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LEVY GROUP ACTION AND INVARIANT MEASURES ON (N
MARTIN BLUMLINGER

ABSTRACT. For f € £>°(N) let T'f be defined by T'f(n) = £ 21" f(i). We
investigate permutations g of N, which satisfy T'f(n) — T fg(n) — 0 as n — oo
with fg(n) = f(gn) for f € £>°(N) (i.e. g is in the Lévy group G), or for f in
the subspace of Cesaro-summable sequences. Our main interest are G-invariant
means on £°°(N) or equivalently G-invariant probability measures on SN. We
show that the adjoint T of T maps measures supported in SN\ N onto a
weak*-dense subset of the space of G-invariant measures. We investigate the
dynamical system (G, SN) and show that the support set of invariant measures
on ON is the closure of the set of almost periodic points and the set of non-
topologically transitive points in SN \ N. Finally we consider measures which
are invariant under 7.

INTRODUCTION

For A C N the density function is given by da(n) = L|{i € A: i < n}|, and its
upper density d4 as da = lim,, ., da(n). A set A has density o if lim, oo da(n) =
a. For a function f € ¢°°(N) (the space of bounded real functions on N) we define
the operator T by T'f(n) = L 3" | f(i).

Any element f of £>°(N) has a unique continuous extension to the Stone-Cech
compactification SN of N. The continuous extension of the characteristic functions
xa of a subset A of N is the characteristic function x of the closure A of A
in ON. For a general f in ¢°°(N) we will denote the continuous extension of a
function f to AN again by f. This isometry between £°°(N) and C(ON) (the space
of real continuous functions on SN) allows us to express continuous functions on
ON by their values on the integers, i.e. as bounded sequences on N, to interpret
T as a continuous operator on C(ON), and to identify the dual spaces of £>°(N)
(finitely additive measures on N) and of C'(6N) (regular Borel measures on ON). In
particular means on £°°(N) correspond to probability measures on N (see proof of
Lemma 1 below).

This correspondence between finitely additive measures on N and measures on
OGN becomes more transparent when we realize SN as the set of ultrafilters on N,
with ultrafilters being finitely additive 0-1 valued measures (cf. [11], 20.37 (b)):
Then for an ultrafilter ¢ the Dirac measure ¢, is the 0-1 valued Borel measure on
ON corresponding to the finitely additive 0-1 valued measure g on N.

For our approach however it will be more convenient to work with the usual
topological definition of a filter on a set M as a nonempty collection § of subsets of
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M satisfying (i) 0 ¢ §, (i) Ae§,BeF=ANBegF, (i) AcF, ACBC M=
B € §. An ultrafilter is a filter with the additional property that it is not properly
contained in any other filter (i.e. it is maximal), or equivalently, A C M = A € §
or A € 5.

We identify the natural numbers with their neighborhood filters, so N C N. A
base for the topology on OGN is now given by the clopen sets. A subset of ON is
clopen iff it is the closure A of a subset A of N, i.e. iff it is the set of all ultrafilters
containing A. With this abuse of notation we can see A C N both as a subset of
BN and as an element of an ultrafilter p in 4, i.e. we have p € A iff A € p. See [20]
for a detailed exposition.

A permutation g of N acts naturally as an automorphism on SN: For p € N
let the ultrafilter gp be defined as gp = {gA: A € p}. So gA € gp & A € p and
91(g2p) = (9192)p, i.e. the group of permutations of N acts as a transformation
group on AN. Then for any clopen set A, A C N, we have

(1) gA={gp:pcAy={gp: Acp}={gp: gAcgp} ={q: gA€ ¢} = gA.

Since the clopen sets are a base for the topology on GN, it follows that ¢ is an
automorphism.

A permutation g of N also induces an isometry of £°(N) : f — f,, fg(n) = f(gn)
and an isometry of C(ON) : f — fq, fo(p) = f(gp), p € BN, so g acts naturally
on the space M of (signed real regular Borel) measures on N by (gu, f) = (i, fg)
or equivalently by gu(U) = u(g~'U) for Borel sets U in BN. A measure p in M
is G-invariant (G being some group of permutations) if y = pyVg € G, ie. if p
is in the annihilator {f — f, : f € C(BN), g € G}* (with respect to the duality
(M, C(BN))).

We shall be interested in measures on N, which are invariant under certain
permutations defined via invariance of density functions at infinity. The Lévy group
G is the group of permutations g satisfying T'f — T f, vanishes on N* Vf € C'(ON).
We construct a weak*-dense subspace of the space of G-invariant measures and
show that the bigger group Gs of permutations satisfying this requirement only for
Cesaro-summable bounded sequences f allows no Gs-invariant measures.

We investigate the topological dynamics of the permutation group G acting on
ON; similar problems of invariance under right translations (or more generally under
motions, i.e. 1-1 maps of N without periodic points) were discussed in [4], [12], [16]
and [17]. See [2], IL.5 for an overview.

Although right translation 7 of N is not a permutation of N, there are elements
¢ in G which satisfy gn = mn except for a set of density 0 (cf. proof of Theorem 7).
Since sets of density 0 will turn out to be negligible for the questions considered,
it is safe to think of translations as being a subsemigroup of the Lévy group. In
particular the action of 7 on the support set S of measures invariant under the
Lévy group coincides with the action of certain elements of the Lévy group on S.

While the characterization of the support set S, of T-invariant measures looks
like our characterization of S (Theorem 4) with the notion of upper density replaced
by that of upper Banach density, the orbit structures of the pertinent dynamical
systems differ drastically: While we will show that points with minimal G-orbit
closure are dense in S, it is known that there are open sets in S, without points
with minimal 7-orbit closure. On the other hand every minimal 7-orbit closure is
the support set of some 7-invariant measure, whereas there are minimal G-orbit
closures which do not support any G-invariant measure.
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Some of these differences are due to the fact that the Lévy group is not amenable,
whereas the semigroup of translations is amenable. An essential difference in the
investigations of the dynamical systems (G, 8N) and (7, ON) stems from the fact
that translations of N suggest the consideration of N as a semigroup under addi-
tion, which then allows some characterizations via algebraic properties of the left
topological (right topological in the notation of [2]) semigroup SN. So the set S is
a right ideal of the semigroup (6N, +) cf. [5], 7.4 and minimal closed right ideals
are just minimal orbit closures under 7 cf. [1], 2.1.

Finally we characterize the support set of measures which are invariant under
the adjoint T of T. This invariance is a stronger requirement than G-invariance.
The support set St of these measures allows a characterization similar to that of S
or of Sy, again with an appropriate notion of density.

PERMUTATION GROUPS AND INVARIANT MEANS ON N

We first clarify why the existence of positive invariant functionals is equivalent
to the existence of nonzero invariant functionals for £*°(N) resp. C'(6N). The proof
of these facts is included for the reader’s convenience.

We recall that a mean on N is a positive normalized finitely additive measure
(set function) on N or equivalently a positive normalized functional on ¢*°(N).

Lemma 1. For a group G of permutations of N the following are equivalent:

(a) There exists a G-invariant mean on N;

(b) There exists a nonzero G-invariant finitely additive measure on GN;
(¢) There exists a G-invariant probability measure on SN;

(d) There exists a nonzero G-invariant (finite Borel) measure on ON.

Proof. The restriction map from SN to N induces an isometry ® between the Banach
spaces C'(ON) and ¢*°(N). The adjoint ®* then is an isometry between their dual
spaces: ®* : (>°(N)* — C(ON)*. The dual of £°°(N) is the space of finitely additive
measures on N (cf. [6], IV 8.16) and the dual of C(8N) is the space M of (finite
real regular Borel) measures on SN by the Riesz representation theorem (cf. [6],
IV 6.2), both spaces with the total variation norm.

We further note that, since for f € C(ON) and a permutation g of N the action
of g on f is defined by f,(p) = f(gp) Vp € AN, we have

(2) (@f)g(n) = (2f)(gn) = f(gn) = fe(n) = (f4)(n),

i.e. the action of G commutes with the isometry ® and we may use the notation
fq both for the continuous extension of f, € £*°(N) to SN and for the action of g
on the continuous extension of f € {*°(N) to SN.

Since the space of G-invariant measures on 8N is just the annihilator of the set
{f—fq: f € C(PN),g € G} and the space of G-invariant finitely additive measures
on N is just the annihilator of the set {f — f, : f € {>°(N),g € G}, it follows that
G-invariant measures on SN correspond to G-invariant finitely additive measures
on N via the isometry ®*, since by (2) @ is a bijection between the above two sets.

Finally ® is order preserving since the restriction to N of a positive function on
C(PN) is positive, so means correspond to probability measures and (a) < (c) and
(b) < (d) follow.

Since (¢) = (d) is trivial, it remains to show (d) = (c): Let u be a nontrivial G-
invariant measure on SN and let SN = X;U X5 be the Hahn decomposition (cf. [11])
of AN, i.e. p is nonnegative when restricted to X; and nonpositive when restricted
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to Xo, where X7, X5 are disjoint Borel subsets of SN. Assume p is nonzero on X3
(otherwise —p is positive and invariant) and let pi be the positive part of p, i.e.
1+ (E) = u(E N X;y) for Borel sets E in ON.

For g € G we obtain using the G-invariance of u:

0< (97" Xs) = p(g™ " XaN X1) = p(X2NgXy) <0,

hence 4 (g1 X5) = 0. The same argument applies to g~!, so uy(gX2) = 0 and it
follows that py (9X1) = s (971 X1) = py (BN). Thus for any Borel subset E of 8N
we get

@) p(B) =p(ENg™ ' X1) = u(ENg ' X1 N Xy)

=u(gE N X1 NgX1) = pe(9E N gX1) = pi(9E).

So py is G-invariant. Since p4 is positive and nonzero m‘” is a G-invariant
probability measure. O

There are two natural permutation groups characterized by invariance of densi-
ties of natural numbers cf. [13], [14], [15], [3]:
Let Gs be the group of permutations g of N satisfying

lim da(n) = lim dga(n) = lim dg-14(n)

n—oo

for all subsets A of N which have a density, i.e. for which lim,, .. d4(n) exists. By
[3], Theorem 1 an equivalent definition of Gs is given as the group of permutations
g for which

lim Tf(n) = lim Tfy(n) = lim T f,-1(n)
n—oo n—oo n—oo
for all f in the subspace of Cesaro-summable sequences in ¢>°(N).
This group contains the proper subgroup of permutations g satisfying

lim da(n) —dga(n) =0 VACN.

The Lévy group G (first considered in [13], 3.36) is defined as the group of
permutations g of N, for which

1
lim —{n: n<N N} =o0.
dm [{n:n <N, gn> N} =0
The following lemma identifies the Lévy group with the above subgroup of Gs:

Lemma 2. The following are equivalent:

(a) g€g;
(b) Vfel=(N) Tf(n)—Tfyln) ——0;

(¢c) VACN dA(n)—dgA(n)mO.

Proof. The definition of G shows that (a) implies (b). Clearly (b) implies (c) since
da(n) =Txa(n).

If g ¢ G, then there exists a sequence (n;) with n;—1/n; — 0 and 0 < «a € R,
such that the sets E; := {n: n < n;, gn > n,} satisfy |E;|/n; > o. For A:=J, E;
we obtain da(n;) > dg,(n;) > a. Since gE; C |n;, 0o[ we obtain

n;—
dgA(ni) < de<7L E; (nl) < 1 0

n; 1—00

and lim;_,ood 4 (n;) — dga(n;) > a > 0, so (c) implies (a). |
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We will also need the following generalization of [15], Lemma 2.4:

Lemma 3. Let A, B C N such that A, B,CA,CB are infinite sets. Then there is a
g € G with B = gA if and only if lim, .o da(n) — dp(n) = 0.

Proof. Let A={a; <ax<...},CA={d) <ady<...}and B={by <by < ...},
CB = {b] < by <...}. We define the permutation g by ga; = b;, ga’ = b}. We have
1
N|{n n <N, gn> N}|

:%HneA: n§N,gn>N}|+%|{nECA: n <N, gn> N}
=max(0,da(N) —dp(N)) + max(0,dgs(N) — dgg(V)).

If lim,, 00 da(n) —dp(n) = 0, it follows that lim, . dgs(n) —dgg(n) = 0, and we
see that imy oo 3 [{n: n < N, gn > N} =0, ie g€Qg.
The “only if” statement follows from Lemma 2 above. O

We now show that the group Gs does not admit an invariant mean on £*°(N).
Since we are mainly interested in invariant measures this explains why we have to
restrict our considerations concerning invariant measures to the Lévy group G.

Theorem 1. There exists no nontrivial Gs-invariant functional on £°°(N).
Proof. For a+1<b, a,bleNletg(a,a+1,b,b+1) be the permutation

xr+b—a forzela,a+l],
z—<z—(b—a) forzelbb+l]

T else,

that is g(a, a+1, b, b+1) transposes the intervals of integers [a, a+1[ and [b, b+1][. We

define permutations g1, ... , g4 as the product of pairwise disjoint transpositions:
g1 = 1—19(221'7 92it1 92itl 92+l 4 92i)
i>0
go = Hg(22i+1, 92it2 92it2 92+2 4 o2i+ly
i>0
g5 = Hg(22i7 92+l 92itl | 92 92i+2)
i>0
g1 = H 9(22i+1722i+27 92i+2 4 221’-&-17221'-&-3)'
i>0

An easy computation, or combining [3], Theorem 1 and [14], proof of Proposition
4.1, p. 106, shows that the permutation [, g(ai, a; +1;, a; + l;, a; + 21;) is in Gs for
a; + 2l; < a;41. Therefore g1, g2 € Gs. Since

g3 = hihghy =g (2%, 2% 9%F1 4 920 92i42)  ith
hl :g(22i7 221’4—17 221’—0—17 22i+1 4 221’)
h2 :g(22i—0—17 22i+1 4 221’7 221’—0—1 4 221’7 22i+2)

it follows that g3 € Gs. g4 € Gs can be seen similarly. Note that Gs as defined in
[14] is a semigroup, however since ¢; = g, ! we have g; € Gs.
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We define the functions f;, i =1,2,3,4 by
1, gil > l,
fill) = {

0, otherwise.

It is easily verified that

1, gil > 1,
0, gil =1

Hence for y := S+, fi — (fi)g we have y(I) =1 for [ > 1 and y(1) = 2.

The space of Gs-invariant measures on SN can be considered as the annihilator
{f—"fy: 9g€Gs, feCPBN)} with respect to the duality (M, C(BN)). Therefore
Gs-invariant measures vanish on y. Obviously any Gs-invariant functional has to
vanish on ¢q(N) since the dual of c¢(N) can be identified with ¢!(N) and 0 is the
only Gs-invariant function in ¢1(N). In particular invariant measures vanish on the
function ey : e1(1) =1, e1(n) = 0 for n > 1. Since y—e; is just the constant function
1, we see that any Gs-invariant measure vanishes on constant functions. Since a
positive normalized functional cannot vanish on constant functions we deduce that
no mean on ¢*°(N) is Gs-invariant. By Lemma 1 this implies that no nontrivial
functional on ¢*°(N) (nontrivial finitely additive measure on N) is Gs-invariant. [

We now give an explicit description of a weak*-dense subset of G-invariant mea-
sures on ON corresponding to finitely additive G-invariant set functions on N. We
remark that a similar characterization of invariant means for the translation semi-
group was obtained in [12].

We denote the space of measures supported in N* by M, and the range of the
restriction of the adjoint T* of T' to M, by R, i.e. R :={T*u:p € M} Mg
is the space of G-invariant probability measures on GN.

Since limy, oo T f(n) — T'fg(n) = 0 for ¢ € G by Lemma 2, it follows that
Tf(x) =Tfs(x)Vx € N*, g € G. Therefore the adjoint T* maps measures which
are supported in N* to the space of G-invariant measures on (N, i.e.

(4) R C Mg

and T™ maps probability measures supported on N* to G-invariant probability mea-
sures.

The following counterexample shows that this map is not surjective, i.e. there are
G-invariant probability measures which are not the image under T* of a probability
measure. Since this image is a weak*-compact set it follows that this image is not
even dense.

For an ultrafilter ¢ the ultrafilter 2q is defined by the filter base {24 : A € ¢}.
Let ¢ € N* be an ultrafilter containing the set {221 : ¢ € N}. For any positive
function f on N with || f]] = 1 we have

%Tf(n) < Tf(2n) < %(1 +Tf(n)).
Therefore

S0 T) < (620, 1) < 50+ (5, 7))
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and
1> (T%(202q — 6q), ) = (262 — 64, Tf) > 0,

s0 T*(2624 — 84) is a probability measure as (T™*(2824 — 64),1) = 1. For the set
A= Ui[221,2 -22'[ we obtain lim, o TxA(n) = lim; o Txa (2 . 221> =1/2, and

lim; oo T'x A (22i> = 0. Therefore (u, T'x7) = (T*u, x7) < 1/2 for any probability
measure g on N* and (202 — 8¢, Txz) = 1, so [|[T*u — T* (2624 — 6q)|| > 1/2
for all probability measures p supported in N*. Hence the probability measure
T*(2624 — 64) is not in the image of probability measures supported in N* under
the map T*.

Theorem 2. R is a proper weak*-dense subset of the weak*-closed space Mg. The
annihilator of the subspace Mg with respect to the duality (M, C(BN)) is the space
{feC(N): Tf(p)=0Vpe N}

Proof. Clearly the annihilator Rt of R is {f € C(BN) : T'f(p) = 0Vp € N*} =: L.
By [3], Theorem 2 any G-invariant functional on £°°(N) is a multiple of Cesaro-mean
on the subspace of Cesaro-summable functions, so Mg C Lg-. Since

Mg ={f~fs: feC(BN), g G}*

it follows that Mg is weak*-closed. With (4) and the bipolar theorem cf. [18],
I11.7.4 it follows that R++ C Mg. Therefore

MgDOR* =Ly DOMg and R = Mg.

The bipolar theorem now also gives the weak*-density of R in Mg.
We next show that R is a proper subset of Mg. Let Cy(ON) be the closed
subspace of functions in C(GN) which vanish on N*. We first note that

(C(BN)/Co(BN))* 2 Co(BN)" = Moo

(cf. [6], I1.4.18) and that T maps Co(5N) to Co(8N), so T induces a continuous map
T: C(BN)/Co(BN) — C(BN)/Cy(BN). We can therefore identify the restriction
of T* to M with the adjoint of T".

Since Mg being weak*-closed is clearly norm-closed, it follows by the closed
range theorem cf. [11], VI 6.4, that the adjoint of T has no norm-closed range if 7'
has no norm-closed range. To see that R # Mg, it therefore remains to show that

the range of T is not norm-closed.

For oo > 1 let
Ao= [ +1 20+ 1/0)]],
neN
where [m, n] is the interval {m,m+1,... ,n} of integers and [z] denotes the integer

part of z, i.e. [r] = max{n: n € N, n <z} for x > 1. For ¢, = axa, we have
limm;— oo Ta (221') — 0 and

a
14+a’

s 1o (10170 = o0
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Therefore any function ¥, on N with limy, oo (T'(the — ¥ ))(n) = 0 satisfies

| | | 22 (1+1/a)]
Esup{z/}a(n) :n € {2214-1, [221(1—1-1/04)”} >1me Z Yo (n)
n=22"41
_ 11%01 J{/L/awa ([0 +1/0)]) - U%Tija (2) =t + a5 =

Hence any element 1, in the quotient space C(AN)/Cy (BN) with Te = Ttho +

Co(ON) satisfies ||’(/Jch(ﬁN )/Co(BN) = O It follows that 7' is not an open mapping
since « is arbitrary but HTl/Jch (8N)/Co(sN) = 1. So by the open mapping theorem
the range of T cannot be closed in C'(6N)/Co(3N). O

TOPOLOGICAL DYNAMICS OF (G, ON)

We start with a definition that will be useful in considering G-invariant subsets
of N*:

A subset A of N is almost invariant if the symmetric difference AAgA is a set
of density 0 for all g € G.

A function f € C(ON) (resp. in £>°(N)) is almost invariant if for all € > 0 and
g € Gtheset {n e N: |f(n)— f(gn)| > €} is of density 0. Clearly A C N is almost
invariant iff the characteristic function y 4 is almost invariant.

The easiest nontrivial example of an almost invariant set (which we will need for
the proof of Theorems 6 and 7) is the following:

Lemma 4. Let (m;)2,, (n:)52, be sequences in N such that m; < n; < m;qq
and miy1 > qmy; for i = 0,1,2,... and some real constant ¢ > 1. Then the set
A= ;2 o[mi, ni] is almost invariant,

Proof. For fixed g € G let ¢ be a positive function on R, which is decreasing to 0
and satisfies np(n) > [{i <n: gi >n} and (n—1)p(n —1) <ne(n), n=1,2,....
We can estimate the density function of the set A\ gA at n by the number of
points crossing the boundary of the set A N [1,n] under the action of g:
Since

[, 2] \ ([, m])| < [{i < m— 1+ gi > m—1}+[{i <n: gi>n}
< (m-—1¢(m—1) 4+ no(n),

we obtain
ndaga(n) < Y (mi— Dg(mi — 1)+ Y nig(ni) + (n)d(n)
m;<n n;<n
< D migma) + > nid(n) +né(n) <2 nig(ni) + 2né(n).
m;<n n;<n n;<n

For n > myg, 0 <14 < I(n) with I(n) := sup{i: m; <n}, we have

qi <m; <mn;< Miy1 = (mi_‘_lql(n)—i—l)qi—kl—l(n) < mI(n)qi+1_I(n) < nqi+1—1(n)
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and n;¢(n;) < ngt 1M ¢ (q¢?) for i < I(n). We thus obtain

I(n) I(n)—1
dangaln) € 23 mpln) +20(n) <2 3 g+ o(g") + 46(n).
=0 =0

To see that da\,4 = 0, it remains to show that S(k) := 3¢ ¢" *¢(¢") converges
to 0 as k — oo: We have S(k+ 1) = S(k)/q + ¢(¢**1), therefore

(5) limsup S(k) = limsup S(k + 1) = limsup S(k)/q + ¢(¢**1) = limsup S(k) /q.
k—o0 k—o0 k—o0 k—o00
Since S(k) is bounded by ¢(1) Y, g%, we obtain limj_. S(k) = 0.
So the set A\ gA has density 0 Vg € G. As gA\ A = g(A\ g~ 1A) it follows by
Lemma 2 that 0 = da\g-14 = dga\a, hence danga = 0 and the set A is almost
invariant. O

Sets of positive upper density have been studied in combinatorial number theory,
since they always contain subsets which exhibit a distinguished behaviour under
certain translations. See [10] for an overview. The following Theorem 3, which will
be used to describe the closure of the set of almost periodic points in SN, shows that
sets with positive upper density also contain subsets which have special properties
under the action of the Lévy group.

We first prove

Lemma 5. Let (¢;) be a sequence in N with ¢;41 > 2¢;.
(a) For a subset D of N there exists a subsequence (np ;) of (n;) and an absolutely
continuous function p on the unit interval I = {y € R: 0 <y < 1}, such that

(6) 0<((1+z)p(x) <1 ae inl
and lim; oo dp([(1 + z)cpi]) = (p(x) uniformly for x € I.

(b) If the sequence (c;) satisfies furthermore -“— —— 0 and if € is an absolutely

Citl j o0

continuous real-valued function on I with ((0) =0 and

(7) 0< (14 2)¢(x)) < ae in I

1
m
for some m € N, then there is a subset D of | J,[c;, 2¢;] with [DN[n,n+m—1]| <1
Vn € N, such that lim; .. dp([(1 + z)¢;]) = ((z) uniformly for x € I.

Proof. We first note that the definition of the density function gives for any D C N

n 1
(8) dD(?l—Fl)—n—HdD(n)+n—_H|Dﬁ[n+1,n+l]|,
hence
(9) —Ld (n) <dp(n+1)—dp( )<—Ld (n) + ! for n,l € N
n—l—an_Dn DA = n—l—an n+1 n, ’

We define a sequence of functions (¥;) on I by

U (z):=([zei] +1 — ciz)dp ([(1 + 2)ei]) + (cix — [za])dp([(1 + z)e;] + 1) Vxel,
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i.e. U, is a piecewise linear function with values ¥; (f) =dp(c; + 1) at the nodes
%, 1=0,1,...,¢;. We now have by (9)

‘\1;1. (f) _y, (”1)‘ — ldp(ei +1) — dplei +1+1)] < ﬁ < Cl
so ¥, is Lipschitz-continuous with Lipschitz-constant 1 and (¥;) is an equicontinu-
ous family of functions. It now follows from Arzela-Ascoli’s theorem (cf. [6], IV.6.7,
1.6.13), that we may pass to a subsequence (Up ;) of (¥;), such that the functions
Wp; converge uniformly on I to some continuous function (p. We denote the
corresponding subsequence of (¢;) by (c¢p,;). Since all functions ¥; are Lipschitz-
continuous with Lipschitz constant 1, so is their uniform limit (p. Therefore (p is
absolutely continuous and the derivative }, exists a.e. in I.

Since dp([(1+z)eps]) = ¥Up,i([zep,i|/cp,:) and [zcp ;]/cp,; — x uniformly in

I, it follows from the uniform convergence of the sequence (¥p ;) to the continuous
function (p, that lim; .. dp([(1 + x)cp,i]) = (p(z) uniformly for = € I.

Assume that the sequences (n;) and (I;) satisfy * — 1+ and i— — ¢ for some
x€Tand 0<e<1—uxa,sothat lim; o dp(n;) = (p(z) and lim; o dp(n; +1;) =
(p(x +€). Then

li - li/CDﬂ' €

n;+1;  nifcpi+li/ep imeo 1+ a+e
and we obtain with (9)

€ € €

—mCD(x) <(p(r+¢€)—(p(z) < —m@(iﬂ) + Trote
Hence
(I+2z)Cp(x) <A +z+e)p(r+e) < (1+z)(p(r)+e
and
0< (14+x+e)lplx+e) — (1+z)p(x) <1
€
Therefore

0<((1+=)¢p(x) <1

if this derivative exists in z. As we observed above (p is differentiable a.e. in I, so
(6) follows.
To prove part (b) of the lemma let ¢ for n € [¢;, 2¢;] be given by

(10) o(n) = ¢ (”‘ ) .

Ci

We now define a subset D of | J;[c;, 2¢;] in the obvious way inductively as follows:
¢i ¢ D and for ¢; <n < 2¢

neD s (dp(n—1)<po(n—1),[n—m+1,n—-1ND=0).

We claim that lim, .. dp(n) — o(n) = 0 as n — oo in |J,[c;, 2¢;]. We first note
that since ¢ is absolutely continuous, so is the function ¢ — (1 + ¢)((¢t) on I, and
we have (cf. [11], 18.16)

z+y

(1 +z+y)(z+y) - (1 +z)¢(z) :/ (L +)¢(t))" dt

x
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for z,y,x +y € I, so (7) yields
1+z 1+z 1 Y

" ) < Sl M B S—
1+x+yc<) C(w+y)71+ +yg(x)+m1+:z:+y
With (10) we obtain by setting y = k/¢; and x = (n — ¢;)/¢;
n 1 k
_° < <_ —
(11) ntk oln) < o(n+ k) nt ke o(n )+mn—|—k

forc; <n<2¢, 0<k<2¢—n.
For dp(n) > o(n) our definition of the set D impliessn+1¢ D, sodp(n+1) =
+47dp(n) and we obtain with (11)

P <n+1>—g<n+1><?d1)< n) = o)
= 5 [p(n) — o(m) < dp(n) ~ o(n).

Thus if we have dp(ng) < o(ng) for some ng, ¢; < ng <n < 2¢; and dp(l) > o(l)
for il =mng+1,...,n we obtain from (9), (11) and (12):

dp(n) —o(n) <dp(no+1) — o(no + 1)

(13) no 1 no 1 1
< d < < —.
T no+1 D(n0)+n0—|—1 ng 1( ) no+1 7" ¢
Otherwise, if no such ng exists, i.e. if dp > p in [¢;, n], then D N [¢;, n] is empty
and dp is decreasing in [¢;,n]. We then have dp(n) — o(n) < dp(c;).

Together with (13) we obtain Vn € [¢;, 2¢;]
dp(n) — o(n) < max(dp(c;),1/¢;).
As ¢;/cit1 — 0 and D is supported in | J;[¢;, 2¢;] we have dp(c¢;) — 0 and obtain
(14) T dp(n) — o(n) <0

as n tends to oo in |J,[c;, 2¢4].

To obtain a lower bound for dp — ¢ assume that dp(n) — g(n) < 0 for some
n € [, 2¢]. As o(¢;) = ¢(0) =0 and dp(c;) > 0 there is an ng, ¢; < ng < 2¢; with
dp(ng) — o(ng) > 0, such that dp(l) < o(l) holds for ny < I < n. Our definition
of the set D guarantees that for ng <1 < n — m there is exactly one element of
[[+1,l4+m]in D,sodp(l+m) = l+mdD(l)+ Tm Dy (8), and we obtain with (11)

l 1 l 1 m
dp(l — ol > dp(l _ oy M
(15) p(l+m) = o(l+m) > mD(>+l—|— l—|—mg() ml+m
l
= — —_ > —
e (dn(h) ~ o) 2 dp (1) ~ of)
for I € [ng +1,n —m).
For ng <1 < mng+ m we have by (8) and (11)
no no 1l—n0 1l—7’LO 1 1
_ > 2 I > —— > —— 2> ——.
dp(l) = e(l) = —~dp(no) — —~e(no) Iy Byt

Applying the estimate (15) repeatedly for [ = n — m,n — 2m,... ,n — jm, where
ng < n — jm < ng + m this yields dp(n) — o(n) > dp(n — jm) — o(n — jm) > —cii
for n € [¢;, 2¢;] and we obtain

(16) T dp(n) — o(n) > 0

n—oo

as n tends to oo in | J;[c;, 2¢4].
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It follows from (14) and (16) that dD( ) — o(n) converges to 0 in J,[ci, 2¢;).
As o([(1 + 2)e]) = ( ) and ¢l — . 2 uniformly on I the uniform

convergence of dp ([(1+x)¢;]) to ((z) as i — oo follows from the uniform continuity
of . O

Corollary 1. Let Ay, Ay be disjoint subsets of N and let (¢;) be a sequence in N
with c;11 > 2¢;, such that

da, ([(1 +2)ei)) —— Ca(2)  and da, ([(1 + 2)ci]) —— Can(2) a.e. in 1.
Then
dA1UA2([(1 + x)cl]) : <A1UA2 (LE) with CAIUA2 = <A1 + <A2 a.e.

Furthermore the functions Ca,,Ca, and (a,ua, are absolutely continuous on I
and (14+x)Ca, (x)) =0 a.e. in some Borel subset E of T if (1+2)Ca,ua4,(x)) =0,
orif (1 4+ x)Ca,(x)) =1 a.e. in E.

Proof. Since for disjoint subsets A;, Ao of N we have da,ua, = da, + da,, the
convergence to the function (4, + (a4, is obvious.
The second claim now follows from

(14 2)Cay04,(2))" = (1 +2)Ca, ()" + (1 + 2)Ca, ()

and Lemma 5 (a), since the functions (a,,a,,Ca,u4, all are absolutely continuous
with their derivatives taking values between 0 and 1 only a.e. in I. O

Theorem 3. Let A be a subset of N with positive upper density and set m =
[2/@ + 1, then there are g1,...,9m € G such that UZ1 g;A contains an almost

invariant set B with dg > 0.
Proof. Let (c;) be a sequence in N with lim; oo da(2¢;) = da, ciy1 > 2¢; and
¢i/cit1 —— 0. By Lemma 5 (a) there is a subsequence (ca;) of (¢;) and an

absolutely continuous function {4 satisfying (6), such that

(17) lim da([(1+ x)ca;]) = Ca(x) uniformly for z € I.

Then Ca(z) < da Vo € T and (4(1) = da. Since (4 is absolutely continuous, there
exists a Borel subset E of I with positive Lebesgue measure, such that ¢4 (z) > 0
and Ca(z) > da/2 > 1/m for x € E. (In fact by the continuity of (4 there is an
a < 1 with Ca(x) > da/2 = Ca(1)/2 > 0 for a < z < 1. If ¢/, were negative a.e.
in {y : @ <y < 1}, then by [11], 18.16 we would obtain Ca(a) > Ca(l) = da
contradicting (17).) It follows with (6) that

(18)  ((1+z)Ca(x)) > % for x € E, 0<((1+2z)a(x)) <1ae. inl.

We define the absolutely continuous function
(19)
1 1 1

¢(z) == s /Ow xe(t)dt, zel, so((1+z)(z)) = EXE(x) a.e. in I
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by [11], 18.17 and inequality (7) is satisfied. Applying Lemma 5 (b) to the sequence
(ca,i) we find a subset By of |J,[ca,i,2¢a,;] with

(20) lim dp,([(1 + x)cay]) = ¢(x) uniformly in I.
We now define the set B by
B={ne U[CA)i,2CA)i] : [n—m+1,n]N By # 0}

So B is essentially (up to the negligible boundaries of the intervals [c4 ;,2c4 ]) the
union of m pairwise disjoint right translates of By. We therefore have dg(n) —
mdp,(n) —— 0 and with (20)

(21) Zlirgo dp([(1 +z)cay]) =: (g(x) = m((z) uniformly in I.

We have to prove that B is an almost invariant subset of N. We first show that
for g € G and Cy := ¢gB \ B we have dg, = 0:
Assume that
lim  sup dg,(n)=:T>0
=00 e (E;,28]
for some subsequence (¢;) of (ca,;). We then apply Lemma 5 (a) to the sequence (¢;)
and the set Cy to obtain a subsequence (cc, ;) of (¢;) and an absolutely continuous
function (¢, for which

(22) lim de, ([(1 4 )ce,,i]) = (o, (x) uniformly in I, and max Cc,(z) =T >0.

Since BN Cy = 0 it follows from Corollary 1 that ((1 + x)¢¢, (z)) = 0 a.e. on E,
since ((1 4+ z)¢p(x)) =1 a.e. on E by (19), (21).
From Lemma 2 and (21) it follows that

(23) 11320 dgs([(1 +z)ca;]) = (p(x) uniformly in I.

Since gB is the disjoint union of the sets Cy and gB N B it follows with (22) and
(23) that

Zli%lo dgnB([(1 + 2)ca,i]) = (B(x) — (¢, () uniformly in 1.

Applying Corollary 1 again to the disjoint sets Cy and gB N B we see that
(T +2)¢c,(x)) =0ae. onl\E,since (14 z)(p(x))’ =0a.e. onl\E by (19),
(21) and therefore ((1 +z)(¢B —{c,)(x)) =0 a.e. in I\ E.

Hence ((1 +z){c,)’ =0 a.e. in I.

Since (¢, is absolutely continuous by Lemma 5 and (¢, (0) = 0 it follows (cf.
[11], 18.16) that (1 + z)c, (x) = [ (1 + t)¢c, (t)) dt = 0 Va € I, which is a
contradiction to I' > 0 in (22).

Hence for all g € G we have d¢, = 0. Since B\ gB = g(g7'B\ B) = gCj-1 it
follows with Lemma 2 that dp\yp = 0. With E = 0 this yields dpagp = 0, so B
is almost invariant.

It remains to show that B C U;n:_ol g;A for some go,g1,... ,9m-1 €G.

We divide B into m mutually disjoint subsets By, B1, ... , B,—1 by translating
By: weset Bj ={n€ B:n—je&c Bo}N(Ulca,i2cal).

It easily follows that dp;(n) — dp,(n) — 0, so by (20)

(24) lim dp; ([(1 +2)ca;)) = ((x) uniformly forz € I, j=0,... m—1

11— 00
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We now define inductively injective maps p; from B; \ A to A\ B; as follows:
For k € B; \ A set

pj(k)=min{le A\ Bj: I >k, l¢pi({neB;\A: n<k})}.

Since ((1+ z)¢(z)) = Lxg ae. by (19) and Lxp < ((1 4 z)¢a(z)) ae. on I
with the inequality being strict on E by (18), it follows from the absolute continuity
of these functions and (4(0) > ¢(0) = 0 that (a(1) > ¢(1) (cf. [11], 18.16). Hence
lim; oo da(2¢a,:) > lim; oo dp;(2¢ca,:), s0 A\ B; is infinite and this definition
makes sense.

We define permutations g;, j =0,... ,m — 1 as the product of two-cycles:

pj(n), n€B;\A,
g; = H (n,pj(n)), SO gj(n) = pj_l(n>7 ne Pj(Bj \ A),

neB;\A n, otherwise,

and claim that g; € G. We have to show that
1 1
63(n) = ~I{1: 1< n, (1) > nfl = {1 € B\ Az 1<, p(1) >}
tends to 0 for j = 0,... ,m — 1. We first note that by our definition of p; we have

1, n+1leB;\A,
-1, n+1€A\Bj, ¢;(n)>0,
0, n+1€A\Bj;, ¢jn)=0,
0, n+1¢AAB;,

(25) (n+1)¢j(n+1) —negj(n) =

and it follows that if ¢; > 0 in [k + 1,1 — 1] for some I,k € N, k < I — 1, then
¢j(k) >0o0r k+1¢e Bj\ Aand (25) yields
16;(1) — ks (k) = |B; 0 [k + 1,0 - |AN [k + 1,1
=1(dp, (1) = da(l)) — k(dp, (k) — da(k)).

For l € [ca,,2ca,i] we set k:=max({n € N: ca; <n <1, ¢j(n) =0} U{ca;}), so
we have k¢(k) < ca,id(ca ;) and obtain

l 1
$;(l) =

CAi CAi

(ko;(k) +U(dp, (1) — da(D)) — k(dp, (k) — da(k)))

k
CAi

¢;(1) <
(26)

< 65(cai) + (i, (1)~ dalD) = < (dn, () — da(k)

By (24) and (17) there is a sequence (€;) converging to 0, such that

(1) - dmio (2= -1) ~dato

CAi
for all n € [ca,i,2ca,], ¢ € N and we obtain from (26)

l l !
¢j(1) <¢j(ca) + 8¢ + CA,i (C <CA,1' - 1) o <CAJ - 1))

GG ) e Gy)
CAi CAi CAi

< €4,

< €;

(27)
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Now by the absolute continuity of ¢ and (4 and (18), (19) we get (cf. [11], 18.17)

) ela ) an G e @)
CA,i CA,i CA,i CA,i CA,i CA,i

= [ () (@4 s)ca)) ds
- /ZA___l %XE(S) — (1 +5)Ca(s)) ds <0,
so (27) yields
(28) i) < ¢j(ca) + 8¢ VIE [ca,2ca)

Since Bj C |J;[ca,i;2ca,], it follows that ¢; is decreasing in [2c¢a,;, ca,i41[. Since
cai/ca,i+1 — 0 it follows that ¢;(ca,;) — 0 as ¢ — oo, and with (28) it follows that
¢j(n) — 0 as n — co. So we have shown that g; € G for j =0,... ,m — 1. O

We define
S :={p € BN : the ultrafilter p contains no set of density 0}.

This subset of SN has been used to investigate topological and algebraic properties
of ON. It can be shown that no point in S is the limit point of a countable number
of P-points of N* (points p with the property that the countable intersection of
neighborhoods of p is a neighborhood of p) cf. [20], 7.14. It is shown in [5], 7, that
both S and N* \ S are right ideals of the left topological semigroups (AN, +) and
(BN, ). Tt follows that the centers of both (OGN, +) and (6N, -) are N.

We need some properties of this set S, some of which are well known; cf. [5],
7.2, [20], 7.15.

Lemma 6. S is a closed nonempty G-invariant subset of N* with empty interior.
IfACN, then ANS #0 iffda > 0 and A is almost invariant iff the set ANS is
G-invariant.

Proof. Since the finite intersection of subsets of N with density 1 has density 1, the
collection § of these sets is a filter. Any ultrafilter containing § is in S since the
complement in N of a set of density 0 has density 1, so no set of density 0 can be
contained in an ultrafilter containing §.

If p ¢ S there exists B C Nwith dg = 0 and p € B. Since B is open and BNS = ()
it follows that S is closed. Clearly S contains no points of N, i.e. S C N*. Since
any subset of N contains a subset of density 0 no clopen set A, A C N, is contained
in S, so S has empty interior.

If d4 > 0 and B has density 1 we have danp = ds and ANB # ), hence FN A is
a filter base and AN S is nonempty since any filter contains an ultrafilter by Zorn’s
lemma. In particular S is nonempty.

If ANS #0, then 3pe AN S, hence A € p, so ds > 0 since p € S.

S is G-invariant since by Lemma 2 d4 > 0 iff dg_A >0,sope S < gpe S for
geagq.

It follows that A is almost invariant iff AAgANS =0 Vgeg.
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We next observe that for A, B C N we have
A\B={peN: A\ B € p}
={pepBN: AcpAB¢p}=A\B.
Since gA = gA we have AAgA = A\ gAUgA\ A= (A\ gA)U (gA\ A), so
AAGANS =0 (A\gA)NS)U((gA\ A)NS) =1
S (AN \ (gANS)) U ((gANS)\ (AN S) =0
S ANS=gANS.

Since S is G-invariant gANS = g(ANS), so A is almost invariant iff ANS = g(ANS)
Vg € G, ie. iff AN S is G-invariant. O

Among the properties we will investigate is almost periodicity. We recall the
pertinent definitions:

A subset A of a topological group G is syndetic if there is a compact subset K
of G such that G = KA. A point p in the phase space X of the dynamical system
(G, X) is almost periodic if for each neighborhood U of p there exists a syndetic
subset A such that gp € U Vg € A. Our group G is discrete, so K will be finite.
(For abelian group actions these points are called uniformly recurrent in [8].)

In the dynamical system (G, X) the point p € X has minimal orbit closure if Gp
does not contain nontrivial closed invariant subsets.

For our dynamical system (G, ON) these properties coincide since we have

Lemma 7. For a dynamical system (G,X), X compact, a point p € X is almost
periodic iff p has minimal orbit closure.

For the proof see [19], IV 1.2 or [9], 4.05, 4.10.

We are now ready to prove the main theorem of this section. We recall that the
support supp(p) of a (signed) measure p is the smallest closed set with the property
that any continuous function supported in the complement of this set is in the
annihilator of u. The support set of G-invariant measures is the smallest closed set
containing the support of any G-invariant measure.

Theorem 4. For x € N* the following are equivalent:
(i) ze€S;

) the Gs-orbit Gsx is not dense in N*;
) the G-orbit Gz is not dense in N*;
(iv) x is in the support set of G-invariant measures;
) Tf(x)=Tf(gr) VfeC(PN),Vgeg;

) f(x) = f(gx) for all almost invariant functions f € C(BN) and g € G;

)« is in the closure of the set of points which are almost periodic with
respect to G.
Proof. We will first show (i) = (ii) = (iii) = (i). Using the equivalence of (i) and
(iii) we then show (i) = (iv) = (iil), (i) = (v) = (ii), (1) = (vi) = (iii) and
(i) = (vii) = (iii), where the implication (ii) = (iii) is obvious.

(i) = (ii): Assume y has dense orbit under the action of Gs. Taking any infinite
set B C N with density 0, then 3¢ € Gs such that gy € B since B is open. Then
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y € g-'B = ¢g—'B. This shows that the ultrafilter y contains a set of density 0
since Gs is density preserving hence y ¢ S.

(iii) = (i): For y € N*\ S we can find an infinite subset A of N of density 0 with
y € A. Let B be an arbitrary infinite subset of N and By C B an infinite subset of
B of density 0. By Lemma 3 3g € G such that gA = By. Therefore gy € By C B.
Since the collection of clopen sets B, B an infinite subset of N, is a base for the
topology of N*| it follows that the G-orbit of y is dense in N*.

(i) = (iv): Assume that A € x for some A C N. Since x € S the function T'xx
(which is just the continuous extension of d4 to ON) does not vanish on N*, so
there is a ¢ € N*, such that T'x7(q) = (T"64, x7) # 0. By Theorem 2 the measure
T*6, q Is G-invariant and has support intersecting A. As the collection of sets A,
x € A, A CN, is a neighborhood base for z, it follows that z is in the support set
of G-invariant measures.

(iv) = (iii): Since there exists an uncountable number of pairwise almost disjoint
infinite subsets of N (sets with pairwise finite intersection) cf. [20], 3.21, there
exists an uncountable number of pairwise disjoint open subsets of N*. Therefore no
measure on N* can have N* as its support. But if p is G-invariant, then the support
of p is G-invariant. Therefore Gy cannot be dense in N* for any y in the support of
. So the support of any G-invariant measure is contained in S by the equivalence
of (i) and (iii). Since S is closed by Lemma 6, it follows that the support set of
G-invariant measures is contained in S.

(i) = (v): Let g € G, f € C(ON) with T f(y) =1, Tf(gy) = 0 for some y € N*.
Let By C N be in the ultrafilter y, such that Tf(n) > % for n € By, and By C N
in the ultrafilter gy, such that T'f(n) < % for n € By. Now y € By and gy € By
implies y € A with A :== By Ng~'By. So A € y and gA € gy. We want to show
that A has density 0, i.e. y ¢ S.

Since the sets A and gA are disjoint, there are numbers

My < N, S--'<Mi§Ni<Mi+1 SNH-I <...
defined by the properties

AC M’L7NZ 5
- U[ ] {MzaNz} S A,

gA C U]Ni7Mi+1[U[17M1[7 gANING, My [#£ 0 Vi.
Since N; € A, gAN|N;, M;11[# 0 and gA C By, it follows that T f(N;) > % and
Tf(N;+k) < % for some k < M;y1 — N;. From the estimate

vl 1)y S | < 21
1) = Th 0+ = (5~ 7 ) 00 - s 3 £6)| < 2

j=1 Jj=n+1

it follows that

2k|fI 2K[ £l
N, +k N;

Therefore k > N; /6] f|| and we see that our sequences are lacunaury7 ie.

5 < ITS(N) = TSN+ b)) <

Niy1 > Mip1 > Nig > Mg, 1<g=14 7% 6||f||
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Since gA C |J,]Ni, M;41[ we obtain the decomposition A = A; U As with
Ar:={ne€A: gn<n} :U{neAﬂ[Mi,Ni] D gn < M},

K2

Ay :={neaA: gn>n}:U{n€Aﬂ[Mi,Ni] i gn > N;}.

It now suffices to show that both A; and As are sets of density 0.
For M < N < Mg1 we have

K
1 1
~ HES <—§ i1V,
(29) N|{neA1 anH*MK Z-:l(bM

where ¢, = |[{n € AN [M;,N;] : gn < M;}|/M; — 0 as i — oo since g € G. With
the above lacunarity property M;y1 > gM; and ¢ > 1 we obtain by an argument
similar to (5) in the proof of Lemma 4

K K
. 1 . i—K
Klgﬂoo e ; ¢iM; < Klgnoo ; ¢iq" " =0,
which shows with (29) that A; has density 0.
For As; and Ng_1 < M < Nk we have
K—1

oiN; + 1N,
D

(30) %HREAQ: n< N} <

where ¢; = [{n € AN[M;,N;]: gn > N;}|/N; — 0 and
1 1
rN = N|{n € AN[Mk,N]: gn> Nk} < N|{n € AN[Mg,N]: gn> N}.
Again since g € G both ¢; and ry converge to 0 as i respectively N go to co. As
above it follows that

K1
lim

K—1
1 _
N < 1 g =
K—oco Ng_1 Z¢ _Kgnm;(bq O’

i=1

and with (30) we see that A has density 0.

(v) = (iii): If the G-orbit of x is dense in N*, then condition (v) implies that T'f
is constant on N*| which is equivalent to f being Cesaro-summable. Therefore (v)
can only hold for all f in C(ON) if the G-orbit of z is not dense.

(i) = (vi): Assume f is not constant on the G-orbit of z, say f(z)+3e < f(gz) for
some € > 0 and g € G. Then the set C:= {n: f(n) < f(z)+¢, f(gn) > f(gz) — €}
is contained in the ultrafilter z, so C' has positive upper density d¢ since = € S.
But {n: |f(n) — f(gn)| > ¢} D C, so f is not almost invariant.

(vi) = (iii): If A is an infinite subset of N with density 0, it follows by Lemma
2 that gA and therefore AAgA have density 0, so x77 and xpz are almost invariant
functions. Now (vi) implies G C Aifz e dand Gz c CA if z € CA. In either case
the G-orbit of x is not dense in N* since both A and (A = CA are open.

(i) = (vii): Let A, A C N be a neighborhood of x. Since = € S we have da > 0.
By Theorem 3 there are gi,...,gm € G such that B C |J-, g;A for an almost
invariant set B C N with dg > 0. BN S is nonempty, compact and G-invariant
by Lemma 6. A standard application of Zorn’s lemma shows that any nonempty
compact invariant set contains a minimal orbit closure (cf. [19], II 3.12 or [9],
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2.22), so it contains almost periodic points by Lemma 7. If y € BN S is almost
periodic, then it follows from Lemma 7 that gy is almost periodic for g € G. Now
for some i the point g; 'y is in A since B C [JI*, g;A and y € B. Hence each clopen
neighborhood A of = contains an almost periodic point. Since these neighborhoods
are a base for the neighborhood filter of = we are done.

(vii) = (iii): If a point y € N* has dense G-orbit, then the orbit closure of y is
not minimal since S is a closed invariant proper subset of N*, so y is not almost
periodic by Lemma 7. By Lemma 6 and the equivalence of (i) and (iii) the set S
of points without dense G-orbit is closed in SN, so the closure of the set of almost
periodic points is contained in S. O

Theorem 5. f € (*°(N) is almost invariant iff its continuous extension to BN is
constant on the G-orbits in S.

Proof. Since (i) implies (vi) in Theorem 4 it remains to show that functions which
are not almost invariant are not constant on some G-orbit in S. If for some € > 0
the set {n: f(n) < f(gn)— 3e} has positive upper density, then for some k € Z and
g € G theset C:={n: f(n) < ke, f(gn) > (k + 1)e} has positive upper density.
So CN S # () by Lemma 6 and we have f(z) < ke, f(gz) > (k+1)eforz € CNS,

so f is not constant on the G-orbit of z € C'N S. O

With Theorem 4 we therefore have:
Corollary 2. The function T f is almost invariant Vf € £>°(N).

For the dynamical system (7, 8N), T being the shift operator, the support set
of 7-invariant measures was investigated in [17] and [4]. Lemma 1.3 in [4] gives a
characterization using a different notion of upper density that strongly resembles
the equivalence of (i) and (iv) in Theorem 4 above. Concerning the equivalence
of (iv) and (vii) in Theorem 4 we remark that for the shift operator (or more
generally certain amenable semigroup actions on the Stone-Cech compactification
of the semigroup) there always exist open subsets in the support set of invariant
measures, which do not contain almost periodic points cf. [4], [7]. So (iv) = (vii)
is false in the setting of the dynamical system (7, SN).

NON—-MINIMAL ORBIT CLOSURES IN S

In view of Theorem 4 it is natural to ask whether every point in S is almost
periodic, or equivalently, if all orbit closures in S are minimal. We will show that
there are non-minimal orbit closures in S and that there are minimal orbit closures
in S which do not support any invariant measure. This property contrasts the
case of amenable group actions on a compact space, where any closed nonempty
invariant set supports an invariant measure cf. [19], IV 6.11.

We first define ultrafilters with non-minimal orbit closures: For i,j,n=0,1,...
let

n(n4+1
2

+j 24—1" 2t 41
) ?

M;:={2k: keN}, Jo;= [2

Lnj=Jn;nM;, Ei:=|JJIn,

n=i j=i
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i.e. Ey consists of successive intervals of doubling length with the “densities” in
these intervals being 2°,20,271,20 271 9-2 20 9=1 9-2 93 respectively. E;
then is just Ep with all intervals with density greater than 27¢ being removed.

Clearly any set F; has positive upper density and F; N E; = E; for j > 1.
Together with the collection of all sets of density one, the sets F; define a filter
base for a filter §y with all ultrafilters containing §o being in S.

Theorem 6. No ultrafilter containing §o is almost periodic with respect to G.

Proof. Let p be an ultrafilter containing §y. To show that p is not an almost
periodic point of SN, we have to show that for some neighborhood U of p the set
{g : gp € U} is not syndetic. Our neighborhood will be Fy. To prove that the
set A := {g: gp € Ep} is not syndetic, we have to find for any finite collection
90591, - -+ »gm Of elements in G a ¢’ € G with ¢'p ¢ U;-n:O g;Ap. As Ap C Ey this
will follow, if we show that ¢'p ¢ ., g;Eo.

We choose ¢ € N such that 2* > m + 1 and define sets Ay := goFy, A1 =
BB\ goBi, ... A= g \ (U] LgiE ) 1<1<m,soU",gE: is the disjoint
union of the sets A;, Il =0,1,...,m. It follows that

(32) Ay, g (n Z da,(n) forneN.

We define for 0 <1 < msets B; := 7 gl_lAl C 7 E;, T being the right shift operator
C={neN:n-1€C}and B:=;~, B C U, E;. Now since d,ic(n) =
2=Lde(n—1), for C C N, it follows with Lemma 2, that lim, . dp, (n)—da, (n) = 0.
Since the sets 7' E;, are pairwise disjoint for [ = 0, ... ,m by our choice of i, so are
the sets By, hence dg(n) = Y-, dp, (n) and with (32) we obtain

i dp(n) — doyg,.(n) = 3 Tim dis, () — da, (n) = 0.

By Lemma 3 there exists g € G with gB = |~ g;E;. Since B C U, T E; we
have (7" E)N B = () and (g7 E;) N (UJ 09iE ) = (. Applying Lemma 3
again, we see that 7™t E; = GE;, § €4, so ﬂm‘HEl = g'E; for some ¢’ € G and
U;”:O g;EiNg'E; = 0, hence U;n:O g;E;Ng'E; = 0. Since p € E; it follows that
9'p ¢ Ujzo 9;Fi ,

We define with (31) a set F; := ;"o Uis Jx;- By Lemma 4 Fj is almost
invariant. Since E; N F; = _(Z)7 it follows that p ¢ F;, and  since p € & we conclude
with Lemma 6 that ¢'p ¢ F;. But Ey C F; U E;, so |JgjEoNS C (F;Ug;E;)NS.
Since we have shown that ¢’p € S is neither in U;":O g;E; nor in Fj, it follows that

9'p ¢ Uj~o 95 Fo- O

Theorem 7. No invariant measure is supported in the G-orbit closure of any ul-
trafilter p containing Fo. Therefore there exist minimal G-orbit closures in S which
do not support any G-invariant measure.

Proof. Tt is sufficient to consider probability measures only since the positive part
w4 of an invariant measure p is invariant (cf. (3) in the proof of Lemma 1). So
let 1 be a G-invariant probability measure supported in Gp. By Lemma 4 the set
D;=U,", U?:i Jn,j is almost invariant for i € N. Clearly D; € Fo, so p € D; NS
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and Gp C D; by Theorem 4 since Xp; is an almost invariant function and p € S.
Then pu(Ey) = u(E;) since Ey \ E; is disjoint from D;, and hence disjoint from Gp.
As the permutation g defined by gon = n + 1 for n # 2! — 1, go(2! — 1) = 271,
[ >1,isin G and the sets g5 E;, k = 0,...,2' — 1 are pairwise disjoint, it follows
that u(Eo) = u(E;) < 27%. Since i was arbitrary, it follows that u(Ep) = 0 and p
is not in the support of p as p € Ep.

The second statement follows since every orbit closure on a compact space con-
tains a point with minimal orbit closure by Zorn’s lemma. O

Corollary 3. G is not amenable.

Proof. Amenability is equivalent to the existence of invariant means on any compact
G-space cf. [19], IV 6.11. O

T*-INVARIANT MEASURES

It is easily seen that the measure 6; is the only T*-invariant probability measure
supported in N. Let

Mp={pe MBN): (u, f) ={T"p, f) = (u.Tf) VfeCPBN)}NMx

be the space of T*-invariant measures in M, (space of measures supported in N*).
Clearly M is a weak*-closed subspace of M. Since weak and norm-closure of a
linear subspace coincide (cf. [6], V.3.13), it follows from the bipolar theorem [18],
I11.7.4, that

(33) M7 = (Span(Ran(I — T) U {e;}))*+ = Span(Ran(I — T) U {e;})

(norm-closure), where e; € C(ON) is given by e1(1) = 1, e1(n) = 0, n > 1. The
support of any measure in M is disjoint from N, so it follows from Theorem 2 that
Mip C Mg.

We denote the set of probability measures in My, by P. As T* maps P to P, the
compact convex set P has a fixed point under the map T by the Markov-Kakutani
fixed point theorem, and Mj is not empty. We can moreover give an explicit
description (similar to Theorem 2) of a subset of M; which has a weak*-dense
linear hull in M:

Let

N
L= {feC(ﬂN) : J}@m%ZT"f(p)zo VpEN*}.

n=1
Clearly L7 is a norm (and therefore weakly) closed subspace of C(AN) containing
Lo (as defined in the proof of Theorem 2). For arbitrary f in C(ON) the limit

1 N
i 2T @)

need not exist for all p. For fixed p € SN the sequence (cn(p))¥_; with en(p) :=
+ 21]:[:1 T™f(p) can be considered as an element of £>°(N). The continuous exten-
sion to ON can be evaluated at a point ¢ of SN. In order to distinguish between
our phase space SN and this functional on ¢>°(N) we shall use Z. Frolik’s notation
g-limpyen ey (p) for the evaluation of the continuous extension of (¢n(p)) to N at
the point q. If p, g € N* and f € C(ON) then ¢-limpyey % Zf:r:l T™ f(p) is a positive
linear functional of norm 1 on C(AN), which we denote by v, 4.
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It is easily seen that v, , is a T™-invariant probability measure. We now show
that the linear hull H of the set {v, 4 : p,q € N*} is weak*-dense in M:
Let f € H*, ie.

N
1
¢- lim —ZT"f(p) =0 Vp,qeN7,

then

so f € L;. Therefore HE- C L.
On the other hand, for p € My and f € L, we obtain

N
(o f) = (T"p, <ZT*"M f> <M,NZT"f>,
n=1

which by Lebesgue’s convergence theorem yields (i, f) = (u,0) = 0, so M7 2 L.
Since M; 2 'H we have M7 C H*, so we obtain

(34) HC L; C My CHE,

and it follows that H++ = M+*. Again by the bipolar theorem we see that H-+
is the weak*-closure of H and M+1 = M, since M; being the annihilator of
Ran(I — T') is weak*-closed. With (33) we thus have shown:

Theorem 8. M is a weak*-closed subspace of Mg with annihilator M+ = L1 =
Span(Ran(I — T) U {e;}). H is weak*-dense in M;j.

We now determine the support set of measures in M; and get a similar charac-
terization as the equivalence of (i) and (iv) in Theorem 4 :

Corollary 4. If for A C N we have (v 4, xz) = 0Vp,q € N*, then A is disjoint
from the support set of M.

Proof. Since v, 4 is a probability measure and xz is positive, it follows that the
support of v, , does not intersect A for p, g € N*. Therefore any continuous function
on BN vanishing outside of A is in H+. But H+ = M7 by Theorem 8 or (34), so
the open set A is disjoint from the support of any measure in M, and the claim
follows. O

_ Let Sy be the set of points x in SN with the property that no clopen neighborhood
A, A CN, of = satisfies

ngnooNZT"XA )=0 VpeN*,

i.e. for no clopen neighborhood A, A C N, of z is the function xz in L.
Theorem 9. Sy is the support set of M.
Proof. If © ¢ Sy, then there exists a clopen neighborhood A of = with

Jim Z T™xalp
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for all p € N*, therefore (v, q,x7) =0 Vp,q € N*. It follows from Corollary 4
that x is not in the support set of Mj.

If z € S7, then for any clopen neighborhood A of z, there exists a measure v, 4,
such that (v, 4, x7) # 0, i.e. A intersects the support of v, , for some p,q € N*.
Since the clopen sets containing x are a neighborhood base of x it follows that x is
in the support set of Mj. |

Theorem 10. Sy is a nonempty proper closed subset of S.

Proof. Clearly S; C S and St is closed and nonempty by Theorem 9, as support
sets are by definition closed and nonempty if invariant measures exist.

To prove that S; # S we show that there exists a subset A of N\ {1} with
ds > 0 such that x7 € Ran(I — T) (norm-closure): By Lemma 6 AN .S # 0, but
by Theorem 8 yz € M7, so Corollary 4 with Theorem 9 show that AN Sy = 0,
hence Sy # S.

For any A C N\ {1} we can define inductively a function F' with (I —T)F(n) =
xa(n). However F will not be bounded in general, since F must be constant on
CA and increasing on A (see the computations below). We therefore define the
function f on N, such that f decreases on [A in order to guarantee boundedness,
but still satisfies f — T f — x4 € ¢o. Now g € ¢o(N) is in Ran(I — T') by Theorem 8
if g(1) = 0, so this will be sufficient to show that xz € Ran(I —T)).

The set A will be | J,[N;, 2N;] for a suitably chosen sequence (N;). Clearly A has
upper density ds > 1 /2, so A intersects S by Lemma 6.

Let Ny =3 and f(1) = f(2) = 0. Assume Ni,..., N, have been chosen and f
has been defined on [1,! — 1] for some I, N,, <1 < 2N,,. We now define f(l) by

(3) FO) =THO-1) +
and obtain
-1
£~ THO) = 70 ~ 1 3 70)
(36) st

For N,, <l < 2N, this yields

POy =TH 1)+

! 1
=fl-1) =1+ =fl-D+7

Therefore f is increasing in [N, 2N,,] and we obtain

2N, —1

FENL) = f(N)+ Y

=N,
< f(Nn) + 2.

For I > 2N, and f(I — 1) > % we define

< f(Nn) + IOg(an - 1) - IOg(Nn - 1)

~| =

(37)

1

(38) f() = Tf(l—l)—mﬁ7
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and obtain
(39)  f()-Tf()= Z—Tl ) - TF(— 1) = ‘Z_TI%% _ _%'
For | = 2N,, + 1 we have with (38), (36)
(40)  f2N, +1) = Tf(2N,,) - %N:l% N 1 21\2771T—:1%
and for I > 2N, +1, f(I —1) > 1 (38) and (39) yield
(41)

Therefore there exists a smallest I, > N, such that f(l, — 1) < % and we set
Nyt1 := 1y, and continue by defining f on [N,41,2N,41] as above.

The function f so constructed satisfies (f — T f)(l) =1 on A = [J,[Nn,2N,,] by
(36) and |(f — Tf)(1)] = % on the intervals |2N,, Ny41[ by (39). It follows that
J=Tf—Xxa € co.

We have f(Np41—1) < % by our choice of N1, hence

1 1
Tf(Nn+1_1>__:f(Nn+1_1)<_
n n
by (39), so
Nn+1 2 Nn+1
Nn_;,_]_ -1 n Nn+1 -1

by (35) and f(2Np41) < 6 by (37). Since f is increasing on [Ny, 2N,,] and decreasing
on [2N,, Np41] by (40) and (37), it follows with (41) that 0 < f(n) < 6 ¥n € N,
ie. fel>(N). O

J(Npg1) =Tf(Npy1 — 1) + <4
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