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COMPUTATION OF NIELSEN NUMBERS

FOR MAPS OF CLOSED SURFACES

O. DAVEY, E. HART, AND K. TRAPP

Abstract. Let X be a closed surface, and let f : X → X be a map. We
would like to determine Min(f) := min{|Fixg| : g ' f}. Nielsen fixed point
theory provides a lower bound N(f) for Min(f), called the Nielsen number,
which is easy to define geometrically and is difficult to compute.

We improve upon an algebraic method of calculating N(f) developed by
Fadell and Husseini, so that the method becomes algorithmic for orientable
closed surfaces up to the distinguishing of Reidemeister orbits. Our improve-
ment makes tractable calculations of Nielsen numbers for many maps on sur-
faces of negative Euler characteristic. We apply the improved method to self-
maps on the connected sum of two tori including classes of examples for which
no other method is known. We also include the application of this algebraic
method to maps on the Klein bottle K. Nielsen numbers for maps on K were
first calculated (geometrically) by Halpern. We include a sketch of Halpern’s
never published proof that N(f) = Min(f) for all maps f on K.

1. Introduction

Let X be a closed surface, and let f : X → X be a map. We would like to know
the minimum number of fixed points of all maps that are homotopic to f . This
minimum number is given by

Min(f) = min{|Fixg| : g ' f}.
Nielsen fixed point theory provides a lower bound for Min(f) that is called the
Nielsen number N(f). The Nielsen number is easy to define geometrically, but
it is difficult to compute. We improve upon an algebraic method of computing
N(f) that was developed by Fadell and Husseini in [8] so that, for orientable closed
surfaces, all but one step is algorithmic, and we apply the improved method to
self-maps on the connected sum of two tori (the double torus) and to self–maps on
the Klein bottle. While other methods are available for some of our calculations,
the method we use is completely different, and we use it to find previously unknown
Nielsen numbers for classes of maps on the double torus for which no other method
is available.

To define N(f), we first partition Fix(f) into equivalence classes with two fixed
points x and y equivalent if and only if there exists a path α from x to y with
f ◦α path homotopic to α. Each equivalence class is assigned an index, which is an
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integer that is a generalization of the multiplicity of a zero of a complex analytic
function. The Nielsen number of f is the number of classes of fixed points with
non-zero index, and it is a homotopy invariant. The Lefschetz number L(f) is
the sum of the indices. For background on Nielsen fixed point theory, see [5], [15]
and [19].

Nielsen defined fixed point classes and the Nielsen number in the restricted set-
ting of self-homeomorphisms of surfaces in [24] in 1927. The study of the Nielsen
number and the minimum number for self-maps (not only homeomorphisms) on
closed surfaces continues to present challenges. In most cases, the value of Min(f)
is unknown and the value of N(f) is difficult to calculate or is currently unknown.
Jiang includes a set of interesting historical notes in his book [15].

The Nielsen number for self-maps on the sphere S2 provides no more information
than the Lefschetz number, because any two fixed points are Nielsen equivalent.
But the situation for other surfaces is much more complicated. The Nielsen number
for any map on the torus was calculated in the 1920’s by Nielsen and Brouwer in [23]
and [4] and independently in 1975 by Brooks, Brown, Pak and Taylor in [3]. Results
for the projective plane have been known since 1927, see [13].

The method used here was developed by Fadell and Husseini in [8]. For π the
fundamental group of a compact surface X , the method involves using the Fox
calculus (see [7]) to calculate algebraic traces of homomorphisms on the cellular
chain groups for the universal cover of X . These homomorphisms are induced by a
lift of f to the covering space, and the traces are elements of the group ring Z[π] . In
Section 2 we provide the details. The Nielsen number of f is obtained by a sequence
of steps that is almost an algorithm. There are two steps that are not algorithmic.
The first is the calculation of the trace in dimension two, and we improve upon
this step so that it is algorithmic for orientable closed surfaces. This result is in
Section 3 and is described below. The second step for which there is no algorithm is
the distinguishing of Reidemeister orbits. This is related to the conjugacy problem
in combinatorial group theory. While there are several methods for distinguishing
orbits, there is no guarantee that they will work for a given example. The computer
algebra system Magma, [2], has been used to perform a search for elements of limited
word–length in a given Reidemeister orbit for Example 4 of Section 4.

Our main result is in Section 3, where we develop an algorithm for determining
the algebraic trace in dimension 2. This new result has made calculations of Nielsen
numbers for maps on the double torus much more manageable. Examples are
contained in Section 4. This improvement will be useful for the calculation of
Nielsen numbers for other surfaces with negative Euler characteristic.

In Section 4 we use the method of Fadell and Husseini for the calculation of the
Nielsen numbers for some classes of self-maps on the double torus T#T . Because
the fundamental group of T#T is so difficult to work with, the main result in
Section 3 is crucial in making the calculations possible. We include several classes of
examples including two that cannot be done by any other method. Even when other
methods could be employed, the algebraic method employed here is attractive in its
relative simplicity as long as the Reidemeister orbits can be distinguished. Other
methods for calculating N(f) for self-maps on the double torus are the following:
For maps that are homeomorphisms, Kelly has an algorithm in [18] that involves
geometric homotopy theory. See also the work of Bestvina and Handel in [1] and
the work of Franks and Misiurewicz in [9] for geometric algorithms. For maps that
are not homeomorphisms, there are two situations in which other methods apply.



NIELSEN NUMBERS FOR MAPS OF CLOSED SURFACES 3247

Maps that factor through S1 have Nielsen numbers that are easy to calculate. The
Nielsen numbers for certain of the maps that factor through the figure–eight can be
calculated using a method of Wagner [25]. We include a class of homomorphisms
for which none of these approaches applies. For these homomorphisms, the Fadell–
Husseini method is the only known method for calculating the Nielsen number.

Next we turn to the Klein bottle. The first calculation of Nielsen numbers for
all maps on the Klein bottle K was in 1978 by Halpern in [10]. A method using
fibrations for calculating Nielsen numbers of self–maps on the Klein bottle has been
found by Heath, Keppelmann and Wong [12]. McCord has results that prove that
the Nielsen numbers on the Klein bottle can be calculated in terms of determinants.
See [21] and [22].

In Section 5 we use the Fadell–Husseini method, which is completely different
from the methods just mentioned, to determine N(f) for any map f on K in terms
of the homomorphism induced by f on the fundamental group. Halpern’s method
was geometric, and the algebraic approach given here is much cleaner in that it is
almost algorithmic. These algebraic calculations for the Klein bottle first appeared
in Hart’s doctoral dissertation [11].

We have addressed questions involving the calculation of Nielsen numbers. An-
other question of interest is: How accurately does the Nielsen number reflect the
minimum number? Recall that a closed surface is called Wecken in [6] if for every
self-map f of the surface we have N(f) = Min(f). Brown summarizes results in-
volving the Wecken property for surfaces and other manifolds in [6]. Kelly [17] and
Jiang [16] proved that surfaces with negative Euler characteristic are totally non–
Wecken. That is, for any n ≥ 1 there exists a self-map f of the surface for which
Min(f) − N(f) = n. Thus for self-maps on T#T that are not homeomorphisms,
the Nielsen number could be an arbitrarily bad estimate of the minimum number.
But at least the Nielsen number is a lower bound.

The algebraic methods used here for the Klein bottle have one disadvantage
when compared with Halpern’s geometric approach. Halpern was able to prove
that K is Wecken by exhibiting a map g for each homotopy class that has Min(g) =
N(g). Because Halpern’s paper was never published, we include as the last part of
Section 5 a sketch of his proof of the Wecken property for K.

To summarize, the paper is organized as follows. In Section 2 we provide the
needed background and describe the Fadell–Husseini method. Section 3 contains
our main result, which simplifies the Fadell–Husseini method for surfaces with neg-
ative Euler characteristic. We apply the improved method in Section 4 to self–maps
of T#T and include classes of examples for which there is no other method for calcu-
lating N(f). Section 5 contains calculations of Nielsen numbers for all self–maps of
the Klein bottle using the Fadell–Husseini method. We also include Halpern’s proof
(from the unpublished paper [10]) of the Wecken property for the Klein bottle.1

The main result in Section 3 was inspired by the work of Davey and Trapp,
who were undergraduates working under the guidance of Hart as part of an NSF-
funded REU program at Hope College during the summer of 1994. Davey and Trapp
calculated the Nielsen number for numerous examples of self-maps on T#T without
the advantage of the formula from Section 3. They were searching for a pattern for
the trace in dimension two when their eight–week program ended. Thanks are due
to Helga Schirmer and to Robert F. Brown for their helpful comments on drafts of

1In 8.3 of [12], it is proven that all solvmanifolds (hence the Klein bottle) are Wecken.
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this paper and to Edward Fadell, who served as the advisor for Hart’s dissertation
in 1991. Edward Keppelmann provided the programming for the example using
the software package Magma [2].

2. Preliminaries

Let X be a closed, non-simply connected surface with base point x0, and let

π = π1(X,x0). The universal covering space of X is denoted by X̃, with covering

projection η : X̃ → X. We identify X with the usual CW–structure on X given by
the 0–cell x0, a single 2–cell, and the usual 1–cells. For any map f : X → X , there
is a cellular approximation to f with the same Nielsen number as f . Thus we may
assume f is cellular and fixes x0. The CW–structure on X induces a CW–structure

on X̃. We must choose a base point of X̃ that covers x0.
For every homomorphism φ : π → π there is a cellular map that induces φ,

because X is a K(π, 1), so we concentrate on the homomorphisms rather than the
maps. Let φ : π → π and let f be a cellular map that induces φ. We may choose

a lift f̃ : X̃ → X̃ of f so that f̃ is also cellular and fixes the base point in X̃. Let

Cq(X̃) be the group of cellular q-chains over Z. Then f̃ induces the homomorphism

f̃q : Cq(X̃) → Cq(X̃). The group Cq(X̃) is a free, finitely generated Z[π]–module,

and f̃q is almost a Z[π]–module homomorphism. Specifically, f̃q respects the Z[π]–

structure in the following sense. For all σ ∈ π and for all u ∈ Cq(X̃), f̃q(σu) =

φ(σ)f̃q(u). Let Mq denote the matrix for f̃q over Z[π].
The homomorphism φ induces a left group action of π on π, called the Reide-

meister action, given by σ · α = φ(σ)ασ−1 for all α, σ ∈ π. The orbit of α under
this action is called the Reidemeister orbit, and the set of Reidemeister orbits is
denoted by R(φ). Let ρ : π → R(φ) be the function that sends each element of π
to its orbit, and extend ρ linearly to a function ρ : Z[π]→ Z(R(φ)). Here Z(R(φ))
is the free Z–module generated by the set R(φ).

The generalized Lefschetz number is defined to be

L(f, f̃ ) =
∑
q

(−1)qρ(trMq) ∈ Z(R(φ)).

As Husseini proves in [14], for X a finite CW complex we have

L(f, f̃ ) =
∑
α∈W

i([α])[α],

where W is a transversal for R(φ) and i([α]) is the fixed point index of the Nielsen

class ηFix(α−1f̃). This second formula for L(f, f̃ ) is reduced in the sense that

each orbit occurs at most once. When L(f, f̃ ) has been reduced to this form (not
an easy task, and no algorithm is available), then N(f) is the number of terms

with non–zero coefficient in L(f, f̃ ). The problem of distinguishing orbits can be a
serious stumbling block. It is related to the conjugacy problem for finitely generated
groups.

The method of Fadell and Husseini for closed surfaces. Fadell and Husseini
provide in [8] a method for calculating L(f, f̃ ) in terms of φ using the Fox calculus
developed in [7]. For a closed surface we have π given by 〈x1, ..., xk;R〉, with R
a relator in the generators x1, ..., xk determined by the cellular structure of X .
Let F be the free group generated by x1, ..., xk, and let φF : F → F be the
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homomorphism that takes xi to the word in F given by φ(xi) for each i = 1, ..., k.
There are many ways to represent a given homomorphism φ, and each would give
a different homomorphism φF . We will find this fact useful in simplifying the
calculation of Nielsen numbers on the double torus in Section 4.

The Fox calculus (see [7]) provides a formula for describing the lift of a loop

α in X to a path in X̃ in terms of the element of F that corresponds to α. For
each generator xi, i = 1, ..., k, the Fox partial derivative operator is a function
∂/∂xi : Z[F ] → Z[F ]. Here we always immediately project the output of this
function into Z[π]. The Fox partial derivative operator has the following basic
properties:

1. For u, v ∈ F ,
∂

∂xi
(uv) =

∂u

∂xi
+ u

∂v

∂xi
,

2.
∂xi
∂xj

= δij , and
∂1

∂xi
= 0.

These properties imply that

3.
∂xki
∂xi

= 1 + xi + ...+ xk−1
i for k ≥ 1,

4.
∂x−ki
∂xi

= −(x−1
i + x−2

i + ...+ x−ki ) for k ≥ 1,

5. (1− xi)
∂xki
∂xi

= 1− xki for all k,

6. for any w ∈ F ,
∂w−1

∂xi
= −w−1 ∂w

∂xi
.

Let J(φF ) be the Jacobian matrix [∂φF (xi)/∂xj ], which is the matrix for f̃1 over
Z[π]. For any element w in F , let the gradient of w be given by the vector

5w =

(
∂w

∂x1
, . . . ,

∂w

∂xk

)
.

Let ũ be the 2–cell in X̃ that generates C2(X̃) as a Z[π]–module. Then f̃(ũ) = Aũ
for some element A of Z[π]. The formula for the generalized Lefschetz number
developed by Fadell and Husseini in [8] is

L(f, f̃ ) = ρ(1− trJ(φF ) +A),

with A the unique element of Z[π] satisfying A(5R) = φ(5R)J(φF ). The unique-
ness of A follows from the fact that X is aspherical and thus the boundary map

∂ : C2(X̃) → C1(X̃) is injective. Also, φ(5R) makes sense when we extend φ
linearly to φ : Z[π]→ Z[π] and then apply φ to each coordinate of 5R.

There are two steps in this method for which there are no algorithms. First,
finding the element A of Z[π] is challenging, with no method available that will
always work. In Section 3 we develop an algorithm for calculating A that makes
calculations simpler for closed surfaces with negative Euler characteristic. Second,

the Reidemeister orbits appearing in the sum L(f, f̃ ) must be distinguished. There
are several methods for attacking this problem, but none is certain to provide an
answer.

Two techniques for distinguishing Reidemeister orbits that are mentioned in [8]
are the following. The fact that ρ(x) = ρ(φ(x)) for all x ∈ π can be quite useful.
By iterating φ we can prove that many elements are in the same orbit. Also, if N
is a normal subgroup of π for which φ(N) ⊆ N, we can consider the induced action
on π = π/N . If two elements x, y ∈ π have images x and y in π that are in distinct
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orbits of the induced action, then we know that ρ(x) and ρ(y) are also distinct. This
is particularly useful when π is the abelianization of π. In Example 4.4 of Section 4,
we find two orbits that cannot be distinguished by either of these methods. We
describe the use of the computer algebra system Magma [2] to aid our intuition for
this example.

3. Calculation of the trace in dimension two

One difficulty in calculating the generalized Lefschetz number using the method
described in Section 2 is determining the value of the trace A in dimension two.
One must solve for A in the formula

A(5R) = φ(5R)J(φF ),(1)

and no algorithm is available. Here we develop such an algorithm for orientable
closed surfaces. We first use Dehn’s algorithm, see pp. 246–252 of [20], to write
φF (R) as a product of conjugates of R and R−1. Once φF (R) is in this form,
then A can be computed easily using the theorem below. With this new result,
φ(5R) and the off–diagonal entries of J(φF ) no longer need to be computed when

calculating L(f, f̃ ). For the double torus T#T , every homomorphism we have
examined has a representation φF for which it is very easy to write φF (R) in the
necessary form. The fact that φ must take R to 1 in π limits the possible forms for
φF (R).

Because φF (R) is an element of the normal closure N of the subgroup 〈R〉 in F ,

we can write φF (R) =
n∏
i=1

yiR
λiy−1

i for some n ∈ Z+, with λi ∈ Z and yi ∈ F for

each i. This expression for φF (R) is not unique, and it is not necessarily reduced as
a word in F . When φ is an isomorphism, the element φF (R) must be a conjugate
of R or R−1 (see page 49 of [20]), and then the following theorem implies that A
will be a monomial in Z[π].

Theorem 3.1. For X any closed surface and φ : π → π any homomorphism on
the fundamental group of X, we have the following formula for A. Let φF (R) =
n∏
i=1

yiR
λiy−1

i , with λi ∈ Z and yi ∈ F for each i. Then A =
∑
i

λiyi ∈ Z[π]. The

expression for φF (R) as an element of N is not unique, but the resulting value for
A as an element of Z[π] is independent of the expression chosen for φF (R).

Proof. In Step 1 we will prove that any solution A to equation (1) must also satisfy
A(5R) = 5(φF (R)). In Step 2 we will prove that for any generator xj of F ,

∂
n∏
i=1

yiR
λiy−1

i

∂xj
=

n∑
i=1

λiyi
∂R

∂xj
.

Once this equality is proven, we will have 5(φF (R)) = (
n∑
i=1

λiyi)(5R). So for any

expression of φF (R) of the form
n∏
i=1

yiR
λiy−1

i , we will have A = (
n∑
i=1

λiyi). Because
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A is the unique element of Z[π] that satisfies equation (1), we know that this sum
is independent of the way in which φF (R) is expressed.

Step 1. We prove that for any w ∈ F we have φ(5w)J(φF ) = 5(φF (w)), so that
A(5R) = 5(φF (R)).

Let X̃ be the universal cover of X . Let ~x be the column vector with each
coordinate consisting of a lift to X̃ for each of the generators of π. Then ~x is a

vector of basis elements for C1(X̃). For every w ∈ F , let ω be the corresponding

path in X . The element (5w)~x ∈ C1(X̃) is the chain that represents the lift of ω

to a path ω̃ that begins at the base point in X̃ . Thus 5(φF (R))~x represents the
lift of the path corresponding to φF (R).

For the covering projection η : X̃ → X , we have ηf̃ = fη. Thus f̃(ω̃) and (̃fω)
are both lifts of fω that begin at the base point. So the corresponding elements of

C1(X̃) must be equal. This implies that f̃1((5w)~x) = (5(φF (w))~x, and

f̃1((5w)~x) = φ(5w)(f̃1~x) = φ(5w)J(φF )~x.

Thus φ(5w)J(φF ) = (5(φF (w)) for any w ∈ F. We set w equal to R and conclude
that A is the unique element of Z[π] that satisfies A(5R) = 5(φF (R)). Step 1 is
proven.

Step 2. We prove that whenever φF (R) is expressed in the form

φF (R) =
n∏
i=1

yiR
λiy−1

i ,

as in the statement of the theorem, then for any generator xj of F we have

∂φF (R)

∂xj
=

n∑
i=1

λiyi
∂R

∂xj
.

It is sufficient to prove Step 2 in the case for which λi ∈ {1,−1, 0} for all
i, because yiR

λiy−1
i can be written as either (yiRy

−1
i )λi or (yiR

−1y−1
i )λi . So we

assume that for each i we have λi ∈ {1,−1, 0}, but we note that this expression of
φF (R) is not necessarily reduced in F .

First, for some i consider
∂yiR

λiy−1
i

∂xj
. We have

∂yiR
λiy−1

i

∂xj
=
∂yi
∂xj

+ yi
∂Rλi

∂xj
+ yiR

λi
∂y−1

i

∂xj
.

We may use Property 6 of the Fox calculus and the fact that the coefficients are
elements of π to write, for λi ∈ {1,−1, 0},

∂yiR
λiy−1

i

∂xj
=
∂yi
∂xj

+ λiyiR
λi ∂R

∂xj
− yiRλiy−1

i

∂yi
∂xj

=
∂yi
∂xj

+ λiyi
∂R

∂xj
− ∂yi
∂xj

= λiyi
∂R

∂xj
.

We complete the proof of Step 2 by inducting on n. We have
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∂
∏n
i=1 yiR

λiy−1
i

∂xj
=
∂[(y1R

λ1y−1
1 )(

∏n
i=2 yiR

λiy−1
i )]

∂xj

=
∂(y1R

λ1y−1
1 )

∂xj
+ (y1R

λ1y−1
1 )(

n∑
i=2

λiyi)
∂R

∂xj
.

When the coefficients are viewed as elements of π, we have

∂
∏n
i=1 yiR

λiy−1
i

∂xj
= λ1y1

∂R

∂xj
+ (

n∑
i=2

λiyi)
∂R

∂xj
= (

n∑
i=1

λiyi)
∂R

∂xj
.

Thus

5(φF (R)) = (
n∑
i=1

λiyi)5 R.

4. Examples for the double torus

In this section we make use of the Fadell–Husseini method and our new result
from Section 3 to compute Nielsen numbers of self-maps on the double torus. We
include a class of examples that cannot be computed by any other known process.
In Example 4.1, we demonstrate that the new formula from Section 3 is a significant
improvement to the Fadell–Husseini method. As we demonstrate in Example 4.2,
a judicious choice of φF for a given φ can simplify the calculations dramatically.
For Examples 4.6 and 4.7, the Fadell–Husseini method is the only known method
for calculating the Nielsen number. Even when other methods are available, this
method provides an algebraic approach that is quite tractable as long as the Rei-
demeister orbits can be distinguished.

The advantage of the new formula for A. To demonstrate the advantage of
the new formula for A, in the first example we calculate A both with and also
without the new formula. For all the other examples of this section, we use the
new formula only. The maps f in Example 4.1, Example 4.3, and Example 4.4 are
homeomorphisms, so there are other methods available for finding N(f). When f is
a homeomorphism, we have N(f) equal to Min(f), so the more geometric methods
of [18], [9], and [1] apply. The method used here is quite different, being entirely
algebraic. The fundamental group of T#T is denoted by

π =
〈
a, b, c, d : aba−1b−1cdc−1d−1

〉
.

Example 4.1. Let n ≥ 2 and let φ be given by

a → b−n+1a−1, c → d,
b → abn, d → c.

We claim that N(f) = n− 1.
First we calculate A without the formula from Section 3. We have

5R = (1− aba−1, a− aba−1b−1, aba−1b−1 − d, dcd−1 − 1),

and thus

φ(5R) = (1− babn−1, b−n+1a−1 − bab−1a−1, bab−1a−1 − c, cdc−1 − 1).
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The Jacobian J(φF ) is

−b−n+1a−1 −
n−1∑
i=1

b−i 0 0

1 a
n−1∑
i=0

bi 0 0

0 0 0 1
0 0 1 0


.

We must find the unique element A ∈ Z[π] that satisfies

A5R = φ(5R)J(φF ).

By an argument similar to that of Proposition 5.2 below, we need only find a value
for A that satisfies one coordinate of the above equation. The fourth coordinate
appears simple, so we seek a solution to

A(dcd−1 − 1) = (bab−1a−1 − c).
There is no algorithm for this step, and one must observe that A = −bab−1a−1 is
a solution.

Next we repeat the calculation of A using the formula of Section 3. We see
that φF (R) = bab−1a−1dcd−1c−1. This word in F closely resembles R, and it
is in fact a cyclic permutation of the letters in the word R−1. Thus φF (R) =
bab−1a−1R−1aba−1b−1, and A = −bab−1a−1. We never need to calculate 5R,
φ(5R), nor the off–diagonal entries in the Jacobian.

To continue the calculation of N(f), we formulate the generalized Lefschetz
number using the diagonal entries of the Jacobian:

L(f, f̃ ) = ρ

(
1 + b−n+1a−1 −

n−1∑
i=0

abi − bab−1a−1

)
.

We reduce L(f, f̃ ) by noting that ρ(a) = ρ(φ(a)) = ρ(b−n+1a−1). Thus the sec-

ond and third terms in the original expression for L(f, f̃ ) cancel. It can be
shown, using the abelianization of π, that ρ(ab), ..., ρ(abn−1) are all distinct and
that ρ(ab), ..., ρ(abn−2) are all distinct from ρ(1) and ρ(bab−1a−1). It remains to
determine whether any two of ρ(1), ρ(abn−1), and ρ(bab−1a−1) are equal. Here we
reach the second part of the Fadell–Husseini method for which there is no algo-
rithm. We note that ρ(1) = ρ(φ(dc)(dc)−1) = ρ(cdc−1d−1) = ρ(bab−1a−1). Thus

the reduced form of L(f, f̃ ) is given by

L(f, f̃ ) = ρ

(
−
n−1∑
i=1

abi

)
,

and N(f) = n− 1.

The importance of the choice of φF . For any homomorphism φ : π → π, there
are many possible forms in which to write the image of the generators of π under
φ. By choosing a form for φ that makes φF (R) as simple as possible, we simplify

the calculation of N(f) significantly. Recall that A and L(f, f̃ ) depend on the
choice of φF , but the Nielsen number does not. To demonstrate the importance of
the choice of φF , we compute N(f) for two choices of φF in the following example.
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This example could be done by factoring f through S1, but its simplicity makes
our point without requiring an undesirable amount of calculation.

Example 4.2. Consider the homomorphism φ given by

a → cdc−1d−1, c → 1,
b → aba−1b−1, d → 1.

This homomorphism can also be expressed by

a → cdc−1d−1, c → 1,
b → dcd−1c−1, d → 1,

because φ(ab) = 1. These are two expressions of the same homomorphism on π,
but they induce different homomorphisms, φF : F → F .

Using the first choice of φF given above, we see that

φF (R) = cdc−1d−1aba−1b−1dcd−1c−1bab−1a−1 ∈ F.
Thus

φF (R) = (bab−1a−1)R(bab−1a−1)−1R−1 ∈ F,
and we have A = bab−1a−1 − 1. The diagonal entries of J(φF ) can be calculated
to give us the generalized Lefschetz number

L(f, f̃ ) = ρ
(
1− a+ aba−1b−1 + bab−1a−1 − 1

)
.

Because for any x ∈ π we have ρ(x) = ρ(φ(x)), we see that

ρ(a) = ρ(cdc−1d−1) = ρ(bab−1a−1) = ρ(1),

and ρ(aba−1b−1) = ρ(1). Hence all the orbits appearing in L(f, f̃ ) are equal to

ρ(1), so L(f, f̃ ) reduces to ρ(1), and N(f) = 1. This is much more difficult than
the argument that follows using the second choice for φF .

Using the second choice for φF , we see that φF (R) = 1 ∈ F and A = 0. The

diagonal entries of J(φF ) are also zero. Thus we very quickly see that L(f, f̃ ) =
ρ(1), and no distinguishing of orbits is required.

Example 4.3. This example is similar to Example 4.1. The homomorphism φ is
an isomorphism. Let n ≥ 2 and let φ be given by

a → a−n+1b−1, c → c,
b → ban, d → d.

We claim that N(f) = n.
In [8], Fadell and Husseini computed N(f) for the special case when n = 2. We

have φF (R) = R, so A = 1. It follows that L(f, f̃ ) is given by ρ

(
−2− ∂a−n+1

∂a

)
= ρ

(
−2−

n−1∑
i=1

a−i

)
. As in Example 4.1, it can be shown that in the abelianization

of π, π, the orbits of the induced action that are associated with the elements
1, a−1, ..., a−n+1 are all distinct. Thus the orbits of 1, a−1, ..., a−n+1 are all distinct,
and N(f) = n.

Example 4.4. Once again, the homomorphism φ is an isomorphism. Let n ≥ 2
and let φ be given by

a → c−n+1d−1, c → a,
b → dcn, d → b.
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We have φF (R) = cdc−1d−1aba−1b−1, so A = bab−1a−1. It follows that L(f, f̃ ) is
given by ρ

(
1 + bab−1a−1

)
. Thus N(f) is either 1 or 2. We have not yet found a

method for proving that these classes are distinct. Here is a example of the need for
more techniques to distinguish Reidemeister orbits. The computer algebra system
Magma, [2], has been used to test all words w in π of length less than eight to
determine whether φ(w)w−1 equals bab−1a−1. According to Magma, no solution of
length less than eight exists when n = 3. We have not yet found a proof that there
is no solution of any word–length for any n.

Example 4.5. In the paragraph after this example we discuss a different method,
from [25], by which this example can be done.

Let n ≥ 1, m ≥ 1, and let φ be given by

a → a−nb−1, c → c−md−1,
b → ban, d → dcm.

We claim that N(f) = n+m− 1.
Because φF (R) = 1 in F, we have A = 0. Thus

L(f, f̃ ) = ρ

−1 +
n∑
i=1

a−i +
m∑
j=1

c−j

 .

As in Example 4.1, we abelianize and discover that all the orbits appearing in the

given expression for L(f, f̃ ) are distinct with the possible exceptions of ρ(1), ρ(a−n),
and ρ(c−m). In other words, the abelianization tells us that these three classes are
not necessarily distinct, but each of them is distinct from ρ(a−i) for 1 ≤ i ≤ n− 1
and from ρ(c−j) for 1 ≤ j ≤ m− 1. We note that

ρ(1) = ρ(φ(a)a−1)ρ(a−nb−1a−1)

= ρ(φ(a−n)φ(b−1a−1)) = ρ(φ(a−n)) = ρ(a−n),

and thus there are n+m− 1 distinct classes in the reduced form of L(f, f̃ ).

Examples that cannot be done with any other method. Let φ be given by

a → x, c → y,
b → x−1, d → y−1,

for x and y any elements of π. Any map f inducing φ factors through the figure–
eight, and φ induces a homomorphism on the fundamental group of the figure–
eight. Wagner presents an algorithm in [25] for calculating N(f) for maps on
the figure–eight provided that the map satisfies a property called having remnant.
Example 4.5 does have remnant, so Wagner’s algorithm could have been used. The
following examples do not have remnant. Thus the Fadell–Husseini method is the
only known method for calculating N(f) for these examples.

Example 4.6. Consider φ given by

a → ba−1b, c → b2,
b → b2, d → ba−1b.

We have A = 0 and L(f, f̃ ) = ρ(ba−1 − b). By abelianization we see that the two
classes are distinct. Thus N(f) = 2.
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Example 4.7. Consider φ with n ≥ 1 given by

a → anc2a, c → b2acd,
b → a−1c−2a−n, d → d−1c−1a−1b−2.

We have A = 0 and

L(f, f̃ ) = ρ(−
n−1∑
i=1

ai − anc2 − b2a+ d−1).

Note that

ρ(d−1) = ρ(φ(d−1)) = ρ(b2acd) = ρ(φ(b2a)) = ρ(b2a).

Thus

L(f, f̃ ) = ρ(−
n−1∑
i=1

ai − ac2),

and by abelianization we see that the classes listed are all distinct. Thus N(f) = n.

5. The Klein bottle

The Nielsen numbers for any self-map on the Klein bottle were calculated using
geometric arguments by Halpern in [10]. We use the method of Fadell and Hus-
seini [8] to compute the Nielsen numbers algebraically. These algebraic arguments
for the Klein bottle first appeared in Hart’s dissertation [11].

For the Klein bottle, the Nielsen number N(f) provides precise geometric infor-
mation because it equals Min(f). A proof of this fact was circulated in preprint
form by Halpern [10] in 1978 but never published. We supply a sketch of his proof
at the end of this section.

Let K be the Klein bottle. The fundamental group of K is

π =
〈
a, b : abab−1

〉
.

The following proposition appears in [10], and we repeat it here.

Proposition 5.1 (Halpern). Let π =
〈
a, b : abab−1 = 1

〉
. Let u, v, w ∈ Z so that

whenever w is even we have u = 0. Then there is a homomorphism φ : π → π
satisfying φ(a) = au and φ(b) = avbw, and every homomorphism from π to π is of
this form.

Proof (Halpern). Every element of π can be written in the form aibj for some

i, j ∈ Z, using the relation bkam = a(−1)kmbk. Thus for any homomorphism φ :
π → π we have φ(a) = aubz and φ(b) = avbw for some u, v, w, z ∈ Z. We must have
φ(abab−1) = 1, so we have

1 = φ(abab−1) = aubzavbwaubzb−wa−v = aαbβ,

with α = u+ (−1)zv+ (−1)z+wu+ (−1)2z(−v) and β = 2z. Thus β = 2z = 0, and
α = (1 + (−1)w)u = 0.

To calculate the Nielsen number algebraically, we first note that 5R = (1 +
a, a− 1) and

J(φF ) =


∂au

∂a
0

∂av

∂a
av
∂bw

∂b

 .
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The next step is to find A, the trace in dimension two. The formula in Section 3
is not useful here. It can be extremely difficult to determine the correct form for
the element φF (R). On the other hand, π is reasonable in this case in the sense
that any element of π can be written in the form aibj for some integers i and j.
We use factoring to find A.

Using the second coordinate of 5R, we see that A must satisfy

A(a− 1) = (au − 1)av
∂bw

∂b
.(2)

The following proposition states that A is the unique element of Z[π] satisfying
equation (2). Thus we need to examine only the second coordinate of equation (1)
to find A. Any element that is a solution to equation (2) must be the unique
solution to equation (1).

Proposition 5.2. Any element B of Z[π] satisfying

B(a− 1) = (au − 1)av
∂bw

∂b

also satisfies the equation B(5R) = φ(5R)J(φF ). But A is the unique element
satisfying the latter equation. Thus B = A.

Proof. Assume B ∈ Z[π] with B(a−1) = (au−1)av
∂bw

∂b
. Then A(a−1) = B(a−1)

and (A − B)(a − 1) = 0. Let C = A − B. Note that for any k, Cak = C.

Assume C 6= 0. Then C =
n∑
i=1

λia
αibβi with n ≥ 1, λi 6= 0, ∀i = 1, . . . , n and

(αi, βi) 6= (αj , βj) for j 6= i. Ca =
n∑
i=1

λia
αibβi =

n∑
i=1

λia
γibβi with γi = αi+(−1)βi.

Because Ca = C, αi + (−1)βi = αj and βi = βj for some j 6= i, 1 ≤ j ≤ n.
Consider the pair (α1, β1). Without loss of generality, we may assume the terms

of the sum are ordered so that α2 = α1 + (−1)β1 and β2 = β1. For any ` ≥ 1,

Ca` = C. Thus C =
n∑
i=1

λia
αibβia` =

n∑
i=1

λia
µibβi for µi = αi + `(−1)βi. The

pair (µi, βi) must equal (αj , βj) for some j 6= i, 1 ≤ j ≤ n. Thus without loss of
generality, we may assume the terms of the sum are ordered so that

α`+1 = α1 + `(−1)β1, and β`+1 = β1, 1 ≤ ` ≤ n− 1.(3)

ButCan = C also. Thus there exists j with 1 < j ≤ n such that αj = α1+n(−1)β1a.
By equation (3), αj = α1 + (j − 1)(−1)β1a. Thus j = n + 1. But C has exactly
n terms. This is a contradiction, so the assumption that C 6= 0 is false. Finally,
C = A−B = 0, and A = B.

To find A, we need only solve A(a − 1) = av(au − 1)
∂bw

∂b
. Let E(bw) and

O(bw) be the sum of the even and odd powers of b in
∂bw

∂b
, respectively, so that

E(bw) +O(bw) =
∂bw

∂b
.

Proposition 5.3. The expression A = av
∂au

∂a
E(bw)+av(1− ∂a

u+1

∂a
)O(bw) satisfies

equation (2).
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Proof. Case 1. u = 0. Because
∂1

∂a
= 0, A(1 − a) = av(1 − 1)

∂bw

∂b
= 0. Thus

Aa = A. As in the proof of Proposition 5.2, this forces A = 0. But for u = 0,

av
∂au

∂a
E(bw) + av(1− ∂au+1

∂a
)O(bw) = 0 = A.

Case 2. u 6= 0. Note that au − 1 factors in two ways. For u > 0, we have

au − 1 = (1 + a+ a2 + · · ·+ au−1)(a− 1) =
∂au

∂a
(a− 1),

and

au − 1 = −(a+ a2 + · · ·+ au)(a−1 − 1) = (1− ∂au+1

∂a
)(a−1 − 1).

For u < 0, we have

au − 1 = −(a−1 + a−2 + · · ·+ au)(a− 1) =
∂au

∂a
(a− 1),

and

au − 1 = (1 + a−1 + a−2 + · · ·+ au+1)(a−1 − 1)

=

(
1− ∂au+1

∂a

)
(a−1 − 1).

Thus for all u 6= 0 we have

A(a− 1) = av(au − 1)
∂bw

∂b

= av
∂au

∂a
(a− 1)E(bw) + av(1− ∂au+1

∂a
)(a−1 − 1)O(bw).

Recall that aE(bw) = E(bw)a and a−1O(bw) = O(bw)a. Thus

A(a− 1) =

[
av
∂au

∂a
E(bw) + av

(
1− ∂au+1

∂a

)
O(bw)

]
(a− 1),

and for u > 0,

A = av
∂au

∂a
E(bw) + av

(
1− ∂au+1

∂a

)
O(bw).

L(f, f̃ ) for self-maps on the Klein bottle. The Fadell-Husseini formula for

L(f, f̃ ) applied to f : K → K is

L(f, f̃ ) = ρ(1− trJ(φF ) +A)

= ρ

(
1− ∂au

∂a
− av ∂b

w

∂b
+ av

∂au

∂a
E(bw) + av

(
1− ∂au+1

∂a

)
O(bw)

)
= ρ

(
1− ∂au

∂a
− avE(bw)− avO(bw)

+av
∂au

∂a
E(bw) + av

(
1− ∂au+1

∂a

)
O(bw)

)
.

Thus

L(f, f̃ ) = ρ

(
1− ∂au

∂a
+ av

(
∂au

∂a
− 1

)
E(bw)− av ∂a

u+1

∂a
O(bw)

)
.(4)

Next we must express the generalized Lefschetz number of f in reduced form
with each Reidemeister orbit appearing at most once.
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Distinguishing Reidemeister orbits. Given two elements of π that appear in

the sum L(f, f̃ ), we determine whether they are in the same Reidemeister orbit.

Proposition 5.4. Given two elements aib j, arb s ∈ π, whenever j 6≡ s mod (w−1),
we have ρ(aib j) 6= ρ(arb s).

Proof. Let N be the normal closure of the subgroup generated by a and bw−1 in π.
Then π = π/N is isomorphic to Z|w−1| with Z0 = Z and Z1 the trivial group. The

generator of π is b. The subgroup N of π is generated by {cac−1, cbw−1c−1 : c ∈ π}.
We have φ(N) ⊆ (N). Thus φ : π → π is well-defined, and φ is the identity
homomorphism. Two elements of π are in the same orbit of the action induced
by the Reidemeister action iff they are conjugate in π. Therefore each orbit is a
singleton in π. Thus

ρ(aib j) = ρ(arb s) ⇒ b
j

= b
s ∈ π ⇒ j ≡ s mod (w − 1).(5)

The reduced form of L(f, f̃ ).

Proposition 5.5. Let aib j and arbs be two of the elements of π that appear in the

sum L(f, f̃ ) in equation (4). Then for w > 0,

ρ(aib j) = ρ(arbs) ⇒ j = s or (j, s) = (0, w − 1) or (j, s) = (w − 1, 0).

For w < 0,
ρ(aib j) = ρ(arbs) ⇒ j = s.

Proof. The sum L(f, f̃ ) as in equation (4) contains the following powers of b:

For w > 0, b0, b1, b2, . . . , bw−1.

Forw < 0, b0, b−1, b−2, . . . , bw.

By equation (5), the exponents of b to consider are those that are equivalent modulo

w − 1. The only such exponents appearing in L(f, f̃ ) are 0 and w − 1 for w > 0.
Thus the two elements of π could possibly be in the same orbit only if j = s or, for
w > 0, if j = 0 and s = w − 1.

The following lemma will be helpful in the proof of the theorem.

Lemma 5.6. For w 6= 1, w odd, and i, j, r ∈ Z, we have when j is even

ρ(aibj) = ρ(arbj) ⇔ r ≡ i mod (u− 1),

and when j is odd

ρ(aibj) = ρ(arbj) ⇔ r ≡ i mod (u+ 1).

Proof. If ρ(aibj) = ρ(arbj), there exist x, y ∈ Z such that

arb j = φ(axby)(aib j)(axby)−1.

This forces j = j + y(w − 1), and thus y = 0. The equation above reduces to

arb j = φ(ax)(aib j)(ax)−1,

which forces r ≡ i mod (u− 1) for even values of j and r ≡ i mod (u+ 1) for odd
values of j.

To prove the other implication for j even, assume r = i+p(u−1) for some p ∈ Z.
Let ap act on aib j via the Reidemeister action. We see that ρ(aib j) = ρ(arb j). For
odd values of j, assume r = i+ p(u+ 1) for some p ∈ Z. Let ap act on aib j .
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Theorem 5.7 (Halpern). The Nielsen number for a self-map f on the Klein bottle
is given in terms of a homomorphism φ : π → π that is induced by a cellular
approximation to f and that satisfies φ(a) = au and φ(b) = avbw. We have

N(f) =

{
|u(w − 1)| for u 6= 0,
|w − 1| for u = 0.

Also,

L(f) =

{
−sgn(w)|w − 1|, w 6= 0,
1, w = 0.

Proof. Part 1. w = 0. Whenever w = 0, we have u = 0 and L(f, f̃ ) = ρ(1). Thus
N(f) = 1 = |w − 1|.

Part 2. w 6= 0 and w even. Whenever w is even, u = 0. Thus for w even

L(f, f̃ ) = 1− avE(bw)− avO(bw) = 1− av ∂b
w

∂b
.(6)

By Proposition 5.5, the only terms in this sum that could be in the same Reide-
meister orbit are 1, av, and avbw−1 if w > 0. For w < 0, none of the terms are in
the same orbit. For w > 0, let b act on 1 via the Reidemeister action. Then

φ(b)(1)b−1 = avbw−1.

Thus for w > 0 and w even, ρ(1) = ρ(avbw−1), and L(f, f̃ ) is

L(f, f̃ ) =

 −ρ(av)− ρ(avb)− · · · − ρ(avbw−2), w > 0 and w even,
ρ(1), w = 0,
ρ(1) + ρ(avb−1) + · · ·+ ρ(avbw), w < 0 and w even.

The form for L(f, f̃ ) given here is reduced, because all the orbits shown are distinct
by Proposition 5.5. Thus N(f) is |w − 1| for w even.

Part 3. w odd. Let

σ = 1− ∂au

∂a
+ av

(
∂au

∂a
− 1

)
.

By substituting σ into equation (4), we find that

L(f, f̃ ) = ρ

(
σ + av

(
∂au

∂a
− 1

)
(E(bw)− 1)− av ∂a

u+1

∂a
O(bw)

)
.

Step 1. ρ(σ) = 0. To prove that ρ(σ) = 0, we first note that for i, r ∈ Z with
r ≡ i mod (u − 1), ρ(ar) = ρ(ai). (Let c ∈ Z, so that r = i + c(u − 1), and let ac

act on ai via the Reidemeister action.)

Case 1. u > 0. Note that σ = −
u−1∑
n=1

an +
u−1∑
n=1

av+n. Let q ∈ Z be such that

v ≡ q mod (u − 1) and 0 < q ≤ u − 1. Then for any x ∈ Z, ρ(av+x) = ρ(aq+x).
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Thus

ρ(σ) = −
u−1∑
n=1

ρ(an) +
u−1∑
n=1

ρ(aq+n)

= −
q∑

n=1

ρ(an)−
u−1∑
n=q+1

ρ(an) +

u−1−q∑
n=1

ρ(aq+n) +
u−1∑

n=u−q
ρ(aq+n)

= −
q∑

n=1

ρ(an)−
u−1∑
n=q+1

ρ(an) +
u−1∑
n=q+1

ρ(an) +
u−1∑

n=u−q
ρ(aq+n)

= −
q∑

n=1

ρ(an) +
u−1∑

n=u−q
ρ(aq+n)

= −
q∑

n=1

ρ(an) +

q∑
n=1

ρ(an+u−1)

= 0.

Case 2. u = 0. In this case, σ = 1− av = a0− av. Any two integers are equivalent
modulo −1, so 0 ≡ v mod −1. Thus ρ(σ) = ρ(1)− ρ(av) = 0.

Case 3. u < 0. Let q ∈ Z such that u ≤ q ≤ 0 and q ≡ v mod (u − 1). For any

x ∈ Z, ρ(av+x) = ρ(aq+x). For u < 0, σ =
∑|u|
n=0 a

−n −
∑|u|
n=0 a

v−n. Therefore

ρ(σ) =

|q|−1∑
n=0

ρ(a−n) +

|u|∑
n=|q|

ρ(a−n)−
q+|u|∑
n=0

ρ(aq−n)−
|u|∑

n=q+|u|+1

ρ(aq−n)

=

|q|−1∑
n=0

ρ(a−n) +

|u|∑
n=|q|

ρ(a−n)−
|u|∑
n=|q|

ρ(a−n)−
|q|−1∑
n=0

ρ(au−1−n)

=

|q|−1∑
n=0

ρ(a−n)−
|q|−1∑
n=0

ρ(au−1−n)

= 0.

Thus ρ(σ) = 0, and Step 1 is completed.

Step 2. The proof for w = 1. For w = 1, L(f, f̃ ) = ρ(σ) = 0. There are no terms
with coefficient different from zero, so N(f) = 0 = |u(w − 1)|.

Step 3. The proof for w 6= 1, w odd. We have that

L(f, f̃ ) = ρ

(
av
(
∂au

∂a
− 1

)
(E(bw)− 1)− av ∂a

u+1

∂a
O(bw)

)
.

Let B = av
(
∂au

∂a
− 1

)
(E(bw)− 1), and let C = av

∂au+1

∂a
O(bw). Then L(f, f̃ ) =

ρ(B − C).
The sum B can be written uniquely (up to the ordering of the terms) as

B =
∑̀
n=1

λna
inbjn(7)
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with (in, jn) 6= (im, jm) for all n 6= m, with λn ∈ Z, and with λn 6= 0 for n =
1, . . . , `. Note that for w > 0, jn is never zero. Thus for any w, Proposition 5.5
implies that for 1 ≤ n ≤ ` and 1 ≤ m ≤ `,

ρ(ainbjn) = ρ(aimbjm) ⇒ jn = jm.

Given two elements of π appearing in equation (7) with the same power of b, are
they in the same Reidemeister orbit?

In equation (7), the possible values for in are as follows:

For u > 0, in = v + 1, v + 2, . . . , v + u− 1.
For u = 0, in = v.
For u < 0, in = v, v − 1, . . . , v + u.

For any value of u, none of the values for in are equivalent modulo u−1. There-
fore, using Lemma 5.6, the reduced form of ρ(B) is

ρ(B) = ρ

(
av
(
∂au

∂a
− 1

)
(E(bw)− 1)

)
.

Next we consider C = av
∂au+1

∂a
O(bw). Just as in the calculations for B, C can

be written uniquely (up to the ordering of the terms) as

C =
∑̀
n=1

λna
inb jn(8)

with (in, jn) 6= (im, jm) for all n 6= m, with λn ∈ Z and with λn 6= 0 for n =
1, . . . , `. Note that jn is never zero. Thus for any w, Proposition 5.5 implies that
for 1 ≤ n ≤ ` and 1 ≤ m ≤ `,

ρ(ainb jn) = ρ(aimb jm) ⇒ jn = jm.

Given two elements of π appearing in equation (8) with the same power of b, are
they in the same Reidemeister orbit?

Using Lemma 5.6, we see that the possible values for in in equation (8) are as
follows:

For u > 0, in = v, v + 1, . . . , v + u.
For u = 0, in = v.
For u < 0, in = v − 1, v − 2, . . . , v + u+ 1.

For any value of u, none of the values for in are equivalent modulo u+ 1. There-
fore, the reduced form of ρ(C) is

ρ(C) = ρ

[
av
∂au+1

∂a
O(bw)

]
.

By Proposition 5.5, no element of π appearing in the sum B is in the same
Reidemeister orbit as an element of π appearing in C. Therefore, ρ(B − C) =

L(f, f̃ ) is in reduced form. For example, if u > 0, w > 1, and w is odd, we have

w−1
2∑
`=1

u−1∑
k=1

ρ(av+kb2`)−
w−3

2∑
`=0

u∑
k=0

ρ(av+kb2`+1).
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The Nielsen number of f , N(f), is the total number of terms in ρ(B − C) with
coefficient different from zero. Whenever w is odd, a simple counting of terms gives

N(f) =

{
|u(w − 1)|, u 6= 0,
|w − 1|, u = 0.

The Lefschetz number of f , L(f), is the sum of the coefficients of ρ(B − C). Thus
L(f) = −sgn(w)|w − 1| for any odd value of w.

The Wecken property for the Klein bottle. Here we include the proof from
the unpublished [10] that the Klein bottle is Wecken.

Theorem 5.8 (Halpern). The Klein bottle K is Wecken. That is, N(f) = Min(f)
for any map f : K → K.

Sketch of the proof. Halpern classifies the homotopy classes of maps from K to K,
using the homotopy extension property and inner automorphisms, in terms of u, v,
and w as in Proposition 5.1. For any map f : K → K, he proves in Theorem 2.7
of [10] that f is homotopic to a map g that fixes the base point of K and induces
a homomorphism φ : π → π with the following special properties:

1. u ≥ 0.
2. If w is even, u = 0.
3. v ≥ 0.
4. If w is odd, then v = 0 or 1.

Because every homotopy class contains a map that induces a homomorphism of this
special form, these are the only homomorphisms we need to consider in this proof.

For each homomorphism φ of the form described in the previous paragraph,
Halpern exhibits a map f : K → K that is homotopic to a map that fixes the
base point of K and induces φ. The original map f is such that |Fix(f)| can be

determined geometrically to equal N(f). He does this in terms of lifts f̃ : R2 → R2.

For each triple (u, v, w), define f̃ as in Table 1 for all points (x, y) ∈ R2. We will

see that f̃ covers a map f : K → K and that this map f is homotopic to a map
that induces φ.

First, for any odd integer w 6= 1, define λw : R → R to be any map satisfying
λw(y + 1) = −λw(y) for all y ∈ R and satisfying

λw

(
j

w − 1

)
=


√

2 if j is an even integer and
j

w − 1
∈ [0, 1),

0 if j is an odd integer and
j

w − 1
∈ [0, 1).

Let the generators of π be given in the form of covering transformations as

a(x, y) = (x + 1, y) and b(x, y) = (−x, y + 1). To prove that f̃ covers a map on K

it suffices to prove that there exist elements c, d ∈ π so that f̃ ◦ a(x, y) = c ◦ f̃(x, y)

and f̃ ◦ b(x, y) = d ◦ f̃(x, y). The reader can check that in Case 1 we have c = 1
and d = avbw. For Cases 2–7, c = au. For Cases 2, 4, and 5, d = bw. Finally, for
Cases 3, 6, and 7, d = abw.

Each f̃ covers a map f that is homotopic to a map g that induces a homomor-
phism with the values of u, v, and w given in Table ??. We prove this for Case 6
and leave the remaining cases to the reader. Let α, β, γ1, γ2 and γ3 be paths in R2
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Table 1

Case 1 w even f̃(x, y) = (vy, wy)

Case 2 w = 1, v = 0 f̃(x, y) = (ux, y +
√

2)

Case 3 w=1, v=1 f̃(x, y) = (
1

2
+ ux, y +

√
2)

Case 4 w odd, w 6= 1, v = 0, u 6= 1 f̃(x, y) = (ux,wy)

Case 5 w odd, w 6= 1, v = 0, u = 1 f̃(x, y) = (x+ λw(y), wy)

Case 6 w odd, w 6= 1, v = 1, u 6= 1 f̃(x, y) = (
1

2
+ ux,wy)

Case 7 w odd, w 6= 1, v = 1, u = 1 f̃(x, y) = (
1

2
+ x+ λw(y), wy)

for t ∈ I given by

α(t) = (t, 0),
β(t) = (0, t),
γ1(t) = (1

2 −
1
2 t, 0),

γ2(t) = (1
2 + 1

2 t, w), and
γ3(t) = (1 1

2 −
1
2 t, 0).

Then π◦α ∈ a, π◦β ∈ b, and π◦γ1 = π◦γ2 = π◦γ3, because w is odd. Set γ = π◦γ1.

Then γ is a path from f(∗) to ∗. Note that γ−1
1 (f̃ ◦β)γ2 ∼ αβw rel{0, 1}, and hence

γ−1f ◦ (π ◦ β)γ ∼ (π ◦ α)(π ◦ β)w rel{0, 1}. Thus f ' g with g# = abw. Similarly,

we note that γ−1
1 (f̃ ◦ α)γ3 ∼ α rel{0, 1} and so γ−1f ◦ (π ◦ α)γ ∼ π ◦ α rel{0, 1}.

Thus g#(a) = au.
Next we check for each case that f has exactly N(f) fixed points. The condition

f(π(x, y)) = π(x, y) is equivalent to f̃(x, y) = ai ◦ bj(x, y) for some (i, j) ∈ Z2. In
each of the seven cases of Definition 4.1 we obtain

CASE 1: y =
j

w − 1
x = (−1)j(

vj

w − 1
− i)

CASE 2:
√

2 = j (so no solutions)

CASE 3:
√

2 = j (so no solutions)
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CASE 4: y =
j

w − 1
x =

i

u− (−1)j

CASE 5: If j is even, then
√

2 = i (so no solutions).

If j is odd, then y =
j

w − 1
and x =

i

2
.

CASE 6: y =
j

w − 1
x =

i− 1

2
u− (−1)j

CASE 7: If j is even, then
√

2 = i− 1

2
(so no solutions).

If j is odd, then y =
j

w − 1
and x =

i− 1

2
2

.

To calculate the number of fixed points of f in each case, we need only count

the number of fixed points of f̃ for which 0 ≤ x < 1 and 0 ≤ y < 1.
In each case it can be seen that

|Fix(f)| =
{
| u(w − 1) | if u 6= 0,
| w − 1 | if u = 0.

Thus Halpern’s work proves that the Klein bottle is Wecken.
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