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ABSTRACT. This paper is devoted to a study of the subfactors arising from
vertex models constructed out of ‘biunitary’ matrices which happen to be
permutation matrices. After a discussion on the computation of the higher
relative commutants of the associated subfactor (in the members of the tower
of Jones’ basic construction), we discuss the principal graphs of these subfac-
tors for small sizes (N = k < 3) of the vertex model. Of the 18 possibly
inequivalent such biunitary matrices when N = 3, we compute the principal
graphs completely in 15 cases, all of which turn out to be finite. In the last
section, we prove that two of the three remaining cases lead to subfactors of
infinite depth and discuss their principal graphs.

1. INTRODUCTION

The importance of the notion of a commuting square of finite-dimensional C*-
algebras and its connection with subfactors has been amply demonstrated - for
instance, see [GHJ], [P] and [P2]. While there is a well-understood prescription
for constructing a subfactor of the hyperfinite I1; factor from such a commuting
square, what still seems a mystery is the relation between the initial commuting
square and the so-called principal (or standard) graph invariant of the subfactor
(in the absence of what Ocneanu terms ‘flatness of the connection’). In this paper,
we examine a seemingly simple class of such commuting squares, namely the ones
arising from ‘vertex models given by biunitary matrices which also happen to be
permutation matrices’, and discuss the principal graphs of the associated subfactor.
We give below a brief section-by-section description of the contents of this paper.

§2: Notation and Preliminaries: We recall here the definition of the specific
family of commuting squares which have been referred to as vertex models, and
also the prescription for constructing a subfactor of the hyperfinite I1; factor from
a vertex model (or more generally, from a commuting square which is symmetric
(in the terminology of [HS]) or non-degenerate (in the terminology of [P2])).

§3: Biunitary permutation matrices: Here, we re-cast - in a form that we shall
work with in the rest of the paper - what it means to have a vertex model given
by a biunitary matrix which also happens to be a permutation matrix; we also
define some mappings associated with such matrices, which play a central role in
the subsequent analysis.
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84: Computation of the higher relative commutants: In this section, we describe
a compact prescription (due to Jones) for computing the higher relative commutants
(at least in principle), and we identify what this abstract prescription amounts to
in our case.

85: Some simple special cases: Here we discuss some particularly simple special
cases, and describe the resulting principal graphs, most of which may be described
as Cayley graphs for a group or a group-dual with respect to a suitable set of
generators.

86: The case k = N < 3: We begin by discussing a natural equivalence relation in
the set of biunitary permutation matrices. After quickly disposing of the case N =
2, we go on to show that when N = 3 there are precisely 18 distinct equivalence
classes of such matrices; we explicitly list a matrix from each class, and note that
nine of these cases are already covered by the discussion in §5, and give the principal
graph of the associated subfactor.

87: The finite principal graphs (for N = 3) : In this section, we compute the
principal graphs of six of the remaining cases, which all turn out to be finite.

§8: Two infinite depth subfactors: In this section, we prove that two of the
remaining cases lead to infinite principal graphs, and give a partial description of
what those graphs look like.

89: Concluding Remarks: Here we observe : (a) that all subfactors arising from
vertex models given by 9 x 9 biunitary permutation matrices are self-dual; (b) the
peculiar fact that all the 15 finite principal graphs obtained when N = 3 turn
out to be Cayley graphs of groups or group-duals; and (c) a relation - in the cases
computed - between the principal graphs of the subfactors obtained from a biunitary
permutation matrix and its adjoint, and raise a natural question.

2. NOTATION AND PRELIMINARIES

We shall use the expression ‘vertex model’, throughout this paper, to mean a
commuting square - see [HS],[K],[O],[OK], [P] - of the form

u(l® Mi(C))u* C Mn(C)® M(C)

(t) U U
C - My(C)®1
where u = ((ugj)) is a unitary element of My (C) ® My(C). (We shall find

it convenient to use the convention, at least in §§2 - 4, of denoting elements of
Qn by Greek letters and elements of 2 by Roman letters, where we write, here
and in the sequel, the symbol €; for the set {1,2,---,l}. (From §5 onwards, we
consider, for the sake of simplicity, the case k¥ = N, and dispense with this Greek
vs. Roman convention.) Tt is well-known that (T) is a commuting square precisely
when the unitary matrix u satisfies the following biunitarity condition: if we define
the element @ = ((agf)) of My (C) ® My(C) by

(1) agy = ug
then also @ is unitary. (Thus @ may be thought of as the ‘block-transpose’ of u in
the sense that if we write u in block-form as u = ((uf)), then 4§ = ul.)

In the rest of this paper, we shall reserve the term biunitary matriz for a unitary
matrix u € My (C) ® My (C) which satisfies the above biunitarity condition.
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If we rewrite the commuting square (1) as

By C B
U U
Ay C A

there is a well-known prescription - see [GHJ] - for constructing a subfactor R,, of the
hyperfinite factor R with [R: R,] = k*. (Namely, let By C By C By C B3 C -+~
denote the tower obtained by repeated applications of Jones’ basic construction - see
[J],|[GHJ]; if e, denotes the projection in B4 which implements the conditional
expectation of B, onto B,_1, for n > 1, let A,4+1 be the subalgebra of B, 1
generated by A, U{e,}; then R and R, are, respectively, the von Neumann algebra
completions, with respect to the unique tracial state on these algebras, of | J B,, and
UA.)

For later reference, we remark - see [O] for the general case, also [KSV] where this
special case is explicitly worked out - that there is a natural equivalence relation
on the set of biunitary matrices in My ® Mj, such that the subfactors arising
from equivalent biunitary matrices are conjugate. The relation is given by u; ~ us
if and only if there exist unitary matrices a,c € My(C),b,d € My(C) such that
up = (a®buz(c® d).

3. PERMUTATION BIUNITARY MATRICES

In the rest of this paper, we shall be interested in biunitary matrices which are
permutation matrices (as elements of My (C) = Mpy(C)® My (C)). We shall find
it convenient to work with an alternative description of such matrices, which we
single out in the next lemma.

Lemma 1. Let u € My(C) @ Mi(C). Then the following conditions on u are
equivalent:

(i) w is biunitary, and is further a permutation matriz (i.e., is a 0,1 matriz);

(i) there exist permutations {pg : a € Q} C S(OAn),{Aa 1 @ € QOn} C S(Q)
(where we write S(X) for the group of permutations of the set X) such that:

(a) the equation

m(8,0) = (pb(B), As(D))
defines a permutation m € S(Qn x Q); and
(b)
ugs = Oaa)m(a) = Sapm(B)0ars0)-
Proof. (i) = (ii); If u is a biunitary 0, 1— valued matrix, then let 7 € S(Qn x Q) be
defined by ug‘g = (5(a)a))ﬂ(57b).

Assertion. For any 8 € Qn,a € Qi (resp., @ € Qn,b € Qp), 7({B} x Q) N(Qn X
{a}) (resp., 7(Qn x {b}) N ({a} x Q)) is a singleton. Furthermore,

({8} x Q) N (v x{a}) = {(da(B),a)},
m(Qn x {b}) N ({a} x Q) = {(a(b))},
where

ba(B) = p,\?(@(ﬁ) and 1o (b) = )‘pgl(a)(b)'
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The first (as well as the parenthetical) statement of the assertion is an immediate
consequence of two facts: (i) the hypothesis on u implies that the block-transpose
matrix 4 is also a permutation matrix; and (ii) #(8,b) = (a,a) < ﬂg‘g = 1

The second assertion follows from the definitions.

The assertion clearly proves the implication (i) = (i), while the implication
(#7) = (4) is immediate. |

We shall find the following notation convenient.
Definition 2. Define

Py = {m € S(Qn x Q) : there exist X\ : Qn — S(Q),p: QU — S(Uv)
such that 7(3,b) = (pu(8), Ag(b)) for all € Qn,be Q}

where we write Ag (resp., pp) for the image of 3 (resp., b) under the map A (resp.,
p). If m, A, p are related as above, we shall simply write 7 < (p, \) € Py k. (Later,
when we consider the case N = k, we shall simply write Py for Px n.)

Thus, Lemma 1 states that there is a bijection between biunitary permutation
matrices of size Nk and elements 7 < (p, A) € Py j, given by ugy, = Oc,04(8)0a,Ng(b)-

The following proposition, which is an immediate consequence of the definitions,
lists some useful properties of the various ingredients of a biunitary permutation.

Proposition 3. Letm < (p, \), @a, Yo be as above. Then, for arbitrary a € Qp, « €
Qn, we have:

(Z) ¢a € S(QN)a Yo € S(Qk)§

(ii) m= < (¢~ Y71) € Py (ie., 7 e, a) = (¢ (), ¥5 1 (a)));

(i) 67 (0) = p,hay (@) st (@) = AL (@)

4. COMPUTATION OF HIGHER RELATIVE COMMUTANTS

Suppose u € My (C) ® M(C) is biunitary; let R, be the subfactor of the hyper-
finite factor R constructed as outlined in §2. Let

R1=R,CRy=RCR{CRyC---

be the tower obtained by repeated applications of Jones’ basic construction to
the inclusion R, C R. Let us write C;, = R, " Rp,—1, n = 0,1,2,---. (Thus,
C() = (C, Cl = R; N R, etc.)

We shall find it convenient to work with a diagrammatic description of the tower
{C), : n > 0} of relative commutants. We pause to briefly recall the conventions for
this approach (which is due to Jones ([J1],[BHJ]); also see [JS] for details).

Once and for all, we fix a biunitary matrix u € My (C) @ Mi(C). When u is a
permutation matrix, the symbols 7, p, A, ¢ and ¢ will have the meanings they had
in the last section.
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An element, say F, of ®" M (C) will be represented by a ‘black box’ with two
sets of n vertical strands, thus:

A state (for such a simple diagram) is a labelling of each vertical segment of
string with a Roman letter, and the box F' is considered as a scalar function on the
set of possible states:

aip a2 Gn, a
F = F
b1 by by, b

In addition to such boxes, our diagrams will usually contain two kinds of strands
- vertical as well as horizontal. We adopt the convention that a state labels segments
of horizontal (resp., vertical) strands with Greek (resp., Roman) letters.

Matrix multiplication corresponds to ‘concatenation of boxes’ in an obvious
sense. To be able to stick to this correspondence, we define a state on a (pos-
sibly complicated) diagram as a labelling of all ‘unbounded’ segments of strands
according to the convention of the preceding paragraph, and when evaluating the
value of a state on a diagram, we sum, over all possible (admissible) labellings of
bounded segments, the products of all the ‘local contributions’ (coming from ‘black
boxes’ as well as from crossings).

Furthermore, all the strands in our diagrams will usually be oriented, so we will
encounter two kinds of crossings:

b a

a 4.T B a 4>‘ p
| l
a b

Positive Crossing Negative Crossing
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(All the diagrams that we shall encounter will have the property that at any
crossing, the horizontal strand will always be the ‘over-string’.)

Given a diagram all segments of all of whose strands have been labelled appro-
priately, we assign ‘Boltzmann weights’ to crossings (depending upon the parity of
the crossing) by the following prescription:

b

Positive Crossing a T B = ugfi
a
a

Negative Crossing a | B = Ui?

We are finally ready to state Jones’ prescription for computing the tower {C,, :
n > 0} of relative commutants:

Proposition 4 (Jones). If u € My(C) @ My(C) is biunitary, and if C, is (the
(n — 1)-th higher relative commutant ) as above, then C, C @"My(C); in fact, C,,
consists of precisely those F € "My (C) for which there exists a G € Q™M (C)
such that the following equation holds:

where the vertical strings (on each side of the equality) are alternatively oriented
upwards and downwards (starting with the one at the extreme left). O

For the rest of this section, we fix a m < (p, \) € Py and let X, p,¢,% be asin
§3. Thus, if u is the biunitary permutation matrix that corresponds to (p, \) as in
§3, then

(3) UGy = ba,p(8)0a,1s(b)

The point of the next lemma is to point out that if ug, = 1, then any pair
consisting of one Greek letter from {«, 3} and one Roman letter from {a, b} deter-
mines the complementary pair. We shall find some of these formulae convenient in
subsequent computations.
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Lemma 5. If a, 08 € Qn,a,b € Qy, then the following conditions are equivalent:
(i) uge = 1;
(i) o =pa(8) and b=Ag(a)
(ii)) B = 6, (a) and a =15, (b);
(iv) B=p, " (@) and b=1pa(a);
(v) a=¢p(B) and a= )\El(b).

Proof. (i) < (i) by definition.
(7i) < (iit) by Proposition 3 (ii).
(i1) < (iv) by the formula for ¢~ given in Proposition 3 (iii).
(iii) < (v) by the formula for ¢~! given in Proposition 3 (iii). O

It follows immediately from the preceding lemma that the Boltzmann weights
associated with the two kinds of crossings (when we work with a biunitary permu-
tation matrix) are as follows:

(4) )

Positive Crossing a_______, B — 65),);1(0()6;,7%(@) = 6(17%(5)6@)/\51(1)),

a

Negative Crossing Q@

B = o002 = Saprt (30003 ()

Notation. Given a biunitary permutation u and corresponding maps A, p, ¢, as
above, then for arbitrary n > 1 and a € 1}, we define the alternating products

Pa = PaiPay Pas " Pe,
and
ba = Ga1by, Pay - ff

We are now ready to introduce certain mappings that will play a central role in
the computation of the higher relative commutants.

Proposition 6. (i) For all n > 1, there exists a mapping Qn > o — L&n) €
S(QF) such that
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b
(6% ﬂ = 6a L(n) b 6[3 ;1(()()’
5) e
a
where the LS ’s are defined as in (ii) below.
(i1) LY = vyl and if n > 1 and if L&")(b) =a, then
aAn—1] = Lgn_l) (bn—l])
(where we have used the obvious notation a,_y) to mean (a1, -+ ,an—1) if a =
(a1, -+ ,an)); and
-1 . .
o Ad’;ifu (a)(b") if n is even,
wd’gi,l] (a)(b"> if n is odd.
(i) () gy (@) = 5" (@) -

Proof. The proof is a direct consequence of the prescription, given in equation (4),
for the Boltzmann weights associated to positive and negative crossings. (For (iii)
the two prescriptions given for each kind of crossing must be used in conjunction.

N

Remark 7. If it so happens that A\, = ©¥a,pa = ¢4 for all a, a (which is actually
the case more often than one might expect - see §6), then it is seen from Proposition
6(ii) that

L((xn+1)(a7 a) = (L((xn) (a>7)‘;}1(a)(a))

forallae Qf,a € Qp,a € Qn,n = 1,2,---.

In the following, we fix a biunitary u, with associated A, p, ¢, 1 as above, and let
{C,} denote the sequence of higher relative commutants for this R,,.

Lemma 8. With the identification @™ M},(C) = Matqn(C), we have:

5 @
PLi @)L m)” LGV T LY (b)
for all a, p € Qn,a,b € QF}.

Co = {F = ((F) € Matoy(C) : Ff
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Proof. In the notation of Proposition 4, we see, from Proposition 6, that on the
one hand,

b .
6B)P;1(O‘) ‘F‘(L((]”))fl(a)7

b
el
[ n
. = 65),3;;?)“3)(&) GLE®),
a

()
which, in view of Proposition 6(iii), is seen to be equal to 6[37%1(0‘) GL (),

Thus, we find that C,, consists of those F € ®"M}(C) for which there exists
a G € "M (C) such that

Gl ®)

6 5651 (a) Ga

b _
B,pa () F(Lg"))’l(a) =4

Using the substitution ¢ = (L&”’)—l(a), the last equation may be rewritten -
again using Proposition 6(iii) - in a more symmetric form as

b o_ LG (b)
(6) 8g.0510) T’ = p.051(0) Grime -

This is easily seen to imply that

L3 (b)
(7) Fo = by 6 G o

for arbitrary o € Qn, b, c € Q}, and also (as a result of Proposition 6(iii)) that

b _ (LG (D)
(8) Gé — (Spt_—)l , pglF(L(B"))*l(é)
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for arbitrary 8 € Qn,b, & € Qp . The proof of the lemma is completed by putting
together equations (7) and (8) and using the fact, which is a consequence of Propo-
sition 6(iii), that

)

716 -1 =

1 -1
b5 s Pe pLg”)(b) ) PLgl)(c)

—1 —1 . D
Prm i o

The next lemma is the final ingredient necessary for the identification, in an
abstract sense, of the higher relative commutants.

Lemma 9. Let Q) be a finite set. Suppose we are given an equivalence relation
~o on Q and a subset L C S(Q) such that L = L7' = {o7':0 € L}. Let
A = {z = ((z})) € Mato(C) : 2} = &y xZE;)) foralli,jeQ o€ L}, where
[iJo = {j€Q:i~gj}

Define the equivalence relation ~ on Q by requiring that i ~ j < o(i) ~g
o(j) for allc € G, where G is the subgroup of S(Q) generated by L. Then G
acts on the set of ~-equivalence classes ( by o - [i] = [o(i)], where of course
[i] = {jeQ:inr~j}). Suppose the set of ~-equivalence classes breaks up as a
disjoint union of l orbits under this action of G.

For 1 <p <, fiz one equivalence class [ip] from the p-th orbit, let H, = {o €
G:0-[ip] = [ip]} be the isotropy group of that equivalence class, and let m, denote
the natural permutation representation of Hy on [ip]. Then,

0,[7]o

l
Az B m(H,).
p=1

Proof. To begin with, if 01,02 € L, note that, for any x in A, we have

TE = o[l Tel ) = Ofio.iloOlea(Dloloa(NoTo a2 ()
Since L = L7 clearly G = {01092 -0, :7 > 0,01, ,0, € L}, and it easily

follows now that

A= {z = ((acz)) € Mato(C) : 2"

(@
J

= [Ty ¥ 1,5 € Qo € G

Suppose now that {[j%p)], e [jt(f)]} is the p-th orbit in the set of ~-equivalence

classes under the G-action, and suppose j%p) = ip. For 1 <s <t fix agp) e
such that o - [i)] = [j*]. Assume that the elements of © have been so ordered
that o), as a map of [j”)] onto [j*], is order-preserving. It is then fairly easy to
see that z € A if and only if = has the block-diagonal form
It
r- @ Dy
p=1s=1
with respect to the decomposition

123

l
Q= 1T IT U1
p=1s=1
(p)

where 277/ = .- = xg) € mp(Hp)' O

Putting the previous two lemmas together by considering the specialisation of

Lemma 9 to the case where Q@ = O}, a ~g b & p;é")(a) = p} Vac
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Qn, and £ = {(Lg”))—l(L&”)) : a, B € Qn}, we can summarize the contents of
this section as follows:

Proposition 10. Let u € My(C) ®@ My (C) be a biunitary permutation matriz and
let A\, p,¢,v have their usual meaning. Let R, C R be the hyperfinite (subfac-

tor, factor)- pair corresponding to u, and let C,, = R N R,_1,n > 0, where
R, = R.1CR = RyC Ry C Ry C--- is the tower of the basic construction.
Then, forn = 1,2,--- the algebra C,, has the following description:

Let L((ln) be defined as in Proposition 6; let Gy, be the subgroup of S(Q}}) generated

-1
by {ng) L((l") ca, B € Qn} and let ~y, be the equivalence relation defined on S}
by

a~, bs pLSJL)(o(a)) = pL&")(g(b)) Voe Gn,Oé (S QN

Suppose the set of equivalence classes in 1} breaks up into I, orbits under the G-
action; fiz an equivalence class (o] in the p-th orbit of equivalence classes, and let
H, = {0 €Gy,:0(ap) ~n ap}. If mp, is the natural permutation representation of
H, on [ap], then

ln
Co~ P m(H,). O
p=1

5. SOME SIMPLE SPECIAL CASES

From now on, we assume, for the sake of simplicity, that N = k, although it
should be clear how every statement can be naturally modified in the general case.
In particular, we shall drop the convention in the preceding sections concerning
Greek and Roman letters. Instead, in the interest of typographical convenience,
we shall typically use Greek letters for elements of Q7% ,n > 1, and reserve Roman
letters to denote elements of Q. Also, we shall freeze the symbol N to denote what
was so far denoted by N or k, and we shall use the symbol k as a ‘free variable’
ranging over the positive integers.

In this section, we consider four special cases, in which the subfactor is necessarily
of finite depth, and the prinicipal graph describing the tower {R,, N Ry, : k > —1}
admits a complete and satisfactory description.

Case (0) : A=1id, p=1id.

In this most trivial example, \; = p; = idg, for all 4,5 € Q. Then n(i,j)
= (4,7), and the associated subfactor R, of R = @, _ ; Mn(C) may be identified
with 1 ® @, _ ,Mn(C), and the principal graph consists of two vertices with N
bonds between them.

Case (1) : A =1id, p arbitrary.

Let p: Qn — S(Qn) be an arbitrary map, and let \; = idg, for all i in Q.
Thus 7(¢,7) = (p;(@), ), which clearly defines a permutation of Qnx x Qn; ie.,
7w < (p,A) € Py. Then observe that

®i(j) = p,\]fl(i)(j) = pi(4), vi(j) = )‘pjfl(i)(j) = Jj = N(j)
and thus ¢ = p,¥» = A. Hence, by Remark 7, we see that, for all £ > 1,
Lgﬁ_l)(ava) = (L;k)(a>7)‘;}1($)(a>> = (Lgck)(a)7a>7
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for all z,a € Qn,a € Ok, k > 1; hence, inductively, we find that Lgck) = idQl}cV
for all £ > 1 and for all x € Q. In this case, the equivalence classes of Q’fv are
the sets E, = {a € Q’fv i pa = 0}, as o ranges over the group Gy generated by
{pi NS QN}

In fact, it follows from Theorem 11 of [KSV] that in this case, the principal graph
G (describing the tower {Cj : k > 0} of relative commutants) has the following
description: let G be the bipartite graph with the sets G(©) and G(V) of even and
odd vertices given by GU) = G x {4}, and suppose (go,0) is connected to (g1,1) by
A(go, g1) bonds, where A(go,g1) = #{i € On 1 g1 = wgopi,w € C, |w| = 1}; then
G is the connected component in G containing the vertex (1,0), where 1 denotes
the identity element of Gy.

It should be remarked that these are precisely the ‘diagonal subfactors’ of Popa
(see [P2]) for appropriate finite groups.

Case (2) : p =id, \ arbitrary.

Let A : Q, — S(Qn) be an arbitrary map and let p; = idq, for all j;
thus, 7(i,7) = (i, \:(j)), which is again clearly a permutation of Qp, whence

— (p,\) € Py. We assume, for simplicity, that Ay = id. Observe again that
%) = proip() = 3 = i) and that ¢5(7) = A,-1() = AG). so that
¢ = p,vv = X Again, by Remark 7, we have

LED (0,0) = (LP(@). A (@) = (LP(0). 25 @)
and hence, inductively, we see that
L = MUx a7t s x Ak

If G1 denotes the subgroup of S(2n) generated by {\; : i € Qn}, we see that,
in the notation of Proposition 10, Gy = {o X o x ---x o : 0 € Gy}, that the
equivalence relation on Q%; is the trivial one (o ~ f for all o, 3) - as a result of
the triviality of the p;’s - and if m denotes the natural representation of G; on C¥,
then Cy 2 (r @7 ®--- @ m)(G1)".

Here, too, it follows from Theorem 10 of [KSV] that the principal graph G has the
following description: let G be the bipartite graph with the set of even (resp., odd)
vertices being given by G0 = G} x {0} (resp., G = G x{1}), where G denotes
the collection of equivalence classes of irreducible representations of G, and with the
number of bonds joining (g, 0) and (71, 1) given by A(mg,m1) = (me®@m, m1) where
7 is the given representation of G; on CV. Then G is the connected component of
G containing (1,0), where 1 denotes the trivial representation of Gj.

Case (3) : This may be thought of as the tensor product of cases (1) and (2).
Suppose AV 1 Q; — S(Q4) and p® : Qy — S(Q) are arbitrary maps, where
O = {1,--- N1}, Q2 = {1,---, Na}. Again, we assume, for simplicity that )\go) =
id. Define Q = O x Qs and A\, p: Q — S(Q) by

)\(il,ig)(jlaj2) = ( (1> )
Pl i) = (i1, 02 (i2)),
so 7((ir,i2), (j1,52)) = ((i1,p% (1)), (A (1), j2), ); it is easy to verify that  is

a permutation of €7 x 5. The equations defining A and p show that

>\P<i1,i2)(j1,j2)(k17k2) = A(jl)jz)(kl’]@) - )\Pm ig) (d1,52) (kl’kQ)
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and that

pA(il,iz)(jhjz)(kl?kQ) = Pyt (jl)jz)(kl’IQ) = p(j1>j2)(k1’k2)

(i1,i2)
for all (i1,142), (j1,72), (k1,k2). It follows easily that ¢ = p, A = 4, and hence
from Remark 7 that

A N Vo I b

(irsin) = Mivsia) (i1i2) (i1,i2)” for all iy, 40, k.

Similarly,

pLE;_c) @) = po for all (i1,i2) € Q1 X Qo k > 1 and a € () x Qg)k.
21,2

Hence, the ~g-equivalence classes of (€ x €2)*, as described in Proposition 10,
may be identified with the sets B, = QF x {a € Ok : p¥ = o} for o in the
subgroup G® of S(Q;) generated by {p§»2) :j € Q2}. (In the above, we make the

natural identification (€1 x Q2)F ~ QF x O, and use the fact that p(a, a,) = p((fz).)

Similarly if we let G) be the subgroup of S(Q1) generated by {)\El) ci e M}
and let 7 denote the natural representation of G on CN* | we see that the group
G}, of Proposition 10 may be identified with @F (7 @ iden, )(GM).

From the preceding two paragraphs and the discussion in cases (1) and (2),
we see that in this case, the principal graph G has the following description : let
Gr (resp. ,C';g) denote the bipartite graph with the sets of even and odd vertices
given by ,C';:fe) = GW x {e} (resp. QNSE) = G x {e}), for e = 0,1, and
with adjacency matrix given by AW ((m,0), (71,1)) = (my ® m,m) (resp., by
A®((g0,0), (91,1)) = #{j € Q2 : gop\? = wygi,w € C,|w| = 1}); let G be the
bipartite graph with the sets of even and odd vertices given by G(¢) = Qfﬁ) X Qée),
for e = 0,1, and with adjacency matrix given by A = A @ A@)ie,,

A(((m0,0), (90,0)), ((m1,1), (91,1))) = AP ((70,0), (m1,1))A®((g0,0), (g1, 1)).

Finally, G is the connected component in G containing ((11,0), (12,0)), where 1;
denotes the trivial representation of G(!) and 1, denotes the identity element of
G2, O

6. THE CASE N < 3

Recall from the last paragraph of §2 that biunitary matrices u, @t € My(C) ®
Mn(C) are considered equivalent if there exist unitary matrices a,b,c,d € U(N)
such that & = (a ® b)u(c ® d). Tt makes sense, therefore, to call biunitary per-
mutation matrices u and u equivalent if there exist permutation matrices a, b, ¢, d
in My (C) such that @ = (a® b)u(c ® d). In terms of the corresponding elements

m < (p,A), T < (p,A\) € Py, it is not hard to see that the above relation takes the
following form.

Definition 11. If (p, A), (5, A) € Pu, say that (p,A) ~ (p,A) if and only if there
exist permutations p1, u2,v1,ve € S(Qn) such that \; = p1 0, ;) o ve and
Pj = H20 Pyy(jy o v forall i,j in Q.

By the way in which this equivalence was arrived at, it is clear that equivalent
elements of Py yield conjugate subfactors. In order to understand the partition of
Py into the equivalence classes given by the above definition, we proceed as follows:
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Suppose (p,A) € Py . Suppose there are [ (resp., r) distinct permutations in
the set {A\1,---An} (resp., {p1,---pn} ); call these permutations &1, --- , & (resp.,
M, ,nr),say. Let D; = {i€Qn: A\ = &forl<j<l and E; = {i¢€
Qy : pi = n;} for 1 < j < r. We shall write A\ = Zé _11p,(-)§; and

p = Z’; _11g,(-)n;, and call (#Dy,--- ,#D;) and (#FE, - --#E,) the partitions
of N induced by A and p respectively.
Lemma 12. Let (p,\) € Py, and let A = Ip, ()& andp = 377 _ 115;(")n;

=1
as above. Then, 3 !
(i) if (p,A) € Px and (p, X)) ~ (p, A) and if

7 Id
S ST Fpp
=1 i=1

are the corresponding decompositions of X and p, then [ = L, 7 = r, and
(#D1,- - #Dy) (resp. (#E1, - #E;)) is a permutation of (#D1,---#D) (resp.
(#E17 T #ET)); and

(ii) if

l
ov = [[D; = [] E
j=1 j=1

are any two partitions of Q1 such that #ljj = #D; and #Ej = #E;, then

there exists (p,\) € Py such thfzt (p, )\~) ~ (BN, A = Zl] _ 1115j(')§~j and
p = Z; _ 11Ej(')77j , where {&1,---,&} and {n1,---n.} are some two sets of
distinct elements such that §~1 = 1m = iday-

Proof. (i) If p1, M2, 1, V2 are as in Definition 11, then, after a possible re-labelling,

Dj = Vl_l(Dj), gj = M1 Oéj o Vg, Ej = 1/2_1(Ej), a~nd ﬁj = MH207); ONVl.
(ii) Pick permutations v1,vs € S(Qn) such that vy (D;) = D; and s(E;) = Ej.
Put py = 1/2_1051_1 and puy = Vl_lonl_l. Now define \; = p10A,, (50v2,p = pzo

Pus(j) © V1, and note that this (p, A) does the job. O

Corollary 13. If P\’ = {(p,\) € Py : A1 = p1 = iday}, then: (i) if (p, A) €

Py, there exists (p,\) € Py such that (p,\) ~ (p, \); in fact, we may choose (p, \)
so that #{i : Ni = iday} > #{i: N = o} and #{i : p; = iday} > #{i :
gi = o} forall o € S(ON); (i) if (p,N), (5, A) € P2, then (p, ) ~ (5, \) if and
only if there exist permutations v1,ve € S(Qn) such that N\ = 1/2_10)\;11(1)0)\,]1 (i)OV2

and p; = yl_l o p;zl(l) © Puy(j) © V1 for all i, j in Q.

Proof. (i) is an immediate consequence of Lemma 12(ii)

As for (ii), if p1,pe, 1,2 € S(Qn) are as in Definition 11, the assumptions
)\1 = )\1 = p1 = p~1 = id imply that id = ,u10>\1,1(1)01/2 = ,UQOpu2(1)OV1
and hence py = vy ' o )\;11(1) and iz = vy 'o 9;21(1)' O

In view of the corollary, we shall henceforth restrict ourselves to P, rather than
Py and think of the equations in Corollary 13(ii) as the definition of the equivalence.
In the sequel, if (p, A) € Py we shall use the notation A = (A1, A2+, An) and
p = (p1,p2, -+ ,pn). It is easy to see that PY consists of precisely three elements,
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which, in the above notation, may be written as :
(a) A = (idyid) = p;
(b) A = (id,(12)),p = (id,id);
(¢c) N = (id,id),p = (id, (12)).

All these three examples are covered by cases (1) and (2) of §5, and so we
find that the only principal graphs arising from permutation biunitary matrices in
M>5(C) ® M3(C) are given in Figure A.

(a) (b) and ()

FIGURE A

In fact, Lemma 12 shows that the three elements of P listed above are pair-
wise inequivalent, although the subfactors for examples (b) and (c) yield the same
principal graph.

Remark 14. Suppose (p, \) € PyY; suppose v € S(Qn) and \; = v~ o \; ov for
all i in Qn. Then, 3 g; € S(Qn),j € Qn such that (p,A) ~ (5, A) € P)Y . (Reason:
in the notation of Corollary 13(ii), let v» = v,y = id, and p; = p;(ll) ° Pu(j)-)

We assume, in the rest of this section, that N = 3.

Lemma 15. Let (p,\) € Ps. Then 3 (5, \) € PY such that (p,\) ~ (p,\) and X is
one of the following:

(i) X = (id,id,id);

(i) A = (id,id, (12));

(i) A = (id,id, (123));

(w) A = (id, (12),(13));

(v) X = (id, (123), (132)).

Furthermore, the five possibilities above are mutually exclusive.
Proof. Let v be the partition of 3 induced by A (in the sense described in the lines
preceding Lemma 12). We consider the three possibilities, vy = (3),v = (2,1),y =
(1,1,1).
Case (i) : v = (3).

In this case, if A\ = (id, id, id), it follows from Corollary 13(i) that there exists
p such that (p,\) ~ (5, A) and (5,\) € PY.

Case (ii) : v = (2,1).

Again, it follows from Corollary 13 (i) that there exists (p’, \') € PY such that
(p,A) ~ (p',N') , where X' = (id,id, o) for some o € S5\ {id} . Appeal now to
Remark 14 to deduce that there exists (5,\) € Py such that (p,\) ~ (o, \) and
A = (id,id, (12)) or (id,id, (123)) according as o is an odd or even permutation in

Sz \ {id}.
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Case (iii) : v = (1,1,1).

As before, we may assume that A\ = (id, A1, A2) with A\; # Ay and \; # id for
i = 1,2. Now consider three subcases depending upon the number k = #{i €
{1,2} : A; is an odd permutation}. If & = 0, then {A\, X2} = {(123),(132)}
and an application of Remark 14 shows that possibility (v) of the lemma occurs.
If ¥ = 2, one application of Remark 14 shows that there exists (p’,\) € P
such that (p,\) ~ (p/,N) and X' = (id,(12),7) where 7 = (13) or (23). Since
(12)(23)(12) = (13), we may (by another application, if necessary, of Remark 14)
assume without loss of generality that 7 = (13); i.e., the possibility (iv) of the
lemma occurs. If £ = 1, a similar argument to the one used in the case k = 2, but
now using the fact that (12)(123)(12) = (132), shows that there exists (p/, \') € P
such that (p,A) ~ (p/,X) and X' = (id, (12),(123)). Now set 1 = v = (12)
and define

Xio=vto (A1)~ o AL @ o v, pi = vt o (plyay) 0Pl o

Then (p,\) ~ (o, X) ~ (3, A), (5, A) € PY, and it is seen that A = (id, (12), (13));
thus the case k& = 1 also leads to possibility (iv) of the lemma.

Thus we have shown that the five possibilities are exhaustive; to prove that they
are mutually exclusive, we need to show that if (p,\), (5, A) € PY, if A # A and if
M\ € {(id,id, id), (id, id, (12), (id, id, (123)), (id, (12), (13)), (id, (123), (132))}, then
(p, \) is not equivalent to (5, A). In view of Lemma 12 (i), we only need to consider
two possibilities :

(a) A = (id,id, (12)), X = (id, id, (123));

(b) A = (id, (12),(13)), A = (id, (123),(132)).

The desideratum is a consequence of the observation that, in general, if (p, \),
(p, 5\) € PY.if (p,\) ~ (p, 5\), and if all the \;’s are even permutations, the same
must be true of all the ):Z-’s. O

We are finally ready to describe the equivalence classes in PY.

Proposition 16. Any element of P3 is equivalent to one and only one from among
the following list of 18 elements of PY :

(1) X = (id,id,id), p e {(id,id,id), (id,id, (12)), (id, id, (123)),
(id, (12), (13)), (id, (123), (132))};
(2) X = (id,id, (12)), pE {(zd id,id), (id,id, (12)), (id, id, (13)),
(id,id, (123)), (id, (12>77’d)7( ,(12),(13))};
(3) A = (id,id, (123)), pe {(id,id,id), (id,id, (12))};
(4) A = (id,(12),(13)),  pe {(id,id,id), (id,id, (12)), (id, (13), (12))};
(5) A = (id,(123),(132)), pe {(id,id,id), (id, (132), (123 ))}

2)
Proof. In view of Lemma 15, it suffices to prove that if (p7 A) € PP, and if X belongs
to the set {(id, id, id), (id, zd,( 2)), (id, id, (123)), (id, (12), (13)), (id, (123), (132))},
then there exists a unique p such that:

(a) (p,A) ~ (p,A) and (b) (p, ) satisfies one of the conditions (1) — (5) above.

(1) If A = (id,id,id), the proof of the assertion is exactly like the proof of
Lemma 15, with p in place of A of that proof. One only needs to observe, further,
that if (p,\) ~ (5, \), (p,\), (5, A) € P9 and A = (id, id,id), then necessarily
A = X (because of Lemma 12).
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(2) Suppose A = (id,id,(12)). In this proof, and in the sequel, we shall
sometimes denote an element m € P% by an N x N matrix with (i, j)-th entry
n(i,j). (Note that in order for a permutation 7= € S(Q%) to be biunitary, it is
necessary and sufficient that its matrix representation has the following features:
along the ith row (resp., jth column), the second (resp., first) coordinates yield
a permutation of Qy, namely \; (resp., p;).) Thus, if 7 < (p,\) € P?, with
A = (id,id, (12)) we see that 7 has the form

11 %2 3
T = 21 %2 %3
32 %1 %3

Since m € S(Q3 x Q3), we see that the (3,2)- entry of the above matrix must be 31;
thus ps € {id, (12)} and p3 can be any element of Ss.

Suppose now that (p, A) ~ (5, A). Then there exist v1, v as in Corollary 13 (i),
with A = A. Then, we find that \; = u;lo)\;ll(l)O)\Vl(i)oyg and g; = Vl_lop;zl(l)o
Pus(s) © V1, for i = 1,2,3. Since {1,2} and {3} are the ‘sets of constancy’ of A, we
find from Lemma 12(i) that necessarily v4 ({1,2}) = {1,2} and v1(3) = 3, whence
v1 = idor (12); in particular, (12) = A3 = V2_10)\;11(1)0)\,,1(3)OV2 = vy (12)we,
and so v fixes 3, i.e., also vo € {id, (12)}. Thus, (5,A) ~ (p,A) and (p, ) € P¥ if
and only if p; = vy'o p;;(l) 0 Py, (i) © 1 where vy, vy € {id, (12)}.

This says that for A = (id,id, (12)),(p,A) ~ (p,A) € PY if and only if p €
{p = (Zda p27p3)1 (Zdv p2_1a p2_1p3)1 (Zdv (12)/)2(12)1 (12)p3(12))7 (Zda (12)/)2_1(12)’
(12)p5 ' p3(12))}. Recall that (p,\) € PY if and only if po € {id, (12)} and p3 is
arbitrary. Deduce finally that :

(a) ((idv id, p3>7 A) ~ (ﬁv A) € P?E)
op = (id,id,m), where 7 € {ps, (12)p5(12)};
and
<p = (Zdv (12)1 U)v where o € {p3a (12)03793(12)a (12)p3(12)}
This finishes the proof of Case (2).

(3) Suppose A = (id,id, (123)). If 7 < (p, \) € PJ, then the matrix representa-

tion of m has the form
11 %2 %3
T o= 21 %2 %3
32 %3 x1

Since m € S(Q3 x Q3), we argue first that the (3, 3)-entry must be 31; since p3 €
S(€3), this implies that ps € {id, (12)}; since m € S(23 x Q3), this implies that the
(3,2)-entry of m must be 33, whence also py € {id, (12)}.

Next, (p,A) ~ (p,A) € PY if and only if there exist vy, 9 € S(€23) as in Lemma
13(ii), with A = . Argue as in Case (2) above; we see that this forces v €
{id, (12)} and vy € {id, (123),(132)} (since no odd permutation commutes with
(123)). Thus (p, ) ~ (p,\) € PY if and only if g; = v;* 09;21(1) 0 Py, (i) © V1, Where
1 € {id, (12)} and v, € {id, (123), (132)}.

It is not hard to deduce from this that ((id,id, (12)),\) ~ ((id, (12), (id)), A) ~
((id,(12),(12)), A). This finishes the proof of Case (3).

(4) Suppose A = (id, (12), (13)). We then find, arguing as in Case (3) above, that
(p,A) € Py if and only if p; = id, pa € {id, (13)} and p3 € {id, (12)}; i.e., there are
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only four possibilities: p € {(id,id,id), (id, (13),id), (id,id, (12)), (id,(13),(12))}.
Of these, we find, by Lemma 12, that the first, third and fourth possibilities are mu-
tually exclusive; on the other hand, the second and third possibilities are equivalent,
since if p = (id, (13),id) and p = (id,id, (12)), and if we put 1 = vy = (23),
we see that \; = vy 'o )\;11(1) oAy, () ove and p; = vt 09;21(1) O Puy(iy o V1 for all .

(5) A = (id, (123), (132)).

In this case we find that (p,\) € PY < p € {(id,id,id), (id, (132), (123))} and
the two possibilities are inequivalent by Lemma 12(i). O

For the sake of convenience of reference, we list the 18 inequivalent cases below;
in each case, we write the matrix representations of = and 7—!; the description of
the matrix for 7~! immediately yields the ¢ and 1 in each case - and we observe
the striking fact that in the first 17 of the 18 cases, we have A = ¥,¢ = p!
Further, in those cases where A\; = idq, for all ¢ or p; = idq, for all j, we also
display the principal graph (as per the analysis of §5). Other principal graphs will
be given later.

(1)
11 12 13
T=nt=1]21 22 23|,
31 32 33

A = (id,id,id) = ¢, p = (id,id,id) = ¢. Principal graph:

FIGURE 1
(2)
11 12 23
T= |21 22 13 | =x"1;
31 32 33
N o= (ididid),p = (idid,(12));¢7" = (idid,(12),¢~" = (id,id,id).
Principal graph:
FIGURE 2
(3)
11 12 23 11 12 33
T= |21 22 33| ;x ! =21 22 13 |;

31 32 13 31 32 23
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A = (id,id,id),p = (id,id,(123));¢~' = (id,id,(132)),9~r = (id,id,id).
Principal graph:

FIGURE 3

11 22 33
T= |21 12 23 | =71
31 32 13

A = (ididid),p = (id,(12),(13));¢~" = (id,(12),(13)),¢~" = (id,id,id).
Principal graph:

FIGURE 4

11 22 33 11 32 23
= |21 32 13| ;7' = |21 12 33 |;
31 12 23 31 32 13

A = (id,id,id),p = (id, (123),(132));6~" = (id, (132),(123)),%~" = (id, id, id).
Principal graph:

FIGURE 5

32 31 33

N o= (idyid,(12),p = (ididyid);¢~" = (id,id,id),p~t = (id,id,(12)).
Principal graph: same as Case (2)

11 12 13
T= |21 22 23 | =71
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11 12 23
7=t =21 22 13 |,
32 31 33
AN=p=¢"t =yt = (idid, (12)).

11 12 33
T= |21 22 23 | =71

32 31 13
A = (id,id, (12)),p = (id,id,(13)); 0~ = (id,id, (13)),4~" = (id,id, (12)).

(9)
11 12 23 11 12 33
T= |21 22 33| ;7' =21 22 13 |;

32 31 13 32 31 23

A = (id,id,(12)),p = (id,id,(123));¢~! = (id,id,(132)),9~' = (id,id,(12)).
(10)
11 22 13
™= |21 12 23 | =71
32 31 33
A = (id,id, (12)),p = (id,(12),id); ¢~ = (id,(12),id),v~' = (id,id, (12)).
(11)
11 22 33
T= |21 12 23 | =71
[ 32 31 13 ]
A:? ?d,ut(12»,p = (id,(12),(13)); 6% = (id, (12),(13)),9~! = (id,id, (12)).
12

32 33 31 33 31 32

N = (id,id,(123)),p = (id,id,id);¢~" = (id,id,id), =" = (id,id,(132)).
Principal graph: same as Case (3)

(13)
11 12 23 11 12 23
T= |21 22 13| ;7' =121 22 13 |;

11 12 13 11 12 13
T= |21 22 23| ;7' =21 22 23 |;

32 33 31 33 31 32
N = (id,id, (123)),p = (id,id,(12)); =" = (id,id, (12)),9~" = (id,id, (132)).

(14)
11 12 13
T = |22 21 23 | =71
33 32 31

A= (id,(12),(13)),p = (id,id,id);¢~" = (id,id,id),y~' = (id,(12),(13)).
Principal graph:
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FIGURE 14
(15)
11 12 23
T= |22 21 13 | =71
33 32 31
A = (id,(12),(13)),p = (id,id, (12));¢" = (id,id, (12)),%~" = (id, (12), (13)).
(16)
11 32 23
T= 122 21 13 | =71
33 12 31
A= (id, (12),(13).p = (id,(13),(12);¢™" = (id, (13),(12)),0"" = (id, (12),
(13)).
(17)
11 12 13 11 12 13
T= 12223 21| ;x ' = |23 21 22 |;
33 31 32 32 33 31

A = (id, (123),(132)),p = (id,id,id);¢~" = (id,id,id),y~" = (id, (132),(123)).
Principal graph: same as Case (5)

(18)
11 32 23 11 33 22
T= (22 13 31| ;7 t=]232 21 13 |;
33 21 12 23 12 31

A = (i, (123),(132)),p = (id,(132),(123)); 671 = ((23),(13),(12)),¢~" =
((23), (12), (13)).

We conclude this section with some useful facts about a special class of biunitary
permutation matrices. (Some of these facts are true for more general permutation
biunitary matrices, but we will not need that here.)

Proposition 17. Assume (p,\) € Py satisfies \; = \' = i, pi = p;' = ¢
for all i € Qn. Then the following hold :
k
(a“) L(w )(CY> = (Aw(a1)7 )\pal($)(a2>7 )‘pazpal(m)(a?))a e 7)\pak71~~~pal(m)(ak)) fO'I“
all z € Qn,k € N and a € Q% ; in particular, if (a,7) € va‘” where a € QF, and
v € QlN, then, for all x € Qp,

LD () = (L(’“)(a),L(Ql(m)(V))-

z Pa

2
(b) L = idgr, for all x € Qk..
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(c) If a, B € QK and ~y, is the equivalence relation considered in Proposition 10
then

o~ = orallneN x1,29,-++ ., Qn.
BBS PO Lm W@ = PLOLE.LE s f €N zy, 0, 20 € QN

(d) If a € Q%;, then (o, a,a) ~p+2 (a,b,b) for all a,b € Q.
(e) If a, B € QK and v € O, then

an~g Be (a,7) ~e (B,7) € (7, @) ~igr (7, 6).

Proof. (a) Begin by recalling (cf. Remark 7) that the hypothesis implies that, for
keNace Qéﬂv,a,x € Qn, we have
9) LY (a,a) = (LW (), Aty (@));

x

it follows easily by induction that
L(zk) (0‘) = ()\13(&1), >\Po<1 (w)(O‘Q)v T 7)‘pak,lpak,2~'pa1(m)(ak));
this equation is easily seen to imply that if o € Ok, v € Qf; and z € Qy, then

LD () = (L(’“)(a),LEfL@)(V))'

x

2
(b) Since Lg) = A1 = )\, it is clear that Lg) = idg,Vr € Q. Suppose

2
we have shown that L(mk) = idﬂ’fv . Then, it follows from equation 9 that, for

a € Q’fv and a,x € Qy, we have

L¢%(a,a0) = L(fﬂ)(L(k)(a)a)‘pal(m)(a)) = (LY (@) A, @)z (@)(@);

x

appeal now to Proposition 6(iii) (which says that p;(lk)(
+ (a

(@) = ¢t (@) = pa'(a)

the induction hypothesis and the assumption that \;* = idg N forall i € Qn to
2

deduce that, indeed, Lgﬁl) = idQl]c\,+l.

(c) By definition of the equivalence relation ~j (and (b) above), we have, for
a, B e Qk,
an~g e PLOLE 1) () = PLOLE LY (9) VneN,z, -, Tontr € Q.

On the other hand, we noticed in the proof of Lemma 8 that o ~; 5 = ¢ = ¢3.
Also if z1, 29, - - T2, € Qp, the definition of ~; and (b) above show that

an~ 3= L;’i) . ..Lé’;)n(a) ~ L;’i) L) ()

T2n

hence a ~; 0 = QSL;IICI)___L;;; Vri,20--- , 29, € Qn. Since

e =L o)
¢ = p, this finishes the proof of (c).
(d) Two applications of equation 9 show that, for all a € QX a,z € Qy,

LE (,a,a0) = (LP (), A 214 (@), A, ,o10)(0));

but since A\ = ¢ and p = ¢, it follows from Proposition 3(iii) that
-1

Mpupa @ (@) = Aoy (@) = Y0 (@) = A(a)

hence

ngk+2) (a,a,a) = (L:(Ek)(a)v )\pgl(z) (a), )\pgl@)(a)).
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Thus, if a € Q’fv and a € Qp, we find that, for all z € QN,LECkH)(a,a,a)
has the form (Lgck)(a), a’,a’) for some a’ in Qpy, which implies, in particular, that

PLE+D (qaa) = PL® () Repeated application of the above fact shows that

PLEDLED L8P (@a0) T PLELE L8 (@)
n € N. This proves (d), since PLEEFD) LD (4 g q) 19 independent of a.

for arbitrary z1,--- ,x, € Qn and

(e) Suppose first that o ~j . Then, by (a), we have
LD (ayy) = (L) L8, (),

x

so that pngkH)(oz,w) = pL(zk)(oz)pL(ll (V); but « ~ ﬂ = Pa = ¢a = Q‘)B = pg;
Pa

L)
thus, a ~y, 8 = LY (0,) = (L8 (a),7') and L (B,9) = (L (8),) for
some ', and P . It follows that if n € Nand x1, - - -, € Qn,
then

an) — PLiED(5,4)

k+1 k+1 k k ~
LD L (0, y) = (LE - L) (), 9)
and

LEFD LD y) = (LB - L (8),5),

] Tn
for some ¥, and hence (a,v) ~g+1 (8,7). In a similar manner, we have, for any
x € Qn, L&k“)(% a) = (ngl)(v),Lfﬁ)l(ac) (@), and we may deduce that (v, &) ~i4x
(v, B)-

Now for the more important cancellation assertion of the reverse implication. To
start with, if (o, y) ~x11 (8,7), then papy = pay) = PB,y) = PpPy, Whence
Pa = pg; hence, for z in Qy, we see that if ' = Lp;1(m)(*y) = LPE1($)(7),
then Lng)(a,y) = (Lgk)(a),v') and L) (B,7) = (Lgk) (8),7"); the assumpion
(o, ) ~k+41 (B,7) implies that PLOAD () = PLEFD (5.1 and hence, as before, that

PL® @) = PL® (g It follows easily that PL® L) = PLE.L® () for all
T, , &y € Qp, ie., that o ~; 8. The proof of left-cancellation, i.e.,(y, ) ~j4x
(v, 8) = a ~y, 3, is similar. 0

Corollary 18. Suppose (p,\) € Py satisfies the conditions of Proposition 17.
Then,

(i) if A = {(a,a):a€Qn}, then LECQ)(A) C A for all x in Qn;

(ii) if Xp = {a€Qk :a; # aip1 for 1 <i <k}, k>2, then L;k)(Xk) C Xi
for all x in Qpn.
Proof. (i) We have

LP(a,a) =

(il) Write @« = (8,7,6) where 8 = (a1, -+ ,i—1),7 = (o, @i+1) and § =
(g2, -+ ,ak). Then a € X = v € A = Ly(f)(*y) g Aforally € Qn (by (i)
above); but LY () = (ZYVB), L%, (7),L%77Y (6)); hence LY () has

Pzt @) T p g ()
distinct coordinates at places ¢ and ¢ + 1. Since ¢ was arbitrary, this shows that

LY (x,) C Xp. O
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7. THE FINITE PRINCIPAL GRAPHS, WHEN N = 3

In the last section, we obtained 18 special permutation biunitary matrices, when
N = 3, such that every permutation biunitary matrix, when N = 3, is equivalent
to one from among these 18. Also, the principal graphs of the cases numbered
1—-6,12,14 and 17 were described. In this section, we compute the principal graphs
of the cases numbered 7 — 10,13 and 18, and show that the graphs are finite. (We
also observe, at the end of this section, a sufficient condition, for general N, for the
principal graph to be finite.) In the next and final section, we show that two of the
remaining cases - namely, cases 11 and 15 - correspond to infinite depth subfactors,
and give some idea of what the principal graphs look like. About the last remaining
case, numbered 16 in our list, we say nothing, as we know nothing beyond the first
two relative commutants in that case.

As is to be expected, all the computations are based on Proposition 10, and we
shall use the following notation in the rest of the paper: for k = 1,2,---, we
write G, (resp. Gy) for the subgroup of S(Q%) generated by {Lgck) sz € Qn}

-1
(resp. {Lgck) Lék) cx,y € Qn}); for a, B in QK we write o ~p 3 if and only if
PLE¥ (o) = PL® (0(8)) for all z in Qx and o in Gg; finally, for a in Qﬂ“\,, we write
Hjo = {0 €Gr:0(le]) = [0]}, where [a] = {B€ Ok : 8~ al.
Case (8) : A = (id,id, (12)) = ¢,p = (id,id, (13)) = ¢.

This case is covered by Proposition 17. Note first that p,(2) = 2 for all x € Qg,
hence also p,(2) = 2foralla € Q5 k > 1; since Ay = id, this implies - cf.
Proposition 17(a) - that Lgk) = idgy, and hence Gy = Gy.

Note next that A\, (3) = 3 for all z; it follows that if & € Q§ and o = (w1, 3, wa,
3,-++), where wy, ws, - - - are (possibly empty) words in 1 and 2, then - since clearly
py = (13)0) for all v € QF, where l3(y) = #{i:1<i<m,y = 3}—it
follows that

Lgk)(a) = (w1,3,u72,3,w3,3,u74,3, o )
and

Li(%k)(a) = (Uj173,lU2,3,ll73,3,lU4737 v ')7
where w; is obtained by changing each 1 (resp. 2) in w; to 2 (resp. 1). It
follows that Lgk),Lgk) and Lgk)Lgk) are all elements of order 2, and hence that
Gr = {idgy, L LY LV L} = 7, x 2, for all k > 2 (and Gy & Zy).

The above description of the L{’s shows that lg(L(f) (o)) = I3(a) for all z,
whence p, = PL¥) () = Po(a)Vo € Gy; it follows that o ~ 8 < I3(a) = 13(5)

(mod 2), and hence Q% splits into two equivalence classes Ej and Oy, where Ej
(resp. O) is the set of those a’s in Qf with an even (resp. odd) number of 3’s
appearing in it. It should be clear that Ery; = (Ex x {1,2}) 11 (Of x {3}) and
Ok+1 = (Ok X {1,2}) II (Ek X {3})

Further, the above description of Lgck), r = 1,3, shows that

a)

k+1 k . k+1 k
Lt ﬂEM = .\ xid, L§ ﬂEka} = L x (12),
(k+1) _ (k) . (k+1) _ (k)
Ly logxizy = Ly x id, L; lopxingy = L™ x (12),
Ly = ¥ xia, LYY = LY xid
1 | £, % {3} 1 3 0441 3
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(In particular, each of the equivalence classes Ey and Oy, is invariant under Gy, and
so Hiy) = Gy for all a € Qf.)

Note now that if 7 is a representation of G, on an inner product space V, if we
write Ve, e = {v €V W(Lgk))v = 61U,W(L§k))v = egv} for €1,e3 € {1,—1} and
if we let pe, ¢, denote the orthogonal projection onto Vi, ,, then {pe, e, : €1,€3 €
{1,—1}} is a set of minimal central projections in 7(Gy)'.

The foregoing remarks, together with Proposition 10, are seen fairly easily to
imply that the Bratteli diagram for the inclusion of Cj in Ci41 (where Cf embeds
in Ciy1 via ¢ — x ® 1) is given, when k > 2, by the following:

E,y. By E, E_ Oy O, Oy O

FIGURE 8

We may now conclude that the above graph is the principal graph for the sub-
factor, since: (a) it has norm 3, and (b) it should be a subgraph of the principal
graph.

Case (7): A = p = ¢ = ¢ = (id,id, (12)).

This case is also covered by Proposition 17. Note first that p,(3) = 3 for all ©
in Q3; hence also po(3) = 3 and p,{1,2} = {1,2} for all o € Qk k > 1; since
M = X = ddand A\s = (12), it follows that L = L# = id and
Lék) = (12) x (12) x - - - x (12) (k terms). Hence G}, = G = {1,L§k)} & Zs for
all k.

Also, po = (12)B8( for a € QF , where I3(a) is as before; it follows from the
above description of G that also p, = Po(a) for all ¢ in G. Hence a ~ 0 <
I3(r) = 13(B) (mod 2).

As in Case 8, we see that there are precisely two equivalence classes Fy and Oy
in Q’?f, these sets having the same description as before. Further, each of Ej and
Oy, is stable under G; we have Exy; = (Fr x {1,2}) 11 (O x {3}) and O41 =
(B x {3}) 11 (O x {1,2}); also, L$™ = LPF x (12).

Since any unitary representation m of G on V has two isotypical subrepresen-
tations corresponding to the subspaces given by Vi = {v eV : W(Lgk))v = +u},
we may deduce, as in case 7, that the principal graph is given, in this case, by
Figure 7.

Case (10) : A = (id,id, (12)) = ,p = (id,(12),id) = ¢.

This case is also covered by Proposition 17. Begin by noting that p.(3) = 3
for all z; hence po(3) = 3 for all «, and so Lgk) = (12) x (12) x ---(12) (k
terms). Also po{1,2} = {1,2} for all @ and \y = A2 = id, which implies
that Lgk) = Lgk) = id. Hence, again, Gy = G = {id, Lgk)}. Also
po = (12)2(0) where, as before, we set I,(a) = #{i : a; = z}; on the
other hand, p, @) ) = (12)1(®); we conclude that o ~;, 3 < I1(a) = 11(3) (mod
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E, E_ O, O_

FIGURE 7

2) and lz(a) = I2(B) (mod 2). Hence, Q% splits into four equivalence classes EZ-(J@,

i,j € {0,1}, where EZ(Jk) = {a € Q% :li(a) =i (mod 2), la(a) = j (mod 2)}.
Notice that Eég) and Eﬁc) are stable under G} whereas G, maps Eé]f) to EYS) and
vice versa. It follows that
ey - G, ifaeER UED,
1), ifacEPUEP.

Notice next that
k k k k
Byt = (B, < DD TED, < ) T(ER < (3)),

K3

where + denotes addition modulo 2. Since Lékﬂ) = Lgk) x (12), and since the
groups in question are Zg and (1), we may deduce, as in the earlier cases, that the
principal graph is given thus:

Ef, Egy E10.01 Ef Eg
Ef Ey E10,01 Ef, E;
FIGURE 10

Case (18) : A = p~1 = (id, (123),(132)),¢ = ((23),(13),(12)),v = ((23),(12),
(13)).

First consider the case k = 1. Since p, # py for = # y, we see that z ~q
ye o = yforzy e Qs Further, since Lg) = ;! we find from the above
description of ¢ that G; = As,G; = Ss. Since G acts transitively on Q, it

follows that in this case, C; = C.
Next, letting k& = 2, use the definitions and find, after a small computation,

that, in terms of their decompositions into disjoint cycles, the permutations Léz) of
0% are given by

L¥ = ((2,1)(3,2) ((2,2)(3,3)) ((2,3)(3,1)),
LY = ((1,1)(2,2)) ((1,2)(2,3)) ((1,3)(2,1))
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and
L = (1L1)3,3)) ((1,2)(3,1)) (1,3)(3,2)).

If weset Ay = {(1,1),(2,2),(3,3)},A1 = {(1,2),(2,3),(3,1)} and Ag =
{(1,3),(2,1),(3,2)}, we find that :

(a) po = (123)7 ifa € Aj for j = 0,1,2; and

(b) Lﬁ’(Aj) = Ajforallz € Q3andj = 0,1,2.

It follows easily that Ag, A1, Ag are the distinct equivalence classes in Q3.

Note that G4 is the subgroup generated by {L(2 (2) L(2 §2)}. From the above
formulae for the L% )’s, we find that L§2)L§2 and LQQ)Lg ) have cycle decompositions
given by

LPL = LPLY = ((1,1)3,3)(2,2)) ((1,2)(3,1)(2,3)) ((1,3)(3,2)(2, 1))

It follows now from Proposition 10 that Co ~ (C®CaC)d(CaCaC)a(CaCal).
Hence the Bratteli diagram for C; C Cj is given by :

FIGURE 18

Since this graph has norm 3, we see as before that this agrees with the principal
graph (except that the vertices at the lower level are now the even vertices).

Case (9) : A = ¢ = (id,id,(12)),p = ¢ = (id,id, (123)).

Since A = Y and p = ¢, it follows from Remark 7 that L;kﬂ)(a,a) =
(L( )( ), )\_,1( )( a)) for all k > 1, € QF and a,z € Q3. Since \,(3) = 3 for all
y, it follows from the previous equation that if o € Q5,1 < k and oy = 3, then

(Lgck)(a))l = 3. Since po, = (123)3(®) with I,(a) = #{i:; = 2} as before, it
follows that PL¥ (o) = Pa for all a in Q’g and = € (3; hence po, = py(qa) for all o €
Gy Tt follows that a ~, 3 if and only if I3(a) = I3(3) (mod 3). Hence, Q¥ splits into
three equivalence classes {Ej(k) :j = 0,1,2}, where EJ(-k) = {ae:lza)=j
(mod 3)}; then, if a € EJ(.k), it follows that p, = (123)7; in particular, we also see
that B\ = {a € Qf:po = (123)7}.

Notice next that if z,y € Q3, then, since py) = po for all o in G, we have,
for k> 1,a € QF and a € Q3,
LELE D (00) = LEDEE @), N L (0)
= (k) (k) - -1
(Ly L7 (@), A ;(lk)(a)(y))\figl(ﬂ(a))

- (k) 1 (k) - -1 .
(Ly7 L3 (e ))\ 1(y))\pal(m)( @));
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since \jA; = AjA; for all 4,5 , it follows by induction on £ that Lgck) and Lék)

commute. Also, since \? = idgq, for all i, the above equations show , in addition,
2

that L~ = idgy for all k, and for all z. It follows, in particular, that, for all

k, G, = {idgxg,Lgk)Lék),Lgk)Lgk),Lgk)Lgk)} is a group of involutions; it can be
seen that when k = 2, the four elements above are distinct, and hence we see that
Gy, ~ 7o X Zo for k > 2.

Notice next that for any £k > 1and j = 0,1, 2, we have

(2k+1) (2k) (2k)
E; = (Ej x{1,2}) 10 (Ej+2 x {3}),

where + denotes addition modulo three. Notice too that Lgkﬂ)

|E;2k) x{1,2}

L % A123)-5(a) and that LE*Y, = LY xid.

5% 13y
J
If we now use the fact that any representation of Zy x Zo breaks up naturally
into four isotypical subrepresentations we may deduce that the Bratteli diagram
for the inclusion of Cyy into Cagyq ( via z — 2 ® 1) is given thus:

0 O pO O O g0 p0) p0) @ @ @ @)
e B® g9 9 g g0 Y Y E® E® E® E

FIGURE 9

(We use the convention here that if V' is a representation space for Gy, then
Voo = {veV: W(Lgk)Lgk))v = ¢ and W(Lgk)Lék))v = e} for €1,e €
{=1})

Case (13) : A = (id,id, (123)) = ¢,p = (id,id, (12)) = ¢.
As before, since A\ = ¥ and p = ¢, we have the inductive formula
L (a,a) = (LP(a), 1) (a).

Notice now that po(3) = 3 and po{1,2} = {1,2}, whence )\;,11(3) = (132) and
A;,ll(m) = id for x € {1,2} and for all «; it follows that, for all &, Lgk) = Lék) =

idgy and LY = (132) x (132) x - x (132) (k terms), and so
~ 2
Gr = G = {idQ’g y Lgk)7 Lgk) }

Note next that p, = (12)3(®) for a in QF, k > 1, where, as before, I, (o) = #{i :

2
a; = x}. Clearly Is(L{(a)) = Ii(a) and I5(LP (@) = Ia(a), and so we
find that o ~; B if and only if l;(«) = 1;(8) (mod 2) for x = 1,2,3. Since
Ii(a) + la(a) + I3(a) = k, we see that @ ~; 8 < l1(a) = [1(B) (mod 2) and
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la(a) = lo(B) (mod 2). Thus, we see that QF splits into four equivalence classes
E™ 0<i,j <1, where El(f) = {a € Qb :li(a) =i (mod 2),lz(a) = j (mod 2)}.

17
Since l3(a) = I (a) +l2(a) + k (mod 2) for a € O, it follows that L§" (EY)) =

Ej(l?ﬂ ik (where + denotes addition modulo 2). It follows that if k is even, then
E) is stable under G while LY (EF) = EW and L(EX) = EP; thus,

when £ is even, we find that Hj,) is Gy or {1} according as to whether a € E(()Ig)

or a € Eéllﬂ) U Eﬁc) U EYS). Similarly, if k£ is odd then Eﬁc) is stable under Gy,
Lék) (Eé]f)) = Ef’g) and Lék) (EYS)) = E(()Ig), whence Hi,) is G or {1} according
as to whether a € Ef’f) ora € Eé]f) U EYS) U E(()Ig).

Notice the obvious identity

2k+1 2k 2k 2k
BFY = (B < 3 WES < () (EZY, x {2))
where + denotes addition modulo 2.

Since a typical representation of Zg splits into three isotypical summands, it is
not too hard to see now, in view of the foregoing analysis and Proposition 10, that
the Bratteli diagram for the inclusion of Coy in Coyy; (via 2 — x ® 1) is given, for
k> 1, by:

Eoo,1 Eoo,w Eyom Eo1,11,10
Eiiq Eiiw Fig Eo1,10,00
FIGURE 13

Remark 19. Suppose (A, p) € Py, and G, G}, are the subgroups of S (k) discussed
earlier. By definition of the Lgck)’
ék+1 into Gy, which maps Lgﬁ'l) to L;k) for all z in Qn. Let G denote the inverse
limit of the sequence {G}, : k > 1}. If it turns out that G is finite, it is not hard to
deduce from the definition of ~; and Proposition 10 that the principal graph must
be finite. (In fact, we suspect that the above condition is also a necessary condition

for the principal graph to be finite.)

s we know that there is a unique epimorphism of

8. TWO INFINITE-DEPTH SUBFACTORS

In this section, we discuss the cases numbered 11 and 15 in the list of §6. We
show that in both cases the principal graph is infinite, and give a partial description
of the graph in Case 11 and a complete description of the graph in Case 15.

Both these cases are covered by Proposition 17, and hence the conclusions of
that proposition are valid in these cases.

We shall find it convenient to work with the limiting case ¥ = oo in the following
sense : for z in €3, we consider the transformation L, of the sequence space Qf

defined by the requirement that (L,a)y = Lé’%k], where we use the symbol
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Bk to denote the truncation, to the first & coordinates, of the infinite sequence 3.
Thus, by Proposition 17 (a), we have
(10) Lya = (>\$(O‘1)1 >\Po<1 (z) (a2)7 M) Apakfl'”/)al () (ak)’ e )

It follows easily from the fact that each L% is an involution - see Proposition 17
(b) - that L2 = idgy for all z € Q3; in particular, L, € S(QY) for all x € Q3. As

in the case of finite k, we define G (resp., G) to be the subgroup of S(Q}) generated
by {Ls:x € Q3} (rvesp., {LyLy : 2,y € Q3} ).

Before proceeding to a discussion of the cases 11 and 15, we pause to record a
simple fact that will be of use in both cases.

Lemma 20. Let (X, p) € P\’ satisfy the hypothesis of Proposition 17; then for any
k>1,a0€ Ok acQy, it is the case that (o, a,a) ~p42 (a,a,a).

Proof. By induction (and the easy half of the cancellation rule - see Proposition 17
(e)), it suffices to consider the case k = 1; but if b € Q, then by Proposition 17
(d), we have (b, a,a) ~3 (b,b,b) ~3 (a,a,b). |

Case (11) : A = (id,id, (12)),p = (id,(12),(13).
We break the argument into a sequence of lemmas.
Lemma 21. If a € Qf and | € N, then
ap = 3 (L), = 3 forall x € Q3.
Proof. Since A;(3) = 3 for all z € Qg, this follows from equation (10). O
Lemma 22. a € Q5. k> 1= (o, 1,2) ~pia (0,2, 1).

Proof. Let {a,b} = {1,2}. Then, since A, ) = A, for all y € Q3, we have, for
any x € {23,

LI;+2 (CY7 a, b) = (Lgck)% )‘PZl(w) (a>’ )\Papgl(w) (b>>
(L0, X1y (@) Ay ) (B)):

since A\, {1,2} = {1,2} for all y € Q3, we see that L+ (a,a,b) = (Lg’%, a',b)
for some o', such that {a’,b'} = {1,2}. It follows that for any n > 1 and
L1, ,Tn € Q37

Li’i“)Lé’Z*”---Lé’i”’(a?aab) = (Lk Lk ...LF

/AN
Tr1 T2 :Ena7a’7b)7

where {a’,0'} = {a,b} = {1,2}. Hence, as p1ps = p2p1 = (12), we see that
PLUD [ 042 (g gy = PLE LE Lk (@) (12)

and the lemma is proved. O

Lemma 23. If o € Q5 k > 1, there exists o/ € QF such that o ~j o/, and o has
the form

(11) O/ = (w1737w2737w3737"'>

where each w; either is non-existent or is one of the following ‘words’ involving only
land2 :w; = (1) orw; = (2) orw; = (1,2) orw; = (2,1); further, if some
w; s the ‘empty word’, then so also is every w; for 1 < j <4i.
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Proof. Begin by locating all the 3’s in a and writing « in the form given for o’ in
equation (11), with each w; being a word involving only 1 and 2. Then, by Lemma
22, we may assume that if some w; is non-empty, then without going out of the
~p-equivalence class of a we may assume without loss of generality that w; is a
string of p ('say ) 1’s followed by a string of ¢ (say) 2’s, where p,q > 0. Then, using
Lemma 20, we may even assume that p,q < 1. (Reason : if p = 3 for instance,
then we may move two 1’s all the way to the front, and then those two 1’s may be
replaced by 3’s in view of Proposition 17 (d).)

This shows that a ~ o/ where ' is as in equation (11), where each w; is either
empty or (1),(2) or (1,2). The final assertion, about being able to move all the
empty words all the way to the front, is an easy consequence of Lemma 20. O

Definition 24. An element & € Qf will be said to be reduced if & is as in equation
(11) where the ‘words’ w; satisfy the conditions described in Lemma 23.

Two reduced elements will be said to have the same configuration if either
of them can be obtained from the other by ‘flipping’ some of the words to their
‘opposites’, where the words (1) and (2) are considered to be opposites of one
another, as also are the words (1,2) and (2,1).

For example, with k& = 6, the element « = (1,2,1,3,2,1) is not reduced, but
it is equivalent to the reduced word & = (3,3,2,3,1,2); the set of reduced words
with the same configuration as & is {(3,3)} x {1,2} x {3} x {(1,2),(2,1)}.

Lemma 25. Leta € Q’g be reduced; suppose there are precisely I non-empty ‘words’
in «; then the set {{a}} of reduced words with the same configuration as « is a set
with precisely 2 elements which is invariant under the action of the group Gi..

Proof. Clearly the set {{a}} has cardinality 2, and it is invariant under the action
of G, in view of Lemma 21. O

Lemma 26. . Letk = 2n+1, and let a9 = (1,3,1,3,---,1,3,1) be the unique
reduced element of Q3" with (n+1) coordinates equal to 1. Let Xopt1 = {{ao}}
be the set of reduced elements of Qg"“ with the same configuration as ag. (Thus
Xont1 = {0 € Qg"“ : 01 = 3< s even}.) Then,

(a) the cyclic group generated by Lgk)Lgk) acts transitively on Xop11;

(b) no two distinct elements of Xon41 are equivalent (with respect to ~ap41);

(¢c) a e Qg"” and o ~opy1 B € Xopy1 = a = .

Proof. (a) Tt follows from the definitions and equation (10) that if v € QY and
x € Qg, then

LI(1737’7> = ()‘I(1>737L(13)(r)(’7>>
and
Lm(273a7) = ()‘I(2)73aL(123)(w)(7)>3

we write out these equations explicitly in the following table, where the entry in
the i-th row and j-th column is L;(4,3,7), fori = 1,2,j = 1,2,3:

I Lo Ls

(17377> (1737-[/37) (1737-[/27) (2737L17>
(2,3,7) | (2,3, L2v) | (2,3, L3y) | (1,3, L17)
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From this table, we deduce the following table which has a similar interpretation:

LiL LyLy LiL3
377) (1137L3L2’Y) (1137L2L37) (273aL2L17)
3,7) | (2,3, LaLsy) | (2,3, L3Lay) | (1,3, L3L17)

LsLy LoLg LsLo
(1’377) (2137L1L3’Y) (2137L3L17) (273aL1L27)
(2’377) (1137L1L2’Y) (1137L2L17) (173aL1L37)

In particular, it follows that if we write S = {LyL, : z,y € Q3,x # y} and
Xon = {0 €Q3": oy = 3 liseven}, then for any x,y € Q3 with z # y, and
for any a € Xs,, there exists ¢ in S such that LyL,(a,y) = (Lgn)Lf") (), (7))
for all v in QY. For o in S, say 0 = L,L, with p # ¢, we define w(o) = 1y, 41(3),
ie,w(o)is1if 3 € {p,q} and 0 if 3 & {p, q}.

We shall prove (a) by establishing, by induction, the more complicated statement
below:

(a)': Let o>"Y = (1,3,1,3,--,1,3,1) € Q2"'; define

a§2n+l) _ (L§2n+l)L§2n+1))jaé2n+l),

for 0 < j < 271 and write a§2"+2) = (a§2n+l),3) for 0 < j < 2"l For
0 < j < 2"t define Uj(-n) € S by the requirement that
(LaLa)(0" ™. 7) = (ol 00" (7))
for all v € Q. Then,
(i) a§-2n+1) # al(2n+1) for 0 < j <1< 20+,
(ii) agﬁﬁ) = a82"+2); and

(iii) Yo cgnirw(ol™)

The proof of (a)’ is by induction on n. If n = 0, then aél) = (1), agl) = (2)

is an odd integer.

and agl) = (1) (since Lgl) = (12)), and the second table above shows that
U(()o) = Lng,ago) = LsL4, and so w(cr(()o)) +w(cr§0)) = 140 = 1; hence the
statement (a)’ is valid for n = 0.

Suppose we know that (a)’ is valid for n. Temporarily fix j,0 < j < 2! It is
fairly clear that, for any v in QF,

n+l 2n+2 2n+2 n n n n n n
(LaLy)” (@ 7)) = (@ 001"y - 0ol ot o0y (3);

(2n+3) ((){§2n+2),aj) for some a; € {1,2};

but, by Lemma 25, we must have o;

since LV = LYY = idg, and L§" = (12), it follows from (iii) that
2n+3 2n+3)\ont1 2n+3 2n+2) ~
(L PLETIT T @) = (@)

where d; is the ‘flip’ of a; (= (12)(ay)).

It follows that {al(2n+3) = (Lé2"+3)Lg2n+3))laézn+3) 10 <1< 2"} is a set of
27+2 distinct elements. Lemma 25 now implies that this set must be all of Xo,,43;
thus the cyclic group generated by L§2"+3)L§2"+3) does indeed act transitively on
Xon+43 ; since the order of that cyclic group (viewed as permutations of X, 3)

must necessarily equal the cardinality of Xo,43, we have proved (i) and (ii) of (a)’.
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J+2n+1
for 0 < j < 2"+1. Let us write CY), = #{j : o<]<2l+1 ol = L,L,} for
z,y € Qs,x # y. The first statement of this paragraph, the definition of the

](l) s, and the last two tables occurring in this proof, show that C; ”+1) C’éﬁ) +

n n+1 n n n+1 n n n+1 n
03,2)7C:§,1 = Cf, 053702 ) = Cé, 01(270 ) = 01,2 +C2(,1)
Hence,

The above proof also shows that {a(-2"+4 , (2n+4)} { (2n+2) } {(1,3),(2,3)}
1)

ont2_q

Z w(UJ(-n+1)) _ C£g+1) + Céjll—i-l) + 02(77?-1) + C§7n2+1)
j=0
= O+ 05 + o + o5 +2c + oY)
ontl_q

Z w(cr](»n)) (mod 2),

i=0

thus establishing (iii) of (a)’.

This completes the inductive step and hence the proof of (a)’, and, in particular,
the proof of (a).

(b) The proof is by induction on n. When n = 0, we have X; = {1,2}, and
141 2since 1 = p1 = id# p2 = ¢2. Assume that the statement (b) is valid
with n replaced by n — 1, and that n > 1.

Suppose Xo,,+1 contains two distinct elements which are equivalent (with respect
t0 ~apt1). Since Gaop41 acts transitively on Xo,11 and preserves equivalence, we

may assume that 04(2”+ ) ~omit a§2"+1) for some j with 0 < j < 2"*L: further, we
may assume that j is the smallest positive integer [ for which al(2n+1) ~ont1 aéQ"H).

Since Lo L3 preserves equivalence, this minimality assumption is seen to imply that
j 1271 thus j = 2™ for some m.

Thus aé%“) ~ont1 ozém ntl) , where 1 <m < n. By (a)’ (ii) with m in place of n,
we see that there exists v € Xy, 1_(2m+2) such that af"H) = (a82m+2), ~). An
appeal to the cancellation law - cf. Proposition 17(e) - and the induction hypothesis
results in the desired contradiction, thus completing the proof of (b).

(¢c) Suppose « € Qg"“ and a ~o,11 8 € Xony1. We shall prove that a € Xo,11
and appeal to (b). Let @ € Q3""! be a reduced element such that o ~g,41 @
and & is constructed from « as in the proof of Lemma 23. Since Gg,,+1 preserves
~ani1, and since the Gy, 1-orbit of 3 contains 2”1 elements which are pairwise
inequivalent, it follows that the Ga,,1-orbit of & contains at least 2"*! elements.
It follows easily now from Lemma 25 that & € Xs,4+1. The manner in which &
was constructed from « in the proof of Lemma 23 shows that a must have been in
Xon41 to start with. O

Corollary 27. Let o™ = (1,3,1,3,---,1,3) and 8" = (3,1,3,1,---3,1).
Let Xo,, (resp. Ya,) denote the set of reduced elements of the same configuration
as 04(()27? ( resp., 6é2n)). Then o ~op & € Xon = a = & and B ~op 3 € Yo, =

p =B

Proof. Suppose a ~a, & € Xop,. Then (a, 1) ~o,41 (@,1) € Xop41, and so Lemma
26 implies that (a, 1) € Xap4+1, whence o € Xy, and (a,1) = (&, 1), and hence
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a = a&. The proof of the second assertion is similar; just append a 1 at the
beginning. O

We are now ready to state the main fact about this example.
Theorem 28. The principal graph, in this case, is infinite.

Proof. Suppose a subfactor N C M has finite principal graph G ; let the set of even
(resp., odd) vertices be denoted by G(© (resp., G(V)).

IfN = M_1CM = MyC M; C My C--- is the tower of the basic construc-
tion, then (see [O], [P]) there exist identifications N'NMar = @, gy My, (v)(C)
and N' N May—1 = D, cg0) Mn,,(v)(C), where ni(v) denotes the number of paths
in G of length { which start at % in G(©) and end in v. In particular, for any
v € GW limg o0 nory1(v) = oo (and for any v € GO limy o0 nopyr1(v) = 00).

In particular if N C M is a subfactor such that for each k > 1 there exists a
minimal central projection py in N’ N My, such that (N'NMy)pr = C, then N must
be of infinite depth.

In view of Proposition 10, Lemma 26(c) and Corollary 27, the subfactor we are
concerned with in Case 11 satisfies the property of the preceding paragraph, and
the proof of the theorem is complete. O

Without going through the computations, we just show what the subgraph of the
principal graph induced by the set of vertices at distance at most 4 from * looks like.
(This amounts to computing the Bratteli diagrams for the tower { N'NMy}_1<k<3.)

FIGURE 11
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It is our belief that the infinite principal graph is a tree, and we have a guess as
to its description, but we shall say no more about this case.

Case (15) : A = (id,(12),(13)) = v¥,p = (id,id, (12)) = ¢.
The analysis of this case will also be broken into a series of lemmas.

Lemma 29. (a) po(3) = 3 and po{1,2} = {1,2} for alla € Q5 k > 1;
(b) Ly = (13) x (13) x (13) x ---.

Proof. (a) Clear.
(b) Since A, 15y = A3 = (13) for all @ € Qf, k > 1, and since

(Lga)k = A1 (3)(Oék),

Play, o _1)

the conclusion follows. O

Lemma 30. Let a € Qf be written in the form a = (w1, 3,w2,3,ws,3,---) where
each w; is a (possibly empty) sequence of 1’s and 2’s. Then

Ll(Oé) == (w1537w2a37w3a37w4537"') 5 LQ(CY) - (151,3,102,3,1173,3,104,3,'~')

where w denotes the word obtained by changing every 1 in w to 2 and changing
every 2 in w to 1. In particular,

LiLy = LoLy = (12) x (12) x (12) x ---

Proof. Since po{1,2} = {1,2} forall @ € Q§,k > 1, and since \,(3) = 3 for
x = 1,2, it is clear that if z € {1,2} and ; = 3, then also (L;()); = 3.

Since po = (12)3(®) it follows that if {I : oy = 3} = {ni,no,---} where
ny <ng <---,then

_ (12)a if7’L2p—0—1 §l<n2p+27p = 071a27"'7
p(al)”)al) B ing? ifn2p§l<n2p+l7p = 071727"'7

where we write ng = 0.

The conclusion of the lemma follows from the foregoing fact and equation (10).

|

Corollary 31. There exists an embedding x : Sz — G such that x((13)) = Ls
and x((12)) = Ly1Ls. Furthermore, G = G.

Proof. The first assertion is clear, in view of the preceding lemmas. For the second,
note that by definition G is the subgroup of G consisting of elements of G which
are expressible as a product of an even number of L,’s. Notice, however, that
LiLyLs = x((132)) is an element of order 3, and hence (L1L2L3)? is a product
of nine L,’s which is equal to the identity. Hence, for any = in €3, we have
L, = L.(L1LyL3)* € G; hence G = G. O

Before proceeding further, let us introduce the notation X; = {a € Q% :q; #
a;11 for 1 <i < k}. ( We shall not, while discussing Case 15, need the set denoted
by X} used while discussing Case 11; so no confusion should arise.)

Recall Corollary 18(b), which says that X is stable under Gj. We now come to
a crucial step in our analysis.
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Lemma 32. Fix an integer k > 1.
(a) #X, = 3.2k1L
(b) Let Wék) denote the restriction to Xj of Lgk)Lék), and let I‘((Jk) denote the
cyclic subgroup generated by vék). Then,
(i) #19” = 2
(il) X splits into two orbits, B](»k),j = 1,2, under the action of Fék), where

B" = {ae X, €{1,3}}
and
Bék) = {aeXp:a1 = 2}

(c) G acts transitively on X.
(d) a, 8 € Xy, and a # 8 = « # 0.

Proof. (a) Trivial.
(b) As in the proof of Lemma 26, we start with a table, which has the same
interpretation as the tables occurring in the proof of that lemma; here 3 € QY

Ly Ly Ls L1L3 LoLs

(176) (17Llﬂ) (21L26) (37L35) (31L2L36) (37L1L35)
(2,8) | (2,L18) | (1, L2P) | (2,L3B) | (2,L1L3P) | (1, LaLsp)
(376) (37L25) (31L16) (LLSﬂ) (LLlLSB) (27L2L35)

The last two columns of the table show that: if we write S = {LyL3, LaL3},
andif o € S -say o = LyL,, with (z,y) € {(1,3),(2,3)} - then for any k¥ > 1 and
any o € Q% there exists a uniquely defined o’ € S such that

o(e,f) = (LPLP(a),0'(8))

for all B € Q). Set w(L1L3) = 1and w(LyL3) = 0.
We shall need the above observation in the statement (and proof) of the following
crucial assertion:

Assertion(x): Fix a positive integer k. Then there exists aék) in X with first

coordinate equal to 1, with the following properties: define agk) = (vék))j (aék))
for 1 < j < 2% and let aj(-k) be the uniquely defined element of S such that
(LiLs)(a.B) = (a0l (B)) forall B € OF for 0 < j < 2*. Then, the
following statements are valid:
(* 1) ocg-k)yéal(k) for 0 < j <1< 2
(* ii) ag? = a((Jk);

2k 1
( iii) Z w(aj(-k)) is an odd integer.

j=0

We prove Assertion(* ) by induction on k. When & = 1, we have X; = {1,2,3}
and *yél) = (13); put oe(()l) = (1); then oegl) = (3) and oegl) = (1); the preceding
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table shows that U((Jl) = LoL3 and U;l) = LyLs3, whence w(oél)) —l—w(ail)) = 0+
1 =1.

Suppose Assertion(x ) is valid for some integer k. Note that for any 3 in Qf, we
have, by the induction hypothesis,

(LiL3)* (8, 8) = (af, ol oW ,---ai® (8)).

Observe that L{VLSY = (13), while L{VLY = (132); hence any product

Tm * - - Mo, Where each 7; is either Lgl)Lg) or L:(Ll)Lél)7 is an even or odd permutation

according as w is even or odd, where w = #{i:0<i<m,w; = Lgl)Lgl)}. Let
7j € 83,0 < j < 2%, be defined by n; = L{L{" if 0 = L,L,. Then, by the
statement (k iii), it follows that @1 = mor_ 17k _o - -7 is an odd permutation in
Ss; i.e.,m is a transposition. Let ag € {1,2,3} be such that ag is moved by 7, and

D = (ol o).

such that ag is distinct from the last coordinate of oz(() ). Put a
Then aékH) € Xk+1, the first co-ordinate of a((J 1 g 1, and, more importantly,

k ~
(Lgk-i_l)LékJrl))Q (aékﬂ)) _ (aék)7a0)

where dy = m(ag); hence (7 (k+1))2k( (k+1)) #aék—&-l)'

For this choice of a((J +b , let « (kH) .1 <j <2k and gj(_k“)?o < j < 2k+1 e
defined as in Assertion(x ). It must be clear that, for 0 < j < 2%, ag-kH) = (ag-k),aj)
for some a; € Q3; by choice, we have a<k+1) = (04(() ), dp) with dag # ap. It follows
easily that a;’f@fé) = (« .g,k) d;) for some d; € Q3, 0 < j < 9k. since a(k+1) +a k+1)

and since *yékH) is injective, it follows that a; # d; for 0 < j < 2*. Thus, we have
proved (x i) for k + 1.

As for (x ii), since (L(k)L(k))(a(k) D = aék), it must be the case that
(LD LD (QUFD) (k) p (k) () ) = (@®,5)

ok+1_1 Qgi_qs k1
for some b in 3. But since X is stable under Gg, we know that a and a are
the only two elements of 23 such that (aék),a), (aék),&) € Xg41. Hence b € {a,a}.

Since v(k“) is injective and *yékﬂ)(agf:ll)) = (aék),d), it must be that b = q;
ie. aé’fcﬂ) = oz(()kﬂ), as desired.

Now fo (* iii). For I = k,k+1,2 € Q3 and 0 € S( = {L1L3, LoL3}), define
cl, = #{j:0<j <2, (") = 2,0 = o}

(where, of course, (a(-l)) denotes the I-th coordinate of agl))

To make the exposition clear, suppose some a(k) ends in 2 and UJ( ) = L1Ls.

Then, the proof of (x i) shows that {oz(kH) gﬁiy} = {a }>< {1,3}. The column

indexed by L; L3 and the rows indexed by (1, 3) and (3 6) in the table at the start

of this proof show then that {cr(k+1), U;]’:E‘)} = {LoLs, L1L3}.

More generally, consider the bipartite graph A with the sets A(® and A of
even and odd vertices both being indexed by Q3 x S: if (z,0) is an even vertex
in A, let Q3\ {2} = {y,z};ifo(y,8) = (,01(08)) and o(z,8) = (Z,02(0)), for
arbitrary 3 € Y, and appropriate 01,02 € S, then(z, 7)o is joined, in the graph A,
to the odd vertices (y,01)1 and (z,02)1. Thus the graph is
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(1, L1Ls)o  (1,L2L3)o (2,L1l3)o (2,L2L3)o (3,LiL3)o (3,L2L3)o

(1,L1Ls); (1,LoLs); (2,L1Ls)1 (2,L2L3)1  (3,L1Ls3)1 (3,LaL3s)1
FIGURE B

A little thought and an inspection of the above graph shows that

k+1 k k k+1 k k
Cl(,Lll)/g = C2(7L)/2L3 + C:g,l)/zL:),’ C](.7L2L)/3 = C2(7l)/1L3 + C§7L)/1L3’

k+1 k k k+1 k k
Oé,Lll?_g = C{,l)/ng + C§7[)/1L37 CQ(,Lzl)zg = C{,l)/ng + Cé,[)zng’

k+1 k k k+1 k k
CB(‘,L123 = C{,l)/ng + 057[)/11137 Cé,Lz[)zg = C{,l)/ng + CQ(,[)zng'

These relations hold for all .
Thus, the Cg(gkg— 's are defined by the above recursion relations, and the initial
conditions 05122 Ly = C’él%l L, = L C’él,), = 0 otherwise. We claim that for all
or 0F) o) *) (k) (k) (k)
k > 1 the number CLL1L3+02,L2L3+C3,L2L3 is even, and 01,L1L3+02,L1L3 +CB7L1L3
is odd.
These are true for £k = 1; if they are known to be true for k, then the foregoing
recursion relations show that

k+1 k+1 k+1 k k k
CE,Lll)l_g + CQ(,LQL)/g + C?E,LzL)3 = 2(C£,£2L3 + O§,£2L3 + CB(‘,£2L3)
= even integer
and
k41 k41 k41
C](.,Lll)/g + 02(,L1L)/3 + CEE),LIL)/S
k k k k k k
= (C£7L)1L3 + C2(7L)1L3 + C§7L)1L3> + (C£7L)1L3 + C2(7L)2L3 + Cé,zng)
= odd integer (by the induction hypothesis).
In particular we have proved that
ok+1_1
k+1)y _ (k1 k41 k+1
Z U’(U; )) = Ci,LlL)g + 02(,L1L)3 + Cig,Lll),g (mod 2),
j=0
which is odd, and the proof of Assertion(x ) is complete.

To proceed with the proof of the lemma, notice from our table that (Li L3)(2, 8)

= (2,L1L3P) for all 3 in Q. Hence, in the notation of the statement (b) in the
lemma, the group F((Jk) leaves Bék) (and hence BYC) = Xi\ Bék)) invariant. Since
#B%k) = 2% it follows from Assertion(* ) that Fék) acts transitively on B%k) for
each k.
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However, Bék) = {2} x ng_l), and since vék) acts on Bék) = {2} x B:Ek_l)

as id X *yfk_l), the preceding conclusion about B%k), for each k, now shows that

vék)l w has order 2°~1. This completes the proof of (b).
By

(c) Notice that, by Lemma 30, (L L)1 313.-.) = (2323-.); this
observation, together with (b), completes the proof of (c).

(d) Since the cyclic group ]."ék) acts transitively on each of BYC) and Bék), we
can repeat the argument given to prove Lemma 26 (b) to see that for j = 1,2,
no two distinct elements of B§k> are equivalent (with respect to ~j) . Since F(()k)
preserves equivalence, since B%k) (resp., Bék)) consists of 2* (resp., 2¥71) inequiv-
alent elements, no element of ng) can be equivalent to Bék). (The argument for
this is exactly like the proof of Lemma 26 (c).) The proof of the lemma is finally

complete. O

In the sequel, if a € Q3, we shall find it convenient to denote by a(*) the constant
sequence in Q’g with all coordinates equal to a. In the proof of the next lemma, we
shall need the obvious consequence of Proposition 17(d) that (a, a(™) ~ (a, b(™)

for any a € le),l > 1, and any a,b € Q3, provided m is even.

Lemma 33. Let k> 1 and § € Q’?f Then there exist a unique integer [ < k and
an element a € X; such that:

(i) B~k (a,al(k_l)); and

(i) 0 <1<k andl =k (mod 2), where the possibility | = 0 is interpreted to
mean that k is even and 3 ~p, 1)~ 2k) ~) 3(k)

Proof. Existence. It follows easily from Lemma 20 and Proposition 17 (d) that
there exist an [ < k and o € X such that 8~ (o, al(k_l)). If this [ were such that
I =k (mod 2 ), we are done; if (k — ) is odd, and I = 0, then 8 ~j, 1) with k
odd, and we may just as well choose I = 1 and « = (1); if (k —1) is odd and
Il > 1, then

k—1 k—i+1 k—i+1
B~k (01,"'01701( )) = (051,"'01—1,01( * )) ~g (041,"'01—1,01(_1 * )),
and the proof of existence is complete.
Uniqueness. Suppose 3 ~; 3/ = (a,al(k_l)), with [, as in the statement of

the lemma. Corollary 18(ii) implies that {n(8’) : 7 € Gx} C {(v,wl(k_l) iy € X}
however, Lemma 32 (c) and Corollary 18 (ii) imply that the above inclusion is
actually an equality.

Since (k —1) is even, observe that, in view of Proposition 17 and Lemma 32 (d),
for v,k € X;, and m even, we have:

(1 ™)~ (5, 6™) = (1, ™) ~ (5, ™)

(12)
=5 = K.
;o (k=1)
Suppose 3~ = (a, ¢y ) as above.
Case (i) : k is even and I = 0. Then B ~p 15 ~p 20 ~p 30 Since

{1() 2(k) 3(k)} is a Gy-orbit, and since G, preserves ~y, we find that all elements
in the Gg-orbit of 8 must be equivalent;
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Case (ii) : | # 0. Then the G-orbit of 3’ consists of precisely 3 - 2!=! elements,
which are pairwise inequivalent. Hence, the G-orbit of 3 meets precisely 3 - 2!~1
equivalence classes.

In any case, we see that if 3,3’,] and « are as above, the G-orbit of 3 meets
precisely n; distinct equivalence classes, where

(1, ifl = 0,
K I T L TS B

Since [ — n; is clearly an injective function, we see that # determines [ uniquely.
The proof is now complete in view of equation (12). O

If k is a positive integer, then the number of integers [ satisfying 0 <[ < k and
I =k (mod 2) is given by {k/2} where {z} is the smallest integer which is strictly
greater than z. ( Thus {24} = {3} = n+1.)

Proposition 34. Let k be a positive integer, and let I, = {l:0 <1 <kl =

k (mod 2)}. For eachl in I;; and a € Xy, define El(];) = [(a,al(k_l))]Nk = {B¢e

QF 2 B~ (o al(k_l))} ( with the obvious convention that if k is even, then
EY = {BeQk: 8~ 1W) ). Then,

(a) {El(,];) 1€ I, € X;} is the partition of Qf into ~y-equivalence classes.

(b) For each fized l in Iy, the group Gy acts transitively on the collection Ol(k) =
{El(];) s« € X1} of equivalence classes, and hence {Ol(k) : 1 € I} is the collection
of G- orbits of equivalence classes.

(c) {o € G : U(El(fl)) = El(fl)} = {0 €Gy:0(a) = a} for eachl € I, and
a € X;.
Proof. (a) is just a reformulation of Lemma 33.

(b) For fixed ! in Iy, let B = {(a, al(k_l)) s € X} It follows from Corollary
18 and Lemma 32 (c) that G}, acts transitively on R;. This proves (b).

(c) Notice that El(lfx) NR = {(oe,oel(k_l))}, thanks to Lemma 33. Since R; is
stable under Gy, (c) is proved. |

Definition 35. Fix a positive integer k. Define the following objects:

(a) 7 : G — S(QF) is the unique homomorphism such that 7 (L,) = L% for
all z in Q]g;

(b) a® = (1,3,1,3,---) € QF ;

(c) Hy = {0 € G:m(o)(a®) = a®}; we shall find it convenient to also
write Hy = G,

(d) for 0 <1<k, Il =k (mod 2) , Wl(k) c Hyp — S(El(gm) is given by Wl(k) (o) =
mk(0)
‘El(i)m

Recall that, by Proposition 34(c), the set EZ(Z)U) is stable under H;.

Notice that G acts transitively on X ( via o — 7y, (0)‘X ) and that the isotropy
k
subgroup of the point a(¥) is precisely Hy; hence [G : Hy] = 3-2F1 for k > 1.
Also, clearly, Hy, O Hyy1. Thus we see that {Hy}?°_ ; is a decreasing sequence of
subgroups of G such that for k£ > 0 we have

3, ifk =0,
Hy: He] = { 2, ifk>1.
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Also, in view of Proposition 10 and Proposition 34, we may deduce that the k-th
relative commutant is given in this case by

Cr = @Wl(k)(H !

lely,

. k
(where we view 7rl( )

ner).
In order to describe the inclusion of Cy into Cky1 ( via 2 — 2 ®1 ), we need the
next result.

as a unitary (permutation) representation in the natural man-

Lemma 36. With the preceding notation, we have, for k > 1 andl € I,

m(k) = Resmy, |1, m( 1 )@IndHl+lTHl ”z(ill)’

where, of course, Res and Ind denote restriction and induction, and we adopt the
convention that the first (resp., second) summand above is non-existent when | =
(resp., k=1).

Proof. In the following, if o € Q%, we write [a], = {o/ € Q5 : a ~p o'}

Begin by observing the following consequence of the cancellation law (cf. Propo-
sition 17(e)) : if 8 € Q5T and x € Qg, then either [Blg1 N ( Q5 x {2}) = Dor
there exists an a in QF such that [B]ry1 N ( Q5 x {z}) = [a]x x {x}. Thus, for
instance, if £ > 2 and if k is even, then

k—
11 Ei(a)l) x {a}.

a€Ns
Next, suppose k > 2,1 € I, and 0 < | < k; suppose 8 = (a,a) € X, - where
a€ X;—1and a € Q\ {a;_1}. Then observe that
(@,0,a* D) = (a,a*D,a) ~ (a,0{*}", a);

Deduce that

k (k—1 g1
El(,(()La) = ( - 104) x {a})u U l+1 ())uzb X {b}>
beQs\{a}
In view of Lemma 33 we also have, for 8 = (o,a) € X, € Xi_1,a € Qs,
k (k—1
E(()aa) = k:l(lx{a}

Recall our notation o) = (1,3,1,3,---) € X;. Let us also simply write El(k)
for El(];)(l). The preceding equations now imply that

k k— k
(13) BN = (BE) x{ah (B oy < (D)
beQ3\{a;}

where a; is 1 or 3 according as ! ( and hence k ) is odd or even, with the under-
standing that if [ = 0 then the first term on the right side does not feature and
the second term is interpreted as UbeQS( k 1) x {b}), and if I = k, only the first
term survives.

We prove the lemma by considering several cases (to account for the ‘boundary’
terms).
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Case (i) : k = [. Note, by definition, that F](ck) is the trivial ( 1- dimensional )
representation of Hy, ( since E,ik) is a singleton, by Lemma 33). The conclusion of
the lemma is trivially valid, since the restriction of the trivial representation is the

trivial representation.

Case (ii) : 0 < [ < k. Notice first that if a,o/ € Qf, and a,b,z € Qg, if a ~4
o and LV (a,0) = (L¥(),b), then LEV(a/a) = (LF(a/),b) and
¥ (@) ~p ¥ (o); hence if o € G is arbitrary and 7i11(0) (o, a) = (7r(0)(@),b),
then mp41(0)(o/,a) = (mp(0)d/,b) and g (0)(a) ~i 7 (0)(’). In particular, if
mi+1(0)(@,a) = (a,a), then mi11(0) maps [a]r x {a} into itself.

With a; as in equation (13), note that Q3 \ {a;} = {ai1+1,2}. By definition, the

representation Wl(k) of Hy acts on a vector space V() with basis indexed by El(k).

Let Vl(l) (resp., Wl(l), resp.,Wél) ) be the subspace of V' spanned by basis vectors
indexed by B x {ar} (respo, B(J7 (Lo ) % {msds xesps BT O ) < {2)):

The preceding paragraph shows that Vl(l) is an invariant subspace for wl(k) (and

consequently, so is Wl(l) @ W2(l)). In fact, we can even deduce from the previous

(k)
1

paragraph that the subrepresentation of ;" given by Vl(l) can be identified with

Resm,_, 11, (ﬂ-l(EIl))'

Notice next that [H; : Hi4+1] = 2; in fact, it follows from Lemma 32 (b) that
(L1Ls)? € H; \ Hy41 and that necessarily (LI LT 2 (0@ 2) = (o, a14y).
Hence Wl(k) (L1L3)* YW ) = WP, On the other hand, it is clear that wl(k) (Hi11)
leaves Wl(l) invariant and that the associated representation of H;; is identifiable
with 7rlk+_11. Since, clearly, wl(k)((Lng)2lHl+1)(Wl(l)) = WQ(Z)7 it follows easily that
the subrepresentation of wl(k) afforded by the invariant subspace Wl(l) S Wz(l) is

identifiable with Ind g, ,, 1, (mi"7 ).

Case (iii) : I = 0 (and k is even). In this case, as has already been noticed,
EY = (B x (B, x {2) (B, x {3}). The representation "

1
of Hy( = @) acts on a vector space Vo(k) with basis indexed by Hf’ _ (Eik(l_.)l) x{i}).

Let Wi(k_l) be the subspace spanned by basis vectors indexed by (Egc(:.)l) x {i}),

fori = 1,2,3. The definitions show that Hy = ][> _ ,L;H, is the decomposition
of Hy into Hy-cosets (since m(L1) = ida,,m(L2) = (12) and m1(L3) = (13)).
For i = 1,2,3, note that «{”(L;)(1®) = ¥ from which it follows thhat
Fék) (Li)(Wl(k_l)) = m(k_l). Also it is clear that Wl(k_l) is invariant under
Fék) (Hy) ( since mx(Hp)(1®) = 1) ) and that the subrepresentation of H,
afforded by Wl(k_l) is seen to be identifiable with 7r§k_1). It follows that we may

identify F(()k) with Indg, 1 #, (wgk_l)).

|

All the pieces are now in place for our final result.

Theorem 37. Let Hy O Hy O Hy O --- be the tunnel of subgroups described in
Definition 35. The principal graph for the subfactor given by this case (Case 15)
has the following description:
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Consider the (infinite) bipartite graph G with the sets G (resp., Q(l)) of even
(resp., odd) vertices being indexed by [ _ 0 H, (where H denotes the ‘unitary
dual’ of the (discrete) group H), and with the even vertex (o,1)o ( i.e., o € Hy)
connected only to odd vertices of the form (m,l + 1)1, the number of bonds joining
(o,0)0 to (w,l—1)1 (resp., (77,14 1)1) being given by the multiplicity with which the
irreducible representation o of Hy (resp., © of Hi41) features in the restriction to
H; (resp., Hi+1) of the representation m of H_1 (resp., o of Hj).

Let G be the connected component in G of (1,0)q, where (1,0)o denotes the trivial
representation of Hy (viewed as an even vertez of é) Then G is the desired principal
graph.

Proof. The proof of the theorem follows from the foregoing analysis of this case,
coupled with the general Proposition 10, and the verification that the identifications
we have made are compatible with the various natural inclusions. O

Without going through the details of the analysis, we just draw the subgraph
of the principal graph induced by the set of vertices at distance at most 5 from *
(which is (1,0)0 in the notation of Theorem 37).

In this case, also, we believe the principal graph is actually a tree, but do not as
yet have a proof of that. We do, however, make the obvious remark that the graph
is certainly infinite. This is clear from Theorem 37, and can also be deduced from
Lemma 32 and Lemma 33 in exactly the same manner in which infinite depth was
proved in Case (11).

9. CONCLUDING REMARKS

(a) It is true, in general, that if u = ((ugy)) is a biunitary Nk x Nk matrix,
then the transposed matrix u! is also biunitary and in fact there is an isomor-
phism of pairs (R, Ryt) & (R, R), where R, C R C R; is the basic construction;
thus u! should be thought of as the biunitary matrix that is ‘dual’ to u. In the spe-
cial case when u is the biunitary permutation matrix corresponding to m < (p, \),
it follows that u® corresponds to (¢~1,4~1). It is seen from the list in §6, and the
manner in which we obtained the reduction to the 18 special cases in §6, that each
of the biunitary matrices coming from the list is equivalent to its dual; thus, if u is
any biunitary permutation matrix in U(9), then the subfactor R, C R is self-dual
- meaning that (R, R,) = (R1, R), where R, C R C Ry is the basic construction.
The following question is natural: Is it true that for any biunitary permutation
matrix u € U(Nk), the associated subfactor R, C R is always self-dual? (More
generally, the authors do not know of a subfactor arising from a vertex model - as in
§2 - which is not self-dual, and would like to see an example of this phenomenon.)

(b) This remark concerns what we might call the Cayley graph of a group or a
group-dual corresponding to a subset I'. ( See [P1].) Suppose G (resp., K ) is a
discrete (resp., compact) group, and suppose I' is a (finite, in all cases of interest
to us) subset of G (resp., K, the ‘unitary dual’ of K), possibly with repetitions.
The Cayley graph of G (resp., K') with respect to I is the bipartite graph G, which
we shall denote by C(G,T) (resp., C(K,T)), described as follows: let G be the
bipartite graph whose sets of even and odd vertices, denoted by G and ¢W,
are given by G = G x {i} (resp., K x {i} ), for i = 1,2. Adjacency in
G is defined by the prescription that if (gs,7) € G (resp., (m;,i) € G@), then
the number of bonds joining (go,0) to (g1,1) (resp., (mo,0) to (m1,1)) is given by
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FIGURE 15

#{yeT g1 = gov} (resp., > cr(mo ®p,m1)). The Cayley graph C(G,I) (resp.,
C(K,T)) is the connected component in G of (1,0), where 1 denotes the identity
element of G (resp., the trivial representation of K).

These were precisely the sort of graphs encountered in §5, Cases (1) and (2). By
a somewhat peculiar coincidence, each of the 15 finite principal graphs encountered,
when N = 3, is of the above sort. We list below the group/group-dual and the
set I' for each of the 15 cases in the following tabular form, for reasons that will
become transparent when we make the next remark.

We do not, as yet, know of an example of a finite principal graph for a subfactor
arising from a permutation biunitary matrix ( vertex model) which is not the Cayley
graph of a group or a group-dual. The reason for our including Case (3) in §5 was
to indicate that surely such examples must exist.

In the process of our finding the group for which a certain graph was a Cayley
graph, we made a fairly simple observation which might be of interest to specialists:
in order that a finite principal graph be a Cayley graph of a group, it is necessary
and sufficient that the principal graph be regular - meaning that all its vertices
have the same degree.
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(¢) This remark concerns the possible relation between the subfactors constructed
out of a pair of biunitary matrices which are adjoints of one another. For biunitary
permutation matrices, this means the subfactors arising from (p, A) and (¢ =1, ¢71).
For the purposes of this remark, it will be convenient to call the biunitary permu-
tation (=1, ¢~1) the transpose of the biunitary permutation (p, \).

The reason for Table C is the following: two permutation biunitary matrices
which are equivalent to transposes of one another (and occur in our list) and which
yield finite principal graphs are listed in the same line of the table. A line in the
table consists of a single case only when that (p, ) is such that (p, \) ~ (=1, ¢71)
in the sense of §6. Note that, whenever a line in the table has two cases listed in
it, the principal graphs in those two cases are of the form C(G,T) and C(G,T)
for some finite group G and some sets I'1, T's.

It is also worth noting that the two infinite principal graphs discussed in §8 arise
from a pair of biunitary permutation matrices which are transposes of one another.
These observations prompt the following question.

Question: Suppose u € My (C) ® My(C) is a biunitary matrix. Let N (resp., N*)
be the subfactor of the hyperfinite factor constructed from u (resp., u*).

Does N have finite depth precisely when N* does ?

Note that N* does not inherit irreducibility from N. (This is clear from the two
infinite depth examples, as also from the Cayley graph examples.)
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