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AN ALGEBRAIC APPROACH TO
MULTIPARAMETER SPECTRAL THEORY

LUZIUS GRUNENFELDER AND TOMAZ KOSIR

ABSTRACT. Root subspaces for multiprameter eigenvalue problems are de-
scribed using coalgebraic techniques. An algorithm is given to construct bases
for the root subspaces.

1. INTRODUCTION

Multiparameter spectral theory has its beginnings in the works of Klein and
Hilbert, among others, at the turn of the century. They considered boundary
value problems of Sturm-Liouville type that yield, after the method of separation
of variables is employed, a two-parameter system of partial differential equations
that have separated variables but are linked by parameters. One of the problems
considered then is to obtain completeness and expansion theorems. A more detailed
survey of the developments in multiparameter spectral theory for partial differential
equations can be found in [10] (and also in the review [24]). In the 1960s Atkinson
[5] introduced an abstract algebraic setting for multiparameter spectral theory that
revived the theory. We refer to the monographs [12, 23, 27] and lecture notes [17]
for recent developments in multiparameter spectral theory.

In one-parameter spectral theory one shows that Jordan chains span the gen-
eralized eigenspaces (also called root subspaces) and that they form a complete
basis thus yielding various completeness and expansion theorems. In the multipa-
rameter setting this problem was already stated by Atkinson [4] and considered by
Isaev [16] and Gadziev [11]. But it remained, in general, an open problem even
in the finite-dimensional case. An important contribution was made by Binding
[6] who solved the problem for real eigenvalues of the so-called uniformly elliptic
case in a general Hilbert space setting. With Kosir [8] they found a basis for the
“second” root subspace of multiparameter eigenvalue problems of Fredholm type.
Faierman [10] studied root subspaces for two-parameter boundary value problems
of the Sturm-Liouville type. In the finite-dimensional setting the problem was
solved in [19, 20] for root subspaces of simple eigenvalues, i.e., eigenvalues with
one-dimensional eigenspace.

The methods used in these papers vary. For example, in [6] analytic perturbation
theory is used (similarly in [7, 9] where dimensions of root subspaces are studied),
while in [19, 20], partially also in [8], methods of linear algebra are used.
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Our main objective in this paper is to describe the root subspaces for multipa-
rameter systems of the form

(1) Wi(A)ZZVij)\j—Vio (i=1,2,...,n).
j=1

Here V;; are linear transformations on a vector space H; over a field F' and A =
(M1, A2,..., A\n) are parameters. The usual eigenvalue problem for a single linear
transformation V' can be considered via the comparison of V' to M), the map
‘multiplication by A’ on the polynomial algebra F'[A]. Here we use the dual map M}
in place of M. This idea is used by Grunenfelder and Omladi¢ [14] to develop an
algebraic approach to study operator polynomials. (See also [13], where commuting
linear transformations are studied.) It is similar to the idea of replacing A by a
formal partial derivative 8%, which was suggested for the multiparameter eigenvalue
problems by Atkinson [4, §5] and was used by Gadziev [11, 12]. The dual map
M3 acts on the vector space F [\ of representative functionals on F [A] and is
a derivation with respect to the algebra structure on F[A]°. However it is the
coalgebra structure on F [\ (see [1, 25]) that enables us to prove our main result.
We associate with a system (1) a set of comodules. Our main result is then that
the root subspaces associated with (1) are described by the cotensor product [15]
of the associated comodules. This result generalizes Atkinson’s theorem [5] that
eigenspaces associated with (1) at A € F™ are given by the tensor product of the
kernels of the W; (A)’s.

Our paper is organized as follows. First we consider the finite-dimensional case.
We introduce Atkinson’s approach to multiparameter eigenvalue problems in §2.
Coalgebras and comodules with the properties needed in the sequel are discussed
in §3 and §4, respectively. In §5 we present our main result. The structure of
elements in the root subspaces for the two-parameter case is studied in §6. In §7 we
present the algorithm for constructing bases of the root subspaces of two-parameter
systems, and we illustrate the algorithm with an example. In the last section the
main result is extended to the case of eigenvalues of semi-Fredholm type in the
Hilbert space setting. This setting was studied in [8] and arises naturally in various
applications, in particular applications to boundary value problems [3, 10].

2. MULTIPARAMETER SYSTEMS

Consider a multiparameter system of the form (1), where the linear transfor-
mations V;; (j=0,1,...,n) act on a vector space H; (i =1,2,...,n) of finite
dimension. The linear transformation Vj; on H; induces a linear transformation
VJ; on the tensor product H = H; ® Ho ® --- ® H,. It is defined by

(2) VJ (1 @220 ®Tp) =21 Q- Ti—1 QViyZi ®Tip1 @ -+ @ Ty
on a decomposable tensor 1 ® ro ® - - ® x, € H, where x; € H;, and is extended
to H by linearity.
The determinant
V111 ‘/112 e ‘/1171
V21 V22 e Vzn
(3) Ag=1| . . .
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is a linear transformation acting on H. It is well defined because any two entries
from distinct rows in (3) commute. Similarly we define linear transformations A;
n
(1=1,2,...,n) by replacing the i-th column in (3) by [V,:O} o
A multiparameter system is called regular if Ag is invertible. We assume through-
out this paper that this is the case. Note that Atkinson [5] uses the assumption
that some linear combination of the A; (i = 0,1,...,n) is invertible. But then one

can achieve by a shift in parameters X that Ag is invertible. We also consider the
linear transformation V : H™ — H™ defined by

V1:1 V1:2 T ‘/1171

ViVl v

(4) v=| T T "

and its adjoint transformation
Aot Aotz -+ Aoin
Agar Aoz -+ Aogag

A= ) ) ) ,

Aont Aonz -+ Aonn

where Ag;; is the (7,7)-th cofactor of Ag. Since the product

Aoy 0 -+ 0

0 Ag 0
AV = )

0 0 - Ay

is invertible, V is invertible.

The linear transformations I'; = AalAi (i=1,2,...,n) on H are called the
associated transformations of a multiparameter system (1). Here are some of their
properties. For the proofs and further properties we refer to [5, Chapter 6].

The linear transformations I'; commute, i.e., I';I'; = I';I'; for all ¢ and 7, and we
have

(5) > Vit =V
j=1
(i=1,2,...,n), or equivalently, the diagram
(6) I v
(Vib) s

H = o

commutes. Note that (5) (and hence (6)) can be viewed as a generalization of
Cramer’s rule for a system of linear equations.

Next we define the notions of eigenvalues and spectra. An n-tuple A € F™ is
called an eigenvalue of a multiparameter system (1) if all W; (A) are singular. The
set of all eigenvalues is called the spectrum of (1). An n-tuple A = (A1, A2, ... , \n) €
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F™ is called an eigenvalue of the system of commuting linear transformations {T';}
if

Ro = (" ker (I — i) # {0}
=1
The set of all these eigenvalues is called the spectrum of the system {I';}. It was
proved by Atkinson [5, Theorem 6.9.1] that the spectrum of (1) and that of its asso-
ciated system of linear transformations {I';} coincide and that for a given eigenvalue

A
(7) Ry = ker W1 (A) ® ker Wy (A) Q- ker W, (A) .

The subspace Ry is called the eigenspace (or the 0-th root subspace) corresponding
to A. Here we differ from the more usual notation where our Ry is considered as
the first root subspace (see [8]). The reason for doing so will become clear later.
Our main goal in this paper is to describe the higher root subspaces

(8) Ri= () ker[m(Iy—MI,To— X, .., Ty=AJ),

meM; 1

for I > 1, in terms of the underlying multiparameter system (1). Here M; is the set
of all monomials in n variables of degree [. The least integer [ such that R; = R
is called the ascent of A.

To find a description of the subspaces R; in terms of the original transformations
Vi; has been an open problem of multiparameter spectral theory for some time (cf.
[4] and [17, Lecture 6, Problem 4]). We shall use coalgebraic techniques to give
such a description. But before we can proceed some notions from the theory of
coalgebras and comodules are needed.

3. COALGEBRAS

A coalgebra C is a vector space with a structure dual to that of an algebra, i.e.,
with a counit ¢ : C — F and a comultiplication 6 : C — C ® C, which are linear
maps, such that the diagrams

FRC~ C 2CoF c %  cac
ewle N\ | Icee  and | [le®d
cec ceoc 2 cecac

commute. The maps € and ¢ are called structure maps of C. The first of the above
diagrams is the counit law and the second is coassociativity. Here we use the symbol
Ic to denote the identity map on C. Note that these diagrams are dual (i.e. the
arrows are reversed) to the usual unit law and associativity of algebras. If also the
diagram

s

C —- C®C
6l /" o1z
cC®C

commutes we say that C is cocommutative. Here o;; switches the i-th and j-th
tensor factor. If C; and Cy are two coalgebras with structure maps 1,61 and &9, 62,
respectively, then C; ®Cs is a coalgebra with structure maps e1®¢e2 and ga3 (61 ® 62).

Suppose that A is an algebra with unit x : F — A and multiplication p :
A® A — A. If A is finite-dimensional then the dual maps «* : A* — F and
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u* o A* — A* ® A* make A* into a coalgebra. But if A is not finite-dimensional
then the canonical map A* @ A* — (A®A)" is not bijective and A* is not a
coalgebra. However, the subspace of representative functionals A° is a coalgebra,
called the dual coalgebra of A, with the restrictions of k* and p* as structure maps.
A functional f : A — F is called representative if its kernel contains an ideal of
finite codimension. If A and B are two algebras then

(9) (A® B)° =2 A° ® B°

(see [1, 25)).

Of particular importance for us are the polynomial algebra F'[x] and its dual
coalgebra F [z]°. The vector space F [z]° of all representative functionals on F [z]
has a (topological) basis {em}f,f:o, where e, (") = Omn and Oy, is the Kro-
necker symbol. Every element f € F[z]° has an infinite series representation
f =30 @mem, where {a, } 7, forms a linearly recursive sequence (see [14, 22
for details). The canonical (cocommutative) coalgebra structure on F [z]° is given
by

(10) e (em) = bom and 6 (e,) = Z er ® es.

r4+s=m

There is also a multiplication on F [z]° defined by

k+1
(11) ek*el—< k >6k+l~

The structure maps (10) and (11) are extended to the whole of F [z]° by (infinite)
linearity, e.g.

) (Z amem> = Z amb (em) -

Suppose that 7 is the ideal of F [z] generated by (z — A)""'. Then Z is of finite

codimension in F [z] and the vector space Bg\l) = (F [x] /)" of all linear functionals
on F[z] /T is a subcoalgebra of F'[z]°. The union

(12) By=JBY
1=0
is an irreducible component of F'[z]°, and if F is algebraically closed then
F [x]o = @ BA
AEF

(see [14, Theorem 3.2(a)]). The coalgebra Bg\l) has a basis {e; ()\)}lizo, where
eo (A) =272 Nej; and e; (A) = eg (A\) xe; (i >1). Note that e; = ¢; (0).

Next define the linear map D : F'[x]° — F [#]° as the dual of the map multipli-
cation by x on F [z], that is,

(13) Df (p) = [ (zp),

for p € F [x]. This map is a derivation on F [z]°, i.e., D (f xg) = Df x g+ f * Dg.
Since De; = e;_1, we see that

(14) De; ()\) = )e; ()\) +€ei—1 ()\) .
Here e_1 (A) = 0.
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The polynomial algebra F [x] and its dual coalgebra of representative functionals
have an even richer structure then the one just described. Because it is our intention
to introduce only the notions we need later in our discussion we do not develop this
theory any further. We refer the interested reader to [14, 22].

By (9) the dual coalgebra of representative functionals on a polynomial algebra
Flxy,za,... 2] 18

Flr1,20,...,2,)° = F[11]° @ F[12]° ® -+ @ F [1,]° .
Suppose that A = (A1, A2, ..., \,) € F™. Then the tensor product of coalgebras

(15) By =By, @By, @ @By,

is a subcoalgebra of F [z1, 22, ... ,2,]°, and again

(16) F[$1,$2,.., ;:En]oz @ B
A€Fn

if F' is algebraically closed. The filtration (12) induces the tensor product filtration

(17) Bx=JBY,
1=0

where
(18) B = > BMeBPe - .oBM.

R
As in (13) we get derivations D, : F [z1,%2,... 2, — F[x1,22,... ,2,]° defined
by
(19) D;f (p) = [ (z;p)
for p € Fr1,22,... ,2,] and for j =1,2,... ,n,

4. COMODULES AND THE COTENSOR PRODUCT

A notion dual to the notion of a module over an algebra is the notion of a
comodule over a coalgebra. Suppose that C is a coalgebra. Then a vector space N'
is a C-comodule if there is a linear map a : N' — N ® C, called a coaction of C on
N, such that the diagrams

N ZNQF N Rt N&cC
al ' Iv®e  and ] |Ivea
Nec Nec “2Y Necec

commute. If H is a vector space and C a coalgebra then the comultiplication é of C
induces a coaction « = Iy ® § on H ®@C. Such a comodule H ®C is called cofree. If
M and N are C-comodules with coactions anq and o, respectively, then a linear
map ¢ : M — N is called a comodule homomorphism if the diagram

M 5 N

C"Ml la/\f
Mec 2 Nec

commutes. For further details on the theory of coalgebras, comodules and Hopf
algebras we refer to the books of Abe [1] and Sweedler [25].

A very important construction for us is the cotensor product of comodules. Sup-
pose that M and A are two comodules over the coalgebra C with coactions a g
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and aus, respectively. Then the cotensor product of M and N is defined as the
equalizer

ITm®aly,
ie, MRN = {ue MON, (am®@Iv)u= (Ipm ®a))u}. Here oy : N —
C ® N is the twisted comodule structure o/y, = 012 0 anr. Equivalently we have
M@CN:keI‘TMN, where Tmy = aap Q Iy — Iy ®a§v.
The following property of the cotensor product ®¢ will be used later. It is a
special case of Proposition 2.1.1 of [15].

Lemma 4.1. If0 - K - M 2 N is an exact sequence of comodules, i.e., I =
ker o, and if L is another comodule, then 0 — K ®° L — M ®° L — N ®° L is
exact.

Proof. The diagram

0 0 0

! l !
Kefr — Mafe L Nafr

! l !
0 - kKoL — MoecL B Nec
lTICL lTML lTNL

0 - KRC®L — MocoL 5 Necol

commutes and, by the definition of ®, it has exact columns. Also the last two
rows are exact, since KC = ker ¢. Then clearly K ®° L C ker (gp €I 5), and an easy
diagram chase shows that ker ((p Q€I g) C K®C L. Hence the assertion follows. O

For a detailed discussion of the cotensor product ®¢ we refer to [15]. See also
[21], where ®¢ was introduced and is denoted by Oc.

5. RooT SUBSPACES AS COMODULES

We turn our attention again to a multiparameter system (1). Suppose that
B = B, is the coalgebra given by (15). Here we assume that A is an eigenvalue of a
multiparameter system. The tensor product ‘H; = H; ® B is then a cofree comodule
(i=1,2,...,n)and sois H=H ® B.

A multiparameter system induces a system of linear transformations

(20) Wi (D) = Vio — Z VijD;
j=1

(t=1,2,...,n), acting on the comodules H,. The operator D; is defined in (19).
This system is extended in the obvious way to a system of linear transformations

(21) w; (D) = Vi =3 Vi,
j=1

on H, where VZE are given by (2). Similarly the associated transformations I'; of a
multiparameter system induce linear transformations I'; — D; on H. Here we use
the same symbol for the induced linear transformation on a tensor product as for
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the original linear transformation when it is clear from the context which one is
considered.
Here is our main result.

Theorem 5.1. Suppose that R; =kerW; (D) (i =1,2,...,n) and that

(22) Rr = () ker (I — D;).
=1
Then
(23) Rr =R1 @P @R, @ - @F R,,.

Proof. Note that the induced maps V;; on ‘H,; and Vi}, I'; and D; on ‘H are comodule
homomorphisms. Hence also W; (D) and I'; — D, are comodule homomorphisms,
and their kernels are subcomodules of H,; and H, respectively. The commutativity
of diagram (6) implies that the diagram

(Fii}i)-?:l Hn
(24) I v
(wi(D)¥)"

=1 qn

commutes. Because V is invertible it follows that
(25) Rr =Rl
i=1

where ’RI = ker W; (D)T. Note that ’RI =Ry @B Hy @B -+ - @B H,, because the
cotensor product preserves kernels by Lemma 4.1. Next we suppose that for k < n
we have that

k
(26) (RI =R @F - @8 Ry, @° Hipy @5 - @F H,.
i=1
We want to show that (26) holds for k replaced by k+1 and thus prove the theorem

by induction on k. Because the cotensor product preserves kernels (Lemma 4.1) it
follows that the diagram

0 0 0
! ! !
D)f
0 — Ry ®B 7?',Ic-ﬁ-l - Hk: ®B Rk;_;,_]_ WkL) ) Hk: ®B Rk;_i,_]_
! ! !
D)f
0 - Re@PHe, — H&PH,, B HebH,,
lVch+1(D)T lVch+1(D)T lwk+1(D)T
Wi (D)*

0 — Rp@ My — M@ H, - My, @F Hypy
commutes and has exact rows and columns. This remains valid upon cotensoring
all the spaces in the above diagram by R4 @B ... @B Ri_1 on the left-hand side
and by H,_, ®P--- @5 H, on the right-hand side. Then it follows that ﬂfill Rj =
R1@P - @ Rpp1 @5 H, @ -+ @PH,. When k+1 = n we have that (;_, Rj =
Ri @B Ry @8- @8R, and so by (25) Rr = R1 @8 R @8 - @F R,,. O
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Next we prove an auxiliary result that connects the comodules R") with the root
subspaces R; defined by (8). A version of this result was proved in [13, Lemma].
Now the standard indexing on the filtration RO is carried over to R, and thus the
eigenspace Ry becomes the 0-th root subspace rather than the first root subspace.

Theorem 5.2. The linear map ' : RY — Ry, given by restricting Iy ®e : H — H
to RW | is invertible.

We shall prove the theorem only for n = 2. The general case is similar. Before
we proceed we introduce some notation and prove an auxiliary result.

Suppose that A = (A1, A2) is an eigenvalue of (1). Then the coalgebra BY) = Bg\l),
defined by (18), has a basis {}, .., e} @ ei};:(y where e! = e, (\;) for i = 1,2
and m > 0. The following result describes the structure of the elements in Rr.
Lemma 5.3. Suppose that u = Zr+s§l urs @ el @ e? € Rp. Then
(27) (T =MD s =ury1,s and  (Ta — Xod) Ups = Uy 541,
where 0 <r+s <1, and urs =0 if r+s > 1.

Proof. Recall that Rp = ﬂ?zl ker (I'; — D,I). Then it follows that

0=(T; —D)u= Z Titrs ® €y @ €2 — ups @ (A1ey +€,_1) @ €3]
r+s<l

= Z ((Fl - )‘11) Uprs — ur+1,s) ® 61 ® eg.
r+s<l

Therefore (I'y — A1) urs = Ur41,5, since e} ®e? are linearly independent. The proof
of relation (27) for I'y is the same. |

Proof of Theorem 5.2. Define 1 : Ry — R by

nu)= > (T1=MI) T2—X) u@el®el.
r+s<l

Then it follows that (ET o 77) u = u, and by Lemma 5.3 also that

E 1 2 1 2
(UOET) urs®er®es = Z Urs®€r®€s.
r+s<l r+s<l

Thus 7 is the inverse of f. O
Consider the exact sequence
0 N Ro — HO (Fiﬂ)?:l (Ho)’ﬂ

where H° = H @ F [z1,%2,... ,T,]° is cofree and R® = ([_, ker (I'; — D;). If F is
algebraically closed then (16) induces the direct sum decomposition

R° =P Ra.
A

where R is defined as in (22), now indexed by A, and the sum is over all eigenvalues
of the commuting system {I';}. The following result is an immediate consequence
of Theorems 5.1 and 5.2. Here, for each 1,

0— Rix — H; @By Wi—(]?)Hi(@BA
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is exact and Ry = &f ('Ru QB Rox @BA - @B 'Rnx)-

Corollary 5.4. If F is algebraically closed then the vector space H has a direct
sum decomposition

(28) H=DRx,
X

where the sum is over all eigenvalues X of the system {W;}.

Corollary 5.4 was proved already by Atkinson [5, Theorem 6.9.2]. Note that
describing a basis for each Ry (as we do in §7) then gives a completeness result for
regular multiparameter systems.

If F is not algebraically closed then

(29) Fla]* = P By,

where the direct sum is over all the irreducible polynomials ¢ over F. Here B, =

U B,gl), where B((Zl) is the vector space of all the linear functionals on F'[z] /Z and
T is the ideal generated by ¢'t'. (For details see [14].) As in (16), (29) induces a
direct sum decomposition

(30) Flzy,zo,... 7xn]°:@8q7
q

where q = (¢1,42, - - . , ¢n) runs over all n-tuples of irreducible polynomials (in one
variable) over F' and Bq = By, ® By, ® --- ® By, . Theorem 5.1 and Corollary 5.4
remain valid in the case of a general field F' if A is replaced by q in their statements.
Here we only need to consider q = (¢1,¢2, - - . ,gn) such that ;" kerg; (I';) # {0}.

We also remark that Theorem 5.1 remains valid if the coalgebra B is replaced by
another subcoalgebra of F [x1, T2, ... ,2,]°. In particular, setting B = B() (= F)
in (23) of Theorem 5.1, one gets (7), that is, Atkinson’s Theorem [5, Th. 6.9.1].
Theorem 5.1 enables us to construct root subspaces associated with a multiparam-
eter system without constructing the operators I';. One only has to verify that
the multiparameter system is regular in order to get the completeness result (28).
The right-hand side of (23) is defined even when the multiparameter system is not
regular, and one can still define root subspaces corresponding to any A € F™ (or
q). However, we shall not study properties of root subspaces in such generality in
this paper.

6. THE STRUCTURE OF THE ROOT SUBSPACES

In this and the following sections we assume that n = 2. For a general n the
ideas used in the presentation remain the same, but the constructions are of course
technically more complex.

Assume that A = (A, ) is an eigenvalue of (1) with ascent L. For [ =
0,1,...,L and i = 1,2 define R{” = R; N 1" and RV = (R; @8 Ry) N HY,
where the comodules H\" = H; ® BO (i =1,2) and HV = H ® BO are cofree.
Note that R = R = R, @8 Ry. Now we describe the structure of the elements
of Rl(-l) and R®).

Lemma 6.1. A vector v =3, Vi @el®e? isin ’Rgl) if and only if

(31) VVZ (A> ’Uis + W1Ui+1)s + %2vi7s+1 = 07
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for all r;s such that 0 <r +s<I. Here v,s =0 if r+s > [.
Sitmilarly, u = Zr+s§l Ups ® el @ €2 is in RY if and only if
(32) Wz (A)T Urs + ‘/i-;ur—o—l,s + ‘/igur,s+1 = 0)
fori=1,2 and all ;s such that 0 <r+s<I[. Hereu,s =0 tf r+s > 1.

Proof. Since v; € R; = ker W; (D) it follows by (14) that
0= _VI/Z (D) V; = Z I:—‘/iovis X 6; 024 63
r+s<l
+Vivl, ® (Alei + e}ﬂ_l) ®e2+Vigvl, Qer ® ()\26? + e?_l)}
=) WMo, @er@el +Vavi,, Qe @€+ Vipul . @l @el,

r+s<l

and (31) for all r, s is then equivalent to v; € Rl(-l) because of the linear independence
of the el ® e2. The proof of the second part of the lemma is similar. |

From the definition of R it follows that I';u = D;u for u € R. Lemma 5.3 implies
then that 7; = D; — I = Ty — A maps R to R for I > 0, and that the
diagram

RO+ T3 )
S |
RO B -

commutes for [ > 0.
The following result is an immediate consequence of Lemma 6.1.

Lemma 6.2. Suppose that 7 : HIHD — HW s the canonical projection given
by w® (Zr+s§l+1 Urs @ el @ e?) = e Urs ® el @ e2. Then the diagram

R(+1) (T1,72) RO @ RO
2O
7l v
T T
o (ML) g
commutes. O

Suppose that T = (T, 1) : RUHD — RO @ RY is defined by Tu = (Tyu, Toru)
and

(33) RO @p RO = {(ul, us) € RO @ RW: Tyu, = TluQ} .

Then imT € RY @r RY. Denote the kernel of the composite linear map
RO @y RO Y 10 g ) (9022) (Ha)/ im Wy (A)T) @ (Ha)/ im W (A)T)

by N Here ¢; : HO — H® /im W; (A)' is the canonical projection.

Lemma 6.3. The kernel of T : RUTD — RO GRW is equal to R, and its image
is N,
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Proof. Note that

1 2 1 2 1 2
T 5 Urs ¥ €. Q€5 | = E Uprtl,s D €. Q e, § Urst1 Q€. & ey
r+s<l+1 r+s<l r+s<l

Then it follows that ker7 = R(®). Lemma 6.2 implies that im7 ¢ N®. To
prove the converse relation assume that (uj,uz) € N (). Then there exists w =

Y orte<iWrs ® €p @ €3 € H®  such that Viuy + Vius + Wi A)Tw = 0, and in
particular V,{ud, + Vihu2, + Wi (A) weo = 0. By Lemma 6.1 we have that
!
T=we®ey®eg+ Y U Det e+ Y ugy ®eg® ey
r+s<l k=0

is in RUHY. Furthermore, T% = (u1,u9) and so N € imT. |

Suppose that (u1,us) € N and that w and T are as in the proof of the previous
lemma. Then we define S (u1,us) = u. Note that the vector wq is not uniquely
determined. So in order to define the map S unambiguously we first define it on a
basis for N and then extend it by linearity. Then we have :

Lemma 6.4. The composite map To S is the identity on N, and (SoT)u—ue
RO for u € RUHD, O

The subspace RZ(-l) ®r RZ(-l) of Rl(.l) EBRZ(-Z) is defined by replacing R by R; in (33).
Then the identifications

(R1@" (Re @ R2))(l) =RV aRY = (R1 @& R1) ®° Ry)
induce identifications
(31)  (R1 @8 (Ry@rR2))” = RO @7 RO = (Ry &1 Ry) @F Ry)

because D; acts on H as identity. Suppose that the composite linear map

O]
®

RO @r RV B 1D Ln® fimw; (),

%

where V; is given by V; (v1, v2) = Vj101 + Viove, has kernel J\/;(l). Then it follows via
the identification (34) that

(35) NO = (R @B No) D 1 (Ah @8 Ry) (C RO @y R(l)> _

7. ALGORITHM TO CONSTRUCT BASES FOR ROOT SUBSPACES

In this section we present an algorithm for the construction of a basis for the
root subspaces of multiparameter systems. From Theorem 5.2 it follows that the
filtration on R carried over by £ to H induces the filtration of the root subspaces
given by (8). Thus if B® is a basis for R (1=0,1,... L), then ef (BV) is a
basis for R;.

Algorithm 7.1. Step 1. Find a basis by = {vf ﬁ:1 for ket W; (A) (i =1,2).
Here j; = dimker W; (X). Then

BY = {uy =vfy@vhy@ef@ed k=1,2,... 51, |=1,2,... . ja}
is a basis for RO, Set 1 =0 and N=V = {0} and b~V = .
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Step II.  Consider V; : Rl(-l) S Rl(.l) — Hgl)/imI/Vi (X) given by V; (v1,v2) =
Viiv1 + Visva. Denote the kernel of V; by /\/;m and write

N(l) _ (Rl ®B N2)(l) A (Nl ®B R2)(l) (C RO @'R(D) .

IF NG = N then go to Step IV; else proceed with Step III.

Step III.  Find a basis bl(-l) for M(l). Complete the basis b= for N=1 to q
basis bV for N using the vectors from b; D and bgl), Lift the set bO\b(=1) wiq
S to a set B(Hl). Then BU+) = B U b(l+1) Setl =141 and repeat Step II.

Step IV.  Write L =1 and find B = ¢t (B(L)). Quit the algorithm.

The set B is a basis for the root subspace of the multiparameter system (1) at
A, and L is the ascent of A.

Proof. By (7) it follows that B(®) is a basis for R(®). We proceed to prove that B®
is a basis for R() by induction on I. Suppose that B is a basis for R"). Since

b® is a basis for NV, then Lemma 6.4 implies that Bl = S (bW\b- 1)) is a

basis for a complement of R%) in R(+4D . Hence BUHD = BO U b( ) is a basis
for RUFD . Finally, by Theorem 5.2, B is a basis for Ry. O

We remark that ¢f (B;) for [ > 0 obtained in Algorithm 7.1 is a basis for Rj.
In particular, ' (B1) is the same as the basis described in [8, Theorem 6.3]. If X
is nonderogatory [19], then Algorithm 7.1 reduces to a procedure similar to [19,
Algorithm 16].

For comparison with [6, 19] we consider [6, Example 4.4], which is [19, Example
20]. Here F = C.

Example 7.2. The two-parameter system

won-[2 4[5 4 [b 0]

-4 1 2 0 1 0
mw =[50 L e [§]e[o o]
has 0 as an eigenvalue. As in [6, 19] we choose vy = [9] (: =1,2), which spans
(0)

ker Vig. We write v; = v @ eg ®@eg and yo=v} ®vZ. Then B ={ Uy = Yo ® e D eg k-
The subspace R§ ) Dy R§ ) is spanned by (v;,v;), imVijo = {[§] @ eo @ e9; a € C}

and
i = a |[®eo®eo, | | ®eo®eo caeCh.
2

Then (uo,uo) is a basis for MO, It remains to lift ($uo,uo) via S. To do so we
choose w; = [1(/)2}. Then

and

u1:S(%UO,U0)—y1®60®60+y0®( 61®€0+®60®61)

where u; = w1 @V34+vi®@ws. Then BM = {ug, u1}. Next we find that J\fi(l) = J\fi(o),
and thus L = 1 and B = ¢f (B(l)) = {yo, y1}. We quit the algorithm. We remark
that the basis B is the same as that obtained in [6] and [19]. O
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8. ROOT SUBSPACES FOR EIGENVALUES OF FREDHOLM TYPE

In this section we generalize our main result, Theorem 5.1, to a general Hilbert
space setting. We assume that for ¢ = 1,2,...,n the linear maps Vj; (j =
0,1,...,n—1) are bounded on the Hilbert space H; and that the V;,, are (possibly)
unbounded, but closed with dense domain C; C H;.

Here our assumptions are as in [8]. Often in the literature the roles of Vip and
Vin are reversed. For us this is not important, since the discussion for the reversed
case remains the same. We also remark that typically in the applications the V;,
are differential operators and the V;; are multiplication operators.

The operators V;; (j =0,1,... ,n—1) induce operators VJ acting on the Hilbert
space H = H1 ® Hy ® --- ® Hy, as in (2), and similarly V;,, induces an operator VZL
with domain CZT C H. Because the (algebraic) tensor product Ch @ C3 ® -+ - ® Cp,
which is dense in H, is a subspace of C = (I, CJ , it follows that also C is dense
in H. Define the operators A; (i =0,1,...,n), now acting on C, as in §2. Further
assume that Ay has bounded inverse, and let I'; = Ag A, : C — C. The linear
map V defined as in (4) is now acting on C™. Similarly we define a linear map
Vo : C"Tt — H™ by the array

vih Vi v

in

|74 AN /AN

o |
VJO VJI ijn

Suppose K = P, 11 (kerVy) C C, where P, is the projection of C"*! onto the
last component. Then Theorem 3.2 of [8] states that I';T'ja = I';T";z for x € K and
that the diagram

g 5oon

(36) | T v
viy®

K (L)%:l H"

commutes. If K is replaced by C then the above diagram may not commute any-
more. This is different from the finite-dimensional case (see (6)). At this stage
additional regularity assumptions are necessary. We assume that K = C, but we
comment on a more general case later. The assumption K = C' is satisfied in ap-
plications to boundary value problems (see e.g. [8, 10]). We also remark that to
study the commutativity of (36) under various assumptions is an important topic
of multiparameter spectral theory (see [2, 18, 23]).

An eigenvalue X of a multiparameter system (1) where V;; are as above is called
semi-Fredholm if W; (X) has finite-dimensional kernel for all . Define the root
subspaces R; corresponding to A as in (8).

Lemma 8.1. Suppose that X is semi-Fredholm. Then the root subspace R; (I > 0)
is finite-dimensional.

Proof. Because R; C C' = K it follows by Corollary 4.2 of [8] that
Ry = ker W1 (A) ® ker Wy (A) ®---Qker W, (A) .

Since A is semi-Fredholm, dim Ry = ], dimker W; (X) is finite. We proceed by
induction on ! using a similar argument as is used in [8] to prove Lemma 5.2 (which
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is our lemma for [ = 1). Suppose that R;_; is finite-dimensional. The range of
(T'; — X)) |r, is a subspace of R;_; and so finite-dimensional. Then the orthogonal
complement Q; of ker (I'; — A;) |g, is finite-dimensional, and because R; = Ry & Q,
where QQ = 2_7:1 @j, also R; is finite-dimensional. |

For I > 0 let H™ = H® Bf\m), where Bg‘m) is defined in (18). Similarly we
define Ci(m), Cm and K™M). The linear transformation T; — D; is now acting
on C(™) while the linear transformations W; (D) and W; (D)', defined as in (20)
and (21), are acting on Cl-(m) and C(™) | respectively. Then Rl(-m) = kerW; (D) C
c™ (i=1,2,...,n) and R%m) =N, ker (I'; — D;) c C™.

K2

Theorem 8.2. Suppose that A is a semi-Fredholm eigenvalue of a multiparameter
system W; (X)) (i =1,2,...,n). Then for each 1 >0

(37) RP = RY @8 R B ... @8 RV,

Proof. Because diagram (36) commutes it follows that the diagram

(Fi—Di)?:l

j ) % (c(lz)”
I !
o O gy

also commutes. Since V' is one-to-one (A¢ has an inverse) and R, C C' = K, we see
that ’Rg) =N, ’Rl(l), where Rj(l) = ker W; (D)T. To complete the proof, proceed
by induction as in the proof of Theorem 5.1. O

For relation (37) to hold it suffices to assume that R; C K instead of K = C.
However, if R} ¢ K then (37) does not hold in general any more, as Examples 4.4

and 5.1 of [8] show. Then the right-hand side of (37) is equal to ’Rg) NK®. We also
remark that Algorithm 7.1 can be generalized directly to the setting considered in
this section.

We conclude with some remarks. It has been already noticed in the literature
[6, 11, 16] that in order to find root vectors for the I'’s one has to consider the
recursive systems of equations similar to (31) and (32) for n = 2, and solve them
for the vectors vi, and wu,s, respectively. However, except in some special cases
mentioned later, no general method was known to construct root vectors for the I'’s
given the vectors vis or u,s. It is shown in this paper how to find root vectors using
the cotensor product of certain comodules associated with W; (A). By Algorithm
7.1 one then finds bases for the root subspaces of the I'’s using the original operators
V;;, and that amounts to first solving the systems of equations (31) for v?,, and then
‘equalizing’ these solutions for different 7. In general, this is a technically involved
process. Now it would be interesting to find classes of eigenvalues for which the
structure of the root subspaces is simpler. Beside the semi-simple case, i.e., when
the eigenvectors span the root subspaces (this happens for instance in the so-called
right definite case [5, 26]), there are two classes known in the literature. These
are the class of real eigenvalues for the uniformly elliptic multiparameter systems,
where Binding’s construction provides bases for root subspaces [6, Theorem 3.4],
and the class of nonderogatory eigenvalues, for which bases for root subspaces in
finite-dimensions are constructed in [19, Algorithm 16].
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