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QUADRATIC FORMS FOR THE 1-D SEMILINEAR
SCHRODINGER EQUATION

CARLOS E. KENIG, GUSTAVO PONCE, AND LUIS VEGA

ABSTRACT. This paper is concerned with 1-D quadratic semilinear
Schrédinger equations. We study local well posedness in classical Sobolev
space H® of the associated initial value problem and periodic boundary value
problem. Our main interest is to obtain the lowest value of s which guarantees
the desired local well posedness result. We prove that at least for the quadratic
cases these values are negative and depend on the structure of the nonlinearity
considered.

1. INTRODUCTION

This paper is concerned with the semilinear Schrodinger equation. Our purpose
is to study the well posedness of the associated initial value problem (IVP) and
periodic boundary value problem (pbvp) under low regularity of the data.

To measure this regularity we shall use the classical Sobolev spaces H*(R™) or
H?*(T™), and remark that our main interest is in the nonlinearities for which the
Sobolev index s can take negative values, i.e., s < 0.

In this work we restrict ourselves to the one-dimensional case with quadratic
homogeneous nonlinearities.

The IVP for the 1-D semilinear Schrédinger equation

Owu = i0%u + N (u, u), z,t € R,

(L) u(z,0) = ug(x)

as well as its higher dimensional version, has been extensively studied (see [C],
[CW], [GV1], [K2], [T] and references therein). (Here, we shall only consider the
case where N(-,-) is a polynomial.) In particular, T. Cazenave and F. Weissler
[CW] and Y. Tsutsumi [T] have shown that for ug € L?(R) the IVP (1.1) is locally
well posed for every polynomial N of degree < 5, i.e.,

(1.2) N(z1,22) = Z an 27t 252,
|| <5

The proof of this result is based on the version of the Strichartz estimate [S] for
the free Schrodinger group {e®*}°° _ found in [GV2], which in the 1-D case affirms
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that

o 1/r
(13) (1 alyyar) < cluale
for r,p € [2,00] with 2 = 1 — %.
This local well posedness result depends on the degree of the nonlinearity N (),
and its proof does not distinguish any other structure on N(-).
We observe that for N(-) homogeneous of degree k, i.e., |o| = k in (1.2), it follows
that if u = u(z,t) solves (1.1) so does

(1.4) up(z,t) = N2/ E Dy, \%t), for any A € R,
with data
(1.5) ux(z,0) = X2/ F Dy (Az).

In particular, for k£ =5
(1.6) lux(0)|| ;2 = |Juoll 2, for any A € R.

The scaling argument in (1.4)—(1.6) suggests that in this setting, 1-D, N(-) ho-
mogeneous of degree 5 and ug € L*(R), the result in [CW] should be optimal. This
was proven in [BKPSV] for the nonlinearity N(z1,22) = —iuz3z3, with 4 > 0. Also
this scaling argument hints that for lower nonlinearities N(-) one may expect local
well posedness results in H*(R) with s < 0. However no results in this direction
were previously known.

As it was mentioned above, here we study the IVP (1.1) with nonlinearities

(1.7) Ni(u,t) = cquu, Na(u,t) =coutt and N3(u,q) = c3ui.

It will be proven that for the nonlinearities Ni(-) and N3(-) the IVP (1.1) is
locally well posed in H*(R), for s > —3/4, and that a similar result holds for Na(-)
in H*(R) with s > —1/4.

It is interesting to compare these results with those known for other evolution
models.

For the IVP for the generalized Korteweg-de Vries
(1.8) Ou+ Bu+0,(urFt) =0, z,tcR, k=12,...,
' u(z,0) = uo(x),
we showed in [KPV1] that for & > 4 (1.8) is locally well posed in H*(R), s > s(k) =
(k — 4)/2k, as the scaling argument suggests, and in [BKPSV] that these results
are sharp. Also in [KPV1] we established similar local existence results for k = 2, 3
and s(k) = 1/4,1/12 respectively. In [KPV3], for the KdV equation, k = 1, we
obtain local well posedness for s > —3/4 (see also [B]).

In a recent work [D] D. Dix has shown that the IVP for Burgers’ equation

{Qtu —u+0,(u?)=0, z,teR,

(1.9) u(z,0) = up(x)

is ill-posed, more precisely, uniqueness fails in H*(R) for s < —1/2. Thus we have
that the IVP for the dispersive models, like the KAV ((1.8) with k£ = 1) and those
in (1.1) with Ny and N3 in (1.7) exhibit “better” local existence properties than
that of the parabolic equation in (1.9).
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Another interesting set of results are those concerned with the 3-D nonlinear
wave equation

2w — Aw = G(Vw, dw), r e R3 t€R,
(1.10) w(@,0) = f(z) € H*(RY),
Ow(z,0) = g(z) € H7L(R3).
Written as a quasi-linear hyperbolic system we have that (1.10) is locally well-

posed for s > § +1 = 5/2 (see [K1]). On the other hand, the scaling argument
suggests that for G(-) satisfying

(1.11) GA\Vw, \w) = NG(Vw,0w),  j=2,...,
one should have local well-posedness for
(1.12) s>s())=(5j-7)/(24 —2).

In [PS] G. Ponce and T. Sideris showed that this is the case if j > 3, and this is op-
timal, and that if j = 2, then s > 2 suffices for the local well-posedness of (1.10). H.
Lindblad [L] gave examples of G(-) satisfying (1.11), with j = 2, for which the corre-
sponding IVP (1.10) is ill-posed for s < 2. In [KM2] S. Klainerman and M. Mache-
don, improving their earlier result in [KM1] (which motivated those in [PS], [L]),
showed that, for a special form of the quadratic nonlinearity in (Vw, d;w) the value
suggested by the scaling in (1.12) can be reached. More precisely, for nonlinearities
satisfying the so-called “null condition,” i.e. G(w, Vw, d;w) = ¢(w)((0w)?—(Vw)?),
the TVP (1.10) is locally well-posed for s > 3/2, the value suggested by the scaling
argument, (7 = 2 in (1.12)).

Thus, similar to the results obtained by S. Klainerman and M. Machedon in
[KM2], Theorems 1.5-1.7 suggest that the local existence theory for IVP (1.1) may
depend on the structure of the nonlinear terms as well as its degree.

Our method of proof combines the ideas of J. Bourgain in [B] and those in
[KPV3]. First we have the two parameter family spaces X j introduced in [B].

Definition. For s,b € R, X, denotes the completion of the Schwartz class S(R?)
with respect to the norm.

(1.13)  |Fllx,, = (/_Z /_Z(H [r—&p*a+ |f|>2S|F(fm>|2d5dT)l/2.

For F' € X, consider the bilinear operators

(1.14) By(F, F)(x,t) = F*(,t),
(1.15) By(F, F)(z,t) = (FF)(x,1),
and

(1.16) Bs(F, F)(z,t) = F%(x,t),

associated to the nonlinearities N1(-), Na(-) and N3(-) in (1.7) respectively.
Our well-posedness results for the IVP (1.1) are consequences of the following
estimates for the bilinear forms (1.14)—(1.16).

Theorem 1.1. Given s € (—3/4,0] there exists b € (1/2,1) such that

2
(1.17) IBL(F, F)lx,, , <clFlx,, -

s,b—1
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Theorem 1.2. Given s € (—1/4,0] there exists b € (1/2,1) such that
(1.18) | B2(F, F)

Xy SelFI,, -
Theorem 1.3. Given s € (—3/4,0] there exists b € (1/2,1) such that
(1.19) | Bs(F, F)

2
Xopo1 <c ||F|‘Xs,b :

As in [KPV3] our proof of Theorems 1.1-1.3 uses elementary techniques some-
what similar to those found in the works of C. Fefferman and E. M. Stein [F1] on
the L*/3(R?) restriction theorem for the Fourier transform to the circle and those
of C. Fefferman [F2] for the L*(R?) boundedness of the Bochner-Riesz operator.

The following theorem shows that the results in Theorems 1.1-1.3 are sharp,
except for the limiting cases which remain open.

Theorem 1.4.

i) For any s < —3/4 and any b € R the estimate (1.17) fails.
ii) For any s < —1/4 and any b € R the estimate (1.18) fails.
iii) For any s < —3/4 and any b € R the estimate (1.19) fails.

Once the bilinear estimates (1.17)—(1.19) have been established we follow an
approach similar to that given in [KPV2], [KPV3] to obtain the following local
well-posedness results for the IVP (1.1) with nonlinear terms in (1.7).

Theorem 1.5. Let s € (—3/4,0]. Then there exists b € (1/2,1) such that for any
uy € H*(R) there exists T = T(||uol| ) > 0 (with T'(p) — oo as p — 0) and a
unique solution u(t) of the IVP (1.1), with the nonlinear term N = Ny given by
(1.7), satisfying

(1.20) we C(-T,T] : H*(R)),

(1.21) ue Xoyp

and

(1.22) u? € Xop-1,  Ou,07u € Xy ap1.

Moreover, given T' € (0,T) there exists R = R(T’) > 0 such that the map
o — u(t) from {uy € H*(R) : ||ao — uo||y. < R} into the class (1.20)-(1.21) with
T instead of T is Lipschitz.

If in addition, ug € H* (R) with s’ > s, then the above results hold with s’ instead
of s in the same time interval [—T,T).

Theorem 1.6. For the IVP (1.1) with nonlinear term N = Ny given in (1.7) the
results in Theorem 1.4 (with ut in (1.22) instead of uu) hold for s € (—1/4,0].

Theorem 1.7. For the IVP (1.1) with nonlinear term N = N3 given in (1.7) the
results in Theorem 1.4 (with wu in (1.22) instead of uu) apply in the same interval
s € (—=3/4,0].

Next we consider the pbvp for the Schrédinger equation

{(’“)m =i0%u+ N(u,u), z€T, teR,

(123) u(z,0) = up(x),

with the quadratic homogeneous nonlinearities in (1.7).
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In [B] J. Bourgain showed that the IVP (1.23) with nonlinearity
(1.24) N(z1,22) = Y aaziz5®
lor<3

is locally well-posed in L?(T).
In the case of quadratic nonlinearities, i.e. |a| < 2 in (1.24), this result follows
as a consequence of the estimate due to A. Zygmund [Z],

0o 0o 1/2
3wt <o 5 )
Li,(r2)  A\n=—oo

(observe that in R (1.25) corresponds to the case p =r =6 in (1.3)).
To state our result for the pbvp (1.23) we need the function spaces Y p.

(1.25)

Definition. Let ) be the space of functions F(-) such that
(i) F:TxR—C.
(ii) F(z,-) € S(R) for each z € T.
(iii) F(-,t) € C(T) for each t € R.
For s,b € R, Y, denotes the completion of J with respect to the norm

00 s 1/2
Z/_ (1+}T—n“‘})%(u|n|)25|ﬁ(n,f)|2df> .

n=—oo

(1.26)  |[Fllv., = (

As in the case of the IVP (1.1), our well-posedness results for the pbvp (1.23)
will be a consequence of the following estimates for the bilinear forms (1.14)—(1.16).

Theorem 1.8. Given s € (—1/2,0] there exists b € (1/2,1) such that

(1.27) IBi(E, F)lly,, , <clF] Voo
Theorem 1.9. Given s € (—1/2,0] there exists b € (1/2,1) such that
(1.28) |Bo(F, F)ly,,, , <clFIZ,.

The following result shows the sharpness of (1.27)—(1.28).

Theorem 1.10.

(i) For any s < —1/2 and any b € R the estimate (1.27) fails.
(ii) For any s < —1/2 and any b € R the estimate (1.28) fails.
(i) For any s <0 and any b € R the estimate

(1.29) 1B2(F, F)lly,, , <clFI,,
fails.

Theorem 1.11. Let s € (—1/2,0]. Then there exists b € (1/2,1) such that for any
ug € H*(T) there exists T =T (||uo|| ) > 0 and a unique solution u(t) of the pbup
(1.23), with the nonlinear term N = Ny given in (1.7), satisfying

(1.30) uwe C([-1,T]: H*(T)),
(1.31) ue Yy
and

(1.32) weYip1,  Ou,0ju€Yiopa
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Moreover, given T" € (0,T) there exists R = R(T') > 0 such that the map
o — a(t) from {uy € H*(T) : ||to — wo| - < R} into the class (1.30)-(1.31).

Theorem 1.12. for the pbup (1.23) with nonlinearity N = N3 given in (1.7) the
results in Theorem 1.12 (with uu in (1.32) instead of uu) apply in the same interval
s € (—1/2,0].

We observe a loss of 1/4 derivatives in each result corresponding to the pbvp
(1.23) in comparison to the corresponding one for the IVP (1.1). In particular, for
the nonlinearity Na(u, %) = cuti we do not improve the L?-result which follows from
(1.25) (see [B]).

This paper is organized as follows. Section 2 is concerned with the results for
the IVP (1.1) with N = Ny, (i.e., Theorems 1.1, 1.4(i) and 1.5). Section 3 contains
the proof of Theorems 1.2 and 1.4(ii) and section 4 the proof of Theorems 1.3 and
1.4(iii). Finally, in section 5 we include our result for the pvbp (1.23), Theorems 1.8—
1.10. We remark that once that the bilinear estimates (1.27)—(1.28) (resp. (1.18)—
(1.19)) have been established, the proof of Theorems 1.11-1.12 (resp. Theorems
1.6-1.7) follows an argument similar to that provided in the proof of Theorem 1.5
in section 2 (see [KPV2], [KPV3]); therefore their proof will be omitted.

2. PROOF OF THEOREMS 1.1, 1.4(i) AND 1.5

First we state some elementary calculus inequalities which are the main tools in
the proof of Theorems 1.1-1.3.

Lemma 2.1. If r > 1/2, then there exists ¢ > 0 such that

o] dx C
(21) /_Oo (1+|x—a|)2T(1+|$—ﬁ|)2T S (1+|a_ﬁ|)2ra
00 dx C

22 | o Vo=l =+ la)7

o] dx C
(23) /_OO (1 T+ |$ — a|)2(1_r)(1 + |$ _ ﬂ|)2r < (1 ¥ |a _ ﬂ|)2(1—r)7
and

do (1+3)2/2

(24) ~/|m|§ﬁ (1 + 220 [a - 7] = fal)

Next we define

(2.5) p=—s€][0,3/4),

and for F' € Xs,b = X_p7b

(2.6) Fem) =1+ |r—)" (L+1e) "B, T) € LAR).
Thus

(2.7) Ifllzzre = I1Flx. .
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and we can rewrite (1.17) in terms of f as
IBUE P, , = |a+]r-ptavieyer|
g-T
= |+ -eptaseh @ p)|
L2L2
2.8
(2.8) H 1
=c
(4|7 =N+ [€])”
R TR e ST,
(1+|m —&3))° (L+]r—m—(€-&)2° L2L2
Defining
1
B 3 3 ,b ) =
1(f:9,p,0)(&,7) (1+ |7 —&2)1=b(1 + [€])P
(2.9)

J(E,m) (L +161])° g€ — &1, 7 — 1) (14 [ = &1)?
S e e e eyt
Theorem 1.1 can be restated as follows.

Theorem 2.2. Given p = —s € [0,3/4) there exists b € (1/2,1) such that
(2.10) 1B1(f:9,0,0)I 22 < el fllezrzllgllzes
The proof of Theorem 2.2 will be based on the following three lemmas.

Lemma 2.3. Ifb e (1/2,1], then

(2.11) 1B1(f,9:0,0)ll 212 < el fllzzrzllgllzze-
Proof. Tt suffices to see that for ¥’ > 1/2 and b <1
1

SUp ¥/————————5 7~
e G+l =N
(2.12)

o0 oo dridé; 1/2
x (/_oo /_oo I+ =&NYA+|r—n— (¢ —51)2|)2b'> =

This stronger statement will be useful later on.
From (2.1) it follows that

/fu) d71
oo T =D (A + |7 — 1 — (€= &)2)?
< c
T (- 2uE -8
To integrate in & we change variables
(2.14) n=1-E+26(E - &),
thus

(2.15) dn = 2(§ — 261)d&

(2.13)

3329
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and
(2.16) & = % (gi 2 €2 2n) . e 26— €] = ‘ 2 €2 277) .
Hence
dn
(2.17) T . —
V-7

and from (2.2) we get

/°° dé _ C/m dny
oo (T[T = €2+ 266 - &) —oo (14 |n])2 ) — 52_/2)
(2.18)

c
Tr e
Thus the expression in (2.12) can be bounded by

1 1
2.19
(2.19) P AT @)t (At |7 — 2N

which yields the result.

=1

In the proof of the following two lemmas we will use the algebraic inequalities
(2.20) T+ |r—n—(E-a)?|+|n-&|>2laE-a)l,
and consequently
2
(2.21) max{|t — &|;|[r—n1 — (- &)*|;|n - &} > 3 1€1(§ = &)l -
Lemma 2.4. If p=—s € (1/2,3/4), V) > 1/2 and b < 5/4 — p, then

1 1
TP At =) (1t g

(2.22

) 1/2
61(€ — &)
’ </ IR e dﬁldﬂ) -
where A = A(§, ) is defined as

(2.23) A={(&,n)eR:jr—n—(-&)?|<|n-&| < |7 - €}
Proof. From (2.21) it follows that in A, if |§;| > 1 then

(2.24) & (€~ &)l <3[r—¢€%] /2

and

(225) |T-&+26E-&)|<|n-&|+|r-n-(E-&a)?| <2|r-€.
Thus, from (2.1)

dTl
/ (L+]m = GD* A +|r =7 — (= &)D*

< CZZJ((T —£2+26(€-&))/2(T - £%))
- (I+|r =& +26(—-&))% 7

(2.26)
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where ¥ € C§°(R), ¥ =1 in [—1,1] and supp ¢ C (—2,2).
Combining the change of variables (2.14)—(2.17) and (2.2) we obtain that

(1 — 2 +26(6E = &))/2(T — Ddf
A+lr—e+26E-&))r

(2.27)

< / dn < c
xC < .
<ir—el (1+ )2 |7 =y =23~ (L+Ir—&/2)h
Thus collecting the information in (2.24)—(2.27) the expression in (2.22) can be
bounded by
1 (14 |r =&ttt
(L+1ED? (14 |r—g2/2)H/’
which yields the desired result.
Lemma 2.5. If p=—s € (1/2,3/4), be (1/2,1) and b’ > p/2 —3/4+ b, then
(2.29)

(2.28) Sup

1
sup sup —————
le>1 m (L4 |1 —E&F))°

1/2
|&@—&Wﬂ
( A T TG+ 7 - et >a+v—n—@—awmvﬁw> -
with A fl (&1,71) defined as

} {(&T) ER?:|T—7 —(£-&)% < |7'1—€f|}

A= :

and |t — & < |n - &

(2.30)

Proof. From (2.21) it follows that in A
(2.31) [€1(6 =€) < 3|m — &3] /2

and
(232)  |n-G+2E-a)|<|r-|+|r-n-(-&)? <2n-¢.
Thus, as in (2.3) we obtain

/ dr
(L4 |7 =220+ |7 — 1 — (£ = &)?)?

(Gl & +26(E—&))/2(n — &)
=06 266 - T
Define, for a set C' C R?
(2.34)

(2.33)

1/2
(€ =€) d
o= 5meJ |

1
1+ |m =&)Y (/c (1 +[€1)2% (1 + |71 — & + 2&1(&1 —
Our aim is to bound I(D), where
(2.35) D=D(,n)={(eR: |n—&+26(& -] <2|n - &},
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uniformly in (&1,71) € R?. We divide D into two subdomains D; and Ds. In

(2.36) Dy ={¢eD: 2644 - 9| < |n—&|/2}
one has that
(2.37) |1 — &) <2|n — & +26(&5 -9,

and consequently

(2.38) (D) < (1+|m — €] (/D L>1/2<c.

1+ |m — &bt (L+ (&)
We subdivide Do, i.e.
(2.39) Dy={¢eD:|n—-&|/4<|aE -l <3|n-¢&/2},

into three pieces. First

(2.40) Doy ={€ € Dy :[¢]/4 < |&] < 100[¢]}.
In this set

(2.41) €)% ~ &1 > (1 + | — &)
Therefore using the change of variables

(2.42) n=m—&+26(6 —€),  dyp=-26d,
we obtain

1/2
' 1
I(Daq) < (1 + |m — €3])P/2° / "
(2.43) ‘ 1‘ <ot x| TET AT e

< c(l + }Tl _6%})p/2—b/+3/4+b <ec.

In
(244) Daz={€€Ds:1< 2] < [€]/4)
using (2.21) one has
I(D2p) < {1+ |m1 — 2|)—b/< &% J V2
ey U EUTmTA e T D ”)

< (1 +|m — g3))2e iV ezl

Finally we consider

(2.46) Dy 3 ={{ € Dy : 100§ < &1}

In this region

(2.47) & ~ ‘T1—§12|-

Hence,

(2.48) I(D23) < c(1+|m — €)Y =3/ < ¢,

which completes the proof of (2.29).
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Proof of Theorem 2.2. First we consider the case s = 0. Combining Cauchy-
Schwarz inequality, (2.12) and Fubini’s theorem, it follows that

(2.49)

5177—1 (5 517 )
(1—|—|7- §2 1b// 1_|_|7_1 gl)bl(1+|7'_7'1—(€ €)|),dfld7'1
; dé-]_dTl 1/2
(L4 [r—&2)t-* (// (I+|r—7m — (5_51)2”21)/)

1/2
X (/ |f(§17T1)|2|g(§—§17T—71)|2d§1dT1)

L2L2

IN

LELe

L2L2

SCHfHLngHQHLng

for any b’ > 1/2 and b < 1. Taking b = b’ we obtain the result.
Next we consider the case p = —s € (1/2,3/4). We observe that if

(2.50) either [&| <1 or |£—-&|<1,

then

(2.51) L+ &) A+ 1€ = &D? < (1 + €))7,

which reduces the estimate to the previous case s = 0. Therefore, we assume
(2.52) &) >1 and [§—-&[>1

Also by symmetry we can restrict ourselves to the case

(2.53) |r—m—(E-&)? <|n-¢§|.

Now we split the domain of integration into two pieces

(2.54) |m =& <|r—¢| and |7-&<|n—¢.

In the first part, (|71 — &F| < |7 — €2|) we combine Cauchy-Schwarz and (2.22)
with b = ¥/, as in (2.49), to obtain the result. In the second part we use duality,
Cauchy-Schwarz and (2.29) with b = b’ to complete the result.

Corollary 2.5. If p = —s € (1/2,3/4), b € (1/2,5/4 — p] and V' > 1/2 with
b—b €(0,3/4—p/2], then

(2.55) 1B(F, F)llx,, , <clFIX_,,-
Moreover (2.55) holds for s =0, and 1/2 <b < ¥V < 1.
Proof of Theorem 1.4(i). For N € Z* define

(2.56) IN(ET) =0 = N)y(r —£)
and
(2.57) gn (&) = Y€+ N)yp(r — &)

where ¢ € C®(R), ¢» > 0, v» = 1 in [-1,1] and suppy C [-2,2]. A simple
computation shows that for N large

(2.58) (fn  9n) (6 7) = U N? +7/N)$(©).
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Thus (2.10) implies that

(2.59) m% <ec.
Now, taking

(2.60) hv(€,7) = Y(E+ N)p(T +€2)
we have that for IV large

(2.61) (fn * hn)(€,7) = exr(€,7),

where x4 (-) denotes the characteristic function of the set A, and R is the rectangle
of dimensions ¢cN x N~! centered in the origin with longest side pointing in the
(1,2N) direction.

Thus, (2.10) tells that

1 N?%
Combining (2.59), (2.62) and letting N tend to infinity, we obtain that
) b 1
. <min{ > —bj—+=
(2.63) pmln{4 b,2+2},

which completes the proof of Theorem 1.4(i).

Next, we deduce general estimates which are needed in the proof of Theorems
1.5-1.7.

We denote by {e”63 192 _ oo the unitary group describing the solution of the linear
IVP associated to (1.1).

O —i0%u =0, t,x € R,
(2:64) {u(w, 0) = up(x)
where
(2.65) u(z,t) = ey (z) = cle ™ 19 (€)Y ().

We shall use the notations

oo o0 P/q l/p
(2.66) |f|L£L§=</_ (/ |f<t,w>|qczt) dx) ,

(2.67) Th(€) = (1 +|€))*h(€)
and
(2.68) Abg(r) = (1+ |7])*4(r).

The identity
(2.69) IFllx. ., = |[A"7 e |

L2L2

oo

describes the relationship between the spaces X ’s and the group {6“63}
Let ¢ € C§°(R) with ¢ =1 on [—1, 1] and supp ¢ C (-2, 2).

t=—o0
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Lemma 2.6. If s <0 and b € (1/2,1], then for § € (0,1)

(2.70) Hw((s—lt)eitaﬁuOHX < 6(1-20)/2 [
s,b

(2.71) [w(OF ||, < 62| F|x,,,

t
(2.72) wa—lw [t <atep)y,

0 Xs.b
and

t
@) swue [ SRR <R,
t 0 Hs

Proof. The proof of (2.70)—(2.72) is similar to that in [KPV2] (Lemmas 3.1-3.3)
(see also [KPV3]) for the linear group {W(t)}°°,, associated to the linearized KdV
equation.

Proof of Theorem 1.5. Using a scaling argument it follows that if u = u(z,t) is a
solution of the IVP (1.1) then for any A > 0

(2.74) ux(z,t) = N2u(Az, \%t)

also solves the equation in (1.1) with initial data

(2.75) ux(z,0) = N2u(Az,0).

Thus for s <0

(2.76) [ua(,0)|| o = ON2+5) as A — 0.

Since we are considering s € (—3/4,0], we can restrict ourselves to solve the IVP
(1.1) with data up € H*(R) such that

(2.77) ol e = o << 1,
and use (2.74) to extend the result for data in H*(R) of arbitrary size.
For ug € H*(R), s € (—3/4,0], satistying (2.77) we define the operator
t
(2.78) Ay (@) = Aw) = P ()e P ug + cytp(t) / eI =t)0002 ()t
0

Our goal is to show that A(-) defines a contraction map on
(2.79) Dsp(2cp) = {w e Xop : ||wlx,, < 2cu}

for any b € (1/2,1).
Combining (2.70), (2.72) with § = 1 and (1.17), we find that

M@k, , <entel?|y,,
(2.80) <ep+clwlk,,
<ep+e(2ep)? < 2cp
if we choose p in (2.77) such that
(2.81) At < 1/2.
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Similarly
t
14@) =A@y, , <e|[v®) [ %W ~atyar
s 0 Xsb
(282) <c ||w — 1:;2| Xobo1 =cC H(w + (:5)(0} - &>HX5,1771
<42 ~ < 1 ~
<Aulw -y, < 1 oDl

Thus, A(-) defines a contraction map, and consequently there exists a unique u €
Dy 1(2cp) such that

¢
(2.83) u(t) = () (eimzuo + cl/ ellt=t )8§u2(t’)dt') .

0
Therefore in the time interval [—1, 1] solves the integral equation associated to the
IVP (1.1) with N = Ny(+) given by (1.7). Since u € X, with b > 1/2, by the
Sobolev embedding theorem and (2.69) it follows that

(2.84) 1€ C(~1,1] : HY(R)).

Finally we explain how to extend the uniqueness result in Dj ,(2cu) to the whole
space Xgp. First we restrict the time interval, i.e. consider A,,(-) in (2.78) with
P(671t),6 € (0,1), instead of ¥(t). Arguing as in [KPV2] we obtain estimates
similar to those in (2.80), (2.82) but with a factor 6%, 6y = 0y(b,b') > 0, in the
left side, which allows us to establish the contraction principle in D, (R) with
R(6) — o0 as 6 — 0 (for details see [KPV2]).

3. PROOF OF THEOREMS 1.2, 1.4(ii) AND 1.6

Define
(3.1) p=—sel0,1/4)
and for F e Xop=X_,
(3:2) FEm) =+ =&PP O+ [E) P F(E ) € LX(R?),
thus
(3.3) Iflzzze = I Fllx..,.
Since
(3.4) P(€,7) = F(=¢,-7)
it follows that
(3.5) Flem) = o e g, -
with

(3.6) Ifllzzrz = [1Flx, .-
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Thus we can rewrite (1.18) in terms of f as

|Bo(F, F)lx,, ., = |1+ r = €)° 7 (1 +-[e) " FF|

272
L2r2

=[la+Ir-eprarienr «Fy

L2L2
(3.7) .
‘H (L+ |7 — ETo(L+ [E])P
/ fle—&,m—m)1+[E—&))” f(— 517—71)(14-|€1|)”dé ir

Qtlr-—n—-E-a2  Q+ln+gh = e

Defining
1

Bl 96T = e+ el

(3.8)

/ [, m) 0+ 1) g€~ b =)L+ IE— &Y

I+ +&D° (A+|r—n—(€=&)?)°
Theorem 1.2 can be rewritten as follows.

Theorem 3.1. Given p = —s € [0,1/4) there exists b € (1/2,1) such that
(3.9) 1B2(f, 9. p, b)HLng < CHfHLgLaHQHLgL%

The proof of Theorem 3.1 will be deduced from the following lemmas.
Lemma 3.2. Ifb e (1/2,1], then
(3.10) 1B2(£.9.0.D)| 225 < el Fllzzez lolzzs-
Proof. Tt will be shown that

1
e At — e
(3.11)
(/] e R
T+ m NP+ —71— (€ &)2)P
and
1
ok W+ m + &

(3.12)

1/2
drd§
</ﬁ<1/ (L+]r—&2)) ”(1+|f—n—(£—§1>2l>2b> -

It is easy to see that (3.10) follows by combining (3.11)—(3.12), Cauchy-Schwarz
and duality.
To prove (3.11) we first use (2.1) to find that

d7'1 ¢
R B e e o oy e




3338 CARLOS E. KENIG, GUSTAVO PONCE, AND LUIS VEGA

Next, changing variables

(3.14) m=T1—&+26&,  dp = 26d,
it follows that

d§1 / C/
3.15
019 [ e <o marhe <
Inserting (3.15) in (3.13) we obtain (3.11). To prove (3.12) we use (2.3) to conclude
that

[\ : )
el<a \J (LT =200+ |r -1 — (- &)?)*

(3.16)

< c/ dé <o
lgl<t (1+|m +§12 — 286 |)20-0 —
which yields (3.12).

In the next proofs we will use the following algebraic relations

(3.17) [T =1 = (€= &)?| + |n+ &+ [ - € > 2164
and consequently
(3.18) max{|T — 71 — (§ = &)*[; €[} = 2[¢&l /3.
Lemma 3.3. If p = —s € [0,1/4), then there exists b > 1/2 such that
1 1
sup sup

ez v (L+ |7 =8N (L4 [€])P

1/2
&€ =&
- (//Al (1 + |7'1 +€%|)2b(1 + |7' -7 — (5 _ 51)2|)2bd€1d7'1> < 00

where Ay = A1(€,7) is defined as
(&1,m) €R?: [&1] > 10, [€—&|>10

(3.19)

(3.20) M=1  fren-E-a)y[<|r-¢

and }Tl —l—ff} < }T — §2|
Proof. From (2.1) it follows that

dTl
/neAl L+ Im+&GDPA+|r =7 = (£ = &)*D*
U — € 4 266)/2(r — )
T (4T -2 424D 7
and changing variable as in (3.14)
(3.22)

(3.21)

/ d&, ot dm e
lr—g2roeey|<olr—g2| (1T =82+ 2862 = TIE| Ji<opr—ez) (L + M) —
since || > 1.
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In A1, (3.18) and the hypothesis guarantee that there exists b > 1/2 such that

(3.23) (& — )% < c|r - 52‘49 <elr- 52‘2(1_b)

thus by inserting (3.21)—(3.23) in (3.19) we obtain the desired result.
Lemma 3.4. If p = —s € [0,1/4), then there exists b > 1/2 such that
(3.24)

1
sup sup ————————=—
=10 n L+ |7 +&)°

// &(€ — &) % dedr 1/2<OO
i<t (L EN2P(L+ |7 — 11 — (€ — £0)2)2(1 + |7 — £2])2(-) '

Proof. Using (2.3) we find that
(3.25)

dr c
I e e e R e e

and by changing variables

(3.26) n=m+& - 266,  dp=—26dE,
we get
66— &) i
2(1—b) dg
lel<1 (14 |11 + &2 — 2¢44|
(8:27) <c 13154 / dn i
Tl \Umisimrezirae 1+ [0)207Y)

<eler 7 ((1 +n+ &)+ |§1|b_1/2> .

Thus we obtain the following bound for the term in (3.24)

€

(328) Supsup ([ + )12+ a2,

=10 = (14 |7+ EF))°

which yields the result.

Lemma 3.5. If p = —s € [0,1/4), then there exists b > 1/2 such that
(3.29)

1
sup sup —————
&>10 n L+ |7+ &P

1/2
€1(€ — &) dedr
" <//B 1+ N2+ — 7 — (€ —&)2)2(1 + |r—§2|>2<1‘b>> =
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where By = B1(&1,71) is defined as
Em) eR 1 -7 — (=&)< |+ &

(3.30) By = |7 — €% < | + €3]

€ =&l =10 and [(] > 1

Proof. Arguing as in the previous proof, using that in By

(3.31) In| = |+ & — 26| <2|m + &
and also using (3.17), we see that the expression in (3.29) can be bounded by
(3.32) sup sup(l + ‘7’1 + £f‘)2p—1/2,

|€11=10 7

which yields the result.

Lemma 3.6. If p = —s € [0,1/4), then there exists b > 1/2 such that
(3.33)

1
sup sup ——————
=10 n (L+ |1 —&F)°

1/2
61(¢ — &) drde
" <//c L+[ED2PA+|r—m + (€ - &)+ |r—§2|>2<1‘*”> =

where C = C(&1,71) is defined as
(&) eR T =+ (£ —6)* < | — &

(3.34) C = |7 — & <|m — €

€] > 1 and [ = &[> 10
Proof. From (2.3) it follows that

dr
/Tec (1+ |7 =7+ (€ —&)2))2(1 + |7 — €2])20-b)

U =& =266 = &)/2(m = &)
T g - 26— )

(3.35)

since in C'

(336) |m—&-26¢E-a)|<|t-n+E-&)? +|r-&|<2|n-£f.
Also we observe that in C' (see (3.17))

(3.37) |T1 — §%| > clél -

Next we introduce the notation
(3.38)

1/2
B 1 Ea(€ - &)
IE) =T —ap </E (L+[€D2 (1 +|m — &8 = 26(§ = &)Y d§> '
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Our aim is to bound I(D) where

£eC:|n—& -26¢-&)|<2|n ¢
(3.39) D=
€] > 1 and | —&|>10

Changing variables

(340)  m=m & —26(6 - &), dp=2(& — 26)dE = 2/2my — 20— 1 dE

and splitting D into three parts, Dy, D2, D3 we have, in D1, i.e.

(3.41) Dy ={£ € D& <100[¢[}
from (3.37), (2.4) it follows that
(3.42)

1/2
I(Dy) < ! — (/ dn )
(L4 1m = &N \Jini<ain-ez1 (1 + In)20-0)\/12r — 2 — 3|
C(1 +|m — )
(L4 [2n - gy
In Dy, ie.
(3.43) Dy ={¢ € D: & >100[¢| and |&] <500 |m — &7}

<c.

we have that the change of variable (3.40) satisfies
(3.44) |€1 — 26| ~|&1| and  dny =~ & dE.

Therefore

1/2
|€1|2p—1/2 d’r]
I(Ds) <crrr——— / _a
(1 +1m = &D° \ Jjp<aim—ez| (1 +[n])20=0

(1+ | — )%

(1 +|m = &P
Finally, a simple computation shows that
(3.46) Dy={¢eD:|&|>100[¢, [m —€F| < |&] /500}
is empty.

(3.45)

(1t fn -2 <

Proof of Theorem 1.4(ii). For N € Z+ we define

(3.47) (& m) = (€ = N)y(r — €%)
and

(3.48) PN (€,7) = Y€+ N)y(r +€).
Thus

(3.49) (fn xpN)(&T) ~ exro (&5 7)

where x 4(+) denotes the characteristic function of the set A, and Ry is the rectangle
of dimensions N x N~! centered at the origin with longest side pointing in the
(1,2N) direction.
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Finally from (3.9) it follows that for N large

1/2
(3.50) N2 >¢ / / XRo (&, T)dEdT > N2,
l€1<1 Jir|<1

Once Theorem 1.2 is available the proof of Theorem 1.6 reduces to that given in
section 2 for Theorem 1.5, therefore it will be omitted.

4. PROOF OF THEOREMS 1.3, 1.4(iii) AND 1.7

Define
(4.1) p=-s€][0,3/4)
and
(4.2) FE7) = (L+ |7 = )P0+ €)7F(E,7) € LA(R?).
The argument in section 2 shows that
(4.3) 1£llzze2 = 1P l1x, -

Thus Bs can be expressed in terms of f as

IBs(F F)llx,,, = ||+ |r = €)° 7 (1 +[e) " FF|

L2r2

~ ‘

|a+|r=epr=ra+ gy« F)

L2L2
(4.4) ) H .
A =aenarieye”
//f & —1) (14§ = &))° f_(—ﬁlv—ﬁ)(H-|€1|)”d£ r
Qt+lr—n+E-a2"  Q+ln+gh = e
Defining
1
Bl 900D = ey e
(4.5)
/ S, )+ [&])? g(§ =&, 7 — 1) (1 + [€ = &)|)? dedr
A+ +&0  Q+lr—n+E-&2p "

Theorem 1.2 can be rewritten as follows.
Theorem 4.1. Given p = —s € [0,3/4) there exists b € (1/2,1) such that
(4.6) 183(7.9. 2. D)l 212 < ellF L2z lalzace-
The proof of Theorem 4.1 will be a direct consequence of the following lemmas.
Lemma 4.2. Ifbe€ (1/2,1], then
(4.7) ||B3(fvgvoab)||L§L§_ < CHfHLgLEHQHLgLE'
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Proof. Tt suffices to see that
(4.8)

1 dé1dm 1/2
??(L+h—£%L*<//(LHn+fﬂPWL+h—ﬁ+%€—&PD%> = o

By changing variables (£,&1,7,71) — —(§,&1,7,71), the integral in (4.8) is the
same as that in (2.12) (Lemma 2.3). Following its proof we obtain the bound
1 1
(L[ + D0 L+ —g2/2)H

(4.9) sup
&,
which yields the result.

In the proof of the following lemmas we use the algebraic relations
(4.10) T-n+ (- +n+E - -8)=(¢ -+ + ¢
and consequently

1
Hr—m+E-a)?} = @+ +E-&).
Lemma 4.3. If p=—s¢€ (1/2,3/4) and b€ (1/2,5/4 — s), then

1 1
TPt -2 (11 )

(4.11) max{‘T — 52‘ : ‘Tl + 512

(4.12

) )
/2
(e — &)l
X drd < 00
([ﬂhu+m+ﬁmm+v—n+@—aww 1

where As = A3(€,7) is defined as
(4.13) As={(,n) |-+ (-’ < |n+&| < |7 - €}
Proof. Changing (7,71) by —(7,71) and following the argument in the proof of
Lemma 2.4 (2.22) one obtains the following bound for (4.12)

1 4 + 2|\p+b—1
(4.14) sup ! (+|r 62}) T
er (LHIEDP 1+ |7 —€2/2)Y

which yields the result.
Lemma 4.4. If p = —s € (1/2,3/4], then there exists b > 1/2 such that
(4.15)

1
sup sup —————
Ez1 n (L4 |7 +E3))°

1/2
|&1(€ — &)[*
x<//&(LHHVO+h—é%““”ﬂ+h—rrwﬁ—&VW“h%> =

where Bs = B3(&1,71) is defined as
&) eR?: |7 -+ (£ &)%) < | + €7
(4.16) Bs =
and |1 — €| < |m + €|
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Proof. Following an argument similar to that used in the proof of Lemma 2.5, we
bound (4.15) by

(4.17)

up s | e - &)l Ve
eoh o U T @0 \Jp GNP+ ri — € — (€ — &)7)P0D
with D' = D'(¢),

(4.18) D={¢eR:|n-&—- (-l <2n+&|
First we consider the subset of D’
(4.19) Di={¢eD :&+(E-a)P+g < |n+&| /20

In this domain it follows that

L / 1€ — &) " 12
U+ Tm+ €08 \ Sy T[N+ — € = (€ - €)?)P0D

(1+|m +&3))° dg v 00
o <t ([aes) <

Next we consider the remaining part of Dy, i.e.

(4.21) Dy={¢eD :|n+&|2<&+(-&)+& <3|n+&|}
We split Dj into three pieces D5 ;, Dj o and Dy 5. In Dy 4, i.e.
(4.22) Dy =A{§ € D5 [¢]/4 < |&] < 100},

combining the change of variables
(4.23)
n=m—&&—((-&)? dp=-2& —20)d¢, |& -2 ~+/(2n-&)/2-n),

so that since || ~|&;| we write

. — 61— &) ©)
(1+ | +&F))° Dy, (14 |€D2P(1 + |7 — €2 — (€ — £)2])20-D)

(4.24) _c(L+|m £+ Jini<sir+ez 0 v
T U+ + gD\ Ven —e)/2-n)(1 + [n)20-Y

L ggpern
T (A+Pn-gpyt

In Dj 5, i.e.
(4.25) 22 =16 € Dy 1 < |&f < [¢l/4},

one has in (4.23) that |&]/|¢] < 1, hence, the argument in (4.24) extends to this
case.
Finally we consider

(4.26) Dy 5 ={€ € D 100[¢] < [&}-
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In this region, the change of variable (4.23) satisfies
(4.27) dn = =2(2§ — &)d§ ~ [&1]dE.
An argument similar to that in (4.24) gives the bound
2p—1/2
T S
Proof of Theorem 1.4(iii). For N € Z* define

(4.28)

c(l+ }7‘1 —|—§f})”_3/4.

(4.29) In(ET) = b(§ = N)w(r + )
and
(4.30) gN(E.7) = $(E + N)p(r +€).
Since for large N
(4.31) (fn * gn)(§,7) = F(=2N? = 7/N)u(E)
(4.6) implies that
(4.32) m% <e

On the other hand, if
(1.33) hiv(6,7) = $(E+ N)p(r - €2)
it is easy to see that
(1.31) (I * ) (€:7) = exn(€,7)

where R is the rectangle of dimensions ¢N x N~! centered at the origin with its
longest side pointing in the (1,2N) direction.
Thus (4.6) shows that

1 N?
Collecting (4.32), (4.35) and letting N tend to infinity we obtain that
5 b 1
4. <mind - —b: =+ =
(4.36) p_mln{4 b,2—|—2},

which yields the result.

Finally, we remark that once Theorem 1.3 has been established, the proof of
Theorem 1.7 follows the argument used in Section 2 for proving Theorem 1.5,
therefore it will be omitted.

5. PROOF OF THEOREMS 1.8-1.10

For p=—s€[0,1/2] and F € Y, define
(5.1) fln,7)=(1+ }7‘ — n2})b(1 + |n|)sﬁ(n, 7)€ LPL2.

Thus
(5.2) [fllezrz = 1Fly, .
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and (1.27) can be rewritten in terms of f

IBUEF)ly,,, = (4 | =02 (0 ) F?

2Lz

- H(l |7 = 2P+ [nl)*(F + F)

GL3
63 X
AT =21+ Inl)e
oy R Uy (R
(14 | —ni[)® (I+[r =7 —(n—n1)?) 212
Defining
1
B b,V =
1(f7g7p7 ; )(n7T) (1_|_|7__n2|)1—b(1_|_|n|)P
(5.4)

XZ Sy, 7)1+ [na])? g(n —ny, 7 = 1) (1 + [0 — ma])?
(T4 —=ni)”  (A+|r—7m1—(n—n1)?)”

dTl

we restate Theorem 1.8.
Theorem 5.1. If p = —s € [0,1/2], then
(5.5) 1B1(f, 9.0 1/2,1/2) s 2 < cllf a2 gl 2.

As a consequence of the proof of Theorem 5.1 we have
Corollary 5.2. If p=—s€[0,1/2) and 1 —b, b’ > p with 1 —b, b/ > 3/8, then
(5.6) 1B(£,9.9.b:) 2 2 < el Fll 2 gz

The following lemmas will be needed in the proof of Theorems 1.8-1.9.
Lemma 5.3. If v > 1/2, then

oo

1
5.7 sup < 00.
(57) 0D 2 TrrEmm— )

Proof. We rewrite (5.7)

oo

1 1
(58) Z (1—|—|7':|:77,1(Tl—n1)|)7 _Z(1+|(n1—ai)(n1—ﬁi)|)'y

nyg=—0o ni

where a = a®(n, 1), 8= % (n,7) are the roots of the polynomial
(5.9) T4 (m(n—n1) =0, ie 7TEn(n—n1)=(n —aF)(n —p).

There are at most 10 nf’s such that |ny — a] < 2 or |n; — ] < 2. The remaining
n1’s satisfy

(5.10) (1+(n —a)(n1 = B)]) = 5 (1 + |ny — a)(1 + |n1 — BI).

l\:>|>—A

Hence, applying the Cauchy-Schwarz inequality in (5.7) we obtain the desired result.
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In the proof of the following lemmas the following algebraic relation will be used
(5.11) T—n?—(r—n})—(r—711—(n—n1)%) = —2n1(n —ny).
In particular, this guarantees that
2
(5.12) max{|7 — n’|;|m —ni|;|T -7 — (n—n1)?|} > 3 [n1(n —mn1)l.

Lemma 5.4. If p = —s €[0,1/2], then

1 1
sup
(nmyezxk (14 |7 = n2))1/2 (1 +|n[)r

1/2
L+ m])? (A + |n —m[)*
X < o0
(ZA/A G+ Tm =D+ |7 — 7= (=m0
where A = A(n, 1) is defined as

(5.14) A={(ni,m)€ZXR:|T—71 — (n—n1)2} <I|mm—m| < }T—nﬂ}.

(5.13)

Proof. Tt suffices to consider the extremal cases, p = 0 and p = 1/2. If p = 0,
changing variables
(515) 01 =71 — n%
it follows that
/ dTl
nea M+l =ni)L+|r =71 = (n—m)?)

:/ db,
(L4162 (L+ 161 = (7 = n? + 201 (n — n1))])

(5.16)

< 2+ |7 —n?+2n1(n—m)l)
- Q4T —-n2+2n(n—mn1)])
Thus we have bound the term in (5.13) by

1/2
2+ |7 —n?+2n1(n — n1)|) /
- 14+ |1 —n2+2n1(n—ny)| '

(5.17) sup
(n,7)€EZXR

Hence (5.7) completes the proof.

We observe that the factor (1 + }T - 712})_1/2 in (5.13) has not been used in the
proof.

If p = 1/2, the bound for the values n; = 0 and ny = n follows from the previous
case. Now restricting the sum in (5.13) to the ni’s such that n; # 0 and nq # n
from (5.12) it follows that

(5.18) (1+|r—n?)) > %(1—|—|n1|)(1—|—|n—n1|),

which reduces the proof to the previous case p = 0.
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Lemma 5.5. If p = —s € [0,—1/2], then
(5.19)

1
sup
(ni,m)ezxr (1 + | —ni|)1/2

1/2
(14 [na ) (1 + |n — na])*
X dr < 00,
(ZD/D T D+ I — w2+ 7 =11 — (=m0
where D = D(ny,11) is defined as

(5.20)
D={(nT1)€ZxR: |7'—7'1 — (n—nl)z} < }7‘1 —nﬂ and }T—nQ} < }7‘1 —nﬂ}

Proof. Tt is similar to the proof of the previous lemma, hence it will be omitted.

Proof of Theorem 5.1. From (5.13)-(5.14) and symmetry it follows that

HBl(faga Ps 1/27 1/2)H£2LL?,(A)

1 1
<
=R A+ =) 2 (L + nl)?

1/2
1 2p(1 _ 2p
x Z/ ( +|;Ll|) (1+|n—m)) i
ni€A T1EA (1+|Tl_n1|)(1+|7'—7'1—(n—n1) |)

XI[fllezzzllgllezrz < cllflleczligle e

Also by duality and (5.20)

(5.21)

1B1(f,9:0:1/2,1/2)llg2 12y

= s 3 [IBi(F9.0.1/2.1/2) () xoh(n, )| dr
(5.22) Il 12 <15

= sup 3 [ IBih.g.p1/2) 00 m) S s, )| dy

<
Hh‘”Z%L%—l ni

where
. / _ (X4 nal)P
Bl(p7Qap7b7b )(nlaTl) - (1 =+ |7_1 _ TL% )b/
(5.23)
y / p(n, ) Q(”—nlﬁ—ﬁ)(l"'|N—n1|)pd7_
2 Jren TP+ [r =20 (Lt |7 — 71— (0 —m )2

The argument in (5.21) combined with (5.13) shows that
(5.24) 185 (5,0,0,1/2,1/2) s 12 < ellplla s lalla 2.

n*r

Collecting (5.21)-(5.24) we obtain the desired result.
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Proof of Theorem 1.10(i). For N € Z define

1 =N
(5.25) h(n,m) = anx ((r —n)/2), with a,={ " """

0, elsewhere,
and

1 =1-N
(5.26) gn(n,7) = bax (T =n2)/2), with b, =4 = " !

0, elsewhere,

where x(-) denotes the characteristic function of the interval [—1, 1]. Thus

(5.27) Apybp—n, 70 ifandonlyif n; =N and n=1

and consequently for N large

/X ((r=nD)/2) x ((r =71 = (n = n1)*)/2) d7 = x (7 = (n — m)* — nf)

(5.28)
=x(r—1+2N(N -1)).

Therefore from the definition in (5.4)

N2
5.29 Bi(h b, ") (1 >c— —14+2N(N -1)).
( ) 1( N,9gN, P, 0, )( 1T)—C(1+|T_1|)1_bX(T + ( ))
Hence, (5.6) implies that
N

Now we define

1 =1
(5.31) pn (N, T) = anX ((7’ — nz)/2) , with a,=<" " ’

0, elsewhere
and

1 =N-1
(5.32) gn(n,7) = bux (r —n2)/2), with b, =4 :

0, elsewhere.
Thus
(5.33) Gpybpy—n #0 ifandonly if ny=N and n=1,
and

/X ((7‘ — nz)/2) % ((7‘ -1 —(n— n1)2)/2) dr ~ x (7’1 +(n—n1)*+ nz)

(5.34)

~ x(r1 + N? = 2N).
Hence, using the definition in (5.23)
N

. ; (N, ) >
(535) Bl(pNagNapabvb)( 7T1)_C(1—|—|T1—’]’L12|)b/

x(11 + N? —2N).

Then (5.6) affirms that

N
W S C.
Combining (5.30), (5.36) the results in Theorem 1.10(i) follow.

(5.36)
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Now we turn our attention to Theorem 1.9. As in the proof of Theorem 1.8
defining
1

B3(fvgvpvbab/)(nv7—) = (1 + |7_ _ n2|)1—b(1 + |n|)P

(5.37)

xZ/fnl’Tl (1+ |nq1))? g(n—nl,T—ﬁ)(l—F|n—2n;/|)pd7_
I+ +ni)"  Q+lr—7n+(n—n)?)

we restate Theorem 1.9.
Theorem 5.6. If p = —s € [0,1/2], then
(5.38) 1Bs(f9:£:1/2,1/2)lp2 12 < cllfllezrzllgllez 2

n—'r

From the proof of Theorem 5.6 one can obtain the following result.
Corollary 5.7. If p=—s€[0,1/2) and 1 —b, b’ > p with 1 —b, b/ > 3/8, then
(5.39) 1B3(£.9.p. 0.0l 12 < el Fllez lgllen e

We shall use the algebraic relation
(5.40) T—n?—(r+n)—(T—11+(n—-n1)%) =-n?—n? —(n—n1)%

In particular, this implies that

(5.41)

1
(n—m)’|} =2n*+ni+(nh—-—m) > §n(n —nq).

The proof of Theorem 5.1 is a direct consequence of the following two lemmas,
whose proofs we omit since they are similar to those given for Lemmas 5.4 and 5.5.

Lemma 5.8. If p = —s € [0,1/2], then

1 1
sup
(n,ryezxr (L+ [T —n2)1/2 (14 |n])r
(5.42) 1/2
X Z / (L 20— 2 dm < 0o
oo, ) AR+l =7+ (n—m)?)
where
(5.43)

Al :A1(7’L7T) = {(nl,n) cZxR: |T—T1+(7’L—TL1)2| S |7'1 —n%| S |T—’n2|}.

Lemma 5.9. If p = —s € [0,1/2], then

(5.44)
sup 1
(n1,71)EZXR (14| + n%|)1/2
1/2
(14 |n1))?°(1 + |n — nq|)?°
X d <
2 / 1+|n|2”1+|T—n2|)(1+|7—ﬁ—(n—nl)zl) T >

(n,7)€D1
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where
(n,7) €ZXR:|T =714 (n—n1)?| < |11 +ni
(545) D1 = Dl(nl,ﬁ) =
and }T—nQ} < }7‘1 —|—n%}

Proof of Theorem 1.10(ii). For N € Z define

1 =N
(5.46) fn(n, ) =anx ((r + n2)/2) , with a,=<{" " ’
0, elsewhere
and
1 =1—-N
(5.47) gn(n,7) =bux (T +0%)/2), with by={" " !
0, elsewhere

with x(-) denoting the characteristic function of the interval [—1,1]. Thus
(5.48) Opybn—n, #0 ifandonlyif n; =N and n=1,
and for N large

/X (1 4+nD)/2) x (T =714 (n = n1)?)/2) dr1 = x (7 + (n — n1)* + nT)
(5.49)

~x(t+142N(N —1)).
From the definition (5.37) it follows that

N2
(5.50) Bs(fn,gn, p,b,0")(1,7) > CWX(T +1+2N(N —1)),
and from (5.38)
N2
A similar argument with
1 =1
(5.52) pn(n,7) = anx((r +12)/2), with an=14 ° =
0, elsewhere
and
1 =N-1
(5.53) N (n,7) = bux((r +12)/2), with b, ={ " ’
0, elsewhere
shows that
* / N2 2, .2
(5.54)  Bi(pn,an,p,b,0)(N,71) > me(ﬁ —(n—=n1)" +n7)
where Bj is defined similarly as B; in (5.23), and by (5.38) that
N2

Combining (5.51)—(5.55) we obtain the desired result.
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Proof of Theorem 1.10(iii). We shall prove that for any p = —s > 0 and b € R

(5.56)

1
(1 + |7 =)' =2 (1 + [nf)

BQ(fvgvpv b)(naT> =

)(1 - )1+ n—m))?
XZ flny, )@+ | )? g(n —ny, 7 — 1) (1 +|n — nal)

dr
(1+ |71 +n2))P (1+|r—m —(n—mnq)2|)?

the estimate

(5.57)

1B2(£.9. 2 D)2 2 < CllF ez 2 llall e

fails. For N € Z* define fy(n,7) as in (5.46) and

1 =-N
(5.58) gn(n,7) = bax((t — n2)/2), with b, = " ’
0, elsewhere.
Using that
(5.59) Gpybp—n, #0 ifandonlyif n; =N and n=0
and
(5.60)

/ (T +12)/2)X(r — 71— (10— m)2/2)dr = x(7 — (0 —m)? + n2) = x(7)

n (5.56) we obtain

(5.61)

(5.62)

cN?2P 2
BQ(vagNapab)(OvT) > WX(T) =cN X(T)
Finally from (5.57) we obtain
N?r <.
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