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HALF DE RHAM COMPLEXES AND LINE FIELDS
ON ODD-DIMENSIONAL MANIFOLDS

HOUHONG FAN

ABSTRACT. In this paper we introduce a new elliptic complex on an odd-
dimensional manifold with a self-dual line field. The notion of a self-dual line
field is a generalization of the notion of a conformal line field. Ellipticity,
Fredholm properties and Hodge decompositions of these new complexes are
proved both in the case of a closed manifold and in the case of a manifold with
boundary. The cohomology groups of these elliptic complexes are computed
in some cases. In addition, in this paper, we generalize the notion of an anti-
self-dual connection on a smooth 4-manifold to a 3-manifold with a line field
and a smooth 5-manifold with a line field. The above new elliptic complexes
can be twisted by anti-self-dual connections in dimensions 3 and 5, but only
by flat connections in dimensions above 5. This reveals a special feature of
dimensions 3 and 5.

INTRODUCTION

In this paper, we study odd-dimensional manifolds with smooth tangent line
fields. The main point of this paper is that there is a new elliptic complex on an
odd-dimensional manifold with a self-dual line field. The notion of a self-dual line
field is a generalization of the notion of a conformal line field. In paper [7], we have
developed the corresponding index theory on a compact smooth odd-dimensional
manifold with boundary and with a general line field which is transverse to the
boundary. But when the line field is self-dual, this index theory can be refined as
the cohomology theory of the new elliptic complex, which we shall study in this
paper. Moreover many of the topological inequalities for a general line field found
in [7] become equalities when the line field is self-dual. The new elliptic complexes
are called half De Rham complezes; their cohomology groups are called self-duality
cohomology groups.

In the orientable case, a line field is generated by a nowhere zero vector field. We
are interested in studying the interactions of gauge fields, flows, and the topology
of the underlying manifold. For further progress in this direction, see [7], [8], [9].

In most of the constructions in this paper, we need a tangent codimension-one
plane field L which is transverse to the line field. But we should like to emphasize
that in all sections of this paper except in Section 8, we do not assume that L
is integrable: it can be any smooth tangent codimension-one plane field which
is transverse to the line field. When the manifold is equipped with a Riemannian
metric, we just simply take the orthogonal complement of the line field as L, and the

Received by the editors March 23, 1995 and, in revised form, November 6, 1995.
1991 Mathematics Subject Classification. Primary 57R25, 57M99; Secondary 57R80, 58F25,
58A12.

©1996 American Mathematical Society

2947



2948 HOUHONG FAN

main body of our results are valid in this setting. Section 8 concerns some technical
computations of the middle-dimensional self-duality cohomology groups in special
cases. These results in special cases are used in our paper [7] to determine the
dimensions of the self-duality cohomology groups in the most general case, which
of course includes the case that L is non-integrable.

Another point of this paper is that we generalize the notion of an anti-self-dual
connection on a smooth 4-manifold to a smooth 5-manifold with a line field and
a 3-manifold with a line field. The half De Rham complexes are well-defined for
twistings of anti-self-dual connections in dimensions 5 and 3, but only for twistings
of flat connections in dimensions above 5. This simple fact maybe is a glimpse of
rich structures and interactions in dimensions 5 and 3.

This paper is organized as follows. In the first two sections, we present the
constructions of real and complex half De Rham complexes on an odd-dimensional
manifold with a line field. In Section 3, we give the proofs that the half De Rham
complexes are well-defined and elliptic. In Section 4, we study the self-duality
cohomology groups on a closed oriented odd-dimensional manifold. Applying the
Atiyah-Singer index theorem, we obtain universal relations for the dimensions of
self-duality cohomology groups. In Section 5, we study half De Rham complexes on
a compact oriented manifold with boundary in the case the line field is transverse to
the boundary. We put boundary conditions on the complexes, which are essentially
combinations of Neumann and Dirichlet boundary conditions. These boundary
conditions are locally elliptic, a fact which is proved in Section 9. Therefore the
half De Rham complexes with these boundary conditions have all the standard
elliptic and Fredholm properties. In Section 6, we discuss the notion of a self-dual
line field. The half De Rham complexes are well-defined on any odd-dimensional
manifold with a self-dual line field. In dimensions 3 and 5, this notion is equivalent
to the notion of a conformal line field. But in odd-dimensions above 5, it seems
rather weaker than the notion of a conformal line field. In Section 7, we compute
the (m — 1)-th self-duality cohomology groups in a general case, and also get an
inequality about the dimensions of the (m + 1)-th self-duality cohomology groups
in a general case. In Section 8, we compute the (m+1)-th and the m-th self-duality
cohomology groups in some special cases. As a by-product of the arguments, we
obtain the following theorem, valid in all dimensions: If a connected, compact
oriented smooth cobordism admits a codimension-one geodesible foliation, which is
defined by a nowhere zero closed 1-form, then the cobordism must be a rational-
homology-h-cobordism. (See Theorem 8.9.) Section 9 contains all the postponed
computational proofs.
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for his encouragement and guidance. I am also greatly indebted to Professor
Clifford H. Taubes for many helpful communications and discussions. I wish to ex-
press my thanks to Professors Robert E. Gompf, Ronnie Lee and Tom S. Mrowka for
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S. Massey for his linguistic revising of the whole manuscript.

1. REAL HALF DE RHAM COMPLEXES

Let M be a smooth n-manifold, and let H be a smooth tangent line field over
M. Then H induces a dual cotangent codimension-one plane field L* over M by



HALF DE RHAM COMPLEXES AND LINE FIELDS 2949

g L. where the L is with respect to the pairing of a vector and covector
at the same point. An element of H is called a flow vector, and an element of
N L* is called a level j-covector. A section of N L* is called a real level j-form. In
this section we let Q] (M) denote the space of all smooth real level j-forms on M,
and let /(M) denote the space of all smooth real j-forms on M. All differential
forms, connections, sections of bundles, line fields and plane fields are assumed to
be smooth and all metrics are assumed to smooth positive-definite in this paper.

For any form w and any vector X € H, ixw is always a level form, where ix
denotes the interior contraction. This is because (ixw,Y) = (w,X AY) = 0 for
X,Y € H since dimH = 1. For any vector X € H, we define the operator

vy “ixd: Qi) — Q7 (M),

which sends forms to level forms of the same degree. Recall that the Lie derivative
Lx = ixd+ dix. Therefore, we have Vxa = Lxa for level forms o and X € H.
In particular, Lyxa = fLxa for any level form a.

Let E be a real or complex vector bundle over M. In this section, we let ] (E)
denote the space of sections of AVL* ®g E, and let Q7(E) denote the space of
E-valued real j-forms on M. Let A be a connection on E. Define

Vay Dixda: 01(E) - Q7).
The curvature F4 of A is a Homg(E, E)-valued or Homc (E, E)-valued real 2-form.
For a vector X € H, we define

Fa, “ixFy.

Note that Fa, is a Homg(E, E)-valued or Homg(E, E)-valued level real 1-form.

Suppose L* is given an orientation o; and a fiberwise metric g;. Then we have
the level-star operator x;: N L* — AM17PL* which is defined by the identity
a N = {a,B)gvol(g) for all a, 3 € AVL*. An orientation and a metric of L* are
called a level-orientation and a level-metric respectively.

Now let us assume dimM = 2m + 1, where m is a positive integer. To measure
non-commutativity of Vx and #*;, we define the level-star-torsion operator Tx by

Tx déf Vx *x—% Vx =Lxx —* Lx Qg(M) — Qg(M)

It is casy to see that Tx is a zero-th order linear operator. Thus it is well-defined
on NA?L*. The action of T'x on E-valued level forms is defined by

Tx(Oé@e) = Txa®€,

for e € E and o € AJL*. Since m = %dimL*, the operator x; : A™L* — A™L*
depends only on the conformal class [g;] of g;. Thus the action of the operator Tx
on A™L* depends only on the data (H, oy, [gi]).

In this section, we suppose the m is even. Then *7 =1 on A™L*. Let AT'L* be
the +1-eigenbundle of *; respectively. Then we have a basic orthogonal decompo-
sition:

(1.1) NL* = NPL* @ N L

Elements of A"L* and A™L* are called real self-dual level m-covectors and real
anti-self-dual level m-covectors respectively. Let 7Tl+ and 7, denote the projections
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to the first and the second factor in (1.1) respectively. For any o € A" L*, we have

ot o= 704—}—*1047 o= Y T o= a— e
2 2
The decomposition (1.1) induces
(1.2) Q' (M) = (M) & Q™ (M), "(E) = Q7(E) & Q" (E),

where Q7'(M), Q™ (M) denote the spaces of sections of AT'L* and A”'L* respec-
tively, and Q7' (E), Q™ (E) denote the space of sections of AT L*@gr E and A" L*®@rE
respectively.

For further constructions, we need a tangent codimension-one plane field L which
is transverse to the H. But we emphasize that in all sections except Section 8 in
this paper, we do not need to assume L is integrable: it can be any tangent smooth
codimension-one plane field L. We now make the following convention throughout
this paper.

Convention 1.1. H is a smooth tangent line field over M; L* def H* is a smooth
cotangent codimension-one plane field over M; o; is an orientation on L*; ¢; is a
conformal class of smooth positive definite metrics on L*; g; is a smooth positive
definite metric on L*; H* is a smooth cotangent line field over M such that H* N

L*={0}; L I FrL is a smooth tangent codimension-one plane field over M; o is
an orientation on M; g is a smooth Riemannian metric on M with respect to which
H and L are perpendicular; oy, is an orientation on H* such that o, A 0; = 0; and
gh is a smooth positive definite metric on H* such that g, & g, = g.

Remark 1.2. There are universal relations for these data: L* = Ht = H*l9,
L = Hty = H*L, 9 = gloe, 9n = glu+, 9 = gn D g1, 0 = op AN oj. Here L is
with respect to the pairing of a vector and covector, and L, is with respect to the
metric g. The sets of data (H,o;,¢) and (L*, 05, ¢;) are equivalent. The sets of
data (H,o1,9), (L*,01,9), (L,o1,9) and (H*,0;,g) are all equivalent. The sets of
data (H,o0,0;,9), (H,on,01,9) and (H, L, 01, g1, 0n, gn) are equivalent. For the sake
of brevity, a leaf of the foliation generated by a tangent line field H is called a leaf
of H.

Since T*M = H* & L*, we have direct sum decompositions
(1.3) NT*M =H* ANTL*@ N LY, QI(M)=H" AQ (M) Q) (M),

where H* is the space of sections of H* over M. Let 7, denote the projection to
the first factor, and let 7; denote the projection to the second factor. For a form w
on M, we define
def def
wp = mpw and w; = mw,
which are called flow component and level component of w respectively. Note
wpf =0 and 7 f = f for any function f on M. We have a basic decomposition of
the exterior derivative d on M:
d=dy+d,
dy S mpd (M) S T AQTN M), d Y md QI (M) — QF (M),
The decomposition (1.3) tensored with a vector bundle £ becomes:

Q(E) =H" AQI"Y(E) ® Ql(E).
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Then we also have a unique decomposition of the covariant derivative d4 of a
connection A on E:

da =dy, +da,,

da, @ mpdy YV (E) > T AQTYE),  da, Y mda Q(E) — Q(E).

The curvature F4 decomposes uniquely as
Fa = Fy, + Fa,,

Fu, “ myFa e T AQNE),  Fa " mFyc Q2(E).

1

(1.4)

If 7 is a section of H* such that (7, X) =1 on an open subset U, then we have
(1.5) dp, =7AVyx, dAhZT/\VAX, FAhZT/\FAX onU.

Using the decomposition (1.2), we define

& nitda, = mmda s QMYE) — Q7(E),

dy, Y wda, = 7 mda s Q" (E) - Q(E),
Now we define the most important spaces and operators in this paper:
m def w7+ m— m m def w7+ m
QL (B) = H-AQPH(B) @ QF(B), QPTHE) = H AQR(E),
(1.6) dit def wttda, it def lodit,
G wrd,,  ap e ag,
where 7 denotes the projection from Q™ (E) to Q7 (E), 7 denotes the projec-

tion from Q™+ (E) to QTH(E), s is a nonzero real or complex number, and [, h
are constant automorphisms of Q7 (E) defined as:

Is(0 4+ o) =0 + sa, hs(0 +a) = s+ «

for 0 € H* A Q" '(E) and o € Q7(M). Note the notational difference between
the terms 7+ and 7;". Plainly, we have

(1.7) da =da, +da, :dAh—Fdjil —|—le :dj++dzl,

(18) lsh»s == h»sls =S, d:sdz_'_s = Sdzdz—i_ on QT+(E)
Now we are ready to state our first main theorem.

Theorem 1.3. Let M be a smooth (2m + 1)-manifold with even m and with the
data (H,o01,¢;) as in Convention 1.1. Assume that (1) A is a flat connection on a
real or complex vector bundle E over M; (2) the level-star torsion operator Tx =0
on dy, (Q;n_l(E)) for any X € H. Then for any smooth tangent codimension-one
plane field L which is transverse to the H and any nonzero real or complex number
s, the following complex is well-defined and elliptic on M :
0 QE) % ... 4 on-1(E) i g (E) 24 QMHE) =0
++ + :

This complex is called a twisted half De Rham complex associated to the data
(H,o1,¢;) and flat connection A. Theorem 1.3 will be proved in Section 3. The
assumption on T will be studied in Section 6. When o; switches to its opposite
—o;, we have another elliptic complex by changing ++ to —— and + to —.
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Remark 1.4. We can put a Riemannian metric on M and apply the Hodge star
operator to the above complex, and get an elliptic complex which starts from the
space of forms of the maximal degree 2m + 1 to the corresponding space of forms
of degree m — 1: the directions of the arrows are reversed. Therefore all the con-
structions and results in this paper for forms of degrees in the lower half range
{0,---,;m + 1} can be transformed isomorphically by the Hodge star operator to
forms of degrees in the upper half range { 2m+1, ---, m—1 }.

The dimension 5 is special: twisted half De Rham complexes are well-defined
and elliptic for twistings of a larger class of connections than the class of flat
connections.

Definition 1.5. Let M be a smooth 5-manifold with the data (H,o;,¢;) as in
Convention 1.1. A connection A on a vector bundle E over M is called (H, o, ¢;)-
anti-self-dual if its curvature F4 is a section of A2 L* @g Hom(E, E), namely,

(1.9) Fa € Qf(Hom(E,E)) and % Fa=—Fj.

Here E is either a real or a complex vector bundle; correspondingly, Hom(E, E)
is either Homg(E, E) or Hom¢(E, E). A connection A is called (H, o, ¢;)-self-dual
if it is (H, —oy, ¢;)-anti-self-dual, where —o; denotes the opposite orientation of o,
on L*.

By (1.4), a connection A is (H, oy, ¢;)-anti-self-dual if and only if

(1.10) m Fa, =0, Fa, =0,
which is equivalent to
(1.11) ditda=ntTFy=Fa, +7 Fa, =0 onQ"E),

for one (hence for all) tangent codimension-one plane field L which is transverse to
H.

Theorem 1.6. Assume that (1) A is an (H, oy, ¢;)-anti-self-dual connection on a
real or complex vector bundle E over a smooth 5-manifold M; (2) the level-star
torsion operator Tx =0 on dy, (QH(E)) for X € H. Then for any smooth tangent
codimension-one plane field L which is transverse to H and any nonzero real or
complex number s, the following complex is well-defined and elliptic on M :

da 1 aitt o g
0 0°(E) M Q)" 02, (B) S 0L(B) - 0.
The proof will be given in Section 3. The point is that (1.11) implies d{*d ™ =
sdid} ™ =0 for all s under the assumption on Tx. (See Proposition 3.4.)

Convention 1.7. In all the above notations as well as in Theorems 1.3 and 1.6,
when o; switches to its opposite —o;, we change the + signs to the — signs, the ++
signs to the —— signs, and “anti-self-dual” to “self-dual”. When d4 = d, we change
the term E to M. This convention applies to notations in the next section too.

2. COMPLEX HALF DE RHAM COMPLEXES
In this section we suppose that m is an odd positive integer. Then *? = —1 on

AT™L*. Let L} def C ®gr L*. The level-star operator *; on AJL* extends complez-

linearly on NV L = C®r A L* for all j. Note L} = C®g L* has an obvious complex
structure J given by Ja = i® a and J(i ® ) = —a« for any a € L*. The Hermitian
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level-metric gf on L} is defined by oo A %3 = g (v, B)vol(gi), where vol(g;) is the
oriented volume form of g; and 3 is the complex conjugate of 3 with respect to the

complex structure J. Since #; extends complex-linearly, we still have *x? = —1 on
ALY, and we get
(2.1) N"LE = NPL, & N LY,

where ALY are the +i eigenbundles of #; respectively. Elements of AT'L7 and
AT L are called level self-dual complex m-covectors and level anti-self-dual complex
m-covectors respectively. Still let 7rl+ and 7; denote the projections to the first and
the second factor of (2.1) respectively. Plainly, for any a € A™ L}, we have
4+ def 4 704—1'*104 _def _ 7a—|—i*104
o = mla= ——0—, o =T = ——.
2 2
For a complex vector bundle E, let Q7' (E) denote the space of smooth sections
of AT'L? ®r E. Then we have all the corresponding constructions as those in the
last section. To avoid too many notations, we still use the terms 7rli, ottt =~
o, diTe, di®, QP (E) and Q7! (E), which have the corresponding meanings in
this complex context.

The complex structure of a complex vector bundle E induces a canonical complex

structure on AT*M ®g E by i(w ®g €) = ®p ie. We have canonically identifi-

cations: i(w®pg e) = i(wRce) = iw Xc e = w Q¢ ie, NT*M @r E = NT:M ®¢ E
and NVL* @g E = N L* ®c E, where T*M < C op T*M.

In order to state results in this paper in a uniform manner for all positive integers
m, despite of the parity of m, we need to make another notational convention.

Convention 2.1. When m is odd , all forms are complex forms; /(M) means the
space of sections of AT M; Q{ (M) means the space of sections of A/ L; E means a
complex vector bundle; £/ (E) means the space of sections of AVT* M ®¢ E; Q{ (E)
means the space of sections of N/ L} ®@c¢ E; HI(M) means H?(M,C); dim means
complex dimension; and s is a nonzero complex number.

When m is even, all forms are real forms; 7 (M) means the space of sections of
NT*M; Q{ (M) means the space of sections of AYL*; E means a real or complex
vector bundle; 97 (E) means the space of sections of AVT*M ®g E; O (E) means
the space of sections of A/L* @g E; H’(M) means H7(M,R); dim means real
dimensions; and s is a nonzero real (resp. complex) number if d{** acts on a real
(resp. complex) vector bundle.

In notations like dimJ'' (A), the term A means the pair (A, E). In the literature,
the same term A is often used to denote all induced connections on all the bundles
associated to E. In that case, for the meaning of dimJ{’(A) one needs to specify
which bundle E is referred to.

Theorem 2.2. Let M be a smooth (2m + 1)-manifold with odd m and with the
data (H,o1,¢;) as in Convention 1.1. Assume that (1) A is a flat connection on
a complex vector bundle E over M; (2) the level-star torsion operator Tx = 0 on
dy, Q" Y(E)) for any X € H. Then for any smooth tangent codimension-one
plane field L which is transverse to H and any monzero complex number s, the
following complex is well-defined and elliptic on M :

da " ki

0 QE) % . M amt(m) L ar (B) D opt(E) - 0.
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This complex is called a complex twisted half De Rham complex associated to
the data (H, o, ¢;) and flat connection A. The proof will be given in Section 3.

The dimension 3 is special: twisted half De Rham complexes are well-defined and
elliptic for twistings of a larger class of connections than the class of flat connections.

Definition 2.3. Let M be a smooth 3-manifold with the data (H,o;,¢) as in
Convention 1.1. A connection A on a complex vector bundle E over M is called
(H, o1, ¢;)-anti-self-dual if Fa, def ixFa is a section of AL L* @c Homc¢(E, E) for
any section X of H, that is,

(2.2) *lFAx = —iFAX.

A connection A is called (H, —oy, ¢;)-self-dual if it is (H, —oy, ¢;)-anti-self-dual.
By (1.5), A is (H, o1, ¢)-anti-self-dual if and only if

(23) 7T+FAh :0

for one (hence for all) tangent codimension-one plane field L which is transverse to
H. If Tx =0 on AL L}, then (2.3) is equivalent to

did T =0on Q°(E),
according to Proposition 3.4.

Theorem 2.4. Assume that (1) A is an (H, oy, c;)-anti-self-dual connection on a
complex vector bundle E over a smooth 3-manifold M; and (2) the level-star tor-
sion operator Tx = 0 on dy, (QO(E)) for X € H. Then for any smooth tangent
codimension-one plane field L which is transverse to H and for any nonzero complex
number s, the following complex is well-defined and elliptic on M :

(2.4) 0— ) "4 ol (B) ™ 02(E) -0
: ++ + :

The proof will be given in the next section.

3. PROOF OF WELL-DEFINEDNESS AND ELLIPTICITY

In this section, we present the proofs that the complexes in Theorems 1.3, 1.6,
2.2 and 2.4 are well-defined and elliptic. First of all, we need some basic formulas.
In the following three lemmas, A is a connection on a vector bundle E over M,
w is an F-valued j-form, « is an E-valued level j-form, § is an FE-valued level
(j — 1)-form, v is a level form, f is a function, and e is a section of E.

Lemma 3.1. Let M be a smooth n-manifold with a smooth tangent line field H.
Let X be a section of H over M. Then

(1) Vayw is always an E-valued level form, and Vx = Lx on level forms.

(2) Vay(YNa)=VxyAa+yAVaa.

Lemma 3.2. Let M be a smooth (2m + 1)-manifold with the data (H, o1, i) as in
Convention 1.1. Let X € H, e =1 for even m and € = —i for odd m. Then
(1) Tx(fv) = fTx7y and Tyx = fTx;
(2) Tx(y®e) = (Vax x1—xVay)(y®e) and [Vay,m'] = §Tx = [m, Val;
(8) Tx xa = — % Txa, Txﬂ'l_‘— =m, Tx and Txn, = W?’TX on NML* Q E.

Lemma 3.3. Let M be a smooth n-manifold with the data (H, L) as in Convention
1.1. Let X be any section of H over an open subset U and T be any section of H*
over U such that (X,7) =1 on U. Then
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(1) dpaw =T AV ,w+dgw and dga =T AVa,a+da,a onU.

(2) da(t AB) = =7 Nda,B+dr AB=7A[—da,B+ (VxT)B]+diTAB on U.
(3) da,(yAa)=diyAa+ (=1)9y Ada,a on U.

(4) da, (Y ANa) =dpy Ao+ (—=1)%97y Ada, o on U.

Note that Vx7 is a function on U, and the term dr A 3 is algebraically linear in

B

In showing that the half De Rham complexes are well-defined, we present the
main calculation as follows.

Proposition 3.4. Let M be a smooth (2m+1)-manifold with the data (H, o, g1, L)
as in Convention 1.1, where m > 1. Let A be a connection on a real or complex
vector bundle E, X be a section of H over an open susbet U of M, and T be a
section of H* over U such that (t,X) =1. Then

€ _
(3.1) diPditw = st A [ETXdALw + 7 (Fax Aa) +m (Fa, AB)]

for all w € Q" YE|y), where w = 7 A B+ a with § € Q" *(E|ly) and a €
Q" Y (E|y), e =1 for even m and ¢ = —i for odd m.

Remark 3.5. In the case m = 1, WfFAl A B = 0 always holds because (8 €
Q" 2(Ely) = 0, and 7 (Fay A @) = (1] Fay)a = ix(ntFa,)a, because a is
a section of E|y over U. In the case m = 2, m" (Fa, A 3) = (' Fa,), since this 3
is a section of E|y over U.

Proof of Proposition 3.4. Since d}*d} w = sdid}* for all s, we only need to
prove (3.1) in the case s = 1. Recall that F4 = 7 A Fa, + Fy4,. Using the
decomposition (1.7), formula (1) of Lemma 3.3 and formula (2) of Lemma 3.2, we
have

didiTw=n"da(ds —dy )w

:7T+(FA/\w)—7r+dAd:‘lw

=1 (FAAw) =7 (T A Vaydyw+dadyw)

=7 [(T A Fay + Fa) AT A B+ a) —7'/\7Tl+VAXlew

=T AT (Fax Aa+Fa, AB) =T AV aymidy w+7 A %Txd;‘lw
=TA [%Txdzlw + 77 (Fayx A @) + 7 (Fa, A B)).

Note that in the above computations, we have used 7 (d A,dy,w) = 0, which follows
from the definition of 7T, and used W?’d;‘lw = 7rl+7rl_ da,w = 0, which follows from
the definitions of ;" and 7, . |

Lemma 3.6. Let T denote a fiber of the L* in the case m is even, and a fiber of
the L in the case m is odd. Then m;": p A (AN™7IT) — AT, which sends p Ao to
7rl+(p A @), is bijective for any nonzero vector p € T, where o € N~ IT.

Proof. Since dim AT' T = dimp A (N™~T'), we need only to prove the injectivity.
Expand p to an oriented orthogonal real basis of the same length for T: p' = p,
p?, ..., p>™. Let J be an ordered subset of {1,...,2m}, |J| the length of J, and
let p’ be the ordered wedge product of p/ for j € J. p' AA™IT has a basis {p'” :
1 ¢ J and |J| = m — 1}. In the case m is even, ATT has a basis {p*7 & x;p'7:



2956 HOUHONG FAN

1 ¢ Jand |J| = m — 1}. Thus any element w € p' A (A™71T) can be written as
> syzspt A p’, where z; is a number. Note that mw =3 255 (p! A p? + #,p*7).
Hence if 7Tl+w = 0 then all z; = 0, i.e., w = 0. In the case m is odd, using a basis
{p Fixp': 1 ¢ J and |J| = m — 1} for ATT, we can prove the statement in
the same way. O

Proof of Theorems 1.3, 1.6, 2.2 and 2.4. When dimM = 3, d3°d}*® = 0 follows
from (2.3), the assumption on Ty, Proposition 3.4 and Remark 3.5.

When dimM = 5, d;°d;*® = 0 follows from (1.10), the assumption on Tk,
Proposition 3.4 and Remark 3.5. Moreover (1.10) yields dt*ds = l;nt+d3 =
lgo0 (FAh +7Tl+FAz> =0.

When dimM > 5, we have d} =0 and d}i"°da = l;n+Td% = 0. Then Proposi-
tion 3.4 and the assumption on T'x together yield d}*d ™ = 0.

Now we are about to prove ellipticity of the half De Rham complex in the case
m is even. The ellipticity in the case m is odd can be proved in the same way,
based on the complex part of Lemma 3.6. Fix an arbitrary point  in M. In this
proof, the terms H*, L*, NNT*M, N L* and AT'L* denote respectively the fiber of
bundles H*, L*, NN'T*M, NN L* and NPL* at x. Let £ = kT + p # 0 be a nonzero
covector at x, where k is a real number, 7 € H* and p € L*.

The symbol sequence of a half De Rham complex at & is

g * g m—1x Lot m—17x* m ok
(3.2) 0—-R—=>T"M —--- = A "M °—= 1TANA L& N'L
’ +
(LR NPL* — 0,
where o, 07", ot denote —iog(d), —ioe(d*) and —ioe(dt) respectively. Since
the principal symbol sequence of the complex twisted by a connection A is just
(3.2) tensored with F, we need only to give the proof in the case d4 = d. Further,
because the sequence (3.2) before the last three stages is the same as the symbol
sequence of the usual De Rham complex, and because ls, hs are automorphisms,
we need only to prove the exactness at the last three stages of (3.2) for s = 1. Note
that

ow) =& A w,
(33) otT(TAB+a)=a"TEANTAB+Q)]=TA(ka—pAB)+7 (pAa),
ct(rha+y)=rtEA(TAa+y)]=1Aky—m (pAa),

for a level (m — 2)-covector 3, a level (m — 1)-covector a and a level self-dual
m-covector 7.

Step 1. To prove Kerc™t = Imo.

Let w = 7 A B+ a, where 3 € A™72L*, a € "™ LL*. If o (T AB+a) =
TA(ka—pAB)+m (pAa)=0,then ka —pAB=0and 7 (pAa)=0.

Case 1.1. Suppose p = 0. Then ka — p A 8 = 0 means « = 0, and k has to be
nonzero. Thusw =7A (3 = a(%) is in the image of o.

Case 1.2. Suppose p # 0. Then by the injectivity in Lemma 3.6, 7, (p Aa)) =0
implies pAa=0. Thus EA (TAB+a) =T A (ka—pAB)+pAa=0. Since £ # 0,
T A B+ a=EA (some (m — 2)-covector), which is in the image of o.

Step 2. To prove Kero™ = Imo™T.

Let w =7 Aa+7, where « € A"™IL* v € A™L*. If otw = 0T (ra+7) =
T Aky =} (pAa)] =0, then ky = (p A ).
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Case 2.1. Suppose p = 0. Then k # 0. Thus y =0, and so T Aa+~y=0"1(g)
is in the image of o+ .

Case 2.2. Suppose p # 0 and k # 0. Then p can be extended as a linear basis
of L*: pt =p,p?, ... ,p*". Any a € A" 1L* can be expressed as a = p Ao’ + o,
where o and o’ can be expressed in terms of pa,...,pam. Hence 7 A+ =
TAa+ i (pAa) =T A (@ +pAd)+ 7 (pA O‘T”) =ott (-7t A + O‘T”) is in
the image of o 7.

Case 2.5. Suppose p # 0 and k = 0. Then 7, (p A @) = 0. The injectivity in
Lemma 3.6 implies pAa = 0. Thus a = pAd’ for some level (m—2)-covector o’. By
surjectivity in Lemma 3.6, we have v = ;" (p A ') for some level (m — 1)-covector
7. Hence TAa+v=1A(pAY)+7 (pAYy) =0T (=7 Ad’ +7) is in the image
of o+,

Step 3. To prove o™ is surjective.

Case 3.1. If k # 0, then 7 Ay = 0" () is in the image of 0.

Case 3.2. k = 0 and p # 0. Then by the surjectivity in Lemma 3.6, any
v =7 (p A¥') for some level (m — 1)-covector 4. Thus T Ay =7 Am (p AY)
=0t (r A (—/)) is in the image of oT. O

4. ON CLOSED ODD-DIMENSIONAL MANIFOLDS

In this section, we study half De Rham complexes on closed manifolds. Firstly
let us make a definition.

Definition 4.1. Let M be a closed smooth (2m 4+ 1)-manifold with the data
(H,o1,c1, L) as in Convention 1.1. When the complex in Theorems 1.3, 1.6, 2.2
and 2.4 is well-defined, its cohomology groups are denoted by H7(A), H_T_l(A),
H(A) and H"t(A), where 0 < j < m —2. They are called self-duality cohomol-
0gy groups.

When dy = d, the exterior derivative on M, we replace the term A by M in the
above notations.

Remark 4.2. Since Kerd{t® = Kerd}™ and d}*(Q7 (E)) = d{(Q7,(E)), all
self-duality cohomology groups except H (A) are independent of s. For HY' (A),
we have hy(HT,(A)) = H (A), where hy maps [w] to [h,w] with the inverse h*t =
s,

Let E be equipped with a Riemannian or Hermitian metric. In the following
formulas, when the metric on F is Riemannian, we regard the conjugation operation
as the identity map. Define (a ® e¢) A (8® f) = a A B(e, f) for forms a, 3 on M

and sections e, f of E. Then (w,n)vol(g) = w A 7] for all E-valued forms w and 7.
The formal adjoint operator d% of d4 is defined by

(4.1) (w, d3n) Y (daw,m),

where w is an E-valued (j — 1)-form compactly supported in the interior of M, n

is an E-valued j-form, and (w,n) = Jas{w,mvol(g). The formal adjoint operator
(d%)* of d;™° and the formal adjoint operator (d}*)* of d}* are defined similarly
by (4.1): we just replace d4 by di™° and d}® respectively. It is easy to check that

4.2 diT) = diyls, di%)* = hemnttdy,
A A A A

where 5 denotes the complex conjugate of s.
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If the metric on E is d 4-parallel-invariant, then
(4.3)  d(e, f) = (dae, f) + (e,daf), d(wAT) =dawAn+(=1)%9%w A ds7

for sections e, f of F and E-valued forms w,n. These identities together with (4.1)
give

(4.4) diyn = (=1)%97 x7 L d 4 %1,
Recall from Remark 1.2 that the data (H,o0;,0,¢9) on M induces data
(Hv Lv 01, g1, Oh, gh)'

The oriented volume form vol(g) of g and the level-oriented volume form vol(g;)

of g; are related by vol(g) = |:—| Awvol(gi), where T is a nonvanishing section of H*

defining the op, and |7| is the length of 7 with respect to the g;. Let * denote the
star operator of the metric g on M. It is easy to check the following formulas.

Lemma 4.3. Let M be an n-manifold with the data (H,o;,0,9) as in Conven-
tion 1.1. Let o be an E-valued level j-form, B8 be an E-valued level (j — 1)-form,
X be a section of H over an open subset U and T be a section of H* over U such
that (X,7) =1 on U. Then

B 1
*(7‘/\5—!—@):(—1)37/\ﬂ*la+|r|*lﬁ,
T

da* (TAB) =7 ANVay (7| *1 ) + da,|7] % B,
. 1
)dax (T AB)=(—1)" 7 A EK da|T| 1 B+ |7 %1 Vay (7] * ).

Definition 4.4. Suppose M is an oriented closed smooth (2m + 1)-manifold with
the data (H, o0y, 0,¢g) as in Convention 1.1. Let 0 < j < m — 2. Define

I A) Y Ker(dh)” = Ker(d}?)",
N7 (A) S Kerd? 0 (d57)",
HH(A) = Kerdj™ N Kerd) = Kerd{™ n Kerd},

HI(A) = Kerdy N Kerd?,,

b (A) E dim3r I (A), o (A) E dimdt (A),
b (A) = b7, (A) when it is independent of s,
b A) Y dimHr T (4),  (A) Y dimad (A).

Recall that a complex connection A on a complex bundle E induces a covariant
derivative dq on the conjugate bundle E defined by daf = daf, where f is a
section of E. Since ;a0 = —ia is equivalent to x;& = i@, we have Q' (E) = Q"(E),

dit*w =d;*w and d}{°w = d;*w. Thus we get
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Proposition 4.5. For an oriented closed smooth (2m + 1)-manifold M with odd
m, we have
( )7 g{r—n_l(A) = }CT_l(A)v
HP(A), HTH(A) =K (A),
W (A) =V (A), b H(A) =b77N(A),
b—E(A) = st (A)7 bT+1 (A) = bT—i_l(A)a

HI(A) =
H™ (A) =

-5

HPH M) = HPH(M),  HTY(M) =HTE(M),  HHH(M) = 1P (M),
b (M) = b (M), b (M) = b7 (M), O M) = b (M),

where 0 < j < m —2. The above identities still hold if the term H is replaced by H
for self-duality cohomology groups with odd m in Definition 4.1.

By the standard theory of elliptic operators on oriented Riemannian closed man-
ifolds, we get the following Hodge decompositions.

Theorem 4.6. Let M be an oriented closed manifold with the data (H,o0;,0,9) as
in Convention 1.1, and let A be a connection on a real or complex vector bundle E
over M with a Riemannian or Hermitian metric. If the complex in Theorems 1.3,
1.6, 2.2 and 2.4 is well-defined, then we have

FEETHA) = HYTH(A),  9OP(A) = HYL(A),  TH(A) = HYHH(A),
which all are finite dimensional, and further
QmTHE) = 3 THA) @ da(QMTA(E)) @ dy (U (B)),

O (B) = HY,(A) @ di (@7 H(E) & (df")" (P TH(E)),

QIH(E) = 37 (4) & (7, (B)).
As usual for 0 < j <m —2, H/(A) = HI(A), and
V(E) =930 (A) @ da(¥7H(E)) © di (D F(B)).
Under the conditions of this theorem, H"',(A) =2 HY" (A) are isomorphic to each

other for all nonzero s. Thus b7, (A) = dimI7 (A) = dimHZ',(A) is independent
of s, according to Remark 4.2. This fact is not obvious from the definition of
)

By using the Atiyah-Singer index theorem on closed odd-dimensional manifolds
([4], Proposition 9.2.), we get the following universal identities.

Theorem 4.7. Suppose the conditions of Theorem 4.6 hold. Then

m—2
DT (M) = B(M) + 6T (M) = (=1)™ Y (~1Y (M),
7=0
L (A) — 7 (A) + b (A ’"mZ v (A

The significance of these identities is that the left sides a priori depend on the
data (H, 0,0, g), while the right sides are independent of these data.



2960 HOUHONG FAN

5. ON COMPACT ODD-DIMENSIONAL MANIFOLDS WITH BOUNDARY

In this section, let M be a smooth compact (2m + 1)-manifold with boundary
and with the data (H,o0;,g;, L) as in Convention 1.1. For the sake of brevity of
statements, we denote complexes in Theorem 1.3, 1.6, 2.2 and 2.4 as:

(5.1) 0—U0 2. gm-t P g Py gt g
Explicitly, Dj = da for 0 <j <m —2, Dy,_y =d§"° = 1,d}", Dy, = d}® = d}ihs
and Dm+1 = D_1 =0.

Let E be equipped with a da-parallel-invariant metric. By (4.4), the formal
adjoint operator D7 of D; is a local operator. Explicitly, D} = d’y for 0 < j < m-—2,
D,y = (d}"*)  =dyls, Df, = (d}°)* = hsn™+dY and D}, , = D* | =0.

Recall that wy, def mpw and wy def mw denote the flow component and level
component of a form w respectively. Let K be the union of some components of
boundary M. K may be empty. The b-boundary condition on w in U7 is defined
as:

(5.2) w;=0on K, wp =00n0M — K.
Definition 5.1. Let M be a compact oriented smooth (2m + 1)-manifold with

boundary and with the data (H,o;,0,g) as in Convention 1.1. Let 0 < j < m + 1.
Define

J-Ci = KerDjN KerDj_; in Ug
Explicitly, it is written as U{T_l(A,K) for j = m -1, HP (A K) for j = m,
HPH(A,K) for j =m + 1, and H (A, K) for 0 < j < m — 2. Moreover we define
VA K) Y dimIm ALK, b (A K) S dim3 T (A K),
b(AK) = b (A, K) when it is independent of s,
b YA K) S dimHT T ALK, V(A K) S dim3U (A, K).

Remark 5.2. When d4 = d, we replace the term A by M in the above notations.
When K is empty, we omit the term K in the above notations, and thus get
notations such as H7T'(A). This HT(A) for a compact manifold with boundary
should not be confused with the H'(A) in Definition 4.4, which is for a closed
manifold.

The b-boundary condition on w in U7 is defined as:
(5.3) wi=0and (Dj_;w); =0on K, wp, =0 and (D;w), =0 on OM — K.
Let U, g , Ug , Ug denote the space of forms in U7 with the b, i), b-boundary conditions

respectively. The B—boundary condition will be defined soon.
The Laplacian operator on the j-th stage of complex (5.1) is denoted by A; =
Dj_1Dj_y + DjD;. Explicitly these Laplacian operators are written as:
Afiaa =y (dh)7,
Ag = dy T (dAT)" + (A7) dy
ANy 4= dady + (d5) AT,

Aj,A e dAdZ + dZdA.

(5.4)
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Now we state a main theorem in this paper.

Theorem 5.3. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H,o1,0,9) as in Convention 1.1 such that H is transverse
to OM, and let A be a connection on a real or complex vector bundle E with a
d a-parallel-invariant metric. Then the system Ajw =0 on M with the b-boundary
condition on w is an elliptic boundary system. In particular, Ker/; in Ul—f is finite
dimensional.

The proof of this theorem is postponed to Section 9. Plainly, if Djw = 0 and
D3_yw =0 then Ajw = 0. For the converse, we have

Lemma 5.4. Assume H L, OM. Ifw; =0 on K, w, =0 on OM — K, (D;ﬂln)l =
0 on K and (Djn)n, =0 on OM — K, then (Djw, Djn)+(D;_jw, Di_1n) = (w, &;n).
In particular,
(1) if both w and n satisfy the b-boundary condition, then (w,N;n) = (Ajw,n);
(2) Ajw =0 on M and w € Ug if and only if Djw = 0 and D}_yw =0 on M
and w € Ug.

This lemma can be easily proved by Green’s formula

(5.5) (Djw.1) — (w, D) = / w1 A ¥,
oM

forwe U;, n € U; and —1 < j < m+ 1. For this we just use the standard Green’s
formula: (daw,n) — (w,diyn) = [, (W Axn) = [, w1 A *1s, where i denotes
the inclusion map of OM into M and H L, OM. Note *ny, is always a level form
according to Lemma 4.3, and thus is a tangential form, since H 1, OM.

In order to define finite dimensional self-dual cohomology groups of a half De
Rham complex on a compact manifold with boundary, we need a suitable boundary
condition. The b-boundary condition on w in U7 is defined as:

(5.6) w=0o0n K, wp, =0 and (Djw), =0 on OM — K.

Lemma 5.5. Suppose L is tangent to OM, i.e., H 1L, OM. Letn € U7, and let W
be an open subset W of OM .

(1) If ;m; =0 on W then (D;n); =0 on W.

(2) If i =0 on W then (Din)p =0 on W.

The above lemma follows easily from the following formulas.

Lemma 5.6. Let (M, H, L), (U,7,X) and (v, «, 3) be the same as in Lemma 3.3.
Suppose N is a one-to-one immersed codimension-one submanifold in U and N is
tangent to the L. Then

(1) d;7 =0 as a section of N>L*|y over N.

(2) da(TAB+a) = TA[Vaya—da,B+(VxT)B]+da,a as sections of NT* M|y ®
E|n over N.

(3) da,w = da,mw and md’j‘w = (da,)*mw as sections of N'T* M|y ® E|n over
N, for all k > 0.

Proof. Let k denote the inclusion map from N into U. Since N is tangent to L, we
have

(5.7) kTN = L|y.
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Thus (k*m,TN) = (r,k.TN) = (r,L|y) = 0, and k*7 is a zero form on N, so
dyvk*t = 0 over N, where dy denotes the exterior derivative on N. Note that
(dpT,A\?L) = 0 on U, since d;,7 € H* A L. Thus over N we have

(dym, N°L|N) = {d7, ke N> TN) = (k*dr, N*TN) = (dyk*1, N*TN) = 0.

Since (d;7, (H A L)|n) = 0 always holds, we have d;7 = 0 as a section of A2L*|x.
The remaining formulas of Lemma 5.6 follow rather easily from the fact d;7 = 0
over N and Lemma, 3.3. O

According to Lemma 5.5, the b—boundary condition is well-defined on the complex
(5.1), in the case when L is tangent to OM, i.e., H L, OM. Now we make

Definition 5.7. Let M be a compact smooth (2m+1)-manifold with boundary and
with the data (H, oy, ¢, L) as in Convention 1.1 such that the L is tangent to 0M.
When the complex in Theorems 1.3, 1.6, 2.2 and 2.4 is well-defined, the cohomol-
ogy groups of the following complex (5.8) are denoted by H7 (A, K), H} (A, K),
HT (A, K) and H]""' (A, K), where 0 < j < m — 2. They are called (relative)
self-duality cohomology groups.

Note that hy(HT,(A,K)) = HY, (A, K), as in Remark 4.2. Remark 5.2 applies
similarly to the above notations. For the sake of brevity, we let

i dey KerDj in U
b i1,
D1 (U]™)

Now we can state the following Hodge decomposition theorem, using the nota-
tions defined in this section.

Theorem 5.8. Let (M, H,o0;,0,9) and (E, A) be the same as in Theorem 5.3. If
H 1, 0M and the complex in Theorems 1.8, 1.6, 2.2 and 2.4 is well-defined, then
forall 0<j<m+1, we have

(5.9) ) =~ Hj,

(5.10) Ul =3¢ & D;_1Uj " & DU,
j j j—1 wrri+1

(5.11) Ul =H) ® D; U~ @ DU,

The proof of this theorem is given in Section 9. Under the conditions of this
theorem, H'’ (A, K) = H' (A, K) are isomorphic to each other for all nonzero s,
and b7, (A, K) is independent of s. By the same reasoning as in Proposition 4.5,
we get
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Proposition 5.9. For an oriented compact smooth (2m + 1)-manifold with bound-
ary and with odd m, we have

HI(A, K) = (4, K), H A K) = HE (A K),
H™ (A, K) = HP, (A K), HPHAK) = HPHH (A K),
V(A K)=V(AK), b A K) = b7 AK),
b (A K) = b7, (A K), V(A K) = b7 (A K),

H™ M, K) =H] (M, K), H" (M, K) = H7, (M, K),
H M K) =HPH (M, K), 6™ (M, K) = b7 (M, K),
ng(MaK):st(MaK)a bT+1(M1K):bT+1(M7K)7

where 0 < j < m—2. The above identities still hold if the term H is replaced by H
for self-duality cohomology groups for odd m in Definition 5.7.

6. CONFORMAL LINE FIELDS AND SELF-DUAL LINE FIELDS

In this section we study the assumptions on the Tx in Theorems 1.3, 1.6, 2.2,
2.4. Since in defining Tx we only use the data (H,oy,¢;), the properties of Tx
depend only on (H, o, g;), and have nothing to do with the data L .

It is not neccessary to assume dimH = 1 for the disussion in this section. Let H
be a smooth tangent (n — g)-plane field over a smooth n-manifold M. Tt induces

d . e .
a dual cotangent g-plane field L* “f H L. and also induces an intrinsic quotient

bundle @ “rm /H. Let [Y] denote the equivalence class of Y in TM/H for

def

Y € TM. Since the pairing («, [Y]) = (o, Y) is well-defined for any o € L*, we
have a canonical identification

(6.1) L* =Q* Y Homp(TM/H,R).

Suppose H is integrable. This is always true if dimH = 1. Let X be a section
of H over M. Then X is a vector field and generates a 1-parameter group of local
diffeomorphisms ¢; of M. Since H is integrable, ¢ preserves H and, dually, ¢;
preserves L*. Thus Lxa is a section of L* if a is a section of L*. The holonomy-
translation induced by H is the action on elements in L* by the differentials of
¢¢. There is also another equivalent way to define holonomy-translations. (For
example, see [5], pp. 81-82; [11], pp. 24-25.)

A smooth foliation is called Riemannian if there is a smooth holonomy invariant
Riemannian metric ¢g; on the quotient bundle. Here ‘holonomy invariant’ means g; is
invariant under the holonomy-translation along paths in the leaves of the foliation,
i.e., Lxg; = 0 for any vector field X tangent to the foliation. An integrable smooth
plane field H is called Riemannian if its integral foliation is Riemannian.

Proposition 6.1. Suppose an integrable smooth plane field H is Riemannian with

a smooth holonomy invariant metric g; on the dual L* def H*. Then

(1) gi(dra, diB) = gi(a, B) for any vector field X in H and any o and 3 in the
fiber L}, at a point x of M.

(2) If pt, ..., p7 is an orthonormal frame of (L*, g;) at x, then ¢} (p'), ..., ¢} (p?)
is an orthonormal frame of (L,g;) at ¢i(x). In particular the level-star torsion
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operator
Txdéfo*l—*lLXZO
on all smooth sections of AJL* for all j.

Proof. The above statement (1) just means g; is holonomy invariant. We need only
to check the statement (2). If { p',... p? } is an orthonormal frame of (L, g;) at
point z, then { ¢} (p'),...,d;(p?) } is an orthonormal fame of (L, g;) at the point
¢i(x). Let pI denote ¢F(p™) A...A ¢F(p') with 1 < j < p. Then xp! = pl,

where IT’ is an even permutation. Thus Lx *; p{ = Lxp; =0=x0= *ZLXp,{.
Therefore Lx*; = %x;Lx on all smooth sections of A7L* for all j. O

A smooth foliation is called conformal if it can be described by a family of
distinguished charts {Uy, fx,7%,}, where fy is a smooth submersion of Uy to R?
with some Riemannian metric gy, and ~5, is a local conformal mapping from a
neighborhood of fy(z) onto a neighborhood of f,(z) such that f\ =~3,f, on some
neighborhood of z in UxNU,,. An integrable smooth plane field H is called conformal
if its integral foliation is so. Proposition 1.1 of [14] states that an integrable smooth
tangent plane field H of codimension ¢ is conformal if and only if there is a smooth

positive definite level-metric g; on L* I HL such that any point in M has a
neighborhood U on which g;|¢ is locally conformal to a holonomy invariant metric
on L*|y. The proof in fact shows there are sufficiently many such level-metrics.
But for a clear statement, we make the following definition first.

Definition 6.2. A local conformal data {Uy,Ux,gx, fx, ®av, Pr, ¥} of an inte-
grable plane field H of codimension ¢ means the following:

{U,} is an open cover of M; Uy, is an smooth g-manifold which is diffeomorphic
to RY; gy is a smooth Riemannian metric on Uy; fy is a smooth submersion from
Uy to Uy; ¢, is a smooth function on Uy NU, for any pair (A, v) such that Uy NU,,
is nonempty, and all these {¢x, } together satisfy

(6.2) frgy=e® frg, on UyNU,;

px : M — R is a smooth function supported in U, such that

(6.3) ZpA(x) =1 for any x € M;
all)

and ¥ : Uy — R is a smooth function defined as 95 (z) =l Y w Pw(@)Pwa(z) for
x € U,.

Note the above 1 is well-defined, since if € Uy and x & U,, then p,(x) = 0,
and if z € Uy N U, then py,(2)dua(x) is already well-defined. Also note that p) is
not assumed to be positive.

Remark 6.3. An integrable plane field H is conformal if and only if the local
conformal data exist.

(1) We have ¢Au(x) = ¢u(l’) - ¢A($) for x € UxNU,, since ¢Au(x) + ¢uw($) =
Daw(x) for x € Uy NU, NU,.

(2) Given the cover {U,}, define I(U)) =l Ux — Uy22U,,, which is the part of
U, not intersecting any other U,’s. If x € I(Uy), then py(z) =1 and ¢y (x) = 1.

(3) Given any x € M, we can choose {U,} such that all nonempty overlaps
Uy NU, are sufficiently small so that there is an open neighbourhood W, of x with
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closure W, C I(Uy) for some \. Then the gy|w, can be arbitrarily chosen without
any influenece on the equation (6.2), because it is only required on the nonempty
overlaps. Since 1) =1 on W, C I(U,), we can make the metric e¥ fyg* = fyg*
on L*|w, over W, to be arbitrarily large or small, and is holonomy invariant too.
In addition, we can obviously arrange W, to be a simple open subset. Therefore
we obtain the following Proposition 6.4. (Recall that calling U a simple open set
means that the foliation restricted to U is induced by a smooth submersion 7 of

U to some smooth manifold U such that any fiber of 7 is connected. See [11], pp.
14-15.)

Proposition 6.4. Suppose an integrable smooth plane field H is conformal. Then
for any local conformal data {Ux, Ux, gx, fxs @avs Pr, ¥r}, the level-metric gy defined
as

(6.4) g1 def evr f;fg’\ on Uy

is a global smooth positive definite level-metric on L* over the whole manifold
M. Furthermore for any given x € M, we can choose a local conformal data and
choose a simple open neighbourhood W, of x so that the g;|lw, is arbitrarily large
or small and is holonomy invariant as well. If in addition codimH = 2m, then
all the level-metrics g on L* over M defined by (6.4) are compatible, namely,
Tx = Lx x; —*; Lx = 0 on the level middle-dimensional AN™L*.

Now we want to define a notion which, in general, is weaker than the notion of a
conformal foliation but suffices to guaranttee the condition of T'x in Theorems 1.3,
1.6, 2.2 and 2.4. First we have the following lemma.

Lemma 6.5. Let H be an integrable smooth tangent plane field of codimension 2m.

Let L* " 0L be its dual cotangent plane field with an orientation o;. Then the
following three statements are equivalent.

(1) Tx def Lx*;—x Lx =0 on N™L*.

(2) Tx =0 on A™L* for even m or N™L* for odd m.

(3) Tx =0 on NT'L* for even m or ALY for odd m.

Proof. Obviously, we need only to prove that the statement (2) is equivalent to the
statement (3). In the case m is odd, A" L} = A™L%. Since ; is complex-linear, we
have %@ = x@. Thus Txw = 0 if and only if Tx@ = Txw = 0.

In the case m is even, let A_, A4 denote the space of sections of A™L* and
A'L* repectively. Then for all w € A_ and n € Ay, we have w Anp = w A xn =
(w,n) -vol(g)) =0, and (Lxw) An = —w A Lxn. Therefore the statement that
Lxw € A_ whenever w € A_ is equivalent to the statement that Lxn € Ay
whenever 77 € A

Note that, for any w € A_, Txw = Lx *jw — ) Lxw = —Lxw — % Lxw. Thus
Tx = 0 on A_ just means that Lxw € A_ whenever w € A_. Similarly, Tx = 0 on
A+ just means that Lxw € A4 whenever w € A;. Therefore we have proved the
statement (2) is equivalent to the statement (3). |

Definition 6.6. An integrable tangent plane field H of codimension 2m is called

. . . . . d
self-dual if there is a smooth metric g; and an orientation o; on the dual L* <] H*:

such that Tx def Lx x; —*x  Lx = 0 on A"™L*. Such a level metric g; and its

conformal class [g;] are called compatible.
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Corollary 6.7. In Theorems 1.8, 1.6, 2.2 and 2.4, if the ¢; is compatible, then the
conditions on Tx are satisfied for all connections A.

Remark 6.8. Proposition 6.4 tells us that if a smooth line field H is conformal
then it is self-dual. When the codimension of H is 2 or 4, the converse is also true.
Indeed, we can choose Uy to be sufficiently small local transversals of H which
are diffeomorphic to R?>™. These Uy’s get the induced Riemannian metric from
a compatible metric g; by the identification U\ = L*| 0, Let Uy be a union of
small segments of leaves of H which are transverse to Uy. We can choose sufficiently
many Uy’s so that all these Uy’s together cover M. The submersion fy is defined
by the holonomy translation of a point in Uy to a point in Uy induced by H. Each
7%, from U, to U, is induced by the holonomy translation. Since g; is compatible,
each 7§, obtained in this way preserves the middle-dimensional star operator, and
hence must be a conformal mapping, because codimH = 2 or 4. This is obvious if
codimH = 2; for the case codimH = 4, see ([6], p. 8).

7. COMPUTATIONS OF (m — 1)-TH AND (m + 1)-TH
SELF-DUALITY COHOMOLOGY GROUPS

In this section, we compute the (m—1)-th and (m+1)-th self-duality cohomology
groups in a general case. First we need some simple lemmas. Let N be a smooth
2m-~manifold. When we say that a smooth map k : N — M is transverse to H at
x € N, we mean Hy + k,T,N = T,M, where y = k(z) and H, denotes the fiber of
H at y.

Lemma 7.1. Let H be a tangent line field on a smooth (2m + 1)-manifold M, and
let N be a smooth 2m-manifold with a smooth map k : N — M. If k is transverse
to H at x € N, then

(1) HyNk,T,N = {0} and ky : T,N — T,M is injective, where y = k(x).

(2) k* : L, — Ty N is an linear isomorphism.

Proof. The statement (1) follows from a dimension counting. To prove the state-
ment (2), we need only prove k* is injective. Suppose w € Ly and k.w = 0. Then

0 = (kww, T, N) = (w, kT, N). By the definition L* = H*, we have (w, H,) = 0.
Hence (w,T,M) =0, and thus w = 0. O

Let g; and o; be an inner product and an orientation on Lj. Then there is a
unique inner product gy and an orientation ox on 7y N such that k* becomes an
orientation-preserving isometry. Let vol(gy) and vol(g;) be the oriented volume
forms of (gn,on) on TXN and (g, 0;) on L, respectively. Let xn and #; be the star
operators of (gn,on) on ANTFN, and (gi,0;) on AL respectively. Since k* is an
orientation-preserving isometry, we have

Lemma 7.2. Let (M, H,N,k) be the same as in Lemma 7.1. If k is transverse to
H at x € N, then k*vol(g1) = vol(gn) and xnk*a = k* , a for any a € N L.

Theorem 7.3. Let M be a connected, smooth (2m + 1)-manifold with the data
(H,o1,¢;) as in Convention 1.1. Assume (1) A is a flat connection on a vector
bundle E with a da-parallel-invariant metric; and (2) there is a nonempty closed
orientable smooth 2m-manifold N which is smoothly immersed in M and is trans-
verse to H at any point of N. Then daw = 0 on M if and only if dr'w =0 for
some smooth tangent codimension-one plane field L which is transverse to H. Here
w is a smooth E-valued (m — 1)-form on M.
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Proof. Recall that dgw = da,w + da,w and dr'w =da,w+ dj;lw. Thus we need
only to prove that if d§Tw = 0 on M, then da,w = 0 on M. There are three ways
to get da,w =0 at a point x in M. Let k be the immersion from N into M.

(1) The point « € k(N). This is argued as follows. In the case m is even, since
A is flat and da,w =0 on M and d:lw =0 on M, we have

= [l el vol(a) = [ (a5l - 5, 0P)k vol(a)
N N
:/ E*(da,w Ada,w)
N
:/ k*(dAw/\dAw):/ k*d(w A daw)
N N

= / dnk* (w A daw) = 0.
N

Here dy denotes the exterior derivative on N. By Lemma 7.2, k*vol(g;) = vol(gn).
Thus k*|d; w|*> = 0 on N, that is, d; w = 0 at any point x € k(N). Therefore,
da,w=0at z € k(N). In the case m is odd, we have

(|dj;lw|2 - |dzlw|2)vol(gl) = —idg,w ANdg,w = —idgw A daw = —id(w A daD).

Thus da,w = 0 at = € k(N) follows from the same argument as above.

(2) If dg,w = 0 at a point z, then it is 0 along the leaf of H through x. This is
because 0 = d4w = dada,w = T AV a,da,w+ da,da,w on U, since da,w = 0 on
M and A is flat. Here U is an open neighbourhood of z, X is a smooth section of
H and 7 is a smooth section of H* such that (X,7) =1 on U. Thus Va,da,w =0
on U, which implies the claim.

(3) By the above (1) and (2), we get d4,w = 0 in an open subset of M. Now we
claim d4,w = 0 on the whole M. In the case H is orientable, there is a nowhere
zero section 7 of H* over M. We can take a metric g, on H* such that |7| =
1, and take any metric g; on L* representing the ¢;. Let g = g5, ® g on M.
Note that da,w = d w on M. Since da(d,,w) = dadaw = 0 and da(xd,,w) =
da(T A *zd;;lw) =dr Axdyw—TA dA(*lelw) = edr Nd,,w, where € is one of £1
and =+, we can apply the unique extension theorem in [2] to get d4,w = 0 on the
whole M. In the case H* is non-orientable, the nowhere zero section 7 of H* exists
locally and we can take an open cover of M and apply the above argument piece
by piece. O

Corollary 7.4. Let (M,H,o;,q;,L,N) be as in Theorem 7.3. In the case M is

a closed smooth (2m + 1)-manifold, we have H"~'(M) = K%"T =~ HmH(M).

If in addition M s oriented Riemannian, then we have U-CT_I(M) “ Kerdtt n
Kerd* =2 H™ (M)~ H™Y(M).

Theorem 7.3 and ([13], Corollary 5.7) together yield

Corollary 7.5. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H, 0,0, 9) as in Convention 1.1 such that H L, OM. Then
HP M, K) =H"Y(M,K) 2 H" (M, K) and b7~ (M, K) = o™~ (M, K) for
any K.

Now we want to study Ker(d}*)* in Q7 (E). Note that Ker(d*)* = Ker(d})*
for all nonzero s. Suppose E is equipped with a da-parallel-invariant metric, so
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that we have (4.4). Since H* is oriented by the oy, we can choose a nowhere zero
section 7 of H* over the whole M such that |7| = 1. Let X be a section of H such
that (X,7) = 1 on M. For any w € Q7" (F) we have w = 7 A w™ for a unique
wt € Q7(E). By Lemma 4.3, we see that the equation (d}{*)*w = 0 on M, i.e.,
7Tt xdy*w =0 on M, is equivalent to the system of two equations:

(7.1) da,wt =0on M,

(7.2) ™ % VaywT =0on M.

Theorem 7.6. Let M be a connected, smooth (2m + 1)-manifold with the data
(H,01,0,9) as in Convention 1.1, and let A be any connection on a vector bundle
E with a ds-parallel-invariant metric. Suppose N is a smoothly imbedded R>™ in
M which is transverse to H. Then (d}*)*w =0 on M and (mpw)(z) = 0 at any
point x € N if and only if w =10 on M.

Proof. Recall w = mpw for w € QTH(E). Thus (mpw)(x) = 0 means (ixw)(z) = 0.
There are two ways to propagate this vanishing on N to the whole manifold M.

(1) Since (ixw)(z) = 0 at z € N, ixw is 0 along the leaf of H through z in
M. This is because (7.2) is a first order linear ordinary differential equation. For
this we just recall from Lemma 3.2 that Va, *; —*; Va, = §Tx is a zero-th order
operator. Thus (7.2) has the leading term V 4, (ixw).

(2) Since N is transverse to H|y, we get ixw = 0 on an open subset of M.
This implies i xw = 0 on the whole M. Indeed, since (d*)*w = 0 on M, we have

AN I q5(d}*)*w = 0 on M. By using the unique extension theorem ([1],
p-248, Remark 3), we get ixw = 0 on M, since M is connected. (The principal
symbol of A;;S_‘_LA at a covector ¢ is the multiplication of —|£|? when |s|? = 2. See
Proposition 9.2.) |

Here we emphasize that in Theorems 7.3 and 7.6 there are not any conditions
on Tx and L, and moreover M can be either compact or noncompact.

Recall the b-boundary condition on w € QTH(E) means wy, def mw = 0 on
OM — K. Thus we have

Corollary 7.7. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H,o0;,0,9) as in Convention 1.1, and let A be a connection
on a vector bundle E with a da-parallel-invariant metric. Then for any K # OM,
we have

HT (A K) =0, b (A K) = 0.

Now we are going to get an estimate on bTH(M ,OM), where M is a compact
smooth (2m+1)-manifold with boundary. This estimate has a geometric application
in [7]. First we want to have a clear definition of the notions of d4-holonomy-
translation and (d4, S)-holonomy-translation.

Let M be a smooth oriented (2m 4+ 1)-manifold with the data (H, o, ¢;), and A
a smooth connection on a vector bundle E over M. In this section, for the sake of
brevity, we let AT denote APL* ® E over M, and let N denote one of ANPL* QB
and AFL* ® E over M for all k.

Let J be a smoothly imbedded [0,1] or S* in a leaf of H. Let X be a section of
H over J. For a smooth section a of A7 over J , we can extend a to be a smooth

: ; : : d .
section o’ of A over M, since J is compact. Define Va, « el g Ax @ at points of
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J. It is well-defined because Va, (fo') = X(f)o/ + fVa,a/, and X(f) =0on Jif
f=1on J, where f is a smooth function on J.

A smooth section « of AJ over J is called d4-constant over J if Vaya=0onJ
for all sections X of H over J. A section o of AT over J is called (d, S)-constant
over J if 7rl+ #; Va,a =0 on J for all sections X of H over J. Note the leading
term of 7rl+ ¥ Va,ao=01s Vg, 0, so 7rl+ %1 VA, =0 is a first-order linear ordinary
differential equation. _

Let o : [0,1] — J be a smooth path. For any ag € the fiber /\JU(O),

unique d4-constant section a of AJ over J such that a = ag at ¢(0). The map

T, : /\i—(o) — /\i(l) given by Ty (ayp) = a(o(1)) is called da-holonomy-translation

along o.
Similarly, for any ag € /\3'(0)7 there is a unique (dg4,S)-constant section o’ of

there is a

AT over J such that o/ = ag at ¢(0). The map T2 : /\:(0) — w;'(l) given by

T5(ap) = o/ (o(1)) is called (da, S)-holonomy-translation along o.

It is easy to show T, and T2 depend only on the equivalent class of o modulo
homotopies with the end points fixed. Thus they can be denoted as T}, and T[*g]
respectively, where [o] denotes the homotopy class of o.

Now we need to define another notion. Let N be a smoothly imbedded codimen-
sion-one submanifold of M which is transverse to H. Let P(J) be the pseudogroup
of paths o : [0,1] — J modulo the equivalence of homotopies with the end points
fixed. Let I'(H) be the union of P(J) for all J in the leaves of H. Define

I'(H,N)={[o] € £(H) : 0(0) € N and o(1) € N}.

It is called the holonomy pseudogroup T'(H,N) of N induced by H.

According to Lemmas 7.1 and 7.2, N has a unique smooth metric gy and
an orientation oy to make k* : L*|y — T*N as an orientation-preserving bun-
dle isometry, where k denotes the inclusion map from N into M. In particular,
snk*a = k* %) o for any a € AVL*|y.

With the notations Ti,, T[i] and I'(H, N) understood, we make the following
definition.

Definition 7.8. A section a of ATT*N® E|y over N is called I'(H, N)-invariant if
(k*)~'av is preserved by T[i] for any o € I'(H, N). A section o of NNT*N @ E|y over
N is called I'(H, N)-invariant if (k*) "'« is preserved by T, for any o € I'(H, N).

Remark 7.9. Note that we use the T[*g], not the Tj,), to define the notion of a
I'(H, N)-invariant section of ATT*N ® E|n over N. Of course, if Tx = 0 for all
X € H, then T[i] is the same as T{,].

Recall that a connection A on a vector bundle E over M restricts to a connection
A|n on E|n. Let Q/(N, E|x) denote the space of E|y-valued j-forms on N, and let
Q7 (N, E|n) denote the space of E|y-valued m-forms on N such that *yw = ew,

— . + def 4 + _ lixn
where € = 1 for even m, € = i for odd m. Define d}, = 7myda,, where 7y = =5

is the projection from Q™ (N, E|x) to Q7 (N, E|n). Define
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m de * . m
HTP(Aln) lef Kerdy) in Q7 (N,E|N),

m— def * . m—
HHAly) = Kerd N Kerdyy in Q" (N, E|y),

: de * . ; .
H (Aln) lef Kerdy, N Kerdy) in O (N, E|n) for all j.
Also define
HP L (Aln) S the subgroup of I-invariant elements in H” (A|y),

(7.3)

L (AlN) ) the subgroup of T-invariant elements in 37 (A|x).

where ' = T'(H,N), p =morm—1, and 0 < j < 2m. In the case dqg = d we
replace the term A|n by N in the above notations.

Now we return to study ker(d}®)* again. Recall (7.1) and (7.2). Since *yk*wT =
k*sxjwt = ek*w™, k*wt is a T'(H, N)-invariant element in Q7' (N, E|y). Here e = 1
for even m, € = i for odd m.

Case (1). Suppose H L, N, that is, L is tangent to N. Then (k,TN, H*) = 0.
Thus for any j-form w on M, we have k*mw = k*w at points of N. This is because
(k*mpw, NTN) = (mpw, ke A TN) = 0. Therefore (7.2) yields 0 = k*da,wt =
E*daw™ = da| k*'w™. So k*wt € H{ (Aln).

Case (2). Suppose Tx = 0 on sections of A" L*|x over N for X € H|y. Then
(Vay ¥t wh) (@) — (;Vaywh)(z) = (TxwT)(z) = 0 for any x € N. Thus (7.2)
restricted to N becomes

(7.4) Vay(wt)=0on N.
This together with (7.1) gives
(7.5) da(wt)=0o0n N.

Thus 0 = k*(daw™)(z) = (k*daw™)(z) = (daj k*w™)(z) for all z € N. So we also
get k*wt € HP, (A|n).

Hence either in the case (1) or in the case (2), we have a well-definded group
homomorphism
(7.6) rn t HPTHA) — HE (Aly) by 7w def E*(ixw).

The condition of the case (1) that H L, N at points in N can always be achieved
by means of the deformation of the metric g on M. In fact, let gy be any smooth
positive definite metric on N, and let g, be any smooth fiberwise metric on H
over M. Then the fiberwise metric gy = g5, ® gy on TM|y = H|y @ TN can be
smoothly extended to a metric ¢’ on T M, because N is smoothly imbedded in M.
With respect to this ¢/, H L, N at points in V.

Finally we can state the following result for Ker(d}®)
follows from Theorem 7.6

Corollary 7.10. Let (M, H,o0;,0,A) be the same as in Theorem 7.6. Let N be a
smoothly imbedded codimension-one submanifold of M which is transverse to H.

(1) Then, for any smooth metric g on M such that H Ly N or Tx =0 on
AYL*|y over N for X € H|y, we have a well-definded injective group homomor-
phism rn defined by (7.6), and

(7.7) dimKer(d}*)* < dimHP, (A|y) < dimHT (A|n),

where T =T(H,N).
(2) There always exist smooth metrics g on M such that H L4 N.

*

, which rather easily
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Remark 7.11. According to Definitions 5.1 and 4.4, when M is a compact oriented
smooth (2m+1)-manifold with non-empty boundary M, we can replace Ker(d};*)*
above by H'["*1 (A, OM), and when M is a closed oriented smooth (2m+1)-manifold,
we can replace Ker(d}*)* above by H'"!(A).

If Tx = 0 on level self-dual m-forms on M, then (7.5) holds on M. But note
that the equation (7.5) and the space Q7' (E) are independent of the data L. Thus
we have

Proposition 7.12. Let (M, H,o;,0,g,A) be the same as Theorem 7.6. If Tx =0
on level self-dual m-forms on M for all X € H, then Ker(d}®)* is independent of
L and s.

8. MORE COMPUTATIONS OF (m + 1)-TH
AND m-TH SELF-DUALITY COHOMOLOGY GROUPS

The motivation of this section is to compute the (m+1)-th and m-th self-duality
cohomology group of N x S and N x [0,1], where N is a closed smooth oriented
2m-manifold.

For a subset N of M with a line field, we define the H-flow-closure of N to be
the union of the leaves of H which go through N. This notion involves only the
data H.

Theorem 8.1. Let (M, H,o0;,0,9,A) be the same as in Theorem 7.6, and let N be
a smoothly imbedded codimension-one submanifold of M which is transverse to H,
I =T(H,N). Assume that (1) Tx = 0 on level self-dual m-forms on M; (2) L is
integrable over M; (3) Fa, =0 on M; and (4) the H-flow-closure of N is M, and
N is tangent to L. Then the map rn defined by (7.6) is an isomorphism:

Ker(d}®)" = M (Alw).

For notational conventions for the above Ker(d}®)*, recall Remark 7.11. For the
proof of the above theorem, we need some formulas in the case when L is integrable
over M. According to the Frobenius theorem, L is integrable means that any point
has a neighborhood U on which there is a nonvanishing section v of H*|y such
that dv = 0. Here we recall that H* = L*. By using Lemma 3.3, one can easily
prove

Lemma 8.2. Let v be a non-vanishing section of H*|y over an open subset U such
that dv = 0, and Y be a section of H|y such that (Y,v) =1 on U. Let « be an
E-valued level j-form on U, B be an E-valued level (j — 1)-form on U, and 7 be a
level form on U. Then

(1) da(v ANB+a)=vA(Vaya—da,B)+daa onU.

(2) % o0 = Fa, N and (Vayda, —daVa,)a=Fa, Aa onU.

(3) dl27 =0 and Vydyy = d;Vy~y on U.

Proof of Theorem 8.1. We give the proof in the case m is even. (The proof for odd
m is completely similar.) Since ry is injective according to Theorem 7.6, we need
only to prove it is surjective. Since the H-flow-closure of N is M, we can take
any wy € H, (A|n) and use da-holonomy-translation to get a well-defined level
m-form n on the whole M such that n(z) = wd (z) for € N and Va,n=0on M
as well. Since H is orientable, we can choose a nowhere zero section X of H over
M.
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(1) We need to prove n € Q7'(E). Since Tx = 0, we have V4, %1 =%V s,n =0
on M. Hence Va,(xn—mn) = 0 on M. But on N, we know that xn —n =
xwg —wg =0. Thus xn —n =0 on M, since the H-flow-closure of N is M.

(2) Secondly we need to prove d4n = 0 on M. Since L is integrable and Fy, =0,
we get Va,da,n = da,Vayn =0 on M, according to Lemma 8.2. Recall that k
denotes the inclusion map from N into M. We have

(dan, N LIN) = (dan, N" P L N) = (k*dan, N"TITN)
= {da k™0, N"TITN) = (d gy, ATTITN) = 0

at points of N. Thus d4,m = 0 at points of N. This yields da,n = 0, since the
H-flow-closure of N is M.

Therefore according to (7.5), 7 An € H"'(A), where 7 is the section of H*
such that (7, X) =1 on M. O

Theorem 8.1 can be applied to the special case M = N x S', where N is a
closed oriented smooth 2m-manifold. But before we have clear statements, we need
to recall the definitions of the twisted half De Rham complexes on an oriented
Riemannian 2m-manifold V.

In the case m is even, we have x% = 1 on the middle-dimensional A™T* N, where
xn is the star operator on N. Let F' be a real or complex vector bundle over IV,
QI (N, F) the space of all sections of AVT*N ® F, and QT (N, F) the space of all
sections of ATT*N ® F, where AT'T*N are the 1-eigenbundle of * respectively.

In the case m is odd, we have *3, = —1 on A™T*N. Let Q(N, F) denote the
space of all sections of AMTFN ®c F, and let Q7(N, F) denote the space of all

sections of ATT*N ®¢ F, where T*N 2 C @ T*N and ATT*N are the i-
eigenbundle of * respectively.
The twisted half De Rham complex on N is:

d+
(8.1) 0—QUN,F) & ... 28 gm-1(N F) & Q7 (N, F) -0,
where B is a flat connection on F' if m > 3; B is an anti-self-dual connection on
F if m =2, which means *yFp = —Fp; and B is an arbitrary connection on F' if
m = 1.

Definition 8.3. When N is closed, the cohomology groups of complex (8.1) are
denoted by H7(B), H*"(B) and H{*(B) for 0 < j < m—2; the space of harmonic
forms at the j—th stage is denoted by 3/(B), K" (B), H(B) for 0 < j <m—2
respectively, and

b7 (B) < dimHm(B), b7 N (B) < dim3r\(B), ¥(B) Y dim3(B).

Here dim means the complex dimension when m is odd, and means the real
dimension when m is even. When dp = d on N, we replace the term B by N and
omit the term F'.  When the orientation of N changes to its opposite, we change
the + signs to — signs, and “anti-self-dual” to “self-dual” in all the corresponding
notations.



HALF DE RHAM COMPLEXES AND LINE FIELDS 2973

In the case m is odd, we have

H™(B) = AT(B), b (B) = b(B),
- b™(N
(2) TN = HF), ) = (v =
HP Y N)=H™YN),  dimH?P(N)=b""YN)
for a closed oriented 2m-manifold with odd m. For example, when N is a closed
oriented 2-manifold, b7 (V) is the genus of N.
In the case m is even, we have
(8.3)
dim3CP(N) = b2 (N),  HP™'(N) = H"Y(N), dimH7~}(N) = 5"~} (N)
for closed oriented 2m-manifold with even m, where b7(NN) ( 0™ (V) resp.) are the

real dimensions of maximal positive ( negative resp.) subspace of the intersection
form on H™(N).

Remark 8.4. Let N be a connected, closed oriented smooth 2m-manifold with
orientation oy. Let M = N x S' or N x [0,1] with the H being the obvious line
fields of tangents of copies of the circle S or [0,1]. Then L* is the pullback of T*N
to M. Let o on L* be the pullback of oy. Identify N x {1} with N by (z,1) — «
and N x {0} with N by (2,0) — «. Clearly, I' = I'(H, N) is the trivial group. So

(V) = HP(N), HETHN) =HPH(N) = H™Y(N).

Let A; be a smooth connection on a vector bundle F over N = N x {1}. Let A
be the pullback of A; to E = 74 F over M: d = da, + Zdt, where t € [0,1] or is
the angle parameter for S'. For such a pullback connection A of A, we have

) HP (Aln) = H(A) Y ker(da,)* in Q7(N, F),
HE (Aln) = HP N (A E kerd?, Nker(da,)* in Q™ Y(N, F).

Let M take the orientation opr = dt Aony. Then OM = N x {1} UN x {0} gets the
outward orientation 0., defined by eyt Aoout = 0ar, where ey is a covector field on
OM pointing out of M. We have 0yt = oy = 0; on N x {1}, and 0oyt = —0n = —0;
on N x {0}.

Now we can state the following results for the cases M = N x S' and M =
N x [0,1], which are derived from Theorem 8.1 and Corollary 7.7.

Corollary 8.5. Let M = N x S', Ay, A as in Remark 8.4. Then
B A) 2O, T(A) = b (A,
(M) 2 OCHN), B (M) = BN,
Corollary 8.6. Let M = N x [0,1], A1, A as in Remark 8.4.
(1) If K # OM then
VPN AK) = b (M, K) = 0.
(2) If K = OM then
B A OM) 2 B, BITI(AOM) = B (AL);
HPTH (M, 0M) =2 HP(N), b (M,0M) = b (N).
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Now we compute m-th self-duality cohomology groups in some special situations.
Recall that if a nowhere zero 1-form v on M is closed, that is, dv = 0, then its

dual tangent codimension-one plane field L déf< v > is integrable. In such a case,
we say that L is defined by v. Let Y be the vector field which is dual to v by a
metric g on M, and H be the tangent line field generated by Y. For brevity in the
statements of Theorem 8.7 and 8.8, we make the following convention: referring
to (4.4), we use H™, H™~1 HJ to denote HT,(A), HT'(A) and H’(A) for all
0 < j < m — 2 respectively; referring to (7.3), we use H}y, 9—[’]{}_1, H, to denote
HE (AlN), 9—(}”;1(A|N) and J.(A|y) for all 0 < j < m — 2 respectively.

Theorem 8.7. Let M be a connected, closed smooth (2m + 1)-manifold with the
data (H,o;,0,9) as in Convention 1.1. Assume that (1) H* has a nowhere zero
section v over M such that dv = 0; (2) Ty = 0 on level (m — 1), m, (m + 1)-
forms in the case j = m; the Ty = 0 on level j, (2m + 1 — j)-forms in the case
0<j<m-—1; (8) N is a smoothly imbedded codimension-one submanifold of M
which is tangent to L; and (4) A is a connection such that Fa, = 0 on a real or
complex vector bundle E with a d a-parallel-invariant metric. Then

(1) The restriction mapping from H’ to J—C?V_l @ H), which sends v A 3+ «a to
(BN, aln) is a well-defined injective group homomorphism, and

dim3 < dim3Cy " + dim3C.

(2) If the H-flow-closure of N is M, then the above restriction mapping is an
isomorphism, and

H 2 K @ I

Theorem 8.8. Assume the same conditions as in Theorem 8.7 except we here
assume that M 1is a compact connected smooth (2m + 1)-manifold with non-empty
boundary OM and L is tangent to OM. _ _

(1) If K is empty, then the restriction mapping from Hj to H which sends
TAB+ a to a|y is a well-defined injective homomorphism, and

dim3] < dim3(.

If K = OM, then the restriction mapping from U{g to J-Cgv_l which sends TA\B+«
to B|n is a well-defined injective homomorphism, and

dim3] < dim3 .
(2) If the H-flow-closure of N is M, then the above restriction mappings are
isomorphisms,
J-Ci & U-Cg\, if K is empty,
M=y ifK=0M.
(8) If K is nonempty and K # OM, then J—Cg =0.
Remark 8.9. From the proof of Theorems 8.7 and 8.8, which we will give at the
end of this section, we can see that the conclusions of Theorem 8.7 still hold if we
regard the 37, 3} as 3/ (A), Hp(A|n) respectively for all j and all dimM; and
the conclusions of Theorem 8.8 also hold if we regard the Hj], H} as HI(A,K),
Hi.(A|n) respectively for all j and all dimM.
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Corollary 8.10. Let M = N x S, Ay, A as in Remark 8.4, 0< j <m—2. Then
H(A) = HTH ALY @ I (A, HETHA) = H™2(A) © HE~H Ay,

30 (A) = 307 (A1) @ 3 (Ay), b (A) = "7 (Ar) + 6T (Ay),
DYTHA) = 0T (A + 0T (A, U (A) =T (AL) + 6 (A
HPL (M) 2= H"H(N) & H(N), FPTH M) = H (M),

b (M) = b H(N) + T (N), b (M) = b (M),

By this corollary, we get fHT‘l(M ) = H™=1(M), which agrees with Corollary
7.4. On the other hand, the proof of Theorem 8.7 is quite different from that of
Theorem 7.3. Recall that 3/ (N x S') & HI7L(N) @ H/(N) and ¥/ (N x S1) =
B=1(N)+ b =2(N) for all j.

Corollary 8.11. Let M = N x [0,1], A1, A as in Remark 8.4, 0 < j <m —2.
(1) If K is empty, then
H(A) = H(AL), FHETHA) = HTH A, F(A) =30 (Ay),
DE(A) =b1(Ar),  BRTHA) =0T ALY, (A) =6 (A

JOP(M) = ICP(N), 30 (M) = 3TN,
b (M) = bT(N), by (M) = BN,
(2) If K = OM, then
HE (A, 0M) = H (A1), HPTH(A, OM) = 53 (Ay),
HI(A,OM) =2 HI7H(Ar), bT(AOM)=b""1(A
WP AOM) =02 (Ar),  W(A,0M) 2 (A

)

)
);
HP(M,0M) = H™(N),  HP M, 0M) =2 H™ 3(N),
b (M,0M) = b™H(N), b (M, OM) = b 2(N).
(8) If K is nonempty and K # OM, then

HT(AK) =H YA K) =H(AK) =H] (M, K) =HP (M, K) =0,

BI(AK) =P (A K) = (A, K) = b7 (M, K) = b7~ (M, K) = 0.

Note the result for H""'(M,K) in this corollary agrees with that of Corol-
lary 7.5. For M = N x [0,1], recall that for all j we have H’/(M) = 3 (N),
b (M) =b(N); H(M,0M) = H~YN), /(M,0M) = b1 (N); 3/ (M,K) =0
and b/ (M, K) = 0 if K is nonempty and K # M, all of which agree with the
assertions of Theorem 8.8.

To prove Theorems 8.7 and 8.8, we need some formulas for the Laplacian op-
erators in (5.4). The formulas look symbolically complicated but are structurally
simple. Define

Ajta, = IsPdh,dy,
(8.5) AR 4 = dady, +|sPd Y,
D = dady +dda,
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where 0 < j < m — 2. When d4 = d, we omit the terms A, A; in the above
notations.

The first step in our computations for the Laplacian operators is the following
lemma, which follows from Lemmas 4.3 and 8.2.

Lemma 8.12. Using the terms v and 'Y of Lemma 8.2, we have

(8.6) AT W AB+a) =vA(Vaya—daf) +sdf a,

(8.7) df(u/\a—i—w*‘) =vA (7TZ+VAy7+ —sdza),

where B is an E-valued level (m—2)-form on U, « is an E-valued level (m—1)-form
on U and ~v" is an E-valued level self-dual m-form on U. Moreover,

1
dax (WA B+a)=vA[Vay (V] % 5)+ (—1>P“dAzm x ]+ da, |V i B,

1
(8.8) xdax(WAB+a)=(-1)""PTvA Pl s« da,|v|* 0

1
+ (v Vay (Jv] = 8) + (=17 v # darT 1),

where « is an E-valued level j-form on U and (3 is an E-valued level (j — 1)-form
onU.

The second step is to apply the above formulas to get the following identities.
Note that the first two formulas apply to the case of n = 2m + 1, and the third one
applies to the case of any n.

Proposition 8.13. Assume |v| = k # 0 is a constant and Fa, = 0 on U. Let
a be a level (m — 1)-form on U, B be a level (m — 2)-form B on U, v% be a level
self-dual m-form on U, n be a level (j — 1)-form on U, and ¢ be a level j-form on
U.

(1) If Ty =0 on level (m — 1), m, (m + 1)-forms, then

AR ANa+yT) = v A [PV a+ AR L o]+ =RV T+ AR, AT
and A;;fA(V Aa+~T) =0 if and only if A;,‘:fA(V Aa) =0, A;fA(7+) =0.

(2) If Ty =0 on level (m — 1), (m + 2)-forms, then

A AWABHQ) =V ARV, B4 Do a Bl + [-E2VE a+ A al;

and A;;S_LA(V A B+ a) =0 if and only if A:;f_l)A(V AB) =0, A:f_l)Aa =0.
(8) For all j and all n, if Ty =0 on level j, (n — j)-forms, then

DjalvAn+() =vA [_,QQVI%XYU +Dj1am + [_sz?qyg + 2 oadl;

and DN a(v An+C) =0if and only if Nja(vAn) =0, A;a(=0.
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Proof. Assume k = 1. If k # 1, replace v by £. We apply (8.8) to prove the first
formula. The other formulas can be proved in the same way. We have

ledi T xdaxls(v Aa+vT)
=V A [VAY ¥ Vay o+ (—1)m+1§VAY *] dAl *] ’7+ + (—1)m+1dAl %] dAl *] Oé]

+ sd;';l k1 V Ay ¥ Q0+ (—1)m+1|5|2di§l sy da, 1y,

hsttt s da x dihs(v Aa+77T)
= (=) u A [5x1da, %1 VayyT — |s]* #1da, * djloc]

+ 7rl+ ¥ Vay ¥ Va,yt — 57rl+ * VA, ¥ djla,

A:;S)A(u Aoty [(=1)™sdh T s da * Lo+ (=1)" T hent s da x dihs](v Aa+4T)
!
=UA[(=1)"VE, *7 a—da, xida, x5 o — [s|? 5 da, d} o]
H (=D VT = (8Pl % day T

=vA[-Vi,a+ A:;S—LAZCY] FUN [V AT+ A:ZS,ALVWL]'

In the above é, the cancellation
—5V Ay % dAl *] ’}/+ —+ S ¥ dAL *] VAY’}/+ =0

follows from V 4, %; = %;V 4, on the level (m+1)-form da, 7%, Vi, = Va, %
on the level m-form v* and V4, da, —da,Va, = Fa, =0 on the level m-form 7.
The cancellation
(—1)m5dj;l k1 VA, ¥ Q-+ (—1)m57rl+ k) V Ay % d;’;loc
= (=1)™smtda, %1 Vay xa+ (=1)"smt #, Vay, 7 da,a =0
follows from V 4, #; = %,V 4, on the level (m — 1)-form o, *7 = (—1)™~! on the
level (m—1)-form Va, «, Va,# =%,V 4, onthem-form 7 da,, *7 = (-1)™
on the level m-form Va, mfda, o, Va, 7" = 7, Va4, on the level m-form da,a,
and 7, (da,Vay — Vay,da,) = —m Fa, =0 on the (m — 1)-form a. O

Now we are ready to prove Theorems 8.7 and 8.8.

Proof of Theorem 8.7. We give the proof in the case j = m and m is even. The
proof in other cases is similar.

Since H'"(A) = H*(A) and H*(A) is independent of the metric g5 on H, we can
choose a metric gj, on H* such that |v|, =1, and work with the metric ¢’ = g, ©g1.
By Proposition 8.13, A;’;{?A(V A a+~1) =0if and only if A:jA(u A a) =0 and
A:;S)A(VJF) = 0. Since Ly *; — %; Ly = 0 on level (m — 1)-forms and m-forms, we
have V4, ;@ — xVa, o =0 and 77V 4, 7" = V4, v". Becasue M is closed , we
have the key fact in this proof:

(8.9) A;;wa =0 on M if and only if d{hsw =0 and d%lsw =0 on M.
Thus we have

(1) A7 A(wAa)=0on M if and only if da *Is(v Aa) = 0 and djjhs(v Aa) =0

on M, which is equivalent to V4, ¥, a =0, da, ¥, « =0 and djgla =0on M;
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(2) AF4(yF) = 0 on M if and only if dfhyt = 0 and da * lsy" = 0 on M,
which is the same as 77V 4,7t =0 and da, ; v" = 0 on M.

Now we can follow the same argument of the proof of Theorem 7.6 to get the
statement (1) of Theorem 8.7, by using the above equivalent first order equations,
and applying the unique extension theorem ([1], p. 248, Remark 3) to the equations
AR (wAa)=0and AFS 4t =0.

Moreover, we can also follow the same argument of the proof of Theorem 8.1 to
prove the statement (2) of Theorem 8.7, since the H-closure of N is M. |

Proof of Theorem 8.8. We give the proof in the case of j = m. The proofs in the
other cases of Theorem 8.8 and Remark 8.9 are similar.

Let w = v Aa+~T in H7(A,K). Lemma 5.4 means that the second-order
equation in Laplacians with the b-boundary conditions is equivalent to the first-
order equations with the b-boundary conditions.

This equivalence corresponds to the statement (8.9) in the proof of Theorem 8.7,
which allows us to use the same argument of that proof.

Thus we can claim: if « =0 ( oryT = 0 ) on a nonempty open subset of a
leaf of the foliation of L, then a« = 0 ( or v+ =0 ) on the whole M. Since all
components of M are leaves of the foliation of L, the definition of the b-boundary
condition implies the statements (1) and (3) of Theorem 8.8.

Now we prove the statement (2) of Theorem 8.8. If K is empty, then @ = 0
on OM and there is no boundary condition on v*. Thus the above claim implies
« = 0 on the whole M. Since the H-flow-closure of N is M, we can use the same
argument of the proof of Theorem 8.1 to show that the restriction mapping is an
ismorphism. A similar proof can be given in the case K = OM: we just interchange
~T and « in the above sentences. O

The above argument has a by-product. Recall that, if the foliation of H is
Riemannian, then there is a smooth level-metric ¢g; on the dual L* “f gL such
that Tx = 0 on the space of all the level forms. (See Proposition 6.1.) Also recall
that a codimension-one foliation £ admits some transversal Riemannian dimension-
one foliation if and only if L is geodesible, namely, there is a Riemannian metric on
M such that all codimension-one leaves are totally-geodesic submanifolds ([11], p
251). Hence by Remark 8.9, we have the following theorem.

Theorem 8.14. Let M be a compact, connected, oriented smooth n-manifold with
at least two boundary components. If there is a global mnowhere zero closed 1-
form v such that v = 0 on OM and the codimension-one foliation defined by v is
geodesible, then H'(M,K;Q) = 0 for any nonempty union K of components of
OM with K # OM, and any j.

In particular, if in addition M is a connected, compact oriented smooth n-
cobordism with two boundary components Ny and N1, then (M; No, N1) is a rational-
homology-h-cobordism, that is, HY (M, No; Q) = 0 and H? (M, N1; Q) = 0 in rational
coefficient Q for all j.

9. PROOFS OF THEOREMS 5.3, 5.8

In this section, we prove Theorems 5.3 and 5.8. First, we need to do some basic
computations about the symbols of the Laplacians on a half De Rham complex. In
this section, we use the notations in the proof of Theorems 1.3, 1.6, 2.2 and 2.4 in
Section 3.
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If p # 0 then every level j-covector a at a point has a unique decomposition
(9.1) a=pAo,+a;

such that «a, € N~1pt and ap € N pt, where pt denotes the orthogonal comple-
ment in L* of the subspace (p) generated by p # 0. When p = 0, we define a; = «
and o, = 0. «a, and a; are uniquely determined by a and p.

Recall that ot %/ 7rl+o< for a € A™L*. Using the notations of the proof of

Lemma 3.6, one can easily prove
Proposition 9.1. (1) o* : NTYT*M — NIT*M is given by
o (TAB+a)=—7A|p|*B, + k|T>B + |p|*a,,  where B € NL*, o€ NTIL*.
(2) If p # 0, then

(oA B)), = %gﬁ for B e NL*,

1
(pA(@M),), = §a+ for at € NTL* or NT'L.

It is well-known that the symbols of the Laplacian operators of the De Rham
complex are the multiplication by —|¢[%. So —o¢(AY)(w) = |¢]?w for any 0 < j <
m —2, w € NNT*M. For the other three Laplacians on a half De Rham complex,
we have

Proposition 9.2. Let £ = v+ p be a real nonzero covector at a point x in M with
flow component v and level component p. Let 5 be a level (m — 2)-covector, o be
level (m — 1)-covector, and v be a level self-dual m-covector. Then

2
—oe (AL AB+ o) = [E(r AB+pAay) + (v + %IPIQ)%,

2
s S
(A5 Aty ) = 62 A p M) + (P + B o) Ay ),

s |s|?
e (AF)( ATH) = (1 + 1) A,
In particular,
when s> =2, —ae(A]) = €)%,

which is the symbol of the ordinary Laplacian operator. Here j =m—1, m, m+1.

Proof. We use the formula (3.3) to do the following computations. Let 7 = k7. If
p # 0, then we can apply (2) of Proposition 9.1 to compute.

— (A DT AB+a) =00 (T AB+a) + 0 lslsoTT (T AB+ )
= kT A|TPRB 4+ kT Alpl*a, — p AT A plPBy + p ATIPRB+ p AlplPa,
=T AlplPkay, +7 Apl*(p A B)p + |TPkka — [T kp A B+ [s p* ((p A @) ),

g2 |5|2_2 2
= €] (T/\5+0<)+T|P| ag,
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— (AT Aa+T) =0T ot ls(r Aa+yT) + hsttTo*oThs(t Aa+4T)
=7 Ak|T|Pka +7 AK|p|P5(vT), + T A p AlplPa, + s(p AT Pka) T
+8(p A pIP5(v)0) T = 5T A lplPR(vT),

s

-2
= 6P Ao+t + EZ R A g + ),

—0e(AS5 ) (T AYT) = ot hshstt o (T7F)
2
s
=T ANK[TPEyT 7 APl APy )T = (1712 + %|p|2)(7 AYT).

If p =0, then
—ag(A;,"f_l)(T ANB+a)=TA kk|7’|2ﬂ +o"(t Nka) = |7'|2(7' AB+ ),

—0e(D) (T A B +7T) = Ls(T AK|TI?B) + hs(k||*ky ™) = |72 (1 A B +77),

—oe(AR) (T AT =0T (kTP F) = [T (r AvT). O

Proof of Theorem 5.3. Since ellipticity depends only on principal symbols, we need
to prove Theorem 5.3 only for d4 = d.

(1) Let x € OM be any given point. Let 7, be any fixed nonzero element in the
fiber H} at x, and p, any fixed element in the fiber L} at x. Then ellipticity of a
boundary system at (z,£) with & = ¢7,, 4+ p, # 0 for all real numbers ¢ depends only
on their principal symbols at (x,£). In other words, if two boundary systems have
the same principal symbols at (z,§) with £ = t7, + p, # 0 for all real ¢, and if one
is elliptic at (z, &) with £ = t7, + p, # 0 for all real ¢, then so is the other one. This
follows from the algebraic formulation in [3] of ellipticity of boundary systems.

(2) Let 7 be a nonvanishing section of H* over an open neighbourhood V' of x
in M with 7 = 7, at . Let X be a section of H over V such that (r,X) =1
on V. Taking a frame at x for L* and using flows generated by X, we get a local
orthonormal frame (p!,...,p*™) for L* over V such that Lxp’ = 0. Any w € U’
over V can be written as

I J
W=TAwr twy, w;= E wips, W= g wyp”,
[Tl=j—1 |T|=4

where I and J are ordered subsets of {1,...,2m}, |J| is the length of J, and p”
is the ordered wedge product of p/ for j € J. By using Lemmas 3.3, 4.3 and the
fact that Lxp’ = 0, we see that b-boundary condition (5.3) has the same system of
principal symbols as that of the following boundary condition:

wy=0and Lx(|7| % w;) =0o0n K, wr=0and Lxywy=0o0on 0M — K.

The principal symbol at  of Lx|7|*; is the same as that of |7| %, Lx. Thus we can
replace Lx (7] *; w;) =0 on K by Lxwr = 0 on K. These are classical Dirichlet
and Neumann boundary conditions. Proposition 9.2 tells us the principal symbols
of A |, Afs and AY%, on wr and wy for the metric g = gj, & g; are the same as,
the principal symbols of the ordinary Laplacian on w; and wjy for the metric g, or



HALF DE RHAM COMPLEXES AND LINE FIELDS 2981

2
for the new metric g5 near z. Here [t7 + plg, = [t]q + %|p|g. Therefore by (1)
above, we see Theorem 5.3 holds. O

Theorem 5.3 implies that f}CZ is finite dimensional. Let H; be the projection from
U’ to H;. By standard theory for elliptic boundary systems, there is a fundamental
solution Pj(x,y,t), which is a symmetric double form in x, y. For each of z, y, it
is an exterior form satisfying the b-boundary condition and

OPj(z,y,t) -
(92) jT'FAij({E,y,t):O
for z,y € M, t > 0;
(9.3) lim Pj(z,y,t) A xw(y) = w(x)
t—0+ Jar

for any w € U7; and in addition Pj(x,y,t) — 0 uniformly for z,y in M, as t — oo.

The Green’s operator G; : U/ — Ug is defined as

(9.4) (Gyw)(z) = / "t /M By, 1) A #(w(y) — (Hw) ().

Since Pj(x,y,t) satisfies the b-boundary conditions in z, the image of Gj is con-
tained in Ug .

The following Lemma 9.3 can be proved by using the Green’s formula (5.5) and
Lemma 5.5.

Lemma 9.3. (1) D;G;w = G;11Djw is in Ul—)j for any w € U7 such that w; =0 on
K.

(2) Di_1Gjw = Gj_1D;_qw is in Ug for any w € U7 such that w, = 0 on
oM - K.

Proof of Theorem 5.8. By using the Green’s formula (5.5), we see that the right
sides of (5.10) and (5.11) are direct sums. It is easy to prove that A;Gjw = w—Hjw
for any w € UJ. Thus

(9.5)
w = ij + (w — ij) = ij + Dj—1D;7_1Gj(w — ij) + D;FD]GJ((U — ij).

Recall the image of G is in Ug . By using Lemma 5.5, we see the image of D7_;G;
is in Ug_l, and the image of D;G; is in Ug“. Therefore, (5.10) holds.

Lemma 5.5 proves the D side of (5.11). If w in U}, then Dj_,Gj(w — Hjw)
= Gj1Dj_qw € Ug_l and D;Gj(w — Hjw) = Gj41Djw € Ug“ by Lemma 9.3.
Thus (9.5) gives the C side of (5.11). ‘ ‘

Let Ker denote KerD; in U, and let Im denote Dj_l(Ug_l). Since Ker C U}
and Ker D J-Ci P Dj_l(Ug_l), and since Ker is orthogonal to D;(Ug“), we get
Ker = 3 @ D;1(UI™). Because D;1(UI™Y) € Im, D;(Ug“_) c D_;(Ug“),
and because I m and D;(Ug“) are mutually orthogonal with Hj in U}, we get
Im= Dj_l(Ug_l). Hence (5.9) holds.

The proof is complete. |
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