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HALF DE RHAM COMPLEXES AND LINE FIELDS

ON ODD-DIMENSIONAL MANIFOLDS

HOUHONG FAN

Abstract. In this paper we introduce a new elliptic complex on an odd-
dimensional manifold with a self-dual line field. The notion of a self-dual line
field is a generalization of the notion of a conformal line field. Ellipticity,
Fredholm properties and Hodge decompositions of these new complexes are
proved both in the case of a closed manifold and in the case of a manifold with
boundary. The cohomology groups of these elliptic complexes are computed
in some cases. In addition, in this paper, we generalize the notion of an anti-
self-dual connection on a smooth 4-manifold to a 3-manifold with a line field
and a smooth 5-manifold with a line field. The above new elliptic complexes
can be twisted by anti-self-dual connections in dimensions 3 and 5, but only
by flat connections in dimensions above 5. This reveals a special feature of
dimensions 3 and 5.

Introduction

In this paper, we study odd-dimensional manifolds with smooth tangent line
fields. The main point of this paper is that there is a new elliptic complex on an
odd-dimensional manifold with a self-dual line field. The notion of a self-dual line
field is a generalization of the notion of a conformal line field. In paper [7], we have
developed the corresponding index theory on a compact smooth odd-dimensional
manifold with boundary and with a general line field which is transverse to the
boundary. But when the line field is self-dual, this index theory can be refined as
the cohomology theory of the new elliptic complex, which we shall study in this
paper. Moreover many of the topological inequalities for a general line field found
in [7] become equalities when the line field is self-dual. The new elliptic complexes
are called half De Rham complexes; their cohomology groups are called self-duality
cohomology groups.

In the orientable case, a line field is generated by a nowhere zero vector field. We
are interested in studying the interactions of gauge fields, flows, and the topology
of the underlying manifold. For further progress in this direction, see [7], [8], [9].

In most of the constructions in this paper, we need a tangent codimension-one
plane field L which is transverse to the line field. But we should like to emphasize
that in all sections of this paper except in Section 8, we do not assume that L
is integrable: it can be any smooth tangent codimension-one plane field which
is transverse to the line field. When the manifold is equipped with a Riemannian
metric, we just simply take the orthogonal complement of the line field as L, and the
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main body of our results are valid in this setting. Section 8 concerns some technical
computations of the middle-dimensional self-duality cohomology groups in special
cases. These results in special cases are used in our paper [7] to determine the
dimensions of the self-duality cohomology groups in the most general case, which
of course includes the case that L is non-integrable.

Another point of this paper is that we generalize the notion of an anti-self-dual
connection on a smooth 4-manifold to a smooth 5-manifold with a line field and
a 3-manifold with a line field. The half De Rham complexes are well-defined for
twistings of anti-self-dual connections in dimensions 5 and 3, but only for twistings
of flat connections in dimensions above 5. This simple fact maybe is a glimpse of
rich structures and interactions in dimensions 5 and 3.

This paper is organized as follows. In the first two sections, we present the
constructions of real and complex half De Rham complexes on an odd-dimensional
manifold with a line field. In Section 3, we give the proofs that the half De Rham
complexes are well-defined and elliptic. In Section 4, we study the self-duality
cohomology groups on a closed oriented odd-dimensional manifold. Applying the
Atiyah-Singer index theorem, we obtain universal relations for the dimensions of
self-duality cohomology groups. In Section 5, we study half De Rham complexes on
a compact oriented manifold with boundary in the case the line field is transverse to
the boundary. We put boundary conditions on the complexes, which are essentially
combinations of Neumann and Dirichlet boundary conditions. These boundary
conditions are locally elliptic, a fact which is proved in Section 9. Therefore the
half De Rham complexes with these boundary conditions have all the standard
elliptic and Fredholm properties. In Section 6, we discuss the notion of a self-dual
line field. The half De Rham complexes are well-defined on any odd-dimensional
manifold with a self-dual line field. In dimensions 3 and 5, this notion is equivalent
to the notion of a conformal line field. But in odd-dimensions above 5, it seems
rather weaker than the notion of a conformal line field. In Section 7, we compute
the (m − 1)-th self-duality cohomology groups in a general case, and also get an
inequality about the dimensions of the (m + 1)-th self-duality cohomology groups
in a general case. In Section 8, we compute the (m+1)-th and the m-th self-duality
cohomology groups in some special cases. As a by-product of the arguments, we
obtain the following theorem, valid in all dimensions: If a connected, compact
oriented smooth cobordism admits a codimension-one geodesible foliation, which is
defined by a nowhere zero closed 1-form, then the cobordism must be a rational-
homology-h-cobordism. (See Theorem 8.9.) Section 9 contains all the postponed
computational proofs.

Acknowledgment. This paper is based on ideas in the first part of my University
of Chicago Ph.D. thesis. I am most grateful to Professor Melvin G. Rothenberg
for his encouragement and guidance. I am also greatly indebted to Professor
Clifford H. Taubes for many helpful communications and discussions. I wish to ex-
press my thanks to Professors Robert E. Gompf, Ronnie Lee and Tom S. Mrowka for
kind conversations. Finally I express my particular gratitude to Professor William
S. Massey for his linguistic revising of the whole manuscript.

1. Real half De Rham complexes

Let M be a smooth n-manifold, and let H be a smooth tangent line field over
M . Then H induces a dual cotangent codimension-one plane field L∗ over M by
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L∗
def
= H⊥, where the ⊥ is with respect to the pairing of a vector and covector

at the same point. An element of H is called a flow vector, and an element of
∧jL∗ is called a level j-covector. A section of ∧jL∗ is called a real level j-form. In
this section we let Ωjl (M) denote the space of all smooth real level j-forms on M ,
and let Ωj(M) denote the space of all smooth real j-forms on M . All differential
forms, connections, sections of bundles, line fields and plane fields are assumed to
be smooth and all metrics are assumed to smooth positive-definite in this paper.

For any form ω and any vector X ∈ H, iXω is always a level form, where iX
denotes the interior contraction. This is because 〈iXω, Y 〉 = 〈ω,X ∧ Y 〉 = 0 for
X,Y ∈ H since dimH = 1. For any vector X ∈ H, we define the operator

OX
def
= iXd : Ωj(M)→ Ωj−1

l (M),

which sends forms to level forms of the same degree. Recall that the Lie derivative
LX = iXd+ diX . Therefore, we have OXα = LXα for level forms α and X ∈ H.
In particular, LfXα = fLXα for any level form α.

Let E be a real or complex vector bundle over M . In this section, we let Ωjl (E)
denote the space of sections of ∧jL∗ ⊗R E, and let Ωj(E) denote the space of
E-valued real j-forms on M . Let A be a connection on E. Define

OAX
def
= iXdA : Ωj(E)→ Ωj−1

l (E).

The curvature FA of A is a HomR(E,E)-valued or HomC(E,E)-valued real 2-form.
For a vector X ∈ H, we define

FAX
def
= iXFA.

Note that FAX is a HomR(E,E)-valued or HomC(E,E)-valued level real 1-form.
Suppose L∗ is given an orientation ol and a fiberwise metric gl. Then we have

the level-star operator ∗l: ∧jL∗ → ∧n−1−pL∗, which is defined by the identity
α∧∗lβ = 〈α, β〉glvol(gl) for all α, β ∈ ∧jL∗. An orientation and a metric of L∗ are
called a level-orientation and a level-metric respectively.

Now let us assume dimM = 2m+ 1, where m is a positive integer. To measure
non-commutativity of OX and ∗l, we define the level-star-torsion operator TX by

TX
def
= OX ∗l − ∗l OX = LX ∗l − ∗l LX : Ωjl (M)→ Ωjl (M).

It is easy to see that TX is a zero-th order linear operator. Thus it is well-defined
on ∧jL∗. The action of TX on E-valued level forms is defined by

TX(α⊗ e) = TXα⊗ e,

for e ∈ E and α ∈ ∧jL∗. Since m = 1
2dimL

∗, the operator ∗l : ∧mL∗ → ∧mL∗
depends only on the conformal class [gl] of gl. Thus the action of the operator TX
on ∧mL∗ depends only on the data (H, ol, [gl]).

In this section, we suppose the m is even. Then ∗2l = 1 on ∧mL∗. Let ∧m±L∗ be
the ±1-eigenbundle of ∗l respectively. Then we have a basic orthogonal decompo-
sition:

∧mL∗ = ∧m+L∗ ⊕ ∧m−L∗(1.1)

Elements of ∧m+L∗ and ∧m−L∗ are called real self-dual level m-covectors and real

anti-self-dual level m-covectors respectively. Let π+
l and π−l denote the projections



2950 HOUHONG FAN

to the first and the second factor in (1.1) respectively. For any α ∈ ∧mL∗, we have

α+ def
= π+

l α =
α+ ∗lα

2
, α−

def
= π−l α =

α− ∗lα
2

.

The decomposition (1.1) induces

Ωml (M) = Ωm+ (M)⊕ Ωm− (M), Ωml (E) = Ωm+ (E)⊕ Ωm− (E),(1.2)

where Ωm+ (M), Ωm− (M) denote the spaces of sections of ∧m+L∗ and ∧m−L∗ respec-
tively, and Ωm+ (E), Ωm− (E) denote the space of sections of ∧m+L∗⊗RE and ∧m−L∗⊗RE
respectively.

For further constructions, we need a tangent codimension-one plane field L which
is transverse to the H. But we emphasize that in all sections except Section 8 in
this paper, we do not need to assume L is integrable: it can be any tangent smooth
codimension-one plane field L. We now make the following convention throughout
this paper.

Convention 1.1. H is a smooth tangent line field over M ; L∗
def
= H⊥ is a smooth

cotangent codimension-one plane field over M ; ol is an orientation on L∗; cl is a
conformal class of smooth positive definite metrics on L∗; gl is a smooth positive
definite metric on L∗; H∗ is a smooth cotangent line field over M such that H∗ ∩
L∗ = {0}; L def

= H∗⊥ is a smooth tangent codimension-one plane field over M ; o is
an orientation on M ; g is a smooth Riemannian metric on M with respect to which
H and L are perpendicular; oh is an orientation on H∗ such that oh ∧ ol = o; and
gh is a smooth positive definite metric on H∗ such that gh ⊕ gl = g.

Remark 1.2. There are universal relations for these data: L∗ = H⊥ = H∗⊥g ,
L = H⊥g = H∗⊥, gl = g|L∗ , gh = g|H∗ , g = gh ⊕ gl, o = oh ∧ ol. Here ⊥ is
with respect to the pairing of a vector and covector, and ⊥g is with respect to the
metric g. The sets of data (H, ol, cl) and (L∗, ol, cl) are equivalent. The sets of
data (H, ol, g), (L∗, ol, g), (L, ol, g) and (H∗, ol, g) are all equivalent. The sets of
data (H, o, ol, g), (H, oh, ol, g) and (H,L, ol, gl, oh, gh) are equivalent. For the sake
of brevity, a leaf of the foliation generated by a tangent line field H is called a leaf
of H.

Since T ∗M = H∗ ⊕ L∗, we have direct sum decompositions

∧jT ∗M = H∗ ∧ ∧j−1L∗ ⊕ ∧jL∗, Ωj(M) = H∗ ∧ Ωj−1
l (M)⊕ Ωjl (M),(1.3)

where H∗ is the space of sections of H∗ over M . Let πh denote the projection to
the first factor, and let πl denote the projection to the second factor. For a form ω
on M , we define

ωh
def
= πhω and ωl

def
= πlω,

which are called flow component and level component of ω respectively. Note
πhf = 0 and πlf = f for any function f on M . We have a basic decomposition of
the exterior derivative d on M :

d = dh + dl,

dh
def
= πhd : Ωj(M)→ H∗ ∧Ωj−1

l (M), dl
def
= πld : Ωj(M)→ Ωjl (M).

The decomposition (1.3) tensored with a vector bundle E becomes:

Ωj(E) = H∗ ∧ Ωj−1
l (E)⊕ Ωjl (E).
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Then we also have a unique decomposition of the covariant derivative dA of a
connection A on E:

dA = dAh + dAl ,

dAh
def
= πhdA : Ωj(E)→ H∗ ∧Ωj−1

l (E), dAl
def
= πldA : Ωj(E)→ Ωjl (E).

The curvature FA decomposes uniquely as

FA = FAh + FAl ,

FAh
def
= πhFA ∈ H∗ ∧ Ω1

l (E), FAl
def
= πlFA ∈ Ω2

l (E).
(1.4)

If τ is a section of H∗ such that 〈τ,X〉 = 1 on an open subset U , then we have

dh = τ ∧ OX , dAh = τ ∧ OAX , FAh = τ ∧ FAX on U .(1.5)

Using the decomposition (1.2), we define

d+
Al

def
= π+

l dAl = π+
l πldA : Ωm−1(E)→ Ωm+ (E),

d−Al
def
= π−l dAl = π−l πldA : Ωm−1(E)→ Ωm− (E),

Now we define the most important spaces and operators in this paper:

Ωm++(E)
def
= H∗ ∧ Ωm−1

l (E)⊕ Ωm+ (E), Ωm+1
+ (E)

def
= H∗ ∧ Ωm+ (E),

d++
A

def
= π++dA, d++s

A

def
= lsd

++
A ,

d+
A

def
= π+dA, d+s

A

def
= d+

Ahs,

(1.6)

where π++ denotes the projection from Ωm(E) to Ωm++(E), π+ denotes the projec-

tion from Ωm+1(E) to Ωm+1
+ (E), s is a nonzero real or complex number, and ls, hs

are constant automorphisms of Ωm++(E) defined as:

ls(θ + α) = θ + sα, hs(θ + α) = sθ + α

for θ ∈ H∗ ∧ Ωm−1
l (E) and α ∈ Ωm+ (M). Note the notational difference between

the terms π+ and π+
l . Plainly, we have

dA = dAh + dAl = dAh + d+
Al

+ d−Al = d++
A + d−Al ,(1.7)

lshs = hsls = s, d+s
A d++s

A = sd+
Ad

++
A on Ωm++(E).(1.8)

Now we are ready to state our first main theorem.

Theorem 1.3. Let M be a smooth (2m + 1)-manifold with even m and with the
data (H, ol, cl) as in Convention 1.1. Assume that (1) A is a flat connection on a
real or complex vector bundle E over M ; (2) the level-star torsion operator TX = 0
on d−Al(Ω

m−1
l (E)) for any X ∈ H. Then for any smooth tangent codimension-one

plane field L which is transverse to the H and any nonzero real or complex number
s, the following complex is well-defined and elliptic on M :

0→ Ω0(E)
dA→ · · · dA→ Ωm−1(E)

d++s
A→ Ωm++(E)

d+s
A→ Ωm+1

+ (E)→ 0.

This complex is called a twisted half De Rham complex associated to the data
(H, ol, cl) and flat connection A. Theorem 1.3 will be proved in Section 3. The
assumption on TX will be studied in Section 6. When ol switches to its opposite
−ol, we have another elliptic complex by changing ++ to −− and + to −.



2952 HOUHONG FAN

Remark 1.4. We can put a Riemannian metric on M and apply the Hodge star
operator to the above complex, and get an elliptic complex which starts from the
space of forms of the maximal degree 2m + 1 to the corresponding space of forms
of degree m − 1: the directions of the arrows are reversed. Therefore all the con-
structions and results in this paper for forms of degrees in the lower half range
{0, · · · ,m + 1} can be transformed isomorphically by the Hodge star operator to
forms of degrees in the upper half range { 2m+ 1, · · · , m− 1 }.

The dimension 5 is special: twisted half De Rham complexes are well-defined
and elliptic for twistings of a larger class of connections than the class of flat
connections.

Definition 1.5. Let M be a smooth 5-manifold with the data (H, ol, cl) as in
Convention 1.1. A connection A on a vector bundle E over M is called (H, ol, cl)-
anti-self-dual if its curvature FA is a section of ∧2

−L
∗ ⊗R Hom(E,E), namely,

FA ∈ Ω2
l (Hom(E,E)) and ∗l FA = −FA.(1.9)

Here E is either a real or a complex vector bundle; correspondingly, Hom(E,E)
is either HomR(E,E) or HomC(E,E). A connection A is called (H, ol, cl)-self-dual
if it is (H,−ol, cl)-anti-self-dual, where −ol denotes the opposite orientation of ol
on L∗.

By (1.4), a connection A is (H, ol, cl)-anti-self-dual if and only if

π+
l FAl = 0, FAh = 0,(1.10)

which is equivalent to

d++
A dA = π++FA = FAh + π+

l FAl = 0 on Ω0(E),(1.11)

for one (hence for all) tangent codimension-one plane field L which is transverse to
H.

Theorem 1.6. Assume that (1) A is an (H, ol, cl)-anti-self-dual connection on a
real or complex vector bundle E over a smooth 5-manifold M ; (2) the level-star
torsion operator TX = 0 on d−Al(Ω

1
l (E)) for X ∈ H. Then for any smooth tangent

codimension-one plane field L which is transverse to H and any nonzero real or
complex number s, the following complex is well-defined and elliptic on M :

0→ Ω0(E)
dA→ Ω1(E)

d++s
A→ Ω2

++(E)
d+s
A→ Ω3

+(E)→ 0.

The proof will be given in Section 3. The point is that (1.11) implies d+s
A d++s

A =
sd+
Ad

++
A = 0 for all s under the assumption on TX . (See Proposition 3.4.)

Convention 1.7. In all the above notations as well as in Theorems 1.3 and 1.6,
when ol switches to its opposite −ol, we change the + signs to the − signs, the ++
signs to the −− signs, and “anti-self-dual” to “self-dual”. When dA = d, we change
the term E to M . This convention applies to notations in the next section too.

2. Complex half De Rham complexes

In this section we suppose that m is an odd positive integer. Then ∗2l = −1 on

∧mL∗. Let L∗c
def
= C ⊗R L∗. The level-star operator ∗l on ∧jL∗ extends complex-

linearly on ∧jL∗c
def
= C⊗R∧jL∗ for all j. Note L∗c = C⊗RL∗ has an obvious complex

structure J given by Jα = i⊗α and J(i⊗α) = −α for any α ∈ L∗. The Hermitian
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level-metric gcl on L∗c is defined by α ∧ ∗lβ̄ = gcl (α, β)vol(gl), where vol(gl) is the
oriented volume form of gl and β̄ is the complex conjugate of β with respect to the
complex structure J . Since ∗l extends complex-linearly, we still have ∗2l = −1 on
∧mL∗c , and we get

∧mL∗c = ∧m+L∗c ⊕ ∧m−L∗c ,(2.1)

where ∧m±L∗c are the ±i eigenbundles of ∗l respectively. Elements of ∧m+L∗c and
∧m−L∗c are called level self-dual complex m-covectors and level anti-self-dual complex

m-covectors respectively. Still let π+
l and π−l denote the projections to the first and

the second factor of (2.1) respectively. Plainly, for any α ∈ ∧mL∗c , we have

α+ def
= π+

l α =
α− i ∗l α

2
, α−

def
= π−l α =

α+ i ∗l α
2

.

For a complex vector bundle E, let Ωm± (E) denote the space of smooth sections
of ∧m±L∗c ⊗R E. Then we have all the corresponding constructions as those in the

last section. To avoid too many notations, we still use the terms π±l , π++, π−−,

π±, d++s
A , d+s

A , Ωm++(E) and Ωm+1
+ (E), which have the corresponding meanings in

this complex context.
The complex structure of a complex vector bundle E induces a canonical complex

structure on ∧jT ∗M ⊗R E by i(ω ⊗R e)
def
= ω ⊗R ie. We have canonically identifi-

cations: i(ω ⊗R e) = i(ω ⊗C e) = iω ⊗C e = ω ⊗C ie, ∧jT ∗M ⊗R E = ∧jT ∗cM ⊗C E
and ∧jL∗ ⊗R E = ∧jL∗c ⊗C E, where T ∗cM

def
= C⊗R T ∗M .

In order to state results in this paper in a uniform manner for all positive integers
m, despite of the parity of m, we need to make another notational convention.

Convention 2.1. When m is odd , all forms are complex forms; Ωj(M) means the

space of sections of ∧jT ∗cM ; Ωjl (M) means the space of sections of ∧jL∗c ; E means a

complex vector bundle; Ωj(E) means the space of sections of ∧jT ∗cM ⊗C E; Ωjl (E)
means the space of sections of ∧jL∗c ⊗C E; Hj(M) means Hj(M,C); dim means
complex dimension; and s is a nonzero complex number.

When m is even, all forms are real forms; Ωj(M) means the space of sections of

∧jT ∗M ; Ωjl (M) means the space of sections of ∧jL∗; E means a real or complex

vector bundle; Ωj(E) means the space of sections of ∧jT ∗M ⊗R E; Ωjl (E) means
the space of sections of ∧jL∗ ⊗R E; Hj(M) means Hj(M,R); dim means real
dimensions; and s is a nonzero real (resp. complex) number if d++s

A acts on a real
(resp. complex) vector bundle.

In notations like dimHm
+ (A), the term A means the pair (A,E). In the literature,

the same term A is often used to denote all induced connections on all the bundles
associated to E. In that case, for the meaning of dimHm

+ (A) one needs to specify
which bundle E is referred to.

Theorem 2.2. Let M be a smooth (2m + 1)-manifold with odd m and with the
data (H, ol, cl) as in Convention 1.1. Assume that (1) A is a flat connection on
a complex vector bundle E over M ; (2) the level-star torsion operator TX = 0 on
d−Al(Ω

m−1
l (E)) for any X ∈ H. Then for any smooth tangent codimension-one

plane field L which is transverse to H and any nonzero complex number s, the
following complex is well-defined and elliptic on M :

0→ Ω0(E)
dA→ · · · dA→ Ωm−1(E)

d++s
A→ Ωm++(E)

d+s
A→ Ωm+1

+ (E)→ 0.
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This complex is called a complex twisted half De Rham complex associated to
the data (H, ol, cl) and flat connection A. The proof will be given in Section 3.

The dimension 3 is special: twisted half De Rham complexes are well-defined and
elliptic for twistings of a larger class of connections than the class of flat connections.

Definition 2.3. Let M be a smooth 3-manifold with the data (H, ol, cl) as in
Convention 1.1. A connection A on a complex vector bundle E over M is called

(H, ol, cl)-anti-self-dual if FAX
def
= iXFA is a section of ∧1

−L
∗
c ⊗C HomC(E,E) for

any section X of H, that is,

∗lFAX = −iFAX .(2.2)

A connection A is called (H,−ol, cl)-self-dual if it is (H,−ol, cl)-anti-self-dual.
By (1.5), A is (H, ol, cl)-anti-self-dual if and only if

π+FAh = 0(2.3)

for one (hence for all) tangent codimension-one plane field L which is transverse to
H. If TX = 0 on ∧1

−L
∗
c , then (2.3) is equivalent to

d+
Ad

++
A = 0 on Ω0(E),

according to Proposition 3.4.

Theorem 2.4. Assume that (1) A is an (H, ol, cl)-anti-self-dual connection on a
complex vector bundle E over a smooth 3-manifold M ; and (2) the level-star tor-
sion operator TX = 0 on d−Al(Ω

0(E)) for X ∈ H. Then for any smooth tangent
codimension-one plane field L which is transverse to H and for any nonzero complex
number s, the following complex is well-defined and elliptic on M :

0→ Ω0(E)
d++s
A→ Ω1

++(E)
d+s
A→ Ω2

+(E)→ 0.(2.4)

The proof will be given in the next section.

3. Proof of well-definedness and ellipticity

In this section, we present the proofs that the complexes in Theorems 1.3, 1.6,
2.2 and 2.4 are well-defined and elliptic. First of all, we need some basic formulas.
In the following three lemmas, A is a connection on a vector bundle E over M ,
ω is an E-valued j-form, α is an E-valued level j-form, β is an E-valued level
(j − 1)-form, γ is a level form, f is a function, and e is a section of E.

Lemma 3.1. Let M be a smooth n-manifold with a smooth tangent line field H.
Let X be a section of H over M . Then

(1) OAXω is always an E-valued level form, and OX = LX on level forms.
(2) OAX (γ ∧ α) = OXγ ∧ α+ γ ∧ OAXα.

Lemma 3.2. Let M be a smooth (2m+ 1)-manifold with the data (H, ol, gl) as in
Convention 1.1. Let X ∈ H, ε = 1 for even m and ε = −i for odd m. Then

(1) TX(fγ) = fTXγ and TfX = fTX ;
(2) TX(γ ⊗ e) = (OAX ∗l − ∗l OAX )(γ ⊗ e) and [OAX , π+

l ] = ε
2TX = [π−l ,OAX ];

(3) TX ∗l α = − ∗l TXα, TXπ
+
l = π−l TX and TXπ

−
l = π+

l TX on ∧mL∗ ⊗E.

Lemma 3.3. Let M be a smooth n-manifold with the data (H,L) as in Convention
1.1. Let X be any section of H over an open subset U and τ be any section of H∗

over U such that 〈X, τ〉 = 1 on U . Then
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(1) dAω = τ ∧ OAXω + dAlω and dAα = τ ∧ OAXα+ dAlα on U .
(2) dA(τ ∧ β) = −τ ∧ dAlβ + dτ ∧ β = τ ∧ [−dAlβ + (OXτ)β] + dlτ ∧ β on U .
(3) dAl(γ ∧ α) = dlγ ∧ α+ (−1)degγγ ∧ dAlα on U .
(4) dAh(γ ∧ α) = dhγ ∧ α+ (−1)degγγ ∧ dAhα on U .

Note that OXτ is a function on U , and the term dτ ∧ β is algebraically linear in
β.

In showing that the half De Rham complexes are well-defined, we present the
main calculation as follows.

Proposition 3.4. Let M be a smooth (2m+1)-manifold with the data (H, ol, gl, L)
as in Convention 1.1, where m ≥ 1. Let A be a connection on a real or complex
vector bundle E, X be a section of H over an open susbet U of M , and τ be a
section of H∗ over U such that 〈τ,X〉 = 1. Then

d+s
A d++s

A ω = sτ ∧ [
ε

2
TXd

−
Al
ω + π+

l (FAX ∧ α) + π+
l (FAl ∧ β)](3.1)

for all ω ∈ Ωm−1(E|U ), where ω = τ ∧ β + α with β ∈ Ωm−2
l (E|U ) and α ∈

Ωm−1
l (E|U ), ε = 1 for even m and ε = −i for odd m.

Remark 3.5. In the case m = 1, π+
l FAl ∧ β = 0 always holds because β ∈

Ωm−2
l (E|U ) = 0, and π+

l (FAX ∧ α) = (π+
l FAX )α = iX(π+FAh)α, because α is

a section of E|U over U . In the case m = 2, π+
l (FAl ∧ β) = (π+

l FAl)β, since this β
is a section of E|U over U .

Proof of Proposition 3.4. Since d+s
A d++s

A ω = sd+
Ad

++
A for all s, we only need to

prove (3.1) in the case s = 1. Recall that FA = τ ∧ FAX + FAl . Using the
decomposition (1.7), formula (1) of Lemma 3.3 and formula (2) of Lemma 3.2, we
have

d+
Ad

++
A ω = π+dA(dA − d−Al)ω

= π+(FA ∧ ω)− π+dAd
−
Al
ω

= π+(FA ∧ ω)− π+(τ ∧ OAXd−Alω + dAld
−
Al
ω)

= π+[(τ ∧ FAX + FAl) ∧ (τ ∧ β + α)]− τ ∧ π+
l OAXd−Alω

= τ ∧ π+
l (FAX ∧ α+ FAl ∧ β)− τ ∧ OAXπ+

l d
−
Al
ω + τ ∧ ε

2
TXd

−
Al
ω

= τ ∧ [
ε

2
TXd

−
Al
ω + π+

l (FAX ∧ α) + π+
l (FAl ∧ β)].

Note that in the above computations, we have used π+(dAld
−
Al
ω) = 0, which follows

from the definition of π+, and used π+
l d
−
Al
ω = π+

l π
−
l dAlω = 0, which follows from

the definitions of π+
l and π−l .

Lemma 3.6. Let T denote a fiber of the L∗ in the case m is even, and a fiber of
the L∗c in the case m is odd. Then π+

l : ρ∧ (∧m−1T )→ ∧m+T , which sends ρ∧α to

π+
l (ρ ∧ α), is bijective for any nonzero vector ρ ∈ T , where α ∈ ∧m−1T .

Proof. Since dim ∧m+ T = dimρ ∧ (∧m−1T ), we need only to prove the injectivity.
Expand ρ to an oriented orthogonal real basis of the same length for T : ρ1 = ρ,
ρ2, . . . , ρ2m. Let J be an ordered subset of {1, . . . , 2m}, |J | the length of J , and
let ρJ be the ordered wedge product of ρj for j ∈ J . ρ1 ∧∧m−1T has a basis {ρ1J :
1 6∈ J and |J | = m − 1}. In the case m is even, ∧m±T has a basis {ρ1J ± ∗lρ1J :
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1 6∈ J and |J | = m − 1}. Thus any element ω ∈ ρ1 ∧ (∧m−1T ) can be written as∑
J xJρ

1 ∧ ρJ , where xJ is a number. Note that π+
l ω =

∑
J xJ

1
2 (ρ1 ∧ ρJ + ∗lρ1J).

Hence if π+
l ω = 0 then all xJ = 0, i.e., ω = 0. In the case m is odd, using a basis

{ρ1J ∓ i ∗l ρ1J : 1 6∈ J and |J | = m − 1} for ∧m±T , we can prove the statement in
the same way.

Proof of Theorems 1.3, 1.6, 2.2 and 2.4. When dimM = 3, d+s
A d++s

A = 0 follows
from (2.3), the assumption on TX , Proposition 3.4 and Remark 3.5.

When dimM = 5, d+s
A d++s

A = 0 follows from (1.10), the assumption on TX ,
Proposition 3.4 and Remark 3.5. Moreover (1.10) yields d++s

A dA = lsπ
++d2

A =
ls ◦ (FAh + π+

l FAl) = 0.

When dimM > 5, we have d2
A = 0 and d++s

A dA = lsπ
++d2

A = 0. Then Proposi-
tion 3.4 and the assumption on TX together yield d+s

A d++s
A = 0.

Now we are about to prove ellipticity of the half De Rham complex in the case
m is even. The ellipticity in the case m is odd can be proved in the same way,
based on the complex part of Lemma 3.6. Fix an arbitrary point x in M . In this
proof, the terms H∗, L∗, ∧jT ∗M , ∧jL∗ and ∧m+L∗ denote respectively the fiber of
bundles H∗, L∗, ∧jT ∗M , ∧jL∗ and ∧m+L∗ at x. Let ξ = kτ + ρ 6= 0 be a nonzero
covector at x, where k is a real number, τ ∈ H∗ and ρ ∈ L∗.

The symbol sequence of a half De Rham complex at ξ is

0→ R σ→ T ∗M → · · · σ→ ∧m−1T ∗M
lsσ

++

→ τ ∧ ∧m−1L∗ ⊕ ∧m+L∗

σ+hs→ τ ∧ ∧m+L∗ → 0,

(3.2)

where σ, σ++, σ+ denote −iσξ(d), −iσξ(d++) and −iσξ(d+) respectively. Since
the principal symbol sequence of the complex twisted by a connection A is just
(3.2) tensored with E, we need only to give the proof in the case dA = d. Further,
because the sequence (3.2) before the last three stages is the same as the symbol
sequence of the usual De Rham complex, and because ls, hs are automorphisms,
we need only to prove the exactness at the last three stages of (3.2) for s = 1. Note
that

σ(ω) = ξ ∧ ω,
σ++(τ ∧ β + α) = π++[ξ ∧ (τ ∧ β + α)] = τ ∧ (kα− ρ ∧ β) + π+

l (ρ ∧ α),

σ+(τ ∧ α+ γ) = π+[ξ ∧ (τ ∧ α+ γ)] = τ ∧ [kγ − π+
l (ρ ∧ α)],

(3.3)

for a level (m − 2)-covector β, a level (m − 1)-covector α and a level self-dual
m-covector γ.

Step 1. To prove Kerσ++ = Imσ.
Let ω = τ ∧ β + α, where β ∈ ∧m−2L∗, α ∈ ∧m−1L∗. If σ++(τ ∧ β + α) =

τ ∧ (kα− ρ ∧ β) + π+
l (ρ ∧ α) = 0, then kα− ρ ∧ β = 0 and π+

l (ρ ∧ α) = 0.
Case 1.1. Suppose ρ = 0. Then kα − ρ ∧ β = 0 means α = 0, and k has to be

nonzero. Thus ω = τ ∧ β = σ(βk ) is in the image of σ.

Case 1.2. Suppose ρ 6= 0. Then by the injectivity in Lemma 3.6, π+
l (ρ ∧α) = 0

implies ρ∧α = 0. Thus ξ ∧ (τ ∧ β+α) = τ ∧ (kα− ρ∧ β) + ρ∧α = 0. Since ξ 6= 0,
τ ∧ β + α = ξ∧ (some (m− 2)-covector), which is in the image of σ.

Step 2. To prove Kerσ+ = Imσ++.
Let ω = τ ∧ α + γ, where α ∈ ∧m−1L∗, γ ∈ ∧mL∗. If σ+ω = σ+(τα + γ) =

τ ∧ [kγ − π+
l (ρ ∧ α)] = 0, then kγ = π+

l (ρ ∧ α).
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Case 2.1. Suppose ρ = 0. Then k 6= 0. Thus γ = 0, and so τ ∧ α+ γ = σ++(αk )
is in the image of σ++.

Case 2.2. Suppose ρ 6= 0 and k 6= 0. Then ρ can be extended as a linear basis
of L∗: ρ1 = ρ, ρ2, . . . , ρ2m. Any α ∈ ∧m−1L∗ can be expressed as α = ρ ∧ α′ + α′′,
where α′ and α′′ can be expressed in terms of ρ2, . . . , ρ2m. Hence τ ∧ α + γ =

τ ∧ α + 1
kπ

+
l (ρ ∧ α) = τ ∧ (α′′ + ρ ∧ α′) + π+

l (ρ ∧ α′′

k ) = σ++(−τ ∧ α′ + α′′

k ) is in
the image of σ++.

Case 2.3. Suppose ρ 6= 0 and k = 0. Then π+
l (ρ ∧ α) = 0. The injectivity in

Lemma 3.6 implies ρ∧α = 0. Thus α = ρ∧α′ for some level (m−2)-covector α′. By
surjectivity in Lemma 3.6, we have γ = π+

l (ρ∧ γ′) for some level (m− 1)-covector

γ′. Hence τ ∧α+ γ = τ ∧ (ρ∧ γ′) +π+
l (ρ∧ γ′) = σ++(−τ ∧α′ + γ′) is in the image

of σ++.
Step 3. To prove σ+ is surjective.
Case 3.1. If k 6= 0, then τ ∧ γ = σ+(γk ) is in the image of σ+.
Case 3.2. k = 0 and ρ 6= 0. Then by the surjectivity in Lemma 3.6, any

γ = π+
l (ρ ∧ γ′) for some level (m − 1)-covector γ′. Thus τ ∧ γ = τ ∧ π+

l (ρ ∧ γ′)
= σ+(τ ∧ (−γ′)) is in the image of σ+.

4. On closed odd-dimensional manifolds

In this section, we study half De Rham complexes on closed manifolds. Firstly
let us make a definition.

Definition 4.1. Let M be a closed smooth (2m + 1)-manifold with the data
(H, ol, cl, L) as in Convention 1.1. When the complex in Theorems 1.3, 1.6, 2.2
and 2.4 is well-defined, its cohomology groups are denoted by Hj(A), Hm−1

+ (A),

Hm
+s(A) and Hm+1

+ (A), where 0 ≤ j ≤ m−2. They are called self-duality cohomol-
ogy groups.

When dA = d, the exterior derivative on M , we replace the term A by M in the
above notations.

Remark 4.2. Since Kerd++s
A = Kerd++

A and d+s
A (Ωm++(E)) = d+

A(Ωm++(E)), all
self-duality cohomology groups except Hm

+s(A) are independent of s. For Hm
+s(A),

we have hs(H
m
+s(A)) = Hm

+1(A), where hs maps [ω] to [hsω] with the inverse h−1
s =

s−1ls.

Let E be equipped with a Riemannian or Hermitian metric. In the following
formulas, when the metric on E is Riemannian, we regard the conjugation operation
as the identity map. Define (α ⊗ e) ∧ (β ⊗ f̄) = α ∧ β(e, f) for forms α, β on M
and sections e, f of E. Then 〈ω, η〉vol(g) = ω ∧ ∗η̄ for all E-valued forms ω and η.
The formal adjoint operator d∗A of dA is defined by

(ω, d∗Aη)
def
= (dAω, η),(4.1)

where ω is an E-valued (j − 1)-form compactly supported in the interior of M , η

is an E-valued j-form, and (ω, η)
def
=
∫
M 〈ω, η〉vol(g). The formal adjoint operator

(d++s
A )∗ of d++s

A and the formal adjoint operator (d+s
A )∗ of d+s

A are defined similarly
by (4.1): we just replace dA by d++s

A and d+s
A respectively. It is easy to check that

(d++s
A )∗ = d∗Als̄, (d+s

A )∗ = hs̄π
++d∗A,(4.2)

where s̄ denotes the complex conjugate of s.
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If the metric on E is dA-parallel-invariant, then

d(e, f) = (dAe, f) + (e, dAf), d(ω ∧ η) = dAω ∧ η + (−1)degωω ∧ dAη(4.3)

for sections e, f of E and E-valued forms ω, η. These identities together with (4.1)
give

d∗Aη = (−1)degη ∗−1 dA ∗ η.(4.4)

Recall from Remark 1.2 that the data (H, ol, o, g) on M induces data

(H,L, ol, gl, oh, gh).

The oriented volume form vol(g) of g and the level-oriented volume form vol(gl)
of gl are related by vol(g) = τ

|τ | ∧ vol(gl), where τ is a nonvanishing section of H∗

defining the oh, and |τ | is the length of τ with respect to the gh. Let ∗ denote the
star operator of the metric g on M . It is easy to check the following formulas.

Lemma 4.3. Let M be an n-manifold with the data (H, ol, o, g) as in Conven-
tion 1.1. Let α be an E-valued level j-form, β be an E-valued level (j − 1)-form,
X be a section of H over an open subset U and τ be a section of H∗ over U such
that 〈X, τ〉 = 1 on U . Then

∗(τ ∧ β + α) = (−1)jτ ∧ 1

|τ | ∗l α+ |τ | ∗l β,

dA ∗ (τ ∧ β) = τ ∧ OAX (|τ | ∗l β) + dAl |τ | ∗l β,

∗dA ∗ (τ ∧ β) = (−1)n−j+1τ ∧ 1

|τ | ∗l dAl |τ | ∗l β + |τ | ∗l OAX (|τ | ∗l β).

Definition 4.4. Suppose M is an oriented closed smooth (2m+ 1)-manifold with
the data (H, ol, o, g) as in Convention 1.1. Let 0 ≤ j ≤ m− 2. Define

Hm+1
+ (A)

def
= Ker(d+

A)∗ = Ker(d+s
A )∗,

Hm
+s(A)

def
= Kerd+s

A ∩ (d++s
A )∗,

Hm−1
+ (A)

def
= Kerd++

A ∩Kerd∗A = Kerd++s
A ∩Kerd∗A,

Hj(A)
def
= KerdA ∩Kerd∗A,

bm+1
+ (A)

def
= dimHm+1

+ (A), bm+s(A)
def
= dimHm

+s(A),

bm+ (A)
def
= bm+s(A) when it is independent of s,

bm−1
+ (A)

def
= dimHm−1

+ (A), bj(A)
def
= dimHj(A).

Recall that a complex connection A on a complex bundle E induces a covariant

derivative dA on the conjugate bundle Ē defined by dAf = dAf̄ , where f is a
section of Ē. Since ∗lα = −iα is equivalent to ∗lᾱ = iᾱ, we have Ωm+ (E) = Ωm− (E),

d++s
A ω = d−−s̄A ω̄ and d+s

A ω = d−s̄A ω̄. Thus we get
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Proposition 4.5. For an oriented closed smooth (2m + 1)-manifold M with odd
m, we have

Hj(A) = Hj(A), Hm−1
− (A) = Hm−1

+ (A),

Hm
−s̄(A) = Hm

+s(A), Hm+1
− (A) = Hm+1

+ (A),

bj(A) = bj(A), bm−1
− (A) = bm−1

+ (A),

bm−s̄(A) = bm+s(A), bm+1
− (A) = bm+1

+ (A),

Hm−1
− (M) = Hm−1

+ (M), Hm
−s̄(M) = Hm

+s(M), Hm+1
− (M) = Hm+1

+ (M),

bm−1
− (M) = bm−1

+ (M), bm−s̄(M) = bm+s(M), bm+1
− (M) = bm+1

+ (M),

where 0 ≤ j ≤ m− 2. The above identities still hold if the term H is replaced by H
for self-duality cohomology groups with odd m in Definition 4.1.

By the standard theory of elliptic operators on oriented Riemannian closed man-
ifolds, we get the following Hodge decompositions.

Theorem 4.6. Let M be an oriented closed manifold with the data (H, ol, o, g) as
in Convention 1.1, and let A be a connection on a real or complex vector bundle E
over M with a Riemannian or Hermitian metric. If the complex in Theorems 1.3,
1.6, 2.2 and 2.4 is well-defined, then we have

Hm−1
+ (A) ∼= Hm−1

+ (A), Hm
+s(A) ∼= Hm

+s(A), Hm+1
+ (A) ∼= Hm+1

+ (A),

which all are finite dimensional, and further

Ωm−1(E) = Hm−1
+ (A)⊕ dA(Ωm−2(E))⊕ d∗A(Ωm++(E)),

Ωm++(E) = Hm
+s(A)⊕ d++s

A (Ωm−1(E)) ⊕ (d+s
A )∗(Ωm+1

+ (E)),

Ωm+1
+ (E) = Hm+1

+ (A)⊕ d+
A(Ωm++(E)).

As usual for 0 ≤ j ≤ m− 2, Hj(A) ∼= Hj(A), and

Ωj(E) = Hj(A)⊕ dA(Ωj−1(E)) ⊕ d∗A(Ωj+1(E)).

Under the conditions of this theorem, Hm
+s(A) ∼= Hm

+s(A) are isomorphic to each

other for all nonzero s. Thus bm+s(A)
def
= dimHm

+s(A) = dimHm
+s(A) is independent

of s, according to Remark 4.2. This fact is not obvious from the definition of
Hm

+s(A).
By using the Atiyah-Singer index theorem on closed odd-dimensional manifolds

([4], Proposition 9.2.), we get the following universal identities.

Theorem 4.7. Suppose the conditions of Theorem 4.6 hold. Then

bm−1
+ (M)− bm+ (M) + bm+1

+ (M) = (−1)m
m−2∑
j=0

(−1)jbj(M),

bm−1
+ (A) − bm+ (A) + bm+1

+ (A) = (−1)m
m−2∑
j=0

(−1)jbj(A).

The significance of these identities is that the left sides a priori depend on the
data (H, ol, o, g), while the right sides are independent of these data.
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5. On compact odd-dimensional manifolds with boundary

In this section, let M be a smooth compact (2m + 1)-manifold with boundary
and with the data (H, ol, gl, L) as in Convention 1.1. For the sake of brevity of
statements, we denote complexes in Theorem 1.3, 1.6, 2.2 and 2.4 as:

0→ U0 D0→ · · · → Um−1 Dm−1→ Um
Dm→ Um+1 → 0.(5.1)

Explicitly, Dj = dA for 0 ≤ j ≤ m− 2, Dm−1 = d++s
A = lsd

++
A , Dm = d+s

A = d+
Ahs

and Dm+1 = D−1 = 0.
Let E be equipped with a dA-parallel-invariant metric. By (4.4), the formal

adjoint operator D∗j of Dj is a local operator. Explicitly, D∗j = d∗A for 0 ≤ j ≤ m−2,

D∗m−1 = (d++s
A )∗ = d∗Als̄, D

∗
m = (d+s

A )∗ = hs̄π
++d∗A and D∗m+1 = D∗−1 = 0.

Recall that ωh
def
= πhω and ωl

def
= πlω denote the flow component and level

component of a form ω respectively. Let K be the union of some components of
boundary ∂M . K may be empty. The b-boundary condition on ω in U j is defined
as:

ωl = 0 on K, ωh = 0 on ∂M −K.(5.2)

Definition 5.1. Let M be a compact oriented smooth (2m + 1)-manifold with
boundary and with the data (H, ol, o, g) as in Convention 1.1. Let 0 ≤ j ≤ m+ 1.
Define

H
j
b

def
= KerDj ∩KerD∗j−1 in U jb

Explicitly, it is written as Hm−1
+ (A,K) for j = m − 1, Hm

+s(A,K) for j = m,

Hm+1
+ (A,K) for j = m+ 1, and Hj(A,K) for 0 ≤ j ≤ m− 2. Moreover we define

bm+1
+ (A,K)

def
= dimHm+1

+ (A,K), bm+s(A,K)
def
= dimHm

+s(A,K),

bm+ (A,K)
def
= bm+s(A,K) when it is independent of s,

bm−1
+ (A,K)

def
= dimHm−1

+ (A,K), bj(A,K)
def
= dimHj(A,K).

Remark 5.2. When dA = d, we replace the term A by M in the above notations.
When K is empty, we omit the term K in the above notations, and thus get
notations such as Hm

+ (A). This Hm
+ (A) for a compact manifold with boundary

should not be confused with the Hm
+ (A) in Definition 4.4, which is for a closed

manifold.

The b̄-boundary condition on ω in U j is defined as:

ωl = 0 and (D∗j−1ω)l = 0 on K, ωh = 0 and (Djω)h = 0 on ∂M −K.(5.3)

Let U jb , U j
ḃ
, U j

b̄
denote the space of forms in U j with the b, ḃ, b̄-boundary conditions

respectively. The ḃ-boundary condition will be defined soon.
The Laplacian operator on the j-th stage of complex (5.1) is denoted by 4j =

Dj−1D
∗
j−1 +D∗jDj. Explicitly these Laplacian operators are written as:

4+s
m+1,A = d+s

A (d+s
A )∗,

4+s
m,A = d++s

A (d++s
A )∗ + (d+s

A )∗d+s
A ,

4+s
m−1,A = dAd

∗
A + (d++s

A )∗d++s
A ,

4j,A = dAd
∗
A + d∗AdA.

(5.4)
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Now we state a main theorem in this paper.

Theorem 5.3. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H, ol, o, g) as in Convention 1.1 such that H is transverse
to ∂M , and let A be a connection on a real or complex vector bundle E with a
dA-parallel-invariant metric. Then the system 4jω = 0 on M with the b̄-boundary

condition on ω is an elliptic boundary system. In particular, Ker4j in U j
b̄

is finite
dimensional.

The proof of this theorem is postponed to Section 9. Plainly, if Djω = 0 and
D∗j−1ω = 0 then 4jω = 0. For the converse, we have

Lemma 5.4. Assume H ⊥g ∂M . If ωl = 0 on K, ωh = 0 on ∂M−K, (D∗j−1η)l =
0 on K and (Djη)h = 0 on ∂M−K, then (Djω,Djη)+(D∗j−1ω,D

∗
j−1η) = (ω,4jη).

In particular,
(1) if both ω and η satisfy the b̄-boundary condition, then (ω,4jη) = (4jω, η);

(2) 4jω = 0 on M and ω ∈ U j
b̄

if and only if Djω = 0 and D∗j−1ω = 0 on M

and ω ∈ U jb .

This lemma can be easily proved by Green’s formula

(Djω, η)− (ω,D∗j η) =

∫
∂M

ωl ∧ ∗ηh,(5.5)

for ω ∈ Uj , η ∈ Uj and −1 ≤ j ≤ m+ 1. For this we just use the standard Green’s
formula: (dAω, η) − (ω, d∗Aη) =

∫
∂M

i∗(ω ∧ ∗η) =
∫
∂M

ωl ∧ ∗ηh, where i denotes
the inclusion map of ∂M into M and H ⊥g ∂M . Note ∗ηh is always a level form
according to Lemma 4.3, and thus is a tangential form, since H ⊥g ∂M .

In order to define finite dimensional self-dual cohomology groups of a half De
Rham complex on a compact manifold with boundary, we need a suitable boundary
condition. The ḃ-boundary condition on ω in U j is defined as:

ωl = 0 on K, ωh = 0 and (Djω)h = 0 on ∂M −K.(5.6)

Lemma 5.5. Suppose L is tangent to ∂M , i.e., H ⊥g ∂M . Let η ∈ U j, and let W
be an open subset W of ∂M .

(1) If ηl = 0 on W then (Djη)l = 0 on W .
(2) If ηh = 0 on W then (D∗j η)h = 0 on W .

The above lemma follows easily from the following formulas.

Lemma 5.6. Let (M,H,L), (U, τ,X) and (ω, α, β) be the same as in Lemma 3.3.
Suppose N is a one-to-one immersed codimension-one submanifold in U and N is
tangent to the L. Then

(1) dlτ = 0 as a section of ∧2L∗|N over N .
(2) dA(τ∧β+α) = τ∧[OAXα−dAlβ+(OXτ)β]+dAlα as sections of ∧jT ∗M |N⊗

E|N over N .
(3) dAlω = dAlπlω and πld

k
Aω = (dAl)

kπlω as sections of ∧jT ∗M |N ⊗E|N over
N , for all k ≥ 0.

Proof. Let k denote the inclusion map from N into U . Since N is tangent to L, we
have

k∗TN = L|N .(5.7)
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Thus 〈k∗τ, TN〉 = 〈τ, k∗TN〉 = 〈τ, L|N〉 = 0, and k∗τ is a zero form on N , so
dNk

∗τ = 0 over N , where dN denotes the exterior derivative on N . Note that
〈dhτ,∧2L〉 = 0 on U , since dhτ ∈ H∗ ∧ L. Thus over N we have

〈dlτ,∧2L|N 〉 = 〈dτ, k∗ ∧2 TN〉 = 〈k∗dτ,∧2TN〉 = 〈dNk∗τ,∧2TN〉 = 0.

Since 〈dlτ, (H ∧ L)|N 〉 = 0 always holds, we have dlτ = 0 as a section of ∧2L∗|N .
The remaining formulas of Lemma 5.6 follow rather easily from the fact dlτ = 0
over N and Lemma 3.3.

According to Lemma 5.5, the ḃ-boundary condition is well-defined on the complex
(5.1), in the case when L is tangent to ∂M , i.e., H ⊥g ∂M . Now we make

Definition 5.7. Let M be a compact smooth (2m+1)-manifold with boundary and
with the data (H, ol, cl, L) as in Convention 1.1 such that the L is tangent to ∂M .
When the complex in Theorems 1.3, 1.6, 2.2 and 2.4 is well-defined, the cohomol-
ogy groups of the following complex (5.8) are denoted by Hj(A,K), Hm−1

+ (A,K),

Hm
+s(A,K) and Hm+1

+ (A,K), where 0 ≤ j ≤ m − 2. They are called (relative)
self-duality cohomology groups.

0→ U0
ḃ

D0→ · · · Dm−2→ Um−1

ḃ

Dm−1→ Um
ḃ

Dm→ Um+1

ḃ
→ 0.(5.8)

Note that hs(H
m
+s(A,K)) = Hm

+1(A,K), as in Remark 4.2. Remark 5.2 applies
similarly to the above notations. For the sake of brevity, we let

Hj
b

def
=

KerDj in U j
ḃ

Dj−1(U j−1

ḃ
)
.

Now we can state the following Hodge decomposition theorem, using the nota-
tions defined in this section.

Theorem 5.8. Let (M,H, ol, o, g) and (E,A) be the same as in Theorem 5.3. If
H ⊥g ∂M and the complex in Theorems 1.3, 1.6, 2.2 and 2.4 is well-defined, then
for all 0 ≤ j ≤ m+ 1, we have

H
j
b
∼= Hj

b ,(5.9)

U j = H
j
b ⊕Dj−1U

j−1
b ⊕D∗jU

j+1
b ,(5.10)

U jb = H
j
b ⊕Dj−1U

j−1

b̄
⊕D∗jU

j+1

b̄
.(5.11)

The proof of this theorem is given in Section 9. Under the conditions of this
theorem, Hm

+s(A,K) ∼= Hm
+s(A,K) are isomorphic to each other for all nonzero s,

and bm+s(A,K) is independent of s. By the same reasoning as in Proposition 4.5,
we get
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Proposition 5.9. For an oriented compact smooth (2m+ 1)-manifold with bound-
ary and with odd m, we have

Hj(A,K) = Hj(A,K), Hm−1
− (A,K) = Hm−1

+ (A,K),

Hm
−s̄(A,K) = Hm

+s(A,K), Hm+1
− (A,K) = Hm+1

+ (A,K),

bj(A,K) = bj(A,K), bm−1
− (A,K) = bm−1

+ (A,K),

bm−s̄(A,K) = bm+s(A,K), bm+1
− (A,K) = bm+1

+ (A,K),

Hm−1
− (M,K) = Hm−1

+ (M,K), Hm
−s̄(M,K) = Hm

+s(M,K),

Hm+1
− (M,K) = Hm+1

+ (M,K), bm−1
− (M,K) = bm−1

+ (M,K),

bm−s̄(M,K) = bm+s(M,K), bm+1
− (M,K) = bm+1

+ (M,K),

where 0 ≤ j ≤ m− 2. The above identities still hold if the term H is replaced by H
for self-duality cohomology groups for odd m in Definition 5.7.

6. Conformal line fields and self-dual line fields

In this section we study the assumptions on the TX in Theorems 1.3, 1.6, 2.2,
2.4. Since in defining TX we only use the data (H, ol, gl), the properties of TX
depend only on (H, ol, gl), and have nothing to do with the data L .

It is not neccessary to assume dimH = 1 for the disussion in this section. Let H
be a smooth tangent (n − q)-plane field over a smooth n-manifold M . It induces

a dual cotangent q-plane field L∗
def
= H⊥, and also induces an intrinsic quotient

bundle Q
def
= TM/H. Let [Y ] denote the equivalence class of Y in TM/H for

Y ∈ TM . Since the pairing 〈α, [Y ]〉 def= 〈α, Y 〉 is well-defined for any α ∈ L∗, we
have a canonical identification

L∗ = Q∗
def
= HomR(TM/H,R).(6.1)

Suppose H is integrable. This is always true if dimH = 1. Let X be a section
of H over M . Then X is a vector field and generates a 1-parameter group of local
diffeomorphisms φt of M . Since H is integrable, φt∗ preserves H and, dually, φ∗t
preserves L∗. Thus LXα is a section of L∗ if α is a section of L∗. The holonomy-
translation induced by H is the action on elements in L∗ by the differentials of
φt. There is also another equivalent way to define holonomy-translations. (For
example, see [5], pp. 81-82; [11], pp. 24-25.)

A smooth foliation is called Riemannian if there is a smooth holonomy invariant
Riemannian metric gl on the quotient bundle. Here ‘holonomy invariant’ means gl is
invariant under the holonomy-translation along paths in the leaves of the foliation,
i.e., LXgl = 0 for any vector field X tangent to the foliation. An integrable smooth
plane field H is called Riemannian if its integral foliation is Riemannian.

Proposition 6.1. Suppose an integrable smooth plane field H is Riemannian with

a smooth holonomy invariant metric gl on the dual L∗
def
= H⊥. Then

(1) gl(φ
∗
tα, φ

∗
tβ) = gl(α, β) for any vector field X in H and any α and β in the

fiber L∗x at a point x of M .
(2) If ρ1, . . . , ρj is an orthonormal frame of (L∗, gl) at x, then φ∗t (ρ

1), . . . , φ∗t (ρ
j)

is an orthonormal frame of (L, gl) at φt(x). In particular the level-star torsion
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operator

TX
def
= LX ∗l − ∗l LX = 0

on all smooth sections of ∧jL∗ for all j.

Proof. The above statement (1) just means gl is holonomy invariant. We need only
to check the statement (2). If { ρ1, . . . , ρj } is an orthonormal frame of (L, gl) at
point x, then { φ∗t (ρ1), . . . , φ∗t (ρ

j) } is an orthonormal fame of (L, gl) at the point

φt(x). Let ρIt denote φ∗t (ρ
i1) ∧ . . .∧ φ∗t (ρ

ij ) with 1 ≤ j ≤ p. Then ∗lρIt = ρI
′

t ,

where II ′ is an even permutation. Thus LX ∗l ρIt = LXρ
I′

t = 0 = ∗l0 = ∗lLXρIt .
Therefore LX∗l = ∗lLX on all smooth sections of ∧jL∗ for all j.

A smooth foliation is called conformal if it can be described by a family of
distinguished charts {Uλ, fλ, γxλν}, where fλ is a smooth submersion of Uλ to Rq
with some Riemannian metric gλ, and γxλν is a local conformal mapping from a
neighborhood of fλ(x) onto a neighborhood of fν(x) such that fλ = γxλνfν on some
neighborhood of x in Uλ∩Uν . An integrable smooth plane fieldH is called conformal
if its integral foliation is so. Proposition 1.1 of [14] states that an integrable smooth
tangent plane field H of codimension q is conformal if and only if there is a smooth

positive definite level-metric gl on L∗
def
= H⊥ such that any point in M has a

neighborhood U on which gl|U is locally conformal to a holonomy invariant metric
on L∗|U . The proof in fact shows there are sufficiently many such level-metrics.
But for a clear statement, we make the following definition first.

Definition 6.2. A local conformal data {Uλ, Ūλ, gλ, fλ, φλν , ρλ, ψλ} of an inte-
grable plane field H of codimension q means the following:
{Uλ} is an open cover of M ; Ūλ is an smooth q-manifold which is diffeomorphic

to Rq; gλ is a smooth Riemannian metric on Ūλ; fλ is a smooth submersion from
Uλ to Ūλ; φλν is a smooth function on Uλ∩Uν for any pair (λ, ν) such that Uλ∩Uν
is nonempty, and all these {φλν} together satisfy

f∗λgλ = eφλνf∗ν gν on Uλ ∩ Uν ;(6.2)

ρλ : M → R is a smooth function supported in Uλ such that∑
allλ

ρλ(x) = 1 for any x ∈M ;(6.3)

and ψλ : Uλ → R is a smooth function defined as ψλ(x)
def
=
∑
w ρw(x)φwλ(x) for

x ∈ Uλ.

Note the above ψλ is well-defined, since if x ∈ Uλ and x 6∈ Uw then ρw(x) = 0,
and if x ∈ Uλ ∩ Uw then ρw(x)φwλ(x) is already well-defined. Also note that ρλ is
not assumed to be positive.

Remark 6.3. An integrable plane field H is conformal if and only if the local
conformal data exist.

(1) We have φλν(x) = ψν(x) − ψλ(x) for x ∈ Uλ ∩ Uν , since φλν(x) + φνw(x) =
φλw(x) for x ∈ Uλ ∩ Uν ∩ Uw.

(2) Given the cover {Uλ}, define I(Uλ)
def
= Uλ − ∪ν 6=λUµ, which is the part of

Uλ not intersecting any other Uν ’s. If x ∈ I(Uλ), then ρλ(x) = 1 and ψλ(x) = 1.
(3) Given any x ∈ M , we can choose {Uλ} such that all nonempty overlaps

Uλ ∩Uν are sufficiently small so that there is an open neighbourhood Wx of x with



HALF DE RHAM COMPLEXES AND LINE FIELDS 2965

closure W x ⊂ I(Uλ) for some λ. Then the gλ|Wx can be arbitrarily chosen without
any influenece on the equation (6.2), because it is only required on the nonempty
overlaps. Since ψλ = 1 on Wx ⊂ I(Uλ), we can make the metric eψλf∗λg

λ = f∗λg
λ

on L∗|Wx over Wx to be arbitrarily large or small, and is holonomy invariant too.
In addition, we can obviously arrange Wx to be a simple open subset. Therefore
we obtain the following Proposition 6.4. (Recall that calling U a simple open set
means that the foliation restricted to U is induced by a smooth submersion π of
U to some smooth manifold Ū such that any fiber of π is connected. See [11], pp.
14-15.)

Proposition 6.4. Suppose an integrable smooth plane field H is conformal. Then
for any local conformal data {Uλ, Ūλ, gλ, fλ, φλν , ρλ, ψλ}, the level-metric gλ defined
as

gl
def
= eψλf∗λg

λ on Uλ(6.4)

is a global smooth positive definite level-metric on L∗ over the whole manifold
M . Furthermore for any given x ∈ M , we can choose a local conformal data and
choose a simple open neighbourhood Wx of x so that the gl|Wx is arbitrarily large
or small and is holonomy invariant as well. If in addition codimH = 2m, then
all the level-metrics gl on L∗ over M defined by (6.4) are compatible, namely,
TX = LX ∗l − ∗l LX = 0 on the level middle-dimensional ∧mL∗.

Now we want to define a notion which, in general, is weaker than the notion of a
conformal foliation but suffices to guaranttee the condition of TX in Theorems 1.3,
1.6, 2.2 and 2.4. First we have the following lemma.

Lemma 6.5. Let H be an integrable smooth tangent plane field of codimension 2m.

Let L∗
def
= H⊥ be its dual cotangent plane field with an orientation ol. Then the

following three statements are equivalent.

(1) TX
def
= LX ∗l − ∗l LX = 0 on ∧mL∗.

(2) TX = 0 on ∧m−L∗ for even m or ∧m−L∗c for odd m.
(3) TX = 0 on ∧m+L∗ for even m or ∧m+L∗c for odd m.

Proof. Obviously, we need only to prove that the statement (2) is equivalent to the
statement (3). In the case m is odd, ∧m+L∗c = ∧m−L∗c . Since ∗l is complex-linear, we

have ∗lω = ∗lω. Thus TXω = 0 if and only if TXω = TXω = 0.
In the case m is even, let ∧−, ∧+ denote the space of sections of ∧m−L∗ and

∧m+L∗ repectively. Then for all ω ∈ ∧− and η ∈ ∧+, we have ω ∧ η = ω ∧ ∗lη =
〈ω, η〉 · vol(gl) = 0, and (LXω) ∧ η = −ω ∧ LXη. Therefore the statement that
LXω ∈ ∧− whenever ω ∈ ∧− is equivalent to the statement that LXη ∈ ∧+

whenever η ∈ ∧+.
Note that, for any ω ∈ ∧−, TXω = LX ∗l ω − ∗lLXω = −LXω − ∗lLXω. Thus

TX = 0 on ∧− just means that LXω ∈ ∧− whenever ω ∈ ∧−. Similarly, TX = 0 on
∧+ just means that LXω ∈ ∧+ whenever ω ∈ ∧+. Therefore we have proved the
statement (2) is equivalent to the statement (3).

Definition 6.6. An integrable tangent plane field H of codimension 2m is called

self-dual if there is a smooth metric gl and an orientation ol on the dual L∗
def
= H⊥

such that TX
def
= LX ∗l − ∗l LX = 0 on ∧mL∗. Such a level metric gl and its

conformal class [gl] are called compatible.
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Corollary 6.7. In Theorems 1.3, 1.6, 2.2 and 2.4, if the cl is compatible, then the
conditions on TX are satisfied for all connections A.

Remark 6.8. Proposition 6.4 tells us that if a smooth line field H is conformal
then it is self-dual. When the codimension of H is 2 or 4, the converse is also true.
Indeed, we can choose Ūλ to be sufficiently small local transversals of H which
are diffeomorphic to R2m. These Ūλ’s get the induced Riemannian metric from
a compatible metric gl by the identification T ∗Ūλ = L∗|Ūλ . Let Uλ be a union of

small segments of leaves of H which are transverse to Ūλ. We can choose sufficiently
many Ūλ’s so that all these Uλ’s together cover M . The submersion fλ is defined
by the holonomy translation of a point in Uλ to a point in Ūλ induced by H. Each
γxλν from Ūν to Ūλ is induced by the holonomy translation. Since gl is compatible,
each γxλν obtained in this way preserves the middle-dimensional star operator, and
hence must be a conformal mapping, because codimH = 2 or 4. This is obvious if
codimH = 2; for the case codimH = 4, see ([6], p. 8).

7. Computations of (m− 1)-th and (m+ 1)-th

self-duality cohomology groups

In this section, we compute the (m−1)-th and (m+1)-th self-duality cohomology
groups in a general case. First we need some simple lemmas. Let N be a smooth
2m-manifold. When we say that a smooth map k : N → M is transverse to H at
x ∈ N , we mean Hy + k∗TxN = TyM , where y = k(x) and Hy denotes the fiber of
H at y.

Lemma 7.1. Let H be a tangent line field on a smooth (2m+ 1)-manifold M , and
let N be a smooth 2m-manifold with a smooth map k : N →M . If k is transverse
to H at x ∈ N , then

(1) Hy ∩ k∗TxN = {0} and k∗ : TxN → TyM is injective, where y = k(x).
(2) k∗ : L∗y → T ∗xN is an linear isomorphism.

Proof. The statement (1) follows from a dimension counting. To prove the state-
ment (2), we need only prove k∗ is injective. Suppose ω ∈ L∗y and k∗ω = 0. Then

0 = 〈k∗ω, TxN〉 = 〈ω, k∗TxN〉. By the definition L∗
def
= H⊥, we have 〈ω,Hy〉 = 0.

Hence 〈ω, TyM〉 = 0, and thus ω = 0.

Let gl and ol be an inner product and an orientation on L∗y. Then there is a
unique inner product gN and an orientation oN on T ∗xN such that k∗ becomes an
orientation-preserving isometry. Let vol(gN ) and vol(gl) be the oriented volume
forms of (gN , oN ) on T ∗xN and (gl, ol) on L∗y respectively. Let ∗N and ∗l be the star

operators of (gN , oN ) on ∧jT ∗xN , and (gl, ol) on ∧jL∗y respectively. Since k∗ is an
orientation-preserving isometry, we have

Lemma 7.2. Let (M,H,N, k) be the same as in Lemma 7.1. If k is transverse to
H at x ∈ N , then k∗vol(gl) = vol(gN ) and ∗Nk∗α = k∗ ∗l α for any α ∈ ∧jL∗y.

Theorem 7.3. Let M be a connected, smooth (2m + 1)-manifold with the data
(H, ol, cl) as in Convention 1.1. Assume (1) A is a flat connection on a vector
bundle E with a dA-parallel-invariant metric; and (2) there is a nonempty closed
orientable smooth 2m-manifold N which is smoothly immersed in M and is trans-
verse to H at any point of N . Then dAω = 0 on M if and only if d++

A ω = 0 for
some smooth tangent codimension-one plane field L which is transverse to H. Here
ω is a smooth E-valued (m− 1)-form on M .
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Proof. Recall that dAω = dAhω + dAlω and d++
A ω = dAhω + d+

Al
ω. Thus we need

only to prove that if d++
A ω = 0 on M , then dAlω = 0 on M . There are three ways

to get dAlω = 0 at a point x in M . Let k be the immersion from N into M .
(1) The point x ∈ k(N). This is argued as follows. In the case m is even, since

A is flat and dAhω = 0 on M and d+
Al
ω = 0 on M , we have

−
∫
N

k∗|d−Alω|
2k∗vol(gl) =

∫
N

k∗(|d+
Al
ω|2 − |d−Alω|

2)k∗vol(gl)

=

∫
N

k∗(dAlω ∧ dAlω)

=

∫
N

k∗(dAω ∧ dAω) =

∫
N

k∗d(ω ∧ dAω)

=

∫
N

dNk
∗(ω ∧ dAω) = 0.

Here dN denotes the exterior derivative on N . By Lemma 7.2, k∗vol(gl) = vol(gN ).
Thus k∗|d−Alω|

2 = 0 on N , that is, d−Alω = 0 at any point x ∈ k(N). Therefore,
dAlω = 0 at x ∈ k(N). In the case m is odd, we have

(|d+
Al
ω|2 − |d−Alω|

2)vol(gl) = −idAlω ∧ dAlω = −idAω ∧ dAω = −id(ω ∧ dAω).

Thus dAlω = 0 at x ∈ k(N) follows from the same argument as above.
(2) If dAlω = 0 at a point x, then it is 0 along the leaf of H through x. This is

because 0 = d2
Aω = dAdAlω = τ ∧ OAXdAlω + dAldAlω on U , since dAhω = 0 on

M and A is flat. Here U is an open neighbourhood of x, X is a smooth section of
H and τ is a smooth section of H∗ such that 〈X, τ〉 = 1 on U . Thus OAXdAlω = 0
on U , which implies the claim.

(3) By the above (1) and (2), we get dAlω = 0 in an open subset of M . Now we
claim dAlω = 0 on the whole M . In the case H is orientable, there is a nowhere
zero section τ of H∗ over M . We can take a metric gh on H∗ such that |τ | =
1, and take any metric gl on L∗ representing the cl. Let g = gh ⊕ gl on M .
Note that dAlω = d−Alω on M . Since dA(d−Alω) = dAdAω = 0 and dA(∗d−Alω) =

dA(τ ∧ ∗ld−Alω) = dτ ∧ ∗ld−Alω − τ ∧ dA(∗ld−Alω) = εdτ ∧ d−Alω, where ε is one of ±1
and ±i, we can apply the unique extension theorem in [2] to get dAlω = 0 on the
whole M . In the case H∗ is non-orientable, the nowhere zero section τ of H∗ exists
locally and we can take an open cover of M and apply the above argument piece
by piece.

Corollary 7.4. Let (M,H, ol, gl, L,N) be as in Theorem 7.3. In the case M is

a closed smooth (2m + 1)-manifold, we have Hm−1
+ (M)

def
= Kerd++

Imd
∼= Hm−1(M).

If in addition M is oriented Riemannian, then we have Hm−1
+ (M)

def
= Kerd++ ∩

Kerd∗ ∼= Hm−1(M) ∼= Hm−1(M).

Theorem 7.3 and ([13], Corollary 5.7) together yield

Corollary 7.5. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H, ol, o, g) as in Convention 1.1 such that H ⊥g ∂M . Then

Hm−1
+ (M,K) = Hm−1(M,K) ∼= Hm−1(M,K) and bm−1

+ (M,K) ∼= bm−1(M,K) for
any K.

Now we want to studyKer(d+s
A )∗ in Ωm+1

+ (E). Note thatKer(d+s
A )∗ = Ker(d+

A)∗

for all nonzero s. Suppose E is equipped with a dA-parallel-invariant metric, so
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that we have (4.4). Since H∗ is oriented by the oh, we can choose a nowhere zero
section τ of H∗ over the whole M such that |τ | = 1. Let X be a section of H such
that 〈X, τ〉 = 1 on M . For any ω ∈ Ωm+1

+ (E) we have ω = τ ∧ ω+ for a unique

ω+ ∈ Ωm+ (E). By Lemma 4.3, we see that the equation (d+s
A )∗ω = 0 on M , i.e.,

π++ ∗ dA ∗ ω = 0 on M , is equivalent to the system of two equations:

dAlω
+ = 0 on M ,(7.1)

π+
l ∗l OAXω+ = 0 on M .(7.2)

Theorem 7.6. Let M be a connected, smooth (2m + 1)-manifold with the data
(H, ol, o, g) as in Convention 1.1, and let A be any connection on a vector bundle
E with a dA-parallel-invariant metric. Suppose N is a smoothly imbedded R2m in
M which is transverse to H. Then (d+s

A )∗ω = 0 on M and (πhω)(x) = 0 at any
point x ∈ N if and only if ω = 0 on M .

Proof. Recall ω = πhω for ω ∈ Ωm+1
+ (E). Thus (πhω)(x) = 0 means (iXω)(x) = 0.

There are two ways to propagate this vanishing on N to the whole manifold M .
(1) Since (iXω)(x) = 0 at x ∈ N , iXω is 0 along the leaf of H through x in

M . This is because (7.2) is a first order linear ordinary differential equation. For
this we just recall from Lemma 3.2 that OAX ∗l − ∗l OAX = ε

2TX is a zero-th order
operator. Thus (7.2) has the leading term OAX (iXω).

(2) Since N is transverse to H|U , we get iXω = 0 on an open subset of M .
This implies iXω = 0 on the whole M . Indeed, since (d+s

A )∗ω = 0 on M , we have

4+s
m+1,Aω

def
= d+s

A (d+s
A )∗ω = 0 on M . By using the unique extension theorem ([1],

p.248, Remark 3), we get iXω = 0 on M , since M is connected. (The principal
symbol of 4+s

m+1,A at a covector ξ is the multiplication of −|ξ|2 when |s|2 = 2. See

Proposition 9.2.)

Here we emphasize that in Theorems 7.3 and 7.6 there are not any conditions
on TX and L, and moreover M can be either compact or noncompact.

Recall the b-boundary condition on ω ∈ Ωm+1
+ (E) means ωh

def
= πhω = 0 on

∂M −K. Thus we have

Corollary 7.7. Let M be a compact oriented smooth (2m+1)-manifold with bound-
ary and with the data (H, ol, o, g) as in Convention 1.1, and let A be a connection
on a vector bundle E with a dA-parallel-invariant metric. Then for any K 6= ∂M ,
we have

Hm+1
+ (A,K) = 0, bm+1

+ (A,K) = 0.

Now we are going to get an estimate on bm+1
+ (M,∂M), where M is a compact

smooth (2m+1)-manifold with boundary. This estimate has a geometric application
in [7]. First we want to have a clear definition of the notions of dA-holonomy-
translation and (dA, S)-holonomy-translation.

Let M be a smooth oriented (2m+ 1)-manifold with the data (H, ol, gl), and A
a smooth connection on a vector bundle E over M . In this section, for the sake of
brevity, we let ∧+ denote ∧m+L∗ ⊗ E over M , and let ∧j denote one of ∧m+L∗ ⊗E
and ∧kL∗ ⊗E over M for all k.

Let J be a smoothly imbedded [0, 1] or S1 in a leaf of H. Let X be a section of
H over J . For a smooth section α of ∧j over J , we can extend α to be a smooth

section α′ of ∧j over M , since J is compact. Define OAXα
def
= OAXα′ at points of
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J . It is well-defined because OAX (fα′) = X(f)α′ + fOAXα′, and X(f) = 0 on J if
f = 1 on J , where f is a smooth function on J .

A smooth section α of ∧j over J is called dA-constant over J if OAXα = 0 on J
for all sections X of H over J . A section α of ∧+ over J is called (dA, S)-constant
over J if π+

l ∗l OAXα = 0 on J for all sections X of H over J . Note the leading
term of π+

l ∗lOAXα = 0 is OAXα, so π+
l ∗lOAXα = 0 is a first-order linear ordinary

differential equation.
Let σ : [0, 1] → J be a smooth path. For any α0 ∈ the fiber ∧jσ(0), there is a

unique dA-constant section α of ∧j over J such that α = α0 at σ(0). The map

Tσ : ∧jσ(0) → ∧
j
σ(1) given by Tσ(α0)

def
= α(σ(1)) is called dA-holonomy-translation

along σ.
Similarly, for any α0 ∈ ∧+

σ(0), there is a unique (dA, S)-constant section α′ of

∧+ over J such that α′ = α0 at σ(0). The map T Sσ : ∧+
σ(0) → w+

σ(1) given by

T Sσ (α0)
def
= α′(σ(1)) is called (dA, S)-holonomy-translation along σ.

It is easy to show Tσ and T Sσ depend only on the equivalent class of σ modulo
homotopies with the end points fixed. Thus they can be denoted as T[σ] and T S[σ]

respectively, where [σ] denotes the homotopy class of σ.
Now we need to define another notion. Let N be a smoothly imbedded codimen-

sion-one submanifold of M which is transverse to H. Let P (J) be the pseudogroup
of paths σ : [0, 1] → J modulo the equivalence of homotopies with the end points
fixed. Let Γ(H) be the union of P (J) for all J in the leaves of H. Define

Γ(H,N) = {[σ] ∈ Σ(H) : σ(0) ∈ N and σ(1) ∈ N}.

It is called the holonomy pseudogroup Γ(H,N) of N induced by H.
According to Lemmas 7.1 and 7.2, N has a unique smooth metric gN and

an orientation oN to make k∗ : L∗|N → T ∗N as an orientation-preserving bun-
dle isometry, where k denotes the inclusion map from N into M . In particular,
∗Nk∗α = k∗ ∗l α for any α ∈ ∧jL∗|N .

With the notations T[σ], T
S
[σ] and Γ(H,N) understood, we make the following

definition.

Definition 7.8. A section α of ∧m+T ∗N⊗E|N over N is called Γ(H,N)-invariant if

(k∗)−1α is preserved by T S[σ] for any σ ∈ Γ(H,N). A section α of ∧jT ∗N⊗E|N over

N is called Γ(H,N)-invariant if (k∗)−1α is preserved by T[σ] for any σ ∈ Γ(H,N).

Remark 7.9. Note that we use the T S[σ], not the T[σ], to define the notion of a

Γ(H,N)-invariant section of ∧m+T ∗N ⊗ E|N over N . Of course, if TX = 0 for all

X ∈ H, then T S[σ] is the same as T[σ].

Recall that a connection A on a vector bundle E over M restricts to a connection
A|N on E|N . Let Ωj(N,E|N ) denote the space of E|N -valued j-forms on N , and let
Ωm+ (N,E|N ) denote the space of E|N -valued m-forms on N such that ∗Nω = εω,

where ε = 1 for evenm, ε = i for oddm. Define d+
A|N

def
= π+

NdA|N , where π+
N = 1+∗N

2

is the projection from Ωm(N,E|N ) to Ωm+ (N,E|N ). Define
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Hm
+ (A|N )

def
= Kerd∗NA|N in Ωm+ (N,E|N ),

Hm−1
+ (A|N )

def
= Kerd+

A|N ∩Kerd
∗N
A|N in Ωm−1(N,E|N ),

Hj(A|N )
def
= KerdA|N ∩Kerd

∗N
A|N in Ωj(N,E|N ) for all j.

Also define

H
p
Γ+(A|N )

def
= the subgroup of Γ-invariant elements in H

p
+(A|N ),

H
j
Γ(A|N )

def
= the subgroup of Γ-invariant elements in Hj(A|N ).

(7.3)

where Γ = Γ(H,N), p = m or m − 1, and 0 ≤ j ≤ 2m. In the case dA = d we
replace the term A|N by N in the above notations.

Now we return to study ker(d+s
A )∗ again. Recall (7.1) and (7.2). Since ∗Nk∗ω+ =

k∗ ∗l ω+ = εk∗ω+, k∗ω+ is a Γ(H,N)-invariant element in Ωm+ (N,E|N ). Here ε = 1
for even m, ε = i for odd m.

Case (1). Suppose H ⊥g N , that is, L is tangent to N . Then 〈k∗TN,H∗〉 = 0.
Thus for any j-form ω on M , we have k∗πlω = k∗ω at points of N . This is because
〈k∗πhω,∧jTN〉 = 〈πhω, k∗ ∧j TN〉 = 0. Therefore (7.2) yields 0 = k∗dAlω

+ =
k∗dAω

+ = dA|N k
∗ω+. So k∗ω+ ∈ Hm

Γ+(A|N ).
Case (2). Suppose TX = 0 on sections of ∧m+L∗|N over N for X ∈ H|N . Then

(OAX ∗l ω+)(x) − (∗lOAXω+)(x) = (TXω
+)(x) = 0 for any x ∈ N . Thus (7.2)

restricted to N becomes

OAX (ω+) = 0 on N .(7.4)

This together with (7.1) gives

dA(ω+) = 0 on N .(7.5)

Thus 0 = k∗(dAω
+)(x) = (k∗dAω

+)(x) = (dA|N k
∗ω+)(x) for all x ∈ N . So we also

get k∗ω+ ∈ Hm
Γ+(A|N ).

Hence either in the case (1) or in the case (2), we have a well-definded group
homomorphism

rN : Hm+1
+ (A)→ Hm

Γ+(A|N ) by rNω
def
= k∗(iXω).(7.6)

The condition of the case (1) that H ⊥g N at points in N can always be achieved
by means of the deformation of the metric g on M . In fact, let gN be any smooth
positive definite metric on N , and let gh be any smooth fiberwise metric on H
over M . Then the fiberwise metric g′N = gh ⊕ gN on TM |N = H|N ⊕ TN can be
smoothly extended to a metric g′ on TM , because N is smoothly imbedded in M .
With respect to this g′, H ⊥g′ N at points in N .

Finally we can state the following result for Ker(d+s
A )∗, which rather easily

follows from Theorem 7.6

Corollary 7.10. Let (M,H, ol, o, A) be the same as in Theorem 7.6. Let N be a
smoothly imbedded codimension-one submanifold of M which is transverse to H.

(1) Then, for any smooth metric g on M such that H ⊥g N or TX = 0 on
∧+L∗|N over N for X ∈ H|N , we have a well-definded injective group homomor-
phism rN defined by (7.6), and

dimKer(d+s
A )∗ ≤ dimHm

Γ+(A|N ) ≤ dimHm
+ (A|N ),(7.7)

where Γ = Γ(H,N).
(2) There always exist smooth metrics g on M such that H ⊥g N .
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Remark 7.11. According to Definitions 5.1 and 4.4, whenM is a compact oriented
smooth (2m+1)-manifold with non-empty boundary ∂M , we can replaceKer(d+s

A )∗

above by Hm+1
+ (A, ∂M), and whenM is a closed oriented smooth (2m+1)-manifold,

we can replace Ker(d+s
A )∗ above by Hm+1

+ (A).

If TX = 0 on level self-dual m-forms on M , then (7.5) holds on M . But note
that the equation (7.5) and the space Ωm+ (E) are independent of the data L. Thus
we have

Proposition 7.12. Let (M,H, ol, o, g, A) be the same as Theorem 7.6. If TX = 0
on level self-dual m-forms on M for all X ∈ H, then Ker(d+s

A )∗ is independent of
L and s.

8. More computations of (m+ 1)-th

and m-th self-duality cohomology groups

The motivation of this section is to compute the (m+1)-th and m-th self-duality
cohomology group of N × S1 and N × [0, 1], where N is a closed smooth oriented
2m-manifold.

For a subset N of M with a line field, we define the H-flow-closure of N to be
the union of the leaves of H which go through N . This notion involves only the
data H.

Theorem 8.1. Let (M,H, ol, o, g, A) be the same as in Theorem 7.6, and let N be
a smoothly imbedded codimension-one submanifold of M which is transverse to H,
Γ = Γ(H,N). Assume that (1) TX = 0 on level self-dual m-forms on M ; (2) L is
integrable over M ; (3) FAh = 0 on M ; and (4) the H-flow-closure of N is M , and
N is tangent to L. Then the map rN defined by (7.6) is an isomorphism:

Ker(d+s
A )∗ ∼= Hm

Γ+(A|N ).

For notational conventions for the above Ker(d+s
A )∗, recall Remark 7.11. For the

proof of the above theorem, we need some formulas in the case when L is integrable
over M . According to the Frobenius theorem, L is integrable means that any point
has a neighborhood U on which there is a nonvanishing section ν of H∗|U such
that dν = 0. Here we recall that H∗ = L⊥. By using Lemma 3.3, one can easily
prove

Lemma 8.2. Let ν be a non-vanishing section of H∗|U over an open subset U such
that dν = 0, and Y be a section of H|U such that 〈Y, ν〉 = 1 on U . Let α be an
E-valued level j-form on U , β be an E-valued level (j − 1)-form on U , and γ be a
level form on U . Then

(1) dA(ν ∧ β + α) = ν ∧ (OAY α− dAlβ) + dAlα on U .
(2) d2

Al
α = FAl ∧ α and (OAY dAl − dAlOAY )α = FAY ∧ α on U .

(3) d2
l γ = 0 and OY dlγ = dlOY γ on U .

Proof of Theorem 8.1. We give the proof in the case m is even. (The proof for odd
m is completely similar.) Since rN is injective according to Theorem 7.6, we need
only to prove it is surjective. Since the H-flow-closure of N is M , we can take
any ω+

0 ∈ Hm
Γ+(A|N ) and use dA-holonomy-translation to get a well-defined level

m-form η on the whole M such that η(x) = ω+
0 (x) for x ∈ N and OAXη = 0 on M

as well. Since H is orientable, we can choose a nowhere zero section X of H over
M .
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(1) We need to prove η ∈ Ωm+ (E). Since TX = 0, we have OAX ∗l η = ∗lOAXη = 0
on M . Hence OAX (∗lη − η) = 0 on M . But on N , we know that ∗lη − η =
∗lω+

0 − ω+
0 = 0. Thus ∗lη − η = 0 on M , since the H-flow-closure of N is M .

(2) Secondly we need to prove dAη = 0 on M . Since L is integrable and FAh = 0,
we get OAXdAlη = dAlOAXη = 0 on M , according to Lemma 8.2. Recall that k
denotes the inclusion map from N into M . We have

〈dAlη,∧m+1L|N〉 = 〈dAη,∧m+1L|N 〉 = 〈k∗dAη,∧m+1TN〉
= 〈dA|N k∗η,∧m+1TN〉 = 〈dA|Nω+

0 ,∧m+1TN〉 = 0

at points of N . Thus dAlη = 0 at points of N . This yields dAlη = 0, since the
H-flow-closure of N is M .

Therefore according to (7.5), τ ∧ η ∈ Hm+1
+ (A), where τ is the section of H∗

such that 〈τ,X〉 = 1 on M .

Theorem 8.1 can be applied to the special case M = N × S1, where N is a
closed oriented smooth 2m-manifold. But before we have clear statements, we need
to recall the definitions of the twisted half De Rham complexes on an oriented
Riemannian 2m-manifold N .

In the case m is even, we have ∗2N = 1 on the middle-dimensional ∧mT ∗N , where
∗N is the star operator on N . Let F be a real or complex vector bundle over N ,
Ωj(N,F ) the space of all sections of ∧jT ∗N ⊗ F , and Ωm± (N,F ) the space of all
sections of ∧m±T ∗N ⊗F , where ∧m±T ∗N are the ±1-eigenbundle of ∗N respectively.

In the case m is odd, we have ∗2N = −1 on ∧mT ∗N . Let Ωj(N,F ) denote the
space of all sections of ∧mT ∗cN ⊗C F , and let Ωm± (N,F ) denote the space of all

sections of ∧m±T ∗cN ⊗C F , where T ∗cN
def
= C ⊗R T ∗N and ∧m±T ∗cN are the ±i-

eigenbundle of ∗N respectively.
The twisted half De Rham complex on N is:

0→ Ω0(N,F )
dB→ · · · dB→ Ωm−1(N,F )

d+
B→ Ωm+ (N,F )→ 0,(8.1)

where B is a flat connection on F if m ≥ 3; B is an anti-self-dual connection on
F if m = 2, which means ∗NFB = −FB; and B is an arbitrary connection on F if
m = 1.

Definition 8.3. When N is closed, the cohomology groups of complex (8.1) are
denoted by Hj(B), Hm−1

+ (B) and Hm
+ (B) for 0 ≤ j ≤ m−2; the space of harmonic

forms at the j−th stage is denoted by Hj(B), Hm−1
+ (B), Hm

+ (B) for 0 ≤ j ≤ m−2
respectively, and

bm+ (B)
def
= dimHm

+ (B), bm−1
+ (B)

def
= dimHm−1

+ (B), bj(B)
def
= dimHj(B).

Here dim means the complex dimension when m is odd, and means the real
dimension when m is even. When dB = d on N , we replace the term B by N and
omit the term F . When the orientation of N changes to its opposite, we change
the + signs to − signs, and “anti-self-dual” to “self-dual” in all the corresponding
notations.
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In the case m is odd, we have

Hm
− (B) = Hm

+ (B), bm− (B) = bm+ (B),

Hm
− (N) = Hm

+ (N), bm− (N) = bm+ (N) =
bm(N)

2
,

Hm−1
± (N) = Hm−1(N), dimHm−1

± (N) = bm−1(N)

(8.2)

for a closed oriented 2m-manifold with odd m. For example, when N is a closed
oriented 2-manifold, bm+ (N) is the genus of N .

In the case m is even, we have

dimHm
± (N) = bm± (N), Hm−1

± (N) = Hm−1(N), dimHm−1
± (N) = bm−1(N)

(8.3)

for closed oriented 2m-manifold with even m, where bm+ (N) ( bm− (N) resp.) are the
real dimensions of maximal positive ( negative resp.) subspace of the intersection
form on Hm(N).

Remark 8.4. Let N be a connected, closed oriented smooth 2m-manifold with
orientation oN . Let M = N × S1 or N × [0, 1] with the H being the obvious line
fields of tangents of copies of the circle S1 or [0, 1]. Then L∗ is the pullback of T ∗N
to M . Let ol on L∗ be the pullback of oN . Identify N × {1} with N by (x, 1)→ x
and N × {0} with N by (x, 0)→ x. Clearly, Γ = Γ(H,N) is the trivial group. So

Hm
Γ+(N) = Hm

+ (N), Hm−1
Γ+ (N) = Hm−1

+ (N) ∼= Hm−1(N).

Let A1 be a smooth connection on a vector bundle F over N = N × {1}. Let A
be the pullback of A1 to E = π∗NF over M : dA = dA1 + ∂

∂tdt, where t ∈ [0, 1] or is
the angle parameter for S1. For such a pullback connection A of A1, we have

Hm
Γ+(A|N ) ∼= Hm

+ (A1)
def
= ker(dA1)∗ in Ωm+ (N,F ),

Hm−1
Γ+ (A|N ) ∼= Hm−1

+ (A1)
def
= kerd+

A1
∩ ker(dA1)∗ in Ωm−1(N,F ).

(8.4)

Let M take the orientation oM = dt∧ oN . Then ∂M = N ×{1}tN ×{0} gets the
outward orientation oout defined by eout∧oout = oM , where eout is a covector field on
∂M pointing out of M . We have oout = oN = ol on N×{1}, and oout = −oN = −ol
on N × {0}.

Now we can state the following results for the cases M = N × S1 and M =
N × [0, 1], which are derived from Theorem 8.1 and Corollary 7.7.

Corollary 8.5. Let M = N × S1, A1, A as in Remark 8.4. Then

Hm+1
+ (A) ∼= Hm

+ (A1), bm+1
+ (A) = bm+ (A1),

Hm+1
+ (M) ∼= Hm

+ (N), bm+1
+ (M) = bm+ (N).

Corollary 8.6. Let M = N × [0, 1], A1, A as in Remark 8.4.
(1) If K 6= ∂M then

bm+1
+ (A,K) = bm+1

+ (M,K) = 0.

(2) If K = ∂M then

Hm+1
+ (A, ∂M) ∼= Hm

+ (A1), bm+1
+ (A, ∂M) = bm+ (A1);

Hm+1
+ (M,∂M) ∼= Hm

+ (N), bm+1
+ (M,∂M) = bm+ (N).



2974 HOUHONG FAN

Now we compute m-th self-duality cohomology groups in some special situations.
Recall that if a nowhere zero 1-form ν on M is closed, that is, dν = 0, then its

dual tangent codimension-one plane field L
def
= < ν >⊥ is integrable. In such a case,

we say that L is defined by ν. Let Y be the vector field which is dual to ν by a
metric g on M , and H be the tangent line field generated by Y . For brevity in the
statements of Theorem 8.7 and 8.8, we make the following convention: referring
to (4.4), we use Hm, Hm−1, Hj to denote Hm

+s(A), Hm−1
+ (A) and Hj(A) for all

0 ≤ j ≤ m − 2 respectively; referring to (7.3), we use Hm
N , Hm−1

N , H
j
N to denote

Hm
Γ+(A|N ), Hm−1

Γ+ (A|N ) and H
j
Γ(A|N ) for all 0 ≤ j ≤ m− 2 respectively.

Theorem 8.7. Let M be a connected, closed smooth (2m + 1)-manifold with the
data (H, ol, o, g) as in Convention 1.1. Assume that (1) H∗ has a nowhere zero
section ν over M such that dν = 0; (2) TY = 0 on level (m − 1), m, (m + 1)-
forms in the case j = m; the TY = 0 on level j, (2m + 1 − j)-forms in the case
0 ≤ j ≤ m− 1; (3) N is a smoothly imbedded codimension-one submanifold of M
which is tangent to L; and (4) A is a connection such that FAh = 0 on a real or
complex vector bundle E with a dA-parallel-invariant metric. Then

(1) The restriction mapping from Hj to H
j−1
N ⊕H

j
N which sends ν ∧ β + α to

(β|N , α|N ) is a well-defined injective group homomorphism, and

dimHj ≤ dimH
j−1
N + dimH

j
N .

(2) If the H-flow-closure of N is M , then the above restriction mapping is an
isomorphism, and

Hj ∼= H
j−1
N ⊕H

j
N .

Theorem 8.8. Assume the same conditions as in Theorem 8.7 except we here
assume that M is a compact connected smooth (2m+ 1)-manifold with non-empty
boundary ∂M and L is tangent to ∂M .

(1) If K is empty, then the restriction mapping from H
j
b to H

j
N which sends

τ ∧ β + α to α|N is a well-defined injective homomorphism, and

dimH
j
b ≤ dimH

j
N .

If K = ∂M , then the restriction mapping from H
j
b to H

j−1
N which sends τ ∧β+α

to β|N is a well-defined injective homomorphism, and

dimH
j
b ≤ dimH

j−1
N .

(2) If the H-flow-closure of N is M , then the above restriction mappings are
isomorphisms,

H
j
b
∼= H

j
N if K is empty,

H
j
b
∼= H

j−1
N if K = ∂M .

(3) If K is nonempty and K 6= ∂M , then H
j
b = 0.

Remark 8.9. From the proof of Theorems 8.7 and 8.8, which we will give at the
end of this section, we can see that the conclusions of Theorem 8.7 still hold if we
regard the Hj , H

j
N as Hj(A), H

j
Γ(A|N ) respectively for all j and all dimM ; and

the conclusions of Theorem 8.8 also hold if we regard the H
j
b, H

j
N as Hj(A,K),

H
j
Γ(A|N ) respectively for all j and all dimM .
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Corollary 8.10. Let M = N ×S1, A1, A as in Remark 8.4, 0 ≤ j ≤ m− 2. Then

Hm
+s(A) ∼= Hm−1

+ (A1)⊕Hm
+ (A1), Hm−1

+ (A) ∼= Hm−2(A1)⊕Hm−1
+ (A1),

Hj(A) ∼= Hj−1(A1)⊕Hj(A1), bm+ (A) = bm−1(A1) + bm+ (A1),

bm−1
+ (A) = bm−1(A1) + bm−2(A1), bj(A) = bj−1(A1) + bj(A1);

Hm
+s(M) ∼= Hm−1(N)⊕Hm

+ (N), Hm−1
+ (M) ∼= Hm−1(M),

bm+ (M) = bm−1(N) + bm+ (N), bm−1
+ (M) = bm−1(M).

By this corollary, we get Hm−1
+ (M) ∼= Hm−1(M), which agrees with Corollary

7.4. On the other hand, the proof of Theorem 8.7 is quite different from that of
Theorem 7.3. Recall that Hj(N × S1) ∼= Hj−1(N) ⊕ Hj(N) and bj(N × S1) =
bj−1(N) + bj−2(N) for all j.

Corollary 8.11. Let M = N × [0, 1], A1, A as in Remark 8.4, 0 ≤ j ≤ m− 2.
(1) If K is empty, then

Hm
+s(A) ∼= Hm

+ (A1), Hm−1
+ (A) ∼= Hm−1(A1), Hj(A) ∼= Hj(A1),

bm+ (A) = bm+ (A1), bm−1
+ (A) = bm−1(A1), bj(A) = bj(A1);

Hm
+s(M) ∼= Hm

+ (N), Hm−1
+ (M) ∼= Hm−1(N),

bm+ (M) = bm+ (N), bm−1
+ (M) = bm−1(N).

(2) If K = ∂M , then

Hm
+s(A, ∂M) ∼= Hm−1(A1), Hm−1

+ (A, ∂M) ∼= Hm−2(A1),

Hj(A, ∂M) ∼= Hj−1(A1), bm+ (A, ∂M) = bm−1(A1),

bm−1
+ (A, ∂M) = bm−2(A1), bj(A, ∂M) ∼= bj−1(A1);

Hm
+s(M,∂M) ∼= Hm−1(N), Hm−1

+ (M,∂M) ∼= Hm−2(N),

bm+ (M,∂M) = bm−1(N), bm−1
+ (M,∂M) = bm−2(N).

(3) If K is nonempty and K 6= ∂M , then

Hm
+s(A,K) = Hm−1

+ (A,K) = Hj(A,K) = Hm
+s(M,K) = Hm−1

+ (M,K) = 0,

bm+ (A,K) = bm−1
+ (A,K) = bj(A,K) = bm+ (M,K) = bm−1

+ (M,K) = 0.

Note the result for Hm−1
+ (M,K) in this corollary agrees with that of Corol-

lary 7.5. For M = N × [0, 1], recall that for all j we have Hj(M) ∼= Hj(N),
bj(M) = bj(N) ; Hj(M,∂M) = Hj−1(N), bj(M,∂M) = bj−1(N); Hj(M,K) = 0
and bj(M,K) = 0 if K is nonempty and K 6= ∂M , all of which agree with the
assertions of Theorem 8.8.

To prove Theorems 8.7 and 8.8, we need some formulas for the Laplacian op-
erators in (5.4). The formulas look symbolically complicated but are structurally
simple. Define

4+s
m,Al

= |s|2d+
Al
d∗lA ,

4+s
m−1,Al

= dAld
∗l
Al

+ |s|2d∗lAd
+
Al
,

4j,Al = dAld
∗l
Al

+ d∗lAldAl ,

(8.5)
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where 0 ≤ j ≤ m − 2. When dA = d, we omit the terms A, Al in the above
notations.

The first step in our computations for the Laplacian operators is the following
lemma, which follows from Lemmas 4.3 and 8.2.

Lemma 8.12. Using the terms ν and Y of Lemma 8.2, we have

d++s
A (ν ∧ β + α) = ν ∧ (OAY α− dAlβ) + sd+

Al
α,(8.6)

d+s
A (ν ∧ α+ γ+) = ν ∧ (π+

l OAY γ+ − sd+
Al
α),(8.7)

where β is an E-valued level (m−2)-form on U , α is an E-valued level (m−1)-form
on U and γ+ is an E-valued level self-dual m-form on U . Moreover,

dA ∗ (ν ∧ β + α) = ν ∧ [OAY (|ν| ∗l β) + (−1)p+1dAl
1

|ν| ∗l α] + dAl |ν| ∗l β,

∗ dA ∗ (ν ∧ β + α) = (−1)n−p+1ν ∧ 1

|ν| ∗l dAl |ν| ∗l β

+ (|ν| ∗l OAY (|ν| ∗l β) + (−1)p+1|ν| ∗l dAl
1

|ν| ∗l α),

(8.8)

where α is an E-valued level j-form on U and β is an E-valued level (j − 1)-form
on U .

The second step is to apply the above formulas to get the following identities.
Note that the first two formulas apply to the case of n = 2m+ 1, and the third one
applies to the case of any n.

Proposition 8.13. Assume |ν| = κ 6= 0 is a constant and FAY = 0 on U . Let
α be a level (m − 1)-form on U , β be a level (m − 2)-form β on U , γ+ be a level
self-dual m-form on U , η be a level (j − 1)-form on U , and ζ be a level j-form on
U .

(1) If TY = 0 on level (m− 1), m, (m+ 1)-forms, then

4+s
m,A(ν ∧ α+ γ+) = ν ∧ [−κ2O2

AY α+4+s
m−1,Al

α] + [−κ2O2
AY γ

+ +4+s
m,Al

γ+];

and ∆+s
m,A(ν ∧ α+ γ+) = 0 if and only if 4+s

m,A(ν ∧ α) = 0, 4+s
m,A(γ+) = 0.

(2) If TY = 0 on level (m− 1), (m+ 2)-forms, then

4+s
m−1,A(ν ∧ β + α) = ν ∧ [−κ2O2

AY β +4m−2,Alβ] + [−κ2O2
AY α+4+s

m−1,Al
α];

and 4+s
m−1,A(ν ∧ β + α) = 0 if and only if 4+s

m−1,A(ν ∧ β) = 0, 4+s
m−1,Aα = 0.

(3) For all j and all n, if TY = 0 on level j, (n− j)-forms, then

4j,A(ν ∧ η + ζ) = ν ∧ [−κ2O2
AY η +4j−1,Alη] + [−κ2O2

AY ζ +4j,Alζ];

and 4j,A(ν ∧ η + ζ) = 0 if and only if 4j,A(ν ∧ η) = 0, 4j,Aζ = 0.
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Proof. Assume κ = 1. If κ 6= 1, replace ν by ν
κ . We apply (8.8) to prove the first

formula. The other formulas can be proved in the same way. We have

lsd
++
A ∗ dA ∗ ls̄(ν ∧ α+ γ+)

= ν ∧ [OAY ∗l OAY ∗l α+ (−1)m+1s̄OAY ∗l dAl ∗l γ+ + (−1)m+1dAl ∗l dAl ∗l α]

+ sd+
Al
∗l OAY ∗l α+ (−1)m+1|s|2d+

Al
∗l dAl ∗l γ+,

hs̄π
++ ∗ dA ∗ d+

Ahs(ν ∧ α+ γ+)

= (−1)m+1ν ∧ [s̄ ∗l dAl ∗l OAY γ+ − |s|2 ∗l dAl ∗l d+
Al
α]

+ π+
l ∗l OAY ∗l OAY γ+ − sπ+

l ∗l OAY ∗l d+
Al
α,

4+s
m,A(ν ∧ α+γ+)[(−1)mlsd

++
A ∗ dA ∗ ls+(−1)m+1hsπ

++ ∗ dA ∗ d+
Ahs](ν ∧ α+ γ+)

!
= ν ∧ [(−1)mO2

AY ∗
2
l α− dAl ∗l dAl ∗l α− |s|2 ∗l dAl ∗l d+

Al
α]

+ [(−1)m+1 ∗2l O2
AY γ

+ − |s|2d+
Al
∗l dAl ∗l γ+]

= ν ∧ [−O2
AY α+4+s

m−1,Al
α] + ν ∧ [−O2

AY γ
+ +4+s

m,Al
γ+].

In the above
!
=, the cancellation

−s̄OAY ∗l dAl ∗l γ+ + s̄ ∗l dAl ∗l OAY γ+ = 0

follows from OAY ∗l = ∗lOAY on the level (m+1)-form dAl ∗l γ+, ∗lOAY = OAY ∗l
on the level m-form γ+ and OAY dAl − dAlOAY = FAY = 0 on the level m-form γ+.

The cancellation

(−1)msd+
Al
∗l OAY ∗l α+ (−1)msπ+

l ∗l OAY ∗l d+
Al
α

= (−1)msπ+
l dAl ∗l OAY ∗l α+ (−1)msπ+

l ∗l OAY ∗l π+
l dAlα = 0

follows from OAY ∗l = ∗lOAY on the level (m− 1)-form α, ∗2l = (−1)m−1 on the
level (m−1)-form OAY α, OAY ∗l = ∗lOAY on the m-form π+

l dAlα, ∗2l = (−1)m

on the level m-form OAY π+
l dAlα, OAY π+

l = π+
l OAY on the level m-form dAlα,

and π+
l (dAlOAY − OAY dAl) = −π+

l FAY = 0 on the (m− 1)-form α.

Now we are ready to prove Theorems 8.7 and 8.8.

Proof of Theorem 8.7. We give the proof in the case j = m and m is even. The
proof in other cases is similar.

Since Hm
+ (A) ∼= Hm

+ (A) and Hm
+ (A) is independent of the metric gh onH, we can

choose a metric g′h on H∗ such that |ν|g′h = 1, and work with the metric g′ = g′h⊕gl.
By Proposition 8.13, 4+s

m,A(ν ∧ α + γ+) = 0 if and only if 4+s
m,A(ν ∧ α) = 0 and

4+s
m,A(γ+) = 0. Since LY ∗l − ∗l LY = 0 on level (m − 1)-forms and m-forms, we

have OAY ∗l α − ∗lOAY α = 0 and π+OAY γ+ = OAY γ+. Becasue M is closed , we
have the key fact in this proof:

4+s
m,Aω = 0 on M if and only if d+

Ahsω = 0 and d∗Als̄ω = 0 on M .(8.9)

Thus we have
(1) 4+s

m,A(ν ∧α) = 0 on M if and only if dA ∗ ls̄(ν ∧α) = 0 and d+
Ahs(ν ∧α) = 0

on M , which is equivalent to OAY ∗l α = 0, dAl ∗l α = 0 and d+
Al
α = 0 on M ;
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(2) 4+s
m,A(γ+) = 0 on M if and only if d+

Ahsγ
+ = 0 and dA ∗ ls̄γ+ = 0 on M ,

which is the same as π+OAY γ+ = 0 and dAl ∗l γ+ = 0 on M .
Now we can follow the same argument of the proof of Theorem 7.6 to get the

statement (1) of Theorem 8.7, by using the above equivalent first order equations,
and applying the unique extension theorem ([1], p. 248, Remark 3) to the equations
4+s
m,A(ν ∧ α) = 0 and 4+s

m,Aγ
+ = 0.

Moreover, we can also follow the same argument of the proof of Theorem 8.1 to
prove the statement (2) of Theorem 8.7, since the H-closure of N is M .

Proof of Theorem 8.8. We give the proof in the case of j = m. The proofs in the
other cases of Theorem 8.8 and Remark 8.9 are similar.

Let ω = ν ∧ α + γ+ in Hm
+ (A,K). Lemma 5.4 means that the second-order

equation in Laplacians with the b̄-boundary conditions is equivalent to the first-
order equations with the b-boundary conditions.

This equivalence corresponds to the statement (8.9) in the proof of Theorem 8.7,
which allows us to use the same argument of that proof.

Thus we can claim: if α = 0 ( or γ+ = 0 ) on a nonempty open subset of a
leaf of the foliation of L, then α = 0 ( or γ+ = 0 ) on the whole M . Since all
components of ∂M are leaves of the foliation of L, the definition of the b-boundary
condition implies the statements (1) and (3) of Theorem 8.8.

Now we prove the statement (2) of Theorem 8.8. If K is empty, then α = 0
on ∂M and there is no boundary condition on γ+. Thus the above claim implies
α = 0 on the whole M . Since the H-flow-closure of N is M , we can use the same
argument of the proof of Theorem 8.1 to show that the restriction mapping is an
ismorphism. A similar proof can be given in the case K = ∂M : we just interchange
γ+ and α in the above sentences.

The above argument has a by-product. Recall that, if the foliation of H is

Riemannian, then there is a smooth level-metric gl on the dual L∗
def
= H⊥ such

that TX = 0 on the space of all the level forms. (See Proposition 6.1.) Also recall
that a codimension-one foliation L admits some transversal Riemannian dimension-
one foliation if and only if L is geodesible, namely, there is a Riemannian metric on
M such that all codimension-one leaves are totally-geodesic submanifolds ([11], p.
251). Hence by Remark 8.9, we have the following theorem.

Theorem 8.14. Let M be a compact, connected, oriented smooth n-manifold with
at least two boundary components. If there is a global nowhere zero closed 1-
form ν such that ν = 0 on ∂M and the codimension-one foliation defined by ν is
geodesible, then Hj(M,K;Q) = 0 for any nonempty union K of components of
∂M with K 6= ∂M , and any j.

In particular, if in addition M is a connected, compact oriented smooth n-
cobordism with two boundary components N0 and N1, then (M ;N0, N1) is a rational-
homology-h-cobordism, that is, Hj(M,N0;Q) = 0 and Hj(M,N1;Q) = 0 in rational
coefficient Q for all j.

9. Proofs of Theorems 5.3, 5.8

In this section, we prove Theorems 5.3 and 5.8. First, we need to do some basic
computations about the symbols of the Laplacians on a half De Rham complex. In
this section, we use the notations in the proof of Theorems 1.3, 1.6, 2.2 and 2.4 in
Section 3.
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If ρ 6= 0 then every level j-covector α at a point has a unique decomposition

α = ρ ∧ αρ + αρ̄(9.1)

such that αρ ∈ ∧j−1ρ⊥ and αρ̄ ∈ ∧jρ⊥, where ρ⊥ denotes the orthogonal comple-
ment in L∗ of the subspace 〈ρ〉 generated by ρ 6= 0. When ρ = 0, we define αρ̄ = α
and αρ = 0. αρ and αρ̄ are uniquely determined by α and ρ.

Recall that α+ def
= π+

l α for α ∈ ∧mL∗. Using the notations of the proof of
Lemma 3.6, one can easily prove

Proposition 9.1. (1) σ∗ : ∧j+1T ∗M → ∧jT ∗M is given by

σ∗(τ ∧ β + α) = −τ ∧ |ρ|2βρ + k|τ |2β + |ρ|2αρ, where β ∈ ∧jL∗, α ∈ ∧j+1L∗.

(2) If ρ 6= 0, then

((ρ ∧ β)+)ρ =
1

2
βρ̄ for β ∈ ∧jL∗,

(ρ ∧ (α+)ρ)ρ =
1

2
α+ for α+ ∈ ∧m+L∗ or ∧m+L∗c .

It is well-known that the symbols of the Laplacian operators of the De Rham
complex are the multiplication by −|ξ|2. So −σξ(4j)(ω) = |ξ|2ω for any 0 ≤ j ≤
m − 2, ω ∈ ∧jT ∗M . For the other three Laplacians on a half De Rham complex,
we have

Proposition 9.2. Let ξ = ν + ρ be a real nonzero covector at a point x in M with
flow component ν and level component ρ. Let β be a level (m − 2)-covector, α be
level (m− 1)-covector, and γ+ be a level self-dual m-covector. Then

−σξ(4+s
m−1)(τ ∧ β + α) = |ξ|2(τ ∧ β + ρ ∧ aρ) + (|ν|2 +

|s|2
2
|ρ|2)aρ̄,

−σξ(4+s
m )(τ ∧ α+ γ+) = |ξ|2(τ ∧ ρ ∧ αρ) + (|ν|2 +

|s|2
2
|ρ|2)(τ ∧ αρ̄ + γ+),

−σξ(4+s
m+1)(τ ∧ γ+) = (|ν|2 +

|s|2
2
|ρ|2)(τ ∧ γ+).

In particular,

when |s|2 = 2, − σξ(4+s
j ) = |ξ|2,

which is the symbol of the ordinary Laplacian operator. Here j = m− 1, m, m+ 1.

Proof. We use the formula (3.3) to do the following computations. Let τ = kτ . If
ρ 6= 0, then we can apply (2) of Proposition 9.1 to compute.

− σξ(4+s
m−1)(τ ∧ β + α) = σσ∗(τ ∧ β + α) + σ∗ls̄lsσ

++(τ ∧ β + α)

= kτ ∧ |τ |2kβ + kτ ∧ |ρ|2αρ − ρ ∧ τ ∧ |ρ|2βρ + ρ ∧ |τ |2kβ + ρ ∧ |ρ|2αρ
− τ ∧ |ρ|2kαρ + τ ∧ |ρ|2(ρ ∧ β)ρ + |τ |2kkα− |τ |2kρ ∧ β + |s|2|ρ|2((ρ ∧ α)+)ρ

= |ξ|2(τ ∧ β + α) +
|s|2 − 2

2
|ρ|2aρ̄,
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− σξ(4+s
m )(τ ∧ α+ γ+) = lsσ

++σ∗ls̄(τ ∧ α+ γ+) + hs̄π
++σ∗σ+hs(τ ∧ α+ γ+)

= τ ∧ k|τ |2kα+ τ ∧ k|ρ|2s̄(γ+)ρ + τ ∧ ρ ∧ |ρ|2αρ + s(ρ ∧ |τ |2kα)+

+ s(ρ ∧ |ρ|2s̄(γ+)ρ)
+ − s̄τ ∧ |ρ|2k(γ+)ρ

= |ξ|2(τ ∧ α+ γ+) +
|s|2 − 2

2
|ρ|2(τ ∧ αρ̄ + γ+),

− σξ(4+s
m+1)(τ ∧ γ+) = σ+hshs̄π

++σ∗(τγ+)

= τ ∧ k|τ |2kγ+ + τ ∧ |s|2[ρ ∧ |ρ|2(γ+)ρ]
+ = (|τ |2 +

|s|2
2
|ρ|2)(τ ∧ γ+).

If ρ = 0, then

−σξ(4+s
m−1)(τ ∧ β + α) = τ ∧ kk|τ |2β + σ∗(τ ∧ kα) = |τ |2(τ ∧ β + α),

−σξ(4+s
m )(τ ∧ β + γ+) = ls(τ ∧ kk|τ |2β) + hs̄(k|τ |2kγ+) = |τ |2(τ ∧ β + γ+),

−σξ(4+s
m+1)(τ ∧ γ+) = σ+(k|τ |2γ+) = |τ |2(τ ∧ γ+).

Proof of Theorem 5.3. Since ellipticity depends only on principal symbols, we need
to prove Theorem 5.3 only for dA = d.

(1) Let x ∈ ∂M be any given point. Let τx be any fixed nonzero element in the
fiber H∗x at x, and ρx any fixed element in the fiber L∗x at x. Then ellipticity of a
boundary system at (x, ξ) with ξ = tτx+ρx 6= 0 for all real numbers t depends only
on their principal symbols at (x, ξ). In other words, if two boundary systems have
the same principal symbols at (x, ξ) with ξ = tτx + ρx 6= 0 for all real t, and if one
is elliptic at (x, ξ) with ξ = tτx+ρx 6= 0 for all real t, then so is the other one. This
follows from the algebraic formulation in [3] of ellipticity of boundary systems.

(2) Let τ be a nonvanishing section of H∗ over an open neighbourhood V of x
in M with τ = τx at x. Let X be a section of H over V such that 〈τ,X〉 = 1
on V . Taking a frame at x for L∗ and using flows generated by X , we get a local
orthonormal frame (ρ1, . . . , ρ2m) for L∗ over V such that LXρ

i = 0. Any ω ∈ U j
over V can be written as

ω = τ ∧ ωτ + ωl, ωτ =
∑
|I|=j−1

ωIρ
I , ωl =

∑
|J|=j

ωJρ
J ,

where I and J are ordered subsets of {1, . . . , 2m}, |J | is the length of J , and ρJ

is the ordered wedge product of ρj for j ∈ J . By using Lemmas 3.3, 4.3 and the
fact that LXρ

i = 0, we see that b̄-boundary condition (5.3) has the same system of
principal symbols as that of the following boundary condition:

ωJ = 0 and LX(|τ | ∗l ωτ ) = 0 on K, ωI = 0 and LXωJ = 0 on ∂M −K.

The principal symbol at x of LX |τ |∗l is the same as that of |τ | ∗l LX . Thus we can
replace LX(|τ | ∗l ωτ ) = 0 on K by LXωI = 0 on K. These are classical Dirichlet
and Neumann boundary conditions. Proposition 9.2 tells us the principal symbols
of 4+s

m−1, 4+s
m and 4+s

m+1 on ωI and ωJ for the metric g = gh⊕ gl are the same as,
the principal symbols of the ordinary Laplacian on ωI and ωJ for the metric g, or
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for the new metric gs near x. Here |tτ + ρ|gs
def
= |tτ |g + |s|2

2 |ρ|g. Therefore by (1)
above, we see Theorem 5.3 holds.

Theorem 5.3 implies that H
j
b is finite dimensional. Let Hj be the projection from

U j to H
j
b . By standard theory for elliptic boundary systems, there is a fundamental

solution Pj(x, y, t), which is a symmetric double form in x, y. For each of x, y, it
is an exterior form satisfying the b̄-boundary condition and

∂Pj(x, y, t)

∂t
+4xjPj(x, y, t) = 0(9.2)

for x, y ∈M , t > 0;

lim
t→0+

∫
M

Pj(x, y, t) ∧ ∗ω(y) = ω(x)(9.3)

for any ω ∈ U j; and in addition Pj(x, y, t)→ 0 uniformly for x, y in M , as t→∞.

The Green’s operator Gj : U j → U j
b̄

is defined as

(Gjω)(x) =

∫ ∞
0

dt

∫
M

Pj(x, y, t) ∧ ∗(ω(y)− (Hjω)(y)).(9.4)

Since Pj(x, y, t) satisfies the b̄-boundary conditions in x, the image of Gj is con-

tained in U j
b̄

.
The following Lemma 9.3 can be proved by using the Green’s formula (5.5) and

Lemma 5.5.

Lemma 9.3. (1) DjGjω = Gj+1Djω is in U j
b̄

for any ω ∈ U j such that ωl = 0 on
K.

(2) D∗j−1Gjω = Gj−1D
∗
j−1ω is in U j

b̄
for any ω ∈ U j such that ωh = 0 on

∂M −K.

Proof of Theorem 5.8. By using the Green’s formula (5.5), we see that the right
sides of (5.10) and (5.11) are direct sums. It is easy to prove that4jGjω = ω−Hjω
for any ω ∈ U j. Thus

ω = Hjω + (ω −Hjω) = Hjω +Dj−1D
∗
j−1Gj(ω −Hjω) +D∗jDjGj(ω −Hjω).

(9.5)

Recall the image of Gj is in U j
b̄
. By using Lemma 5.5, we see the image of D∗j−1Gj

is in U j−1
b , and the image of DjGj is in U j+1

b . Therefore, (5.10) holds.

Lemma 5.5 proves the ⊃ side of (5.11). If ω in U jb , then D∗j−1Gj(ω − Hjω)

= Gj−1D
∗
j−1ω ∈ U

j−1

b̄
and DjGj(ω − Hjω) = Gj+1Djω ∈ U j+1

b̄
by Lemma 9.3.

Thus (9.5) gives the ⊂ side of (5.11).

Let Ker denote KerDj in U j
ḃ
, and let Im denote Dj−1(U j−1

ḃ
). Since Ker ⊂ U jb

and Ker ⊃ H
j
b ⊕ Dj−1(U j−1

b̄
), and since Ker is orthogonal to D∗j (U j+1

b̄
), we get

Ker = H
j
b ⊕ Dj−1(U j−1

b̄
). Because Dj−1(U j−1

b̄
) ⊂ Im, D∗j (U j+1

b̄
) ⊂ D∗j (U j+1

ḃ
),

and because Im and D∗j (U j+1

ḃ
) are mutually orthogonal with H

j
b in U jb , we get

Im = Dj−1(U j−1

b̄
). Hence (5.9) holds.

The proof is complete.
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