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A DEFORMATION OF FLAT CONFORMAL STRUCTURES

HIROYASU IZEKI

Abstract. We consider deformations of flat conformal structures from a view-
point of connected sum decomposition of conformally flat manifolds.

1. Introduction

Let M be a smooth n-manifold and C a conformal class on M . If, for any point
p of M , there exists a metric g in C such that g is flat on some neighborhood
of p, then (M,C) is called conformally flat. A conformal class on M is called
a flat conformal structure if (M,C) is conformally flat. A Riemannian manifold
(M, g) is conformally flat if the conformal class containing g is a flat conformal
structure. And M is said to be conformally flat if M admits a flat conformal
structure. If n = 2 a flat conformal structure on an oriented surface S is nothing
but a conformal structure on S. A flat conformal structure on a conformally flat
manifold is a natural generalization of a conformal structure on a surface. The
space of conformal structures on an oriented surface is understood as, for instance,
the Teichmüller space of Riemann surfaces. The Teichmüller space of a compact
oriented surface S with genus greater than one is identified with the quotient of the
space of hyperbolic metrics on S by the identity component of the diffeomorphism
group of S. To understand this space, the following description is useful.

Let (S, g) be a compact oriented surface of genus h ≥ 2 with hyperbolic metric
g. Then we can take 3h − 3 disjoint simple closed geodesics with respect to g.
Cutting S along these geodesics, we obtain 2h−2 hyperbolic surfaces with geodesic
boundaries, and these are homeomorphic to S2 with three disks removed. These
hyperbolic surfaces with geodesic boundaries are called pairs of (hyperbolic) pants.
Hyperbolic structures on a pair of pants are determined by the lengths of the three
boundaries. On the other hand, S is obtained by gluing the boundaries of these pairs
of pants by isometries. It is well-known that the lengths of the three boundaries
and twisting parameters of identification of boundaries define coordinates on the
Teichmüller space of S. In fact, it is easy to see that these coordinates consist of
6h − 6 parameters (note that in order to identify boundaries they must have the
same length), and it is well-known that the dimension of the Teichmüller space of
a surface with genus h is just 6h− 6. The coordinates of Teichmüller space defined
as above are called the Fenchel-Nielsen coordinates. We refer the reader to [2] for
a detailed exposition.

The subject of this paper is an attempt to describe the space of flat conformal
structures on a compact conformally flat n-manifold (n ≥ 3) in a way similar to the
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description of the Teichmüller space in terms of the Fenchel-Nielsen coordinates. In
order to realize such descriptions, we have to consider the following two problems:

1. Decompose a compact conformally flat manifold into small pieces with flat
conformal structures.

2. Describe deformations of flat conformal structures by deformations of patch-
ing of these small pieces and deformations of flat conformal structures on
these pieces.

In section 2, we consider Problem 1, using the C-prime decomposition (see sec-
tion 2 or [8]) of compact conformally flat manifolds, which is a decomposition with
respect to connected sums (recall that a connected sum of conformally flat mani-
folds is also conformally flat by a theorem of Kulkarni [12]). Then, in our case, a
small piece corresponding to a pair of pants in Fenchel-Nielsen coordinates is a C-
prime manifold (see Definition 2.1), which is a compact conformally flat manifold
(without boundary). In order to obtain small pieces with flat conformal struc-
tures, since we decompose a manifold M with respect to connected sums, such as
M = M1]M2, we have to extend a flat conformal structure on Mi \n-disk, induced
by restriction, to a flat conformal structure on Mi (i = 1, 2). It is not known (to
the author) whether this extension is possible or not in the general case. But for a
compact manifold with Kleinian structure, this extention is possible and we obtain
a reasonable decomposition with respect to connected sums.

Theorem 2.8. Let M be a compact connected n-manifold with n ≥ 3, and C
a Kleinian structure on M . Then there exist C-prime manifolds P1,...,Pk and
a Kleinian structure Ci on Pi (i = 1, ..., k) such that (M,C) is conformal to
(P1, C1)]...](Pk, Ck).

Here, (M,C) is called Kleinian if (M,C) is conformal to Ω/Γ for some open sub-
set Ω of Sn and some discrete subgroup Γ of the conformal transformation group of
standard Sn, which leaves Ω invariant and acts freely and properly discontinuously
on Ω. Note that Ω/Γ has a natural flat conformal structure. A conformal class C on
M is called a Kleinian structure (or a uniformized conformal structure), if (M,C)
is Kleinian. See section 2 for the other notations. This theorem asserts that it is
possible, in principle, to realize the description of the space of Kleinian structures
in a way similar to the one using the Fenchel-Nielsen coordinates by means of the
C-prime decomposition. In fact, we obtain a complete descriptiotion of the space
of Kleinian structures on RPn]RPn in such a way (see Appendix). Since, in this
particular case, any flat conformal structure is Kleinian, this gives us a complete
description of the space of flat conformal structures on RPn]RPn following our
program.

It should be mentioned that section 2 is based on a part of the author’s previous
paper [8], and can be considered as a supplement to [8].

In section 3, we construct a deformation of flat conformal structures on a con-
nected sum of conformally flat manifolds from the viewpoint of Problem 2. Let
(M1, g1) and (M2, g2) be compact conformally flat Riemannian manifolds and pi a
point of Mi (i = 1, 2). Then (Mi \ {pi}, gi|Mi\{pi}) is conformal to a complete Rie-

mannian manifold whose end is isometric to a half-infinite cylinder [0,∞)×Sn−1(1)
with radius 1. Cutting each end along the totally geodesic (n− 1)-sphere of a half-
infinite cylinder and gluing the resulting manifolds along these (n − 1)-spheres of
boundaries by an isometry, we obtain M1]M2 with a conformally flat metric. This
Riemannian manifold contains a subset isometric to a finite cylinder (0, l)×Sn−1(1)
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for some positive real number l. Denote this Riemannian manifold by (M1]M2, ĝl).
By cutting each end along another totally geodesic sphere in this process, we can
construct a Riemannian manifold containing a finite cylinder of different length,
say l′. We denote this Riemannian manifold by (M1]M2, ĝl′).

Theorem 3.1. If l′ is greater than some constant depending only on l, n, M1 and
M2, then (M1]M2, ĝl) and (M1]M2, ĝl′) are not conformally equivalent, provided
each Mi is not diffeomorphic to Sn.

That is, by changing the length of a cylinder, we can deform a flat conformal
structure on M1]M2, if each Mi is not diffeomorphic to Sn (see section 3 for a more
precise statement). On the other hand, if either (M1, g1) or (M2, g2) is conformal to
the standard Sn, then two Riemannian manifolds constructed as above are always
conformally equivalent (see Remark 2 following Theorem 3.1). As a consequence
of Theorem 3.1, we see that the moduli space of flat conformal structures on a
compact, non-trivial, conformally flat and non-C-prime manifold is noncompact
(see Corollary 3.2). Here, the topology of the moduli space of M is given by the
quotient topology which comes from the compact C∞-topology of the space of all
conformally flat Riemannian metrics on M .

The deformation above is related to the bending deformation of Thurston (see
[20] and [5]). By Johnson and Millson, the bending deformations for compact
manifolds are studied in terms of the cohomology of group representations in [9].
They proved a result corresponding to Theorem 3.1 for infinitesimal or small de-
formations, which says that the bending deformation gives rise to a non-trivial
deformation of flat conformal structures in the Teichmüller space of M1]M2 (sec-
tion 5 of [9]). Here, the Teichmüller space of a manifold M is the quotient of the
space of all flat conformal structures on M by the identity component of the group
of diffeomorphisms of M . Theorem 3.1 tells us that the large bending deformation
described above also gives us a non-trivial deformation in the moduli space, and
we prove this by a purely geometric method. Here, we put special emphasis on
the fact that our method also works for noncompact manifolds, if we consider the
Teichmüller space instead of the moduli space, in contrast to the method of Johnson
and Millson. See Theorem 3.4.

Though there are many other ways to deform connected sums defined in section
2, they do not always give us deformations of flat conformal structures (see Ap-
pendix). The result of Johnson and Millson mentioned above also suggests that,
roughly speaking, a deformation of connected sums gives us a deformation of flat
conformal structures on M1]M2, if there is no conformal transformation on each
(Mi, Ci) which absorbs the deformation of connected sums. From this point of view,
changing the length of a cylinder corresponds to essential conformal transforma-
tions, or more precisely, similarity transformations. And, as is expected from this,
a theorem of Obata ([18]) and Lelong-Ferrand ([15], [16]) concerning the conformal
transformation groups of compact Riemannian manifolds plays a key role in the
proof of this theorem. Note that we do not restrict our attention to deformations
of Kleinian structures here. See, for example, [1] for an exposition on deformations
arising from those of discrete groups.

In the rest of this paper, we assume that a manifold M is connected with n =
dimM ≥ 3. Moreover, if M is orientable, we also assume that M is oriented.
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2. The C-prime decomposition of conformally flat manifolds

We start with a review of the C-prime decomposition of compact conformally
flat manifolds defined in [8]. In this section, a manifold M is always assumed to be
compact.

Definition 2.1. An n-manifold M is said to be non-trivial if M is not diffeomor-
phic to Sn. And a non-trivial conformally flat manifold M is called C-prime if M
is not diffeomorphic to a connected sum of non-trivial conformally flat manifolds.

Proposition 2.2 ([8, Proposition 2.1]). Every non-trivial conformally flat mani-
fold is diffeomorphic to a connected sum P1]...]Pk of a finite number of C-prime
manifolds.

A decomposition M = P1]...]Pk, where each Pi is C-prime, is called a C-prime
decomposition of M . If M is an oriented 3-manifold admitting a Kleinian structure,
then this decomposition is unique (see [8, Corollary 3.7]). On the other hand,
N]N is diffeomorphic to N](S1 × S2), where N is the non-orientable S2-bundle
over S1 (see for example [7, Lemma 3.17]). Since the non-orientable S2-bundle
over S1 and S1 × S2 are conformally flat and C-prime by Proposition 2.3 below,
this is an example of a conformally flat manifold whose C-prime decomposition is
not unique. It is not known whether the uniqueness holds for higher dimensional
oriented manifolds.

Some sufficient conditions for a manifold to be C-prime are given as follows:

Proposition 2.3 ([8, Proposition 2.2]). If the fundamental group of a non-trivial
conformally flat n-manifold M is generated by one element, then M is C-prime.

Proposition 2.4 ([8, Proposition 2.3]). If the universal covering space of a con-
formally flat manifold M is diffeomorphic to Rn, then M is C-prime.

A manifold M is said to be Kleinian if M admits a Kleinian structure. For
Kleinian manifolds, we have the following.

Proposition 2.5 ([8, Proposition 3.1]). Let M be a non-trivial Kleinian manifold.
If the homotopy group πn−1(M) is trivial, then M is C-prime.

Take a subset A of Sn so that A is diffeomorphic to (0, 1) × Sn−1 and satisfies
the following conditions:

(1) Each connected component of Sn \ A is diffeomorphic to a closed n-disk.
Denote them by D1 and D2.

(2) Ei = Di ∪ A (i = 1, 2) is diffeomorphic to the unit open n-disk and, under
this identification, Di corresponds to the closed disk of radius 1/2.

Fix an orientation of Sn. Let Ci (i = 1, 2) be a flat conformal structure on Mi

and ψi : Ei −→ (Mi, Ci) a conformal (orientation preserving) embedding. Note that
Ei has a natural flat conformal structure induced by restricting the flat conformal
structure of Sn.

Definition 2.6. A connected sum (M1, C1)](M2, C2) of (M1, C1) and (M2, C2) is
defined by

(M1 \ ψ1(D1), C1|M1\ψ1(D1)) ∪ψ2◦ψ−1
1 |ψ1(A)

(M2 \ ψ2(D2), C2|M2\ψ2(D2)).

Remark. It is clear that this defines a flat conformal structure on M1]M2 (more-
over, if each Ci is a Kleinian structure on Mi, then the flat conformal structure
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defined as above is also Kleinian by the proof of [13, Theorem 5.6], which states
that a connected sum of Kleinian manifolds also admits a Kleinian structure).
But this flat conformal structure depends on the choice of A, ψ1 and ψ2. Thus,
more precisely speaking, we should denote the connected sum defined above by
(M1, C1)](A,ψ1,ψ2)(M2, C2) instead of (M1, C1)](M2, C2). In fact, varying these
choices, we can deform a flat conformal structure, as we will see in the next section.
But, since it is not convenient to use A, ψ1 and ψ2 as parameters of flat conformal
structures, we omit them in what follows.

Theorem 2.7. Let (M,C) be Kleinian, and suppose M is diffeomorphic to a
connected sum M1]M2, where M1 and M2 are not necessarily conformally flat.
Then there exists a Kleinian manifold M ′i , which is homeomorphic to Mi, and a
Kleinian structure Ci on M ′i (i = 1, 2) such that (M,C) is conformal to some
(M ′1, C1)](M

′
2, C2). If n ≤ 6, M ′i is diffeomorphic to Mi.

Proof. The first assertion follows from the proof of [8, Theorem 3.2]. Let S be
a subset of M , which is an embedded Sn−1, such that M \ S has two connected
components, say Li, where Li is diffeomorphic to Mi \ n-disk. Note that Li has
a natural Kleinian structure induced by the restriction of a Kleinian structure C
of M . In the proof of [8, Theorem 3.2], this Kleinian structure is extended to a
Kleinian structure on M ′i = Li ∪ n-disk, and M ′i is clearly homeomorphic to Mi.
Since Li ∪ S is naturally embedded in Mi, if this embedding is extended to the n-
disk, M ′i is diffeomorphic to Mi. If n ≤ 6, it is possible to extend a diffeomorphism
of the unit (n− 1)-sphere of Rn to a diffeomorphism of the unit n-disk of Rn (see
for example [3] and [17]). Applying this fact to the above embedding restricted to
S, we see that the second assertion of the theorem follows.

Remark. We can not expect M ′i to be diffeomorphic to Mi if n ≥ 7. Let M1 be
an exotic n-sphere Σn and M2 be Σn with the opposite orientation (n ≥ 7). Then
M = Σn](−Σn) is diffeomorphic to Sn and clearly Kleinian, where −Σn denotes Σn

with the opposite orientation. But Σn does not admit a flat conformal structure.
In this case, M ′i must be Sn.

Using Theorem 2.7, we can prove the following theorem mentioned in the in-
troduction in the same manner as the proof of Proposition 2.2 (see [8, Proposition
2.1]).

Theorem 2.8. Let (M,C) be Kleinain. Then there exist C-prime manifolds P1,...,
Pk and a Kleinian structure Ci on Pi (i = 1, ..., k) such that (M,C) is conformal
to some (P1, C1)]...](Pk, Ck).

Remark. Let M be a Kleinian manifold, and fix a C-prime decomposition M =
P1]...]Pk of M . If n ≤ 6, we can decompose a Kleinian structure on M with respect
to this decomposition. That is, we can decompose (M,C) as (P1, C1)]...](Pk, Ck)
for some Kleinian structure Ci on Pi. We can not expect this for the case n ≥ 7 at
the present stage, since a differentiable structure of Pi may change as we decompose
a Kleinian structure C on M .

In the rest of this section, we consider a certain sufficient condition for a man-
ifold to be C-prime, and show that most of familiar examples of conformally flat
manifolds are C-prime. Note that, for a Kleinian structure C on M , there exists an
open subset Ω of Sn such that (M,C) is conformal to a quotient of Ω by a discrete
subgroup Γ of the conformal transformation group of standard Sn by definition.
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Proposition 2.9. Let M be a Kleinian manifold and C a Kleinian structure on
M . If the number of connected components of Sn \ Ω is finite, then M is either
C-prime or diffeomorphic to RPn]RPn.

Proof. Assume M is not C-prime. Then, by Theorem 2.7, there exist non-trivial
Kleinian manifolds (Mi, Ci) ∼= Ωi/Γi, i = 1, 2, such that (M,C) is conformal to a
connected sum of (M1, C1) and (M2, C2). We show that unless the order of each Γi
is less than three, the number of connected components of Sn \Ω is infinite. If the
order of each Γi is less than three, then each Ωi must be compact and hence Ωi = Sn.
Since Mi is non-trivial, each Γi is of order two. Thus each Mi is diffeomorphic to
the real projective space RPn.

Now we may assume that Γ1 is of order at least three and Γ2 is of order at least
two. Thus M1 \n-disk is covered by Ω̂1 = Ω1\(at least three disks) and M2 \n-disk

is covered by Ω̂2 = Ω2\(at least two disks). By the construction of Ωi in the proof

of [8, Theorem 3.2], we see that Ω is reconstructed by gluing copies of Ω̂i along the
boundaries made by removing disks (this construction is the same as what Kulkarni
and Pinkall used in the proof of [13, Theorem 5.6]). Denote these disks removed
from Ω1 by D1, D2, D3,..., and disks removed from Ω2 by E1, E2,... (note that
there are at least three Di’s and at least two Ei’s). If Ω ∩ Di = Di, then either
M1 or M2 must be diffeomorphic to Sn as in the proof of Proposition 2.5 (see
[8, Proposition 3.1]). Therefore Ω ∩Di 6= Di and hence Sn \ Ω has at least three

connected components. Put Ω̂2 into D1 and glue their boundaries suitably. Then at
least one removed disk Ei remains, and in order to obtain Ω, we have to put a copy
of Ω̂1 into it and glue them along their boundaries. Then we see that (Sn \Ω)∩D1

has at least two connected components. In order to construct Ω, we have to repeat
this process of putting copies of Ω̂i into D1 infinitely. And when we put k copies of
Ω̂1 into D1, the number of the connected components of (Sn \ Ω) ∩D1 is at least
2k. Therefore Sn \ Ω has infinitely many connected components. This completes
the proof.

Proposition 2.10. Let M be a non-trivial manifold and not diffeomorphic to
RPn]RPn. If there exists a flat conformal structure C such that (M,C) is con-
formally covered by Sn(1), Rn, Hn(−1), R×Sn−1(1), R×Hn−1(−1), or Sp(1)×
Hq(−1) (p, q ≥ 2), then M is C-prime. Here Sm(1) and Hm(−1) denote the unit
Euclidean m-sphere and hyperbolic m-space with constant curvature −1 respectively,
and products are Riemannian products.

Proof. If (M,C) is conformally covered by Rn, Hn(−1) or R×Hn−1(−1) then the
conclusion follows from Proposition 2.4. Since R × Sn−1(1) and Sp(1) ×Hq(−1)
are conformally equivalent to Sn\(two points) and Sn \ Sq−1 respectively, we can
apply Proposition 2.9 in this case.

Corollary 2.11. A non-trivial manifold admitting a locally homogeneous confor-
mally flat metric is C-prime, except when it is RPn]RPn.

Proof. If (M, g) is locally homogeneous, then the Riemannian universal covering

space (M̃, g̃) is homogeneous by a theorem of Singer([19]). Since the conformal

transformation group Conf(M̃, g̃) has positive dimension, either (M̃, g̃) is conformal

to Sn(1), Rn, Hn(−1), R × Sn−1(1), R × Hn−1(−1), or (M̃, g̃) is conformally

mapped onto Sn(1) \Λ by the developing map of (M̃, g̃), where Λ is contained in a
round k-sphere with k ≤ n− 2, by a theorem of Goldman and Kamishima ([6]). In
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the last case, M is conformally equivalent to (Sn(1) \ Λ)/Γ and Λ is the limit set
of a discrete subgroup Γ of the conformal transformation group Conf(Sn) of the
standard sphere. Let Sk be a minimal round k-sphere containing Λ. Since if k = 0,
Sn(1) \ Λ is conformal to R× Sn−1(1) or Rn, we may assume that 1 ≤ k ≤ n− 2.

Let G be the image of Conf(M̃, g̃) by the map Conf(M̃, g̃) −→ Conf(Sn) induced

from the developing map of (M̃, g̃). Note that G acts transitively on the developing

image of (M̃, g̃) even if the developing map of (M̃, g̃) is not injective. It is clear
that G leaves the minimal round sphere Sk invariant. Thus if Sk \Λ is not empty,

G can not act transitively on Sn(1) \ Λ, and hence the developing image of M̃ is
Sn(1) \ Sk. Therefore (M, g) is conformally covered by Sp(1)×Hq(−1) (p, q ≥ 2)
or R×Hn−1(−1). This completes the proof.

3. Constructing a deformation

In this section we prove Theorem 3.1 mentioned in the introduction. Before we
prove Theorem 3.1, we give a more precise statement of the theorem.

Let (Mi, gi), i = 1, 2, be a compact conformally flat Riemannian manifold,
where each Mi is not diffeomorphic to Sn. Let d(M) be the smallest number of
the generators of the fundamental group π1(M). We may assume d(M1) ≥ d(M2).
Denote the integer part of d(M1)/d(M2) by k0. This number is well-defined since
d(Mi) is positive in our case by a theorem of Kuiper ([10]). Let pi be a point of
Mi. Then (Mi \ {pi}, gi|Mi\{pi}) is conformal to a complete Riemannian manifold

whose end is isometric to a half-infinite cylinder [0,∞)×Sn−1(1). Denote them by
(M̄i, ḡi) and identify each end with [0,∞)×Sn−1(1) by an isometry. Fix a positive
real number l and define X = (M̄1, ḡ1)\ [l,∞)×Sn−1(1) and Y = (M̄2, ḡ2)\ [l,∞)×
Sn−1(1) by using above identification of each end. Identifying (0, l) × Sn−1 ⊂ X
and (0, l)×Sn−1 ⊂ Y by a suitable isometry, we obtain a compact conformally flat
Riemannian manifold diffeomorphic to M1]M2. Denote this by (M, ĝl). Similarly,
define

X̃ =

{
(M̄1, ḡ1) \ [2l + (k0 + 1)l′,∞)× Sn−1(1) if d(M1) > d(M2),

(M̄1, ḡ1) \ [2l + 3l′,∞)× Sn−1(1) if d(M1) = d(M2),

and

Ỹ =

{
(M̄2, ḡ2) \ [2l+ (k0 + 1)l′,∞)× Sn−1(1) if d(M1) > d(M2),

(M̄2, ḡ2) \ [2l+ 3l′,∞)× Sn−1(1) if d(M1) = d(M2).

If d(M1) > d(M2) (resp. d(M1) = d(M2)), by idendifying (0, 2l + (k0 + 1)l′) ×
Sn−1(1) ⊂ X̃ (resp. (0, 2l+3l′)×Sn−1(1) ⊂ X̃) with (0, 2l+(k0+1)l′)×Sn−1(1) ⊂ Ỹ
(resp. (0, 2l + 3l′) × Sn−1(1) ⊂ Ỹ ) suitably, we obtain a compact conformally flat
Riemannian manifold diffeomorphic to M . Denote this by (M, ĝ(l′)) (see Figure 1).
Now we can state Theorem 3.1.

Theorem 3.1. If l′ is greater than a certain constant C(n, l) depending only on n
and l, then (M, ĝl) and (M, ĝ(l′)) are not conformally equivalent.

Remark 1. Let Ci be a flat conformal structure on Mi containing gi, and Ĉl and
Ĉ(l′) flat conformal structures on M containing ĝl and ĝ(l′) respectively. Then

it is clear that both (M, Ĉl) and (M, Ĉ(l′)) are represented as (M1, C1)](M2, C2),
though these are not conformally equivalent. This is what we mentioned in the
remark following Definition 2.6.
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l

l l´ l´ l




l l´ l´ l´ l

X Yˆ

X Ŷ

(M, gl)ˆ

(M, g(l´))ˆ

S0 Sk 0

d(M1) > d(M2)

d(M1) = d(M2)

S–1 S0 S1

Figure 1

Remark 2. AssumeM2 is diffeomorphic to Sn. Then, by a theorem of Kuiper ([10]),
(M2, g2) is conformal to the standard n-sphere Sn(1). In this case, k0, and thus,
(M, ĝ(l′)) can not be defined as above. But we can define (M, ĝl′′), which contains
a subset isometric to (0, l′′)× Sn−1(1) as follows: Choose l′′ so that l′′ > l, and let
Yl′′ = (M̄2, ḡ2)\ [l′′,∞)×Sn−1(1) ⊂ Y . Identifying (l′′− l, l′′)×Sn−1(1) ⊂ Yl′′ with

X \ X̂ by a suitable isometry, we obtain a conformally flat Riemannian manifold
diffeomorphic to M . Denote this by (M, gl′′). Note that there exists a conformal
transformation ψ : Y −→ Yl′′ with ψ((0, l) × Sn−1(1)) = (l′′ − l, l′′) × Sn−1(1)
by Liouville’s theorem. Then it is easy to see that, by choosing such a conformal
transformation suitably, we can construct a conformal diffeomorphism from (M, ĝl)
to (M, ĝl′′).

Assume that a compact conformally flat manifold M is non-trivial and not C-
prime. Then, by definition, there are conformally flat manifolds M1 and M2 such
that M is diffeomorphic to M1]M2. Take a positive real number l1. Define lj,
j = 1, 2, . . . , inductively as follows. Choose l′j−1 to be greater than C(n, lj−1).
Let lj = 2lj−1 + (k0 + 1)l′j−1 (resp. lj = 2lj−1 + 3l′j−1), if d(M1) > d(M2) (resp.
d(M1) = d(M2)). Fix conformally flat Riemannian metrics g1 and g2 on M1 and
M2 respectively, and a Riemannian metric ĝlj on M as above. Then, by Theo-
rem 3.1, (M, ĝli) and (M, ĝlj ) are not conformally equivalent, if i 6= j. Therefore,
{ĝlj}j=1,2,... defines an infinite sequence in the moduli space of flat conformal struc-
tures on M . It is easy to see that this sequence in the moduli space is a divergent
sequence. Thus we have the following corollary to Theorem 3.1.
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Corollary 3.2. If M is compact, non-trival, conformally flat and not C-prime,
then M carries infinitely many different flat conformal structures. Moreover, the
moduli space of flat conformal structures on M is noncompact.

To prove Theorem 3.1, we need the following lemma.

Lemma 3.3. Suppose that there exists a conformal embedding ψ of (−ε, l′ + ε) ×
Sn−1(1) into (M, ĝl), ε > 0, and that (M, ĝl) \ ψ((0, l′) × Sn−1(1)) has two con-
nected components. Then there exists a positive constant C(n, l) with the following
property: If l′ > C(n, l), then there exists a closed interval [α, β] ⊂ (0, l′) such that
the closure of ψ(A) is contained in either X or Y , where A = (α, β) × Sn−1(1).

The constant C(n, l) in Lemma 3.3 is the same as C(n, l) in Theorem 3.1. The
proof of Lemma 3.3 is given in the next section. We note here that we do not have
to assume M to be compact in Lemma 3.3.

Proof of Theorem 3.1. Take l′ so that l′ > C(n, l). Assume that there exists a
conformal diffeomorphism ϕ : (M, ĝ(l′)) −→ (M, ĝl), that is, (M, ĝl) and (M, ĝ(l′))
are conformally equivalent. We prove the theorem by showing that this assumption
leads to a contradiction.

Define subsets Sk of (M, ĝ(l′)) by

Sk =


[l+ kl′, l + (k + 1)l′]× Sn−1(1) ⊂ X̃, 0 ≤ k ≤ k0

if d(M1) > d(M2),

[l+ (k + 1)l′, l+ (k + 2)l′]× Sn−1(1) ⊂ X̃, −1 ≤ k ≤ 1

if d(M1) = d(M2).

The natural inclusion X −→ X̃ (resp. Y −→ Ỹ ) defines an isometric embedding

iX : X −→ (M, ĝ(l′)) (resp. iY : Y −→ (M, ĝ(l′))). Define X̂ and Ŷ by X̂ =

(M, ĝl) \ Y ⊂ X and Ŷ = (M, ĝl) \X ⊂ Y .
Clearly, a restriction of ϕ on some neighborhood of S0 satisfies the assumption

of Lemma 3.3. Thus we can take a subset A0 of S0 as A in the lemma. Then
(M, ĝ(l′)) \A0 has two connected components, and we denote them by X̃0 and Ỹ0

so that X̃0 ⊃ iX(X) and Ỹ0 ⊃ iY (Y ). By our choice of A0, ϕ(A0) is contained
in either X or Y . If ϕ(A0) ⊂ X , then one out of two connected components of

(M, ĝl) \ ϕ(A0) is contained in X , i.e., either ϕ(X̃0) ⊂ X or ϕ(Ỹ0) ⊂ X holds. If

ϕ(A0) ⊂ Y , then either ϕ(X̃0) ⊂ Y or ϕ(Ỹ0) ⊂ Y holds.
We divide the rest of the proof into several steps and label them as (3.k.m). The

first “3” stands for the number of this section, the second “k” stands for k of Sk
and the last “m” denotes a number of possible cases which occur as we consider
the embedding of Sk into (M, ĝl) (these cases are listed in (3.1.3)).

(3.0.1): ϕ(A0) ⊂ X and ϕ(X̃0) ⊂ X. In this case, there is a conformal embedding

iX ◦ ϕ : X̃0 ∪A0 −→ X̃0 ∪A0
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and iX ◦ ϕ(X̃0 ∪A0) ⊂ iX(X). Since X̃0 ∪A0 is conformal to (M1, g1) with a disk

removed, we regard X̃0 ∪A0 as a subset of (M1, g1). Define D0, D1, D2 and D3 by

D0 = (M1, g1) \ (X̃0 ∪A0),

D1 = (M1, g1) \ X̃0,

D2 = (M1, g1) \ iX ◦ ϕ(X̃0 ∪A0),

D3 = (M1, g1) \ iX ◦ ϕ(X̃0).

Then we have D0 ⊂ D1 ⊂ D2 ⊂ D3. Since we take A0 as in Lemma 3.3, A0 is
conformal to (α, β)× Sn−1(1). Therefore iX ◦ ϕ(A0) is identified conformally with
an open subset S(α0) of Sn(1) for some α0 > 0, where

S(α0) = {x = (x0, . . . , xn) ∈ Sn(1) ⊂ Rn+1; |x0| < α0}.

We may assume that ∂(iX ◦ ϕ(X̃0 ∪ A0)) is identified with {x ∈ Sn; x0 = α0},
where ∂(iX ◦ ϕ(X̃0 ∪ A0)) denotes the boundary of iX ◦ ϕ(X̃0 ∪ A0). Denote two
connected components of Sn \S(α0) by E(−α0) and E(α0) so that ∂E(α0) = {x ∈
Sn; x0 = α0}. By the above conformal identification of iX ◦ ϕ(A0) and S(α0), we

can glue S(α0) ∪ E(α0) to (M1, g1) \D2 = iX ◦ ϕ(X̃0 ∪A0) and obtain a compact
conformally flat manifold M ′1. Similarly, we can glue S(α0) ∪ E(−α0) to D3 and
obtain a compact conformally flat manifold M ′2. Clearly M1 is diffeomorphic to
M ′1]M

′
2 and π1(M1) ∼= π(M ′1). Thus π1(M

′
2) = 1 by van Kampen’s theorem, and

hence M ′2 is conformal to Sn by a theorem of Kuiper ([10]). Therefore we have
a conformal embedding τ : D3 −→ Sn, and iX ◦ ϕ|A0 defines a locally defined
conformal diffeomorphism σ : τ(A0) −→ τ(iX ◦ ϕ(A0)). By Liouville’s theorem σ
is extended to a globally defined conformal transformation σ̃ on Sn. Note that σ̃
satisfies σ̃◦τ(A0) = σ̃◦τ(D1\D0) = τ(D3\D2) and, in particular, σ̃◦τ(D0) = τ(D2)
and σ̃ ◦ τ(D1) = τ(D3). Define

η =

{
iX ◦ ϕ on X̃0 ∪A0,

τ−1 ◦ σ̃ ◦ τ on D1.

Then η is a well-defined conformal transformation on (M1, g1). In particular,
η(D1) = D3. But since D3 \ iX ◦ ϕ(A0) ⊃ D1, D1 and D3 never have the same
volume with respect to any Riemannian metric on M1. That is, η never be an
isometry with respect to any Riemannian metric on M1. Therefore η is an essen-
tial conformal transformation of (M1, g1). Thus, by a theorem of Obata ([18]) and
Lelong-Ferrand ([15], [16]), (M1, g1) is conformal to Sn(1). A contradiction.

(3.0.2): ϕ(A0) ⊂ Y . In this case, either ϕ(X̃0) ⊂ Y or ϕ(Ỹ0) ⊂ Y holds. If ϕ(Ỹ0) ⊂
Y , then this contradicts our assumption for the same reason as in (3.0.1). Assume

ϕ(X̃0) ⊂ Y . By regarding Y as a subset of (M2, g2), we see that ϕ(X̃0 ∪ A0)
⊂ (M2, g2). Then as we have seen in (3.0.1), we obtain compact conformally flat
manifolds M ′ and M ′1 such that M2 = M ′1]M

′ and π1(M
′
1)
∼= π1(M1). By van

Kampen’s theorem and the Gruško-Neumann theorem (see for example [14, p. 58]),
we see that d(M2) = d(M1)+d(M

′). If d(M1) > d(M2), we have a contradiction. If

d(M1) = d(M2), replace a number “i” of Mi and rename suitably X , Y , X̃, Ỹ , and

so on. Then, ϕ(A0) ⊂ X and ϕ(Ỹ0) ⊂ X hold. This is the case that we consider in
the next step.
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(M, g(l´))ˆ
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ϕ

1

Figure 2

(3.0.3): ϕ(A0) ⊂ X and ϕ(Ỹ0) ⊂ X. Since Ỹ0 ⊃ S1 and ϕ(Ỹ0) ⊂ X , we can define
iX ◦ ϕ on a neighborhood of S1. Then it is easy to see that the conformal em-
bedding ϕ◦ iX ◦ ϕ : (a neighborhood of S1) −→ (M, ĝl) satisfies the assumption of
Lemma 3.3. Take A1 ⊂ S1 as in Lemma 3.3. Denote two connected components
of (M, ĝ(l′)) \ A1 by X̃1 and Ỹ1 so that X̃1 ⊃ iX(X) and Ỹ1 ⊃ iY (Y ). Note that

X̃0 ⊂ X̃1, Ỹ0 ⊃ Ỹ1. Since ϕ(Ỹ1 ∪ A1) ⊂ ϕ(Ỹ0) ⊂ X , we can define iX ◦ ϕ(A1) and

iX ◦ ϕ(Ỹ1). Denote them by A1
1 and Ỹ 1

1 , respectively. Note that (M, ĝ(l′)) \ A1
1

consists of two connected components Ỹ 1
1 and (M, ĝ(l′)) \ (Ỹ 1

1 ∪ A1
1). See Figure

2.

(3.1.1): ϕ(A1
1) ⊂ X and ϕ((M, ĝ(l′)) \ (Ỹ 1

1 ∪A1
1)) ⊂ X. In this case, ϕ(Ỹ 1

1 ) ⊃
((M, ĝl) \ X) = Ŷ . By the argument in (3.k.1) below, we see that this case does
not occur.

(3.1.2): ϕ(A1
1) ⊂ Y . By the argument in (3.k.2) below, we see that this contradicts

our assumption.

(3.1.3): ϕ(A1
1) ⊂ X and ϕ(Ỹ 1

1 ) = ϕ ◦ iX ◦ ϕ(Ỹ1) ⊂ X. Since S2 ⊂ Ỹ1, we can define
(iX ◦ ϕ)2 on a neighborhood of S2. As in (3.0.3), the conformal embedding ϕ◦
(iX ◦ ϕ)2 : (a neighborhood of S2) −→ (M, ĝl) satisfies the assumption of Lemma
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3.3, and hence we can take A2 ⊂ S2 as in the lemma. Denote (iX ◦ϕ)2(A2) by A2
2,

and two connected components of (M, ĝ(l′))\A2 by X̃2 and Ỹ2 so that X̃2 ⊃ iX(X)

and Ỹ2 ⊃ iY (Y ). Since ϕ ◦ iX ◦ϕ(Ỹ2) ⊂ ϕ ◦ iX ◦ϕ(Ỹ1) ⊂ X , (iX ◦ϕ)2 is defined on

Ỹ2. Let Ỹ 2
2 = (iX ◦ϕ)2(Ỹ2). Then (M, ĝ(l′))\A2

2 has two connected components Ỹ 2
2

and (M, ĝ(l′)) \ (Ỹ 2
2 ∪A2

2). In general, if ϕ ◦ (iX ◦ ϕ)j(a neighborhood of Sk) ⊂ X
holds for j with 0 ≤ j ≤ k − 1, then (iX ◦ ϕ)k is defined on a neighborhood of Sk
and the conformal embedding

ϕ ◦ (iX ◦ ϕ)k : (a neighborhood of Sk) −→ (M, ĝl)

satisfies the assumption of Lemma 3.3. Thus we can take Ak ⊂ Sk so that ϕ ◦
(iX ◦ ϕ)k(Ak) is contained in either X or Y . Denote two connected components of

(M, ĝ(l′)) \Ak by X̃k and Ỹk so that X̃k ⊃ iX(X) and Ỹk ⊃ iY (Y ). Define Ajk by

Ajk = (iX ◦ ϕ)j(Ak)

and let A0
k be Ak. If we can take Aj and Ak with j ≤ k, then Ỹj ⊃ Ỹk. Define Ỹ jk

by

Ỹ jk = (iX ◦ ϕ)j(Ỹk)

and let Ỹ 0
k be Ỹk when (iX ◦ ϕ)j is defined on Ỹk, i.e., ϕ ◦ (iX ◦ ϕ)i(Ỹk) ⊂ X for i

with 0 ≤ i ≤ j−1. If Ajk and Ỹ jk are defined, then (M, ĝ(l′))\Ajk has two connected

components and they are Ỹ jk and (M, ĝ(l′)) \ (Ỹ jk ∪A
j
k). Note that (Ỹ jk ∪A

j
k) ⊂ X̃k

in this case, since ϕ(Aj−1
k ∪ Ỹ j−1

k ) ⊂ X . In the case that Akk and Ỹ kk are defined,
ϕ(Akk) is contained in either X or Y by the definition of Ak, and there are three
possibilities:

(1) ϕ(Akk) ⊂ X and ϕ(Ỹ kk ) ⊃ Ŷ .
(2) ϕ(Akk) ⊂ Y .

(3) ϕ(Akk) ⊂ X and ϕ(Ỹ kk ) ⊂ X .
In the case k = 0 and either (1) or (2) holds, we have seen, in (3.0.1) and (3.0.2),

that this contradicts our assumption. If k = 0 and (3) holds, A1
1 and Ỹ 1

1 are defined
and they satisfy (1), (2) or (3) with k = 1 as we have seen in (3.0.3). If either (1)
or (2) holds, as we have mentioned in (3.1.1) and (3.1.2), then we can derive a

contradiction by (3.k.1) or (3.k.2) below with k = 1. If (3) holds, A2
2 and Ỹ 2

2 are

defined. In general, if (3) holds for k with 0 ≤ k ≤ j0−1, then, since Ỹk ⊃ Ỹj0 ∪Sj0
and ϕ(Ỹ kk ) ⊂ X , Ỹ jj0 and Ajj0 are defined for 0 ≤ j ≤ j0 and one of the above three

possibilities holds for k = j0. Let k′ be the smallest number for which (3) does not
hold. Then (1) or (2) holds for k = k′. We have already seen the case k′ = 1. In

the case when (1) holds for k′ ≥ 2, since ϕ(Ajk′ ∪ Ỹ
j
k′) ⊂ ϕ(Ỹ jj ) ⊂ X , we can derive

a contradiction by (3.k.1) below. In the case when (2) holds for k′ ≥ 2, we can
derive a contradiction by (3.k.2) below.

Now assume that (3) holds for any k (0 ≤ k ≤ k0). Since Ỹk ⊃ Ỹk0 ∪ Ak0 for k,

0 ≤ k ≤ k0 − 1, we have ϕ ◦ (iX ◦ ϕ)k(Ỹk0 ∪Ak0) ⊂ X for any k. Thus

X̃k0 ⊃
k0⋃
k=0

(iX ◦ ϕ)k+1(Ỹk0 ∪Ak0) =

k0+1⋃
k=1

(Ỹ kk0
∪Akk0

).

Since ϕ(Ỹk0 ∪Ak0) ⊂ X , iX ◦ϕ(Ỹk0 ∪Ak0) = (Ỹ 1
k0
∪A1

k0
) is contained in X̃k0 . Thus

(Ỹ 1
k0
∪ A1

k0
) ∩ (Ỹk0 ∪ Ak0) = ∅ and hence ϕ(Ỹ 1

k0
∪ A1

k0
) ∩ ϕ(Ỹk0 ∪ Ak0) = ∅. Since

ϕ(Ỹ 1
k0
∪A1

k0
) ⊂ X , (Ỹ 2

k0
∪A2

k0
) = iX ◦ ϕ(Ỹ 1

k0
∪A1

k0
) is contained in X̃k0 , and hence



A DEFORMATION OF FLAT CONFORMAL STRUCTURES 4951

A2
1 A2

2
2

S0 S1 S2

Y2
˜Y 2

˜ 


1Y2
˜

˜

(M, g(l´))ˆ
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ϕ(Y2 )
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ϕ(A2 )
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ϕ
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Figure 3

Ỹ 2
k0
∪ A2

k0
, Ỹ 1

k0
∪ A1

k0
and Ỹk0 ∪ Ak0 are disjoint. Proceeding this way, we see that

Ỹ kk0
∪ Akk0

(k = 0, . . . , k0 + 1) are mutually disjoint. Thus Ỹ kk0
∪ Akk0

is contained

in X̃k0 for k = 1, . . . , k0 + 1, and we regard them as subsets of (M1, g1). Gluing

disks to Ỹ kk0
∪Akk0

(k = 1, . . . , k0 +1) and (M1, g1)\ (
⋃k0+1
k=1 Ỹ kk0

), we obtain compact

conformally flat manifolds M
(k)
2 (k = 1, . . . , k0 + 1) and M ′ such that

M1 = M
(1)
2 ] . . . ]M

(k0+1)
2 ]M ′

and π1(M
(k)
2 ) ∼= π1(M2) as in (3.0.1). Then, by van Kampen’s theorem and the

Gruško-Neumann theorem, d(M1) = (k0 +1)d(M2)+d(M
′) holds. This contradicts

our definition of k0. Thus there exists k′ (0 ≤ k′ ≤ k0) such that either (1) or (2)
holds.

(3.k.1): ϕ(Ajk ∪ Ỹ
j
k ) ⊂ X for j = 0, . . . , k − 1, ϕ(Akk) ⊂ X and ϕ(Ỹ kk ) ⊃ Ŷ . Define

T by

T = (M, ĝ(l′)) \
k⋃
j=0

Ỹ jk = X̃k ∪Ak \
k⋃
j=1

Ỹ jk .

Since ϕ(Ỹ jk ∪ A
j
k) ⊂ X for j = 0, . . . , k − 1, Ỹ jk ∪ A

j
k (j = 0, . . . , k) are mutually

disjoint as in (3.1.3). Then, clearly, T is connected and T contains Ajk for j =

0, . . . , k (see Figure 3). Since ϕ(Ỹ jk ) is contained in X for j = 0, . . . , k − 1 and
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ϕ(Ỹ kk ) contains Ŷ , we obtain

ϕ(T ) = (M, ĝl) \
k⋃
j=0

ϕ(Ỹ jk ) ⊂ X \
k−1⋃
j=0

ϕ(Ỹ jk ),

and hence iX ◦ ϕ is defined on T . Moreover, since

iX ◦ ϕ(T ) ⊂ iX(X) \ (
k−1⋃
j=0

iX ◦ ϕ(Ỹ jk )) ⊂ X̃k \
k⋃
j=1

Ỹ jk ,

iX ◦ ϕ defines a conformal embedding iX ◦ ϕ : T −→ T . We denote this conformal
embedding by ξ. Define T̂ by

T̂ = T \
k⋃
j=0

Ajk.

Then

ϕ(T̂ ) = (M, ĝl) \
k⋃
j=0

ϕ(Ỹ jk ∪A
j
k) ⊂ X \

k−1⋃
j=0

ϕ(Ỹ jk ∪A
j
k).

Thus we have

ξ(T̂ ) = iX ◦ ϕ(T̂ ) ⊂ X̃k \
k−1⋃
j=0

iX ◦ ϕ(Ỹ jk ∪A
j
k) = T̂ .

Since Akk is contained in T , ξj(Akk) is defined for j ≥ 0 and ξj(Akk) = Ak+j
k is con-

tained in T . Clearly T \ ξ(Akk) has at least two connected components. Since Ajk
(j = 0, . . . , k) are mutually disjoint, so are Aj+1

k = ξ(Ajk) (j = 0, . . . , k). In partic-

ular, Ak+1
k and Ajk (j = 1, . . . , k) are mutually disjoint. Since ϕ(Akk) is contained in

X , ξ(Akk) = iX ◦ϕ(Akk) is contained in iX(X) and hence Ak+1
k and Ak are disjoint.

This shows that

Ak+1
k ⊂ T \

k⋃
j=0

Ajk = T̂ .

Thus ξj(Ak+1
k ) ⊂ ξj(T̂ ) ⊂ T̂ holds for j ≥ 0. Note that T̂ is a closed set and hence

T̂ contains the closure of ξj(Ak+1
k ) for j ≥ 0. Then it is easy to see that T \ξj(Ak+1

k )

has exactly two connected components. The set T \ Ak+1
k is described as follows:

Since (M, ĝ(l′)) \Akk has two connected components Ỹ kk and (M, ĝ(l′)) \ (Ỹ kk ∪Akk),
(M, ĝl) \ ϕ(Akk) has two connected components (M, ĝl) \ ϕ(Ỹ kk ∪ Akk) and ϕ(Ỹ kk ).

Note that (M, ĝl)\ϕ(Ỹ kk ∪Akk) is contained in X , since ϕ(Ỹ kk ) ⊃ Ŷ and ϕ(Akk) ⊂ X .

Then two connected components of (M, ĝ(l′)) \ Ak+1
k , say L and N , satisfy L =

iX((M, ĝl) \ϕ(Ỹ kk ∪Akk)) ⊂ X̃k and N ⊃ Ak ∪ Ỹk. Since Ỹ jk ∪A
j
k (j = 0, . . . , k) are

mutually disjoint,

L ⊃
k−1⋃
j=0

iX ◦ ϕ(Ỹ jk ∪A
j
k) =

k⋃
j=1

(Ỹ jk ∪A
j
k).



A DEFORMATION OF FLAT CONFORMAL STRUCTURES 4953

Denote two connected components of T \ Ak+1
k by T0 and T ′0 so that T0 = T ∩ L

and T ′0 = T ∩N . Note that T ′0 contains Ak. Since L∪Ak+1
k = iX((M, ĝl) \ϕ(Ỹ kk )),

ξ(T ) = iX((M, ĝl) \
k⋃
j=0

ϕ(Ỹ jk ))

= (L ∪Ak+1
k ) \

k⋃
j=1

Ỹ jk

= (L ∪Ak+1
k ) ∩ ((M, ĝl) \

k⋃
j=0

Ỹ jk ).

Since L ∩Ak+1
k is contained in X̃k, we see that

ξ(T ) = (L ∪Ak+1
k ) ∩ T

= T0 ∪Ak+1
k .

In particular, T0 ⊃ ξ(T̂ ) and T ′0 = T \ξ(T ) hold. Denote two connected components

of T \ ξj(Ak+1
k ) by Tj and T ′j so that Tj ⊃ ξj(T ) and T ′j ⊃ ξj(T ′0). Then we see that

Tj ∪ ξj(Ak+1
k ) ⊃ ξj+1(T ),

Tj ⊃ ξj+1(T̂ ),

T ′j ⊃ A
j
k,

T ′j ⊃ ξj(T ′0) = ξj(T ) \ ξj+1(T )

hold. Take ξi(Ak+1
k ) = ξk+1(Aik) and ξj(Ak+1

k ) = ξk+1(Ajk) for 0 ≤ i < j ≤ k. Since

Ajk and Aik are disjoint, so are ξk+1(Ajk) and ξk+1(Aik). Since ξj(Ak+1
k ) ⊂ ξj(T̂ ) ⊂

ξi+1(T̂ ) ⊂ Ti, either Tj ∪ ξj(Ak+1
k ) ⊂ Ti or T ′j ∪ ξj(Ak+1

k ) ⊂ Ti holds. Assume

Tj ∪ ξj(Ak+1
k ) ⊂ Ti. Then T ′j ⊃ T ′i ∪ ξi(Ak+1

k ). But since ξi(Ak+1
k ) = ξj(Ak+i−j+1

k )

and 1 ≤ k+ i− j + 1 ≤ k, Ak+i−j+1
k = ξ(Ak+i−j

k ) is contained in ξ(T ). This shows

ξi(Ak+1
k ) ⊂ ξj ◦ ξ(T ) = ξj(T0 ∪ Ak+1

k ) ⊂ (Tj ∪ ξj(Ak+1
k )). A contradiction. Thus

T ′j ∪ ξj(Ak+1
k ) is contained in Ti. In particular, we have{

(T ′i ∪ ξi(Ak+1
k )) ∩ (T ′j ∪ ξj(Ak+1

k )) = ∅ if i 6= j,

T ′i ⊃ A
j
k if i = j.

Since ξk+1(T ) ⊂ ξj+1(T ) ⊂ Tj ∪ ξj(Ak+1
k ) holds for j = 0, . . . , k,

⋃k
j=0 T

′
j is con-

tained in Y \ ξk+1(T ). On the other hand, since T ′j contains ξj(T ) \ ξj+1(T )

and T \ ξk+1(T ) =
⋃k
j=0(ξ

j(T ) \ ξj+1(T )), T \ ξk+1(T ) is contained in
⋃k
j=0 T

′
j.

Thus, T \ ξk+1(T ) =
⋃k
j=0 T

′
j . Identifying S(α0) defined in (3.0.1) with each Ajk,

j = 1, . . . k, we can glue E(α0) ∪ S(α0) to T and obtain a compact, connected and

conformally flat manifold M ′ as in (3.0.1). Denote E(α0) ∪ S(α0) glued to Ajk by
Dj (see Figure 4). By the discussion above, we see that{

M ′ \ ξk+1(T̂ ) =
⋃k
j=0(ξ

k+1(Ajk) ∪ T ′j ∪Dj),

(ξk+1(Ajk) ∪ T ′j ∪Dj) ∩ (ξk+1(Aik) ∪ T ′i ∪Di) = ∅ if i 6= j.
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Define Dj,m for j = 0, . . . , k and m = 0, . . . , 3 by Dj,0 = Dj \Ajk, Dj,1 = Dj , Dj,2 =
T ′j ∪Dj and Dj,3 = ξk+1(T ) ∪Dj,2. Then we see that Dj,0 ⊂ Dj,1 ⊂ Dj,2 ⊂ Dj,3

and

M ′ \ T =
k⋃
j=0

Dj,0,

M ′ \ T̂ =
k⋃
j=0

Dj,1,

M ′ \ ξk+1(T ) =
k⋃
j=0

Dj,2,

M ′ \ ξk+1(T̂ ) =
k⋃
j=0

Dj,3.

Applying the same argument as in (3.0.1) to each j, we see that ξk+1 is extended to a
conformal transformation η on M ′. Since η(Dj,0) = Dj,2 and η(Dj,1) = Dj,3 by our
construction, η is an essential conformal transformation on M ′ as we have seen in
(3.0.1). Therefore M ′ is conformal to the standard n-sphere Sn(1). Note that Dj,m

is a closed round n-disk if m = 0, 2 and an open round n-disk if m = 1, 3. Thus, for
some β0 > 0, we may regard M ′ \ (D0,1 ∪D1,1) as the closure of S(β0) defined in
the same way as S(α0) in (3.0.1). Since η(M ′ \ (D0,1 ∪D1,1)) = M ′ \ (D0,3 ∪D1,3),

and Dj,3 \ ξk+1(Ajk) ⊃ Dj,1, there exists β′0 < β0 such that D0,3 ⊃ E(−β′0) ⊃(the
closure of D0,1) = E(−β0) and D1,3 ⊃ E(β′0) ⊃(the closure of D1,1) = E(β0), that
is, η(M ′ \ (D0,1 ∪D1,1)) = η(S(β0)) is contained in S(β′0). But by Lemma 4.13 in
the next section, such an η does not exist. Thus case (1) of (3.1.3) does not occur
if k ≥ 1. See Figure 4.

(3.k.2): ϕ(Akk) ⊂ Y . Since (M, ĝ(l′)) \ Akk has two connected components

(M, ĝ(l′))\ (Ỹ kk ∪Akk) and Ỹ kk , either ϕ(Ỹ kk ) or ϕ((M, ĝ(l′))\ (Akk∪ Ỹ kk )) is contained

in Y . If ϕ(Ỹ kk ) is contained in Y , we have a conformal embedding ϕ ◦ (iX ◦ ϕ)k :

Ỹ k −→ Y . If ϕ((M, ĝ(l′)) \ (Ỹ kk ∪ Akk)) is contained in Y , then ϕ(Ỹk) is contained

in Y , since Akk ∪ Ỹ kk ⊂ X̃k. We can derive a contradiction in each case as in (3.0.1).
By the above discussion, we conclude that there is no conformal diffeomorphism

between (M, ĝl) and (M, ĝ(l′)). This completes the proof of Theorem 3.1.

Recall that Lemma 3.3 is also true for noncompact manifolds. Actually, a part
of the proof of Theorem 3.1 also works for noncompact manifolds. Let (M1, g1)
and (M2, g2) be conformally flat manifolds, possibly noncompact, which are not
diffeomorphic to Sn nor Rn. Let M = M1]M2 and (M, ĝl) be as above. We do not
assume that d(M1) ≥ d(M2) here, and we define (M, ĝ(l′)) by setting k0 = 0 (so
(M, ĝ(l′)) contains a subset isometric to (0, 2l+ l′)×Sn−1(1)). Other notations are
the same as above.

Then we have two conformally flat Riemannian manifolds, and there is a diffeo-
morphism ϕ0 between them which maps iX(X̂) (resp. iY (Ŷ )) ⊂ (M, ĝ(l′)) to X̂

(resp. Ŷ ).

Theorem 3.4. If l′ > C(n, l), where C(n, l) is the constant in Lemma 3.3, then
there is no conformal diffeomorphism between (M, ĝ(l′)) and (M, ĝl) isotopic to ϕ0.
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In other words, ĝl and ĝ(l′) represent distinct elements in the Teichmüller space of
flat conformal structures on M .

Proof. Assume that there is a conformal diffeomorphism ϕ : (M, ĝ(l′)) −→ (M, ĝl),
which is isotopic to ϕ0. By Lemma 3.3, there is a subset A0 of S0 such that ϕ(A0)
is contained in either X or Y . We may assume ϕ(A0) ⊂ X by interchanging M1

and M2, if necessary. Since ϕ is isotopic to ϕ0, ϕ(X̃0) is contained in X . Then

iX ◦ϕ is defined on X̃0 ∪A0 and iX ◦ϕ(A0 ∪ X̃0) ⊂ X̃ . Since ϕ ◦ϕ−1
0 is isotopic to

the identity map, it is easy to see that X \ϕ(X̃0∪A0) must be compact. Therefore,

X̃0 \ iX ◦ ϕ(X̃0 ∪ A0) is also compact. As in (3.0.1), we can regard X̃0 ∪ A0 as a
subset of (M1, g1). Through this, define D0, D1, D2 and D3 as in (3.0.1). Let M ′1
and M ′2 be as in (3.0.1). Then, since X̃0\iX ◦ϕ(X̃0∪A0) is compact, M ′2 is compact
and simply connected by the same reasoning as in (3.0.1). Hence M ′2 is conformally
equivalent to Sn. Thus we can extend the conformal diffeomorphism iX ◦ ϕ :
X̃0 ∪ A0 −→ iX ◦ ϕ(X̃0 ∪ A0) to a global conformal transformation η on (M1, g1),
and η is an essential conformal transformation as in (3.0.1). If M1 is compact, then
M1 must be diffeomorphic to Sn, and this contradicts our assumption. Therefore,
M1 is noncompact. Let (M̃1, g̃1) be the Riemannian universal covering of (M1, g1).

Fix a lift D̃i of Di, i = 0, 1, 2 and 3, so that D̃i ⊂ D̃j for i < j. Then there is a

conformal transformation η̃ on (M̃1, g̃1), which is a lift of η, such that η̃(D̃1) = D̃3.

Fix a developing map Φ of (M̃1, g̃1). Since the D̃i’s are conformally equivalent

to a round ball of Sn, Φ is injective on D̃3. Then, it is clear that the conformal
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transformation ξ of Sn satisfying Ψ◦ η̃ = ξ ◦Ψ is a loxodromic transformation of Sn

whose repulsive fixed point q1 is in Ψ(D̃3). Since Ψ ◦ η̃k = ξk ◦Ψ, (M̃1, g̃1) contains
a subset conformally equivalent to Rn ∼= Sn \ q2, where q2 is the attractive fixed

point of ξ. If this set U is a proper subset of M̃1, then the boundary of U is mapped
locally homeomorphically onto a point q2 by Ψ. Therefore, M̃1 is diffeomorphic to
Sn. But here, since we assume M1 to be noncompact, (M̃1, g̃1) must be conformally
equivalent to Rn. On the other hand, the set U can be considered as a lift of the
limit of ηk(D1) as k → ∞, thus (M1, g1) itself must be conformal to Rn. A
contradiction. This completes the proof.

Remark. If M1 or M2 is diffeomorphic to either Sn or Rn, then (M, ĝl) and
(M, ĝ(l′)) may be conformally equivalent. This can be seen as in Remark 2 fol-
lowing Theorem 3.1.

The same argument which shows Corollary 3.2 leads to the following corollary.

Corollary 3.5. Let M = M1]M2, where M1 and M2 are conformally flat, possibly
noncompact, manifolds and each of them is diffeomorphic to neither Sn nor Rn.
Then the Teichmüller space of flat conformal structures on M is noncompact.

4. Proof of lemmas

To prove Lemma 3.3, we need some basic facts on a conformal invariant called
the modulus, which is related to the theory of quasi-conformal mappings (see [21]
for a detailed exposition on this subject). Let (M, g) be a Riemannian manifold
and ∆ an interval. A continuous map γ : ∆ −→ M is called a path. A path γ is
called a closed path if ∆ is a closed interval. If ∆′ is a subinterval of ∆, γ|∆′ is
called a subpath of γ.

Definition 4.1. Let ∆ = [a, b] and A = {a0 < a1 < · · · < aj+1; a0 = a, aj+1 = b}
a subdivision of ∆. Denote the distance between p and q with respect to a metric
g by distg(p, q). The length l(γ) of γ is defined by

l(γ) = sup
A

j∑
i=0

distg(γ(ai), γ(ai+1)),

where the supremum is taken over all subdivisions of ∆.

Definition 4.2. A path γ is said to be rectifiable if the length of γ is finite. And
a path γ is called locally rectifiable if every closed subpath of γ is rectifiable.

If γ is rectifiable, then γ is parametrized by arclength. In what follows, we assume
that a rectifiable path is parametrized by arclength, and denote this parameter by
s. Then, for a rectifiable path γ, the line integral along γ makes sense. These
notions are also defined for a locally rectifiable path in a natural way. Let Γ be a
path family.

Definition 4.3. A Borel function ρ : M −→ [0,∞] is called an admissible function
of Γ, if, for any locally rectifiable path γ contained in Γ, ρ satisfies∫

γ

ρ ds ≥ 1.

The set of all admissible functions of Γ is denoted by F(Γ).
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Definition 4.4. For a path family Γ, the modulusM(Γ) is defined by

M(Γ) = inf
ρ∈F(Γ)

∫
M

ρndVg ,

where dVg denotes the volume element of g.

Let E, F and G be Borel sets of (M, g). Define ∆(E,F ;G) by

∆(E,F ;G) = {closed non-constant paths γ; γ(0) ∈ E,
γ(l(γ)) ∈ F, γ(t) ∈ G for t ∈ (0, l(γ))}.

The following are obvious consequences of the above definitions. For the proofs,
see [21].

Proposition 4.5. If Γ is a subfamily of Γ′, then M(Γ) ≤M(Γ′).

Proposition 4.6. If every path γ contained in Γ has a subpath belonging to Γ′,
then M(Γ) ≤M(Γ′).

Proposition 4.7.

M(∆(E,F ;G)) = inf
ρ∈F(∆(E,F ;G))

∫
G

ρndVg.

Proposition 4.8. Let G be an open subset of a Riemannian manifold (M, g) and
Γ = ∆(E,F ;G) for subsets E and F of G. Assume that there exists a conformal em-
bedding ϕ of (G, g|G) into a Riemannian manifold (N,h). ThenM(Γ) =M(ϕ(Γ)).

Proposition 4.8 asserts the conformal invariance ofM(Γ). In the proof of Lemma
3.3 below, the above properties of the conformal invariantM(Γ) are used frequently.

Proof of Lemma 3.3. We use the same notations as in the proof of Theorem 3.1.
Denote X ∩Y by S. Then S is isometric to (0, l)×Sn−1(1). If ψ({0}×Sn−1(1)) is
contained in X , then there exists δ > 0 such that ψ((0, δ)× Sn−1(1)) is contained
in X . Thus, there exist α and β such that [α, β] ⊂ (0, δ), and hence we get
a subset A of S as in Lemma 3.3. Similarly, if one of ψ({0} × Sn−1(1)) ⊂ Y ,
ψ({l′} × Sn−1(1)) ⊂ X or ψ({l′} × Sn−1(1)) ⊂ Y holds, we see that A in Lemma
3.3 exists. Therefore, to prove Lemma 3.3, it suffices to show that if we choose
l′ > C(n, l) and both ψ({0}×Sn−1(1))∩X̂ 6= ∅ and ψ({0}×Sn−1(1))∩ Ŷ 6= ∅ hold,
then either ψ({l′}×Sn−1(1)) ⊂ X or ψ({l′}×Sn−1(1)) ⊂ Y holds. Now assume that

ψ({0}×Sn−1(1))∩X̂ 6= ∅, ψ({0}×Sn−1(1))∩Ŷ 6= ∅, ψ({l′}×Sn−1(1))∩X̂ 6= ∅ and

ψ({l′} × Sn−1(1)) ∩ Ŷ 6= ∅ hold. We prove Lemma 3.3 by deriving a contradiction
in the case that l′ is greater than a certain constant depending only on n and l.

The set S is conformally equivalent to a subset S(a) of Sn(1) defined as in the
proof of Theorem 3.1 for some positive real number a. That is, there exists a
conformal diffeomorphism i : S −→ S(a). Note that {0} × Sn−1(1) and {l′} ×
Sn−1(1) are totally geodesic hypersurfaces of (−ε, l′ + ε)× Sn−1(1). Since ψ and i
are conformal embeddings, a connected component T0 of i(ψ({0} × Sn−1(1)) ∩ S)
and a connected component Tl′ of i(ψ({l′}×Sn−1(1))∩S) are intersections of round
(n−1)-spheres of Sn(1) and S(a). Thus, there exist hyperplanes V0 and Vl′ of Rn+1

such that T0 = S(a)∩ V0 and Tl′ = S(a)∩ Vl′ . By our assumption, we may assume
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that these hyperplanes satisfy
V0 ∩ {x = (x0, . . . , xn) ∈ Sn(1) ⊂ Rn+1; x0 = −a} 6= ∅
V0 ∩ {x = (x0, . . . , xn) ∈ Sn(1) ⊂ Rn+1; x0 = a} 6= ∅
Vl′ ∩ {x = (x0, . . . , xn) ∈ Sn(1) ⊂ Rn+1; x0 = −a} 6= ∅
Vl′ ∩ {x = (x0, . . . , xn) ∈ Sn(1) ⊂ Rn+1; x0 = a} 6= ∅.

(4.9)

Denote two connected components of S(a) \ T0 by E0,1 and E0,2 so that E0,2

contains Tl′ . Similarly, denote two connected components of S(a) \Tl′ by El′,1 and
El′,2 so that El′,2 contains T0. Then E0,2 contains El′,1, and El′,2 contains E0,1.
Let v be a vector of Rn+1 perpendicular to V0. Then, by (4.9), the x0-axis and v are
linearly independent. Denote the 2-dimensional subspace spanned by the x0-axis
and v by Q. We may assume the x1-axis is contained in Q. Let proj : Rn+1 −→ Q
be the orthogonal projection. Then proj(V0) is a line in Q, and the x1-coordinate of
proj(V0)∩proj(S(a)) takes its value between −(1−a2)1/2 and (1−a2)1/2 (see Figure
5). Fix a positive real number ε0 so that ε0 < a. We may assume x = (0, 1, 0 . . . , 0)
is contained in E0,1, and hence

B1 = {x = (x0, . . . , xn) ∈ S(a); x1 ≥ (1− (a− ε0)2)1/2}
is a round n-disk contained in E0,1. We get a round n-disk B2 contained in El′,1
in the same way. Define path families Γ0 and Γ by

Γ0 = ∆(ψ({0} × Sn−1(1)), ψ({l′} × Sn−1(1)); ψ((−ε, l′ + ε)× Sn−1(1))),

Γ = ∆(T0, Tl′ ;S(a)).
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For any γ ∈ Γ, i−1(γ) is a path between ψ({0} × Sn−1(1)) and ψ({l′} × Sn−1(1)).
Since (M, g)\ψ((0, l′)×Sn−1(1)) has two connected components, there is a subpath
of i−1(γ) contained in Γ0. By Proposition 4.6 and Proposition 4.8, we see that

M(Γ0) ≥M(i−1(Γ)) =M(Γ).(4.10)

Define a path family Γ′ by

Γ′ = ∆(B1, B2;S(a)).

Then, by the definition of B1 and B2, every γ′ ∈ Γ′ intersects T0 and Tl′ . Thus
there is a subpath of γ′ which belongs to Γ. By Proposition 4.6,

M(Γ) ≥M(Γ′).(4.11)

Since the center of Bi, i = 1, 2, is contained in S(0) = {x = (x0, . . . xn) ∈ Sn(1) ⊂
Rn+1; x0 = 0}, we can take the shortest geodesic c between the centers of B1 and
B2 so that c is contained in S(0). Let p be the midpoint of c and q the antipodal
point of p. Note that q is contained in S(0) ⊂ S(a). Define Γ′′ by

Γ′′ = ∆(B1, B2;S(a) \ {q}).
Since Γ′′ ⊂ Γ′, M(Γ′) ≥ M(Γ′′) by Proposition 4.5. Let πq be the stereographic
projection from q. By Proposition 4.8,

M(Γ′) ≥M(Γ′′) =M(∆(πq(B1), πq(B2); πq(S(a) \ {q})).(4.12)

We may assume πq(c) corresponds to the y1-axis of Rn = πq(S
n\{q}) and πq(S(0))

corresponds to the (y1, . . . , yn−1)-subspace. Let the Euclidean distance between
two connected components of the boundaries of πq(S(a − ε0)) be 2r0. Then the
intersections of the yn-axis and the boundaries of πq(S(a− ε0)) are (0, . . . , 0,±r0),
and πq(B1) and πq(B2) are disks centered at points of y1-axis and each radius is
greater than r0. Set

F = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n = r2
0}.

Then, for some positive real numbers h1 and h2 with h1 < h2,

F ∩ ∂(πq(B1)) = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n = r2
0, y1 = h1, h2},

F ∩ ∂(πq(B2)) = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n = r2
0, y1 = −h1,−h2},

where ∂ denotes the boundary of a set. Define F1, F2 and G by

F1 = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n ≤ r2
0, y1 = h1},

F2 = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n ≤ r2
0, y1 = −h1},

G = {y = (y1, . . . , yn) ∈ Rn; y2
2 + · · ·+ y2

n ≤ r2
0, |y1| ≤ |h1|}.

Then, clearly, F1 ⊂ πq(B1), F2 ⊂ πq(B2) and G ⊂ πq(S(a)\{q}) hold and hence
∆(F1, F2;G) is contained in ∆(πq(B1), πq(B2); πq(S(a) \ {q})). By our choices
of B1, B2 and p, each of πq(B1) and πq(B2) is tangent to ∂(πq(S(a − ε0))) at two
points, and these two points are contained in the unit closed ball of Rn, which is
the image of the closure of the southern hemisphere by πq (see Figure 6). Since the
Euclidean distance between these two tangent points is greater than 2r0, we have
|h1| < 1. Moreover, sinceM(∆(F1, F2;G)) = Voln−1(F1)(2h1)

1−n (see for example
[21, p. 52]), where Voln−1(F1) denotes the (n − 1)-dimensional Euclidean volume
of F1, we have

M(∆(πq(B1), πq(B2); πq(S(a) \ {q})) ≥ Voln−1(F1)(2h1)
1−n > 21−nVoln−1(F1)
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by Proposition 4.5. Combining with (4.10), (4.11) and (4.12), we have

M(Γ0) > 21−nVoln−1(F1).

Since the radius r0 of F1 is determined by a and ε0 and we can choose ε0 as,
for instance, a/10, r0 is determined by a. Thus we may consider that r0 is
determined by l. Set K(n, l) = 21−nVoln−1(F1). For any γ0 ∈ ψ−1(Γ0) =
∆({0} × Sn−1(1), {l′} × Sn−1(1); (−ε, l′ + ε)× Sn−1(1)), clearly l(γ0) ≥ l′ holds.
Thus, for any γ0 ∈ ψ−1(Γ0), f = l′−1 defined on (−ε, l′ + ε)× Sn−1(1) satisfies∫

γ0

f ds = l′−1l(γ0) ≥ 1,

and hence f ∈ F(ψ−1(Γ0)). Define Γ̂0 by

Γ̂0 = ∆({0} × Sn−1(1), {l′} × Sn−1(1); [0, l′]× Sn−1(1)).
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Then, by Proposition 4.6, we have

M(Γ̂0) ≥M(ψ−1(Γ0))

and clearly f |[0,l′]×Sn−1(1) belongs to F(Γ̂0). Note that

M(Γ̂0) ≤
∫

[0,l′]×Sn−1(1)

fnds

= l′−nVol(Sn−1(1))l′

= l′1−nVol(Sn−1(1)).

Define a positive constant C(n, l) by

C(n, l) = {Vol(Sn−1(1))/K(n, l)}1/n−1

and choose l′ so that l′ is greater than C(n, l). Then we have

l′1−nVol(Sn−1(1)) < K(n, l)

and hence

M(ψ−1(Γ0)) ≤M(Γ̂0) < K(n, l) <M(Γ0).

This contradicts Proposition 4.8. This completes the proof of Lemma 3.3.

Using the modulus of path families, we can also prove the following lemma which
is used in (3.k.1) of the previous section.

Lemma 4.13. There is no conformal transformation of Sn(1) which sends the
closure of S(β0) into S(β′0) for β′0 < β0.

Proof. Assume that there exists a conformal transformation η of Sn(1) which sat-
isfies η(S(β0)) ⊂ S(β′0) with β′0 < β0. We denote the interior of two connected
components of Sn(1) \ S(β0) by D0,1 and D1,1 as in the previous section. Define
two path families Γ and Γ′ by

Γ = ∆(η(∂D0,1), η(∂D1,1); η(S
n \ (D0,1 ∪D1,1))),

Γ′ = ∆(∂E(−β′0), ∂E(β′0); the closure of S(β′0)).

By our assumption, every γ′ ∈ Γ′ has a subpath belonging to Γ, and hence, by
Proposition 4.6, M(Γ′) ≤ M(Γ). Let πp be the stereographic projection from
p = (1, 0, . . . , 0) ∈ Sn(1) ⊂ Rn+1. An (n − 1)-round sphere defined by {x =
(x0, . . . xn) ∈ Sn ⊂ Rn+1; x0 is constant} is projected to a sphere of Rn centered
at the origin by πp. Thus, we have

πp(∂D0,1) = Sn−1(b1) ⊂ Rn = πp(S
n(1) \ {p}),

πp(∂D1,1) = Sn−1(b2),

πp(∂E(−β′0)) = Sn−1(b′1),

πp(∂E(β′0)) = Sn−1(b′2),

with b1 < b′1 < b′2 < b2. Denote the closed disk with radius r of Rn by Dn(r) and
the interior of Dn(r) by intDn(r). Since

M(Γ′) =M(∆(Sn−1(b′1), S
n−1(b′2); D

n(b′2) \ intDn(b′1)))

= Vol(Sn−1(1)){log(b′2/b
′
1)}1−n
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and

M(∆(∂D0,1, ∂D1,1; S
n(1) \ (D0,1 ∪D1,1))

=M(Sn−1(b1), S
n−1(b2); D

n(b2) \ intDn(b1))

= Vol(Sn−1(1)){log(b2/b1)}1−n,

by Proposition 4.8 and [21, p. 53], we have

M(Γ) ≥M(Γ′) >M(∆(∂D0,1, ∂D1,1; S
n(1) \ (D0,1 ∪D1,1))) =M(η−1(Γ)).

Then it is clear that this contradicts Proposition 4.8. This completes the proof of
Lemma 4.13.

Appendix. The space of flat conformal structures on RPn]RPn

In this Appendix, we examine the space of flat conformal structures on
RPn]RPn, which is the simplest example of non-C-prime conformally flat man-
ifolds, following the program mentioned in the introduction. Note that there ex-
ists a 2-fold covering S1 × Sn−1 −→ RPn]RPn. Since any flat conformal struc-
ture on S1 × Sn−1 is Kleinian (see [4] and [11]), for any flat conformal struc-
ture C, (RPn]RPn, C) is also Kleinian and conformal to the quotient of Sn\{two
points} by a discrete subgroup Γ of the conformal transformation group of Sn,
where Γ is isomorphic to π1(RP

n]RPn) ∼= Z/2Z ∗ Z/2Z. Then, by Theorem 2.7,
(RPn]RPn, C) is conformal to some (M1, C1)](M2, C2), where each Mi is homeo-
morphic (diffeomorphic if n ≤ 6) to RPn and the Ci’s are Kleinian structures on
Mi. Since π1(Mi), i = 1, 2, are finite, each Mi must be diffeomorphic to RPn by a
theorem of Kuiper ([10]). Moreover each Ci contains a constant curvature metric,
that is, each Ci is the standard (and hence unique) conformal structure on RPn.
We denote this flat conformal structure by C0. Then, for any C, (RPn]RPn, C)
is conformal to some (RPn, C0)](RP

n, C0). And we see that deformations of flat
conformal structures on RPn]RPn arise from varying A, ψ1 and ψ2 in Definition
2.6. Precisely speaking, for any (RPn]RPn, C), there exists (RPn]RPn, ĝl) con-
structed from two copies of (RPn, g0) as in section 3 such that ĝl is contained in
C , where g0 denotes the metric of constant curvature 1 on RPn (see below). In
this case, (RPn]RPn, ĝl) is conformal to (RPn]RPn, ĝl′) if and only if l = l′. In
particular, the space of flat conformal structures on RPn]RPn is parametrized by
l and hence 1-dimensional.

Since Sn\{two points} is conformal to R × Sn−1(1), for any flat conformal
structure C on RPn]RPn, (RPn]RPn, C) is conformal to R× Sn−1(1)/Γ, where
Γ ∼= Z/2Z ∗ Z/2Z is a discrete subgroup of the conformal transformation group G
of R × Sn−1(1). Let γ1 and γ2 be the generators of Γ, each of which is of order
2. Note that G coincides with the isometry group of R × Sn−1(1) and, for any
γ ∈ G, the action of γ is written as γ(r, p) = (±r + d,Ap) for some real number d
and some A ∈ O(n), where (r, p) denotes a point of R × Sn−1(1) with r ∈ R and
p ∈ Sn−1(1). Since γ1 and γ2 act freely on R× Sn−1(1), we see easily that γ1 and
γ2 are written as {

γ1(r, p) = (−r + 2a, p̄),

γ2(r, p) = (−r + 2b, p̄),



A DEFORMATION OF FLAT CONFORMAL STRUCTURES 4963

where p̄ denotes the antipodal point of p. We may assume that a is greater than b.
Since G coincides with the isometry group, R × Sn−1(1)/Γ defines a Riemannian
manifold, which is obtained as closing the boundaries of [0, a− b]×Sn−1(1) by the
identification p = p̄, where p is a point of {0} × Sn−1(1) or {a− b} × Sn−1(1). We
may regard this Riemannian manifold as (RPn]RPn, ĝl) constructed in section 3
with l = a−b. Let C and C′ be flat conformal structures on RPn]RPn. Then there
exists a discrete subgroup Γ (resp. Γ′) of G such that the metric on RPn]RPn

defined by R × Sn−1(1)/Γ (resp. R × Sn−1(1)/Γ′) is contained in C (resp. C̃).
Denote generators of Γ and Γ′ by γi and γ′i (i = 1, 2) respectively. As we have seen
above, we may assume that γi and γ′i are written as{

γ1(r, p) = (−r + 2a, p̄),

γ2(r, p) = (−r + 2b, p̄),{
γ′1(r, p) = (−r + 2a′, p̄),

γ′2(r, p) = (−r + 2b′, p̄),

for a > b and a′ > b′. Then R × Sn−1(1)/Γ (resp. R × Sn−1(1)/Γ′) contains a
subset isometric to (0, a−b)×Sn−1(1) (resp. (0, a′−b′)×Sn−1(1)). Suppose C and
C′ are conformally equivalent. Then, since there exists γ ∈ G such that Γ = γ−1Γ′γ
and G is just the isometry group, R × Sn−1(1)/Γ is isometric to R × Sn−1(1)/Γ′

and hence a − b = a′ − b′. Therefore the correspondence between a flat conformal
structure C and a − b defines a map F from the moduli space of flat conformal
structures on RPn]RPn (i.e., the quotient space of the space of all flat conformal
structures on RPn]RPn by the group of diffeomorphisms) to positive real numbers,
and this map F is clearly surjective. On the other hand, if F (C) = F (C′), then
R× Sn−1(1)/Γ = (RPn]RPn, ĝF (C)) and R× Sn−1(1)/Γ′ = (RPn]RPn, ĝF (C′))
are clearly isometric, and hence C and C′ are conformally equivalent. This shows
that F is injective and hence bijective. Moreover we have a representative ĝF (C)

of C. Therefore, as we mentioned in the previous paragraph, (RPn]RPn, ĝl) and
(RPn]RPn, ĝl′) constructed as above are conformally equivalent if and only if
l = l′. Since ĝl depends continuously on l, we see that the map F from the
moduli space of flat conformal structures on RPn]RPn to positive real numbers is
a homeomorphism. Thus l defines a global coordinate of the moduli space.

In our construction of conformally flat metrics on a connected sum of confor-
mally flat manifolds (in section 3), it seems that there are more parameters for de-
formations of flat conformal structures other than l (for example, choices of points
removed and isometries of a cylinder gluing X and Y ). But, for RPn]RPn, defor-
mations of flat conformal structures do not arise from these choices. In this case,
it seems that the conformal symmetries of RPn absorb variations of these choices,
just as an essential conformal transformation on Sn absorbs a deformation aris-
ing from changing the length of a cylinder as we have seen in Remark 2 following
Theorem 3.1.
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