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ON QUADRATIC FORMS OF HEIGHT TWO

AND A THEOREM OF WADSWORTH

DETLEV W. HOFFMANN

Abstract. Let ϕ and ψ be anisotropic quadratic forms over a field F of char-
acteristic not 2. Their function fields F (ϕ) and F (ψ) are said to be equivalent
(over F ) if ϕ⊗ F (ψ) and ψ ⊗ F (ϕ) are isotropic. We consider the case where
dimϕ = 2n and ϕ is divisible by an (n − 2)-fold Pfister form. We determine
those forms ψ for which ϕ becomes isotropic over F (ψ) if n ≤ 3, and provide
partial results for n ≥ 4. These results imply that if F (ϕ) and F (ψ) are equiv-
alent and dimϕ = dimψ, then ϕ is similar to ψ over F . This together with
already known results yields that if ϕ is of height 2 and degree 1 or 2, and
if dimϕ = dimψ, then F (ϕ) and F (ψ) are equivalent iff F (ϕ) and F (ψ) are
isomorphic over F .

1. Introduction

Let F be a field of characteristic different from 2. By the function field of
a (non-degenerate) quadratic form ϕ over F we mean the function field of the
projective variety ϕ = 0 if dimϕ ≥ 2 and ϕ not isometric to the hyperbolic plane
H ' 〈1,−1〉. We denote this function field by F (ϕ) and put F (ϕ) = F if ϕ ' H
or dimϕ = 1. F (ϕ)/F has transcendence degree dimϕ − 2, and the extension is
purely transcendental iff ϕ is isotropic. We call two field extensions L/F and K/F
equivalent over F if there exist F -places L → K ∪ {∞} and K → L ∪ {∞}. M.
Knebusch showed in [16] that for two quadratic forms ϕ and ψ we have that F (ϕ)
is equivalent to F (ψ) iff ϕ is isotropic over F (ψ) and ψ is isotropic over F (ϕ).

A. Wadsworth in [23] and Knebusch in [16] were among the first to consider the
question of when the function fields of two quadratic forms over F are isomorphic.
By the above, these two forms must necessarily be of the same dimension, and
we also may assume that both forms are anisotropic. Now if the two forms are
similar, then clearly their function fields are isomorphic. However, the converse
is generally not true. The first counterexamples were given by Knebusch in [17,
Example 4.1]. These counterexamples have been generalized by H. Ahmad and J.
Ohm [2]. To explain their results, we first recall some definitions. A form of the
type 〈1, a1〉⊗· · ·⊗〈1, an〉 is called an n-fold Pfister form, and we write 〈〈a1, . . . , an〉〉
for short. The set of all forms over F isometric (resp. similar) to an n-fold Pfister
form will be denoted by PnF (resp. GPnF ). ϕ is called a Pfister neighbor of the
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Pfister form π if ϕ is similar to a subform of π, i.e. if there exist a ∈ Ḟ = F \ {0}
and a form ψ over F such that ϕ ⊥ ψ ' aπ and dimϕ > 1

2 dimπ (we also simply
write ϕ ⊂ aπ to express the fact that ϕ is isometric to a subform of aπ). In [2],
a Pfister neighbor ϕ of π ∈ PnF is called special if there exists ρ ∈ GPn−1F such
that ρ ⊂ ϕ. Before we state the result from [2], let us remark that obviously two
function fields of quadratic forms are equivalent if they are isomorphic. In [11], the
following has been proved.

Theorem 1.1 ([11, Proposition 2]). Let ϕ be a Pfister neighbor of an anisotropic
Pfister form π over F , and let ψ be an anisotropic form over F . Then F (ϕ) and
F (ψ) are equivalent if and only if ψ is a Pfister neighbor of π.

It is still an open problem whether the equivalence of two function fields of
forms of the same dimension implies that the function fields are isomorphic (see
the remarks in section 3 of [21]). For Pfister neighbors, Ahmad and Ohm showed
the following result.

Theorem 1.2 ([2, Theorem 1.6, Corollary 2.5]). (i) Let ϕ be a special Pfister neigh-
bor of an anisotropic π ∈ PnF and let ψ be a special Pfister neighbor with dimψ =
dimϕ. Then F (ϕ) ' F (ψ) iff ψ is a Pfister neighbor of π.

(ii) If ϕ is a Pfister neighbor of an anisotropic π ∈ PnF with dimϕ ≥ 2n−n, then
ϕ is a special Pfister neighbor, and thus, if ψ is a form over F with dimψ = dimϕ,
then F (ϕ) ' F (ψ) iff ψ is a Pfister neighbor of π (and again, ψ is also a special
Pfister neighbor).

It is not difficult to construct examples of a field F with an anisotropic 3-fold
Pfister form π which contains 5-dimensional Pfister neighbors which are not similar.
For instance, let F = F0((X))((Y ))((Z)) be the iterated Laurent series field in three
variables over any field F0 of characteristic not 2, let π ' 〈〈X,Y, Z〉〉 and let ϕ '
〈1, X, Y,XY,Z〉 ⊂ π and ψ ' 〈1, X, Z,XZ, Y 〉 ⊂ π. By Springer’s theorem, it
readily follows that π is anisotropic and that ϕ and ψ are not similar. However, by
the previous theorem, F (ϕ) ' F (ψ).

Nevertheless, in some cases isomorphism of the function fields implies similarity
of the forms involved. We have the following.

Theorem 1.3. Let ϕ be an anisotropic form over F which is of one of the following
types:

• ϕ is a Pfister neighbor of codimension 0 or 1.
• dimϕ = 4 with signed determinant d±ϕ 6= 1 (i.e. ϕ /∈ GP2F ).
• dimϕ = 5 and ϕ is not a Pfister neighbor.
• dimϕ = 6 and d±ϕ = 1.

• dimϕ = 6, d±ϕ = d 6= 1 and ϕ is isotropic but not hyperbolic over F (
√
d).

Let ψ be a form over F with dimϕ = dimψ. Then the following statements are
equivalent :

(1) ϕ is similar to ψ.
(2) F (ϕ) ' F (ψ).
(3) F (ϕ) and F (ψ) are equivalent.

(1)⇒(2)⇒(3) is obvious. Wadsworth proved the implication (2)⇒(1) above in
the Pfister neighbor case and in the case dimϕ = 4 in [23], however, with only some
minor modifications of his arguments one can also show the implication (3)⇒(1)
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in these cases. A more recent proof of the 4-dimensional case can be found in [21].
Using quite different techniques, D. Leep proved in the case where dimϕ = 6 and
d±ϕ = 1 that if ϕ becomes isotropic over the function field of ψ and ψ /∈ GP2F ,
then ϕ contains a subform similar to ψ. This readily implies (3)⇒(1) in the case
dimϕ = 6 and d±ϕ = 1. He also applied these techniques to give yet another proof
of the 4-dimensional case ([19]; his proof can also be found in [8]). Using Leep’s
result, it was shown in [9] that if dimϕ = 5 and ϕ is not a Pfister neighbor, and
if ϕ becomes isotropic over the function field of ψ and ψ /∈ GP2F , then ϕ contains
a subform similar to ψ. Again, this implies (3)⇒(1) in this case. Finally, the case

dimϕ = 6, d±ϕ = d 6= 1 and ϕ isotropic but not hyperbolic over F (
√
d) follows

readily from results in [10].
In this paper, we will extend the above list of forms satisfying the statement in

Theorem 1.3. We will show the following theorem.

Theorem 1.4. Let ϕ be an anisotropic form over F of dimension 2n, n ≥ 2, and
assume that ϕ can be written ϕ ' ρ⊗ τ , where ρ is a Pfister form of fold n− 2 and
dim τ = 4. Let ψ be a form over F of dimension 2n. Then the following statements
are equivalent :

(1) ϕ is similar to ψ.
(2) F (ϕ) ' F (ψ).
(3) F (ϕ) and F (ψ) are equivalent.

If τ can be chosen in GP2F then we recover the case where ϕ is similar to an
n-fold Pfister form. If n = 2 we recover the 4-dimensional case. So the results on
Pfister forms and 4-dimensional forms in [23] are subsumed in this theorem, and we
get new forms of dimension 2n which are not similar to Pfister forms where we can
decide the question regarding the isomorphism of their function fields. The study
of these forms of dimension 2n is of interest in its own right. They are forms of
height 2 and have been studied by Fitzgerald [7], Kahn [15], and Hurrelbrink and
Rehmann [13]. Some of their results and conjectures regarding these forms will be
presented in the next section. In fact, by combining Theorems 1.1, 1.2, 1.3, and 1.4
with the classification of forms of height 2 and degree 1 or 2, we get the following.

Theorem 1.5. Let ϕ be an anisotropic form over F of height 2 and degree 1 or
2. Let ψ be an anisotropic form over F with dimψ = dimϕ. Then the following
statements are equivalent :

(1) F (ϕ) ' F (ψ).
(2) F (ϕ) and F (ψ) are equivalent.

In section 3, we will prove Theorem 1.4 in a slightly more general setting. We will
apply this result in section 4 to derive some consequences and certain generalizations
which address the question when a form ϕ of dimension 2n of the above type
becomes isotropic over a field extension K of F , where K is the function field of a
single quadratic form or of several n-fold Pfister forms. We also extend our results
to certain subforms of such a form ϕ of sufficiently small codimension.

The terminology and the notations we use are standard and follow those intro-
duced in Lam’s book [18] and Scharlau’s book [22]. In the sequel, we list some
facts we will frequently use and which can be found in the aforementioned ref-
erences. If π is a Pfister form then π is anisotropic or hyperbolic and we have
DK(π) = GK(π) for all field extensions K/F , where DK(ϕ) = {x ∈ K̇ | 〈x〉 ⊂ ϕK}
and GK(ϕ) = {x ∈ K̇ |xϕK ' ϕK} (we omit the subscript K if K = F ). The
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Cassels-Pfister subform theorem states that if an anisotropic form ϕ becomes hy-
perbolic over F (ψ), i.e. ϕ lies in the Witt kernel W (F (ψ)/F ), then ϕ contains
a subform similar to ψ. From this, one gets that if ψ is a Pfister form and
ϕ ∈W (F (ψ)/F ) is anisotropic, then there exists τ ∈WF such that ϕ ' ψ ⊗ τ .

We will need the notions of height, degree, and leading form of a form ϕ as defined
in [16] (see also [22, Ch.4, § 7]). Let ϕ ∈ WF and put ϕ0 = ϕan, the anisotropic
part of ϕ, and F0 = F . For i ≥ 1 let Fi = Fi−1(ϕi−1) and ϕi = ((ϕi−1)Fi)an. The
smallest number h for which dimϕh ≤ 1 is called the height of ϕ. ϕ is excellent
if all ϕi, 1 ≤ i ≤ h, are defined over F (see [17, Theorem 7.14]). If dimϕ is odd
the degree of ϕ, degϕ, is defined to be 0, if ϕ is hyperbolic then degϕ = ∞, and
if dimϕ is even and ϕ is not hyperbolic then for some n, ϕh−1 is similar to some
τ ∈ PnFh−1. In this case, one defines degϕ = n, and τ is called the leading form of
ϕ. If τ is defined over F then ϕ is said to be a good form. Forms over F of degree
≥ n form an ideal JnF in WF which contains the ideal InF , the n-th power of the
fundamental ideal IF ⊂ WF of all even-dimensional forms. It is known that for
n ≤ 4 one has JnF = InF (see [15, Théorème 2.8] for this statement and further
references). We will almost exclusively work with the ideals JnF . Note that from
the definition of JnF it follows immediately that if ϕ ∈ JnF and dimϕ < 2n then
ϕ is hyperbolic, and if ϕ ∈ JnF and dimϕ = 2n then ϕ ∈ GPnF . Note that the
result that InF ⊂ JnF is equivalent to the Arason-Pfister Hauptsatz which says
that if ϕ ∈ InF and dimϕ < 2n then ϕ is hyperbolic.

2. Some remarks on forms of height 2

In this section, we will have a closer look at forms of the type described in
Theorem 1.4, and we try to place them into a larger context. Let us consider the
following types of forms.

(1) ϕ ∈ WF is anisotropic, dimϕ = 2n+1, and there exist ρ ∈ Pn−1F and
τ ∈WF , dim τ = 4, such that ϕ ' ρ⊗ τ but ϕ /∈ GPn+1F .

(2) ϕ ∈ WF is anisotropic, dimϕ = 2n+1, and there exist an anisotropic π ∈
PnF and an anisotropic Pfister neighbor χ with dimχ = 2n+2n−1 such that
ϕ ≡ π (mod Jn+1F ) and χ ⊂ ϕ.

(3) ϕ ∈ WF is anisotropic, dimϕ = 2n+1, and there exists an anisotropic π ∈
PnF such that ϕ ≡ π (mod Jn+1F ).

(4) ϕ ∈ WF is anisotropic, dimϕ = 2n+1, and ϕ is a good non-excellent form
of height 2 and degree n.

(5) ϕ ∈WF is an anisotropic good non-excellent form of height 2 and degree n.

Proposition 2.1. Let ϕ ∈ WF be anisotropic and let (1) through (5) denote the
properties above. Then (1)⇔ (2)⇒ (3)⇔ (4)⇒ (5).

Proof. (2)⇒ (3) and (4)⇒ (5) are trivial.
(1) ⇒ (2). Let ϕ satisfy (1). After scaling if necessary, we may assume that

τ ' 〈d, a, b, ab〉 with d, a, b ∈ Ḟ . Let π ' ρ ⊗ 〈1,−d〉. Clearly, π ∈ PnF , and we
have ϕ ⊥ π = ρ⊗ 〈d, a, b, ab, 1,−d〉 = ρ⊗ 〈〈a, b〉〉 in WF . But ρ⊗ 〈〈a, b〉〉 ∈ Pn+1F
and therefore clearly ϕ ⊥ π ∈ Jn+1F , or, equivalently, ϕ ≡ −π ≡ π (mod Jn+1F ).
π is anisotropic because otherwise, π would be hyperbolic and thus ϕ ∈ Jn+1F . But
dimϕ = 2n+1 and hence the Arason-Pfister Hauptsatz would imply ϕ ∈ GPn+1F ,
a case excluded in (1). Finally, the form χ ' ρ⊗ 〈a, b, ab〉 ⊂ ϕ is a Pfister neighbor
of ρ⊗ 〈〈a, b〉〉 and dimχ = 2n + 2n−1.
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(2) ⇒ (1). The case n = 1 is trivial, so we may assume that n ≥ 2. Let χ, α ∈
WF and σ ∈ Pn+1F be such that ϕ ' χ ⊥ α and such that χ is a Pfister neighbor
of σ of dimension 2n + 2n−1. After scaling ϕ (and χ accordingly) if necessary, we
may assume that σ ' χ ⊥ β for some β ∈WF , dimβ = dimα = 2n−1. Thus,

ϕ ≡ ϕ ⊥ −σ ≡ α ⊥ −β ≡ π (mod Jn+1F ) .

It then readily follows from the Arason-Pfister Hauptsatz and the fact that π ∈ PnF
and dim(α ⊥ −β) = 2n that α ⊥ −β is in fact similar to π. Hence, there exists

x ∈ Ḟ such that α ⊥ −β ' xπ, and for the Witt index iW we get iW (σ ⊥ xπ)
≥ dimβ = 2n−1. By [3, Proposition 4.6] there exist Pfister forms ρ ∈ Pn−1F ,

η ∈ P2F , and r ∈ Ḟ such that σ ' ρ ⊗ η and π ' ρ ⊗ 〈〈r〉〉. (This result in
[3] is only stated for linkage of two Pfister forms of the same dimension, but it
also applies to two Pfister forms of different dimension. The proof carries over
without change.) By assumption, dim ρ ≥ 2. Let K = F (ρ). Then ρK = 0 in
WK and therefore σK = πK = 0 in WK as well. Hence, χK is isotropic and thus
dim(ϕK)an < dimϕ = 2n+1. On the other hand, (ϕK)an ≡ πK ≡ 0 (mod Jn+1K).
The Arason-Pfister Hauptsatz then implies that ϕK = 0 in WK, i.e. ϕ is an
anisotropic form in W (F (ρ)/F ). Hence, by the Cassels-Pfister subform theorem
there exists τ ∈ WF with ϕ ' ρ ⊗ τ . Comparing dimensions yields dim τ = 4.
Also, ϕ /∈ GPn+1F because ϕ ≡ π 6≡ 0 (mod Jn+1F ).

(3)⇒ (4). Let L = F (ϕ). Clearly, πL ∈ PnL is not hyperbolic because ϕ is not
similar to a subform of π for dimension reasons and by the Cassels-Pfister subform
theorem. Hence, πL is anisotropic and we have (ϕL)an ≡ πL 6≡ 0 (mod Jn+1L). In
particular, ϕL is not hyperbolic and we have 0 < dim(ϕL)an < 2n+1 = dimϕ. Now
over L(π) we have ϕL(π) ≡ πL(π) ≡ 0 (mod Jn+1L(π)) and dim(ϕL(π))an < 2n+1.

By the Arason-Pfister Hauptsatz we get ϕL(π) = 0 in WL(π). Hence, there exists

a form α ∈ WL such that (ϕL)an ' α ⊗ πL. Comparing dimensions, we must
have dimα = 1, which implies that (ϕL)an is similar to πL. We readily conclude
that ϕ has height 2 and leading form πL ∈ PnL which is obviously defined over F .
Hence, ϕ is good of height 2 and degree n. Furthermore, ϕ is not excellent because
ϕ /∈ GPn+1F and the only excellent forms of dimension 2n+1 are anisotropic forms
in GPn+1F .

(4)⇒ (3). Cf. [17, Theorem 9.6].

In [17, Lemma 10.1] it is shown that forms fulfilling (5), i.e. good non-excellent
forms of height 2 and degree n, must have dimension 2N with N ≥ n + 1. Thus,
(5) ⇒ (4) means that N = n + 1. Now it is not known whether (5) ⇒ (4) for all
n, nor do we know whether (3) ⇒ (2). We have the following conjecture which in
essence is due to Fitzgerald [7, 1.3] and which has been restated by B. Kahn in [15,
Conjecture 7a].

Conjecture 2.2. (5)⇒ (1), i.e. the statements (1) through (5) are equivalent.

In [13, Section 3] it was shown that if certain conjectures on higher cohomological
invariants are true then (5) ⇒ (4) (more explicitly, if these conjectures are true
and ϕ fulfills (5) then there exists a field extension K/F , ρ ∈ Pn−1K, τ ∈ WK,
dim τ = 4, such that ϕK is anisotropic and ϕK ' ρ⊗ τ). We do have the following
definite result.

Theorem 2.3. If n ≤ 3 then (5)⇒ (1), i.e. Conjecture 2.2 is true and the state-
ments (1) through (5) are equivalent.
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The case n = 1 is due to Knebusch [17, Theorem 10.3], the case n = 2 was
proved by Fitzgerald in [7, Theorem 1.6]. The implication (5) ⇒ (4) for n = 3
was proved in [13, Theorem 3.4], and Rost proved (3) ⇒ (1) in this case (see also
Kahn’s paper [15, Théorèmes 2.12, 4.2, 4.3]). Rost’s (still unpublished) result and
his own proof thereof were communicated to me by Kahn and will be included in a
forthcoming paper by the present author.

If Conjecture 2.2 is true then Theorem 1.4 just says that if ϕ and ψ are forms over
F and if ϕ is anisotropic, good and non-excellent of height 2, then F (ϕ) ' F (ψ) if
and only if ψ is similar to ϕ.

3. Proof of the main result

Let us first start with a preliminary lemma which states some useful facts.

Lemma 3.1. Let m > n ≥ 1 and let ϕ ∈ WF be anisotropic and dimϕ = 2m,
and let π ∈ GPnF be anisotropic. Suppose that ϕ ≡ π (mod JmF ). Let E = F (π).
Then the following hold.

(1) ϕE is anisotropic and in GPmE.
(2) If ψ ∈ WF , dimψ ≥ 2, and if ϕF (ψ) is isotropic, then ψE is similar to a

subform of ϕE.
(3) If ψ ∈ WF , dimψ = 2m, and if ψE is similar to ϕE, then degψ ≥ n. If

furthermore degψ = n then ψ ≡ π (mod Jn+1F ). In particular, if ϕF (ψ)

is isotropic then degψ ≥ n, and if furthermore degψ = n then ψ ≡ π
(mod Jn+1F ).

Proof. (1) Clearly, πE = 0 in WE and therefore ϕE ∈ JmE. As dimϕ = 2m, the
Arason-Pfister Hauptsatz implies that ϕE is either similar to an anisotropic m-fold
Pfister form over E, in which case we are done, or ϕE is hyperbolic. In the latter
case, there exists a form τ ∈WF such that ϕ ' π ⊗ τ , because ϕ is an anisotropic
form in W (F (π)/F ). But then dim τ = 2n − 2m, which is even. We conclude that
ϕ ' π ⊗ τ ∈ Jn+1F , because τ ∈ IF and π ∈ JnF (see [16, Proposition 6.9]), a
contradiction to ϕ ≡ π 6≡ 0 (mod Jn+1F ).

(2) By part (1), ϕE ∈ GPmE is anisotropic. Hence, if ϕF (ψ) is isotropic then
ϕE(ψ) is obviously isotropic as well, and therefore hyperbolic. It follows immediately
from the Cassels-Pfister subform theorem that ψE is similar to a subform of ϕE .

(3) Let r = degψ. Clearly, r ≤ m because dimψ = 2m. Now ψE is similar
to ϕE , which is in GPmE. Hence, ψE ∈ GPmE, and therefore degψE = m > n.
Since m > n and since E = F (π) with dimπ = 2n, it follows from [1, Satz 18]
that degψ ≥ n, and that if degψ = n then ψ ≡ π (mod Jn+1F ). The remaining
statement follows from this together with part (2).

In the proof of our first main result we will need the following lemma.

Lemma 3.2. Let α and β be Pfister neighbors of π ∈ Pn+1F , n ≥ 1, and suppose
that dimα, dim β ≥ 2n + 2n−1. Then there exist χ ⊂ π with dimχ = 2n + 1, and
x, y ∈ Ḟ such that xχ ⊂ α and yχ ⊂ β, i.e. xα and yβ have a Pfister neighbor of
π as a common subform.

Proof. Without loss of generality, we may assume dimα = dim β = 2n + 2n−1.
After scaling if necessary, we may further assume that α ⊂ π and β ⊂ π. Hence,
there are x, y ∈ Ḟ and µ, η ∈WF with dimµ = dim η = 2n−1 − 1 such that

π ' α ⊥ µ ⊥ 〈x〉 ' β ⊥ η ⊥ 〈y〉 .
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Let π ' 〈1〉 ⊥ π′. We have x, y ∈ D(π) = G(π) and thus xπ ' π ' yπ. Therefore,

〈1〉 ⊥ π′ ' xα ⊥ xµ ⊥ 〈1〉 ' yβ ⊥ yη ⊥ 〈1〉
which yields xα ⊥ xµ ' yβ ⊥ yη. By Witt cancellation, we get

xα ⊥ −yβ ⊥ (2n−1 − 1)H ' yη ⊥ −xµ ⊥ (2n + 2n−1)H

which implies, after cancelling hyperbolic planes, that the Witt index of xα ⊥ −yβ
is at least 2n + 1. In particular, there exists χ ∈ WF with dimχ = 2n + 1 such
that χ ⊂ xα and χ ⊂ yβ. Clearly, χ is a Pfister neighbor of π.

We now generalize Wadsworth’s result on 4-dimensional forms [23, Theorem 7].
His result is obtained by putting n = 1 in the theorem below. B. Kahn informed
me that a student of his, A. Laghribi, independently obtained results which amount
to the theorem below in the case n = 2.

Theorem 3.3. Let ϕ be anisotropic, dimϕ = 2n+1 and ϕ ≡ π (mod Jn+1F ) for
some anisotropic π ∈ PnF . Let ψ be anisotropic with dimψ = 2n+1. Suppose in
addition that if n ≥ 4 then ψ contains a Pfister neighbor of dimension 2n + 2n−1.
Let E = F (π). Then the following statements are equivalent:

(1) ψE is similar to ϕE.
(2) Either ψ is similar to some γ ∈ Pn+1F and ϕ contains a Pfister neighbor of

γ of dimension 2n + 2n−1, or ψ is similar to ϕ.
(3) ϕF (ψ) is isotropic.

In particular, if these equivalent statements hold then there exist ρ ∈ Pn−1F and
τ ∈WF , dim τ = 4, such that ϕ ' ρ⊗ τ .

Proof. (3)⇒ (1) follows immediately from Lemma 3.1(2). Now if ψ is similar to ϕ
then clearly ϕF (ψ) is isotropic. Also, if ψ is similar to some γ ∈ Pn+1F and if χ is
a Pfister neighbor of γ and simultaneously a subform of ϕ, then obviously χF (ψ) is
isotropic, and therefore so is ϕF (ψ). This proves (2)⇒ (3).

It remains to prove that (1) implies (2). We may assume that 1 ∈ D(ϕ) and
1 ∈ D(ψ). First, let us consider the case ψ ∈ Pn+1F . By Lemma 3.1 we have ϕE ∈
Pn+1E and thus, by assumption and the fact that 1 ∈ DE(ϕE) and 1 ∈ GE(ψE),
we get ϕE ' ψE . In particular, ϕ ⊥ −ψ ∈W (E/F ) = W (F (π)/F ) and there exists
σ ∈ WF such that (ϕ ⊥ −ψ)an ' σ ⊗ π. Note that dim(ϕ ⊥ −ψ)an ≤ 2n+2 − 2
because both ϕ and ψ represent 1, and that

ϕ ⊥ −ψ ≡ ϕ ≡ π 6≡ 0 (mod Jn+1F ) .

Suppose dimσ is even, i.e. σ ∈ IF . Then ϕ ⊥ −ψ = σ ⊗ π ∈ Jn+1F because
π ∈ PnF and by [16, Proposition 6.9] (or [22, Theorem 7.5]), a contradiction.
Hence, dimσ is odd, which leaves as the only possibilities dimσ = 1 or dimσ = 3.
If dimσ = 1 then by comparing dim(ϕ ⊥ −ψ) = 2n+2 with dim(ϕ ⊥ −ψ)an =
dimπ = 2n, we see that the Witt index of ϕ ⊥ −ψ is just 1

2 (2n+2−2n) = 2n+2n−1.
This implies that there exists a Pfister neighbor α ⊂ ψ with dimα = 2n + 2n−1

such that α ⊂ ϕ, and we are done in this case.
Now if dim σ = 3, say, σ ' r〈s, t, st〉, r, s, t ∈ Ḟ , then

(ϕ ⊥ −ψ)an ⊥ rπ ' σ ⊗ π ⊥ rπ ' rπ ⊗ 〈〈s, t〉〉 ∈ GPn+2F .

In particular, (ϕ ⊥ −ψ)an is an anisotropic Pfister neighbor of π ⊗ 〈〈s, t〉〉 ∈
Pn+2F which is therefore itself anisotropic. Now over F (ψ) we have that
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((ϕ ⊥ −ψ)an)F (ψ) = ϕF (ψ) in WF (ψ). Comparing dimensions, we see that the Pfis-

ter neighbor (ϕ ⊥ −ψ)an becomes isotropic over F (ψ), and that therefore π⊗〈〈s, t〉〉
becomes hyperbolic over F (ψ). As ψ ∈ Pn+1F , there are a, b ∈ Ḟ such that

(ϕ ⊥ −ψ)an ⊥ rπ ' rπ ⊗ 〈〈s, t〉〉 ' ψ ⊗ 〈a, b〉 .
Now for suitable subforms ϕ′ ⊂ ϕ and ψ′ ⊂ ψ with dimϕ′ = dimψ′ = 2n + 2n−1

we have (ϕ ⊥ −ψ)an ' ϕ′ ⊥ −ψ′. In particular, we may assume that already
a ∈ D(−ψ′) ⊂ D(−ψ), i.e. −a ∈ D(ψ) = G(ψ). It follows that

ϕ ⊥ −ψ ⊥ rπ = aψ ⊥ bψ = −ψ ⊥ bψ in WF

which, by Witt cancellation, yields that ϕ ⊥ −bψ = −rπ in WF . By comparing
dimensions, we conclude, similarly as above, that there exist α ⊂ bψ with dimα =
2n + 2n−1 such that α ⊂ ϕ.

Let us finally consider the case ψ /∈ Pn+1F . In particular, this implies that
degψ ≤ n. Since ϕF (ψ) is isotropic, Lemma 3.1(3) yields that ψ ≡ π (mod Jn+1F ).

We conclude that there exists β ⊂ ψ with dimβ = 2n + 2n−1 such that β is a
Pfister neighbor of some (anisotropic) ψ̃ ∈ Pn+1F . For n ≥ 4 this follows from our
assumption on ψ, and for n ≤ 3 this follows from Theorem 2.3. As ϕE ∈ Pn+1E
is similar to ψE and thus clearly contains a subform similar to βE , we readily
conclude that ϕE ' ψ̃E . By the previous case, there exists a Pfister neighbor α of

ψ̃ with dimα = 2n + 2n−1 such that α ⊂ ϕ. By Lemma 3.2, there exist x, y ∈ Ḟ
and χ ∈ WF with dimχ = 2n + 1 such that χ ⊂ xα ⊂ xϕ and χ ⊂ yβ ⊂ yψ.
In particular, the Witt index of xϕ ⊥ −yψ is at least 2n + 1 = dimχ. Hence,
dim(xϕ ⊥ −yψ)an ≤ 2n+2 − 2(2n + 1) < 2n+1. Recall that we have ϕ ≡ ψ ≡ π
(mod Jn+1F ). Clearly, π ≡ xπ ≡ yπ (mod Jn+1F ). Therefore,

(xϕ ⊥ −yψ)an ≡ xϕ ⊥ −yψ ≡ xπ ⊥ −yπ ≡ 0 (mod Jn+1F ) .

Since (xϕ ⊥ −yψ)an ∈ Jn+1F and dim(xϕ ⊥ −yψ)an < 2n+1, it follows that
xϕ ⊥ −yψ = 0 in WF , i.e. xϕ ' yψ.

Now if the two equivalent statements of the theorem hold, then ϕ contains a
Pfister neighbor of dimension 2n + 2n−1. By Proposition 2.1 it follows that there
exist ρ ∈ Pn−1F and τ ∈ WF , dim τ = 4, such that ϕ ' ρ⊗ τ and the theorem is
proved in full.

Note that the last statement of the theorem always holds if n ≤ 3, as follows
immediately from Theorem 2.3. In fact, if Conjecture 2.2 holds for n (as it does
if n ≤ 3), then we can remove altogether the assumption that ψ contains a Pfister
neighbor of dimension 2n + 2n−1, and the theorem will still be valid.

As a consequence of the previous theorem we get Theorem 1.4, which we restate
below as a corollary and in slightly different form. Again, if Conjecture 2.2 holds for
n we may drop the assumption that ψ or ϕ contains a Pfister neighbor of dimension
2n + 2n−1.

Corollary 3.4. Let ϕ,ψ ∈ WF be anisotropic with dimϕ = dimψ = 2n+1. Let
π ∈ PnF be anisotropic. Suppose that ϕ or ψ is equivalent to π (mod Jn+1F ), and
that if n ≥ 4 then ϕ or ψ contains a Pfister neighbor of dimension 2n+2n−1. Then
the following statements are equivalent:

(1) ϕ is similar to ψ.
(2) F (ϕ) ' F (ψ).
(3) F (ϕ) and F (ψ) are equivalent.
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In particular, if these equivalent statements hold then there exist ρ ∈ Pn−1F and
τ ∈WF , dim τ = 4, such that ϕ and ψ are similar to ρ⊗ τ .

Proof. It suffices to prove (3) ⇒ (1). We may assume that ϕ ≡ π (mod Jn+1F ).
Since ϕF (ψ) is isotropic it follows from Lemma 3.1(3) that degψ ≥ n. Clearly,

degψ ≤ n + 1 because dimψ = 2n+1. Now if degψ = n + 1, then ψ ∈ Jn+1F
and it follows that ψ ∈ GPn+1F . Obviously, ϕ is not a Pfister neighbor of ψ and
therefore F (ψ) and F (ϕ) are not equivalent, a contradiction. Hence, degψ = n,
and Lemma 3.1(3) implies that ψ ≡ ϕ ≡ π (mod Jn+1F ). Now F (ϕ) and F (ψ)
being equivalent just means that ϕF (ψ) and ψF (ϕ) are both isotropic. We also know

that ϕ or ψ contains a Pfister neighbor of dimension 2n + 2n−1 (by assumption if
n ≥ 4, and by Theorem 2.3 if n ≤ 3). It follows from Theorem 3.3 that there exist
ρ ∈ Pn−1F and τ ∈WF , dim τ = 4, such that ϕ and ψ are similar to ρ⊗ τ .

We remark that if a priori we have that, say, ϕ ' ρ ⊗ τ with ρ ∈ Pn−1F
and dim τ = 4 such that ϕ /∈ GPn+1F , then the hypotheses on ϕ and ψ in the
above corollary are automatically fulfilled by Proposition 2.1 provided ϕ and ψ are
anisotropic and dimψ = 2n+1. We then recover the statement of Theorem 1.4.

As another consequence we get Theorem 1.5, which we also restate as a corollary.
The proof uses the classification of forms of height 2 and degree 1 by Knebusch,
and of forms of height 2 and degree 2 due in part to Fitzgerald and later completed
by Kahn.

Corollary 3.5. Let ϕ be an anisotropic form over F of height 2 and degree 1 or
2. Let ψ be an anisotropic form over F with dimψ = dimϕ. Then the following
statements are equivalent :

(1) F (ϕ) ' F (ψ).
(2) F (ϕ) and F (ψ) are equivalent.

Proof. The only anisotropic forms ϕ of height 2 and degree 1 are either 4-dimen-
sional forms ϕ with d±ϕ 6= 1, or Pfister neighbors of dimension 2n − 2 for n ≥ 3
(see [17, Theorem 10.3]). Note that these Pfister neighbors are always special (cf.
Theorem 3.2). The statement of the corollary in the case of height 2 and degree 1
follows immediately from Theorems 1.1, 1.2, and 1.3.

Now let ϕ be an anisotropic form of height 2 and degree 2. The only excellent
forms of this type are Pfister neighbors in I2F of dimension 2n − 4, n ≥ 4 (see
[7, Theorem 1.6] or [15, Lemme 2.2]), which are special by Theorem 1.2. So the
assertion in the case of excellent forms of height and degree 2 follows from Theorems
1.1 and 1.2. Now if ϕ is good but not excellent, then by Theorem 2.3 (see also [7,
Theorem 1.6] or [15, Corollaire 2.1]), there exist ρ ∈ P1F and τ ∈ WF , dim τ =
4, such that ϕ ' ρ ⊗ τ . In this case, the assertion follows from the previous
corollary (resp. Theorem 1.4). Finally, if ϕ is not good then dimϕ = 6 and

d±ϕ = 1 ∈ Ḟ /Ḟ 2 (cf. [15, Théorème 2.11]), and in this case the corollary follows
from Theorem 1.3.

4. Some further conjectures and results

(a) Isotropy of forms of height 2 over the function field of a quadratic
form. An interesting question in the algebraic theory of quadratic forms is what
are the forms ψ, dimψ ≥ 2, such that a given anisotropic form ϕ ∈ WF becomes
isotropic over F (ψ). The answer is easy if dimψ = 2 because in this case F (ψ) is
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just a quadratic extension of F , and ϕF (ψ) is isotropic iff ψ is similar to a subform

of ϕ (cf. [18, Ch.VII, Lemma 3.1] or [22, Ch.2, Lemma 5.1]). The answer is also
known if ϕ is a Pfister neighbor, say, of γ ∈ PF . Then ϕF (ψ) is isotropic iff ψ
is similar to a subform of γ. This is an easy consequence of the Cassels-Pfister
subform theorem. As mentioned in the introduction, the above problem is fully
solved if dimϕ ≤ 5, and there are some partial results for dimϕ = 6.

Before we state our next theorem, let us recall that a field extension K/F is
called excellent if for any form ϕ ∈ WF there exists a form η ∈ WF such that
(ϕK)an ' ηK , i.e. the anisotropic part of ϕ over K is defined already over F .
Knebusch has shown that if F (ψ)/F is excellent where ψ ∈ WF is anisotropic,
then ψ is a Pfister neighbor (see [17, Theorem 7.13]). As for the converse, it
suffices to consider Pfister forms. It has been an open problem for quite some time
whether F (ψ)/F is excellent for all Pfister forms ψ. The answer is yes if ψ is of
fold n ≤ 2 (the case n = 1, i.e. dimψ = 2, follows readily from the remarks above,
and the case n = 2 is due to Arason [5, Appendix II]). If n ≥ 3 the answer is
generally no, as was recently shown by Izhboldin [14]. However, it is known to be
yes for certain types of fields F , for example for linked fields. The case n = 2 in
the following theorem has been proved by A. Laghribi and was communicated to
me by B. Kahn.

Theorem 4.1. Let ϕ, π ∈ WF be anisotropic with dimϕ = 2n+1 and π ∈ PnF .
Suppose that ϕ ≡ π (mod Jn+1F ). Suppose further that F (π)/F is an excellent
field extension (which always holds if n = 1, 2). Let ψ ∈WF with dimψ ≥ 2. Then
the following statements are equivalent:

(1) ϕF (ψ) is isotropic.

(2) ψ is similar to a subform of ϕ, or ψ is similar to a subform of some γ ∈
Pn+1F and ϕ contains a Pfister neighbor of γ.

Proof. It is straightforward that (2) implies (1), and we leave the details to the
reader. So let us assume that ϕF (ψ) is isotropic. Let E = F (π). By Lemma 3.1,

parts (1) and (2), we have that ψE is similar to a subform of the anisotropic form
ϕE ∈ GPn+1E. After scaling if necessary, we may assume that both ϕ and ψ
represent 1 over F . It readily follows that then we have ψE ⊂ ϕE ∈ Pn+1E.
Since E/F is excellent, there exists η ∈ WF such that ψE ⊥ ηE ' ϕE . Consider
the form µ ' ψ ⊥ η ∈ WF . Now µE ' ϕE and thus, by Lemma 3.1(3), we
have that either degµ = n and µ ≡ π (mod Jn+1F ), or deg µ = n + 1 and thus
µ ∈ Pn+1F (note that µ represents 1). In the latter case, ϕ contains a Pfister
neighbor of µ of dimension 2n+ 2n−1 by Theorem 3.3. So let us assume that µ ≡ π
(mod Jn+1F ) and µE ' ϕE . Note that µ is a good non-excellent form of height 2
and degree n by Proposition 2.1. Since E/F is excellent, it follows from the proof
of [7, Theorem 1.6] that there exist ρ ∈ Pn−1F and τ ∈WF , dim τ = 4, such that
µ ' ρ⊗τ , in particular, µ contains a Pfister neighbor of dimension 2n+2n−1, again
by Proposition 2.1. By invoking Theorem 3.3, we conclude that ϕ is similar to µ
because ϕE ' µE and µ is not in GPn+1F . In particular, ψ is similar to a subform
of ϕ.

It seems natural to ask whether the above also holds without explicitly assuming
excellence.
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Conjecture 4.2. Let ϕ, π ∈WF be anisotropic with dimϕ = 2n+1 and π ∈ PnF .
Suppose that ϕ ≡ π (mod Jn+1F ). Let ψ ∈ WF with dimψ ≥ 2. Then the
following statements are equivalent:

(1) ϕF (ψ) is isotropic.

(2) ψ is similar to a subform of ϕ, or ψ is similar to a subform of some γ ∈
Pn+1F and ϕ contains a Pfister neighbor of γ.

(b) Equivalence of function fields. Let us now turn to the problem of deter-
mining those forms ψ for which F (ψ) is equivalent to F (ϕ) where ϕ is given as in
the previous conjecture. This leads to another conjecture which we now state.

Conjecture 4.3. Let ϕ, π ∈WF be anisotropic with dimϕ = 2n+1 and π ∈ PnF .
Suppose that ϕ ≡ π (mod Jn+1F ). Let ψ ∈ WF . Then the following statements
are equivalent:

(1) F (ψ) is equivalent to F (ϕ).
(2) ψ is similar to a subform of ϕ and dimψ > 2n + 2n−1.

Theorem 4.4. In Conjecture 4.3, (2) ⇒ (1) holds for any n. In particular, any
form ψ which is similar to a subform of ϕ and with dimψ > 2n + 2n−1 is not a
Pfister neighbor.

(1)⇒ (2) holds for n = 1, 2. In particular, Conjecture 4.3 is true for n = 1, 2.

Proof. Let ϕ, π ∈ WF be anisotropic with dimϕ = 2n+1, π ∈ PnF , and ϕ ≡ π
(mod Jn+1F ). Since ϕ has height 2 and degree n (see Proposition 2.1), it is clear
that dim(ϕF (ϕ))an = 2n, i.e. the Witt index of ϕ over F (ϕ) is exactly 2n−1. This

readily implies that any subform ψ of ϕ with dimψ ≥ 2n+1− 2n−1 + 1 > 2n + 2n−1

becomes isotropic over F (ϕ). On the other hand, for any such subform ψ of ϕ we
obviously have that ϕF (ψ) is isotropic. Hence, if ψ is similar to a subform of ϕ and

dimψ > 2n + 2n−1, then ψF (ϕ) and ϕF (ψ) are isotropic and F (ϕ) and F (ψ) are

equivalent. Thus (2) ⇒ (1). Since ϕ is not a Pfister neighbor (i.e. ϕ /∈ GPn+1F ),
it follows from Theorem 1.1 that ψ is not a Pfister neighbor.

Now let n = 1, 2, and let ψ ∈ WF be anisotropic such that F (ψ) and F (ϕ) are
equivalent. This implies that ψF (ϕ) is isotropic. By [11, Theorem 1], we must have
dimψ > 2n. We also have that ϕF (ψ) is isotropic. By Theorem 4.1, we conclude

that ψ is a Pfister neighbor of some (n + 1)-fold Pfister form or ψ is similar to a
subform of ϕ. As ϕ itself is not a Pfister neighbor, it follows from Theorem 1.1
that ψ is not a Pfister neighbor. Hence, ψ must be similar to a subform of ϕ and
ψ must not be a Pfister neighbor.

If n = 1 then dimψ = 3 or 4. But any 3-dimensional form is a Pfister neighbor,
so by the above we must have dimψ = 4 > 2n + 2n−1 = 3 for n = 1, as desired.

If n = 2 then dimψ ≥ 5. Now it follows from [9, Main Theorem] and [10,
Theorem 2, Theorem 3] that if an anisotropic form α of dimension 5 or 6 becomes
isotropic over the function field of a form β of dimension 7 or 8, then β is a Pfister
neighbor of some 3-fold Pfister form. Hence, as ϕ is not a Pfister neighbor, we must
have dimψ ≥ 7 > 2n + 2n−1 = 6 for n = 2, as desired.

(c) Forms of height 2 under Pfister extensions. A Pfister extension K of the
field F is just a function field of the kind K = F ({ψi}), where {ψi} is an indexed
set of Pfister forms. Let ϕ, π ∈ WF be anisotropic with dimϕ = 2n+1, π ∈ PnF ,
and ϕ ≡ π (mod Jn+1F ). For certain “nicely behaved” Pfister extensions K we
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can precisely say when ϕK will be isotropic, thus providing a generalization of the
case K = F (ψ) with ψ ∈ Pn+1F which was covered in Theorem 3.3.

Let Ψ = {ψi} ⊂ PmF be a non-empty set of m-fold Pfister forms. Following
the terminology of [6], we call Ψ a linked group of Pfister forms if the set Ψ = {ψi
(mod Im+1F )} forms a subgroup of ImF/Im+1F . Equivalently, Ψ is a linked group

of Pfister forms if for any ψi, ψj ∈ Ψ there exist πij ∈ Pm−1F , xi, xj ∈ Ḟ , such that
ψi ' πij ⊗ 〈〈xi〉〉, ψj ' πij ⊗ 〈〈xj〉〉, and πij ⊗ 〈〈−xixj〉〉 ∈ Ψ. The field F is called
m-linked if PmF is a linked group of Pfister forms. Let Ψ be a linked group of
m-fold Pfister forms. We say that {ψi} ⊂ PmF generates Ψ if {ψi (mod Im+1F )}
generates the subgroup Ψ of ImF/Im+1F . For more information on these groups,
on Pfister extensions, and on linked fields in general, we refer the reader to [6] and
[4].

Theorem 4.5. Let ϕ, π ∈ WF be anisotropic with dimϕ = 2n+1, π ∈ PnF , and
ϕ ≡ π (mod Jn+1F ). Let {ψi} ⊂ Pn+1F be a non-empty set which generates
a linked group Ψ of Pfister forms. Let K = F ({ψi}). Then the following are
equivalent:

(1) ϕK is isotropic.
(2) There exists γ ∈ Ψ such that ϕ contains a Pfister neighbor of γ (of dimension

2n + 2n−1).

Proof. Let us first assume that (2) holds. Since ϕ contains a Pfister neighbor of
γ ∈ Ψ, it is clear that ϕK will be isotropic if γK is hyperbolic. But this is true by
[6, Linked Group Theorem 2.1], and (1) follows.

Now suppose that ϕK is isotropic. We may assume that ϕ represents 1 over F .
Let E = F (π) and L = E({ψi}). Clearly, ϕL is isotropic. But ϕE ∈ GPn+1E and
ϕE is anisotropic by Lemma 3.1(1). In particular, ϕL ∈ GPn+1L is hyperbolic.
Now ϕE represents 1, and hence ϕE ∈ Pn+1E ∩W (L/E). Clearly, the set {(ψi)E}
generates a linked group ΨE of Pfister forms over E, and as sets we have ΨE =
{ψE |ψ ∈ Ψ}. By the Linked Group Theorem, there exists γ ∈ Ψ such that
ϕE ' γE . By Theorem 3.3, this implies that ϕ contains a Pfister neighbor of γ of
dimension 2n + 2n−1.

(d) Some remarks on 7-dimensional forms. Now let ϕ ∈ WF be an aniso-
tropic 7-dimensional form, and let c(ϕ) denote the Clifford invariant of ϕ in the

Brauer group BrF of F . Let d = d±ϕ ∈ Ḟ /Ḟ 2 and put ϕ̃ = ϕ ⊥ 〈−d〉. We then

have d±ϕ̃ = 1 ∈ Ḟ /Ḟ 2, i.e. ϕ̃ ∈ I2F = J2F , and c(ϕ̃) = c(ϕ) (cf. [18, p.121]). It is
known that ϕ is a Pfister neighbor iff c(ϕ) = 1 (see [17, p.11]). So let us from now
on assume that c(ϕ) has index 2, i.e. c(ϕ) = (−x,−y)F ∈ BrF for some quaternion
division algebra (−x,−y)F over F . Note that c(〈〈x, y〉〉) = (−x,−y)F , and 〈〈x, y〉〉 is
anisotropic because (−x,−y)F is a division algebra (see [18, Ch.III, Theorem 2.7]).
Also c(ϕ̃ ⊥ −〈〈x, y〉〉) = 1 ∈ BrF , which, by Merkurjev’s theorem, implies that
ϕ̃ ≡ 〈〈x, y〉〉 (mod J3F ). Now ϕ is anisotropic and so dim ϕ̃an = dim(ϕ ⊥ 〈−d〉)an

= 6 or 8. Using the fact that ϕ̃ is a good form of height and degree 2 (which follows
from ϕ̃ ≡ 〈〈x, y〉〉 (mod J3F )), or by applying Jacobson’s theorem on 6-dimensional
I2-forms (see, e.g., [20]), we see that ϕ̃ is in fact anisotropic. We immediately get
the following consequence of our previous results.

Corollary 4.6. Let ϕ ∈WF be anisotropic with dimϕ = 7 and c(ϕ) = (−x,−y)F
in BrF for some quaternion division algebra (−x,−y)F over F . Let d = d±ϕ and



QUADRATIC FORMS OF HEIGHT TWO 3279

ϕ̃ ' ϕ ⊥ 〈−d〉. Then ϕ̃ is anisotropic and F (ϕ) is equivalent to F (ϕ̃). In particular,
if K/F is a field extension then ϕK is isotropic iff ϕ̃K is isotropic.

If ψ ∈WF is anisotropic with dimψ ≥ 2 and if K = F (ψ), then ϕK is isotropic
iff ψ is similar to a subform of ϕ̃, or ψ is similar to a subform of some γ ∈ P3F
and ϕ contains a Pfister neighbor of γ.

Let {ψi} ⊂ P3F be a non-empty set which generates a linked group Ψ of Pfister
forms. Let K = F ({ψi}). Then ϕK is isotropic iff there exists γ ∈ Ψ such that ϕ
contains a Pfister neighbor of γ.

Proof. Most of these statements follow immediately from Theorems 4.1, 4.4, 4.5.
The only remaining thing to show is that if ϕ̃ contains a Pfister neighbor of some
γ ∈ P3F then ϕ contains a Pfister neighbhor of γ. Now if ϕ̃ contains a Pfister
neighbor of γ then ϕ̃ becomes isotropic over F (γ) and therefore, by Theorem 4.1, ϕ̃
contains a 6-dimensional Pfister neighbor χ of γ. Since dimϕ = dim ϕ̃− 1, an easy
Witt index calculation shows that ϕ contains a 5-dimensional subform of χ which
is, of course, also a Pfister neighbor of γ.

Let K/F be a field extension. Let ϕ ∈ WF be anisotropic. Then ϕ is said to
be K-minimal if ϕK is isotropic, but for all η ⊂ ϕ with dim η < dimϕ we have
that ηK is anisotropic. In the case K = F (ψ) where ψ ∈ WF is anisotropic with
dimψ = 3, K-minimal forms have been studied in [12]. It turns out that in this
case, K-minimal forms always have odd dimension ≥ 3, and that 3-dimensional
K-minimal forms are exactly the forms similar to ψ. A precise criterion for a 5-
dimensional form to be K-minimal is also given in [12]. For 7-dimensional forms,
we have the following result, which has been proved in [8]. We give a new proof
here based on the results in this paper.

Proposition 4.7. Let ϕ ∈ WF be anisotropic with dimϕ = 7 and with c(ϕ) =
(−x,−y)F in BrF for some quaternion algebra (−x,−y)F over F . Let ψ ' 〈1, a, b〉
∈ WF be anisotropic and let K = F (ψ). Then ϕ is not K-minimal, i.e. there
exists µ ⊂ ϕ with dimµ ≤ 5 such that µK is isotropic.

Proof. We may assume that ϕK is isotropic. Note that ψ is a Pfister neighbor of
〈〈a, b〉〉 and that therefore K is equivalent to F (〈〈a, b〉〉). If c(ϕ) = 1 then ϕ is a
Pfister neighbor of some γ ∈ P3F . Since γK is isotropic and hence hyperbolic,
it follows that γ ' 〈〈a, b, r〉〉 for some r ∈ Ḟ . It follows easily that ϕ contains a
subform similar to 〈1, a, b〉 and ϕ is therefore not K-minimal.

So suppose now that c(ϕ) 6= 1 ∈ BrF , i.e., (−x,−y)F is a division algebra.
As above, consider ϕ̃ ' ϕ ⊥ 〈−d±ϕ〉, which is anisotropic with ϕ̃ ≡ 〈〈x, y〉〉
(mod J3F ), where 〈〈x, y〉〉 is also anisotropic. Let E = F (〈〈x, y〉〉). Then ϕ̃E ∈ GP3E
is anisotropic by Lemma 3.1(1). In particular, since ϕ̃K is isotropic we cannot have
〈〈a, b〉〉 ' 〈〈x, y〉〉. Thus, 〈〈a, b〉〉E is anisotropic. But clearly, ϕ̃E ∈ GP3E becomes

isotropic and hence hyperbolic over E(〈〈a, b〉〉). Therefore, there exist u, v ∈ Ė such
that ϕ̃E ' 〈〈a, b〉〉E ⊗ 〈u, v〉. Now E/F is excellent and by [5, Proposition 2.11] we

can in fact choose u, v ∈ Ḟ . Let γ ' 〈〈a, b, uv〉〉 ' u(〈〈a, b〉〉 ⊗ 〈u, v〉) ∈ P3F . Since
γE is similar to ϕ̃E , it follows from Theorem 3.3 that ϕ̃ contains a Pfister neighbor
of dimension 6 of γ, and as in the previous proof, ϕ contains a Pfister neighbor µ of
γ of dimension 5. Now obviously γK is hyperbolic, and thus µK is isotropic. This
implies that ϕ is not K-minimal, because µ ⊂ ϕ and dimµ < dimϕ.
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Consider two anisotropic 7-dimensional forms ϕ1 and ϕ2 with c(ϕ1) = c(ϕ2) =
(−x,−y)F 6= 1 ∈ BrF . We know by Theorem 4.4 and Corollary 4.6 that F (ϕ1) and
F (ϕ2) are equivalent iff the (anisotropic) forms ϕ1 ⊥ 〈−d±ϕ1〉 and ϕ2 ⊥ 〈−d±ϕ2〉
are similar. We do not know, however, whether equivalence implies that F (ϕ1) is
isomorphic to F (ϕ2). The following example shows that ϕ1 need not be similar to
ϕ2. Let F = R((t)) be the Laurent series field in one variable over the reals. Let
ϕ̃ ' 〈1, 1, 1, 1, 1, 1, t, t〉. Clearly, ϕ̃ is anisotropic and

ϕ̃ ≡ 〈〈1,−t〉〉 (mod J3F ).

Let ϕ1 ' 〈1, 1, 1, 1, 1, 1, t〉 and ϕ2 ' 〈1, 1, 1, 1, 1, t, t〉. Then ϕ1 and ϕ2 are not
similar, as follows readily from Springer’s theorem (cf. [22, Ch.6, Corollary 2.6]).
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