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A DEFORMATION OF FLAT CONFORMAL STRUCTURES

HIROYASU IZEKI

ABSTRACT. We consider deformations of flat conformal structures from a view-
point of connected sum decomposition of conformally flat manifolds.

1. INTRODUCTION

Let M be a smooth n-manifold and C' a conformal class on M. If, for any point
p of M, there exists a metric g in C' such that g is flat on some neighborhood
of p, then (M,C) is called conformally flat. A conformal class on M is called
a flat conformal structure if (M,C) is conformally flat. A Riemannian manifold
(M, g) is conformally flat if the conformal class containing ¢ is a flat conformal
structure. And M is said to be conformally flat if M admits a flat conformal
structure. If n = 2 a flat conformal structure on an oriented surface S is nothing
but a conformal structure on S. A flat conformal structure on a conformally flat
manifold is a natural generalization of a conformal structure on a surface. The
space of conformal structures on an oriented surface is understood as, for instance,
the Teichmiiller space of Riemann surfaces. The Teichmiiller space of a compact
oriented surface S with genus greater than one is identified with the quotient of the
space of hyperbolic metrics on S by the identity component of the diffeomorphism
group of S. To understand this space, the following description is useful.

Let (S, g) be a compact oriented surface of genus h > 2 with hyperbolic metric
g. Then we can take 3h — 3 disjoint simple closed geodesics with respect to g.
Cutting S along these geodesics, we obtain 2h — 2 hyperbolic surfaces with geodesic
boundaries, and these are homeomorphic to S? with three disks removed. These
hyperbolic surfaces with geodesic boundaries are called pairs of (hyperbolic) pants.
Hyperbolic structures on a pair of pants are determined by the lengths of the three
boundaries. On the other hand, S is obtained by gluing the boundaries of these pairs
of pants by isometries. It is well-known that the lengths of the three boundaries
and twisting parameters of identification of boundaries define coordinates on the
Teichmiiller space of S. In fact, it is easy to see that these coordinates consist of
6h — 6 parameters (note that in order to identify boundaries they must have the
same length), and it is well-known that the dimension of the Teichmiiller space of
a surface with genus h is just 6h — 6. The coordinates of Teichmiiller space defined
as above are called the Fenchel-Nielsen coordinates. We refer the reader to [2] for
a detailed exposition.

The subject of this paper is an attempt to describe the space of flat conformal
structures on a compact conformally flat n-manifold (n > 3) in a way similar to the
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description of the Teichmiiller space in terms of the Fenchel-Nielsen coordinates. In
order to realize such descriptions, we have to consider the following two problems:

1. Decompose a compact conformally flat manifold into small pieces with flat
conformal structures.

2. Describe deformations of flat conformal structures by deformations of patch-
ing of these small pieces and deformations of flat conformal structures on
these pieces.

In section 2, we consider Problem 1, using the C-prime decomposition (see sec-
tion 2 or [8]) of compact conformally flat manifolds, which is a decomposition with
respect to connected sums (recall that a connected sum of conformally flat mani-
folds is also conformally flat by a theorem of Kulkarni [12]). Then, in our case, a
small piece corresponding to a pair of pants in Fenchel-Nielsen coordinates is a C-
prime manifold (see Definition 2.1), which is a compact conformally flat manifold
(without boundary). In order to obtain small pieces with flat conformal struc-
tures, since we decompose a manifold M with respect to connected sums, such as
M = M18M>, we have to extend a flat conformal structure on M; \ n-disk, induced
by restriction, to a flat conformal structure on M; (¢ = 1,2). It is not known (to
the author) whether this extension is possible or not in the general case. But for a
compact manifold with Kleinian structure, this extention is possible and we obtain
a reasonable decomposition with respect to connected sums.

Theorem 2.8. Let M be a compact connected n-manifold with n > 3, and C
a Kleinian structure on M. Then there exist C-prime manifolds Pi,...,Px and
a Kleinian structure C; on P; (i = 1,..,k) such that (M,C) is conformal to
(Pr, CL)f.-4(Pr, C).

Here, (M, C) is called Kleinian if (M, C') is conformal to /T for some open sub-
set 2 of S™ and some discrete subgroup I' of the conformal transformation group of
standard S™, which leaves () invariant and acts freely and properly discontinuously
on €. Note that Q/I" has a natural flat conformal structure. A conformal class C' on
M is called a Kleinian structure (or a uniformized conformal structure), if (M, C')
is Kleinian. See section 2 for the other notations. This theorem asserts that it is
possible, in principle, to realize the description of the space of Kleinian structures
in a way similar to the one using the Fenchel-Nielsen coordinates by means of the
C-prime decomposition. In fact, we obtain a complete descriptiotion of the space
of Kleinian structures on RP"$RP"™ in such a way (see Appendix). Since, in this
particular case, any flat conformal structure is Kleinian, this gives us a complete
description of the space of flat conformal structures on RP"{fRP™ following our
program.

It should be mentioned that section 2 is based on a part of the author’s previous
paper [8], and can be considered as a supplement to [8].

In section 3, we construct a deformation of flat conformal structures on a con-
nected sum of conformally flat manifolds from the viewpoint of Problem 2. Let
(Mjy, g1) and (Mz, g2) be compact conformally flat Riemannian manifolds and p; a
point of M; (i = 1,2). Then (M; \ {pi}, gilar,\{p,}) is conformal to a complete Rie-
mannian manifold whose end is isometric to a half-infinite cylinder [0, c0) x S?~1(1)
with radius 1. Cutting each end along the totally geodesic (n — 1)-sphere of a half-
infinite cylinder and gluing the resulting manifolds along these (n — 1)-spheres of
boundaries by an isometry, we obtain M;§Ms with a conformally flat metric. This
Riemannian manifold contains a subset isometric to a finite cylinder (0,1) x S"~1(1)
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for some positive real number {. Denote this Riemannian manifold by (M1§Ma, §;).
By cutting each end along another totally geodesic sphere in this process, we can
construct a Riemannian manifold containing a finite cylinder of different length,
say I’. We denote this Riemannian manifold by (M1§Ma, gi/).

Theorem 3.1. If 1’ is greater than some constant depending only on 1, n, My and
Mo, then (M18Ms, §;) and (Mi8Ma, Gi) are not conformally equivalent, provided
each M; is not diffeomorphic to S™.

That is, by changing the length of a cylinder, we can deform a flat conformal
structure on My#Ms, if each M; is not diffeomorphic to S™ (see section 3 for a more
precise statement). On the other hand, if either (M, g1) or (M3, g2) is conformal to
the standard S™, then two Riemannian manifolds constructed as above are always
conformally equivalent (see Remark 2 following Theorem 3.1). As a consequence
of Theorem 3.1, we see that the moduli space of flat conformal structures on a
compact, non-trivial, conformally flat and non-C-prime manifold is noncompact
(see Corollary 3.2). Here, the topology of the moduli space of M is given by the
quotient topology which comes from the compact C'*°-topology of the space of all
conformally flat Riemannian metrics on M.

The deformation above is related to the bending deformation of Thurston (see
[20] and [5]). By Johnson and Millson, the bending deformations for compact
manifolds are studied in terms of the cohomology of group representations in [9)].
They proved a result corresponding to Theorem 3.1 for infinitesimal or small de-
formations, which says that the bending deformation gives rise to a non-trivial
deformation of flat conformal structures in the Teichmiiller space of MMy (sec-
tion 5 of [9]). Here, the Teichmiiller space of a manifold M is the quotient of the
space of all flat conformal structures on M by the identity component of the group
of diffeomorphisms of M. Theorem 3.1 tells us that the large bending deformation
described above also gives us a non-trivial deformation in the moduli space, and
we prove this by a purely geometric method. Here, we put special emphasis on
the fact that our method also works for noncompact manifolds, if we consider the
Teichmiiller space instead of the moduli space, in contrast to the method of Johnson
and Millson. See Theorem 3.4.

Though there are many other ways to deform connected sums defined in section
2, they do not always give us deformations of flat conformal structures (see Ap-
pendix). The result of Johnson and Millson mentioned above also suggests that,
roughly speaking, a deformation of connected sums gives us a deformation of flat
conformal structures on M;fMos, if there is no conformal transformation on each
(M;, C;) which absorbs the deformation of connected sums. From this point of view,
changing the length of a cylinder corresponds to essential conformal transforma-
tions, or more precisely, similarity transformations. And, as is expected from this,
a theorem of Obata ([18]) and Lelong-Ferrand ([15], [16]) concerning the conformal
transformation groups of compact Riemannian manifolds plays a key role in the
proof of this theorem. Note that we do not restrict our attention to deformations
of Kleinian structures here. See, for example, [1] for an exposition on deformations
arising from those of discrete groups.

In the rest of this paper, we assume that a manifold M is connected with n =
dim M > 3. Moreover, if M is orientable, we also assume that M is oriented.
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2. THE C-PRIME DECOMPOSITION OF CONFORMALLY FLAT MANIFOLDS

We start with a review of the C-prime decomposition of compact conformally
flat manifolds defined in [8]. In this section, a manifold M is always assumed to be
compact.

Definition 2.1. An n-manifold M is said to be non-trivial if M is not diffeomor-
phic to S™. And a non-trivial conformally flat manifold M is called C-prime if M
is not diffeomorphic to a connected sum of non-trivial conformally flat manifolds.

Proposition 2.2 ([8, Proposition 2.1]). Every non-trivial conformally flat mani-
fold is diffeomorphic to a connected sum Pif..4Px of a finite number of C-prime
manifolds.

A decomposition M = Pif...1 P, where each P; is C-prime, is called a C-prime
decomposition of M. If M is an oriented 3-manifold admitting a Kleinian structure,
then this decomposition is unique (see [8, Corollary 3.7]). On the other hand,
NN is diffeomorphic to N§(S* x S?2), where N is the non-orientable S2-bundle
over St (see for example [7, Lemma 3.17]). Since the non-orientable S?-bundle
over S! and S' x S? are conformally flat and C-prime by Proposition 2.3 below,
this is an example of a conformally flat manifold whose C-prime decomposition is
not unique. It is not known whether the uniqueness holds for higher dimensional
oriented manifolds.

Some sufficient conditions for a manifold to be C-prime are given as follows:

Proposition 2.3 ([8, Proposition 2.2]). If the fundamental group of a non-trivial
conformally flat n-manifold M is generated by one element, then M is C-prime.

Proposition 2.4 ([8, Proposition 2.3]). If the universal covering space of a con-
formally flat manifold M is diffeomorphic to R"™, then M is C-prime.

A manifold M is said to be Kleinian if M admits a Kleinian structure. For
Kleinian manifolds, we have the following.

Proposition 2.5 ([8, Proposition 3.1]). Let M be a non-trivial Kleinian manifold.
If the homotopy group m,—1(M) is trivial, then M is C-prime.

Take a subset A of S™ so that A is diffeomorphic to (0,1) x S"~! and satisfies
the following conditions:

(1) Each connected component of S™ \ A is diffeomorphic to a closed n-disk.
Denote them by D; and Ds.

(2) E; = D; U A (i = 1,2) is diffeomorphic to the unit open n-disk and, under
this identification, D; corresponds to the closed disk of radius 1/2.

Fix an orientation of S™. Let C; (i = 1,2) be a flat conformal structure on M;
and @; : E; — (M;, C;) a conformal (orientation preserving) embedding. Note that
FE; has a natural flat conformal structure induced by restricting the flat conformal
structure of S™.

Definition 2.6. A connected sum (Mi, C1)f(Ma, C2) of (My,Ch) and (Ma, Cs) is
defined by

(M1 \ $1(D1), Crlan\n (1)) Yo 1, ) (M2 \ 92(D2); Colan\ s (D5))-

Remark. Tt is clear that this defines a flat conformal structure on M;fMs (more-
over, if each C}; is a Kleinian structure on M;, then the flat conformal structure



A DEFORMATION OF FLAT CONFORMAL STRUCTURES 4943

defined as above is also Kleinian by the proof of [13, Theorem 5.6], which states
that a connected sum of Kleinian manifolds also admits a Kleinian structure).
But this flat conformal structure depends on the choice of A, 91 and . Thus,
more precisely speaking, we should denote the connected sum defined above by
(M1, C1)d(A 1 p0) (M2, Co) instead of (My,Cy)f(Ma2,C2). In fact, varying these
choices, we can deform a flat conformal structure, as we will see in the next section.
But, since it is not convenient to use A, 11 and ¥ as parameters of flat conformal
structures, we omit them in what follows.

Theorem 2.7. Let (M,C) be Kleinian, and suppose M is diffeomorphic to a
connected sum MitMs, where My and Ms are not necessarily conformally flat.
Then there ezists a Kleinian manifold M/, which is homeomorphic to M;, and a

Kleinian structure C; on M! (i = 1,2) such that (M,C) is conformal to some
(M1, C1)8(M5, Co). If n <6, M/ is diffeomorphic to M;.

Proof. The first assertion follows from the proof of [8, Theorem 3.2]. Let S be
a subset of M, which is an embedded S™~!, such that M \ S has two connected
components, say L;, where L; is diffeomorphic to M; \ n-disk. Note that L; has
a natural Kleinian structure induced by the restriction of a Kleinian structure C'
of M. In the proof of [8, Theorem 3.2], this Kleinian structure is extended to a
Kleinian structure on M/ = L; U n-disk, and M/ is clearly homeomorphic to M.
Since L; U S is naturally embedded in M;, if this embedding is extended to the n-
disk, M/ is diffeomorphic to M;. If n < 6, it is possible to extend a diffeomorphism
of the unit (n — 1)-sphere of R™ to a diffeomorphism of the unit n-disk of R™ (see
for example [3] and [17]). Applying this fact to the above embedding restricted to
S, we see that the second assertion of the theorem follows. O

Remark. We can not expect M/ to be diffeomorphic to M; if n > 7. Let M; be
an exotic n-sphere X" and My be ¥™ with the opposite orientation (n > 7). Then
M = ¥"4(—%") is diffeomorphic to S™ and clearly Kleinian, where —X" denotes %™
with the opposite orientation. But X" does not admit a flat conformal structure.
In this case, M/ must be S™.

Using Theorem 2.7, we can prove the following theorem mentioned in the in-
troduction in the same manner as the proof of Proposition 2.2 (see [8, Proposition
2.1]).

Theorem 2.8. Let (M, C) be Kleinain. Then there exist C-prime manifolds Py,...,
Py, and a Kleinian structure C; on P; (i = 1,...,k) such that (M, C) is conformal
to some (P, C1)f..4( Py, Ck).

Remark. Let M be a Kleinian manifold, and fix a C-prime decomposition M =
Pit.. 4P of M. If n < 6, we can decompose a Kleinian structure on M with respect
to this decomposition. That is, we can decompose (M, C) as (P, Cy)f...8( Pk, Ck)
for some Kleinian structure C; on P;. We can not expect this for the case n > 7 at
the present stage, since a differentiable structure of P; may change as we decompose
a Kleinian structure C' on M.

In the rest of this section, we consider a certain sufficient condition for a man-
ifold to be C-prime, and show that most of familiar examples of conformally flat
manifolds are C-prime. Note that, for a Kleinian structure C' on M, there exists an
open subset Q of S™ such that (M, C) is conformal to a quotient of 2 by a discrete
subgroup I' of the conformal transformation group of standard S™ by definition.
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Proposition 2.9. Let M be a Kleinian manifold and C a Kleinian structure on
M. If the number of connected components of S™\ Q is finite, then M is either
C-prime or diffeomorphic to RP™{RP™.

Proof. Assume M is not C-prime. Then, by Theorem 2.7, there exist non-trivial
Kleinian manifolds (M;, C;) = Q;/T, ¢ = 1,2, such that (M, C) is conformal to a
connected sum of (M, C1) and (M, C2). We show that unless the order of each T';
is less than three, the number of connected components of S™ \ € is infinite. If the
order of each I'; is less than three, then each €2; must be compact and hence Q; = S™.
Since M; is non-trivial, each I'; is of order two. Thus each M; is diffeomorphic to
the real projective space RP™.

Now we may assume that ['; is of order at least three and I'; is of order at least
two. Thus M; \ n-disk is covered by Q1 = €\ (at least three disks) and Ms \ n-disk
is covered by s = Qy\ (at least two disks). By the construction of €; in the proof
of [8, Theorem 3.2], we see that (2 is reconstructed by gluing copies of Q; along the
boundaries made by removing disks (this construction is the same as what Kulkarni
and Pinkall used in the proof of [13, Theorem 5.6]). Denote these disks removed
from Qq by D1, Do, Ds,..., and disks removed from Qg by Ep, Es,... (note that
there are at least three D,’s and at least two E;’s). If QN D; = D;, then either
M; or Ms must be diffeomorphic to S™ as in the proof of Proposition 2.5 (see
[8, Proposition 3.1]). Therefore Q N D; # D; and hence S™ \ Q has at least three
connected components. Put QQ into Dy and glue their boundaries suitably. Then at
least one removed disk F; remains, and in order to obtain £2, we have to put a copy
of € into it and glue them along their boundaries. Then we see that (S™\ Q)N D;
has at least two connected components. In order to construct €2, we have to repeat
this process of putting copies of Q, into Dy infinitely. And when we put k copies of
Q; into Dy, the number of the connected components of (S™\ Q) N Dy is at least
2%, Therefore S™ \ Q has infinitely many connected components. This completes
the proof. O

Proposition 2.10. Let M be a non-trivial manifold and not diffeomorphic to
RP™RP". If there exists a flat conformal structure C such that (M,C) is con-
formally covered by S™(1), R, H"(—1), R x S"~1(1), R x H""}(-1), or SP(1) x
Hi(-1) (p,q > 2), then M is C-prime. Here S™(1) and H™(—1) denote the unit
Euclidean m-sphere and hyperbolic m-space with constant curvature —1 respectively,
and products are Riemannian products.

Proof. If (M, C) is conformally covered by R™, H"(—1) or R x H"~!(—1) then the
conclusion follows from Proposition 2.4. Since R x S"~1(1) and SP(1) x H(-1)
are conformally equivalent to S™\ (two points) and S™ \ S9! respectively, we can
apply Proposition 2.9 in this case. O

Corollary 2.11. A non-trivial manifold admitting a locally homogeneous confor-
mally flat metric is C-prime, except when it is RP"{RP".

Proof. If (M, g) is locally homogeneous, then the Riemannian universal covering
space (M, §) is homogeneous by a theorem of Singer([19]). Since the conformal
transformation group Conf (M , §) has positive dimension, either (M , §) is conformal
to S™(1), R™, H"(-1), R x S" (1), R x H" *(=1), or (M,§) is conformally
mapped onto S™(1) \ A by the developing map of (M, §), where A is contained in a
round k-sphere with £ < n — 2, by a theorem of Goldman and Kamishima ([6]). In
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the last case, M is conformally equivalent to (S™(1) \ A)/T" and A is the limit set
of a discrete subgroup I' of the conformal transformation group Conf(S™) of the
standard sphere. Let S* be a minimal round k-sphere containing A. Since if k& = 0,
S™(1) \ A is conformal to R x S"71(1) or R", we may assume that 1 <k <n — 2.
Let G be the image of Conf(M, §) by the map Conf(M,§) — Conf(S™) induced
from the developing map of (M ,§). Note that G acts transitively on the developing
image of (M ,g) even if the developing map of (M ,§) is not injective. It is clear
that G leaves the minimal round sphere S* invariant. Thus if S*\ A is not empty,
G can not act transitively on S”(1) \ A, and hence the developing image of M is
S™(1) \ S*. Therefore (M, g) is conformally covered by SP(1) x H(—1) (p,q > 2)
or R x H" 1(—1). This completes the proof. O

3. CONSTRUCTING A DEFORMATION

In this section we prove Theorem 3.1 mentioned in the introduction. Before we
prove Theorem 3.1, we give a more precise statement of the theorem.

Let (M;,g:), ¢ = 1,2, be a compact conformally flat Riemannian manifold,
where each M; is not diffeomorphic to S™. Let d(M) be the smallest number of
the generators of the fundamental group 71 (M). We may assume d(My) > d(Mz).
Denote the integer part of d(My)/d(Msz) by ko. This number is well-defined since
d(M;) is positive in our case by a theorem of Kuiper ([10]). Let p; be a point of
M;. Then (M; \ {p:}, gilm,\{p,}) is conformal to a complete Riemannian manifold
whose end is isometric to a half-infinite cylinder [0, 00) x S"~1(1). Denote them by
(M;, g;) and identify each end with [0, 00) x S"~1(1) by an isometry. Fix a positive
real number [ and define X = (M, g1)\[l,00) x S"71(1) and Y = (Mz, g2) \ [I, 00) %
S™~1(1) by using above identification of each end. Identifying (0,1) x S"~! Cc X
and (0,1) x S"~1 C Y by a suitable isometry, we obtain a compact conformally flat
Riemannian manifold diffeomorphic to M;§Ms. Denote this by (M, §;). Similarly,
define

X . (thl) \ [2l + (ko + 1)l/, OO) X Sn_l(l) if d(Ml) > d(Mg),
(M, 1)\ [21 4 31, 00) x S™1(1) if d(My) = d(Ms),

and

d(Mz),
(M2,§2> \ [2l + 3, OO) X Sn_l(:[) if d(Ml) = d(MQ)
If d(My) > d(Mz) (resp. d(M;p) = d(Mz)), by idendifying (0,2l + (ko + 1)I) x
S7=1(1) € X (resp. (0,20+31")xS™ (1) € X) with (0, 21+ (ko+1)I"')xS" (1) C Y
(resp. (0,20 + 3l') x S"~1(1) C Y) suitably, we obtain a compact conformally flat
Riemannian manifold diffeomorphic to M. Denote this by (M, g(I')) (see Figure 1).
Now we can state Theorem 3.1.

- {(Mg,gg)\[2l+(ko+1)l’,oo)xS”‘l(l) if d(M7) >

Theorem 3.1. Ifl' is greater than a certain constant C(n,l) depending only on n
and l, then (M, §;) and (M, §(l")) are not conformally equivalent.

Remark 1. Let C; be a flat conformal structure on M; containing g;, and C'l and
C(I') flat conformal structures on M containing §; and §(I') respectively. Then
it is clear that both (M, ) and (M, C(I')) are represented as (My, C1)i(Ma, Cy),
though these are not conformally equivalent. This is what we mentioned in the
remark following Definition 2.6.
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FIGURE 1

Remark 2. Assume M, is diffeomorphic to S™. Then, by a theorem of Kuiper ([10]),
(M3, g2) is conformal to the standard n-sphere S™(1). In this case, ko, and thus,
(M, g(I")) can not be defined as above. But we can define (M, §;), which contains
a subset isometric to (0,1”) x S"~1(1) as follows: Choose I so that {” > [, and let
Yy = (Ma, g2) \ [I”,00) x S"~1(1) C Y. Identifying (I” —1,1") x S"~1(1) C Y;» with
X\ X by a suitable isometry, we obtain a conformally flat Riemannian manifold
diffeomorphic to M. Denote this by (M, g;). Note that there exists a conformal
transformation ¢ : Y — Yy with ((0,1) x S*71(1)) = (1" — 1,1") x S"71(1)
by Liouville’s theorem. Then it is easy to see that, by choosing such a conformal
transformation suitably, we can construct a conformal diffeomorphism from (M, g;)
to (M, gl//).

Assume that a compact conformally flat manifold M is non-trivial and not C-
prime. Then, by definition, there are conformally flat manifolds M; and Ms such
that M is diffecomorphic to Mi§M,. Take a positive real number /. Define [},
J = 1,2,..., inductively as follows. Choose I;_; to be greater than C(n,l;_1).
Let lj = QZj_l + (ko + 1)[;—71 (resp. lj = 2lj_1 + 3[;—71), if d(Ml) > d(MQ) (resp.
d(My) = d(Ms)). Fix conformally flat Riemannian metrics g1 and g2 on M; and
My respectively, and a Riemannian metric g;; on M as above. Then, by Theo-
rem 3.1, (M, g;,;) and (M, ;) are not conformally equivalent, if i # j. Therefore,
{glj }j=1,2,... defines an infinite sequence in the moduli space of flat conformal struc-
tures on M. It is easy to see that this sequence in the moduli space is a divergent
sequence. Thus we have the following corollary to Theorem 3.1.
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Corollary 3.2. If M is compact, non-trival, conformally flat and not C-prime,
then M carries infinitely many different flat conformal structures. Moreover, the
moduli space of flat conformal structures on M is noncompact.

To prove Theorem 3.1, we need the following lemma.

Lemma 3.3. Suppose that there exists a conformal embedding ¥ of (—e,l' 4+ €) x
S™=Y(1) into (M, ), € > 0, and that (M, g) \ ¥((0,1") x S*~1(1)) has two con-
nected components. Then there exists a positive constant C(n,l) with the following
property: If I > C(n,l), then there exists a closed interval [, 3] C (0,1') such that
the closure of 1(A) is contained in either X or'Y, where A = (a, 3) x S*~1(1).

The constant C(n,!) in Lemma 3.3 is the same as C'(n,!) in Theorem 3.1. The
proof of Lemma 3.3 is given in the next section. We note here that we do not have
to assume M to be compact in Lemma 3.3.

Proof of Theorem 8.1. Take I’ so that I’ > C(n,l). Assume that there exists a
conformal diffeomorphism ¢ : (M, §(I')) — (M, g;), that is, (M, §;) and (M, g(I"))
are conformally equivalent. We prove the theorem by showing that this assumption
leads to a contradiction.

Define subsets Sy, of (M, §(I")) by

[+ K14 (E+ 1) x S*1(1) C X, 0<k<ko
5 if d(My) > d(Ms),
T I+ R+ D)+ (k21 x ST C X, —1<k<1

if d(My) = d(Ms).

The natural inclusion X — X (resp. ¥ — Y) defines an isometric embedding
ix : X — (M, (")) (resp. iy : Y — (M,§(I'))). Define X and ¥ by X =
(M,g)\Y C X andV = (M,j)\ X C Y.

Clearly, a restriction of ¢ on some neighborhood of Sy satisfies the assumption
of Lemma 3.3. Thus we can take a subset Ay of Sy as A in the lemma. Then
(M, §(I')) \ Ag has two connected components, and we denote them by X, and Y
so that Xy D ix(X) and Yy D iy (Y). By our choice of Ay, ¢(Ap) is contained
in either X or Y. If ¢(Ayg) C X, then one out of two connected components of
(M, @) \ ¢(Ap) is contained in X, i.e., either p(Xo) C X or ¢(Yy) € X holds. If
©(Ag) C Y, then either p(Xo) C Y or p(Yy) C Y holds.

We divide the rest of the proof into several steps and label them as (3.k.m). The
first “3” stands for the number of this section, the second “k” stands for k of Sy
and the last “m” denotes a number of possible cases which occur as we consider
the embedding of Sy into (M, §;) (these cases are listed in (3.1.3)).

(3.0.1): ¢(Ap) C X and ¢(X,) C X. In this case, there is a conformal embedding

ixogo:f(OUAo—>)~(0UA0
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and ix o go(f(o U A0)~C ix(X). Since Xo U Ap is conformal to (M, g1) with a disk
removed, we regard XU Ag as a subset of (M7, g1). Define Dy, Dy, Dy and D3 by

Do = (M, 1) \ (Xo U Ay),
= (M1, 1) \ Xo,
= (M1, g1) \ix o W(Xo U Ao),
= (My,g1) \ ix © p(Xo)-

Then we have Dy C Dy C Dy C D3. Since we take Ay as in Lemma 3.3, Ag is
conformal to (a, 3) x S"71(1). Therefore ix o p(Ap) is identified conformally with
an open subset S(a) of S™(1) for some ag > 0, where

S(ag) = {z = (x0,...,2,) € S™(1) C R"™Y; |20| < ap}.

We may assume that d(ix o p(Xo U Ag)) is identified with {z € S; o = ao},
where 9(ix o p(Xo U Ag)) denotes the boundary of ix o ¢(Xo U Ag). Denote two
connected components of S™\ S(ag) by E(—ap) and E(ag) so that 0E(ag) = {z €
S™; xo = ap}. By the above conformal identification of ix o p(Ag) and S(ap), we
can glue S(ag) U E(ag) to (M, 1)\ Do = ix o o(Xo U Ag) and obtain a compact
conformally flat manifold M7. Similarly, we can glue S(ap) U E(—ap) to D3 and
obtain a compact conformally flat manifold Mj. Clearly M; is diffeomorphic to
MM} and m (My) = w(M7). Thus m(M5) = 1 by van Kampen’s theorem, and
hence M} is conformal to S™ by a theorem of Kuiper ([10]). Therefore we have
a conformal embedding 7 : D3 — S™, and ix o ¢|4, defines a locally defined
conformal diffeomorphism o : 7(Ag) — 7(ix o p(Ap)). By Liouville’s theorem o
is extended to a globally defined conformal transformation & on S™. Note that &
satisfies 5o (Ag) = dor(D1\ Do) = 7(D3\ D2) and, in particular, 5o7(Dy) = 7(D2)
and ¢ o 7(D1) = 7(D3). Define

1

_ Jixop onXOUAO,
T togoT on D;.

Then 7 is a well-defined conformal transformation on (Mj,g1). In particular,
n(D1) = Ds3. But since D3\ ix o ¢(Ag) D D1, D1 and D3 never have the same
volume with respect to any Riemannian metric on M;. That is, n never be an
isometry with respect to any Riemannian metric on M;. Therefore 7 is an essen-
tial conformal transformation of (M, ¢1). Thus, by a theorem of Obata ([18]) and
Lelong-Ferrand ([15], [16]), (M1, g1) is conformal to S™(1). A contradiction.

(3.0.2): ©(Ap) C Y. In this case, either ¢p(Xo) C Y or ¢(Yy) C Y holds. If p(Yy) C
Y, then this contradicts our assumption for the same reason as in (3.0.1). Assume
©(Xy) C Y. By regarding Y as a subset of (My,gs), we see that o(Xo U Ay)
C (M3, g2). Then as we have seen in (3.0.1), we obtain compact conformally flat
manifolds M’ and M, such that Ms = M{gM’ and m(M]) = m1(M;). By van
Kampen’s theorem and the Grugko-Neumann theorem (see for example [14, p. 58]),
we see that d(My) = d(Mq)+d(M’). If d(M7) > d(Ms), we have a contradiction. If
d(M,) = d(Ms>), replace a number “” of M; and rename suitably X, Y, X, Y, and
so on. Then, ¢(Ay) C X and p(Yy) C X hold. This is the case that we consider in
the next step.
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(3.0.3): ©(Ag) C X and p(Yy) C X. Since Yy D S; and o(Yy) C X, we can define
ix o ¢ on a neighborhood of S;. Then it is easy to see that the conformal em-
bedding o ix o ¢ : (a neighborhood of S1) — (M, §;) satisfies the assumption of
Lemma 3.3. Take A; C S as in Lemma 3.3. Denote two connected components
of (M, §(I')) \ Ay by X; and Y; so that X; D ix(X) and ¥; D iy(Y). Note that
Xo C X1, Yy O Y;. Since go(f/l UA) C go(ffo) C X, we can define ix o ¢(A;) and
ix o (Y1) Denote them by Al and Yj', respectively. Note that (M,g(I'))\ Al
consists of two connected components Y7 and (M, g(1")) \ (Y;' U A}). See Figure
2.

(3.1.1): 9(A}) € X and (M, §(I")) \ (Y} UAD) C X. In this case, o(¥]') D
((M,4)\ X) =Y. By the argument in (3.k.1) below, we see that this case does
not occur.

(3.1.2): p(A}) C Y. By the argument in (3.£.2) below, we see that this contradicts
our assumption.

(3.1.3): p(A}) € X and o(Y}') = poix op(Y1) C X. Since Sy C Y7, we can define
(ix o »)? on a neighborhood of S3. As in (3.0.3), the conformal embedding (o
(ix o ¢)? : (a neighborhood of Sy) — (M, §;) satisfies the assumption of Lemma
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3.3, and hence we can take Ay C Sy as in the lemma. Denote (ix o ¢)? (A2) by A2
and two connected components of (M, §(I')) \ Az by X, and Ys so that X5 D ix(X)
and Y3 D iy (Y). Since poix 0p(Ys) C poix op(Y1) C X, (ix o p)? is defined on
Y. Let Y2 = (ix 09)?(Y2). Then (M, §(I'))\ A3 has two connected components Y3
and (M, §(1")) \ (Y2 U A3). In general, if ¢ o (zX o ¢)J(a neighborhood of Sy) C X
holds for j with 0 < j < k — 1, then (ix o )* is defined on a neighborhood of S,
and the conformal embedding

@ o (ix o @)F : (a neighborhood of Sy) — (M, §)
satisfies the assumption of Lemma 3.3. Thus we can take Ay C S so that ¢ o

(ix o ©)*(Ag) is contained in either X or Y. Denote two connected components of
(M, g(l") \ A by X, and Y}, so that X D ix(X) and Yy D iy (Y). Define Aj, by

Al = (ix o) (Ar)

and let Ag be Ay. If we can take A; and Ay with j <k, then ffj O Y. Define ffkj
by
Vi = (ix o)’ (Yx)

and let Y2 be Y}, when (ix o <p)j is defined on Yy, i.e., p o (ix o ) (Y3) C X for i
with 0 < i < j—1. If A} and Y} are defined, then (M, §(I'))\ A has two connected
components and they are Y}/ and (M, g(I'))\ (Y{ U AJ). Note that (Y UAL) C Xj
in this case, since p(A7" " UY/™") € X. In the case that A¥ and Y}* are defined,
©(AF) is contained in either X or Y by the definition of Ak, and there are three
possibilities:

(1) p(AF) € X and p(YF) D Y.

@ eahcy.

(3) (AF) C X and p(V}¥) C X.

In the case k = 0 and either (1) or (2) holds, we have seen, in (3.0.1) and (3.0.2),
that this contradicts our assumption. If & = 0 and (3) holds, A} and Y;! are defined
and they satisfy (1), (2) or (3) with £ = 1 as we have seen in (3.0.3). If either (1)
or (2) holds, as we have mentioned in (3.1.1) and (3.1.2), then we can derive a
contradiction by (3.k1) or (3.k2) below with k = 1. If (3) holds, A2 and Y3 are
defined. In general, if (3) holds for k with 0 < k < jo — 1, then, since Y}, D Y}, US;,
and go(f/kk) c X, §7Jj0 and A?O are defined for 0 < j < jo and one of the above three
possibilities holds for k = jo. Let &’ be the smallest number for which (3) does not
hold. Then (1) or (2) holds for k = k’. We have already seen the case ¥’ = 1. In
the case when (1) holds for &’ > 2, since (AL, UY},) C gp(f/jj) C X, we can derive
a contradiction by (3.k.1) below. In the case when (2) holds for ¥’ > 2, we can
derive a contradiction by (3.£.2) below.

Now assume that (3) holds for any k& (0 < k < ko). Since Y, D ffkg U Ay, for k,
0<k<ko—1, wehave po (ix o ©)*(Yi, UAy,) C X for any k. Thus

ko+1
Xko D U +1 Yko U Ako) = U (?k]z UAZO).
k=1
Since @(Yi, UAg,) C X, ix 0 o(Yi, UAg,) = (Y;} UAL ) is contained in Xp,. Thus
(SN/klo Udp)n (Yiy U Agy) = 0 and hence gp(f/klo UAL )N @(Yi, U Ag,) = 0. Since
(VL UAL) C X, (Y2 UA? ) =ix op(Y;L UA} ) is contained in Xj,, and hence
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FIGURE 3

Y2 UA? VL UAL and i, U Ay, are disjoint. Proceeding this way, we see that
YEUAL (k=0,... .k + 1) are mutually disjoint. Thus ¥ U AF is contained
in Xy, for k =1,...,ko + 1, and we regard them as subsets of (My,g1). Gluing
disks to Y;F UAF (k=1,...,ko+1) and (My, g1)\( pott V), we obtain compact
conformally flat manifolds Mék) (k=1,...,ko+ 1) and M’ such that

My = Mg g

and 7T1(M2(k)) > 71(Ms) as in (3.0.1). Then, by van Kampen’s theorem and the
Grugko-Neumann theorem, d(M7) = (ko +1)d(Mz)+d(M’) holds. This contradicts
our definition of ky. Thus there exists k' (0 < k' < ko) such that either (1) or (2)
holds.

(3.k1): @(ALUY!)C X forj=0,....,k—1, o(AF) C X and p(Y}F) D Y. Define
T by

k k
T=Mg0N\ JY! =Xevan\ [J Y.
=0 j=1
Since Lp(ffkj UAi) CXforj=0,....k—1, f’kj UA?; (j=0,...,k) are mutually
disjoint as in (3.1.3). Then, clearly, T is connected and T contains Aj for j =
0,...,k (see Figure 3). Since ¢(Y}) is contained in X for j = 0,...,k — 1 and
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@(V}¥) contains Y, we obtain
koo k—1
P(T) = (M, g) \ | J (V) € X\ [ w(¥7)
j=0 Jj=0

and hence ix o ¢ is defined on T'. Moreover, since

k—1
ix o @o(T) Cix(X)\ (| ixoe(¥?)) C Xi\
7=0

H ( B
I
?T‘m.

ix © ¢ defines a conformal embedding ix o ¢ : ' — T". We denote this conformal
embedding by &. Define T by

k
T=1\|JA4.
=0
Then
k k—1 ) ]
o(T) = (M, g)\ eV ual) c X\ [J eV uAa.
7=0 7=0
Thus we have
~ k-1 ~ .
§T) =ixop(T) C Xi\ |Jixop(Y]UA]) =
j=0

Since A¥ is contained in T', &7(AF) is defined for j > 0 and &7(AF) = A:ﬂ is con-
tained in T. Clearly T\ £(A%) has at least two connected components. Since A7
(j =0,...,k) are mutually disjoint, so are A{fl = §(Ai) (j =0,...,k). In partic-
ular, A¥*! and A} (j = 1,...,k) are mutually disjoint. Since ¢(AF) is contained in
X, £(AF) = ix o p(A}) is contained in ix (X) and hence A{™ and Ay, are disjoint.
This shows that
k
Atter\|JA, =T

J=0

Thus & (AF™) € ¢/(T) € T holds for j > 0. Note that 7" is a closed set and hence
T contains the closure of &/ (A%*1) for j > 0. Then it is easy to see that T\ &7 (AF1)
has exactly two connected components. The set T\ A’Z‘H is described as follows:
Since (M, §(I')) \ Af has two connected components Y;* and (M, g(I')) \ (YFu Ak)
(M, a) \ p(AF) has two connected components (M, §;) \ o(YF U AF) and o(VF).
Note that (M, §;)\ @(Y;FUAE) is contained in X, since p(¥;*) D Y and p(A%) C X.
Then two connected components of (M, a(l")) \ AR say L and N, satisfy L =
ix((M, 1)\ p(YF UAF)) € Xj, and N D Ay UYy. Since Y/ UAL (j=0,...,k) are
mutually disjoint,

k—1 k

Lo | Jixop(YUA) =] ual).
J=0 Jj=1
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Denote two connected components of T\ AZH by To and Tj so that To =T N L
and Ty = TN N. Note that T} contains Ag. Since LU AF = ix (M, §) \ ¢(Y}¥)),

Since L N AZH is contained in Xy, we see that
§T)=(LuA™HnT
=Ty U Allz+1 .

In particular, Ty D &(T") and T} = T\ £(T') hold. Denote two connected components
of T\ & (A;™) by Tj and T} so that T; D &(T) and T D &(Tj). Then we see that

Ty U (AT D (D),

T; > &HU(T),

T) > A,

T; > €(Ty) = (1) \ &7H(T)
hold. Take £#(AFT1) = ¢h1(AL) and &7 (ARH!) = ¢F+1(AT) for 0 < i < j < k. Since
A7 and A% are disjoint, so are £+1(A7) and €511 (AL). Since &(AFTY) C ¢/(T)
§HYT) C Ty, either T; U €7(AMY) € T or T/ U E1(ARTYY < T; holds. Assume
T; UE (AF™) C Ti. Then T} D T/ U (AF™). But since £/(AFT) = ¢/(AT /1)
and 1 <k+i—j+1<k AFT"7H = ¢(AF""7) is contained in &(T'). This shows
(AR € ¢l og(T) = €(Tp U ARTYY < (T U €7(ART)). A contradiction. Thus
Tjug (AFT1) is contained in T;. In particular, we have

(T UEAT)) N(TjUEAT) =0 ifi#j,
T! > Al if i = j.

Since £-H1(T) € &HY(T) C T; U & (AF™) holds for j = 0,...,k, U?:o T} is con-
tained in Y\ £¥*1(T). On the other hand, since T} contains &/(T) \ &+(T)
and T\ &"1(T) = U;?:o(gj (T) \ &H(T)), T\ €&¥1(T) is contained in U?:o TJ’
Thus, T\ E+Y(T) = U}_, T}. Identifying S(ao) defined in (3.0.1) with each AJ,
Jj=1,...k, we can glue F(ag) U S(ap) to T" and obtain a compact, connected and
conformally flat manifold M’ as in (3.0.1). Denote E(ap) U S(ap) glued to Aj by
D; (see Figure 4). By the discussion above, we see that

M\ EHU(T) = Uiy (§5F1(A)) U Ty U Dy),
(EFTH(A) UTIUD;) N (YA UT/UD;) =0 if i # j.
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Define D;,, for j =0,...,kandm = 0,...,3 by Djo = D;\ A}, D;1 = D;, Djo =
TJ/ @] Dj and Dj)g = €k+1 (T) @] Dj72. Then we see that Dj)o C Dj)l C Dj)g C Dj)g
and
k
M'\T = ] Djo,
=0

k
M'\T = D,
7=0
k
M\ EHNT) = | Dy,
§=0

K
M\ ENT) = | Djs.
=0

Applying the same argument as in (3.0.1) to each j, we see that £¥+1 is extended to a
conformal transformation n on M’. Since n(D, o) = D; 2 and n(D;1) = D; 3 by our
construction, 7 is an essential conformal transformation on M’ as we have seen in
(3.0.1). Therefore M’ is conformal to the standard n-sphere S™(1). Note that D; ,,
is a closed round n-disk if m = 0,2 and an open round n-disk if m = 1, 3. Thus, for
some [y > 0, we may regard M’ \ (Dg1 U D1 1) as the closure of S(fy) defined in
the same way as S(ao) in (301) Since T](M/ \ (D())l @] Dl,l)) =M \ (D())g @] Dl’g),
and Dj 3\ €¥71(A]) D D, 1, there exists 3 < (o such that Doz D E(—3}) D(the
closure of Dy 1) = E(—fp) and D; 3 D E(3)) D(the closure of Dy 1) = E(8p), that
is, (M’ \ (D1 U D11)) =n(S(Hp)) is contained in S(5). But by Lemma 4.13 in
the next section, such an 7 does not exist. Thus case (1) of (3.1.3) does not occur
if K > 1. See Figure 4.

(3.k.2): o(A¥) C Y. Since (M,§(l")) \ A¥ has two connected components
(M, g(I)\ (YEU AE) and V¥, either p(Yi¥) or (M, §(I'))\ (A¥UY}F)) is contained
in Y. If p(Y}¥) is contained in Y, we have a conformal embedding ¢ o (ix o @) :
YF — Y. I (M, g(I") \ (Y U AF)) is contained in Y, then ¢(Y}) is contained
in Y, since A¥ UY}¥ C Xj. We can derive a contradiction in each case as in (3.0.1).

By the above discussion, we conclude that there is no conformal diffeomorphism
between (M, g;) and (M, g(I’)). This completes the proof of Theorem 3.1.

Recall that Lemma 3.3 is also true for noncompact manifolds. Actually, a part
of the proof of Theorem 3.1 also works for noncompact manifolds. Let (M, g1)
and (Ma, g2) be conformally flat manifolds, possibly noncompact, which are not
diffeomorphic to S™ nor R™. Let M = M;§Ms and (M, ;) be as above. We do not
assume that d(M;) > d(Ms) here, and we define (M, G(I')) by setting ko = 0 (so
(M, §(I")) contains a subset isometric to (0,21 +1') x S*~1(1)). Other notations are
the same as above.

Then we have two conformally flat Riemannian manifolds, and there is a diffeo-
morphism @y between them which maps ix(X) (resp. iy (Y)) C (M, g§(l')) to X
(resp. Y).

Theorem 3.4. If I’ > C(n,l), where C(n,l) is the constant in Lemma 3.3, then
there is no conformal diffeomorphism between (M, §(I')) and (M, G;) isotopic to ¢g.
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FIGURE 4

In other words, §; and §(I') represent distinct elements in the Teichmiiller space of
flat conformal structures on M.

Proof. Assume that there is a conformal diffeomorphism ¢ : (M, §(I')) — (M, i),
which is isotopic to ¢p. By Lemma 3.3, there is a subset Ay of Sy such that ¢(Ap)
is contained in either X or Y. We may assume p(Ag) C X by interchanging M
and Mo, if necessary. Since ¢ is isotopic to %o, ¢ (XO) is contained in X. Then
ix o is defined on XoUAp and ix o w(Ag U XO) C X. Since po <p0 is isotopic to
the identity map, it is easy to see that X'\ ©(XoUAp) must be compact. Therefore,
Xo \ix o ga(Xo U Ap) is also compact. As in (3.0.1), we can regard XoU A as a
subset of (M1, g1). Through this, define Dy, D1, D2 and D3 as in (3.0.1). Let M,
and M} be as in (3.0.1). Then, since Xo\ix o@(XoUAg) is compact, M} is compact
and simply connected by the same reasoning as in (3.0.1). Hence MY is conformally
equivalent to S™. Thus we can extend the conformal diffeomorphism ix o ¢ :

Xo U Ag — ix 0 p(Xo U Ag) to a global conformal transformation 7 on (M, g1),
and 7 is an essential conformal transformation as in (3.0.1). If M; is compact, then
M7 must be diffeomorphic to S™, and this contradicts our assumption. Therefore,
M is noncompact. Let (]\Zfl, g1) be the Riemannian universal covering of (M, g1).
Fix a lift D; of D;, i =0, 1, 2 and 3, so that D; C D; for i < j. Then there is a
conformal transformation 7 on (Mj, §1), which is a lift of 7, such that 7(D;) = Ds.
Fix a developing map ® of (Mi,§;). Since the D;’s are conformally equivalent
to a round ball of S™, ® is injective on Ds. Then, it is clear that the conformal
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transformation £ of S™ satisfying Won = {o WV is a loxodromic transformation of S™
whose repulsive fixed point ¢; is in W(D3). Since Wo % = ¥ oW, (M, §1) contains
a subset conformally equivalent to R™ =2 S™ \ go, where ¢ is the attractive fixed
point of . If this set U is a proper subset of My, then the boundary of U is mapped
locally homeomorphically onto a point g by ¥. Therefore, M, is diffeomorphic to
S™. But here, since we assume M; to be noncompact, (M 1, 1) must be conformally
equivalent to R™. On the other hand, the set U can be considered as a lift of the
limit of n*¥(D;) as k — oo, thus (Mj,g;) itself must be conformal to R". A
contradiction. This completes the proof. O

Remark. If M; or Ms is diffeomorphic to either S™ or R™, then (M,§;) and
(M, g(I")) may be conformally equivalent. This can be seen as in Remark 2 fol-
lowing Theorem 3.1.

The same argument which shows Corollary 3.2 leads to the following corollary.

Corollary 3.5. Let M = M §Ms, where M, and Ms are conformally flat, possibly
noncompact, manifolds and each of them is diffeomorphic to neither S™ nor R"™.
Then the Teichmiiller space of flat conformal structures on M is noncompact.

4. PROOF OF LEMMAS

To prove Lemma 3.3, we need some basic facts on a conformal invariant called
the modulus, which is related to the theory of quasi-conformal mappings (see [21]
for a detailed exposition on this subject). Let (M,g) be a Riemannian manifold
and A an interval. A continuous map v : A — M is called a path. A path ~ is
called a closed path if A is a closed interval. If A’ is a subinterval of A, v|as is
called a subpath of ~.

Definition 4.1. Let A = [a,b] and A = {ap < a1 < --- < ajt1; a0 =a, aj+1 = b}

a subdivision of A. Denote the distance between p and ¢ with respect to a metric
g by disty(p, q). The length () of y is defined by

1(y) = sup Y _ disty(y(a:), y(ais1)),
4 20

where the supremum is taken over all subdivisions of A.

Definition 4.2. A path + is said to be rectifiable if the length of ~ is finite. And
a path ~ is called locally rectifiable if every closed subpath of ~ is rectifiable.

If ~y is rectifiable, then ~y is parametrized by arclength. In what follows, we assume
that a rectifiable path is parametrized by arclength, and denote this parameter by
s. Then, for a rectifiable path -y, the line integral along v makes sense. These
notions are also defined for a locally rectifiable path in a natural way. Let I" be a
path family.

Definition 4.3. A Borel function p : M — [0, 00] is called an admissible function
of I, if, for any locally rectifiable path v contained in I, p satisfies

/pdle.
~

The set of all admissible functions of I is denoted by F(T').
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Definition 4.4. For a path family T, the modulus M(T') is defined by

M([T) = inf "dV,,
@) pelJrTl(F)/Mp g

where dV; denotes the volume element of g.
Let E, F and G be Borel sets of (M, g). Define A(E, F;G) by

A(E, F;G) = {closed non-constant paths v; v(0) € E,
Y(1(7) € Fi(t) € G for t € (0,1(7))}-

The following are obvious consequences of the above definitions. For the proofs,
see [21].

Proposition 4.5. If T is a subfamily of T, then M(T) < M(T’).

Proposition 4.6. If every path v contained in T has a subpath belonging to I”,
then M(T) < M(T).

Proposition 4.7.

M(A(E,F;G)) = inf "dV,.
(A ) pef(g?EF;G))/Gp 7
Proposition 4.8. Let G be an open subset of a Riemannian manifold (M, g) and
I' = A(E, F; Q) for subsets E and F of G. Assume that there exists a conformal em-
bedding ¢ of (G, gla) into a Riemannian manifold (N, h). Then M(T") = M(p(I)).

Proposition 4.8 asserts the conformal invariance of M(T"). In the proof of Lemma
3.3 below, the above properties of the conformal invariant M(T") are used frequently.

Proof of Lemma 3.3. We use the same notations as in the proof of Theorem 3.1.
Denote X NY by S. Then S is isometric to (0,1) x S?=1(1). If ({0} x S*~1(1)) is
contained in X, then there exists § > 0 such that ¥((0,8) x S"~1(1)) is contained
in X. Thus, there exist a and (3 such that [o, 3] C (0,6), and hence we get
a subset A of S as in Lemma 3.3. Similarly, if one of ({0} x S"71(1)) C Y,
Y({l'} x S"7H(1)) € X or p({I'} x S"71(1)) C Y holds, we see that A in Lemma
3.3 exists. Therefore, to prove Lemma 3.3, it suffices to show that if we choose
I’ > C(n,1) and both ¢ ({0} x S"~1(1))NX # @ and ({0} x S"~1(1))NY # 0 hold,
then either 1 ({I'} x S"~1(1)) € X or ¢({I'}x S"1(1)) C Y holds. Now assume that
({0} x SPH1)NX # 0, ({0} x S*~H1)NY # 0, p({I'} x S*~1(1))NX # 0 and
Y({I'} x S*~1(1))NY # () hold. We prove Lemma 3.3 by deriving a contradiction
in the case that I’ is greater than a certain constant depending only on n and [.
The set S is conformally equivalent to a subset S(a) of S™(1) defined as in the
proof of Theorem 3.1 for some positive real number a. That is, there exists a
conformal diffeomorphism i : S — S(a). Note that {0} x S"~1(1) and {I'} x
S"=1(1) are totally geodesic hypersurfaces of (—¢,l’ 4+ ¢€) x S"~1(1). Since 1 and 4
are conformal embeddings, a connected component Ty of i(y({0} x S*~1(1)) N 9)
and a connected component Ty of i(1)({I'} x S"~1(1))NS) are intersections of round
(n—1)-spheres of S*(1) and S(a). Thus, there exist hyperplanes V, and Vs of R™*!
such that Tp = S(a)NVp and Ty = S(a) N V. By our assumption, we may assume
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that these hyperplanes satisfy

Von{z = (x0,...,2,) € S™(1) CR" ™Y 29 = —a} # 0
Vo N {z = (20,...,2n) € S"(1) CR"™Y; 2g=a}l #0

Vi n{z = (z0,...,2,) € S*(1) C R"™; 29 = —a} # 0
Vi n{x = (z9,...,7,) € S(1) C R 29 =a} #0.

(4.9)

Denote two connected components of S(a) \ Tp by Eo1 and Ep2 so that Epo
contains Ty. Similarly, denote two connected components of S(a) \ T;y by Ep 1 and
Ey 9 so that Ep o contains Ty. Then Ep o contains Ey 1, and Ey 2 contains Eo ;.
Let v be a vector of R"*! perpendicular to V5. Then, by (4.9), the xg-axis and v are
linearly independent. Denote the 2-dimensional subspace spanned by the xg-axis
and v by . We may assume the x;-axis is contained in Q. Let proj : R**! — Q
be the orthogonal projection. Then proj(V}) is a line in @, and the x1-coordinate of
proj(Vo)Nproj(S(a)) takes its value between —(1—a?)'/? and (1—a?)"/? (see Figure
5). Fix a positive real number ¢ so that ¢y < a. We may assume z = (0,1,0...,0)
is contained in Ep 1, and hence

By = {z = (x0,...,2,) € S(a); 21 > (1 — (a — €)*)Y?}

is a round n-disk contained in Ey ;. We get a round n-disk By contained in Ey
in the same way. Define path families I'g and I" by

Lo = A0} x §" (1)), ({I'} x S (1)); w((—e,l' +¢) x "1 (1))),
I = A(Ty, Tir; S(a)).



A DEFORMATION OF FLAT CONFORMAL STRUCTURES 4959

For any v € ', i~!(«) is a path between ({0} x S"~1(1)) and ¥ ({I'} x S"~1(1)).
Since (M, )\ ((0,1') x S"~1(1)) has two connected components, there is a subpath
of i71(7y) contained in I'y. By Proposition 4.6 and Proposition 4.8, we see that
(4.10) M(To) > M(i(T) = M(T),
Define a path family I by
I" = A(By, Ba; S(a)).

Then, by the definition of By and Bs, every v/ € I" intersects Ty and T}. Thus
there is a subpath of v which belongs to I'. By Proposition 4.6,
(4.11) M(T) > M(T).
Since the center of B;, i = 1,2, is contained in S(0) = {z = (xq,...z,) € S™(1) C
R 29 = 0}, we can take the shortest geodesic ¢ between the centers of By and
Bs so that ¢ is contained in S(0). Let p be the midpoint of ¢ and ¢ the antipodal
point of p. Note that ¢ is contained in S(0) C S(a). Define I'” by

I = A(Br, Ba; S(a) \ {q}).
Since I' ¢ TV, M(T") > M(T") by Proposition 4.5. Let 7, be the stereographic
projection from q. By Proposition 4.8,
(4.12) M) = M) = M(A(mq(B1), mq(Bz); ma(S(a)\ {q}))-

We may assume 7,(c) corresponds to the y1-axis of R™ = 7,(5™\ {¢}) and 74(S5(0))
corresponds to the (y1,...,yn—1)-subspace. Let the Euclidean distance between
two connected components of the boundaries of m4(S(a — €y)) be 2ry. Then the
intersections of the y,-axis and the boundaries of m4(S(a — €y)) are (0,...,0,%£ro),
and my(B1) and 7,(B2) are disks centered at points of yj-axis and each radius is
greater than rg. Set

F={y=i, - yn) ER™ y3 + - +y2 =12}
Then, for some positive real numbers h; and ho with h; < hg,

Fn a(ﬂ—q(Bl)) = {y = (y17 cee 7?Jn) S Rn7 y% + -+ y721 = T%a Yy = h17h2}7

FNo(mg(B2) ={y= (Y1, yn) €R"; 43+ +yn =715, y1 = —h1, —ha},
where 0 denotes the boundary of a set. Define Fy, F5 and G by

Fi={y=(yi...,yn) €ER" g3+ +yp <715, y1 = I},
Fo={y= (1, ,un) ER"Y 43+ 4y <715, y1 =~}
G={y=(yi,--..yn) ER™ Y3+ +yp <75, ] < M}

Then, clearly, Fy C m4(B1), F» C my(B2) and G C my(S(a) \ {¢}) hold and hence
A(Fy, F3;G) is contained in A(my(B1), my(B2); me(S(a)\ {¢})). By our choices
of B, By and p, each of 7,(B1) and 7,(B2) is tangent to 9(my(S(a — €))) at two
points, and these two points are contained in the unit closed ball of R™, which is
the image of the closure of the southern hemisphere by 7, (see Figure 6). Since the
Fuclidean distance between these two tangent points is greater than 2ry, we have
|h1| < 1. Moreover, since M(A(Fy, F2; G)) = Vol,,—1(F1)(2h1)1 ™™ (see for example

[21, p. 52]), where Vol,,_1(F}) denotes the (n — 1)-dimensional Euclidean volume
of Iy, we have

M(A(7q(Br), mq(B2); mq(S(a) \{a})) = Volu—1(F1)(2h1)' ™" > 217" Vol (F1)
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by Proposition 4.5. Combining with (4.10), (4.11) and (4.12), we have
M(To) > 21" Vol,,_1 (Fy).

Since the radius rg of F} is determined by a and ¢y and we can choose ¢ as,
for instance, a/10, ro is determined by a. Thus we may consider that rq is
determined by I. Set K(n,l) = 2'7"Vol,_1(Fy). For any v € ¢ }(Ty) =
A{0} x S"H(1), {U'} x S"H(1); (=€l +€) x S"71(1)), clearly I(yo) > I’ holds.
Thus, for any v € ¥ ~1(T), f =1'"1 defined on (—e,l’ +€) x S"71(1) satisfies

/ fds = 1M(70) > 1,
Yo

and hence f € F(¢~(I'p)). Define I'y by
Lo = A({0} x S™71(1), {I'} x S™71(1); [0,1'] x S™~1(1)).
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Then, by Proposition 4.6, we have
M(Lo) = M(yp~1(Ty))
and clearly flj ;xsn-1(1) belongs to F(I'y). Note that

AA(fo)gt/m frds

[0,1/]x Sn—1(1)
=1""Vol(S" ()
=" Vol(S™1(1)).
Define a positive constant C(n,1) by
C(n,1) = {Vol(S" (1)) /K (n. 1)}/
and choose I’ so that I” is greater than C'(n,!). Then we have
"= Vol(S™1(1)) < K(n, 1)
and hence
M@™HIo)) < M(Lo) < K(n,1) < M(T).
This contradicts Proposition 4.8. This completes the proof of Lemma 3.3. O

Using the modulus of path families, we can also prove the following lemma which
is used in (3.k.1) of the previous section.

Lemma 4.13. There is no conformal transformation of S™(1) which sends the

closure of S(Bo) into S(B}) for B4 < Bo.

Proof. Assume that there exists a conformal transformation 7 of S™(1) which sat-
isfies n(S(Bo)) C S(B}) with By < Bo. We denote the interior of two connected
components of S™(1) \ S(Bo) by Do1 and D;; as in the previous section. Define
two path families I" and I by

I'= A((dDo,1), n(0D1,1); n(S™\ (Do,1 U D1,1))),
I = A(OE(—3)), OE(3)); the closure of S(3)).

By our assumption, every 4 € I” has a subpath belonging to I', and hence, by
Proposition 4.6, M(I") < M(T"). Let m, be the stereographic projection from
p = (1,0,...,0) € S*(1) ¢ R*"L. An (n — 1)-round sphere defined by {z =
(wo,...zy) € S C R"1; 2 is constant} is projected to a sphere of R™ centered
at the origin by m,. Thus, we have

OB (=) = S"~H(0h),
mp(OE(fg)) = S~ (b)),

with by < b} < b, < be. Denote the closed disk with radius » of R™ by D"(r) and
the interior of D™(r) by intD"(r). Since

ML) = M(A(S"H(vh), §™7H(bh); D™ (by) \ intD™(b))))
= Vol(S"~"(1)){log(b3/t})}' "
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and
M(A(@DOJ, 8D1,1; Sn(l) \ (D())l U D171))
= M(S" " (b1), S™ ' (b2); D™(bs) \ intD"(by))
= Vol(8"~!(1)){log(b2/b1)}' ™",

by Proposition 4.8 and [21, p. 53], we have

M(P) > M(P/> > M(A(8D071, 6D171; Sn(l) \ (DO,l @] D171>>) = M(n_l(l“))

Then it is clear that this contradicts Proposition 4.8. This completes the proof of
Lemma 4.13. O

APPENDIX. THE SPACE OF FLAT CONFORMAL STRUCTURES ON RP"{RP"

In this Appendix, we examine the space of flat conformal structures on
RP"RP", which is the simplest example of non-C-prime conformally flat man-
ifolds, following the program mentioned in the introduction. Note that there ex-
ists a 2-fold covering S! x S"~! — RP"fRP". Since any flat conformal struc-
ture on S' x S"~! is Kleinian (see [4] and [11]), for any flat conformal struc-
ture C, (RP™"RP™, () is also Kleinian and conformal to the quotient of S™\{two
points} by a discrete subgroup T' of the conformal transformation group of S™,
where T is isomorphic to m (RP"§RP"™) = Z/2Z + Z/2Z. Then, by Theorem 2.7,
(RP™{RP™, C) is conformal to some (M7, Cy)(Ma, Cs), where each M; is homeo-
morphic (diffeomorphic if n < 6) to RP™ and the C;’s are Kleinian structures on
M;. Since m (M;), i = 1,2, are finite, each M; must be diffeomorphic to RP™ by a
theorem of Kuiper ([10]). Moreover each C; contains a constant curvature metric,
that is, each Cj; is the standard (and hence unique) conformal structure on RP"™.
We denote this flat conformal structure by Cy. Then, for any C, (RP"{RP™,C)
is conformal to some (RP™, Cy)f(RP™,Cy). And we see that deformations of flat
conformal structures on RP™{RP"™ arise from varying A, ¥; and 2 in Definition
2.6. Precisely speaking, for any (RP™"$RP",C), there exists (RP™"{RP™, ;) con-
structed from two copies of (RP™,go) as in section 3 such that §; is contained in
C' , where go denotes the metric of constant curvature 1 on RP™ (see below). In
this case, (RP™{RP", g;) is conformal to (RP™"{RP", gy ) if and only if [ =1’. In
particular, the space of flat conformal structures on RP"4RP"™ is parametrized by
! and hence 1-dimensional.

Since S™\{two points} is conformal to R x S"~!(1), for any flat conformal
structure C' on RPURP", (RP"RP",C) is conformal to R x S"~1(1)/T", where
' > Z/2Z +«Z/2Z is a discrete subgroup of the conformal transformation group G
of R x S"71(1). Let v, and 72 be the generators of I', each of which is of order
2. Note that G coincides with the isometry group of R x S"~1(1) and, for any
v € G, the action of v is written as vy(r,p) = (£r + d, Ap) for some real number d
and some A € O(n), where (r,p) denotes a point of R x S"~1(1) with r € R and
p € S"71(1). Since v; and 72 act freely on R x S™~1(1), we see easily that v; and
Y2 are written as

71 (’f}p) = (_r + 2@7]5)7
’}/2(7‘7]?) = (_r + 2[)7]5)7
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where p denotes the antipodal point of p. We may assume that a is greater than b.
Since G coincides with the isometry group, R x S"71(1)/T" defines a Riemannian
manifold, which is obtained as closing the boundaries of [0,a — b] x S"~1(1) by the
identification p = p, where p is a point of {0} x S"7(1) or {a — b} x S"71(1). We
may regard this Riemannian manifold as (RP™{RP", g;) constructed in section 3
with | = a—b. Let C and C” be flat conformal structures on RP"#RP™. Then there
exists a discrete subgroup I' (resp. T”) of G such that the metric on RP"{RP"
defined by R x §"~1(1)/T (resp. R x §"~1(1)/I") is contained in C (resp. C).
Denote generators of I' and I by ~; and «} (i = 1, 2) respectively. As we have seen
above, we may assume that -; and -/ are written as

7 (’f}p) = (_r + 2@7]5)7
72(T1 p) = (_T + 2baﬁ)a

Y1(r,p) = (=1 +2d/,p),
Y5(r,p) = (=7 + 2V, p),

for a > b and o’ > b'. Then R x S"71(1)/T (resp. R x S™~1(1)/T’) contains a
subset isometric to (0,a—b) x S"~1(1) (resp. (0,a’—b") x S"~1(1)). Suppose C and
C’ are conformally equivalent. Then, since there exists v € G such that I' = vy~ 1T~y
and G is just the isometry group, R x S"~1(1)/T is isometric to R x S"~1(1)/T’
and hence a — b = o/ — b’. Therefore the correspondence between a flat conformal
structure C' and a — b defines a map F' from the moduli space of flat conformal
structures on RP™"{fRP"™ (i.e., the quotient space of the space of all flat conformal
structures on RP™{R P" by the group of diffeomorphisms) to positive real numbers,
and this map F is clearly surjective. On the other hand, if F(C) = F(C"), then
R x $"71(1)/T = (RP"{RP™, jr(c)) and R x S"1(1)/T" = (RP"{RP", jp(cr))
are clearly isometric, and hence C' and C’ are conformally equivalent. This shows
that F' is injective and hence bijective. Moreover we have a representative gr(c)
of C. Therefore, as we mentioned in the previous paragraph, (RP"{RP", §;) and
(RP™RP™, §;1) constructed as above are conformally equivalent if and only if
[ = I'. Since § depends continuously on I, we see that the map F from the
moduli space of flat conformal structures on RP™"fR P"™ to positive real numbers is
a homeomorphism. Thus [ defines a global coordinate of the moduli space.

In our construction of conformally flat metrics on a connected sum of confor-
mally flat manifolds (in section 3), it seems that there are more parameters for de-
formations of flat conformal structures other than ! (for example, choices of points
removed and isometries of a cylinder gluing X and Y). But, for RP™"{RP", defor-
mations of flat conformal structures do not arise from these choices. In this case,
it seems that the conformal symmetries of RP™ absorb variations of these choices,
just as an essential conformal transformation on S™ absorbs a deformation aris-
ing from changing the length of a cylinder as we have seen in Remark 2 following
Theorem 3.1.
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