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THE SCHWARZIAN DERIVATIVE FOR MAPS BETWEEN
MANIFOLDS WITH COMPLEX PROJECTIVE CONNECTIONS

ROBERT MOLZON AND KAREN PINNEY MORTENSEN

ABSTRACT. In this paper we define, in two equivalent ways, the Schwarzian
derivative of a map between complex manifolds equipped with complex projec-
tive connections. Also, a new, coordinate-free definition of complex projective
connections is given. We show how the Schwarzian derivative is related to the
projective structure of the manifolds, to projective linear transformations, and
to complex geodesics.

1. INTRODUCTION

In our paper [13], we defined and studied two operators, ¥ and L, associ-
ated to a locally biholomorphic mapping from a domain in C™ to CP™. These
two operators were shown to play a role analogous to the Schwarzian derivative
(f"/f) —%(f"/ f")? for functions of one complex variable; in particular, a geomet-
ric interpretation of X allowed us to give a simple proof that a mapping is complex
projective linear if and only if ¥ vanishes identically.

In this paper we generalize these ideas by defining a Schwarzian derivative ¥4
for any locally biholomorphic map ¢ : M — N where M and N are complex
manifolds of dimension n, each with a fixed complex projective connection. ¥4 is a
symmetric tensor on M which measures the extent to which ¢ does not preserve the
complex projective connection; it is essentially the difference between the projective
connections. It is of interest to compare ¥y with the Schwarzian derivative which
Osgood and Stowe defined for a conformal map between Riemannian manifolds [15].
They showed that their Schwarzian derivative can be defined as a difference of two
“Mébius connections” [14]. Also, Deligne showed that for holomorphic functions
of one variable, the classical Schwarzian derivative can be given as a difference of
projective connections [2].

We include a fairly complete discussion of complex projective connections. The
projective connection is an old and well-developed notion in the setting of real
manifolds. It has been carried over to complex manifolds in [10], [8], [6], [4], and
others. In Section 4 we give a new definition of a complex projective connection.
The connection need not be holomorphic, but if it is, then this definition is equiv-
alent to that of [10]. Our definition has the advantage of being coordinate-free.
Although not every complex manifold supports a holomorphic projective connec-
tion [6], [7], a study of the relationship between affine connections and projective
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connections shows that every complex manifold supports a complex projective con-
nection (Corollary 4.1).

In Section 5 we show how principal bundles and Cartan connections may be used
to define holomorphic projective connections. This approach was used to study pro-
jective connections on differentiable manifolds in [1] and [9]. Ganesh [4] extended
the principal bundle approach to study holomorphic projective connections on com-
plex manifolds, but did not use the idea of a Cartan connection. To complete this
circle of ideas, we define a “normal complex projective Cartan connection” and
show that it coincides with the complex projective connection defined in Section 4.
The relationship is given explicitly in Proposition 5.3.

We give two equivalent definitions of the Schwarzian derivative 4. From the first
definition, given in Section 6, it is easy to see that when the projective connections
on M and N are flat, then X4 generalizes the operator ¥ described in [13]. The
second definition is considerably more complicated, but it gives a valuable geometric
interpretation of ¥,. This method is inspired by the work of Thomas (for real
manifolds) [18] and of Flanders (for functions of one complex variable) [3]. In
order to give this second definition, we construct in Section 7 a line bundle M
over M. If M has a complex projective atlas, then M has a complex affine atlas
(Proposition 7.1). Furthermore, M is endowed with a canonical volume form and
to each complex projective connection on M is associated an affine connection on
M (Theorem 7.1). In Section 8 we define the Schwarzian derivative of ¢ : M — N
by using the affine connections on M and N and a canonical lift QAS : M — N of the
map ¢. This generalizes a construction given in [13] for maps from a domain in C"
to CP™. If the projective connections on M and N are flat, then this definition of
Y4 leads to a geometric proof that Yy = 0 if and only if ¢ is complex projective
linear when written in projective coordinates (Theorem 8.1).

Projective geometry was conceived by Weyl [20] and by Thomas [17] as the
geometry of “paths”, that is, of unparametrized geodesics. Thomas obtained a
projective connection from any class of affine connections which have the same
(unparametrized) geodesics, and defined projective maps as those which preserve
the geodesics. In Section 9, we show that these ideas may be applied to the holo-
morphic setting as well. In particular, we obtain Theorem 9.1, which says that a
locally biholomorphic map ¢ between complex manifolds with reduced holomorphic
projective connections preserves complex geodesics if and only if ¥4 = 0.

We are grateful to Robin Graham and to Brad Osgood for several useful conver-
sations.

2. PRELIMINARIES

Let M be a complex manifold of dimension n. The complex structure is given by
an operator J : TcM — TcM; T"M denotes the i-eigenspace of .J. Vector fields
which are differentiable sections of T"M are called (1,0)-vector fields; the space
of all (1,0)-vector fields is denoted by X"M. The dual bundle to T"M is denoted
Th*M.

Throughout the paper, all affine connections are assumed to be torsion-free and
compatible with the complex structure on M. All manifolds are assumed to be
connected.

For every open covering of M, there is a refinement consisting of simply con-
nected, Stein domains, all of whose intersections are also simply connected. We
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will assume, when necessary, that a covering of M has these properties, without
explicit mention.

We use the Einstein summation convention when working in local coordinates:
one sums over all repeated indices. Unless otherwise specified, small Roman indices
run from 1 to n and capital indices run from 0 to n. The Kronecker delta &7 equals
1if I = J, 0 otherwise.

In this paper, “differentiable” will always mean C*°.

3. COMPLEX PROJECTIVE STRUCTURES
Let M be a complex manifold of dimension n.

Definition 3.1. A complex projective atlas for M is an atlas of coordinate charts
covering M such that all the coordinate changes are complex projective linear.

That is, if (z},...,27) are holomorphic coordinates on U, and (wé, ..., T}) are
holomorphic coordinates on Ug, then on U, N Ug,
. ) atxd 4 bt
xl — fz T — J Of ,
B ozﬁ( Ot) Cj(E}]X +d

where a}, b', ¢j, and d are complex constants and the determinant of the (n + 1) x
i
(n+1) matrix < ZJ d ) is nonzero. The coordinate charts in the atlas are called
J
projective coordinates.
A complex projective atlas determines a 1-cocycle with values in the projective

linear group PL(n,C), and thus an element of H'(M, PL(n,C)).

Definition 3.2. Two projective atlases are said to be equivalent if they determine
the same element of H'(M, PL(n,C)); the equivalence class is called a complex
projective structure on M.

Some simple examples of complex manifolds which admit a complex projective
structure are complex projective space and any manifold which can be expressed
as a quotient of C™ or of complex hyperbolic space by a group of complex projec-
tive linear transformations. In [5], Gunning showed that every Riemann surface
admits a complex projective structure. For dimensions greater than 1, there are
obstructions to the existence of a complex projective structure. In [10], Kobayashi
and Ochiai completely classified compact complex surfaces which admit a complex
projective structure. For higher dimensions, examples of manifolds admitting and
not admitting complex projective structures can be found in [10] and [8].

We recall the definition of the Schwarzian derivative in several complex variables.
Let U be an open set in C™ (n > 1) and f : U — C" locally biholomorphic. Let

z = f(z) and let Jy denote the Jacobian determinant det(%).

Definition 3.3. The Schwarzian derivative of f is the tensor

. 9
S(f) = 5(f)5;da’ @ da’ @ Bk

< &z dak oF dlogJy & 810ng>

0zidxd 02! n+1 Oxt n+1 OxJ

D
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The Schwarzian derivative has appeared frequently in the literature, although not
always by that name. See, for example, [4, p.71], [22, p.474], [23, p.128], [8, p.38],
[10, p.76], and [6]. It is well known that S(f) vanishes identically if and only if f is
complex projective linear; see pages 48-50 of Gunning’s book [6]. A geometric proof

" / " 2
can be found in [13]. For n = 1, the classical Schwarzian derivative (%) -1 (%)
characterizes projective linear functions. Notice that it is a differential operator of
order 3, whereas S(f) is of order 2. In this paper we deal primarily with the case

n > 1, although some of the ideas apply to n =1 also.

4. COMPLEX PROJECTIVE CONNECTIONS

Closely related to the idea of a complex projective structure is the notion of a
complex projective connection. Differentiable projective connections on real man-
ifolds were defined and studied in the 1920’s by E. Cartan, and in a somewhat
different guise, by T.Y. Thomas [1], [17]. The 1931 paper of J.H.C. Whitehead [21]
recounts the early history of the subject.

In the complex setting, and in more modern language, holomorphic projective
connections are described by Kobayashi and Ochiai in [10] and by Kobayashi and
Horst in [8]. The definition for dimension n =1 can be found in [5] or in [19].

The definitions mentioned above are all in terms of local coordinates. In this
section we give an equivalent coordinate-free definition and also define the more
general notion of a complex projective connection. We also show how projective
connections are related to complex projective structures and to classes of projec-
tively equivalent affine connections.

Throughout this section, M will denote a complex manifold of dimension n > 1.

Definition 4.1. A complex projective connection on M is a differentiable map
II: XM"M x X" M — x"M

which satisfies

1.

H(X1+X2)Y =IIx, Y +1lIx,Y,
2.

Ox (Y1 + Yz) = 1Ix Y1 + 1IxYa,
3.

1
4.
1
Ix (fY) = flxY + X(f)Y — n—_HY(f)X for f € C*(M),

5.

MyY — Iy X = [X,Y].

The terminology regarding projective connections is not consistent in the lit-
erature. For example, Kato [7] omits property 5 from the definition and calls a
projective connection normal if it satisfies property 5.
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Definition 4.2. A reduced projective connection is a projective connection with
the property that for any local holomorphic coordinates,

dxi<na 0 >_o for all 7.

ozt al’j

A simple calculation shows that if for some local holomorphic coordinates

i 9 —
dx (Haii %> = 0,

then the same holds for all local holomorphic coordinates. Given a complex pro-
jective connection II, one may construct a reduced complex projective connection

II by setting
-9 o 1., o\ o
e (H—%> oz

Definition 4.3. A holomorphic projective connection on M is a complex projective
connection IT with the property that if X and Y are holomorphic vector fields (i.e.
holomorphic sections of T"M) near p € M and if @ is a holomorphic (1,0)-form
near p, then the function §(ITxY") is holomorphic near p.

We now recall the definition of holomorphic projective connection given by
Kobayashi and Ochiai in [10] and show that it coincides with our definition.

Given any coordinate covering of a complex manifold M, let xg = fo5(zq)
denote the coordinate transformations. Then S = {S(fas)} is a holomorphic 1-
cocycle with values in T7"*M & T" M @ T"M and thus defines a cohomology class
[S]in HY(M, T"*M & T"* M @ T"M). This cohomology class is independent of the
choice of coordinates. It is called by Kato ([7]) “the obstruction to the holomorphic
projective connection.”

Definition 4.4 ([10]). A holomorphic projective connection on M is a holomorphic
0-cochain ¥ = {¥,} with values in T7"*M ® T"*M ® T"M such that

(1) the coboundary of ¥ is S,
(2) W is symmetric: for all X,Y € T"M, U, (X,Y) = ¥, (Y, X).

In local coordinates, we write

- - 0]
k i
q]a = \Ilaijdxa ® dl'fl ® %.

Then condition (1) is equivalent to

1 (- A L =2 4 S(fus)"
( ) vy axa 817& Blmaxg + (f ﬁ)zg
and condition (2) is equivalent to \I/afj = \I/afZ

Given a holomorphic projective connection ¥ in the sense of Definition 4.3, we

let
g 0
HL i == q]a oy o
sl O, ozl oxl,
and define Ilyip/9,: g’ Mij using properties 1 through 4 of Definition 4.1. A direct
computation, using the symmetry of ¥, shows that property 5 also holds. Another
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direct computation, using properties 1 through 4 and the fact that
OPaly 9zr,  dlogJy,,

Oz, 0xg Oxly — Oxl,
shows that .
o 8:55 8:5751 o 0
— = A —— + S(fap)i —.
#od O odd Fr oy Uiy

Together with the transformation law (1), this shows that II is independent of the
choice of a.
Conversely, given II, we may obtain ¥ by setting
0
kE _ gk
\Ilozij = dwa (Haf}l 81,&) .

Henceforth we will write Hafj in place of \I/afj
morphic projective connection interchangeably.

and use the two definitions of holo-

Definition 4.5 ([10]). A holomorphic projective connection is called flat (or inte-
grable) if there exists an atlas of holomorphic coordinate charts such that Hafj =0
for all «, for all 1, j, k.

Theorem 4.1 ([10], [4]). A complex manifold M has a flat holomorphic projective
connection if and only if it has a complex projective structure.

Proof. If M has a flat holomorphic connection, one may choose an atlas of holo-
morphic coordinate charts for which Hafj = 0 for all @. The transformation law
(1) then implies that the Schwarzian derivative of each coordinate transformation
vanishes, so the coordinate transformations are complex projective linear.

Conversely, if M has a complex projective structure, then with respect to a
complex projective atlas, S(fag) = 0 for all «, 8, so Hafj = 0 defines a flat
holomorphic projective connection. O

Flat holomorphic projective connections are also characterized by the vanishing
of the “Weyl projective curvature tensor”; see [6, pp.79-83].

For a differentiable (real) manifold, Weyl [20] defined a projective structure to
be an equivalence class of differentiable affine connections. Two connections are
equivalent if they define, up to reparametrization, the same geodesics. Thomas [17],
[18] showed how such an equivalence class determines a (real) projective connection.
We conclude this section by showing how these ideas carry over to the holomorphic
setting. Recall that all connections are assumed to be compatible with the fixed
complex structure.

Definition 4.6. Two affine connections V and V’ on a complex manifold M are
projectively equivalent if there exists a (1,0)-form w such that for all X € T"M,
Y e xhM,
V'xY = VxY =w(X)Y +w(Y)X.
By a “complex geodesic” we will mean a totally geodesic 1-dimensional complex

submanifold G of M. Let B be a domain in the complex plane, g : B — G a local
coordinate chart for G, V = g*a%.

Lemma 4.1. The condition that G be totally geodesic is equivalent to the condition
that VvV be a multiple of V' at every point of g(B).
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Proof. Let ¢ and 7 be real vector fields tangent to GG. This means ¢ = aV + av,
T =0bV+bV. G is totally geodesic if and only if V.7 is also tangent to G. Since V is
holomorphic (i.e. has holomorphic coefficients when written in local coordinates),
VvV = V3V = 0. Therefore

Ver = [aV(b) +aV (b)]V + [@aV(b) + aV (B)]V + abVy'V + abVV,
which is tangent to G if and only if Vy/V is a multiple of V. O

Theorem 4.2. Two affine connections V and V' on a complex manifold M are
projectively equivalent if and only if they determine the same complex geodesics.

This is a corollary of the more general Theorem 9.1 proved in Section 9; we defer
the proof until then.

The proof of the next theorem is taken from ideas of Thomas [17] and Kobayashi
and Ochiai [10].

Theorem 4.3. On a complex manifold, there is a one-to-one correspondence be-
tween reduced complex projective connections and projective equivalence classes of
affine connections.

Proof. Let V be an affine connection on M. For X € X" M, let
n(X) =tr(Y — Vy X).
Define ) )
IIxY =VxY - —n(X)Y — —n(Y)X.
b xY = n(X)Y — (YY)

It is a straightforward computation to verify that II is a reduced complex projective
connection. If V' is projectively equivalent to V, so that

VY =VxY +w(X)Y +w(Y)X,
then
7'(X)=tr(Y — Vy X) = n(X) + (n + Dw(X),
SO
Vi — - (X)Y — — (V)X = VY — ——p(X)Y — ——

R nt1! T a nt1!
Therefore every affine connection which is projectively equivalent to V determines
the same complex projective connection II.

If, on the other hand, we begin with a reduced complex projective connection
II, we can construct from it an equivalence class of affine connections. To do this,
let V be any affine connection on M and let

A(X) = tr(Y — Vy X).

Then we obtain an affine connection V by setting

(YV)X.

1 1
Y =IIx Y+ —n(X)Y + —n(V)X.
Vx X +n+177( ) +n+177( )

Any other affine connection thus constructed is projectively equivalent to V.

If we begin with an affine connection, construct IT from it as in the first part of the
proof, then use II to construct V as above, it is easily verified that V is projectively
equivalent to the original affine connection. Therefore the correspondence between
reduced complex projective connections and projective equivalence classes of affine
connections is one-to-one. O
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Corollary 4.4. Every complex manifold has a reduced complex projective connec-
tion.

It is not the case, however, that every complex manifold has a holomorphic
projective connection. The Chern classes of a complex manifold which admits a
holomorphic projective connection must satisfy certain relations (see [6], [7], [10]).
From this one obtains examples of manifolds which do not admit a holomorphic
projective connection. More examples are given in [8]. A complete characterization
of the compact complex surfaces which admit a holomorphic projective connection
was given by Kobayashi and Ochiai [10]; they went on to show that all surfaces which
admit a holomorphic projective connection admit a flat holomorphic projective
connection [11].

5. PRINCIPAL BUNDLE APPROACH TO
HoLoMORPHIC PROJECTIVE CONNECTIONS

Projective structures and connections on differentiable manifolds were described
by E. Cartan in the language of principal bundles [1]. The relationships between
Cartan’s approach to projective connections on differentiable manifolds and that
of H. Weyl and T.Y. Thomas have been studied by several authors including
Kobayashi and Nagano [9].

In the study of projective structure on complex manifolds, the principal bun-
dle approach was used by Ganesh [4]. Ganesh’s approach to complex projective
connections is similar to Gunning’s approach and uses local coordinate represen-
tation of projective connections. In this section, we show that one may define a
complex projective connection as a certain Cartan connection. The complex ana-
log of a normal projective connection in the sense of Cartan then corresponds to a
reduced complex projective connection in the sense of Section 4. The development
of projective connections in the sense of Cartan on complex manifolds is formally
very similar to the development on differentiable manifolds as given by Kobayashi
and Nagano [9]. Here we only outline the main ideas and indicate how a complex
projective Cartan connection is related to Definition 4.1.

Let G?(n) denote the group of 2-jets of locally invertible holomorphic mappings
on a neighborhood of 0 in C™ which map 0 to itself. Let P?(M) be the G*(n) princi-
pal bundle of 2-jets of locally invertible holomorphic mappings from a neighborhood
of 0 in C™ to M. The action of G?(n) on P?(M) is determined by composition of
mappings.

Let (U, z) be a local holomorphic coordinate neighborhood on M and let ¢ =

(¢Y,...,¢™) be standard complex Euclidean coordinates on C" Then there is a
natural coordinate system on P?(M) which we denote by (s*, s}, st). The repre-
sentation of a 2-jet of a mapping f is given in these coordinates by
i i ;_of i >’f
Here f* = z'o f. If M = C" we obtain natural coordinates on G*(n) which we
denote by (t},t};). o
The Schwarzian derivative of a mapping f depends only on its 2-jet (¢}, 1%, ):

i i

- ot oy o
SVl = Bty — LTt =~ 8

ij =
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where (fg) is the inverse matrix of (¢7). We will write S(t) for the Schwarzian
derivative of the 2-jet (t}, t;k).

Let H%(n) C G%(n) be the subgroup of 2-jets of complex projective linear map-
pings. In the natural coordinate system on G2(n), the group H?(n) is the subgroup
of 2-jets which satisfy S(t) = 0.

One can choose a coordinate system on H?(n) by writing a projective linear
mapping in holomorphic Euclidean coordinates:

i, 7
o Aff + AO'
A)Ct+ A
If the mapping preserves the origin, then A = 0. In a neighborhood of the identity
mapping, we may divide through by A9 and write the mapping as
L
a¢t +17
where a} = A’ /A and a; = A} /AJ. This gives a set of local holomorphic coordi-
nates for H(n) near the identity, namely (a?, a;).

Now suppose that M is a complex manifold with a complex projective structure.
Let {(Ua, 2o)} denote a maximal projective atlas. Ganesh [4] shows that there is
an associated reduction of the structure group of P?(M) to H?(n). Let P denote
the associated H?(n) holomorphic subbundle of P%(M).

Let Red{P?(M), H?(n)} denote the reductions of the structure group of P?(M)
to H?(n) modulo isomorphisms of the associated H?(n) principal subbundle. The
relationship between Red{P?(M), H*(n)} and complex projective connections is
given by the following result.

Proposition 5.1. The set Red{P?(M), H*(n)} is in one-to-one correspondence
with the set of reduced holomorphic projective connections.

Proof. Ganesh proves that each reduction gives a reduced holomorphic projective
connection IT ([4]). To prove that the map is surjective, suppose that II is a reduced
holomorphic projective connection. Ganesh shows that one obtains a reduction if
there are 2-jets (t},;,t/,,;,) such that
j)zjk =S8 (toz>'

Since IT is symmetric and reduced, one may take (t/,;, tijk) = (&%, fojk). |

We call a reduction flat if the corresponding reduced complex projective connec-
tion is flat. There is a one-to-one correspondence between the complex projective
structures on M, the flat reductions of structure group of P?(M) to H?(n), and
the flat reduced holomorphic projective connections on M.

Finally we wish to establish the relationship between the Cartan connections
and the projective connections of Definition 4.1.

Let pl(n,C) denote the Lie algebra of PL(n,C). Suppose P C P%*(M) is
a holomorphic principal H2(n) bundle associated with a reduction (write P €
Red{P?(M), H?*(n)} to denote a reduction and associated bundle). A projective
Cartan connection is a pl(n, C)-valued form of type (1,0) on P which satisfies the
definition of a Cartan connection (see [9, p.218]). Following Kobayashi and Nagano
[9] in the differentiable manifold case, we denote such a form by

%

w= (wi,wj,wj)
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corresponding to the standard decomposition of pl(n, C). The structure equations
of the connection form w are

dw' = —wi AP + Q)

dw;- = —z,u,iC /\w;»c — Wt Awj + 6;-1,% AwF 4+ Qz,

dwj = —wy, /\z,u_;»c + Q.

These equations define the forms €27, Qj», 2, which may be written as

i Lo T 1
Q' = §Kklwk At Q5 = 3 jklwk Al Q= §Kjklwk AWt
Let 6 = (6", 6?) denote the canonical form on P?(M). The form 6 is defined exactly
as in the differentiable manifold case. In the complex case, 6 is a holomorphic (1, 0)-
form with values in a(n, C), where a(n, C) is the Lie algebra of the affine group;
a(n,C) = C" +gl(n,C). Let 6 = (51,5;) denote the restriction of 6 to P. Because
we assume P is a holomorphic subbundle of P2(M), 6 is a holomorphic (1, 0)-form
on P. As in the differentiable case, one may assign a unique Cartan connection to
a holomorphic reduction P € Red{P?(M), H?(n)}. This is the analog of Theorem
9 of [9]:

Proposition 5.2. For each holomorphic reduction P € Red{ P*(M), H*(n)} there
is a unique holomorphic projective Cartan connection w = (wl,w;-,wj) such that
Ww=0, w§ 253, do' = —wi AWk, Ql =0, K;ll =0.
We call this Cartan connection the normal projective Cartan connection of the
holomorphic reduction P. Finally we relate this connection to the previously defined

projective connection.

Proposition 5.3. Let P € Red{P?(M),H?*(n)} be a holomorphic reduction. Let
(U, z) be a holomorphic coordinate neighborhood on M with P|ly ~ U x H?*(n).
Suppose that 11 is the reduced complex projective connection associated with P with
representation H;k in the local coordinates. Let w be the mormal projective Cartan
connection associated with P. Let (zi,aé-,aj) denote local coordinates on P|y ~
U x H?*(n). Let (b%) be the inverse matriz of (a}). Then w and 1T are related by the
equations

w' = bidz!,
(2) wj- = bfnda;-" + ajw’ + aé—b}%l‘[ﬁlldzm + 6§akwk,

k k k l
wj = da; — apw; + ajapw” + aijldz ,

8H£J myl
(3) HU == 921 - Hil Hjm .

Proof. Adoption of the arguments used in [9] to the holomorphic case tells us that
the form w has the given expression in local coordinates for some choice of functions
1%, and Il in (2). Since the normal projective Cartan connection is unique, we
need only show that with IT¥ , and IIj,; as given—that is, taking IT¥ ; to be the local
representation of the reduced complex projective connection and Ily; as in (3)—the
forms w’, w%, and w; satisfy the conditions of Proposition 5.2.
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We first verify dw® = —wi A w”. From (2) we have
wi AWk = (binda}c" +apw’ + aibéﬂfnldzm + 6};alwl> AWk

Now using the symmetry of IT (IT/ , = TIJ, ) and the equations (2), we see that the
term involving II vanishes and we obtain

wi AWk =8 dait A WP = —dw'.
To check Q¢ = 0, again use (2) to obtain
wi = b da™ + aw’ + abiITE  d2™ + najw®
= bl da™ + (n + 1)agpw*.

Here we used the property of a reduced connection, Hﬁlk = 0. The structure
equations now easily give (2 = 0.

Verification of K;ll = 0 follows by similar calculation. In fact the expression (3)
for II;; is forced by this curvature condition and the expressions for w* and wj. The
calculation is simplified considerably by noting that since K7, = 0 identically in the
coordinates (z*,a}, a;), it must hold for the particular choice (af,a;) = (65,0). O

This proposition establishes the link between the Cartan connection approach to
complex projective connections and the approach used by Gunning [6] and Ganesh

[4].
6. FIRST DEFINITION OF SCHWARZIAN DERIVATIVE

Let M and N be complex manifolds of dimension n > 1. We fix complex
projective connections, denoted II™ and IIV, on M and N. Let ¢ : M — N be
locally biholomorphic. We wish to define the Schwarzian derivative of ¢ to be a
section of T"*M ® T" M ® T"M which measures the extent to which ¢ does not
preserve the projective connection. Given the structure of a complex projective
connection, the definition is simple:

Definition 6.1. The Schwarzian derivative of ¢ is the operator X, defined for
X,Y € X" M by
Se(X,Y) = ¢ I v oY — XY,

Proposition 6.1. X, has the following properties.

1. ¥y is a symmetric tensor.

2. IfTIM and 1N are holomorphic projective connections, then X, is a holomor-
phic tensor.

3. If IM and IV are both flat, then in any local projective coordinates on M
and N, Xy is the classical Schwarzian defined in Section 5.

Proof. The symmetry of X4 follows from property 5 in Definition 4.1; that Xy is a
tensor follows from properties 1-4. It is obvious from the definition that if IT™ and
IV are holomorphic, then ¥, is holomorphic.

If TI™ and TIV are flat holomorphic projective connections, fix local projective
coordinates (z!,...,2") on M and (z!,...2") on N, 2* = ¢*(z). A direct compu-
tation yields

o 0\  020xm _yg 0xF 0k O )
Zo (%%) “ o o L oz g L g 500 (%%)



3026 ROBERT MOLZON AND KAREN PINNEY MORTENSEN

Since IV}, and HM vanish, we see that in these coordinates, ¥4 = S(¢). O

7. THE ASSOCIATED LINE BUNDLE

n [17], Thomas showed that associated to a differentiable manifold V' with dif-
ferentiable projective connection, there is a manifold *V of one higher dimension
with an affine connection which is related to the projective connection on V. The
projective geometry of V is encoded in the affine geometry of *V. In modern lan-
guage, one would say that *V is a line bundle over V. The prototypical example is
V =RP" *V =R"" — {0}, *V — V the usual quotient map.

We next carry out a similar construction for a complex manifold with complex
projective connection and show how this idea can be used to define the Schwarzian
derivative in an illuminating way.

Let M be a complex manifold of dimension n > 1. We must make the assumption
that there is a holomorphic line bundle M = M whose (n + 1)st tensor power is
the canonical line bundle k = A"T"* M.

If M has a complex projective structure represented by an atlas {(Us,, )} with
coordinate changes

i _ g _ 4T+ b
T3 fozﬁ(xa) ij?l +d7
a; b
Cj d
denominator by an appropriate constant. Then the Jacobian determinant of f,z is
gap = (cjxd, +d)~ "+ and {g;é} is a set of transition functions for k. Choose hqg

one may normalize so that det ( ) = 1 by multiplying the numerator and

to be an (n 4 1)st root of g;g, One could, in particular, choose hog = cjzd, + d.
Then (haghgyhya)" ™ = (9apgsr9va) "t =1, 50 Hopy = haghgyhqye is an (n+1)st
root of unity. Observe that {H,g,} is a cocycle with values in Z/n + 1. If the
cohomology class of {Hapy} in H? (M,Z/n + 1) vanishes, then there is a cochain
{F.p} with values in Z/n + 1 such that FopFgyFya = Hapy. Let hag = hagF,,

Then A is an (n + 1)st root of g v } and haghg»yh»ya = 1. Therefore {hag} is a set

of transition functions for the required bundle M.

The cohomological condition for the existence of M is further discussed in [16];
it is always satisfied when n = 1. For M = CP", we may take M ~ O(—1), the
tautological bundle on complex projective space.

Now return to a complex manifold M supporting such a bundle M , but not
necessarily having a complex projective structure. Let (z7,,...,2%) and (4, ..., x})
be local holomorphic coordinates on M. Let

_ dug
Aag = (d t 8%)

The (n + 1)st roots are chosen so that A,g are the transition functions of the
bundle M. Then local coordinates on M are given by (z0,/,) = (2%, z},..., ")

and (2%, 2};) = (¢, 2}, ..., x}) with coordinate transformatlons

x}} = f;ﬁ(:c;) for i > 0,
(4) w = Aag(y) g

o
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Let ¢ C M denote the zero section. On M — o, we introduce “homogeneous
coordinates”:

0
[e3

i _ .0
X! =z

[0}

for i > 0.

The coordinate transformations are

X} X2
0 __ 0 [e% «
X9 = X0Aug <_g_g>

: xXLooxrN, (X2 Xxn
T 0 [e% @ 7 @ [e%
XB_X&A(XE(_Xg”_Xg) aﬁ<—Xg,7—X2)

Proposition 7.1. If M has a complex projective atlas, then M has a complez affine
atlas.

Proof. On M, fix a covering of coordinate charts such that the coordinate trans-
formations are complex projective linear:

We may normalize so that

det a ¥ =
Cj d
After multiplying the matrix by an (n + 1)st root of unity, we may further assume

that Anp = c;zd, + d; the existence of M means that an (n + 1)st root can be so
chosen. The homogeneous coordinate transformations are then

X5 =c¢; X] +dX],
Xh=a'X] +b'X] fori>0,
which are affine (in fact linear) transformations. |

It is clear from the proof of Proposition 7.1 that a converse of sorts is true: if M
has a covering by homogeneous coordinates with linear coordinate changes, then
M has a complex projective structure.

We next define on M — o a global (n + 1,0)-form which will be needed in the
next section.

Proposition 7.2. Define an (n + 1,0)-form v, = dXO A -+ A dX" on 77 1U,.
Then on 71U, N~ Us, v = v3.

Proof. A direct computation shows that

Bxé B

The global (n + 1,0)-form thus defined will be denoted v or v,. Notice that
dV = v AT is a volume form on M.

The vector field on M defined by ¢ = 228/922 is a global holomorphic vector
field. It will be used in Theorem 7.3. The vector field £ is vertical: m.§ = 0.

Fix a reduced complex projective connection IT on M. We use the projective
connection II to introduce an affine connection on M. As mentioned in Section 2,
lower case Roman indices will take on values from 1 to n, upper case from 0 to n.
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Theorem 7.3. There is a unique affine connection V on M-o satisfying
1. For (zL,...,a") local coordinates on M, and (29, x")) the corresponding local

coordinates on M, 7.V /5.1 is defined and equals g, a%j.
2. Vx&=X forall X e T"M )
3. R(X,8)Y =0 forall X,Y € T"M

4. RicV(X,Y) =0 for all X,Y € T"M

_9_
oxl

Proof. Let Faﬁ be the Christoffel symbols of the desired connection on M—ocin
terms of the (22, ...,2") coordinates. We show that I', %, are uniquely determined
by conditions 1-4 and that they transform correctly under a change of coordinates.

For the first part of the computation, we will work with only one coordinate
chart, so we drop the subscript a. From condition 1, if we write

o o 0 0

V% ori L 0x0 1 oxk’
then 9 9
. _1k_2_
TN e g

E _ 11 k
so I'; =11

Qe

Let X = -2.. Then condition 2 says

ox**
0 —V ., (0 a>_x0Foi+x0Fk 0

Oz’ sor \ " 920 090 0 Dk
so I'Y = 0 and Tk, = 6F/2% By symmetry, TS, = 0 and T§, = 6%/20. Next let
X = %. Condition 2 then implies
J 0o 0\ 0 om0 O ok O
520~ Vo ( a_) = 50 T Twgs T oo g r
so 'Yy =0 and I'f, = 0.
It remains to compute I‘?j. First observe that
0 0 0 0 0
Vegar = Vit [fv a_] =01 g

Then for X = -2,V = %, condition 3 says

Rl
0 0
0: = e
R(@x“g) Oz
—v.vel _vwv., 2L v, 2L
- f[)xj Vk oI [%’f] oxJ
- ) 0 D )
=Vt gar Ve (Fw‘@ ”ij@) ~ Vo5
0 0 0 0 0
0 k 0 k 0 k
:Fij@ "‘Fijw—f( ij)@_g( ij)@_rij'o_rij@

0 0
_ (10 0 k
Therefore £(T'};) = 0, so T'}; must be independent, of 2°. This is consistent with

s 0 10
condition (1). Furthermore, {(I'};) =T7;, so

0-"% _ 10
(5) T 520 =15
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The solution of this differential equation is l"?j = 2%¢;;(2'), for any function ¢;;.
To determine the functions ¢;;, we use condition 4. Let

. o 0
(6) Rij = RicV <%, @) .
We compute:
K
g, o
oxJ oz K
= F&-F?o + anf?z + Fgﬁ?@ + F,l’cil—‘?l - F?jrgo - Féjrgl - F?jfﬁo - FéjFZl
0 k
org, oy, oy Uy
OxJ OxJ 0z0  OxF
ok n o9 oIl %

Ry =Tg iy —THTRL

8, 20 0, % 20 0 ij
= T o+ ¢kz L o — (bijF - @(l’ bij) — Dk
= _(n - 1)¢1j + BO(Z]7

where
OIL, "
ij
(7) BO!ZJ HOtszOtjl ork -

Then condition 4 implies that ¢;; = ﬁBMj. A direct computation shows that
under a change of coordinates zg = fo3(Za), Ba transforms according to the law

(8)
8:55 8$5
ozt ox,

n—1 0
B+ (1l - 85) Dar 108 1as + Sk} - a 5t (S5

In (8), S stands for the Schwarzian derivative S(fag). To sum up, we have found
that conditions 1-4 imply

aij —

k
k k k _ 1k _ 67,
F Halj’ FOi - FiO - 0
x
0 fEO

0 0 0 k
ij:n_lBaij7 Lo = T'os = oo = I'go = 0.
It is easily seen, by direct computation, that for a connection wAith these Christoffel
symbols, conditions 3 and 4 are satisfied for all vectors in 7" M.

We now resume writing the subscripts « and (. It remains to verify that

T} = .
©) L™ bzl x) 5LPa Q Ozl 0z Oxfy

Observe that
0 0 i

% _ Oz _ 8Aag$0 % _

00 ofs oxt, ort, 7Y 910
For I #0, J # 0, K # 0, equation (9) reduces to the transformation law (1) for II.
For I=J=0,and K #20,and for I =0 or J =0, K # 0, all terms in equation (9)
vanish identically. For I # 0, J =0, K =0 (resp. I =0, J # 0, K = 0), both
sides of equation (9) reduce to 9/9z}, (log Aup) (resp. 8/0z(log Aag)). For I # 0,
J #0, K =0, equation (9) can be verified by using the transformation law (8) for
Boﬂ'j. O
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Observe that Ba,; is the same as II;; defined in Proposition 5.3. Also note
that if IT is a holomorphic projective connection, then V is a holomorphic affine
connection. If IT is in addition flat and projective coordinates are chosen so that

0
o —— =10
oal, O,
for all a, then Tnh; = Tok) = 6F/2° and all other T\, ¥, are identically zero. If
one uses C’af] to denote the Christoffel symbols in terms of the homogeneous co-

ordinates (X2,...,X"), then it is easily verified that C, X, = 0, so V is a flat
connection.

8. SECOND DEFINITION OF SCHWARZIAN DERIVATIVE

The fact that the projective geometry of M is reflected in the affine geometry of
M can be used to define the Schwarzian derivative in another way. Let M and N
be two complex manifolds of the same dimension n > 1. Suppose that line bundles
M and N exist, and let vy and v be the (n 4 1,0)-forms on M—candon N —o
defined in the previous section. Let ¢ : M — N be locally biholomorphic.

In [13], locally biholomorphic maps from a subset U of C™ to CP"™ were consid-
ered. The Schwarzian was defined by using a canonical lift ¢ : U — C"*1 — {0} so
that 7o q~5 = ¢. We will generalize this idea.

To define a canonical lift of ¢, no projective connection is needed:

PropositionAS.l. Given M, N, MZ N and ¢ as above, thfzre is a holomorphic
bundle map ¢ : M — N such that ¢*vg = vy, The map ¢ is unique up to the
choice of an (n 4+ 1)st root of unity.

0

(o2l

o x,,) the cor-
responding local coordinates on 71U, C M, (X2,...X") the corresponding homo-
geneous coordinates off the zero section of M. Let 2/, (29,2'), and (Z2°,Z%,...,2")
denote the analogous coordinates for some coordinate patch in N which intersects

¢(Ua)-
Let

Proof. Let z!, = (zl,...27) belocal coordinates on U, C M, x, = (z

(2% 22" = ((xa), 0! (a), - " (wa))
and
(21, 2") = (' (a0), -, 0" (w0)).
Because ¢ is to be a bundle map, ¢(zq) = ¢'(x),) for i = 1,...,n. Furthermore,
¢° must be complex linear in 20, i.e. @020, ) = 22¢%(1,2.). To determine
#2(1, ), observe that ¢ preserves v if and only if the determinant of the Jacobian
matrix (0Z1/0X7) is identically equal to 1. A direct computation yields

0zt (%)™ 92° 92"\ 10 PN a9zt
i (37) = Gapag o ()~ @mrtae (55)

Therefore ¢0(1,x.,) is an (n + 1)st root of det(dz"/dz).
If we change coordinates on M to (:1:%, ...x}), then, from (4), :15% = Anp(zl)x
Then ¢3(1,27%) is an (n + 1)st root of

0
pn

det(azi/&cé) = det (92" /0x?) det(@xé/axi)_l.
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We may compute ¢%(1, }3) as follows:

2000 (1,2),) = ¢°(22, 2l,) = ¢°(2, o)) = 2505 (1, 7)) = 22 Aapdd(1, 7).

Therefore qgg(l,xb) = A;;}qgg(l,xfl).
From this we see that once ¢ (1,2/,) has been chosen, é%(l,x%) is determined

for all Ug intersecting Uy, and thus for all U,. Therefore ¢3 exists and is unique up
to the choice of an (n 4 1)st root of unity. |

Now let IT™ and IV be reduced Complex prOJectlve connections on M and N,
VM and V¥V the affine connections on M and N guaranteed by Theorem 7.3.
Roughly speaking, the Schwarzian of ¢ should measure the extent to which gb*VN
differs from V.

Definition 8.1. For X € ThM, Y a local vector field with values in ThM, let
A _ -1gN 2 M
DX.Y) =7V by - vy

Because it is a difference of two affine connections, D is a tensor; more specifically,
it is a symmetric section of T"* M @ T"* M.

Proposition 8.2. If X = &y or Y = £y, then D(X,Y) = 0.

Proof. First observe that ¢E*§ v = &n by the construction of QAS Therefore, using
condition 2 of Theorem 7.3,

D(X, &) = 7' VE &n = VN = 6716 X = X =0,
Because D is symmetric, the proof is complete. O

We now compute locally. Let U, be a coordinate patch in M, small enough so
that ¢|y,, is biholomorphic and so that ¢(U,) is contained in a coordinate patch
V), C N. As before, let (... 27) be coordinates on Uy, (21, ...2) on V. Since ¢
is locally biholomorphic, (¢(z a)7 ..., ¢(x})) are also local coordinates on V,N¢ (U, ),
and we will use ITY and BY to denote the complex projective connection and BY
(defined by equation (7)) written in these coordinates.

Proposition 8.3.

~( 0 0\ 1 N Nk Mmk] O
D (g 0g) = [P ot oo [ -] o
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Proof. Let J denote the Jacobian determinant of z, = ¢(x,). Recall that Zg =

J7#120 and that 2L is independent of 20 for i0. A direct computation yields

*lvN . ‘
01V5 o Sy axa
[logs T 0logs T dlog s
8x}'18x£[ ox?, o,
Ozl gzk dloggr 9k o 1o
8:51 8:1:3 azl Oxk 0zl 9zl n— 177 M
_8258_23 Nm 0xP 810an;+11
oxi, ozl 7 KOz Ox M
k
T i P L
W oxl, POz | oxk

Using the change of coordinate formulas (1) for II and (8) for B, this becomes

1 0
1o N
(b* v¢*al¢* a—n_ O‘UéM—’—HO‘Uak
If we subtract from this
gy O 0 0 gk 0
v 9 _pm 9 Nt 9
et O, 7 0x0 Ty dzk
20 3} k0
— a BM HM 2
n—1 "“”8 + @1 ozk
1 uk O
=il ol i€ 105 i ok’
we obtain
5( 0 90 1 N M Nk Mk 0
D((?xgaax&)_n_l(BazJ_Bazj>§M+(Hazg Ham)axlgl' U
Proposition 8.4. m.D (%, 8%) is defined and equals X (811 , ai )
Proof. Observe that, by the previous proposition, the coefficients of 9/0z* and of
v in D( JoT 785J ) are independent of . This means that m.D (3%, afj ) is
defined. Since m,.&y = 0 and W*a% = 6%7

(10)

R 0 0 Nk mk) 9 _ 0 0
w (g gag) = (% -12%) o == (o 5.7) - O

[e3

We thus obtain a second definition of the Schwarzian derivative of ¢:
Definition 8.2. %, = 7, D.

In the case of a complex projective structure, this second definition may be used
to give a very simple proof that ¥y = 0 if and only if ¢ is complex projective linear
when expressed in projective coordinates:



THE SCHWARZIAN DERIVATIVE 3033

Theorem 8.5. Let 1M and IV be flat. Then ¥4 = 0 if and only if for all projec-
tive coordinates zy on N and xo on M, z,, = ¢(xq) is a complex projective linear
map.

Proof. For projective coordinates z, and z., M Z 0 and HN 7= 0. Also
B)i; = 0 and By, = 0. The flatness of II" does not imply TIY;; = 0 since

@(z4) does not necessarily give projective coordinates. We do have, by the remark
following Theorem 7.3,

- 0
M —_—
Ve oxg =0

for all I, J. Therefore, in these coordinates, VM is the usual flat connection on

0

C™*+L. Of course the same holds for V¥ in the homogeneous coordinates Zg = 2y,

Zi — L0
v T Aty
If z, = ¢(z4) is complex projective linear, then
aé-xj + b
cjzd +d’

If we normalize as usual so that
det ( aj b ) =1,
Cj d

Z9 = X, +dX0, Z,=aX]+b'X].

0 _ i
then z3 = ¢;x), +d, so

Then (;5*% is a linear combination of {%}, =)

2 P57 aXJ =0

¢* ax

and D(axl , 6X‘,) =0 for all I and J. Therefore D = 0 and Yy = 7D = 0.
Conversely, if ¥, = 0, then " —1M* — 0, and, by the definition of B,

@ 1) « 1)

BN.. — BM_ . —( also. Thus D = 0. This implies

0(1,] Otlj

for all I and J, which can happen only if Z, = (Z)(Xa) is affine in X,:
=Alx! + B7.

Because (b is a bundle map, B” must equal 0. Thus Z0 A%X, ZI ALXJ and
SO
. 2L AX]+ANXY Al + A -
2 = — = g = T .
Y2y AUXD + Z9XY Al + A
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9. THE SCHWARZIAN DERIVATIVE AND COMPLEX (GEODESICS

Finally, we prove the following theorem, which shows the relationship between
the Schwarzian derivative as defined in this paper and complex geodesics, thus
illuminating how this theory is tied to classical projective geometry.

Let II be a reduced complex projective connection on a complex manifold M
of dimension n > 1, V an affine connection in the equivalence class associated to
IT (see Theorem 4.3). From Lemma 4.1, it is clear that all such V have the same
complex geodesics. We refer to these as the complex geodesics of II.

Theorem 9.1. Let M and N be complex manifolds of the same dimension n > 1
with reduced holomorphic projective connections IM, TIV. Let ¢ : M — N be
a locally biholomorphic map. Then ¢ preserves complex geodesics if and only if
¥4 =0.

Proof. Suppose ¥4 = 0. Let B be a domain in C, g: B — M a complex geodesic,
V= g*a%' By Lemma 4.1, I}V is a multiple of V and ¢ o g is a complex geodesic
in N if and only if Hf;i v®«V is a multiple of ¢.V. One sees immediately from the
first definition of 3 that this is the case.

To prove the converse, suppose that ¢ maps complex geodesics to complex
geodesics. In other words, whenever g : B — M is a complex geodesic in M,
¢og:B — N is a complex geodesic in N. In particular, if g is a complex geodesic
in M,V = g*%, then X4(V, V) = A(V)V for some differentiable function A(V).
A standard existence theorem in the theory of ordinary differential equations im-
plies that given any vector Vy € TEM, there exists a complex geodesic through P
such that V(P) = Vj. Since X4(V,V)(P) depends only on V(P), we may conclude
that X4(X, X) = A(X)X for all V. € T"M; X may be thought of as a complex-
valued function on T"M. Since ¥, is a tensor, we have A(fX) = fA(X) for all
differentiable functions f. We must show A = 0. Because ¥4 is a symmetric tensor,

Se(X +Y, X +Y) = 5y(X, X) +254(X,Y) + 2y (Y, Y)

(11) — AX)X £ 255(X,Y) + A(Y)Y

Also,

(12) SH(X 4V, X +7) = A(X +V)(X +7).

From (11) and (12), we find

(13)  S4(X,V)= %[A(X LY) = AX)X + %[)\(X LY) =AYV

Replace X by 2X in (13) to obtain
(14)
Ys(2X,Y) = %[)\(2)( +Y) - 2X(X)]2X + %[A(2X +Y) - AY))Y.
By linearity, we also have
$4(2X,Y) = 254 (X, Y)
(15) =MX+Y)-2X))X+MNXX+Y)-AD)]Y.

We may assume that X and Y are linearly independent, so by setting (14) and (15)
equal to one another we obtain

(16) AX +Y) = AX) = AM2X +Y) — 2A(X)
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and
(17) %A(2X +Y) - %)\(Y) —AX4Y) = A(Y).
Solve (16) and (17) for A(2X 4+ Y') and set these equal to each other to obtain
(18) AMX +Y)=AMX) + A(Y).

Finally, put (18) into (13) to obtain

(19) (X, V) = %)\(Y)X + %A(X)Y,

for all X,Y € T"M. To finish the proof, take the trace of both sides of equa-
tion (19). This yields

1
”;L AX) = tr(Y = S4(Y, X)) = 0.
Therefore A(X) = 0 for all X, so by equation (19), X, = 0. |

If M and N are complex manifolds of dimension 1, then, trivially, every locally
biholomorphic map from M to N preserves complex geodesics. A differential op-
erator which characterizes complex projective linear transformations in this case
must be stronger than one which merely characterizes maps with preserve complex
geodesics. This fact sheds light on why the Schwarzian derivative in dimension
one looks so different from the Schwarzian derivative in higher dimensions, and, in
particular, why it is of order 3 rather than of order 2.

Corollary (Theorem 4.2). Two affine connections V and V' on a complex mani-
fold M are projectively equivalent if and only if they determine the same complex
geodesics.

Proof. If V and V' are projectively equivalent, then by Lemma 4.1, it is clear that
they determine the same complex geodesics.

If conversely, V and V’ determine the same complex geodesics, then their as-
sociated complex projective connections IT and II' determine the same complex
geodesics. Let ¢ : (M,II) — (M,II') be the identity map. Theorem 9.1 implies
3, = 0. Therefore IT = II'. By Theorem 4.3, V and V'’ are projectively equiva-
lent. O

The following is proved as part of a lemma in [12] using methods from algebraic
geometry.

Corollary 9.2. If M and N are domains in C™ or in CP™, both with the standard
affine connection, then a locally biholomorphic map ¢ : M — N sends complez lines
to complex lines if and only if it is complex projective linear.

Proof. For the standard connection on C™ and for the standard connection on CP™,
the complex lines are the complex geodesics. Theorem 9.1, combined with Theorem
8.5, yields the result immediately. O
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