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ERGODIC PROPERTIES OF REAL COCYCLES AND

PSEUDO-HOMOGENEOUS BANACH SPACES

M. LEMAŃCZYK, F. PARREAU, AND D. VOLNÝ

Abstract. Given an irrational rotation, in the space of real bounded variation
functions it is proved that there are ergodic cocycles whose small perturbations
remain ergodic; in fact, the set of ergodic cocycles has nonempty dense interior.

Given a pseudo-homogeneous Banach space and an irrational rotation, we
study the set of elements satisfying the mean ergodic theorem. Once such a
space is not homogeneous, we prove it is not reflexive and not separable. In
“natural” cases, up to L1-cohomology, the only elements satisfying the mean
ergodic theorem are those from the closure of trigonometric polynomials.

For pseudo-homogeneous spaces admitting a Koksma’s inequality ergodicity
of the corresponding cylinder flows can be deduced from spectral properties of
some circle extensions. In particular this is the case of Lebesgue spectrum (in
the orthocomplement of the space of eigenfunctions) for the circle extension.

Introduction

By T we will mean the circle group {z ∈ C : |z| = 1} which most of the time
will be treated as [0, 1) with addition mod 1; λ will denote Lebesgue measure.
Each f : T −→ R (naturally identified with f : R −→ R periodic of period 1),
f ∈ L1(T) has its Fourier expansion

f ∼
∞∑

n=−∞
f̂(n)e2πinx.

We will only consider functions with zero mean.
For f ∈ L1(T) and t ∈ T, we denote ft(x) = f(t−x). By a pseudo-homogeneous

Banach space on T we mean a linear subspace B of L1(T) with a norm || · ||B
stronger than the L1-norm, making B a Banach space and satisfying:

(i) if f ∈ B and t ∈ T, then ft ∈ B and ||ft||B = ||f ||B.
If in addition

(ii) ftn −→ ft in B whenever tn −→ t in T,
then the pseudo-homogeneous Banach space B is called a homogeneous Banach
space on T. Main properties of pseudo-homogeneous Banach spaces are either
contained or can be easily deduced from [9], chapter 1; in particular, there exists a
biggest homogeneous Banach subspace Bh contained in B; it is defined as

Bh = {f ∈ B : t 7→ ft is a continuous map from T to B},
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or as the closure of trigonometric polynomials in B.
We prove that if B is not homogeneous, it is not reflexive and not separable.

Moreover, we find necessary and sufficient conditions to have

L1 ∗B ⊂ B.(1)

In particular, this is the case if the closed unit ball of B is closed in L1. This latter
condition is satisfied by many “natural” examples of pseudo-homogeneous spaces.

Suppose now that B is a Banach space and T is an isometry on it. Assume
also that zero is the only fixed point of T . We say that for an x ∈ B the ergodic
theorem holds true if

lim
n−→∞

1

n

n−1∑
j=0

T jx = 0.

The set of all elements of B for which the ergodic theorem holds is denoted by
ET(B, T ). An element x ∈ B is said to be a coboundary if x = y − Ty for
certain y ∈ B. Later we will consider the situation, where x ∈ B, x = y− Ty for
y belonging to some larger space; in this case we still call x a coboundary; y will
be called a transfer function. The following theorem, due to J. von Neumann, is
classical:

Theorem 1. An element x ∈ B belongs to ET(B, T ) if and only if x is in the
closure of the subspace of coboundaries (with transfer function in B).

Recall that ET(B, T ) = B whenever B is reflexive.
Assume that α ∈ [0, 1) is irrational with continued fraction expansion

α = [0; a1, a2, . . . ]

and (pn/qn) the sequence of convergents; qn is said to be the n-th denominator
of α. Denote by Tx = x+α the corresponding irrational translation on X = [0, 1).
We show that if in a pseudo-homogeneous space B, (1) is satisfied, then each
f ∈ ET(B, T ) is cohomologous to a g ∈ Bh via a transfer function from L1. In
the general case, however, Bh can be reduced to zero (as the example of singular
functions with bounded variation shows) and then this property of ET(B, T ) is no
longer true. In fact, we show that if each function of ET(B, T ) is an L1-coboundary,
then each element of B is also.

Assume that T : (X,B, µ) −→ (X,B, µ) is an ergodic automorphism. Each
measurable function f : X −→ R will be called a cocycle. Then f (n) is defined,
for n ∈ Z, by f (n)(x) =

∑n−1
0 f(T kx) if n ≥ 0 and f (n)(x) = −

∑−1
n f(T kx) if

n < 0. Let R = R ∪ {∞} be the one-point Alexandroff compactification of R.
Then r ∈ R is said to be an extended essential value of f (see [23]) if for each
open neighbourhood U(r) of r and an arbitrary set C ∈ B, µ(C) > 0, there exists
an integer n such that

µ(C ∩ T−nC ∩ {x ∈ X : f (n)(x) ∈ U(r)}) > 0.

The set of extended essential values will be denoted by E(f). The set E(f) =
E(f) ∩R is called the set of essential values of f and it is a closed subgroup of R.
The skew product

Tf : (X ×R, B̃, µ̃) −→ (X ×R, B̃, µ̃), Tf(x, r) = (Tx, f(x) + r)

is said to be a cylinder flow. Here by µ̃ we denoted the product measure of µ and
infinite Lebesgue measure λ on the line. A cylinder flow is ergodic iff E(f) = R
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([23]); in this case the cocycle f will be called ergodic. A necessary condition for
an integrable f to be ergodic is

∫
X f dµ = 0.

If G is a locally compact, second countable Abelian group (denoted additively)
and f : X −→ G is a measurable map, then we can easily repeat the foregoing
definitions by replacing R by G. If G is compact then there exist a closed subgroup
H (equal to the set of essential values of f) and a measurable function p : X −→ G
such that for the cocycle

g(x) = f(x) + p(x)− p(Tx) ∈ H
the extension Tg is ergodic as an H-extension. In particular, f is a coboundary if
and only if E(f) is reduced to zero. However, if G is not compact what can happen
is that E(f) is {0} but f is not a coboundary. According to [23], such cocycles are
said to be of type III0. A cocycle f is said to be regular if the quotient cocycle
f∗ : X −→ G/E(f) is a coboundary. Obviously, each ergodic cocycle is regular. In
the case where the only compact subgroup is {0}, a cocycle is a coboundary if and
only if ∞ /∈ E(f) (that is, there exist a set B of positive measure and a compact
set K in G such that f (n)(x) ∈ K whenever x, Tnx ∈ B). In the case G = R
nonregular cocycles are exactly those of type III0.

In some classical cases (like Lp(X,µ), L∞(X,µ)), for each ergodic T real cobound-
aries (with measurable transfer functions) are dense in the corresponding topologies.
We suppose now that T is an irrational rotation on T; then we can find pseudo-
homogeneous spaces where coboundaries are not dense. This is especially the case
of some spaces which admit an abstract Koksma’s inequality (see Section 2.2), for
example BV (T)—the space of functions with bounded variation or spaces where
the norm is determined by the speed of convergence of Fourier coefficients to zero.

Ergodicity of straight lines (i.e. of cocycles fc(x) = cx− c/2, c ∈ R \ {0}) under
irrational rotations has been proved by Pask in [19] (see also [1]). We develop a new
method of proving ergodicity of real cocycles based on spectral properties of the
corresponding Anzai skew products Texp(2πif). For example we obtain that if f has
bounded variation and Texp(2πif) has Lebesgue spectrum in the orthocomplement
of the eigenfunctions of T then E(f) = R.

This method will allow us to prove that in the space BV (T) we have even
a stability property for the ergodicity of certain cocycles. For example if g ∈
BV (T) is sufficiently close to a straight line fc, then it is also ergodic (for all
irrational rotations). Moreover functions which are piecewise absolutely continuous

with
∫ 1

0 f
′(x) dx 6= 0 enjoy the same property. In fact the interior of the set of

ergodic cocycles in BV (T) is dense.

1. Pseudo-homogeneous spaces on T and convolutions

We discuss here the condition (1), i.e. L1 ∗ B ⊂ B, for a pseudo-homogeneous
space B on T. Firstly, we state some general remarks .

If (1) holds, by Closed Graph Theorem, there exists a constant M such that

||g ∗ f ||B ≤M ||g||1||f ||B for all f ∈ B and g ∈ L1.(2)

Then, an approximation of g by trigonometric polynomials shows that g ∗ f is a
B-limit of trigonometric polynomials, and in fact L1 ∗B ⊂ Bh.

Besides B must contain enough trigonometric polynomials. More precisely, let
P = P(T) be the space of all trigonometric polynomials on T. We denote by

Λ(B) the set of all integers n for which there exists some f ∈ B with f̂(n) 6= 0 and
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conversely, if Λ is a set of integers, let PΛ be the space of all P ∈ P with frequencies
in Λ. Since the convolution product of any f ∈ B by the exponential e2πinx yields

f̂(n) e2πinx, a necessary condition for (1) is

PΛ(B) ⊂ B.

We shall denote b(B) the closed unit ball in B and by A
1

the L1-closure of any
subset A of L1.

Lemma 1. If f ∈ b(B) and g ∈ b(L1), then g ∗ f ∈ b(B)
1
.

In particular, if b(B) is closed in L1, then L1 ∗B ⊂ B and ||g ∗f ||B ≤ ||g||1||f ||B
for all f ∈ B and g ∈ L1.

Proof. This follows elementarily from the fact that the convolution product g ∗ f =∫
ft g(t) dt can be approximated in the L1-norm by finite sums

∑
ftj
∫
Ij
g(t) dt,

where {Ij} is a partition of T into small subintervals and tj ∈ Ij .

Note that if B is homogeneous, this approximation holds in the B-norm and
L1 ∗ B ⊂ B follows similarly, with again the constant in (2) equal to 1. We fix in
the sequel (Kn) an approximating sequence of kernels in L1; we mean a sequence
of normalized nonnegative trigonometric polynomials such that the integral of Kn

outside any given neighbourhood of 0 converges to zero. By the same argument, if
B is homogeneous and f ∈ B then Kn ∗ f → f in B.

Lemma 2. If B is a homogeneous space then the unit ball b(B) is closed in B with
respect to the L1-norm.

Proof. Let f ∈ B and fj ∈ b(B) (j ≥ 1), with fj → f in L1. Given n, (Kn ∗fj) is a
sequence of trigonometric polynomials in b(B), which lie in a fixed finite dimensional
subspace and thus converge to Kn ∗ f for every norm. It follows that Kn ∗ f ∈ b(B)
for every n and, as Kn ∗ f converges to f in B, this proves f ∈ b(B).

Proposition 1. Let B be a pseudo-homogeneous space on T and M a positive
constant. The following are equivalent.

(i) L1 ∗B ⊂ B and ||g ∗ f ||B ≤M ||g||1||f ||B for every f ∈ B and g ∈ L1.

(ii) b(B) ⊂M · b(Bh)
1
.

(iii) b(B)
1 ∩ P ⊂M · b(Bh).

Proof. (i) implies (ii): Let f ∈ b(B). If (i) holds, we have Kn ∗ f ∈ M · b(Bh) for
every n, and Kn ∗ f → f in L1.

(ii) implies (iii): It is enough to prove that if C is a homogeneous space, then

b(C)
1 ∩ P ⊂ b(C).

Any polynomial in b(C)
1

belongs to PΛ(C) and, since C is closed under convolutions

by functions of L1, we have PΛ(C) ⊂ C. Hence b(C)
1 ∩ P ⊂ b(C)

1 ∩ C. Now, by

Lemma 2, b(C)
1 ∩ C = b(C).

(iii) implies (i): Let f ∈ b(B) and let g be a trigonometric polynomial in b(L1).

Then g ∗ f is a trigonometric polynomial and by Lemma 1 it lies in b(B)
1
. So, if

(iii) holds, g ∗ f ∈M · b(Bh). This proves P ∗B ⊂ Bh and ||g ∗ f ||B ≤M ||g||1||f ||B
for every f ∈ B and g ∈ P . Now (i) follows by density of trigonometric polynomials
in L1.
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Examples . It is easy to check that the unit ball of B is closed in L1 and thus
condition (1) holds when B = Lp(T) with 1 ≤ p ≤ +∞, or B = Lipκ(T), the space
of Hölder continuous functions with exponent κ. It is also the case for BV (T), the
space of functions with bounded variation on T (which we consider as a subspace
of L1—we can restrict to right-continuous BV -functions).

For B = O(1/n), the space of functions f ∈ L1 with f̂(n) = O(1/n), the

property (1) follows directly from (|ĝ ∗ f(n)| = |ĝ(n)f̂(n)| ≤ ||g||1|f̂(n)|. Besides,
since we restrict to functions with zero mean, the norm on B can be defined by

||f ||B = supn |nf̂(n)| = supn
∣∣∫ n e−2πint f(t)dt

∣∣; then the unit ball is closed in the

L1-topology. The same holds for spaces defined by other conditions on the speed
of convergence to zero of the Fourier coefficients.

For closed subspaces of the previous examples, we have the weaker property,
shared by all homogeneous spaces (Lemma 2): the unit ball of B is closed in B
with respect to the L1 norm. By duality, that is the case if and only if the norm on
B can be defined as sup{

∫
f(t)h(t) dt; f ∈ A}, where A is some subset of L∞(T).

Then condition (iii) of Proposition 1 reduces to b(B)
1 ∩ P ⊂ B and the necessary

condition PΛ(B) ⊂ B is sufficient.
On the other hand, the space B of singular functions with bounded variation

(BV -functions whose derivative vanishes a.e.) yields a counter-example for (1),
since B does not contain any nontrivial trigonometric polynomial. In this case

b(B)
1

is the whole closed unit ball of BV (T), and the space AC(T) = BV (T)h
of absolutely continuous functions is the smallest homogeneous space containing
L1 ∗B. We have more generally:

Proposition 2. If B is a pseudo-homogeneous space on T, let B̃ be the subspace

of L1(T) algebraically spanned by b(B)
1
, equipped with the norm such that b(B)

1
be

its closed unit ball. Then B̃ is a pseudo-homogeneous space and (B̃)h is the smallest
homogeneous space C with L1 ∗B ⊂ C.

Conversely, if C is homogeneous, then C̃ is the largest pseudo-homogeneous space
B such that L1 ∗B ⊂ C.

Proof. B̃ is complete since its unit ball is closed in a larger Banach space (a de-

creasing sequence of closed balls in B̃ whose radii go to zero is also a decreasing
sequence of closed sets whose diameters go to zero in L1(T)); since it is clear that

translations act isometrically on B̃, we have a pseudo-homogeneous space. Now, we
can substitute any homogeneous space C for Bh in Proposition 1 without changes
in the proof: namely L1 ∗B ⊂ C if and only if there exists a constant M such that

b(B) ⊂ M · b(C)
1

or b(B)
1 ∩ P ⊂ M · b(C). This implies both statements in the

proposition.

We complete this section by the following general result, which is apparently
new:

Proposition 3. Let B be a pseudo-homogeneous space on T. If B is either reflex-
ive, or separable, then B is homogeneous.

Proof. (1) Suppose that B is reflexive. Then b(B) is weakly compact and the weak
topology σ(B,B∗) matches the weaker Hausdorff topology σ(L1, L∞) on b(B). It
follows that b(B) is closed in L1 whence L1 ∗ B ⊂ B; by Proposition 1, we have

b(B) ⊂ b(Bh)
1

(and in fact b(B) = b(Bh)
1
). So b(Bh) is dense in b(B) in the
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σ(L1, L∞)-topology, and thus in the σ(B,B∗)-topology. Finally, since the strong
closure of a convex set in a Banach space is equal to its weak closure, b(Bh) is still
dense in b(B) in the norm topology. This proves Bh = B.

(2) In general, given f ∈ B, consider d(t, t′) = ||ft− ft′ ||B for t, t′ ∈ T. This de-
fines a complete metric group topology on the quotient group of T by the subgroup
of periods for f . This topology is stronger than the usual one and if B is separable
it is separable; i.e. it is a Polish group topology. Then both topologies have to be
equal. It follows that the mapping t→ ft from T to B is continuous.

2. Mean ergodic theorem in pseudo-homogeneous Banach spaces

Suppose now that B is a pseudo-homogeneous Banach space on T. Let T
denote an irrational tanslation by α. Hence T acts as an isometry on B.

Note that Bh ⊂ ET(B, T ); indeed any trigonometric polynomial P from B may
be written as P = Q− TQ, where Q is another trigonometric polynomial still in
Bh.

From this we obtain a natural question to explain how big can be the “difference”
between ET(B, T ) and Bh. In particular, is it true that if f ∈ ET(B, T ) then
f = g + h − Th for some g ∈ Bh and h ∈ L1(T)? Below, we will positively
answer this question provided that condition (1) is satisfied.

Let C be a homogeneous Banach space. Denote by

CobT (B,C) = {j ∈ B : (∃h ∈ C) j = h− Th}.

Theorem 2. Suppose that B satisfies L1 ∗B ⊂ B.
Then for each f ∈ CobT (B,C) there exists g ∈ Bh and h ∈ C such that

f = g + h− Th.

Proof. Since f ∈ CobT (B,C), we can write

f =
∞∑
j=1

(hj − Thj)

for some hj ∈ C, with hj − hjT ∈ B and

∞∑
j=1

||hj − Thj||B < +∞.(3)

Let (Kn) be a sequence of kernels as in Section 1. For each j = 1, 2, . . . select
nj ∈ N so that

||hj −Knj ∗ hj ||C <
1

2j
(4)

which is possible because Kn ∗ hj −→ hj in C, and let

gj = Knj ∗ hj − T (Knj ∗ hj), h′j = hj −Knj ∗ hj
so that

hj − Thj = gj + h′j − Th′j.(5)

Since translations commute with convolutions on L1, we have

||gj ||B = ||Knj ∗ (hj − Thj)||B ≤M ||hj − Thj||B
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where M is a constant such that the inequality (2) holds. It follows from (3) that
the series

∑∞
j=1 gj converges in B towards some function g. We have moreover

g ∈ Bh because it is the limit in B of a sequence of trigonometric polynomials.
On the other hand, by (4), the series

∑∞
j=1 h

′
j converges in C. Let h be its sum.

Since both series converge in L1, we obtain from (5)

f =
∞∑
j=1

(hj − hjT ) = g + h− Th.

Corollary 1. If coboundaries with transfer functions in C are dense in B then
each function f ∈ B can be written in the form

f = g + h− Th,
where g ∈ Bh, h ∈ C.

Since coboundaries (with polynomial transfer functions in Bh) are dense in Bh,
we also have a converse to Theorem 2:

Corollary 2. Suppose moreover B ⊂ C. A function f ∈ B belongs to CobT (B,C)
if and only if f ∈ Bh + CobT (B,C). In particular, Bh + CobT (B,C) is a closed
subspace of B.

Corollary 3. If f ∈ B satisfies the mean ergodic theorem in B then, for any
homogeneous space C containing B,

f = g + h− Th
for certain g ∈ Bh, h ∈ C. In particular, f is cohomologous to an element from
Bh via a transfer function from L1(T).

We shall show in Example 1 below that we cannot require that the transfer func-
tion h in Corollary 3 belong to B. Besides, Theorem 2 and the above corollaries
do not hold in general if the condition (1) is not satisfied. If we consider a pseudo-
homogeneous space B where Bh = {0}, like the space of singular BV -functions,
Theorem 2 would imply that any function in ET(B, T ) is a coboundary and Propo-
sition 4 below would imply that any function in B is a coboundary (which is clearly
false for singular BV -functions: the cocycle gβ = χ[0,β) − β where β 6∈ Zα mod 1
is a classical counter-example).

Proposition 4. If every function in ET(B, T ) is a coboundary via a transfer func-
tion in L1(T), then the same holds for every function in B with zero mean.

Proof. Under the hypothesis for every f ∈ ET(B, T ) there is a unique h = hf ∈ L1

with zero mean such that f = h−Th. By the Closed Graph Theorem, the so-defined
linear mapping from ET(B, T ) to L1 is continuous and there exists a constant M
with ||hf ||1 ≤M ||f ||B.

Now, let f be a function inB with zero mean. For n ≥ 1 denote f (n) =
∑n−1
j=0 T

jf

and let hn = (1/n)
∑n−1
j=0 f

(j) and

fn = hn − Thn = f − 1

n
f (n).

(fn) is a sequence in CobT (B,B), hence in ET(B, T ), which is is bounded in the B-
norm: ||fn||B ≤ 2||f ||B for every n. Since hn has zero mean, ||hn||1 ≤M ||fn||B ≤
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2M ||f ||B for every n and since the mean ergodic theorem holds in L1, (1/n)f (n)

goes to 0 in L1, so hn − Thn converges to f in L1. It follows that f itself is a
coboundary ([15]).

2.1. Examples.

Example 1. We will now describe the subspace ET(B, T ) when B is the pseudo-
homogeneous space O(1/n). Namely f satisfies the mean ergodic theorem in B if
and only if

nf̂(n) −→ 0 whenever nα −→ 0 (mod 1).(6)

Indeed, let ||x|| denote the distance of x ∈ R to the nearest integer. Since

(h− Th)̂(n) = (1− e2πinα) ĥ(n), a function f in B is a coboundary with transfer
function in B if and only if

nf̂(n) = O(||nα||).
If f is the limit in B of coboundaries fj , then the sequence

(
nf̂(n)

)
is the uniform

limit of
(
nf̂j(n)

)
and (6) follows. Conversely, suppose that for ε > 0 there is an

η > 0 such that ||nα|| < η implies |nf̂(n)| < ε; define gε ∈ B by ĝε(n) = f̂(n) when
||nα|| ≥ η and ĝε(n) = 0 otherwise. Then ||f − gε||B ≤ ε and gε is a coboundary
since

|nĝε(n)|
||nα|| ≤

1

η
||f ||B.

It follows from (6) that functions fc(x) = c{x} − c/2, c 6= 0, do not satisfy the

mean ergodic theorem in O(1/n) (since f̂c(n) = ic/n) and the same result holds
in BV (T), since BV (T) ⊂ O(1/n). See Example 4 in the next subsection to see
that they do not belong to the closure of coboundaries with measurable transfer
functions.

The condition h ∈ C from Corollary 3 cannot be strengthened to h ∈ B.
Indeed if f = g+h−Th with g ∈ Bh and h ∈ B, since Bh = o(1/n), we must have
a constant C such that for every sequence nj →∞

lim sup |nj f̂(nj)| = lim sup |nj(h− Th)̂(nj))| ≤ C lim sup ||njα||,

and we can easily find f satisfying (6) but not this latter condition. For example,

let f satisfy f̂(n) = (1/in)ϕ({nα}), where ϕ is a bounded function on T such that
ϕ(x)→ 0 but ϕ(x)/x→∞ as x→ 0.

In this example, we can choose for ϕ a function with absolutely convergent
Fourier series, so that (ϕ({nα})) is the sequence of Fourier coefficients of a discrete
measure concentrated on Zα (mod 1). Then f is a BV -function, which is not
cohomologous to any AC-function (since AC(T) ⊂ o(1/n)) via a transfer function
in O(1/n); we show below that such an f belongs to ET(BV (T), T ).

Example 2. We consider now the case of BV (T). Since we restrict to zero mean
functions, we may identify BV (T) with the space M(T) of bounded real Borel
measures on T, equipped with the total variation norm. Then T acts isometrically
on M(T) by µ→ µ ◦ T (the translation by −α).

Proposition 5. A measure µ in M(T) satisfies the mean ergodic theorem if and
only if µ(A) = 0 for every T -invariant Borel set A in T.
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Proof. Let ν =
∑+∞
n=−∞ 2−|n| Tn |µ|, and let B be the subspace of all measures σ

in M(T) with |σ| � ν. Then B is a closed T -invariant subspace of M(T) containing
µ. Note that µ satisfies the mean ergodic theorem in M(T) if and only if the same
is true in B and, by duality, if and only if (h, µ) = 0 for every h ∈ B∗ which is
invariant under the adjoint map T ∗.

Now B is isomorphic to L1(ν) and T ∗ acts on B∗ ≈ L∞(ν) by the translation
h→ Th = h ◦T . So µ ∈ ET(M(T), T ) if and only if

∫
h dµ = 0 for any T -invariant

element h of L∞(ν).
Finally, if h is a bounded Borel function with h = Th ν-a.e., we also have

h = Tnh for every n ∈ Z ν-a.e. (since ν is quasi-invariant under T ) and we get
a T -invariant Borel function equal to h ν-a.e. by modifying h on a set of zero
ν-measure. It follows that µ ∈ ET(M(T), T ) if and only if

∫
h dµ = 0 for any

T -invariant bounded Borel function h, which is clearly equivalent to µ(A) = 0 for
every T -invariant Borel set A in T.

Suppose for example that µ is a discrete measure. Then for any T -invariant
Borel set A, µ(A) is the sum of the measures of the cosets x + Zα contained in
A. Therefore, if f is a jump function with bounded variation, the condition for
f ∈ ET(BV (T), T ) is that the sum of its jumps on each coset of Zα is zero.

Example 3. Suppose that T : (X,B, µ) −→ (X,B, µ) is an ergodic automorphism
on a standard Borel space. We will show that the characteristic function of a
“typical” set A ∈ B does not satisfy the mean ergodic theorem in L∞(X,µ).

Fix N ≥ 1. Notice that the family AN of sets for which the first return time
function is bounded by N is closed. Moreover,AN has empty interior (by removing
a small set of positive measure we can easily increase the values of the first return
time function). We conclude that the family A =

⋃
N≥1AN of sets with bounded

first return time function forms a subset of first category in B.
It remains to show that if B /∈ A then f = χB − µ(B) does not satisfy the

mean ergodic theorem in L∞(X,µ). We can assume that 0 < µ(B) < 1. From
our assumption there exists a strictly increasing sequence (Ni) of natural numbers
and a sequence (Bi) of subsets of B of positive measure such that if x ∈ Bi
then its first return time to B is equal to Ni. For points x ∈ Bi∣∣∣ 1

Ni

Ni−1∑
i=0

χB(T ix)− µ(B)
∣∣∣ = |1/Ni − µ(B)|.

Therefore, 1
n

∑n−1
i=0 T

if does not go to zero in L∞(X,µ) and the result follows.
When X = T and T is an irrational translation, it is classical that Riemann-

integrable functions satisfy the mean ergodic theorem. In [24], M. Talagrand shows
that there are other functions which belong to ET(L∞(T), T ) for every irrational
translation T on T. However, if f is such a function, it follows from Theorem 2
that for each 1 ≤ p <∞, there exists h ∈ Lp(T) such that f+h−Th is continuous.

In Lip(T) not all elements satisfy the mean ergodic theorem. Indeed, take

F (t) =
∫ t

0
f(x) dx, where f ∈ L∞(T) does not satisfy the mean ergodic theorem

in L∞(T).

2.2. Are the coboundaries dense in pseudo-homogeneous Banach spaces?
Let B be a pseudo-homogeneous Banach space and T : x 7→ x + α an irrational
rotation on T. We say that a Koksma inequality holds ([1]) for the pair (B, T )

provided that there exists a positive sequence D̃n = D̃n(α), n ≥ 1, satisfying
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D̃qn = O(1/qn) where (qn) is the sequence of denominators of α, such that for
every f ∈ B ∥∥∥ 1

n
f (n) −

∫ 1

0

f(t)dt
∥∥∥
L1
≤ ||f ||BD̃n(α),

where f (N)(x) =
∑N−1
j=0 f(T jx), x ∈ T. For the classical cases where a Koksma

inequality is satisfied for functions with bounded variation or Lipschitz continuous
functions we refer to [11], chapter 2. In [1], a Koksma inequality has been proved
for B = O(1/n).

Similarly to [6], p.189, we have:

Proposition 6. If a Koksma inequality is satisfied for the pair (B, T ) then, for
each f ∈ Bh with zero mean, limn−→∞ f (qn) = 0 in L1(T).

If B is a homogeneous Banach space then coboundaries (even with transfer
functions belonging to B) are dense. If B is assumed to be a pseudo-homogeneous
the situation is more complicated. It is well-known (in general setting even) that in
L∞(T) coboundaries with measurable transfer functions are dense (see e.g. [8]). As
recently shown by D. Volný [26], in Lip(T) coboundaries with measurable transfer
functions are also dense. Notice that in general the closure of B-coboundaries is not
contained in Bh and this provides examples of pseudo-homogeneous spaces which
are not homogeneous where coboundaries are dense.

That is generally not the case if B satisfies a Koksma inequality. Set

B0 = {f ∈ B : f (qn) µ−→ 0}.

Lemma 3. Assume that B admits a Koksma inequality. Then B0 is closed and
contains the closed subspace generated by coboundaries with measurable transfer
functions which belong to B.

Proof. Let fj → f in B and fj ∈ B0; then ||f (qn) − f (qn)
j ||1 ≤ const ||f − fj ||B,

whence f → 0 in measure. Besides, if f = h−Th, then f (qn) = h−T qnh converges
to zero in measure.

Now let B be any pseudo-homogeneous space and let f ∈ B. Denote by Vf,T
the unitary operator on L2(T) defined by

Vf,T (g) = e2πif · Tg.
Call the spectral measure σ of the constant function 1 the spectral measure of Vf,T .

If f ∈ B0,

σ̂[qn] = (V qnf,T 1, 1) =

∫ 1

0

e2πif(qn)

dµ −→ 1.

A Borel probability measure ν on T is called a Dirichlet measure if ν̂[rn] −→ 1 for
some sequence (rn). We obtain

Proposition 7. Assume that B admits a Koksma inequality. If there exists f ∈ B
such that the spectral measure of Vf,T is not a Dirichlet measure then coboundaries
with measurable transfer functions are not dense in B.

Example 4. If f(x) = f1(x) = {x}−1/2, the spectral measure of Vf,T is Lebesgue
measure, so it is not a Dirichlet measure (for an arbitrary irrational rotation). It
follows that, in BV (T) or O(1/n), f1 and hence every fc with c 6= 0 do not belong
to the closure of coboundaries with measurable transfer functions.
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Another example (even continuous) easily follows from [7] where for each ir-
rational rotation by α (with α having unbounded partial quotients) a continuous
function f : T −→ R of bounded variation such that Te2πif has Lebesgue spectrum
(in the orthocomplement of the space of eigenfunctions) has been constructed.

3. Spectral approach to ergodicity of cylinder flows

In this section we will develop a method which will give us a link between spectral
properties of Texp(2πif) on X ×T and ergodicity of the cylinder flow Tf on X ×R.

We assume that T is an ergodic automorphism, and G is a locally compact second
countable abelian group. Given a measurable function f : X −→ G, we denote f∗µ
the direct image measure on G defined by f∗µ(A) = µ(f−1(A)) for every Borel set
A in G. Let G denote the one-point compactification of G, and P(G) the set of
Borel probability measures on G. Recall that a sequence (qn) is said to be a rigidity
time for T if for each measurable function f on X , f ◦ T qn −→ f in measure.

Proposition 8. Suppose that f : X −→ G is a cocycle. Let (qn) be a rigid sequence
for T and let W be a compact subset of G. If

inf
n≥1

µ([f (qn) ∈W ]) > 0

then

E(f) ∩W 6= ∅.
In particular, if in addition 0 /∈W then f is not of type III0.

Proof. Consider the measures (f (qn))∗µ as probability measures on G. By weak
compactness of P(G), we can assume that this sequence converges weakly to some
ν ∈ P(G). Then ν(W ) > 0, and all we need to show is that supp(ν) ⊂ E(f).

First we claim that for each ϕ ∈ C(G) and each g ∈ L1(X,µ),∫
X

ϕ ◦ f (qn) g dµ −→
∫
G

ϕdν

∫
X

g dµ.(7)

As (f (qn))∗µ→ ν weakly, (7) holds for constant functions g and thus it is enough to
prove that the limit is 0 when

∫
X g dµ = 0. Moreover, since coboundaries are dense

in the subspace of functions with zero mean, we can restrict to the case g = h−Th,
h ∈ L1(X,µ). Then∫
X

ϕ ◦ f (qn) g dµ =

∫
X

ϕ ◦ f (qn) h dµ−
∫
X

ϕ ◦ f (qn) Th dµ

=

∫
X

ϕ(f (qn)(Tx))h(Tx) dµ(x) −
∫
X

ϕ(f (qn)(x))h(Tx) dµ(x)

=

∫
X

(
ϕ(f (qn)(Tx))− ϕ(f (qn)(x))

)
h(Tx) dµ(x).

Since Tf (qn)−f (qn) = T qnf−f and (qn) is a rigidity time for T , Tf (qn)−f (qn) con-
verges to 0 in measure; as ϕ is uniformly continuous and bounded, ϕ(f (qn)(Tx))−
ϕ(f (qn)(x)) still converges to 0 in measure and the integral goes to 0. Hence the
claim is established.

Now let B ∈ B be a set of positive measure, r ∈ supp(ν) and U a neighbourhood
of r in G. Choose a continuous function ϕ on G with 0 ≤ ϕ ≤ χU and

∫
G ϕdν > 0.
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Then µ(B ∩ [f (qn) ∈ U ]) ≥
∫
B
ϕ ◦ f (qn) dµ; it follows from (7), with g = χB, that

lim inf
n→∞

µ(B ∩ [f (qn) ∈ U ]) ≥ µ(B)

∫
G

ϕdν > 0

whence, since qn is a rigid sequence for T ,

lim inf
n−→∞

µ(B ∩ T−qnB ∩ [f (qn) ∈ U ]) > 0.

This proof actually shows more precisely the following:

Proposition 9. Suppose that f : X −→ G is a cocycle. Let (qn) be a rigid sequence
for T and suppose that (f (qn))∗µ −→ ν weakly in P(G). Then

supp(ν) ⊂ E(f).

Remark 1. We obtain a necessary condition for f to be of type III0, namely:

for each rigid sequence (qn) for T , {(f (qn))∗µ}′ ⊂ P({0,∞})(8)

where {(f (qn))∗µ}′ denotes the set of weak limit points of
(
(f (qn))∗µ

)
in P(G).

The following proposition is a generalization of a well-known fact for the compact
group case (see [22], [25] for the case of irrational rotations and circle cocycles, [12]
for arbitrary rotations and Abelian groups and [4] for the most general case).

Proposition 10. Suppose T : X −→ X is an ergodic rotation on a compact group
and f : X −→ G is measurable such that

f (n) µ−→ 0 as Tn −→ Id;

then f is a coboundary.

Proof. Let ε > 0; then by assumption there exists a neighbourhood U ⊂ X, 0 ∈ U
such that

Tn ∈ U ⇒ µ([|f (n)| ≥ 1]) < ε.

By minimality of T : X −→ X , we have that KU := {n ∈ Z : Tn ∈ U} has bounded
gaps, and hence there exists a finite set F ⊂N such that

F +KU = Z.

Then every integer n may be written n = j + k where j ∈ F and k ∈ KU ; since
there clearly exists M > 0 such that µ

(
[ |f (j)| ≥M ]

)
< ε for all j ∈ F , we have

µ
(
[ |f (n)| ≥M + 1]

)
= µ

(
[ |f (j) + f (k) ◦ T j| ≥M + 1]

)
≤ µ

(
[ |f (j)| ≥M ]

)
+ µ

(
[ |f (k)| ≥ 1]

)
< 2ε

and by [16], f must be a coboundary.

Suppose the condition (8) holds. It is tempting to expect that the existence of
a rigid sequence (qn) for T such that

(f qn)∗µ→ ν 6= δ0

implies that f is of type III0. Somewhat surprisingly this is not the case. As
noticed in [2], squashable cocycles satisfy (8) and there exist ergodic squashable
cocycles.
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Proposition 11. Let T : (X,B, µ) −→ (X,B, µ) be ergodic. Assume that G,H
are locally compact abelian groups and let h : G −→ H be a continuous group
homomorphism. Let f : X −→ G be a cocycle. Then

h(E(f)) ⊂ E(h ◦ f).

If f is regular then
h(E(f)) = E(h ◦ f).

Proof. Let r ∈ E(f) and U be a neighbourhood of the unit of G. Take B ∈
B, µ(B) > 0. Then there exists N ∈ Z such that

µ(B ∩ T−NB ∩ [f (N) ∈ h−1(U) + r]) > 0.

Since h ◦ f (N) = (h ◦ f)(N), we have

B ∩ T−NB ∩ [f (N) ∈ h−1(U) + r] ⊂ B ∩ T−NB ∩ [(h ◦ f)(N) ∈ U + h(r)]

and therefore h(r) ∈ E(h ◦ f). Since E(h ◦ f) is closed, the first part is proved.
If f is regular then f = g+j−Tj where g : X −→ E(f) (see [23], part I). So h◦f is

cohomologous to h◦g and E(h◦f) = E(h◦g) ⊂ h(E(f)) since h◦g : X −→ h(E(f))
and the latter group is closed.

Remark 2. If f is of type III0, then in general there is no equality since h ◦ f
can be even ergodic. Note that if G = R and E(f) = rZ where r /∈ Q, then
e2πif : X −→ T is an ergodic cocycle.

3.1. Spectral criteria for ergodicity of cylinder flows. In this subsection T
stands for an ergodic automorphism of (X,B, µ). Let ν be a probability measure
on R. By ν̃ we will mean the measure (exp 2πi·)∗ν. Put

̂̃ν[k] =

∫ 1

0

e2πikx dν̃(x).

Suppose that fn : X −→ R, n ≥ 1, are measurable and set

µn = (fn)∗µ, n ≥ 1.

If µn −→ ν weakly in P(R) then, since ν is concentrated on R, µ̃n converges

weakly to ν̃. Consequently, in this case ̂̃µn[k] −→ ̂̃ν[k] for all k ∈ Z. But ̂̃µn[k] =∫
X
e2πikfn(x) dµ(x) whence ∫

X

e2πikfn dµ −→ ̂̃ν[k](9)

for all k ∈ Z. We will need also the following simple

Lemma 4. If ν is discrete, then ν̃ is discrete and in particular ν̃ is a Dirichlet
measure.

Proof. If ν is concentrated on a countable set D, then ν̃ is concentrated on {e2πir;

r ∈ D} and ̂̃ν[kj ] → 1 for every sequence (kj) such that kjr → 0 mod 1 for every
r ∈ D.

Now let f : X −→ R be measurable and (qn) be a rigid sequence for T . Assume

sup
n
µ{x ∈ X : |f (qn)| > A} −→ 0 when A −→∞.(10)

This condition will be satisfied if for example f ∈ L1(X,µ) and (||f (qn)||L1) is
bounded.
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Then put µn = (f (qn))∗µ. By considering (µn) as a sequence of measures on R
we can choose a subsequence, still denoted by (µn), which converges weakly towards
some probability measure ν. Because of (10) we have then ν({∞}) = 0, so ν is
concentrated on R. In view of (9),∫

X

e2πikf(qn)

dµ −→ ̂̃ν[k](11)

for all k ∈ Z.

Proposition 12. Suppose f : X → R is measurable and satisfies (10). If

lim sup
n→∞

∣∣∣∫
X

e2πikf(qn)

dµ
∣∣∣ ≤ c < 1 for all k large enough,(12)

then Tf is ergodic.

Proof. If Tf is not ergodic, we have E(f) = rZ for some r ∈ R. Then any weak

limit ν of a subsequence of
(
(f (qn))∗µ

)
is concentrated on rZ. Now, by (11), we

have ̂̃ν[k] ≤ c < 1 for all k large enough, which contradicts Lemma 4.

Consider now Te2πif : (X ×T, µ× λ) −→ (X ×T, µ× λ). We have that

L2(X ×T, µ× λ) =
⊕
k∈Z

Lk,

where

Lk = {F (x, y) = f(x)e2πiky : f ∈ L2(X,µ)}.
The spaces Lk are closed and Te2πif -invariant. Moreover, the action of Te2πif on
Lk is unitarily equivalent to the action of Vk : L2(X,µ) −→ L2(X,µ) given by
(Vkg)(x) = e2πikf(x)g(Tx). Notice finally that given k, s ∈ Z we have∫

X

e2πikf(s)(x) dµ(x) = σ̂k[s],

where σk denotes the spectral measure of the constant function 1 under Vk.

Proposition 13. If f satisfies (10) with (qn) a rigidity time for T and the maximal
spectral type σ of Te2πif on

⊕
k 6=0 Lk is a Rajchman measure (i.e. σ̂ vanishes at

infinity), then E(f) = R and Tf is ergodic. In particular, Tf is ergodic whenever
Te2πif has Lebesgue spectrum in the orthocomplement of L0.

Proof. For all k 6= 0, since σk � σ we know by the so-called generalized Riemann-
Lebesgue lemma that σk is also a Rajchman measure, i.e. σ̂k[s]→ 0 when s→∞.
In particular

σ̂k[qn] =

∫
X

e2πikf(qn)

dµ −→ 0.

We conclude by Proposition 12.

Remark 3. Notice that under the hypothesis of Proposition 13, if ν is a weak limit
point of

(
(f (qn))∗µ

)
, by (11) ν̃ is the Lebesgue measure. Then necessarily ν itself

is absolutely continuous (since exp(2πi·) : R→ T is non-singular).
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3.2. Applications for irrational rotations. Suppose now that Tx = x + α is
an irrational rotation and (qn) is the sequence of denominators of α (but we shall
consider subsequences without changing the notation). If a Koksma inequality
holds for a pseudo-homogeneous space B then any f in B (with zero mean) satisfies
condition (10), since (||f (qn)||1) is bounded and it follows that any weak limit of
(f (qn))∗λ in P(R̄) is concentrated on R.

Recall that B0 denotes the subspace of all f ∈ B such that f (qn) → 0 in measure.
As a consequence of Proposition 9 we have:

Corollary 4. Let B ⊂ L1(T) be a pseudo-homogeneous space and suppose that B
admits a Koksma inequality. Assume that f ∈ B \ B0. Then f is not of type III0
(and hence f is regular).

Proof. Since f (qn) does not converge to zero in measure, we can find (nk) such

that f
(qnk )
∗ λ → ν in P(R), where ν({0}) < 1. Then ν /∈ P({0,∞}), since ν is

concentrated on R. We conclude by Remark 1.

Given B let us denote

Erg(B, T ) = {f ∈ B : Tf is ergodic}.
Directly from Proposition 13 we obtain the following:

Proposition 14. Let B be a pseudo-homogeneous Banach space with a Koksma
inequality and let f ∈ B. If f satisfies (12) then f ∈ Erg(B, T ). In particular,
if the maximal spectral type of Te2πif in the orthocomplement of L0 is a Rajchman
measure, then f ∈ Erg(B, T ).

Corollary 5. Let f be a function in L1(T) with zero mean. If the Fourier coeffi-
cients of f are of order O(1/n) and Te2πif has Lebesgue spectrum in the orthocom-
plement of L0 then f ∈ Erg(B, T ).

Now our spectral approach offers more, namely stability properties for ergodicity
of cocycles which we shall study in detail for bounded variation functions in the
next section. We begin by some results for general pseudo-homogeneous spaces
with a Koksma inequality.

It is clear that if f ∈ Erg(B, T ), then f + g ∈ Erg(B, T ) for every coboundary
g = h− Th ∈ B. Suppose that f moreover satisfies (12). If g ∈ B and∣∣∣∫

T

e2πig(qn)

dλ
∣∣∣→ 1(13)

then there exists a sequence of constants cn of modulus 1 such that cn e
2πig(qn) → 1

in measure. This implies

lim sup
n→∞

∣∣∣∫
T

e2πik(f(qn)+g(qn)) dλ
∣∣∣ = lim sup

n→∞

∣∣∣∫
T

e2πikf(qn)

dλ
∣∣∣

for every k, and it follows that f + g ∈ Erg(B, T ).
Now, (13) holds clearly if g ∈ B0. This is also the case if e2πig is a circle

quasi-coboundary, i.e.

e2πig(x) = c
η(e2πiTx)

η(e2πix)

where |c| = 1 and η : T→ T is measurable. We have shown:
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Proposition 15. Let B be a pseudo-homogeneous Banach space with a Koksma
inequality and let f , g ∈ B. If f satisfies (12) and either g ∈ B0 or e2πig is a circle
quasi-coboundary, then f + g ∈ Erg(B, T ).

We have a similar result for every g ∈ B \ Erg(B, T ). We need an auxiliary
lemma:

Lemma 5. Let fn and gn : T→ R, n ≥ 1, be measurable. Assume that (fn)∗λ→
ν, (gn)∗λ → σ and (fn + gn)∗λ → τ weakly in P(R), where ν, σ and τ are
concentrated on R and σ is concentrated on rZ for some r ∈ R.

Then if ν is not discrete, then τ is not discrete.

Proof. We may assume r 6= 0 and replace f and g by 1
rf and 1

r g; hence we may
assume r = 1.

Then σ is a probability measure concentrated on Z and σ̃ is the Dirac measure
at 1. It follows that e2πikgn converges to 1 in measure. Therefore

̂̃τ(k) = lim
n→∞

∫
T

e2πik(fn+gn) dλ = lim
n→∞

∫
T

e2πikfn dλ = ̂̃ν(k)

for every k, whence τ̃ = ν̃. Now ν̃ is not discrete since ν is not discrete, and it
follows that τ is not discrete.

Proposition 16. Let B be a pseudo-homogeneous Banach space with a Koksma
inequality and let f , g ∈ B. If f satisfies (12) and g /∈ Erg(B, T ), then f + g ∈
Erg(B, T ).

Proof. By taking a subsequence, we may assume that

(f (qn))∗λ, (g(qn))∗λ and (f (qn) + g(qn))∗λ

converge weakly towards probability measures ν, σ and τ . As B admits a Koksma
inequality, those measures are concentrated on R. Moreover ν is not discrete since
f satisfies (12) and σ is concentrated on some subgroup rZ since Tg is not ergodic.
We conclude by Lemma 5 that τ is not discrete, whence Tf+g is ergodic.

Remark 4. The same result holds if some weak limit point of
(
(f (qn))∗λ

)
is not

discrete. Note that in this proof, we obtain that τ is not discrete. It follows that if
f satisfies (12) and g1, . . . , gk ∈ B \Erg(B, T ), then f + g1 + · · ·+ gk ∈ Erg(B, T ).

Besides, the same proof shows that if (f (qn))∗λ −→ ν where ν is absolutely con-
tinuous and g is not ergodic, then each limit point of (f (qn) + g(qn))∗λ is absolutely
continuous.

4. Functions of bounded variation. The structure

of ergodic coycles

This section will be devoted to a detailed study of ergodicity of cocycles of
bounded variation. We have already seen that measurable coboundaries are not
dense in BV (T) (Example 4). We will now show that even more happens. Namely,
there are ergodic cocycles in BV (T) such that any sufficiently close cocycle remains
ergodic. We will call this property ergodic stability. In particular we show that
straight lines are ergodically stable.
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Definition . A function f : [0, 1) −→ R is said to be piecewise absolutely con-
tinuous (PAC) if there are y1, . . . , yK ∈ [0, 1) such that f |(yi,yi+1) is absolutely
continuous with limits

f+(yi) = lim
x−→y+

i

f(x) and f−(yi) = lim
x−→y−i

f(x)

for i = 1, . . . ,K (yK+1 = y1).
Obviously, each f which is PAC is of bounded variation. Denote

S(f) =

∫ 1

0

f ′(t) dλ(t) =
K∑
j=1

f−(yi)− f+(yi).(14)

We will say that f is strongly PAC (SPAC) if in addition f ′ has bounded
variation.

Theorem 3. Suppose that f is PAC and that S(f) 6= 0. Then f is ergodically
stable in BV (T). More precisely, if g ∈ BV (T) and Var(f − g) < |S(f)|, then g is
still ergodic.

Proof. Let S = |S(f)|. We shall prove that if g ∈ BV (T), Var(g) < S and c is any
constant with Var(g)/S < c < 1, then

lim sup
n→∞

∣∣∣∫
T

e2πik(f(qn)+g(qn)) dλ
∣∣∣ ≤ c(15)

for every k large enough. By Proposition 14 this implies that f + g is ergodic.
Notice first that each f which is PAC can be represented as f = f0+h, where f0 is

SPAC (even piecewise linear) with S(f0) = S(f) and h ∈ AC(T). Then h(qn) −→ 0

in measure by Proposition 6, whence (f (qn) + g(qn))∗λ and (f
(qn)
0 + g(qn))∗λ have

the same weak limit points in P(R) and the limit in (15) is the same if we replace
f by f0. So, we can restrict ourselves to the case when f is SPAC.

Then let

Ik,q =

∫
T

e2πik(f(q)+g(q)) dλ

for k 6= 0 and q ≥ 1.
Suppose Var(g)/S < c < 1 and choose ε > 0 such that Var(g)/(S−ε) < c. Since

f ′ has bounded variation and thus 1
q |f ′

(q)| −→ S uniformly, we have for q large

enough, say q ≥ q0,

|f ′(q)(x)| ≥ (S − ε)q for all x ∈ T.(16)

We henceforth suppose that q ≥ q0.
Denote by x1 ≤ x2 ≤ . . . ≤ xqK the sequence of all points of the form (yj − sα)

for j = 1, . . . ,K and s = 0, 1, . . . , q − 1 ordered increasingly. Divide [0, 1) into
subintervals [xj , xj+1), j = 1, . . . , qK (xqK+1 = x1). It may happen that some of
these intervals are in fact empty. However, if [xj , xj+1) is not degenerated then

f (q)|(xj,xj+1) is absolutely continuous and (f (q))′(x) = f ′
(q)

(x) for x ∈ (xj , xj+1).
We have then∫ xj+1

xj

e2πik(f(q)+g(q)) dλ =

∫ xj+1

xj

e2πikg(q)

2πikf ′(q)
d(e2πikf(q)

).
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Since f ′
(q)

has bounded variation, we obtain by integrating by parts on each interval
(xj , xj+1)

Ik,q =
1

2πik

Kq∑
j=1

(e2πik(f
(q)
− (xj+1)+g

(q)
− (xj+1))

f ′
(q)
− (xj+1)

− e2πi(kf
(q)
+ (xj)+kg

(q)
+ (xj))

f ′
(q)
+ (xj)

)
− 1

2πik

∫ 1

0

e2πikf(q)

d
(
e2πikg(q)

/f ′
(q))

.

According to (16), it follows that

|Ik,q | ≤
1

2π|k|
( 2Kq

(S − ε)q + Var
(
e2πikg(q)

/f ′
(q)))

and

Var
(
e2πikg(q)

/f ′
(q)) ≤ sup

(
1/|f ′(q)|

)
Var
(
e2πikg(q))

+ Var
(
1/f ′

(q))
≤ 1

(S − ε)q 2π|k| Var(g(q)) +
1

(S − ε)2q2
Var(f ′

(q)
)

≤ 2π|k|
S − ε Var(g) +

1

(S − ε)2q
Var(f ′).

Finally

|Ik,q| ≤
K

π|k|(S − ε) +
Var(g)

S − ε +
Var(f ′)

2π|k|(S − ε)2q
=

Var(g)

S − ε + O(1/k)

uniformly in q ≥ q0. Since Var(g)/(S − ε) < c, we have lim supq→∞ |Ik,q| ≤ c for
all k large enough.

Using the method of this proof one can obtain more information about limit
points of

(
(f (qn))∗λ

)
.

Corollary 6. If f is PAC, S(f) 6= 0 and (f (qn))∗λ −→ ν then ν is absolutely
continuous.

Proof. In the above proof, when g = 0, we obtain that ̂̃ν[k] = lim
∫
e2πikf(qn)

dλ =
O(1/k), whence ν̃ is absolutely continuous.

As a direct consequence of Theorem 3 we obtain

Corollary 7. Int(Erg(BV (T), T )) 6= ∅.

In fact we have more:

Corollary 8. Suppose f is PAC, S(f) 6= 0, and g ∈ BV (T). If either g /∈
Erg(BV (T), T ), or g ∈ BV (T)0, or e2πig is a quasi-coboundary, then f + g is
ergodically stable.

Proof. Let h ∈ BV (T) with Var(h) < |S(f)|. In the proof of Theorem 3 we
have actually shown that under this assumption f + h satisfies (12). So f + g +
h ∈ Erg(BV (T), T ) follows from Proposition 16 if g /∈ Erg(BV (T), T ) and from
Proposition 15 in both other cases.

Corollary 9. Int(Erg(BV (T), T )) is dense in BV (T).
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Proof. Let g ∈ BV (T) and suppose first that Tg is not ergodic. Let f be PAC, with
S(f) 6= 0. By Corollary 8, g + δf is ergodically stable for every δ > 0; so g can be
approximated by cocycles in Int(Erg(BV (T), T )). Now if g ∈ Erg(BV (T), T ) then
either g belongs to Int(Erg(BV (T), T )), or it can be approximated by non-ergodic
cocycles and therefore by cocycles in Int(Erg(BV (T), T )).

Remark 5. Corollary 8 gives us a possibility to show that if α has unbounded partial
quotients, then there are some continuous ergodically stable cocycles. Indeed in [7]
one constructs a continuous cocycle ξ : T→ T of bounded variation homotopic to
the identity and such that ξ is a circle coboundary:

ξ = η(e2πiTx)/η(e2πix).

Since ξ is homotopic to the identity, there exist f ∈ BV (T) continuous with zero
mean and a constant A such that

ξ(e2πix) = exp 2πi(f(x) + x+A).

Then, if g(x) = f(x) + x− 1
2 ,

e2πig(x) = e−2πi(A+1/2) η(e2πi(x+α))/η(e2πix),

so g is a quasi-coboundary, and by Corollary 8

f(x) = g(x) + x− 1

2
∈ Int(Erg(BV (T), T )).

Remark 6. We would like to show now that there exists f /∈ BV (T)0 which is
ergodic but is not ergodically stable. To this end we will use the following result
proved by Oren in [18] for the cocycles gβ = χ[0,β) − β, β ∈ [0, 1):

If 1, α, β are linearly independent over the rational numbers, then Tgβ is ergodic.

Choose β in such a way that ||qnβ|| does not converge to zero. Since g
(qn)
β takes

values k − qnβ where k ∈ Z, we have |g(qn)
β (x)| ≥ ||qnβ|| for every x and so g

(qn)
β

does not converge to zero in measure; hence f /∈ BV (T)0. On the other hand, for
n ≥ 1 let

gn = gβ −
1

n
g{nβ}.

Then gn → g in BV (T), since Var(g{nβ}) = 2 for all n, and gn takes only values in
1
nZ, whence gn /∈ Erg(BV (T), T ).

Remark 7. In [14] it is proved that for each irrational rotation by α, where α has
bounded partial quotients, the set of ergodic absolutely continuous cocycles is a
Gδ and dense (in the variation norm) subset of all absolutely continuous cocycles.
However in this particular case there is no known example of an absolutely contin-
uous cocycle of type III0. We leave as a problem if absolutely continuous cocycles
of type III0 do exist in case of bounded partial quotients.

We have been unable to decide whether or not in a pseudo-homogeneous Banach
space type III0 cocycles are always in the closure of coboundaries with measurable
transfer functions.

References
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Publ. IHES 49 (1979), 5-234. MR 81h:58039
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