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MULTIPLICATIVE n-QUOTIENTS

YVES MARTIN

ABSTRACT. Let 7n(z) be the Dedekind n-function. In this work we exhibit
all modular forms of integral weight f(z) = n(t12)"1n(t22)"2 ... n(tsz)"s, for
positive integers s and ¢; and arbitrary integers r;, such that both f(z) and
its image under the Fricke involution are eigenforms of all Hecke operators.
We also relate most of these modular forms with the Conway group 2Co; via
a generalized McKay-Thompson series.

1. INTRODUCTION

The Dedekind 7n-function is given by the infinite product
1M n
n(z)=q7 [J(1-q")
n=1

where ¢ = exp (27iz) and z lies in the complex upper half plane H. We define an
n-quotient to be a function f(z) of the form

(1 £(2) =TTl

where {t1,t2,... ,ts} is a finite set of positive integers and r1, 74, ..., 75 are arbitrary
integers. In general this is a meromorphic modular form of weight k = % > i1 and
multiplier system for some congruence subgroup I'g(N) of SLy(Z). In this paper we
consider only 7-quotients which are holomorphic modular forms of integral weight.

We denote the collection of integers t1,r1,t2,79,... ,ts,7s defining (1) by the
formal product g = [[t"™ = t]'t5?...t7*, and write ny4(z) for the corresponding
n-quotient (1). If every integer in 1,79, ... ,rs is non-negative, we refer to n4(z) as
an n-product.

In [5] Dummit, Kisilevsky and McKay found the complete set of 30 n-products
which are eigenforms for all Hecke operators (two of these have half-integral weight).
Every element in this set is also a cusp form and an eigenform for the corresponding
Fricke involution. By Theorem 9 in [14] this means that [5] exhibit all n-products
which are primitive cusp forms (i.e. new forms which are eigenforms for all Hecke
operators).

A second proof of the same classification is given in [10] by Koike. In [17] G.
Mason gave yet another proof under the extra condition k = 0 (mod 2). Mason also
showed that 21 of these n-products are part of a McKay-Thompson series associated
to the Mathieu group Moy, i.e. they are traces of elements in Ms4 when this group
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is represented as an endomorphism group of certain graded, infinite dimensional,
complex vector space. In fact, we know that every n-product in [5] appears in a
particular McKay-Thompson series for the group 224 Moy.

In this work we study the more general n-quotients. We produce an explicit
collection of modular forms of this type in Table I at the end of this paper, and
prove the following

Theorem 1. Let g = t]'t5? ... t0° where t;,r;, s are integers and tj,s > 0. Assume
that ng(z) = H;:1 n(t;z)" is a modular form of level Ny, weight kg and character
Xg for some positive integers Ny and ky. Denote by fy(z) the image of ng(z) under
0 -1
N, 0

Then, both ng(z) and n4(z) are eigenforms for all Hecke operators if, and only
if, g is one of the formal products listed in the second column of Table I.

the Fricke involution

In particular this proves the existence of only a finite number of such 7-quotients.
Of these, not all are cusp forms or are invariant under the corresponding Fricke
involution, but by inspection and the theorem in [14] quoted above, it is easy to
deduce the following

Corollary 2. The formal product g = t]*t5?...t0° determines a primitive cusp
form ng(2) if, and only if, g is in the second column of Table I and ny(z) is a cusp
form. This last property is indicated in the third column of the same table.

The basic argument in the proof of Theorem 1 is the following: The Dedekind 7-
function, and therefore every n-quotient n,(2), is non-zero on the upper half plane.
Hence 74(z) is completely determined by the order of its zeros at the cusps. We
compare 14(z) with its image under the p-th Hecke operator Tpn,(2) at every cusp
and every prime p (sections 3 and 4). If n4(2) and 74(2) are eigenforms for all T,
then the order of zero of 7,(z) at any cusp is bounded (section 5, in particular
Theorem 30). This puts a number of conditions on g = ¢7'¢52 ... t%* and therefore
limits the possible values for N, and k,. There are only a finite number of such
pairs (Ng, kg), and they can be computed (section 6). Each such pair (N, k)
determines a finite number of systems of linear equations, whose solutions define
explicit 7-quotients (section 6). In this way we produce a list of formal products
g which contains all of those such that both n4(z) and 7,(%) are eigenforms of the
Hecke algebra. In order to complete the proof of our main result we need only
take every modular form 7,(z) from the collection above and verify that it is an
eigenform for all T),. We show how to do this when p and N, are relatively prime
(Proposition 33). For the other cases we compute Tpn4(2) directly and compare it
with 7¢(2).

In the last section of this paper (section 7), we indicate a connection between
these multiplicative n-quotients and the Conway group (i.e. the automorphism
group of the Leech lattice). Namely, we show that at least 72 of the 74 n-quotients
characterized in Theorem 1 are elements of a generalized McKay-Thompson series
defined by Mason for the Conway group.

This paper is a revised version of the author’s doctoral thesis [15].

I would like to take this opportunity to thank Professor Geoffrey Mason for all
his encouragement and support.
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2. PRELIMINARIES

If N and k are positive integers and x is a Dirichlet character modulo N, we
denote by My (N, x) the space of modular forms of weight k& and character x on
the group T'o(N). If g = [[t"™ defines an element n,(z) in My(N, x) then x is
a real character. Hence, from now on we always assume x(n) = %1 for n € Z,
ged(n, N) = 1.

A complete set of representatives for the cusps of I'o(NV) is

Cy = {“—Cc € Q; cdivides N, 1 < a. < N, ged(ae, N) = 1
(2)

N
and a. = a., (mod ged(c, —)) iff a. = al}.
c

If f(z) is in My(N, x), the Fourier series of f(z) at the cusp ¢ € Cy is

®) s (¢ Z>:§%C"W

where ¢, = q%, b and d are integers such that ad —bc =1, h = ha is the width of
the cusp ¢ of I'g(V), and p = pe is either O or % depending upon £ being a regular
or irregular cusp of I'o(IV) respectively.

The values for h = ha and p = p2 are given by

N .
(4) h= ETERE X(1 4 ach) = exp (2wip).
We denote by va the smallest integer n such that ¢, # 0 in (3).
If g = t7't5” ...t defines 14(2) € Mg(N,x) and ¢ € Cy, the Fourier series of
ng(2) at £ is of the form

a b\ _ 2miz =~ ged(t, c)?
(5) ng(Z)Ik< . d)—Cexp( o 2; ;)G ()
J:
where C' is a complex-valued constant depending on Z and G %(z) is a

holomorphic function on some neighborhood of infinity with lim, .o ga(2) # 0
([7], p- 49). In particular

va + pa 1 S ged(ty, c)?
® vt L el

Equations (4) and (6) show that he, va and pa are independent of a if the
modular form is an n-quotient. For the rest of this paper we assume that every
modular form f(z) that we consider has this property. Consequently, there is no
ambiguity if for any divisor ¢ of N we denote the previous values by h, v, and p,
respectively.

Let p be a rational prime. If f(z) € Mg (N, x), its image under the p-th Hecke
operator T}, is another element of My (N, x). Most proofs in this paper are based
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on the study of Fourier series of T}, f(z) at the cusps 1 of I'o(N), i.e.

nﬂ@m(i?)=w*V§§@W<é )

h i (59 ) (50 )

From now on, and unless we say otherwise, we adopt the following notation;
f(2) € Mi(N,x), p is a rational prime, x, is the p-part of x, T}, is the p-th
Hecke operator and A, denotes the eigenvalue of f(z) under T, whenever f(z)
is an eigenform of this operator. Moreover we assume that c is a factor of N, we
write al[b if a is a divisor of b with ged(a, 2) =1, and let he, v. and p be the real
numbers defined by equation (3).

(7)

3. SOME FOURIER EXPANSIONS OF T),f AND SOME CONSEQUENCES FOR
EIGENFORMS OF THE HECKE ALGEBRA

First we relate the Fourier expansion of T}, f at the cusp % with some Fourier
series of f(z). Basically there are three different situations, depending on the p-part
of N being 1, p, or pM with M > 2.

Lemma 3. (i) If ged (p, N) =1 then

oo (1 4) = {5 (1) (0 )

where p* satisfies pp* =1 (mod N) and m = =-.
(ii) If p||N and ged (e,p) =1 then

9)

Tpf(z)|k< i (1) ) =pit pz_;xp(l—cl)f(zﬂk ( plc (1) ) ( (1) l—ppnl )

le#1
U p 0
wren (L) ()

where the congruence lc Z 1 is modulo p, I’ and x’ are integers such that l'c +1 =
a'p, and for each 1 in {0,1,... ,p— 1} withlc £ 1 (mod p) the integer n; is chosen
such that I —pn; =0 (mod %)
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(iii) If pM||N with M > 2 and ged (¢, p) = 1 then
(10)
1 0
T o, )

p C

k 1p_1 1 Lo )
o el (e 4 ) (0 ')

for all o in Z with % < a < M. The integers n; are chosen such thatl—pn; =0
(mod &) for each 1 =0,1,... ,p— 1.
p

Proof. (i) Let ¢* be in {0,1,...,p — 1} such that c¢¢* = 1 (mod p). For any [ €
{0,1,...,p— 1} — {—c*} there is a unique ! in {0,1,...,p — 1} — {¢*} such that
(I+1e)l! =1 (mod p), say (14 lc)l’ + zpp =1. Then

(1) (o) (e 0)=00" 2 ) o)

Let p* be in {0,1,..., N —1} such that pp* =1 (mod N), and set n; = p*I’ for
alll’ =0,1,... ,N — 1. Then

-1
1+lc Ty 1 nyp 1 0
(12) ( pe 1—cl’)<0 1 )(pc 1) €T1(N).
Consequently,
(13)
1 1 1 0\ 1 0 1 V(1 —pp*)
sk (o 0 ) (e V)= 1) (0 ).
For | = —c* we have

() e)=(0 =)0 o)

Moreover

Thus
(14)

k(5 ) (0 1) =k 1) (o ")
Now we observe that

o (35T () e

Using equations (13), (14) and (15) in (7), we get the first identity of this lemma.

(i) For any [ in {0,1,... ,p— 1} with 1+1c # 0 (mod p) we take integers I’ and
xp as above, so equation (11) holds. Since p? does not divide N there are integers
ny such that I’ — pny = 0 (mod pﬂc) Hence the matrix (12) is in I'g(N) and its
lower right entry is 1 + ¢(pny —U). Consequently

on (3 )2 )-8 (2 7).

o =
—= O
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If | = —c* we have
()G n)-0 )0 )
0 p c 1 c p 0 1
for some integer x’. Now we use these last two equalities in the left hand side of

(7) and recall that x(p) = 0 in order to obtain (9).
(iii) If @ > 2 and M > 2 then (1 4 Ip®~'c)l 4+ ap = [ for some integer ;.

Hence
1 1 1 0\ [ 1+ip*lc x] 1 1
0 p p*~le 1 )T p*e 1—Ipele 0 p /)

Moreover, o > A +1 implies that p™ divides p?*~!. Thus, 1f we choose an integer

n; for each [ in {0, 1, ...,p—1} such that [ — pn; =0 (mod &, o ), then

1+ Ipele ] 1 ny 1 o\
< pc 1—Ipele ) ( 0 1 ) ( pc 1 ) € Io(N)

and its lower right entry is congruent to 1 modulo pT Next we use equation (7)
together with x(p) = 0 and we get (10). |

Proposition 4. Let ged(p, N) =1 and p* € Z such that pp* =1 (mod N). If

10 =~ 1 0 =,
k(e 1) =3 i, and k(e 1) IR

then
(16) T (1) = S X0,
n=0

As usual, b% = 0 whenever p does not divide n.

Proof. From equation (8)
1 0 > P 11— pp*) n
Tpf(2)|k ( ) = _1ZZexp <2m )anq,fc
n=01=0 b
Z exp ( 2mi ;Z )banf )

Since m = %, 7 is an integer. Furthermore gcd(l_p?’ ,p) = 1. Hence the
equation above yields (16). O

Proposition 5. Let p|N and ged(e,p) = 1. Assume that

CHRE Zanqh*“" ad fh (7)) = zbnqh
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where | is in {0,1,... ,p — 1} with lc+ 1 = a’p for some integer x'. Then
(17)

1 0 _ TIPS e "
Tpf(Z)|k<c )—p 1ZZXP exp<2mna’c 5 )anth

n=01"=1

k lzbnqh

for some a’, ¢* in Z with ged(a',p) = gcd( *p) =

Proof. From equation (4) we have hy. = %

and therefore p,. = p. = 0. Now, from (9) we get
(18)

10 e _l—pn 2
Lok (L )=t S| X w-dewnin ) | o
pc

1=0
lcZl (mod p)
oo
+pht Z bngj," -
n=0

Let ¢* and I” be in {0,1,...,p — 1} such that ¢*¢c =1 (mod p) and I” =1 —lc
(mod p) for each [ in {0,1,...,p — 1} — {c*}. Since p? does not divide N there
is an integer a’ such that a’h,. = 1 (mod p). Using these new variables in (18),
equation (17) follows. |

Hence exp (2mifipe) = exp (2mipe) =1

Observe that x,(1 + Ip) = 1 for any odd prime p and integer [ since x is a real
character. Similarly, y2(1 + 231) = 1. The following Dirichlet characters will play
a distinguished role in the arguments ahead, so we write

z2-1
Yo(x) =1, dafx) =(-1)"7,
z—1
PYo(z) = (=1)77,  hs(z) = Y1(z)Y2(2)
for every odd integer x.
Notice that every p-factor x; of x can be considered as a real Dirichlet character

modulo p whenever p is odd or xo = g, V2.

Proposition 6. Let pM||N for some M > 2 and ged(c,p) = 1. Assume

1 0 = .
P (e 1) = e

where o is any integer such that M <a< M. Then

(19 11 (b, § ) =S

p\
in any of the following cases:
(i) p is odd,
(ii) p=2 and a > 4,
(iif) (vap) (2,%0),
(iv) (9, xp) = (2,¢2) and a > 3.
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Proof. For p and Y, as in the proposition, x,(1 —p*~te(l—pn;)) =1 (see previous
remark). Hence, from equation (10) we get

1 0 >, (i nl—opn n
_ nl—pny o
Tpf(z)|k< a1 ) =p ') (E exp <2m— )) angy, . -
p c 1 70 e p hpac p
As hpo. divides 1% the rational number lh_ PZL is an integer and the proposition
poe
O

follows.
Now we apply the previous results to modular forms f(z) which are eigenforms
for some or all Hecke operators.
Proposition 7. Let f(z) be an eigenform of T, for all p such that ged(p, &) = 1.
If e = 0 then, either v.f € {0,1} or any prime divisor of v.f is a divisor of %
Proof. Consider the Fourier expansion of f(z) at 1 given by (3). If p is any prime
with ged(p, N) = 1 we use (16) and get
ApCn = anp + x(p)p" bz

for all n > 0, where a,, and b, are defined as in Proposition 4.
Since p and p* do not divide N (p* as in Proposition 4), then 2 and L (resp.
pc

%* and plc) represent the same cusp of I'g(N). Therefore va f =v_1 f=wv.f, say
pec p¥*e
vef =v.

Suppose that p divides v # 0. Then
Mpez = ay + x(p)p* by

Hence a,, = 0, a contradiction.
Next, let p be a prime factor of IV which is relatively prime to %

Since p divides ¢, there is an integer z; for each [ in {0,1,... ,p — 1} such that
(14 cl)l 4+ xpp = 1. Hence
10 = 1+l 11
kg c x;
k(L ) =0 ;ﬂzm( (e ).

For each I =0,1,... ,p — 1 there is an integer m; such that

-1
1+¢l T 1 my 1 0
( pc 1—cl)<0 1 )(pc 1) €(N).

Therefore

(20)
11 ( ?)‘p%_lfﬂz)"“@ D)

c
=0

1 t .
One can show that _- and ; represent the same cusp of I'o(V) for some integer

t with ged(NV,t) = 1. Hence
1 0 = .
k() =3 .
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= sz

Now use that is an integer, and deduce from equation (20) the following

i@l (1) =S dua.

pln

If p divides v then the coefficient of q,fc in the right hand side of the previous
equation is non-zero, thus v must be zero. O

Proposition 8. Let f(z) be an eigenform for all Hecke operators. Assume that
p||N. Then

(i) Ap #0.
(ii) For any divisor ¢ of N with ged(p,¢) = 1 and p. = 0, either v.f = 0 or
ged(p, vef) = 1. Moreover, vof #0 and vpef # 0 imply vef = vpcf.
Proof. Let ¢ be a factor of N as in (ii). In Proposition 5 we showed hy,. = % and
tpe = pie = 0. Hence, from equations (3) and (17) we get

(21)
/ *l//
) (Z xp(I") exp (_2m,nac )) +pk_1b%
=1 p

for all non-negative integers n (here we are using the notation introduced in Propo-
sition 5). If ¢ = % then c satisfies the conditions in (ii) and a1 # 0 (see [9], p. 163).
Therefore n = 1 in (21) implies A,c1 # 0, as the sum of p — 1 terms involving x, in
(21) is a Gauss sum. This proves (i).

For (ii) set v.f = v and vp.f = w. By Proposition 7, w = 0 or ged(p,w) = 1.

If w # 0 we put n = w in (21) and conclude ¢, # 0. Hence v < w. Suppose
v < w. Then \pe, = pk‘lb% from (21), and bz # 0. Consequently v =v. f < %
so we must have v = 0. ‘

Suppose next that w = 0. If ¥ = 0 then there is nothing else to prove. Otherwise
v # 0 and from (21) we get )\ »Co =D tap 21/711 xp(I") + p*~1by. Since by = co =0

ApCn = p_lan exp (

and ag # 0 we conclude Y}, "xp(I”) = 0. Thus A\ye, = p*~ lbn for all non-negative
integers n divisible by p. Hence, A, # 0 and ¢, # 0 1mply that p does not divide
V. O

In the previous proposition we considered the case p||N. For those cases in which
a higher power of p divides N we have to look at two distinct situations, namely
Ap =0and A, #0.

Proposition 9. Let ged(c,p) = 1 and p™ || N with M > 2. Assume that f(2) is an
eigenform of T, with eigenvalue A\, # 0. Let the Fourier expansion of f(z) at

be
1 0 =
1 i, 1)—20%%

_1
pAlc

where h = hyu .
Then, for any integer t with ged(t, N) =1 and t =1 (mod %)

2 P (e 1) =73 ol

pJ\/I a|n
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fora=3,4,... , M. This equation also holds for

(a) a =2 ifpis either odd or (p,xp) = (2,%0), (2,12).
(b) =1 if p is either odd or (p, xp) = (2, %0).

Moreover, in all the other cases the corresponding Fourier expansions are the
following:
If p =2 and x2 = 2, then

1

1 0 - mtd
(23) f(2)lk ( e 1 ) =N apmarypag 7

m=0

If p =2 and x2 = 1,3, then

1 0 _ > m+1
(21) PO (e §) =% X aamenpdi ™

m=0
and

M -3

1 0 Mo m+l
(25) f(Z)|k< tpC 1 ) = )\11) M Zp la(2m+1)prS€mq’(1pc 3)P

m=0

for some &,, #0 in C.
The same identities hold if ¢ is replaced by —c.

Proof. We prove (22) by induction on «. Since

1 0 1 N 1 0\
(pMc 1)(0 pl tpMe 1 €I(N)

we have
1 0) - N/pMe.
f(z)|k< wMe 1 ) —Z_;Janexp(%'m A -

This establishes (22) for « = M.
For the general case we argue as in the proof of Lemma 3 (iii) and get the
following equation

(26)
—p7 'S (1 —tpe(l —pnl))f(z)|k< l’tpi“c (1) ) ( (1) l_ppnl )

where n; and I’ are integers such that pn; —1 =0 (mod p%), =1 (mod p%) and
I'(1 +tp¥c(pn; — 1)) =1 (mod p™).
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Assuming that (22) holds for o 4 1 this equation becomes

1O (e 1 )

p—1
o . n I —pny T
=N Y (Zexp (27?21,?_&_1—@ )) angy”
1=0

n=0
plvffocflhl

o0 n
_ ya—M pM—a
= A, E angy,

n=0

pJ\/Ifa|n

whenever x,(1 —tp®c(l —pny)) =1foralll=0,1,... ,p—1.
Next, in order to show (23), we take ng = 0 and [, = 1 in (26) and observe that
Y2(1 —tpe(l — png)) = —1. Thus

1 0 Mo e d1—pny n T
)\pf(z)|k<tpc 1>_A§ Mp=t % (1—exp<2m . 1W)>anq,§M "

n=0
p1\4—2|n

1—png

Since is an integer we obtain (23).
The identities (24) and (25) can be deduced similarly from equation (26). O

Proposition 10. Let ged(c,p) = 1 and p™||N with M > 2. Assume that f(z) is
an eigenform of T}, with eigenvalue A\, = 0. Furthermore, assume any one of the
following cases;
(i) p is odd,
(ii) p=2 and a > 4,
(lll) (p7 XP) = (2) 7/’0);
(iv) (p,xp) = (2,92) and o > 3.
Then p does not divide vpe.f whenever a is an integer such that % <a< M
and ppee = 0.

Proof. Tt follows from Proposition 6. O

All previous results on eigenforms of Hecke operators are about v, f at regular
cusps of T'o(V). In order to have information about these eigenforms at the others
cusps as well, we first determine for which levels N, characters x and divisors ¢ of
N we get irregular cusps %

Let N =[], p;* be the prime factorization of N. Then exp (2mwip.) = x(1+ch.) =
[L; xp: (1 = ch;) where x,, denotes the p;-part of x. From equation (4) and remark
previous to Proposition 6 is easy to conclude that % is an irregular cusp of T'g(N)
with respect to x if, and only if, one of the following situations holds:

2-part of N 2-part of ¢ X2

22 2 T,
(27) 23 2 Uy, Uy

23 22 Uy, Uy

24 22 Uy, Uy

Consider N’ = 29N in each one of the cases listed above, with ¢ = 2 for the
case in the third row and o = 1 for the rest. Denote by x’ the Dirichlet character
modulo N’ induced from x. Then, the irregular cusp 1 of To(IV) is a regular cusp
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of To(N’). Let f'(2) be the image of f(z) under the canonical injection of My (N, x)
into M, (N',x"). If L is a irregular cusp of I'g(V), the Fourier series of f(z) at < is
of the form

CTT G B S

n=0

Consequently, the Fourier series of f/(z) at 1 is

/ 1 0)_ <« 2n+1
Pl (g )=

where h, denotes the width of 2 as a cusp of T'o(N').

If p is any prime, let 7} be the p-th Hecke operator defined on Mj,(N’, x’). The
restriction of 7} to the subspace My (N, x) coincide with p-th Hecke operator T,
acting on My (N, x) because N' = 29N and 2 is a divisor of N. Therefore, if
f(2) € Mg(N, x) is an eigenform of T}, with eigenvalue A, then T}, f'(2) = A\, f'(2).

Proposition 11. Let f(z) be an eigenform for all Hecke operators.

(i) If pe # 0 then any prime divisor of 2v.f + 1 is a divisor of %
Furthermore, assume that p™ || N and ged(c,p) = 1.

(ii) If pe #0 and M =1 then ged(p, 2vef +1) =1, pipe # 0 and vef = vpef.

(iii) If pprre # 0 and A, # 0 then p # 2. Moreover, jipo. # 0 implies p™ ~min{2e, M}
divides 2vpacf + 1, and ppe. = 0 tmplies pM—min{2e. M} gi0yides Upaef, for all
a=1,2,..., M.

(iv) If M > 2, A\, =0 and ppoc # 0, then p does not divide 2vpa.f + 1 for any o
with M <o < M.

Proof. Consider the modular form f/'(z) € Mi(N',x') defined by f(z) as above.
Then use Propositions 7, 8, 9 and 10 in order to get (i), (ii), (iii) and (iv) respec-
tively. O

4. THE FRICKE INVOLUTION

In the previous section we deduced some properties of v f when f(z) is an eigen-
form of the Hecke algebra at several cusps % of T'o(N). But clearly the argument
used in Proposition 6 does not give similar information for cusps of the form ﬁ

when -3¢ is still divisible by p. In order to deal with this problem we restrict

ourselves to the study of modular forms satisfying an additional property involving
the Fricke involution. Namely, from now on we only consider modular forms f(z)
in My (N, x) such that:

(A) The smallest power of g with a non-zero coefficient in the Fourier series of
f(2) at the cusp ¢ (where ged(a, ¢) = 1 and c is a divisor of V) is independent
of a.

(B) f(2) is an eigenform for all Hecke operators.

(C) f(2) = f(2)|x ( ](\)7 _01 ) is an eigenform for all Hecke operators.

We denote by 5\,, the eigenvalue of f(z) under the Hecke operator Tp.
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Lemma 12. If f(z) satisfies (A), (B) and (C), then so it does f(z). Moreover

(28) f(dlk(% ?)—f(z)“f(_cl —01><§ i)

and py = pie, vx f = vef, for any divisor ¢ of N.

Proof. Clearly f(z) satisfies (B) and (C).

Since x is a real character f(z) is in My(N,x). If ¢ is any factor of N and a
is any integer such that gcd(%,a) = 1 then ad — b% = 1 for some b and d in Z.

Therefore
0 -1 b\ _ (-1 0 Yoa
N 0 d ) \ ac -1 0 c
and so

(29) f(dlk(% b)—f(z)“f(;cl —01)<§ Ccl)

If a =d =1 and b =0 in the equation above, we get (28).

As h . = §7eh=1, equation (29) yields vo_f = vafand pa = p—1. Now

N/c N/ec
we use that both ;—cl and =2 represent the same cusp of I'g(N) and conclude that

- c

f(z) satisfies (A). |

o|z e

Proposition 13. (i) If u. = 0 then either v.f € {0,1} or any prime divisor of v.f
is a divisor of ged(c, ).
(ii) If pe # O then any prime divisor of 2v.f + 1 divides ged(c, %)

Proof. Tt follows from the previous lemma, Proposition 7 and Proposition 11 (i). O

Lemma 14. Let pM||N with M > 3. Assume that (p™, x,) is none of the follow-
ing: (2%,401), (2°,1b2), (2%, 93), (2%, 1) or (2%, 43).
Then A\, =0 if, and only if, A, = 0.

Proof. By Lemma 12 it suffices to show that 5\,, # 0 implies A, # 0.

First assume that p is odd or (p, xp) = (2,%0). If co = pNW then gy, = 0 and
upMCOf e {0,1}. If upMCOf = 0 then X\, # 0 implies pipe, = 0 and vy, f = 0, by
Proposition 9. Consequently, p,m-1 = 0 and vyu-1f = 0 by Lemma 12. Since
M > 3, Proposition 10 yields A, # 0.

If upMCOf = 1 we consider the Fourier series f(z) = > L ang™. Since f(z) is an
eigenform of T}, we have a,m-1 = 5\;‘,4_1@1 # 0. If we apply Proposition 9 to f(z)
then equation (22) with tp®c = pcy shows that ipe, = 0 and vpe, f = p™ 2. Hence
ppm—1 = 0 and p divides v,m-1 f. Then, as above, A, # 0.

In those cases where p = 2 and Y2 # o we must have M > 5 or (p™,x2) =
(2%4,402). As A\, # 0, we get from equations (23) and (25) that e, = 0 and p is a
factor of v, f . Thus p,m-1 =0 and p divides vpm-1 f. Then A, # 0 follows from
Proposition 10. O

Lemma 15. Let p?||N, ged(p,¢) =1 and py2. = 0. If p =2 assume also x2 = t)o.
Then A\, = 0 if, and only if, A, = 0.
Moreover, Ay # 0 implies vof =0 and vy f = 0.
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Proof. It is enough to show that A\, # 0 implies 5\p #0, vof =0and vy f = 0.
Let

1 (2, ?)—Zoanqz

where h = hy2.. If A, # 0 then

(30) 1O (e ) =N S

pln

for any ¢ with ged(t, N) =1 and t =1 (mod 1%), by Proposition 9.

Let ¢* bein {0,1,... ,p—1} such that cc*=1 (mod p). Foreachl € {0,1,... ,p—
1} —{—c*} take the unique solution I’ € {0,1,... ,p—1}—{c*} of (1+Ilc)l'+xpp =1
for some integer x;. Then

w11

p—1
kg 1+le ay 1
e () (o )

I
' —c* p 0
s (8 Y)

where 2’ € Z is chosen in such a way that 1 — cc* = a'p. For each I’ consider
integers t;; and ny satisfying I’ — pny = 0 (mod p%), ty(1—cl’) =1 (mod p) and
ty =1 (mod I%) Then ged (¢, N) = 1 and

-1
1+1c xy 1 ny 1 0
( pe 1—l'c><0 1 )(tl,pc 1) € Lo(N)-

As h divides I’ —pny/, we get from (30) and the last equation the following identity
(31)

10 kg a = p 0
)\pf(z)|k<c 1)—p f(z)|k< ¢ p )(0 1)
ol n pl n 1 z
=p A7 Zan exp (2772'5 ) <Z Xp(l") exp (‘2“1—90*}’*;)) Thp
o =1

pln
where h* and I” are integers such that hh* =1 and I” =1 —¢(I’ —pny) (mod p).
Since h = hp2. = p%hc, the series above is in integral powers of qic.
Notice that p,2. = 0 implies p. = 0. As vy f = v.f, the assumption v.f # 0

yields ged(p, v.f) # 1 from equation (31). But this impossible by Proposition 13,
thus v.f = 0.

c*h*
p
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Next we assume \, = 0. Then
(32)

. 10 P 1+1Y g 11
oo § 1) 5 ) (0 )

pc 1=

where (1 + l%) I+ 2;p = 1. Let n; be an integer such that pn; =1 (mod ¢). Then
(32) becomes

i 1 0 1 I—pn
0=ps 1§f(z)|k<ﬂ 1)(0 p l)'

(&

If we use Lemma 12 we get

p—l N N
_ ﬁ_lz -1 0 T Sl =p)+p
e 1=0 Tl ( c -l ) ( 0 pe '
-1 0 .
Therefore the constant term of f(2)| < e _1 ) must be zero, i.e. v—1 f > 0,

a contradiction. Thus \, # 0.

Finally, the argument after equation (31) applied to f shows that vy f=o.
Hence vp2.f = 0 by Lemma 12. o O
Proposition 16. Let pM||N with M > 3. Assume that (pM,x,) is none of the
following; (23,41), (23,12), (23,93), (24,91) or (24, 43).

Then A\, = 0.

Proof. Suppose A, # 0. Then 5\p # 0 by Lemma 14. From (27) p,m = 0, thus

e (g ) = ot

where h = h,n. By Lemma 12 and Proposition 9 we may write the following
identities;

(33)
- 1 0 k _ e n 1 n_ N
f(Z)|k ( ﬂ 1 ) == X(_l)ng k)\; M E Gn, eXp <27T7, Va1 _h>q}?:1vf 1 p2
P n=0 p p
pJ\/Ifl‘n

if p is odd or if (p, xp) = (2,%0).

(34)

> m+ m+1)4
= X(—l)N%p—k)\zl)—M Z A (2m+1)pM—2 €XP <2ﬂ'i o 2 )q}(L 2)177

m=0
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(35)
g 10 ko k—1y1-M —
f(z)|k N 1 = X(_l)N2p )‘p Z a(2m+1)pM*3€m
p m=0
1y, M-3 ma1ypM—3 N
X exp 27ri7(m+ )P ,(L T
php P

if (p7Xp> = (272!}1)7 (271%)
Observe that the right hand side of (33) (resp. (34), (35)) is a power series in

qp]\4—2 (I‘esp' qul*S 7 qp]\l—4>

< 1 0
By Proposition 9 the coefficient of ¢ in the Fourier series of f(z)| ( N ) is
P

Ay by, where f(2) = 3200 1 bag™. As f(2) is an eigenform of T}, we know A;1b, =
by #0. Thus M —2 =0 (resp. M —3 =0, M —4 =0), a contradiction.

Proposition 17. Let ged(c,p) = 1 and pM||N with M > 3. Assume that (p™, x,)
s none Of the fOllOlUan (231 1111), (237 1/}2)7 (237 1/}3)7 (24, 1111), (24, wQ)a (24, ¢3);
(2°,41) or (2°,¢3). Then, for every a in {0,1,... M} — {&},

(1) pipee =0 implies p is not a factor of vpe.f,

(i) ppoe # 0 implies p is not a factor of 2vpacf + 1.

Proof. By Lemma 14 and the previous proposition, A, = 5\1) = 0. Then (i) and (ii)
above follow from Propositions 10, 11 (iv) and the identity in Lemma 12. O

Remarks 1. (i) If (p™, x2)=(25,41), (2°,%3) then ppe.=0foralla =0,1,...,5
(see table (27)). Moreover ged(p, vpacf) =1 for a =0, 1,4, 5 by Propositions
10, 16 and Lemma 12.
(ii) If (pM, xp) = (2%,42) then ppe. = 0 foralla = 0,1,... ,4 and ged(p, vpacf) =
1 for « = 0,1, 3,4 by the same argument.

Lemma 18. Let p be an odd prime with p?||N. Then A, = 0.

Proof. Let ¢ be a factor of N such that ged(p,c) = 1. We argue as in the proof of
Lemma 15 and obtain (31).

Now, for every I’ # ¢* we choose n;: € Z such that pny +1' =0 (mod Z%) Then
there exist an integer ¢, such that t;(1 —'c — peny) =1 (mod N). In particular

ged(ty, N) = 1. Moreover, f(z)|k< tlpc (1) ) =3 ag')qzjupc implies that
v ¢

the right hand side of the equation (31) is equal to
(36)

oo p—1
_ ’ N+ fhpe (n+ppe)
pt nE:O E Xp(1 = 1'c)all) exp <2mh—p(l’ +pnl/)) g, P

c
C
1’=0

I/ #£c*
As p, = 0, the expression above for ¢ = 1 is a series in integral powers of qﬁl. If
f(2) = 322°  bug™, the identity in Lemma 12 yields

(37) f(z)|k< LY ) = N5 buexp (2 ok
n=0
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and this shows that the coefficient of gy, in (37) is non-zero (since f(z) is an
eigenform of the Hecke algebra).

In particular A, # 0 implies that the left hand side of (31) with ¢ =1 is a power
series where g, has a non-zero coeflicient, a contradiction. O

Proposition 19. Let p be as in the previous lemma and ged(c,p) = 1. Then
Hpc = Hc and Vpcf <vf.
/ __ %

Proof. By Lemma 18 A, = 0. Thus, the Fourier expansion of f(2)|x ( l; pc )
is a series in integral powers of gy, if, and only if, (36) is a series in integral powers
of qn,. Hence ppe = pe.

Furthermore, the smallest power of g, with a non-zero coefficient in the left
hand side of (31) has exponent (v.f + pc)p. Therefore (36) and v_1_f = v f

tl/pc

imply vpef + pipe < vef + He- O

We finish this section with a technical result that will allow us to get information
1 . . ol . M
about v.f at those cusps ¢ not considered in Proposition 17, i.e. whenever p= ||c
for some prime p with p™||N. But before we need to observe the following:

Remarks 2. (i) Lemma 3, and Propositions 4, 5 and 6 also hold if ¢ is replaced
by te, where t is any integer with ged(¢, N) = 1.
(i) For t as above and ¢’ € {0,1,...,p — 1} such that ¢ =¢ (mod N)

1 (o 3 ) =100 4 §)-

So, from now on we take ¢ to be in {0,1,... ,p—1}.

Proposition 20. Assume there is at most one prime p such that pM||N, M > 0
even, and p* ||c.

Assume also that (21 x2) is none of the following: (22,19), (23,41), (23,1),
(23,403), (24, 401), (2%, 92), (2%,43), (2°,401) or (2°,43), where 2M1 denotes the
2-part of N. Then u. = 0.

Furthermore, if the Fourier series of f(z) at 1 is given by (3) and v.f # 0 then
cn = 0 whenever v.f is not a factor of n.

Proof. Since (2M1,y5) = (2M1 1)) for My = 2,3,4, we have p. = 0. If v.f =1

there is nothing else to prove, hence we assume v.f > 1 for the rest of this proof.

By Propositions 13 and 17 we know that v.f = p” for some positive integer v.
Suppose there exist some ¢,, # 0 such that n is not divisible by v.f. If we write

I 0 <= ()
f(Z)|k ( te 1 ) - Z;)Cn th
for every 0 <t < N, ged(t, N) = 1, our assumption implies the existence of
no = min{n € Z : ) # 0, n is not divisible by p”}
where 1 <t < N with ged(¢, N) = 1. Fix tg such that cg(;’) = 0. Since Vm%f =pY,
there is a prime r # p such that r is a factor of ng.

In the following we divide this proof into four cases and show that each of them
yields a contradiction.
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Case 1. ged(r, N) = 1.
Let r* € Z such that r*r =1 (mod N). Let t; = r*tg. Then

I 0 = (o)m
1O (e 1)—;% .

By equation (16) the coefficient of q,ﬁl in the Fourier series of A, f(2) |k ( tlc (1))
c 1

is

)\rc(ﬂ?) =cllo) 4 X(r)rk_lc(f_g*tl) =cll) £0

This is a contradiction to the minimality of ng.

Case 2. 7||N and ged(r, ¢) # 1.
Let 7* € Z such that 7*r =1 (mod &) and ged(r*,c) = 1. Let t; be as above.
It is possible to show, as in the proof of Lemma 3 (ii), the following identity

r—1
1 0\ &4 1 0 1 I—rny
Trf(zﬂk( tic 1 ) = lzgf(zﬂk( rtic 1 ) ( 0 r )
where n; € Z with [ —rn; =0 (mod £). This equation yields
00 oo r—1
" _ .nl—rny n
Ar;cﬁfl)th =t ;cgw (;exp <2mh_c . )) a5, -

In particular we get Arc%) = cgf:) # 0. But again, this is impossible by the

minimality of ng.

Case 3. 7||N and ged(r,c) = 1.
Let 0 <1 <r —1 such that tgcl + 1 = z'r for some integer z’. There is t; € Z
such that to = (toX + 7)1 (mod &) and ged(t1, N) = 1. Hence

(2 s (6 )

N = _ged(X,0)
=X <t07 —|—T) chl) exp <—2mnf .-

n=0
If we put f(2)|k L0y S sangy  (recall p. = pe = 0 by an argu-
tore 1 n=0 nth,. re = He
ment in the proof of Proposition 5), equation (17) implies

(38)

r—1 N

_ _ N . ng(?7 C)

)\Tcslt[?) =rta,, Z (") +rF 1y <t07 + 7") c(n;ll) exp (-2771710—T2 .
=1

By minimality of ng we must have

r—1
)\Tcgfé)) =rtan, Z X (1"
=1

Since A, # 0 (see Proposition 8) we conclude that x, is the trivial character.
Then v_1_f = v,of # 0 by equation (17). Moreover v1 f = v f = v.f > 0,
tore tpc

t1c
hence v, f = v,..f by Proposition 8. This give us a factor of N, namely rc, satisfying
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the same conditions than c¢ in the statement of this proposition, with a,, # 0 and
Vref = p¥. Furthermore, the identity (38) above and the minimality of ng (defined
in terms of ¢) imply

no = min{n € Z;bY £0,n#0 (mod p*)}

where the b"’s are defined by f(2)[x ( tic (1) ) = b0

Now we just apply the arguments from the previous case to rc and obtain the
desired contradiction.

Case 4. r? divides N.
Let 7+ ||N. Since r # p, then r||c for some a € {0,1,..., M, } — {#=}.
Suppose M, > 3. Then A\, = 0 by Proposition 16. Consequently

0 n
0=2 e,
n=0

r|n

if 4L < o < M, (see equation (19)). Thus cif¢’ # 0 implies o < Mz=L.

From Lemma 14 we also have A, = 0, thus the previous argument shows é§f§) =0

where
v 1 0 - ~(t5) n
Fol (G V) =S dPa,

n=0

forany 0 < a < and any integer t satisfying ged(tf, N) = 1.
On the other hand, ged(tg, N) = 1 implies toy + %:r =1 for some x,y € Z. Then

(v o) (%5 )=(ae V)5 )

Since there is m € Z such that ged(—Zm+y, ¢) = 1, we can take t;; € Z satisfying
ti(—Em+y) =1 (mod ¢) and ged(tf, N) = 1. Then, we use the previous identity
and get

on(l (3 7)o Toron (4 D) T)

2 .
As hn = She, one obtains

c

— Z o) exp <—2m’n—)th =x(y — —m) Z én exp | —2min—= |q, <.
e hec < c = hec <

M,.—1
2

Thus ng) = 0 if, and only if, cgf[?) =0.

Consequently é§f§) +£ 0, which implies A, # 0 and therefore M, = 2.

If \, = 0 then A\, = 0 by Lemma 15. Hence the previous argument yields a
contradiction. Finally, if A, # 0 then v.f = 0 by Lemma 15 again. But this is

impossible by assumption. O

Remark 1. One can also use the proof above in order to show the following: Let
(2M x2) = (2°,4h1), (2°,1b3) (resp. (2%,1)2)) and ¢ = 23¢ (resp. ¢ = 22¢’) for some
odd integer ¢/. Assume v.f = 2¥ and r||N for any prime factor r of ¢’. Then, if the
Fourier series of f(z) at 1 is given by (3), the equation ¢, = 0 holds whenever v, f
is not a factor of n.
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Before we close this section we observe that it is also possible to get information
about v.f in those exceptional cases not covered by Proposition 17. Nevertheless,
we prefer to postpone the analysis of these cases until we are able to show some
explicit upper bounds for v, f.

5. ON 7-QUOTIENTS WHICH ARE EIGENFORMS OF HECKE OPERATORS

From now on we only work with modular forms satisfying conditions (B) and
(C) of section 3 and which are of the form 7,(z) € My, (Ngy,x,) for some g =
t1'ty? ...t Since n4(2) also satisfies (A), we can make use of any result from the
previous section.

Proposition 21. Let g = [[;_, t;j such that ng(z) € My, (Ng, xg). Let pM||Ny.
If M > 2 then p =2 or 3. Furthermore, M <8 if p=2 and M <3 if p=3.

Proof. Let ¢p = z%' If p is odd then ppac,mg = 0 for all 0 < a < M (see (27)).

Moreover vpac,ng = 1forall 0 <o < M, o # % This follows from Propositions

13 and 17 when M > 3, and from Lemmas 12, 15, 18 and Propositions 10 and 13

if M = 2. The above also holds for p = 2 and M > 6 by the same argument.
Thus, from equation (6) we get

« M
(39) hpaco 3 (O _pldryg+ Y p* ) =24
deD 1=0 l=a+1

forallin {0,1,... ,M}—{%}, where D = {d € Z;d > 0, d divides Ny, ged(p,d) =
1}.

One deduces from this system of equations that ), ,drpg = 0 for all [ €
{0,1,..., M} — {22 MELYif M is odd, and Y, p drpig =0 forall L € {0,1,...,
M}y —{& —1, 4 2 41} if M is even. Consequently, the system (39) reduces to

IR
M—1 M1
(40) d;)(p T o AT dr ) =24,
M+1 M—1
(41) ;)(p 2 d’r‘p%d-f—p 2 dTp%d):%l

if M is odd, and

M _ M M
(42) Z(p 2 1d7"p%,1d +pEdr g 4P +1drp%ﬂd) =24,
deD
M _ M M _ 0
S
M M M _
(44) d;)(p Ty, APy AT Ty ) =24
S

if M is even, where u is some non-negative integer.

Assume M > 3. From the equations above we know that either p%_1 or ng :
is a factor of 24, hence p = 2 or 3. Moreover, M < 8 if p=2and M <4 if p=3.
In order to rule out the case p =3 and M = 4 we observe that for these values

Zdri’)sd—{ 1_31},

deD
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by subtracting (44) from (42) and then subtracting (43) from (42). Then, equation
(43) is equal to

6+9> drseg=00r 6(1—3")+9) dryq=24-3"
deD deD
both of which yield a contradiction.
Finally, assume M = 2. Again, if we subtract (44) from (42) and use this
equation when we subtract (43) from (42) we obtain

24
(p2 - 1) Z drpzd = { 24(1 _ pu>'
deD
If w = 0 then there is nothing to prove, so we assume u > 1. Consequently
p =2, 3, 5 or equation (43) becomes 24p* =23 drq+p>_,drpq. In the former
case p = 5 implies ), drp2q = 1 or 1—p", which yields a contradiction if we consider
the identity (43). In the latter case we conclude that p is a factor of ), drq, and
therefore it is also a factor of 24 by (42). |

Corollary 22. Let g = [[;_, t;j such that ng(z) € My, (Ng,xg). If prec # 0 then
veng = 0.

Proof. By Proposition 13 any prime divisor of 2v.n, + 1 is a divisor of ged(c, %)
Then, by the last proposition, 2v.ny + 1 = 3¢ for some non-negative integer m..
Moreover, m. # 0 implies 32| N, and 3||c (see Propositions 13, 17 and 21).

From Proposition 19 peng = peng # 0 and veny < veny. Hence, the previous
argument shows that 2veng +1 = 1. Thus veny = 0. O

As we mentioned before, the Fourier series of ny(z) € My, (Ny, x4) at the cusp <
is given by (5). The holomorphic function G1(z) in that equation can be written
explicitly as the infinite product ‘

s d(t. ngcd(t-,c)2
(45) Gi(z) =[] T]@ ~exp (2mnMvj)q TH )
j=1n=1 J

where each v; € Z satisfies cv; = ged(t;,¢) (mod t;) (see [7]).

Next we study the function G 1 (z) in order to find some upper bounds for v.ng,
at those cusps 2 of I'g(Ny) where there is an even integer M > 0 such that 2 || N,
and 27 ||c. For the following six results we assume these conditions on Ny and c,

plus the hypothesis ged(3,¢) = 1. Moreover, we order the set g = ¢]*¢52 ... t%¢ in
ged (5, 70)2 ged(tj, 70)2
e’ el

such a way that 1 < j; < jo < s implies ;
2
Lemmas 23 and 25 below are stated without proof since they follow from straight-
forward algebraic manipulations.

Lemma 23. Letu and N be some positive integers such that 2||N. Let a1, as € Z
not both zero, £ € C a primitive N-th root of unity, and l € Z with ged(l, zﬁu) =1.
If € is a oot of X2+ a.X € Z[X] then u =1 and a1 = as.

Proposition 24. Let ¢ = 2% ¢ with ¢ a positive integer relatively prime to 6. If
god(ty,¢)?

the coefficient of ¢ @ in the product G1(z) is zero, then t; = 2%_13ﬁ1t’1 for

some t) > 1, ged(t),6) = 1 and B > 0. Moreover ty = 2% T1301¢, r| = ry and
ged(ty,¢)? ged(ts,c)?
t1 < t3 :
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Proof. Assume that r; is non-zero. Let t; = 22135 t} for some integers oy, 31 and
t} with ged(t),6) = 1. . .
If t5 is a divisor of N, with 8400 — gedle.0) yhop ¢, — 9M—130iy; - As the
cd(tq ,c)2
coefficient of qg i in (45) is zero and m is minimal by the ordering in g,

we get oy = M — aq, say a1 < ?. One can choose integers [, v such that

C tl C tg
—lv=1 d —— d———v=1 d ———).
sedne’ = " ) M g = o)

cd(ty ,6)2
Then, the coefficient of qg i in (45) is given by
ged(t] . ged(t]
—r1 exp (Zm?’éTl)lv) — rgexp (2mﬁ3ﬁlilv).
Therefore a; = % — 1 and r; = r2 by Lemma 23. (|

Lemma 25. Let N be an odd positive integer and 6 € C an N-th root of unity.

() If a € Z, a > 0 satisfies 2a = 1 (mod N), then 02+ 4 g4 492 £ 0.
(ii) If a1, az € Z, not both zero and a1(02°+! + 64 + 62) + a90? = 0 then 6 = 1

and as = —3a;.
cd (ty ,6)2
Lemma 26. Let c be as in Proposition 24. Assume that the coefficients ofqg !
cd(ty c)
and ¢*° 5 in the product G1(z) are zero. Then Qng(tl’c) = ng(fj’ o
Furthermore, either G;(z) =1lors>4, ry #0 and
Cd t gcd(tj,c)2
(46) Gi( H H 1—exp( 27rzng (J’C) vi)g" ).

j=4n=1

Proof. By the previous proposition there are some non-negative integers 4, and t}
with ged(#;,6) = 1, such that t; = 2% ~13%1¢), and t, = 22 +1351¢,. Moreover
r1 = re. Thus

0 cd(ty,c)? cd(t 0?2
(47) Gi(z) = [J(1 - g™ 0 )1 — gng™ )
n=1
S o0 2
cd(t, ged(t;,0)”
H 1—exp( 27rm—g E‘J C)vj)qn )T
—3n=1 J

where £ = exp (271’1%1}2) and [ is defined in Proposition 24.

ged(ty,0)?
Since the coefficient of ¢ t in this infinite product is zero, we must have

Qng(ttll’c)z = g"d(::’c)z and r3 # 0 by Lemma 25 (i). This implies 3 = 2% 3°1¢, and

. 2gcd(t] ,0)2 . .
therefore the coefficient of ¢ i in Ga(z) is m &2 — €8 — €2 —r3€2. From

Lemma 25 (ii) we get r3 # 0, £ = —1 and r3 = —3r;. Thus /1 = 0 and ¥} is a
factor of ¢’. Finally, equation (46) can be obtained from (47) after some algebraic
manipulations. O

Proposition 27. Let ¢ be as in Proposition 24. Then there is a power of q in the
infinite product G1(2), say ¢/ for some f € Q, which has a non-zero coefficient

and satisfies 0 < 2-part of f < 2%
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Proof. Obviously, we must have one of the following cases:

. ged(ty ,0)2 . .

a) the coefficient of ¢ 1 in G1(z) is not zero,
c

. gcd(t] ,0)2 2gcd(t] ,0)2 .

b) the coefficients of ¢ = and ¢° " in Gi(z) are zero and non-zero
c
respectively,
ged(ty ,c)2 2 ged(ty ,c)2

c) the coefficients of ¢ ©1 and ¢ t1 are both zero.

If a) occurs we take f = W. If b) occurs let f = 2%. If ¢) occurs,
either G1(z) = 1 and we take f = 0, or G1(z) is given by (46), in which case we
repeat the previous argument on this product. O

Corollary 28. Let g = t1't5? ...t and c¢ as in Proposition 24. Assume that
(2M  x2) is none of the following: (22,12), (2%,41) or (2%,43). Then p. = 0 and
Venlg < 2%

Proof. From Propositions 20 and 21 we know that . = 0. Moreover v.ny = 0 or
veng = 2% for some non-negative integer u. In the latter case v.ny = 2“ must divide
the exponent of every power of g5, in the series (5) with a non-zero coefficient.
Hence 2" must divide the exponent of every power of g in the product (45).
Thus, 2% < 2% by Proposition 27. O

Remark 2. Clearly, all four Lemmas 23, 24, 25 and 26 also hold if 2M || N, with
M odd and 2%Hc. We only have to enlarge the original formal product g =
1152 .. .7 with factors of the form t° where ¢ is any factor of 2N, which does not
divide Ny, and then take G1(z) as the infinite product defined by this bigger set.

Consequently, we can have a statement analogous to Proposition 27 for this
case. Namely, if M is odd and 2%”0, there is a rational power of g, say g7,

in the infinite product G1(z) such that it has a non-zero coefficient and satisfies
M+1

0 <2partof f<272 .
Now we put together several previous results in the following.

Proposition 29. Let g = t]'t5? ...t such that ny(z) € My, (Ng, xq). Let 2M|| Ny
and assume that (2M ,x3) is none of the following: (22,12), (23, 41), (23,42), (23, 13),
(247 wl)? (247 w2>7 (247 d}i’))? (257 wl) or (257 dJB)

If ¢ is any divisor of Ny then 0 < v.n, < 2% Furthermore, either veng € {0,1}
or M is an even positive integer and 2% ||c.

Proof. Assume v.ny ¢ {0,1}. By Corollary 22 we have y. = 0. Then, from
Propositions 13, 17 and 21, M is some even positive integer and 2% ||c or 32| N,
and 3||c. In the latter case we considelzwg and by Proposition 19 ven, ¢ {0,1}.
Hence M must be positive, even and 22 ||c. Finally, the inequalities follow from
the corollary above. O

For those cases not covered by Proposition 29 we also have an upper bound on
Veng, but for this we need to study each case by itself.
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First we note that for p = 2, equation (7) yields

gk als, § ) =20 (e, §) (0 )

xalt -2 -2 (g, ) (5 1))

where 1-2n = 0 (mod £7) and ged(2, ¢) = 1, for all integers o with 22 < o < M.

Assume that c is a factor of Ny relatively prime to 6. Then, in each of the
exceptional cases we argue as follows:

(1) (2MaX2) = (25, \1’1)7 (257\113)'

By Propositions 10 and 16 ged(2, va4.ny) = ged(2, vas.ng) = 1. Hence vaacng =
vgs.Ng = 1 from Proposition 13. Next we use Lemma 14 and by a similar argument
conclude veny = vacny = 1.

(Here, and for the rest of this section we are making constant use of Lemma 12
and Proposition 21).

If we put together the remarks given after Proposition 20 and Corollary 28 we
get the inequality ves.ny < 23. Then, we also get Vg2cNg < 23,

(ll) (2M7X2> = (24, \112)

By the same reasons vgacng = 1 for o = 0,1, 3,4 and vg2.ny < 22,

(iii) (2M7X2) = (247\1}1>7 (247 Us).

If Ay = 0 one can prove v.ny = va.n, from equation (7). On the other hand,
A2 = 0 implies gcd(2,y2_zvcﬁg) = 1 by equation (48). But this yields that v.n, is

(B

(48)

even, which is impossible by Proposition 10 (iv) for 7,(z). Hence Ao # 0. This
in turn implies that vys.n, is odd by equation (25) on 74(z). But vgs.n, is even
according to the identity (48), hence we have a contradiction which shows A2 # 0.
By a symmetric argument we also have A # 0. Next we use equation (25) again
and conclude that vo.n, and vy3.ny are odd. Hence ven, and ves.ny are also odd
by Proposition 7 and equation (22). Consequently, v2a.n, = 1 for a =0,1,3,4. By
Corollary 22 vaz.ng = 0.

(iv) (27, ) = (25, W),

If Ao # 0 then vo.n4 is odd by equation (23). Hence, from (7) and Proposition
13 we obtain v.ny = 0. In particular v~, 7, = 0. Now, if we suppose that Ao £ 0

then vn, 7y = 0 by equation (22), i.e. Cz/gcng = 0, a contradiction. Therefore we
3¢
must have Ay = 0. But in this case we get ged(2,vn,7y) = 1 by Proposition 10.

Thus v.ny is odd, which again is a contradiction. Hence A = 0. Similarly, 5\2 =0.
Under these conditions v.n, must be odd and therefore v.n, =1 (see Propositions
13 and 21). From equation (48) we get vacny = veny. By the same arguments on
g we conclude veng = vachyg = Va2.l)g = Vasclg = 1.

v) (2M7X2) = (237\Ill)a (23, Ws).

By Corollary 22 vocng = v92.1y = 0, and from Proposition 13 v.ng, ves.ng €
{0,1}.

(vi) (2, x2) = (2%, ¥2).

By the argument above, vo.1, = 0 and ven,, voz.n, € {0,1}.

We end this section with a summary of all the information that we have about
the integers v.ng.
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Theorem 30. Let g = t1't5° ... t0° such that ny(z) € My, (Ng,xy). Assume that
both ng(z) and n4(2) are eigenforms for all Hecke operators.
Let Ny = 2M3Mi N’ for some non-negative integers M, My, N’ with gcd(N',6)
=1, and denote by x2 the 2-part of xq.
Then, for any factor c of Ny, the non-negative integer v.n, satisfies one the
properties below:
(i) If M € {0,1} then v.n, € {0,1}.
(ii) If (2M,x2) € {(23,40), (25, 40), (2°,¢2)} or M =7 then v.n, = 1.
(i) If M € {4,6,8} then 0 < veny < 2% . Moreover veng = 1 for ged(2M,¢) #
2% .
(iv) If (2M,x2) € {(2°,¢1), (2°,%3)} then 0 < ven, < 23. Moreover ven, = 1 for
¢ such that ged(2°, ¢) # 2% and ged(2°,c) # 23.
(v) If M, x2) € {(23,41),(23,43)} then ven, € {0,1}. Moreover ven, = 0
whenever ged(23,¢) = 2 or ged(23, ¢) = 22.
(vi) If (2™, x2) = (23,1)2) then veny = 1.
(vil) If M = 2 then 0 < veng < 2. Moreover veng € {0,1} for ¢ such that
ged(22,¢) # 2. In fact, veng =0 for ged(22,¢) = 2 if x2 # 0.
Furthermore in every case, v.ng > 2 implies that the only prime divisors of vcng
are 2 or 3, with 3 dividing it only if 3%|N, and 3||c.

Proof. If v.ny # 0 then p. = 0 by Corollary 22. Hence any prime divisor of v.ng > 2
is 2 or 3 (by 13 and 21).

Suppose that 3 divides v.n,. Then 3?||N, and 3||c by Propositions 13, 17 and
21. Moreover vcng < veng, by Proposition 19. Consequently, if we want an upper
bound for v.n, we may assume that 3 does not divide c.

Now, the proof of each statement above is the following:

(i) If M € {0,1} then 2 does not divide ged(c, &) and therefore 0 < v.ny < 1.

(i) In this case g = 0 by the table (27) and so 2 is not a factor of v.n, by
Proposition 17 (this is true when 3 is a factor of ¢ too). Thus v.n, = 1.

(iii) For M = 6,8 and (2M,x2) = (2%,10) we use the previous argument and get
veng = 1 whenever ged(2%,¢) # 2% . The inequality follows from Corollary
28. If (2™ x3) is (24, 91), (24, ¢2) or (2%,1)3) we obtain the same conclusion
from the analysis of the exceptional cases done above.

Similarly, (iv), (v) and (vi) follow from the remarks preceding this theorem and
the fact that these also hold if ¢ is a multiple of 3.

Finally, we get (vi) by Proposition 13, Corollary 28 and the last exceptional case
studied above. |

6. THE COMPUTATION OF 1-QUOTIENTS WHICH ARE EIGENFORMS OF
THE HECKE ALGEBRA

Here we show that is possible to determine explicitly all g = ¢7'¢52 ... t%s char-
acterized in Theorem 30.

First, let’s recall that a complete set of representatives for the cusps of T'o(N) is
given in section 2 by the set Cn. If Kery denotes the kernel of the real Dirichlet
character x and A is in I'g(IV) — Kery then

Cxna=CxU{AC): < €Cx, pz =0}

is a complete set of representatives for all cusps of Kery.
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Let f(z) be in My(N, x). Consider f(z) as a modular form on Kery and denote
its order of zero at the cusp * € Cny a4 by vs,,f. Then it is easy to prove that
pe =0implies va y f = va fandvg(a) \ f = va f,as well as pa # Oimplies va , f =
2”2 f+1

Since f(z) is a modular form invariant under Kery, if we assume f(z) # 0 for
all z € H we get

k
Z vaf+ Z VA(%),Xf = E[SLQ(Z) : Kery].
zec

2ec
na=0
Consequently, from the previous identities and Corollary 22, we have the follow-
ing
Lemma 31. Let g = t1't5 ... t%= such that nq( ) € My, (Ng,xg). Then

(49) 2 vang+ Y 1=k 5 [SL2(Z) : To(N,))-
Zec Zec
#%:0 #%?60

The number of elements % in C for a fixed divisor ¢ of N, is d)(gcd(%,c)),
where ¢ denotes the Euler function. If we use the upper bounds for veen, = v.nq
given in Theorem 30, we obtain from the previous equation an upperc bound for
k4 [SLy(Z) : To(N,)]. For example

Lemma 32. Let g = t]*t5? ... 17, as in theorem 30. Let 2M||N, and assume that
(2 7X2> is none Of the fOllO’(UZ’I’Lg (2271!}2)7 (2371!}1)7 (2371!}2)7 (2371!}3)7 (2471!}1)7
(2%,4b2), (2%, 43), (2°,¢1) or (2°,43). Then

b 3La(@) TV <23 oleca (Y2, o)

c|Nyg
if M =0,1,3,5,7, and

kg N,
5 [SL2(Z) : To(Ng)] < 2( %:¢>ng o)+ (2% —1) %:qﬁgcd ¢))
27||c
if M =2,4,6,8.

Analogous inequalities can be obtained for each one of the exceptional cases.
Since the mapping on Z defined by N — ZCIN (b(%,c)) is multiplicative, the

right hand side of the inequalities in the lemma above can be written in terms
oM 3M1

of ZcmM (%=, ), Zc\z%Ml H(3— —,c¢)) and ZC‘N, &( c’, ¢)), where Ny = oM g My N
and gcd(N ! ) = 1. Consequently, one obtains
p|N/(p+1)<23H N 2 if M >0 odd, M; =0,
2”’2 ! M g, [yn(®+1) <22 [T, n 2 if M>0o0dd, My =1,3,
p|N/(p+1>§2 leN’ lf]\4>00dd7]\41:27
2% k, 1‘[ o Iy (p+1) < (2% +2)22 ], p 2 if M >0 even, M; =0,

M .
2% 3% k g pn(p+1) < < (22+1+22)HP‘N,2 it M >0even, M; =1,3,
2% 3k HMN,(p—i—l)f (2= +2)22HP‘N/2 it M >0 even, M; = 2.
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We get similar inequalities for M = 0 and for all exceptional cases.

The left hand side of these inequalities always growth faster than the right hand
side. Hence, there exist only a finite number of pairs (Ng, kg) satisfying at least
one of these. This means there are only a finite number of modular forms ny(z) €
My(Ng, xg) such that both n,(z) and 74(2) are eigenforms for all Hecke operators.

It is not hard to compute all pairs (Ng,ky) satisfying any of the inequalities
obtained above. For each N, in one of these pairs we consider the system of linear
equations in the variables r;

1 N, ged(t, c)?
50 il g ) = a,
(50) 24gcd(Ng,02)tzN: ;T
g

where ¢ and ¢ are running in the set of positive divisors of N,. The values a. =
Veg + pe € 37 are subject to the conditions and bounds given in the table (27)
and Theorem 30.

This defines a finite number of square systems of linear equations for Ny, and it
is a fact that each of them has a unique solution.

Collecting in one set the integral solutions for all systems of equations (50), we
define a set L’ of formal products g = ¢7't52 . . . t7=. By Theorem 30 and the previous
computations of (N, kg) we know that L’ must contain all those g such that n,(2)
and 7, (z) are eigenforms of the Hecke algebra.

Consequently, we only have to decide which elements in L’ are indeed eigenforms
for all T}, in order to get the complete list of n-quotients with this property.

Let g = t1't5? ... t5* € L. If p is a prime divisor of N, we compute the coefficients
of n4(2z) and Tny(z) at the cusp at infinity up to a certain power of g. If this power
is large enough we can decide whether or not 74(z) is an eigenform of T}, just by
comparing these two set of coefficients. Hence, with a computer, we can easily find
all those elements g in L’ such that ny(z) and 74(2) are eigenforms of the Hecke
operators T}, with p a factor of N,. Call this new set L.

We exhibit the elements of L in the second column of our next table. The first
column gives the level IV, for the corresponding modular form, and the third column
says if 7y(2) is a cusp form. The meaning of the last column will be explained in
the final section.

Now we deal with the action of T}, on 14(z) for g € L and ged(p, Ng) = 1.

Proposition 33. Let g = t7't5* ... 15 € L and ged(p, Ng) = 1. Then n4(z) and
Ng(2) are eigenforms of T,.

Proof. Let ¢ be any divisor of Ny. If ven, € {0,1} then
(51) velpng 2 Ve

by Proposition 4.
If veny = v > 2 we check by direct computation that every power of g, with a
non-zero coefficient in the product G1(z) has v as a factor of its exponent. Thus,

. . . 0
every power of g, with a non-zero coefficient in ny(z)|x ) has an exponent

1

divisible by v. Hence, inequality (51) holds by Proposition 4.
As ng4(z) is non-zero in H, (51) implies that the quotient Tf’:—gz()z) is a constant in

C, therefore ny4(z) is an eigenform of T},. Since ged(p, Ny) = 1, the above implies

that 74(z) is also an eigenform of Tj,. O
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The main consequence of Proposition 33 is that g = ]'¢5?...t%* € L if, and
only if, ny(2) € Mg, (Ny, x4) and both 1y(z) and 7y(z) are eigenforms for all Hecke
operators. This is precisely the statement of Theorem 1.

7. MULTIPLICATIVE 7-QUOTIENTS AND FINITE GROUPS

As we mentioned in the introduction, most of the n-products which are eigen-
forms for the Hecke algebra can be related to the largest Mathieu group May.
Namely, one can show the existence of some graded, infinite-dimensional, complex
vector space V =@, | Vng" such that

(i) for every n > 1 the subspace V,, is a finite-dimensional CMa4-module, and

(ii) for every g € Moy its graded trace in V, try (g) = > - trv, (9)¢", is precisely
one of the multiplicative n-products listed in [5].

An explicit construction of V' is given in [17]. The above is an example of a
McKay-Thompson series for the finite group May.

In [18] and [20] the concept of a McKay-Thompson series is generalized to what
is called elliptic system (see also [21]). Basically, an elliptic system of a finite
group G is a mapping that associate to every element h in G some graded, infinite-
dimensional, complex vector space V}, such that

(i) every homogeneous component of Vj, affords a finite-dimensional, complex

representation for the centralizer of h in G, and
(i) if g € G commutes with h then its graded trace in V4, try, (¢), is a modular
function or modular form.

Moreover, there is a particular functional equation relating try, (¢) and trv,, (¢')
whenever the commuting pairs (h, g) and (h', ¢’) generate the same subgroup of G.

In [20] G. Mason constructs an explicit elliptic system for a large class of finite
groups. In [21] Mason study this elliptic system for the group May, and exhibits
the graded traces try, (g) for all commuting pairs (h, g) in Mag X Moy for which the
action of g in V}, is rational. This list of modular forms contains all n-products and
some of the n-quotients from the second column of Table I.

Table I: Multiplicative n-quotients

Ny g =ttt cusp form Conway group
1 124 yes 1A

2 18.28 yes 2A

3 173.39 no 3C

3 19.373 no (3C)|We
3 16. 36 yes 3B

4 174.210. 474 no (8D)|WsT
4 174.26. 44 no —4C

4 14.26.474 no (—4CH|Wy
4 212 yes 20

4 14.22 .44 yes 4C

5 171.55 no 5C

5 15.571 no (5C)|Ws
5 1% .54 yes 5B

6 12.22.32.62 yes 6F

7 13.73 yes 7B
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Table I (continued)

8 24 .44 yes 4D

8 172.23.43.872 no (16 A)|TW16T
8 172.23.4.82 no —8E

8 12.2.43.872 no (—8E)|Wg
8 12.2.4.82 yes SE

9 13.372.93 no 9C

9 38 yes 3D

11 12.112 yes 114

12 172.22.32.4.12 no —127

12 1-3-42.62.1272 no (—121)|W1q
12 12.372.4.62-12 no 121

12 1-22.3-472.122 no 12H

12 23 .63 yes 6G

14 1-2.7-14 yes 14B

15 12.371.571.152 no 15E

15 171.32.52.1571 no (15E)|W3
15 1-3-5-15 yes 15D

16 24.474. 84 no 8B

16 274.416. 84 yes 4D)|T

16 2712436 . 8-12 yes (2C)|T
16 45 yes AF

20 1-2-471.571.10-20 no —-20C

20 171-2.4-5-10-207! no (—20C)|Ws
20 22.10? yes 10F

23 1-23 yes 23A

24 1-371.4.6-871.24 no —24F
24 171.2.3.8-12-.247! no (—24F)|W3
24 2-4-6-12 yes 12J

27 32.92 yes (3D, 3B)
32 22.4-1.871.162 no 16A

32 272.49.87%.162 no (—8E)|[TWhT
32 22.475.8%.1672 no (—8E)|TW16TW32
32 272.45.85.1672 yes (2C,4D)
32 4% .82 yes 8F

36 1-271.372.4.6*.9-1272.1871-36 no ?

36 64 yes 61

44 222 yes 22A

48 2-471.6.8-1271.24 no 24F
48 271.44.671.871.12%.24 yes (12J)|T
48 273.49.673.873.129.2473 yes (6G)|T
63 3-21 yes 21C

64 4%.872.162 no (8D)|T
64 472.88.1672 yes (8F)|T
64 476.818.16-6 yes (4F)|T
64 4-14.838 . 16714 yes (2C,24A)|T
80 272.46.872.1072.206.4072 yes (10F)|T
80 4-20 yes 20B

96  2-473.6"1.84.124.1671.2473.48 no (=24 F)|TWysTWs
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Table I (continued)

96 271.4%.6.873.1273.16-24%. 48" no (—24F)|TWsT
108 6-18 yes (6G,3D)
128 8-16 yes (4F,4D)
144 6-4.1212. 244 yes (61)|T
144 122 yes 12M
176 2-1.43.871.9271. 443 .88~ yes (22A)|T
256 8~1.16%. 3271 yes (4F,4D)|T
320 471.8%.1671.2071 - 403 . 80! yes (20B)|T
432 6-1.123.1871.2471.363 . 72! yes (6G, 3D)|T
576 1272246 . 482 yes (12M)|T
576 472 8% 122 1672 24~* 3672 482 72° 1442 no ?

In order to find a similar conection between the set of 7-quotients classified by
Theorem 1 and some finite group we consider the elliptic system defined in [20] for
the group G of automorphisms of the Leech lattice, i.e. the Conway group.

The non-trivial 24-dimensional permutation representation of G associates to
any g in G a formal product ¢]'t5?...t0°, where t;,7;,s are integers, t;,s > 0,
called the Frame shape of g (see [16]). These Frame shapes are listed in [13]. The
elliptic system for G that we are considering is such that

(52) trva(9) = [ n(t;2)

t;j=1

where V7 is the vector space corresponding to the identity element 1 of G. We should
mention that if the Frame shape of g defines an n-product, i.e. all r1,79,...,75
are non-negatives, then the level N, of the form trv, (g) = ny(z) is the product of
the smallest and the largest of ¢1,%9,... ,ts for which the corresponding exponents
r1,72,... ,T's are NON-Zero.

In any elliptic system, two modular forms associated to different pairs of com-
muting elements (h, g) and (R, g’) are related provide that both pairs generate the
same group. For example, if we write f(h,g,z) for the modular form try, (g) we
must have

53) P2l ((Fe gy ) = o081, 2

where C' is some complex number, k is the weight of f(h, g, 2), Q|| N, N = NyNy,
N}, (resp. Ny) is the level of the modular form f(1,h, z) (resp. f(1,g,2)) and

[ Qa b
WQ_(NC Qd)

is the corresponding Atkin-Lehner involution.
Similarly, if g € G and 2¢ divides N,

0 -1 _ —e
(54) Faal (g, ) = Cag ),

From the Frame shapes of the elements g in G we compute all modular forms in
this elliptic system of type f(1,g, z). Since My, is a subset of G, all forms f(h, g, z)
computed in [21] are also part of it. Then, we apply to these modular forms the
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transformations defined by equation (53) above or, in those cases where f(1,¢,2)
is an n-product, the transformation f(1,g,z)|xT given by equation (54), with 2¢
being the largest power of 2 dividing every t; that has a non-zero r; in the Frame
shape of g. We get in this way a few more elements of this particular elliptic system.

After the computations described above we observe that at least 72 of the 74
n-quotients satisfying the conditions of Theorem 1 can be realized as modular forms
f(h,g,z) in this elliptic system for G. We summarize the explicit correspondence
in the last column of Table I. The notation that we use take the names for g € G
from the Atlas of finite simple groups [4]. We write a pair (h,g) € G x G for the
form f(h,g,z), a single element g for f(1,g,z2), and put (h,g)|Wq and (h,g)|T
for f(h,g,2)|xWq and f(h,g,z)|xT respectively. Notice that our computations do
not exhaust all modular forms of this elliptic system for G, hence it is tempting
to think that all n-quotients in Table I are related to the Conway group via this
construction.
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