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PACKING MEASURE OF THE SAMPLE PATHS
OF FRACTIONAL BROWNIAN MOTION

YIMIN XIAO

ABSTRACT. Let X(t) (t € R) be a fractional Brownian motion of index « in
RZ. If 1 < ad , then there exists a positive finite constant K such that with
probability 1,

¢-p(X([0,¢])) = Kt forany t>0,

where ¢(s) = sa /(log log %)% and ¢-p(X([0,¢])) is the ¢-packing measure of
X ([0, ¢]).

1. INTRODUCTION

Packing measure was introduced by Taylor and Tricot ([TT]) as a dual concept
to Hausdorff measure. Like Hausdorff measure and Hausdorff dimension (cf. [F]), it
is a very useful tool in analyzing fractal sets and in studying sample path properties
of stochastic processes. There has been a lot of work on the packing measure of the
image and graph of processes with stationary independent increments (see [FT],
[LeT], [RT], [TT], [Tayl], and references therein). The objective of this paper is
to study the packing measure of the sample paths of fractional Brownian motion.
For processes with stationary independent increments, the strong Markov property
plays a crucial role. For this reason some of the techniques used previously are not
available in the present situation.

Fix o € (0, 1) and consider the centered, real gaussian process Y (¢) (¢t € R) with
covariance

B(Y ()Y (5)) = g (117 + 18> — It — 5

We will use the fact that Y'(¢) (¢t € R) can be represented as a stochastic integral

(1.1) Y(t) = /RG(t,x)dW(x) ,

where dW (z) is a scattered gaussian random measure with Lebesgue measure as
control measure and

(1.2) G(t,z) = cq <max(t —2,0)*"% — max(—z, 0)a—%> ,
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where ¢, is a normalizing constant depending on « only. We associate with Y a
gaussian process in R¢ by

X(t) = (X1(t), -+, Xa(t)) ,

where X1, -+, X4 are independent copies of Y. Using the terminology of Kahane
([K], Chapter 18), we call X the (1,d,«) process or the d-dimensional fractional
Brownian motion of index o . When a = %, X(t) is ordinary d-dimensional Brow-
nian motion. It is easy to see that X (¢) (¢ € R) is a self-similar process with
exponent a, i.e. for any a > 0,

(1.3) X(a) 2

a®X (),
where X 2 Y means that the two processes X and Y have the same finite dimen-
sional distributions.

It is well known that with probability 1,

DimX ([0, 1]) = min{d; é} ;

where DimFE is the packing dimension of E (cf. [Tay2]). We shall prove that, in
the transient case (that is, 1 < ad), there exist positive constants C; and Cy, such
that

(1.4) C1 < dp(X([0,1])) < Cy ,  as.

where ¢(s) = s= /(loglog %)% and ¢-p is the ¢-packing measure. If 1 > ad , then
by a result of Pitt [P] (see also [K], Ch.18, Theorem 2), X ([0,1]) a.s. contains
interior points and hence 0 < Lg(X([0,1])) < o0, a.s., where Ly is the Lebesgue
measure in R%. In the critical case of 1 = ad, the problem of finding the packing
measure of X ([0, 1]) is much deeper. Except in the special case of planar Brownian
motion, for which LeGall and Taylor ([LeT]) proved that ¢-p(X([0,1])) is either
zero or infinite, this problem is still open.

The paper is organized as follows. In Section 2, we collect definitions and lemmas
which are essential to our calculations. In Section 3, we obtain upper bounds for
the probability that a fractional Brownian motion hits a ball, generalizing classical
results for ordinary Brownian motion in R? (d > 3). In Section 4, we prove a
liminf theorem for the sojourn time of fractional Brownian motion. In Section 5,
we prove (1.4). We have to use methods quite different from those for Brownian
motion to prove our results. The reason for this is not only that for o # % fractional
Brownian motion of index o does not have independent increments; there are also
other technical difficulties. For example, the distribution of the sojourn time of d-
dimensional Brownian motion in the unit ball R? is explicitly known ([CT], [T'T])
but for fractional Brownian motion of index « # %, we can not even prove that the
sojourn time has a bounded density.

We will use K, Ky, Ks, -+, ¢1,co,--- to denote unspecified positive finite con-
stants which may take different values from line to line.

2. PRELIMINARIES

First we recall briefly the definitions of packing measure and packing dimension.
Let ® be the class of functions ¢ : (0,6) — (0,1) which are right continuous,
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monotone increasing with ¢(04) = 0, and such that there exists a finite constant
K1 > 0 for which

(2.1)

¢:;(258))<K1 f0r0<s<%6.

For ¢ € ®, Taylor and Tricot ([TT]) defined the set function ¢-P(E) on RY by
(2.2) ¢-P(E)= 111% sup{z #(2r;) : B(w;,r;) are disjoint, x; € E, r; < e} ,

where B(z,r) denotes the open ball of radius r centered at z. A sequence of closed
balls satisfying the conditions in the right hand side of (2.2) is called an e-packing
of E. Observe that ¢-P is not an outer measure because it fails to be countably
subadditive. However, ¢-P is a premeasure, so one can obtain a metric outer
measure ¢-p on R by defining

(2.3) ¢-p(E) = inf{z ¢-P(E,): EC UEn} .

¢-p(E) is called the ¢-packing measure of E. Every Borel set in RY is ¢-p measur-
able. If ¢(s) = s%, s*-p(F) is called the a-dimensional packing measure of E. The
packing dimension of F is defined by

DimE = inf{a>0: s*p(E)=0}
= sup{a>0: s*p(E)=+4o0}.
By (2.3), we see that, for any E C RV,
(2.4) o-p(E) < ¢-P(E) |
The upper bound for ¢-P(FE) is usually not easy to determine, because we need
to consider all the possible packings in (2.2). A lower bound for ¢-p(E) can be

obtained by using the following density theorem for packing measures (see [TT]
and [RT] for a proof).

Lemma 2.1. Let i be a Borel measure on R™ and ¢ € ®. Then for any Borel set
ECRV,

_ . —1
o-p(E) > K1 p(E) inf {Dji(x)}
where K7 is the constant in (2.1) and
4(z) = liminf MBE:)
Dji(x) = lim inf o(2r)

is the lower ¢-density of 1 at x.

Now we recall some facts about gaussian processes. Let Y (t) (t € S) be a
gaussian process. We define a metric d on S by

2

dlont) = (B () - V(0)?)

Denote by N4(S, €) the smallest number of open d-balls of radius ¢ needed to cover
S, and write D = sup{d(s,t) : s, t € S}.

The following lemma is well known. It is a consequence of the gaussian isoperi-
metric inequality and Dudley’s entropy bound ([LT], see also [Tal]). We will use it
when S is an interval.
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Lemma 2.2. There ezists an absolute constant K > 0 such that for any u > 0, we
have

P{ sup [¥(5) = Y(1)] > K(u n /OD md)} < p(—g—) |

s, teS
The following lemma is a corollary of Lemma 2.2, and (ii) is proved in [M].

Lemma 2.3. Let Y(t) (t € R) be a centered gaussian process with values in R
such that Y(0) =0,

E(Y(t)=Y(s)?<ft—s* (0<a<1).

Then:
(i) For any r > 0,u > Kr®, we have

u?

P{i}l<;)T|Y(t)| > HU} < exp(—m) .
(ii) Let
wy(h) = sup [Y(t+s)—Y(t)]

t, t+s€[0,1], |s|<h
be the uniform modulus of continuity of Y (t) on [0,1]. Then
h
lim sup L)ll <
h—0  0h(log 3)2

Let {A} be a sequence of events in a probability space. In the following lemma,
(i) is well known and (ii) is proved implicitly in [M] (see also [Ta2]).

Lemma 2.4. (i) If Y ;2 P(Ay) < oo, then P(limsup,_, ., Ax) =0 .
(il) If there exist positive constants K, e and positive integers ko, J such that
for ko <k < J,

J J

(2.5) > P(AxNAj) < P(4) <K +(1+e) Y P(Aj))
j=k+1 j=k+1
and
J
(2.6) > Plag > 2
k=ko

then

J 1
> }
P<U Ak) 14 2¢

k=ko

Remark. 1f 3, P(Aj) = oo, then for each fixed ko, we can take J large enough so
that (2.6) holds.
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3. HITTING PROBABILITIES

In this section, we consider the probability that a d-dimensional fractional Brow-
nian motion of index « hits a ball B(y, ) in R%. The main results are Theorems 3.1
and 3.2, which generalize the classical results about the hitting probability and de-
layed hitting probability of d-dimensional Brownian motion (d > 3).

Let Z(t) (t € R) be a centered, real valued gaussian process. We write

o*(t,s) = B(Z(t) = Z(s))*, o*(t) = E(Z(1))” .
Suppose that

(3.1) o?(t,s) <Ot —s|** (0<a<1)
and there exist positive constants c1, co such that
(3.2) 1022 < o2 (t) < c20%t% .

Let Y7, -+, Yy be independent copies of Z and let
Y(t> = (Yl (t)7 T 7Yd(t)) .

Lemma 3.1. For any a > 0, let S = [a,2a]. Consider a centered real gaussian
process Z(t) (t € R) that satisfies (3.1) and (3.2) on S, where 8 may depend on a.
Let Y (t) (t € R) be the associated gaussian process in R%. Then there exist positive
constants K3 and Ky, depending only on « and d, such that for any r > 0 and any
y € R with |y| > Ksr, we have

: |y|2 l1—ad r I é
. — < - . = .
(3.3) P{ggg [Y(t) —y| < 7"} K4exp< K020 a i

Proof. Denote by N(S, (5)1/0‘) the smallest number of open balls of radius (5)1/0‘
that are needed to cover S. Then

(3.4) N(S,( -

g)l/a) sa- (5)_3 ;

Let {S,} (1 <p < N(S,(5)V*)) be a family of balls of radius (5)'/ that cover S
and let

A= {;ggw(t)—m <7~},

Ap_{nﬂudﬂ—M<r}.

tes,
Then

(3.5) AC A, .
Now fix a 1 <p < N(S, (5)1/). Let

€y = (g) : exp(—2"Th)

and let {tgn), 1 <i< N(Sp, )} be a set of the centers of open balls with radius
€n that cover S,. Denote

rn = 30de?2" T
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where 3 > K is a constant to be determined later, and

AP = {|Y(t§”> —yl < r+Zm} )
k=j

(Szhej)

"-U U

=1

—
©
D

=

| \

N(Sp.en)
=ADy o al.

Then by Lemma 2.3 (ii), we have
(3.7) P(4,) < lim P(A™) .

n—oo

By (3.6), we have

(3.8) P(A(")) < P(A("—l)) + P(A(n)\A(n—l))
and
N(S €n)

where 7’ is chosen so that |t§”) — tl(-,"_l)| < €,—1. Consider

P(A(.”)\A(-,"_l)>

(310) = P{|Y(t(n y| <r+4 Z'rk 5 Z/ y| >r+4 Z 'I"k;}

k=n—1
< P{|Y(t§.">) —yl<r+ Zrk Y™y =y ) > rn_l} .
k=n

By elementary properties of gaussian variables, we can write

2" - 20y _267) | i
APy (< SMVETEY

where

E[(Z(tz(.")) - Z(tf.,"‘”)) Z(tf-"))}
ot 1) (t)")

p:

and where £ is a centered gaussian variable with variance 1 and is independent of
Z(t (”)) Hence there exists a centered gaussian vector = with the identity matrix
as its covariance matrix such that Z is independent of Y(tz(- )) and

Y v v
(t(n) (” 1)) O’(tl(-n))
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We observe that

St S
k=n k=0
< (1—}—03/ exp(—awz)dx)r
0
= C4T .

and by (3.1),
(¢, ¢y < o) — gD

il

It follows that (3.10) is less than

1 [ Tn—1 . Y(tgn))} }
VI=p2 Lol —r Ve T o™

n d .
< P{|Y<t§- Nyl <enr, 2] > 22 25}

(3.11) 2
(n)
n Y (t; d _n
+P{|Y(f§ -yl <ar, p7| (Zn))l >6—22}
o(t;") 2

=L+ 1.

By the independence of Z and Y (£™), we have
- P{|Y(t§"’> Yl <ewr } 'P{|E| > 2}

1 2 d .n
:/ —(MEZEP(—L du'P{|E|Zﬂ—25}
{lu—y|<ear} (2m)3/204(t;"™) 202( 2

%

(")
2 r ¢ _ d n .
<cs exp(— |y|(n) )( o ) .P{|:|_%22} (if |y| > Ksr)
do?(t;) o(t;”)

i r ) (94)°
= exp<_40292(2a)20‘ c10a “P\ " 16 ")

where the last inequality follows from (3.2) and the tail probability of the gaussian
vector. On the other hand,

¢ 2
) (2) o)
{fu—yl<car, [ul2 om0t} \2T ) gd(;™)) 202(t;")

K2

2 2
e / ﬁ‘”@‘%)du | ewp(‘% 2”)
(313) {lu—y|<car} O (tz ) 4o (tz )

< ey exp<_8(jiy(gn))) (U(tgn))f (- ) Gty s

ly[? r\! (Bd)?
< - : A :
= exp( 8c26?(2a)?e c10a> exp 16 2

Combining (3.8) through (3.13) and choosing 8 > K> satisfying

e

(3.12)
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we obtain
(n) (n—1) lyI” r
P(A™) < P(A" ) 4+ c10 N(Sp, en)exp| ———— | | —

8c20?(2a)?> J \ fa™
2
(- )

<n |N(Spe) + >N, wenn(~55 2|

k=1

R YA
“rp 8¢202(2a)2> ) \ fa~

cenpeap(—— N[ Y
= 8c20%(2a)2> ) \ fa~ )
Therefore, by (3.4), (3.5) and (3.7), we have

Plint V(1) =yl <r < lyl® L\
1es Yi=Typ = s 8c202(2a)2> ) qed=1 \ 0 ’
This proves (3.3) with K4 = max(8¢22%%; ¢13). O

Theorem 3.1. Let X(t) (t € R) be a d-dimensional fractional Brownian motion
of index a. If 1 < aud, then there exists a positive constant K, depending only on o
and d, such that for any r > 0 and any y € R with |y| > Ksr, we have

d—3
(3.14) P{H t>0 such that | X(t) —y| < r} < K<|T|> .
y

Proof. Clearly, X(t) (t € R) satisfies (3.1) and (3.2) with # = 1. For any n € Z, let
S, = [2",2""1]. Then
=J Sn

neZz
By Lemma 3.1, we have
P{E t > 0 such that | X (¢) —y| < r}

< Z P{tlenfn | X () —y| < r}

nez

This proves (3.14). O

Remark. If X(t) (t € Ry) is a Brownian motion in R? with d > 3, then it is
well known that (3.14) holds with equality and K = 1. This result was stated by
Kakutani in 1944 ([Ka]) for d = 3. For a proof of the general result, see [PS].



SAMPLE PATHS OF FRACTIONAL BROWNIAN MOTION 3201

The following theorem is a generalization of the delayed hitting probability of
Brownian motion in R? (d > 3) in [DE].

Theorem 3.2. Let X(t) (t € R) be a d-dimensional fractional Brownian motion
of index a (0 < a < 1) with 1 < ad. Then for any T > 0 and any 0 < r < T, we
have

i
(3.15) P{EJ t € R such that |t| > T and | X (t)| < r} < K(%) :

where K > 0 is a constant depending only on o and d.

Proof. Observing that the distribution of X (T') and X (—T) has the density
d
1y2 1 ||2
P = (57) e~ )

P{E t € R such that |t| > T and | X (¢)| < r}

we have

(3.16) < 2P{3 t > T such that | X (¢)| < r}

= 2/ P{H t > T such that | X (¢)] < r|X(T) = y} p(y, T)dy
R4

Using conditional expectation, for any ¢ > 0, we can write
(3.17) XAT+T)=X1(t) +c(t)X(T) ,
where X is independent of X (T) and

1 t 2a 1— t2oz
c(t) = (L™ + .
2
It is clear that c(t) > 3 and ¢(t) = 1 if a = J; ¢(t) is decreasing if v < £ and ¢(t)
is increasing if a > % Moreover, there exists a constant ¢;5 > 0 such that

(3.18) le(t) —e(s)] <eps |t —s|7,

where v = 2« if a < %; y=1if a > % In order to estimate the conditional
probability in (3.16), let
X
vty = 210
c(t)

Now we verify that Y (¢) satisfies the conditions in Lemma 3.1. By (3.17), (3.18)
and elementary calculations, we have

2y gy o TSP an e®) —els) (L8Pt (140
=1 i T o ()
016T2a | _ |2a
— c(t)e(s) ’
, T2 , ((1 +1)2 41— t20‘>
0= |0+ 0" - i |
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and (3.2) holds on any S = [a, 2a] with

TOt
0= — where m = min{c(a), ¢(2a)} .

Hence by Lemma 3.1, for any r > 0 and for any y € R with |y| > Ksr, we have
Pqinf | X5(¢) — c(t
{int 1300 ctoml <}

(3.19) < P{ggle(t) -yl < %}

K CyPm® N aa (7 =

> fagexp K4T2aa2a a To :
By using the same argument as in the proof of Theorem 3.1, we obtain that for
|y| Z K3T7

1

d—%
(3.20) P{E t > 0 such that | X1 (¢) 4+ c(t)y| < r} < K(ﬁ) )
Y

Putting (3.20) into (3.16), we have

a3
(316)<2 | min{l, K(é) Y ply, T)dy

d—1
N
2/ p(y,T)dy+2/ K(—) p(y, T)dy
{yl<errr} (yl>erry Yl

d d-1
ol ) e (1
< as{ 7a 19| Ta

d—1

N

<KL .
<(7s)

This completes the proof of (3.15). |

IN

Dvoretzky and Erdos ([DE]) proved that if X (¢) is d-dimensional Brownian mo-
tion with d > 3, then the upper bound in (3.15) also serves as a lower bound
(with a different constant). We have not been able to prove an analogous result for
fractional Brownian motion, so we pose the following

Question. Are the upper bounds in Theorems 3.1 and 3.2 the best possible?

4. A LiMiT THEOREM FOR THE SOJOURN TIME

In this section, we prove a liminf theorem for the sojourn time of fractional
Brownian motion in the ball B(0,r). In next section, we will use the result to
calculate the packing measure of the sample paths of a transient fractional Brownian
motion.

For any r > 0 and any y € R?, let

T,(r) = /R Lt (X (£))dt
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be the sojourn time of X (t) (t € R) in B(y,r). If y = 0, we denote T (r) by T'(r).
By the self-similarity of X (¢), we have for any a > 0,

(4.1) T(a)LasT().
Lemma 4.1. For any 0 <u <1,
K 1
(4.2) exp| — 55 < P{T(1) <u} <exp “Kura )

where K > 0 is a constant depending only on o and d.

Proof. The right inequality in (4.2) is easy:

P{T(1)<u} < P{ﬁ&’i} | X (t)] > 1}

te0,1]

1
< exp (— Ku2a> )

where the equality in the second line follows from (1.3) and the last inequality
follows from Lemma 2.3 (i). To prove the left inequality in (4.2), we use the same
argument as in the proof of Theorem 3.2,

= P{ max | X (t)| > u—a}

P{T(1) <u} > P{for any ¢ with [¢| > % | X(t)| > 1}

—1- P{H t with [t| > g such that | X (t)] < 1}

d_1
1 o U
Zl—/ min{l, K<_> },p ya
R |y| (y 2) Y
4 ad

L) (2 ly|? K

Z/ <_> (‘) exp<_ﬁ 1= dy
{lyl=c20} 2m u 2120q2 |y|d_é

|22
> o1 exp(———)dz
(21> 22 /uv} 2

> exp ——a |-
U

This proves (4.2). |

Since it is not known whether 7'(1) has a bounded density, we will use the follow-
ing lemma, which gives some information about the local density of a probability
measure.

Lemma 4.2. Given Ao > 0 , there exists a positive constant K = K(\g) with

the following property: for any Borel probability measure p on R, there exists x €
[Ao, 2X0] such that

1 1
(4.3) p((z—6,x+6)) < K62  for every 0 <6 < g
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Proof. Forn = 1, 2, ---,let 6, = % and let

An = {2 €o,20]  p((x = bz +6,)) > K63},

where K = K(\g) > 0 will be chosen later. Let

A={z€[Xo,2X]: p((z —bn,x+6,)) > K62 for some n = 1,2, }.
Denote the Lebesgue measure on R by L;. Then by Fubini’s theorem, we have

Li(Ay) = Lo{z € Do, 20] (2 — 6,3+ 6,)) > K63}
ff:‘o u((x — Opyx + 6n))d:c
K 63

S dae [ s, et (Ddp(t)
- K 6
S dp(t) [ Vo, 48, (2)de

<

Hence

[N

Ll(A) S f: 2 n-

n=1 K
Take K = K(Xg) > 0 such that L;(A) < 1Xo. Then there exist z € [Xg, 2)Ao] such
that
(4.4) pl(x—n">z+n"3) <K n~% forevery n=1, 2, .
For any 0 < 6 < £, there exists an integer n such that
1
RS

By (4.4) we have

This proves (4.3). O
Now we prove the main result of this section.

Theorem 4.1. Let X(t) (t € R) be a fractional Brownian motion of index o in
R? and 1 < ad. Then with probability 1,

iminf L) _
(4.5) 11£Il_}61f o) =,

where ¢(s) = s« /(loglog %)% and 0 < v < 00 is a constant depending on o and d
only.
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Proof. We start with the easy part and prove that there exists a constant v; > 0
such that

o T(r)
4.6 1 f —=> .S.
(4.6) iminf 203 =M as
For k=1,2,---, let ap = exp(—&) and

Ap = {w: T(ar) < A(ax)} |

where A > 0 is a constant to be determined later. Then by the scaling property
(4.1) of T(r) and Lemma 4.1, we have, for k large enough,

A
P =PI <

ag

1 1
< ——loglog —
€$P< K \2a oglog ak)
< kT

Take A =71 > 0 such that Kv7% < 1 . Then
ZP(Ak) < 00 .
k=1

By Lemma 2.4 (i), with probability 1, there exists kg = ko(w) such that k > kg
implies

T(ax) = né(ar) -
Thus

... T(ak)
Y G

> 71 a.s.

Since T'(r) and ¢(r) are monotone increasing for small r, we have that, for r > 0
small enough and axy+; < r < ay,

T(r) | Tlakr1)  Plawts)

o(r) — Plag+1)  ¢lax)

Observing that
Plart1) _

k—oo gb(ak)

)

we conclude that

T
limi(r)lf ﬁ >y as.

r=0 ¢(r)
This proves (4.6).

In order to prove that there exists a positive constant «5 such that

(r)

T
(4.7) liminf ~—— <,

P ()

1
we let by, = exp(—k?), 7, = k%b7, where 0 =
be determined later. Denote

T (b, ) = / 10,6 (X (1)) dt .
[t| <7y

%, and let A > 0 be a constant to
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Then by Theorem 3.2, we have

P{T(bk,m) # T(bk)} < P{H t such that [t| > 7, and | X (¢)] < bk}
d—1
(4.8) < K(%)
T
=Kk™®.

Hence by Lemma 2.4 (i), with probability 1, there exists k; = ki(w) such that
k > k1 implies

T (b, 1) = T(bg) .
Let
Ey = {T(bk77k> < )\k¢(bk)} ;

where A < Ap < 2\ will be chosen later. By (4.1) and Lemma 4.1, we have
P(Ey) > P{T(bk) < )\kéf)(bk)}
(loglog 5-)2=
> cyg kT30

Thus, if we take A = )\ such that K/\2* <1, then
(4.10) > P(Ey) =00 .
k=1

In order to prove

P(limsupEk> =1,

k—oo

it suffices to show that for any ¢ > 0, (2.5) is satisfied.
Fix a positive integer k. For 7 > k, we need to estimate

P(ExNE;) = P{T(bk,m) < Ao(br) 5 T(bj,75) < )\qu(bj)} :

We denote this probability by Q. In order to create independence, we follow [Ta2]
and make use of the stochastic integral representation (1.1). We set v = /77, and
consider the following two processes:

Xl(t) = (Yll (t>7 T 7Yd1(t))
and
X2t) = (YE(), -, Vi)

where Yi!,--- | Y] are independent copies of

ZM4) = /| _ GV,
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and Y2, - - ,Yd2 are independent copies of
Z2(t) = / Gt 2)dW (z)
|| >v

Then X! and X? are independent and X (t) = X'(t) + X?(t). By Lemma 5.2 of
[Ta2], for any |t| < 7%,

a1l
1Z' )2 < K y/mery -1,

4.11
(@) T,
Tk

and for any |t| < 7,

(4.12) 122(t)]|2 < K\/g (Tij)% 7

1
where || Z]]2 = (E(ZQ))2.
For any 0 < 6 < 1, let > 0 satisfy

_
(1~ 2n)=

These numbers will be fixed for the moment. Clearly n > $6. Since |X!(t)| < nby,
and |X2(t)| < (1 — n)by imply | X (t)| < bg , we have

=1+496.

{T(br, i) < Mep(br)} C {/ 150, (1—nbe) (X2 (1))dt < )\k¢(bk)}

(4.13) t<m
U {I??:'i X)) > nbk} .
Similarly,
[T(bj,73) < A(by)} € { [ s (X0t < Ajsb(bj)}
(4.14) lt1<s

U {ﬁni)-i |X2(t)] > nbj} .
By (4.13) and (4.14), we have that Q is less than
P{/ Lp(0,(1—-m) (X2 (1))dt < \ud(br),
[t|<7k
/I 15(0,(1—nby) (X ())dt < )\j¢>(bj)}
t|<t;

—i—P{ max | X1(t)| > nbk} +P{Ir|1<ax |X2(t)] > nbj} .
tiTj

[t <7k
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By the independence of X' and X2, we have
P{/ 1B(0,(1=n) (X2 (1))dt < Xeop(bi),
[t|<7k
/ 1B(0,(1—n)b]~)(X1(t dt < )\J¢ }
[t|<;
= P{/ 13(0)(1_77)%)()( ( dt < )\k¢ by, }
[t| <7k
P{/l lB(O,(l—n)bj)(Xl(t dt < )\j(f) }
t STJ'
S P{/ ]‘B(07(1—277)bk)(X(t dt < )\k(z) bk }
t| <7

.P{/I 1B(0,(1—2n)b;) (X (t))dt < X;¢(b;
t|<t;

—i—P{ max | X! (t)] > nbk} —I—P{max |X2(t)] > nbj}
[t <7k [t|<7;

=Q1+ Q2+ Qs .
Hence,

(4.15) Q< Q1+2Q2 +2Q5 .

Now we estimate 01, Q2 and Q3 respectively. First we consider

P{/ 1B(0,(1—2n)b, (X ())dt < Aksb(bk)}
[tI<Tk

(4.16) < P{T((l —2n)by) < )\k¢(bk)} { (1 =2n)bg) #T((1 - 277)bk77'k)}
1
(1—2n

where the last inequality follows from (4.1) and (4.8). By applying Lemma 4.2 to
the distribution of T'(1)(loglog i)l/zo‘, we can choose A\, € [A\g, 2\g] such that

SP{T(1)< T bé )}+Kk 3
k

(4.17) P{)\k < T(l)(loglogbi)% <1+ 6))%} < K67 forany 0<6< % .
k

Hence, by Lemma 4.1 and (4.17), the probability in (4.16) is less than

P{ Ak¢$bk) <T() < (148)X bk)}
)\k¢(bk)} ( be
P{T(1 — 5.
{rm < b 1 P < BEE)

(4.18) - P{T(l) - Akzﬁébk)} .exp<Kk 5%) !

< <P{T(bk,7k) < Apo(br)} + Kk—3) cexp (Kk 5%) .

)
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Combining (4.16) and (4.18), we have
P{/I 1B(0(1—2n)bk)(X(t))dt < )\k¢(bk)}
t STk
(4.19) < (P{T(bk,Tk) < Med(b)} + Kk—3> -exp <Kk 6%> + Kk™3

< P{T(bk,rk) < Am(bk)}u + %) : exp(Kk 5%) .

Similarly, we have

P{/ﬁéq LBoa-2np,) (X (1)dt < )\qu(bj)}
< P{T(bj,rj) < Ajé(bj)}(l + ]52) : exp(Kj 5%) ,

It follows from (4.19) and (4.20) that

(4.20)

{T bk, 1) <)\k¢>(bk)} { (bj, 75) <Aj¢>(bj)}

K

. )L+ %)exp(Kj 5%) .

(14

The same argument as in [Ta2] using (4.11) and (4.12) yields

1
4.2 P e by ¢ < -K 2\/2 e =
(4.22) {|£n3§| ) >mn k} exp( n 7 k20a log:—’;>

and
- 1
' 2 A< . 2 T_k; l1—a S
(4.23) P{I}sr'l<ax | X ()] >77bj} < exp( Kn (Tj) 720 log:—’;
Now we take
1
1—
O<6<mm{5 3( a)}

and

Then, by (4.15), (4.21), (4.22) and (4.23), we have
(4.24)

@ < PEDPE)(+ 1501 + 55) can( 1 (2

)5) + co1 P(Ey)

Tk

K Tk\3—-28 K Tk\1—a—28
Ak _ k S :
{ exp( k20a ].Og Tk (T] ) ) + exp( ]29(1 ].Og Tk (Tj ) ) }

By the choice of 7%, we have
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Hence, by (4.24), for any € > 0, there exist a constant K > 0 and a positive integer
ko such that for any k > kg and any J > k, we have

J J
(4.25) S P(EvNE)) SP(Ek)<K+(1+e) > P(Ej)) .

j=k+1 j=k+1

It follows from (4.10), (4.25) and Lemma 2.4 that

P(limsup By, | > .
(imsuw ) >

Since € > 0 is arbitrary, we conclude that

P{T(bk) < Aeo(br) . 0.} -

Therefore, with probability 1,

o T(r)
4.26 1 f ——= <
(4.26) Rt g <
where v2 = 2Xo. By (4.5), (4.26) and the zero-one law in [PT], we obtain (4.5).
This completes the proof of Theorem 4.1. O

Since for any top € R, X (¢t +to) — X (to) (t € R) is also a fractional Brownian
motion of index «, we have the following corollary.

Corollary 4.1. Let X(t) (t € R) be a fractional Brownian motion of index « in
R? and 1 < ad. Then for any to € R, with probability 1,

T
liminf X0 _

r=0 ¢(r)

5. PACKING MEASURE OF FRACTIONAL BROWNIAN MOTION

We are ready to calculate the packing measure of a transient fractional Brownian
motion in R

Proposition 5.1. Let X(t) (t € R) be a fractional Brownian motion in R of
inder a. If 1 < ad, then there exist positive constants Cy and Co such that, with
probability 1,

(5.1) C1 < ¢-p(X([0,1])) < O,
where ¢(s) = sé/(log log %)%
Proof. We define a random Borel measure p on X ([0, 1]) as follows. For any Borel
set B C Rd7 let
u(B) = Li{t €[0,1], X(t) € B} .

Then pu(R%) = p(X([0,1])) = 1. By Corollary 4.1, for each fixed to € (0,1), with
probability 1
L (B(X(1).)
T
T
< liminf —X(to)(r) =
r=0 (r)

(5.2)
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Let E(w) = {X(to) : to € (0,1) and (5.2) holds }. Then F(w) C X([0,1]). A
Fubini argument shows u(E (w)) =1, a.s. Hence by Lemma 2.1, we have
¢-p(E(w)) > K%y
This proves the left hand inequality of (5.1) with C; = K; 3y~
To prove the right hand inequality of (5.1), we let Jx be the family of dyadic

intervals of length 27% in [0, 1]. For each z € [0, 1], let I (z) be the dyadic interval
in J; which contains x and let

ag(z) = sup [X(t) — X(s)].
s, t€lk(x)

For any k > 1 and any I € Ji, by Lemma 2.2, we have

P{ sup 1X(0) - X(0)| 2 w2t | < exp(_;;i) |

s, tel

Take u = /K Alogk, where A > 6 + % We have

1
P{ sup |X(t) — X(s)| > v KMlogk 2"“0‘} <.

s, tel - k)\
Denote
My, = #{I €Tk, sup |X(t)— X(s)| > /K\logk 2—koz};
s, tel
then

1 1
k
P{Mk22 'kk—5}gﬁ'

By Lemma 2.4 (i), with probability one, for k large enough,
2k

Let Qg be the event that (5.3) holds eventually, and let 21 be the event that (2.5)
holds. Then P(QoN ;) = 1. Fix an w € Qg N Qy, and let ky = ko(w) be a positive
integer such that k > ko implies (5.3).

For any 0 < € < 27%0 and any e-packing { B(X (t;),7:)} of X ([0, 1]), we will show
that for some absolute constant Co > 0,

(54) Z ¢(2TZ) S CQ a.S.

For each 1, let
k’i = 1nf{/€ : ak(ti) S Ti} .
Thus ag,—1(t;) > r; and the {Ij,(¢;)} are disjoint, so

(5.5) Sk,

Let I'; be the set of the positive integer i’s with

an,—1(t;) < /KXlog(k; — 1) 2~ (ki=be,
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By (5.5), we obtain

Z ¢(2aki—1(ti)) < 95 Z 2—ki
(5.6) b 1.

< o5 .
Let I's be the set of the i’s satisfying

ak,—1(t;) >/ KXlog(k; — 1) 9—(ki—la

By (5.3) and the uniform modulus of continuity of X, we have

2ki—1

> ¢<2aki—1(ti)> <> o ¢<K ki — 1 2—a<ki—1>)

(57) 1€l 1€l

1
< _ = .
70265 R Ca7
k=1

Combining (5.6) and (5.7), we have

Z¢)<2aki—l(ti)) < co5 +cor .

This implies (5.4), and by (2.2) we have

¢_P<X([o,1])> <.

The right hand inequality of (5.1) follows from (2.4). O
Since fractional Brownian motion X (¢) (¢ € R) is ergodic (cf. [T]), the same
proof as that of Proposition 5.1 in [T] yields the following theorem.

Theorem 5.1. Let X(t) (t € R) be a fractional Brownian motion of index o in
R?. If 1 < ad, then there exists a constant K, 0 < K < oo, such that, with
probability 1,

¢-p(X([0,t]) = Kt for any ¢t >0,

where ¢(s) = s= /(loglog %)%
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