r>0, the twists on non-separating curves generate Ma , .

Proof. We only need to prove that a twist on a separating curve can be decomposed
into a product of twists on non-separating curves. So, let a be a separating curve
in Eg)r.

First case. One of the two components of ¥\« has genus zero. Then the star
(a1,a2,as3,3) (see Figure 21) gives (Ta, TasTasT8)> = TaTs, Tss-

Second case. The two components of Y\« have genus one. The chain (aq, 5, as)
(see Figure 22) gives (Ta, T8Tas)* = TaTs and we conclude using the first case. [

Lemma 2.6. For any r>1, My, is generated by twists on r—1 boundary curves
together with those on non-separating curves.

This lemma will be proved in Section 5.
We shall now prove Theorem B. From now on, ¥ will denote a surface of genus
g > 2 with r boundary components (r > 0). Let G’ be a group with generators
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FIGURE 22

{a=a, / @ non-separating s.c.c. in £} and relations (I)’, (II)’ and (IIT)’. Since G’
is a quotient of S, the relations which have been shown in Section 1 will be true
in G'. In particular, all lanterns, stars and chains are equal to one if the curves
involved do not separate (Theorem 1.6).

Define ¢:G' — M by p(a)=«. ¢ is clearly a homomorphism. Harer’s result
and Lemma 2.5 show that ¢ is onto. We shall construct an inverse morphism
Y: M — G'. To do this, we consider M given by the presentation of Theorem A.
So, let a be a s.c.c. in X. If & does not separate, we set ¢(a)=a. Otherwise, there
are the two following cases.

First case. One of the two components of ¥\« has genus greater than or
equal to two. Consider the curves shown in Figure 21 and define ¥ (a) by (a)=
(a1a9a3b)® di do . We have to show that 1)(a) is independent of the choice of the
star. So, let (o, ab, a4, ) be a second star and denote (ajasazb)®dy d2 by a and
(ahabald')? d) dy by a'. We want to show that a=a’.

If all the curves involved lie in the same component ¥; of X\ «, there is a
diffeomorphism h of ¥; which sends the first star onto the second one fixing «
(this is a consequence of the classification of surfaces). Decompose h into a product
of twists on non-separating curves in ¥; (it can be done since 3 has genus greater
than or equal to two) and extend it to ¥ by the identity. Then, if m denotes the
word of G’ associated to h, one has o’ =m(a) using Corollary 1.4. But if v is a
curve in the decomposition of h, then v and « are disjoint. So, one has

7= Ta() = (Tay Tas Tas 8) 75, 75, ()

and by Corollary 1.4, a(c)=a. This proves that m commutes with a and so o’ =a.
We suppose now that the two stars lie in distinct components of X\« (see
Figure 23).
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FIGURE 23

By Lemma 1.7 and stars and chains relations Ey and Cp, one has
(cbajasbe)(azbay azsbaz) = a) alydy do,
(et ajabb c)(ay b a)abt aby) = ayasdy dy.
Thus, we obtain, using Lemma 1.2 and (0),
a = (ayasazb)dids
= [(a1a2)(bay agb)(azbay azbas)][(a} ay) (@3 baraz baz)(cbaraz be)]
= ajayaydy[bajasbcbaras bl
and, similarly,

a = (dyayay V)3d| dy = a) ayay az [V a) ay b EV a) ab V).
But one can check that 747, Ta, 73(7) = 75/ Tal Tay, T3/ (7). So, if 4/ denotes this
curve, one has (by Corollary 1.4)
_ I e S
a=aiazayascc=a .
Lemma 2.7. Let 6 be a separating curve in ¥ such that X\ has a component of
genus greater than two. Let h be a diffeomorphism of X which is decomposed into
a product of twists along non-separating curves. Then, if 8 =h(8) and m is the
word associated to h in G, one has ¥(8")=m(6)m.

Proof. Let E = (a1, a2,a3,0) be a star such that (8) = (ajaza3b)>d; do (Fig-
ure 21). Then, if E' = (aj,a,a3,3) is the image of E by h, one has (&) =
(ajabald')3d, db. Furthermore, Corollary 1.4 gives a, = m(ay), b = m(b) and
dj,=m/(dy), which imply the required result. O

Second case. The two components of X\« have genus one. Consider the curves
shown in Figure 22 and define 9(a) by ()= (aibaz)*(8) (according to the first
case, ¥(6) is well defined). We have to show that ¥ («) is independent of the choice
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FIGURE 24

of the chain. So, let (o}, 3,a}) be a second chain and denote (ajbaz)*1(8) by a
and (a}b'ah)*¥(68') by a'.

If the two chains lie in the same component 37 of X\ «, there is a diffeomor-
phism h of ¥; which sends one of the two chains to the other one fixing «. By
Lemma 2.6, one can decompose h into a product of twists along non-separating
curves or boundary curves. But since a twist on a boundary curve is central, one
can suppose that h is a product of twists along only non-separating curves. Extend
h to X by identity. Then, if m is the word in G’ corresponding to the decomposi-
tion of h, one has by Corollary 1.4 and Lemma 2.7 o’ =m(a). At last, since all the
curves involved in the decomposition of m are disjoint from «, m commutes with a
by Corollary 1.4.

We now suppose that the chains lie in distinct components of ¥\« (Figure 24).
We set

Xlzalag, )(2217)(1[77 )(320)(267 X:{:a’la’27
X, =V X1, and X;=cXjec

Then, one has, using Lemma 1.2, a=X?X2(8) with ()= X; XoX3d) a, and
o/ =X"3X'39(8) with (8')=X|X,X,araz. Thus,

a=(X1X2)’ X1 X2 X3 X = X, Xo¢XocX] and o =X|X,eX}c¢X;.

But since 757a, Ta, 78(7) = 75/ Ta; Tay T (7) , by Corollary 1.4 we have Xa(c) =
X/4(c). Thus, we obtain a=X; X,eX,eX{=d.

We have proved that ¢: M — G’ is well defined. It remains to prove that v is
a homomorphism. To do this, it is enough to show that the relations (I) and (IV)
are mapped by 1 into true relations in G'.

The braids. Let A and p be two curves in X, v=7,(\). We have to prove that
(V) =) (M) (u)~t. This is shown by Corollary 1.4 if A does not separate.
Otherwise, if a component of ¥\ X has genus greater than two, the relation is still
true by Lemma 2.7.

Finally, let us suppose that A\ separates and that the two components of X\
have genus one. Let C(ay, 3, a2) be a chain such that 9(\)= (a1 bag)* 1(8) (see
Figure 22) and denote by o, 8/, of and &’ the respective image of a1, 3, as and
& under 7,. Then, one has 1 (v)=(a} b’ ab)* (&)

But there are some non-separating curves e1, ... ,&, such that i(u) is equal to
the product e; ...e,. Thus, by Corollary 1.4, one has aj, =v(u)(ar), V' =1v(uw)(d)
and, by Lemma 2.7, 1(8')=v(u)(¥(6)). So, we obtain (v) =1 (u)(A\)p(u)~L.
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FIGURE 26

Remark. Since the braids relations are mapped by 1 into true relations, one has in
G’', for any disjoint s.c.c. @ and 3 in X, the relation

(B) V()P (B) = P(B)Y(a).
Lemma 2.8. The chain relations are satisfied in G'.

Proof. Let (au,[3,as) be a chain C, and 61 and 62 its boundary components. If §;
and 63 do not separate, the relation is satisfied by (IT)’ and Theorem 1.6. So, we
suppose that 61 and 05 separate in 3. If g is equal to two, the relation is satisfied by
definition of ¥(8x). And when g>3, two different cases occur, which are described
by Figures 25 and 26 (we have to consider the second case only if g=3).

First case (Figure 25). The definition of ¥(6;) gives 9(61) = X1 X2X3Y; and
P(b2) =Y1YoY{ e3¢s , where

Xl = aj az, Xg :le b, X3 :CXQC,
Yi=cico, Yo =b'Y1 0, Yi=cYs( .

Furthermore, if Y3 =cYsc, one has by Lemma 1.7 Y5Yy = ajaacscy . Thus, we
obtain

P(81)1h(62) = X1 Xo X3 Yo Y4 G301 = (X1 X2 X3 Y2)(Y3 X1)
= X{ X3 XscXocYatYse.

At last, since Xo(c)=cYa(c) (Corollary 1.4), we have X2X2=1/(61)1(82).
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FIGURE 27

Second case (Figure 26). Set X1 =aja2, Xo=0X1b, Xg=cXoc and X} =
¢’ X5c' . Then, by definition, we have
V(61)=X1Xo X330 and  P(62) =X 1 Xo X3e1 2
and so
P(61)1(82) = X7 X3 X4 X3C1 2 C3 €1
Then, using the equality X}X3=cj c2c3¢q4 (given by Lemma 1.7), one obtains the

required result. O

The stars. Let (a1,a9,as3,8) be a star E in X, and let 81, 82, and 63 be the
boundary components. If all these curves do not separate 3, F is satisfied in G’
by (II)’, (IIT)’ and Theorem 1.6. If only one curve §é; separates, E is satisfied by
definition of ¥ (8;). So, let us suppose that 81, 82 and 3 separate X. Since g>2,
one can suppose that the component of ¥\6; which does not contain 62 is of genus
greater than or equal to one. Consider the curves shown on Figure 27, and set

Xi=azc, Xo=bX1b, Xsz=a1Xoar, Xi=axXsas,

Yi=cico, Yo=YV, Yz=cYsc.
By definition of ¥(82), ¥(83) and ¥(8), one has
Xl X2 X3 = C1C3 ’Q/J((Sg) s X1 X2 Xé = C2C4 ’Q/J((Sg) 5 Yl ng 3/3 = a1 az w(é)
and Lemma 2.8 gives X7 X2=c3cq and Y7 Y3 =1(61)¢(8). From these relations
we obtain
Y(b2)1h(63) = X1 Xo X505 X1 Xo X313
XiXiereaczes X3 X, by (B) and Lemma 1.2

= G cz(arbagcbar)(azbascbasg)

= cca(cbajasbe)(agbarazbas) by (B),
P(61)Y(62)0(83) = (YPYZ(8) N)erca (cbarazbe)(azbar azbas)

= Y2Y? (V1 Y2 Ysa1a0) Y] (cbayazbe)(azbay asbas)

= ai1ayYecYaC(chbajasbe)(azbayazbaz) by (0).

Now, set Z1 =ajae, Zo=bZ1b and Z3=a3Zza3. Then, using Corollary 1.4 one
can check that Y3(c)=Za(c). Thus, we obtain

1/1((51)’1/1((52)#)(63) =71 [ZQ EZ_QE][CZQ C]Zg =714y 743,
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Lemma 1.2 shows that this last relation is the star F.

This proves that 1 is a homomorphism. One has clearly 1 o o= Idg so ¢ is a
monomorphism from G’ to M. Since ¢ is onto, this concludes the proof of Theorem
B.

3. MAPPING CLASS GROUP WITH p1-STRUCTURE

A Topological Quantum Field Theory is a functor from a cobordism category to
a category of modules with suitable properties (see for instance [Al]). When we
consider the cobordism category of 2-dimensional surfaces and 3-dimensional cobor-
disms, this functor produces projective representations of mapping class groups.
One can linearize this representation by considering a certain central extension (G.
Masbaum and J. Roberts describe some of these extensions in [M-R]).

In [BHMV?2], the authors construct a TQFT V, from the Kauffman bracket.
In order to solve the framing anomaly, all the manifolds are equipped with p;-
structure. The central extension obtained this way is the mapping class group with
p1-structure and the goal of this section is to give a presentation of this group.

3.1. Definitions.

Definition 3.1. Let X be the homotopy fiber of the map p; : BO — K(Z,4)
corresponding to the first Pontryagin class of the universal stable bundle v over
BO. A pi-structure on a manifold M is a lifting of a classifying map of the stable
tangent bundle of M to X.

Definition 3.2. A homotopy between two pp-structures ®g and ®; on a manifold
M is a py-structure ® on M x I such that @ p;.0 and @571 coincide respectively
with q)() and @1.

If N is a submanifold of M, one can define a homotopy rel N in the obvious way.

Remarks. (i) A pi-structure up to homotopy is the analogue of a spin structure,
where the second Stiefel-Whitney class wo is replaced by the first Pontryagin class
p1-

(ii) We consider actual pj-structure rather than the homotopy class of such a
structure. This allows manifolds with p;-structure to be glued along parts of their
boundary.

For the relevant classical algebraic topology or structure on manifolds, see for
instance [S] or [Sw]. The following fact is easily proven using obstruction theory.

Proposition 3.3. If M is a manifold and N a submanifold of M, then, the set of
homotopy class rel N of py-structure on M is affinely isomorphic to H*(M, N;Z).

Thus, manifolds of dimension less than or equal to two admit a unique pi-
structure up to homotopy, and the set of homotopy class rel boundary of p;-
structure on an oriented, compact, connected 3-manifold is affinely isomorphic to
Z.

Now, let ¥ be an oriented, connected surface and ¢ a given pp-structure on X.
We shall define My, the mapping class group with p;-structure. For f & My,
we provide 9(X x I) with the following p;-structure: @ o f on X x 0 and ¢ on
(¥ x1U 0% x I). This can be extended to ¥ x I, and Py, the set of homotopy
class of such extensions, is affinely isomorphic to Z.
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Definition 3.4. The mapping class group with pi-structure is the set of all pairs
(f,F) where feMs and F € Py, together with the obvious composition.

Remark. Atiyah ([A2]) has previously defined this group in a different way.

The forgetful map p is an epimorphism from Mg to My, with kernel Z. Let us
denote by u a generator of Ker u. Since to modify a given p;-structure on 3 x I,
it is enough to change it in a small 3-ball, u is in the center of .//\V/lz; . So, we obtain
the following central extension of My :

(%) 0—7Z—MELM—1.

Note that this extension is natural in the following sense: if ¥’ is a subsurface of X,
then we have the following commutative diagram, where i, and i3 are the obvious
morphisms induced by the inclusion i of ¥’ in X:

!/

0 _— Z _— j\f\/jlzl _— ME’ _— 1

O——»Z——>.;\V4§3———>ME_—’1-

3.2. Presentation of M Let 7, be a Dehn twist. We shall construct a canonical
lifting 7, = (Ta, 4). To do this, consider a neighborhood V xS x I; (I;=10,1])
of @ in ¥ and define A on (X\V) x I by A(o,t) =¢(c). We have to extend to
V x I the pi-structure on 9(V x I) which is equal to ¢ o7, on V x 0 and to ¢
n (Vx1U (V) xI).
Now, we paste a copy of D? x I; to V identifying S' x I; with V.
* T, is a diffeomorphism of S! x I; which can be extended to D? x I; .
* Since HP(D? x I1,S* x I;7Z) =0 for p=3 or 4, there is one and only
one way to extend ¢ to D? x I (up to homotopy).

So, we can define a p;-structure ® on D? x 9(I; x I) which extends the given
one on A(V x IN'=81 x 9(I; x I) as follow:

q)(:E?T? t) = QO(JI,T) for ($77—7 t>€D2 X (9[1 X I7
®(x,7,0) = poT1y(z,7) for (x,7)€D? x I,
q)(:E?T? 1) = QO(JJ,T) for ($77—)€D2 X I]_.

Since HP(D? x I} x I,D? x 8(I; x I);Z)=0 when p is equal to four or three,
there is one and only one way to extend ® to D? x I; x I up to homotopy. We
will denote this extension by 7, and we define A on V x I by A(o,t)=n,(0,1).
This gives a well defined pi-structure A on ¥ x I, and we will denote by 7, the

element (7, A) of M
Remark. Tt is easy to see that when o bounds a disc in ¥, then 7, =1y,

Since Dehn twists generate M, the set of all 7,, together with the generator u of

Z generate /\/l Because w is central in /\/l one has the relation u7, =7,u for any
s.c.c. « in Y. Theorems 3 7, 3.8 and 3.9 below tell us how braids, lanterns, stars

and chains are lifted to M by the section s: M — M $(Ta) = 7o - Using these
results, we obtain from Theorems A and B the two following presentations of M.
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Notation. If meM is a word 7q, ...Ta, , we will denote by m the corresponding

~Y
word Ta, ... Ta, €EM.

Theorem 3.5. For any oriented surface 3, ./N\/lz; has the following presentation:
generators: {7, /a s.c.c. in L} U{u} (if a bounds a disc in X, then 7o =1) .
relations: (1) For any s.c.c. a in X, Tou=1uTy .

(2) T=1 for any braids Ty, T1 and Ty, .
(3) C=u'? for any chain C.
(4) L=1 for any lantern L.
If g>1, one can replace (3) and (4) by
(5) E=u'% for any star E.

With the non-separating curves, we obtain

Theorem 3.6. For any oriented surface 3 of genus greater than or equal to two,
Mg has the following presentation:
generators: {7, / @ non-separating s.c.c. in L} U {u}
relations: (1)’ For any non-separating s.c.c. & in 3, ToU=uTy -
(2)’ T=1 for any braids Ty and Ty between only non-separating
_curves.
(3)" Co=u'? for one chain Cy with non-separating curves.
(4)’ Z(/):l for one lantern Lo with non-separating curves.
When g>3, one can replace (3)” or (4)” by
(5) Eo=u'2 for one star Ey (with non-separating curves).

3.3. Lifting of the braid relations. The following theorem proves that the braid
relations are still true in M, ., where g and r are non-negative.

Theorem 3.7. Let « be a s.c.c. in X, m=(f, F)EM and y=f(a). Then, in M
we have the relation

Ty = MToM .
Proof. Denote the element m7,m by (7, ®) (see Figure 28) and consider a neigh-
borhood V of v in X. V/=f~1(V) is a neighborhood of a.

F(raf™(0),3t) | A(f7(0),3t = 1) [F(f71(0),3(1 - 1))

o foraof porgof ! pof1 v
\—-;-,——/
v donTxI
FIGURE 28

First step. We shall homotope ® rel (X x I) to a pp-structure ¥ on ¥ x T
such that U(o,t)=p(0) for € V. To do this, we have to define a p;-structure H
on ¥ x I x I such that:

H|E><I><0(tha0):(1)(a7t) ) H\(E\V)XIXI(thal):gO(U) )
Hisxox1(0,0,0)=p o1 (o), Hyxxixi(o,1,0)=¢(0)=Hssxrx1(0,t,0) .
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3t=06+2

t
zﬁ'»Ie \(pO‘EY 3t§1 -8

FIGURE 29

First, we define

(Taf Y(o),3t) if 3t<1-4,
H(o,t,0) =| F(f~1(0),3(1—1t)) if 3t>2+0,
F(f~(0),1-0) if 1-0<3t<2+0andogV.

Then, it remains us to extend H to W={(0,t,0)€V x I x I such that 1 —60<
3t <2+ 0}, which is diffeomorphic to V' x I x I (see Figure 29; we will identify
W with V x I xTI). Hisgiven on M =(0(V xI)xI)U(V x I x0). Since
H*(W, M)=H?*(W, M)=0, there is one and only one way to extend H to W up to
homotopy. We define ¥ by ¥(o,t)=H/(o,t,1).

Second step. To show that (7, ¥)=7,, we only need to look at the p;-structure
on V x I. So, from now on, ¢ is considered as a p;-structure on V and V', and f is
considered as a diffeomorphism from V' to V. Consider two copies of D? x I; (one
is denoted D' x I7) and paste them on V and V. Extend f to a diffeomorphism
from D2 x I to D? x I, and ¢ to a p;-structure on D? x I; and D’2 x I; . Then,
we define a p;-structure = on 9(D? x I x I) by

U(z,T,t) if xe8t,
E(x,7,t) =< pory(x,7) if t=0,
o(z,T) if t=1or7€{0,1}.

To prove that (7,,¥)=7,, it is enough to show that Z can be extended to
D? x I1 x I (see definition of 7, in 3.2). To do this, we shall find a p;-structure K
on D? x I x I x I such that K\|p(p2x1x1)x1 coincides with Z. Then, K|pzxrxrx1
will be the extension of =.

We recall that F is a pi-structure on ¥ x I. We shall extend it to D% x I; x I .
We consider its restriction to V'’ x I =8 x I} x I, which we will also denote F.
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Since H4(D? x I1 x I, (S* x I; x I)U(D? x I; x 0I)) =0, there exists a p;-structure
Fon D2 x I x I such that Fisixnxi=F, Fipexrxo=wof and Fiprzyxrx1=¢.
Now, we can define K on M'=9(D? x Iy x I x )\D? x I x I x 1 by

7o(f "z, 7),1) if 6=0,

H(x,71,t,0) if z€8t (with W=8'x1I; xIxI),
E(f~Y(z,7),1-0) if t=1 or 7€{0,1},
Flraf Yz, 7),1—-0) if t=0.

K(ZE, T’ t? 9) =

One can check that K coincides with Z on 9(D? x I; x I) x 1; since when p=3 or
4 we have HP(D? x I} x I x I, M')=0 K can be extended in a unique way up to
homotopy to D? x Iy x I x I. O

3.4. Lifting of the lantern relations.

Theorem 3.8. Let X be a sphere with four holes. If aq,...,aq,01,02 and B3 are
the curves shown in Figure 1, then one has in My :

Tay Tas Tas Tas =T33 78573, -
Consequence. Since the extension (¥#) is natural, the lantern relations will be
~Y

true in My, for any surface X.

Proof. Since T, TasTasTay =T8,T8,T3; , there exists an integer n such that
Tas Tas Tag Tas = T8 T3, T3, U™
Consider an embedding of ¥ in a surface ¥’ such that a4 bounds a disc in X'.

Then, we have 7,, =1 and [} is isotopic to oy, thus 7g, =Ta, and To,TasTas =
TogTasTay 0", which implies that n=0. O

3.5. Lifting of the star and chain relations.

Theorem 3.9. Let X be a surface of genus one with three holes. If a1, oz, as, [,
61, 62 and b3 are the curves shown in Figure 2, then, in My , we have the relation:

s~ o~ 2N~ o~ o~ 12
(TOtlTOtz 7—0t37-5> = Té1 Toy Tog U

Consequence. For any surface ¥ and any stars £ or chain C in X, in My, we
have the relation E=C=u'2.

Proof. Since the star relations are verified in M, there exists an integer m such
that (T, TasTas73)> = T, Ts, 7o, u” . Consider an embedding of ¥ in S x S! and
denote by « the common image of a1, as and ag. Since each of the three curves
81, 62 and &3 bounds a disc in S x S1, the relation becomes
(%) (FaTaTa)! = u™.

In order to prove that n = 12, we shall use the action of .//\\;lslxsl on V, =
V, (S x S1) induced by the TQFT developped in [BHMV2].

First, let us describe V,,. We suppose that p>4 and we consider the ring k),
define by

kp = Ll A, K]/ (025 (A), K° = )
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where ¢9,(A) is the 2p-th cyclotomic polynomial and u= A5~ P Lot us denote
by K(D*x S1) (resp. K(S!x D?)) the Jones-Kauffman module of D? x S (resp.
St x D?) over k,. There is a bilinear form

(,):K(D*x S")x K(=S'x D*) — k,

which associates to a pair of banded links L, L' in D? x S and S x D? the
Kauffman bracket of L UL’ in S?, using the standard decomposition

D?*xS* U S'x(-D?%
Stx St

of $3. Then, V, is the quotient of K(D? x S') by the left kernel. It is shown in
[BHMV1I] that V, is a k,-module of dimension [(p —1)/2].

The Dehn twist 7, induces an obvious endomorphism ¢ on K(D? x S!) which
descends to V,. Similarly, 75 induces an endomorphism on K (—S! x D?). Consid-
ering its adjoint, we obtain a new endomorphism ¢’ on V,,. Then, the actions of 7,
and 7g on V), coincide respectively with ¢ and #'. By using methods and results of
[BHMV1], one can check that (tt't)?=—A~6A"PP=1/2 Idy, when p is odd. So,
since u acts as the multiplication by the scalar x, () implies A~2A=P(FP—1) =g
in k. Suppose now that p=—1 mod4. Then, " =rx'? and, since K®=A7°, we
obtain 1= g6("=12) = A=6(n=12) = Noreover, since A is a primitive 2p-th root of
unity, one has —6(n — 12) = 0(2p) for all integers p>4 such that p=—1 mod4.
This proves the required equality n=12. O

4. ON CENTRAL EXTENSIONS OF My,

Let ¥ be a surface of genus g >0 with r boundary components (r > 0). Recall
that Sy is a group generated by {a, /« a non-separating s.c.c. in X} and defined

by the relations Ty and Ty. Let 7x be the subgroup of My generated by {7/«
s.c.c. in X} U {u'?}. In this section, we shall prove the following theorem:

Theorem 4.1. (i) Considering the restriction of u to Ts, we have the natural
central extension

(*) ()_>Z—>TELME—>1.

(ii) If g>2, Tx is generated by {7 / @ non-separating s.c.c. in X} .

(ii) One can define natural homorphisms ¢ : Sy, — T and 1 : Sy, — Z by
@(aa):%a and Tﬁ(aa):l-

When g>3, ¢ and ¢ induce an isomorphism between Sy, and Ty X 7.

When g=2, ¢ is an isomorphism from Sy, to Tx.

(iv) When g>3, the extension (*) is the universal central extension of Msx.

Clearly, this theorem proves Theorem C (the functorial properties are obvious)
and implies the following two corollaries:

Corollary 4.2. The kernel of the quotient map Sy, — My is isomorphic to Z
(generated by Cy) when g=2 and to ZSZ (generated by Ly and Cy) when g>3.

Corollary 4.3. Suppose that g>3. Then, Ts, admits a presentation with gener-
ators {aq / @ non-separating s.c.c. in X} and the relations (I)” and (1)’ (braids
To and Ty and a lantern L with only non-separating curves).
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Proof of Theorem 4.1. (i) is clear since the kernel of j7;, is generated by ul?

To prove (ii), first one can see, by considering a chain C' without separating
curves and using Theorem 3.9, that u'2? is in the subgroup of Mz generated by
{7a / @ a non-separating s.c.c. in X}. Then, we can conclude exactly as in the
proof of Lemma 2.5.

Since braid relations are verified in Mz , the map ¢ is a morphism. Furthermore,
(ii) implies that ¢ is onto when g > 2. Now, we shall determine Ker¢. Denote
by ¢q:Sy — My the quotient map given by Theorem B. First, we suppose that
g >3. Then, Kerq is generated by two elements Cy and Ly coming from chains
and lanterns. So, considering the commutative diagram

Sz\‘—/w\/lz

we see that Kerp C <CO,L0> Since this group is abelian (Theorem 1.6) and

¢©(Lo)=1 and ¢(Cp)=u'?, we have Ker p= (Lg). But since 9 is the abelianized
morphism and t(Lg) = 17 we have (Lg) =7Z and we obtain the following exact
sequence:

O—>Z—>Szi>’fg—>1

Furthermore, since ¢ : Sy —Z is a section, this sequence splits. When g=2, Kergq
is cyclic generated by Cy. Thus, ¢ is an isomorphism.
(iv) was shown by Harer in [H]. O
5. THE GENUS ONE CASE

The goal of this section is to prove Lemma 2.6 and the fact that there is no
epimorphism from Sy, to My, if »>2. In fact, we shall prove stronger results.

Lemma 5.1. Considering the curves shown on Figure 30, My, is generated by
the twists 7o,, 173 and 7s; for j>2.

Proof. We shall use an inductive argument. Capping off 6, by a disc with center p,
one can obtain the following two exact sequences (see [B] and [H]):

0—7Z— M1r—>N1T 1—>1

f: f.
0 — m(Z1,r-1,p) —> N1 po1 = My,oq — 1,

where N7 .1 is the group of isotopy classes of orientation preserving diffeomor-
phisms of 3, ,—; which are the identity on the boundary and which leave fixed the
base point p. The four morphisms f; are defined as follows:

- f 1(1) =,
— f5 is obtained by extending each map over the disc by the identity.

— If ais aloop based on p and o’ and o’ the two boundary components
of a neighborhood of a, then f3(a)=7, 7, (here and below, we will
denote by the same letter a curve and its homotopy class).

— f4 is defined by forgetting the base point p.



PRESENTATION AND CENTRAL EXTENSIONS OF MAPPING CLASS GROUPS 3131

FIiGure 30

FIGURE 31

It is known that M is generated by 7., and 73. Suppose inductively that

M ,—1 is generated by Ta,,... ,Ta, 1,78 Tésy--- T, , - Then, Ni,_1 is gener-
ated by these twists and Im f3. Furthermore, m1(X1,-1,p) is generated by the
homotopy classes of the curves aq,...,a,—1 and . If we denote by o) the

curve TgTalTOjrlrﬁ_ 1(ai), then one can check that f3 maps «; into Ta.T;l, and

if ' =74,78(r), then f3(3) = TgTﬁ_/l . Thus, since 7o, = TgTalT(;Tngl(Tai) and
T8 =Ta, 73(Ta,. ), the group N7 ,_1 is generated by 7oy, ..., Tan_ 1> T8 Toas- -+ s 6,1
and 7, .

Finally, we obtain the required result for M ,. using the first exact sequence. [

Proposition 5.2. Suppose that r > 2. Then, the twists along non-separating
curves and r—2 boundary curves do not generate M, .

Proof. Referring to Figure 30, suppose that 75, and 75, can be decomposed into a
product of twists along non-separating curves or the curves 0s,...,0,. First, let
a be a non-separating curve in ¥ =% ;.. There is a diffeomorphism h of X which
sends a7 on a. Lemma 5.1 tells us that h can be decomposed into a product of
twists along the curves aq,...,ap, 3,82,...,6,.. One has 7, =~hT,, h; since Dehn
twists along boundary curves are central in My ., one still has 7, =h' 74, W, where
h' is obtain from h by removing the boundary twits in its decomposition. Thus,
one can suppose that 75, and 75, are decomposed into a product of twists along
the curves aq,...,a,,0,03,...,0,.

Now, let ¢ : Mj, — Mz be the morphism obtained by capping off each of
the boundary components ¢; for j >3 with a disc and gluing a cylinder onto 6;
and 62. Then, if vq,...,75 are the curves shown in Figure 31, one has ¢(73) =
Tvas @(Tai) =Ty for Z?’é 2, @(7—0&2) = Tyz;s @(7—51) = (,0(7'52) =Tys and (,0(7'5]-) =1 for
j >3. Thus, our hypothesis implies that 7., can be decomposed into a product
of twists along the three curves v1, 72 and 73. Then, since 7,,,...,7,, generate
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Moy, one only needs 7,,...,7y, to generate My . This is false according to
Humphries ([Hul). |
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