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ESSENTIALLY NORMAL OPERATOR + COMPACT
OPERATOR = STRONGLY IRREDUCIBLE OPERATOR

CHUNLAN JIANG, SHUNHUA SUN, AND ZONGYAO WANG

ABSTRACT. It is shown that given an essentially normal operator T' with con-
nected spectrum, there exists a compact operator K such that T4+ K is strongly
irreducible.

1. INTRODUCTION

Let L(H) denote the algebra of all bounded linear operators acting on a complex,
separable, infinite dimensional Hilbert space H. An operator T' € L(H) is said to
be strongly irreducible if it does not commute with any nontrivial idempotent [10],
[15]. The strong irreducibility is invariant under similarity. Chun-lan Jiang and
Zong-yao Wang proved that for each operator T with connected spectrum o (7)),
there exists a strongly irreducible operator A and a sequence {X,} of invertible
operators such that || X, AX ! —T|| — 0 (n — o0o) [13]. This result strengthened
the following result of D. A. Herrero and Chun-lan Jiang: The norm closure of
the set of strongly irreducible operators = the set of the operators with connected
spectra.

An operator T' € L(H) is irreducible if it does not commute with any nontrivial
orthogonal projection. P. R. Halmos proved that for each T' € L(H) and € > 0,
there exists a K compact with ||K|| < € such that T 4+ K is irreducible [11]. Tt
is obvious that if o(T') is not connected, then for each K compact, T+ K is still
strongly reducible. Thus D. A. Herrero asked the following questions in personal
communications:

1. Given T € L(H) with connected o(T), does there exist a compact operator
K such that T+ K is strongly irreducible?

2. Given an essentially normal operator T' with connected o (T'), does there exist
a compact operator K such that T+ K is strongly irreducible? An operator
T is essentially normal if T*T —TT* is compact, where T* denotes the dual
of T.

This article proves that the second question has an affirmative answer.

Main Theorem. Given an essentially normal operator T with connected spec-
trum, there exists a compact operator K such that T + K 1is strongly irreducible.
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If we can construct a strongly irreducible essentially normal operator S such that
0e(S) = 0e(T) and ind(A—S) =ind(A—T) for all A ¢ 0.(S), then by Brown-Douglas-
Fillmore Theorem S is unitarily equivalent to some compact perturbation 7'+ K
of T'. Thus, the proof of the main theorem is reduced to constructing a strongly
irreducible essentially normal operator with the right spectral picture. A more
interesting question is if we can manage to obtain a small compact perturbation
in the main theorem. Here the Brown-Douglas-Fillmore Theorem does not work.
We have to develop more special techniques. In another paper, the authors and
Y. Q. Ji have obtained the following result.

Theorem (J-J-W). Given an essentially normal operator T with connected spec-
trum. If ind(AI = T) > 0 for all X € pp(T), then for each € > 0, there exists K
compact with ||K|| < e such that T + K is strongly irreducible.

2. PREPARATION

In what follows, T' € (SI) means that T is a strongly irreducible operator on its
acting space and () always denotes a bounded, connected open set in C. Recall
that for natural number n, B, (), the set of Cowen-Douglas operators of index n,
is the set of all operators B on ‘H satisfying

(i) o(B) D€
(ii) nul (A — B) =ind(A — B) =n (A € Q);
(iii) V{ker(A—B) : A€ Q} =H [5], [6];
Note that (iii) can be replaced by (iii)’ [6]:
(iii)” \/{ker(Ao — B)¥ : k =1,2,---} = H for each \g € Q.

Also note that each operator B in B(f2) is strongly irreducible [6], and recall
that if N(Q) is the “multiplication by A” operator acting on L?(2) and N, (),
the Bergman operator, is the restriction of N(Q2) to L2(£2), the subspace of L?(£2)
spanned by the rational functions with poles outside ©, then

(i) A(NL(Q)) = H>®(Q) [12] and N4 () is subnormal and essentially normal,
where A’ (N4 (£2)) denotes the commutant of N4 (£2);

(ii) If N = Ny (Q%)*, then N € B1(Q), 01(N) = o(N) = Q, 0.(N) = 0,.(N) = 99,
where Q* = {\ € C : XA € Q) and 99 denotes the boundary of Q.

Given A,B € L(H), the Rosenblum operator Tap € L(L(H)) is defined by
TaB(X) = AX — XB. Tt is well known that

(i) o(rap) = o(A) — o(B);
(ii) Tap is surjective if and only if o,.(A) Noy(B) = @ [12].

Lemma 2.1 ([13, Lemma 2]). Let A, B € L(H). Assume that
H=\/{kerA=B)* : XeT, k>1}

for certain subset T' of the point spectrum op,(B) of B and 0,(A) NT' = &; then
kertap = {0}.
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Lemma 2.2. Given A € B1(Q2) and Ao € Q, then there exist an ONB{e,}22, of
H and r > 0 such that

Ao a2 a3 €1
A Ao a3 €2
Ao ... ] €2

0

and |ak g+1] >r >0 (k=1,2,---).

Proof. Assume that e; € ker(A — X\g) and ||e1|| = 1. Let B be the right inverse of
A—Xg. Since ker B¥ = {0} (k =1,2,---) and e; ¢ ran B, {ey, Bey, B%ey,--- } is lin-
early independent. Since BF“le; € ker(A — X\)* and nul(A — Ao)¥
= k, ker(A — X\o)¥ = \/{e1,Bei,B?%;,--- ,B*le;} (K = 1,2,---). Since
Viker(A —Xo)*, k=1,2,---} =H, \/{B¥e; : k=0,1,2,---} = H. Let {ex}$2,
be the Gram-Schmidt orthonormalization of {B¥e1}%°,. Then A has an upper
triangular matrix representation

Ao a2 a3
Ao a3

A= o

0
with respect to the ONB {e;}72,. Note that A — Ag is bounded from below;
thus there exists 7 > 0 such that |[(A — Xo)y|| > r||y|| for each y € [e1]*. Set
TK = agp+1€er and z) = —Zi:ll ai k16 (K =1,2,---). Since A — \g is onto,
there is a vector y,, € \/{e; : i = 2,3,--- ,k} such that x}. = (A — \o)yx. Thus
zr = (A= Xo)(€r+1 + yx) and
lak k1] = [lzxll = [[(A = Ao) (ext1 + yi)l|
> rllex+1 + ykl|
=rvllensalP +llwl? 27 (k=12-). O

Lemma 2.3. Let A1 € B1(2) and let n be a natural number. Given € > 0, there
exist A, € B1(Q) (k=2,3,---,n) and Ky compact with ||[Kg|| < 5% (k=1,2,---,
n — 1) such that Ay = A1 + K1 (k= 2,3,---,n), kerta,4, = {0} (i < j)
and Ay (k=1,2,---,n) admits an upper triangular representation with respect to
an ONB {e,}22, of H.

Proof. Let Ay be in 2. From Lemma 2.2, A; admits an upper triangular matrix of
the form

1 1 e
Ao ajy Gy !
1 e
Al _ )\0 CL23 e 2
= e
Ao 2

0

with respect to an ONB {e,};2; of H and |a, ;1| > > 0 for some r > 0. Fix a
natural number N so that |jaxAi]| < § (k> N), where (E£1)1/2 =1 + q4,.
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Set
2 2 e
Ao ajp ayg !
e
A _ )\0 a23 P 2
2T Xo ...]€2

0

with respect to the ONB {e, }52, where

aj 1 = {alli’kﬂl,m b=

7 (k%l) a11c7k+17 k> N’
a?j :a%j, jAi+1.
Thus Ay = Ay + K and K is compact with ||[Ki|| < §. Since af ;. # 0 (k =
1,2,---), dimker(As — Ao)* = 0 and \/{ker(As — \)* : k = 1,2,---} = H.
Thus Ay € B1(2). If X € kerta,a,, then (A1 — X)X = X(4z — Ag). From
(A1 —Xg)Xer = X(Az—Xg)er = 0 and ker(A;1 —Ng) = \/{e1}, Xe1 = x11e; for some
number x17. Since (A1 — \g)?Xea =0, Xea € \{er, e}, ie. Xeg = m12e1 + ro2€0.
In general, we can prove that Xe, = Zle Tike;, i.e. X admits an upper triangular
matrix representation with respect to the ONB {e,, }2 ;. Computations show that

k—1 9 k 1/2
. as . _Rk_
| | B ( ) v (k>N
Tk = T ri1 = N+1 ( )7

Hi:l azl,iJrl 11 (k < N).
Since |:Z:’k')k'| < ||X||, Tk, = 0 (k = 172, .. )
Similarly,
k—1 2 1/2
aj g1 [lics 0f i Shatt (NLH) z12 (k> N),
Tk,k+1 = 1 =1 1 T12 = " 12
ais [Tims Q5 i1 et (k < N).
12

Since |}, ;41| > 7> 0 and |z k41| < | X[, Tx 1 =0 (k=1,2,---). The same
argument shows that z;; =0 (j —i > 2), i.e. X =0 and ker7a, 4, = {0}.

Define As, - - - , A,, inductively such that Ay = Ap_1+ Kj_1 where K}, is compact
with [|Ky|| < 5%. The similar arguments indicate that {Ax}7_;, {Ki}=1 satisty
the requirements of the lemma. O

Lemma 2.4. Let {A;}}_, be given in Lemma 2.3 and let € > 0; then there ex-
ists Qrr—1 compact with ||Qrr—1|] < € such that Qpr—1 ¢ ranta,a, , (k =
2,3, ,n).

Proof. Set
0 agz 0 0 ...\ e
0 0 a2 0 ...]e2

RQa=1|0 o0 0 a3 ...|es

where a; = maiiﬂ (i =1,2,---); then Qo1 is compact with |[Qa1]| < €. If
X € L(H) satisfies Ao X — X A1 = @21, then

(AQ — )\0)X€1 = Q2181 + X(Al — )\0)61 =0.
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Thus Xe; € ker(As — Xo), i.e. Xe; = zpie; for some number z1;. Again,
(A2 — A0>X€2 = aje; + X(Al - )\0)62 and Xey € ker(A2 — )\0)2. ie. Xey =
Z12€1 + Tageo. In general, Xep = x1pe; + -+ + zpper (kK =1,2,---) and X has an
upper triangular form with respect to {e, }5% ;.

Computations indicate that

1
CL12 CL1
To2 = 511+ —5-,
aip aip
12033 a1 ayy | ap
R R | R PR
aja33 ajp a3z A3
k 1 k 1 k 1
Q;i+1 ay i it+1 as A i+1
$k+1,k+1:H D) $11+TH o) ||l =t
i1 Yait1 012 ;25 iip1 @23 525 Qg i1
1
ak—1 Ok k+1 ag
+ a? a? a? '
k—1,k QK k41 k,k+1
From the proof of Lemma 2.3,
1 ; .
a2 I AR 1 < N;
i,0+1 — i1 1/2 4 .
(—Z. ) A 115 1> N.
Thus, if £ > N we have
CN1/2 1/2
E 1 k J _ [ N+1 ; .
a5 i+1 | J N (j+1) = ( ) ) ; 1SN
2 = N 1/2 N 1/2
as k .
s Vg1 . — 2
j=i J:J Hj:i (j-l-l) (k—l—l) s Z>N,
and
a b al €
) 41 '
% J,J+ (122,"',k>.

>
a127i+1 =i a?,jﬂ 2| Azl|(k +1)1/2

Thus |[Tg4+1,k+1] > W — 00 (k — 00). The contradiction indicates

that Q21 ¢ ranta,a,. By the same arguments we can prove the conclusion for
k=3,---,n. O

Lemma 2.5. Let Ay € Bi(f2) and let n be a natural number, € > 0; then there
exist A(Q) € (SI), K, Q(Q) compact with ||K|| < € and ||Q()|| < € such that

A(Q) = Agn_l) + K € Bn—l(Q>7 Q(Q) ¢ I‘anTA(Q))Al
and ker 7y, 40y = {0}

Proof. Assume that As,---, A, are given in Lemma 2.3 such that
k—1
Ap=Ap 1+ Ker = A1+ Y K = Ay + K],
i=1
Thus K| is compact with [|K}|| < e. Assume that Q2,1, -+ ,Qnn_1 are given

in Lemma 2.4 such that Qg r—1 is compact with ||Qrr-1]] < € and Qrr—1 ¢
ranta, 4, , (k=2,3,---,n).
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Set
An Qnm—l
An—l Qn—l,n—2
A(Q) = An—2
Q3,2
0 A
on H"=1. Then A(Q) = A"V + K, where
K;l Qn,n—l
K;L—l Qn—l7n—2
K = K,
Q3,2
0 Ky

Thus it is obvious that K is compact with ||K|| <e.
Suppose that P € A'(A(Q)) is an idempotent and

Pun ... P\ M
P= . 3
Pgn R P22 H
Then PA() = A(Q)P implies that
PQnAn == A2P2n-
Since ker 74,4, = {0}, P2, = 0. By the same argument we can prove
Pij =0 (Z < j)

Thus Py; € A'(A;) (1 =2,---,n). Since each By () operator is in (SI), Py; = 6,1,
where §; = 0 or 1 and [ is the identity of H. Assume that 8, = 0 (if §, = 1, consider
I=1) — P); then

an—lAn—l = AnPn,n—l + 6n—lQn,n—1~

Since Qnn—1 ¢ ranta, a, ,, on—1 = 0. Similarly 6; =0 (i =2,3,--- ,n — 2). Thus
P =0 and A(Q) € (SI). It is a routine exercise to check that A(Q) € B,,_1(9).
Set

0
Q(Q) = 0 € L(H, H™ D),
Q21
If X € L(H,H"V) satisfies A(Q)X — XA; = Q(Q) and assuming that
X1
x=| : |,
Xn—l

then A2 X1 — X141 = Qa1, i.e. Q21 € ran7a,4,. Thus Q(Q) ¢ ranT5(q)a, -
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If Y € L(H™ Y, H) satisfies A;Y = Y A(2) and assume that
Y = (Y17}/'27 e 7Yn—1)'

Since ker7g,4; = {0} 1 <i<j<n—-1),Y =0(0{=12,---,n-1), ie
keI‘TAIA(Q) = {0} O

Lemma 2.6. Given A,B € L(H). LetT' = {a,}52; C 0,(A) and 8 € 0,(B)
satisfy

(i) B ¢ op(A) but B €T;
(ii) dimker(A —a,) <oo (n=1,2,--+), dimker(B — ) < oo;
(i) V{ker(A—a,) :n=1,2,---} =\/{ker(B—-03)" : n=1,2,---} =H.

Then for each € > 0, there exists K compact with ||K|| < € such that K ¢ ranTap.

Proof. From (ii), (iii), there is an ONB {e,,}22; of H such that

ai
a x| €2

UBU* =B =

where U is an unitary. Assume that subsequence {an, }7°; of {a,}32 satisfies

1
Let K’ € L(H) be defined by K'e,, = A\,e,, where

N 35 if m = ny for some k;
n — .
0, otherwise.

Then K’ is compact and ||K'|| < e. If X € L(H) satisfies AX — XB' = K/,
then (A — 3)Xe1 = X(B' — B)e1 + K'ex € \/{e1}. Since A — 8 is injective and
upper triangular, Xe; = xj1e; for some number x;;. Similarly (A — 8)Xes =
X(B' — B)ea + K'ea € \{e1,e2}, and thus Xey = wi2e; + x22e2. In general,
Xe, =z1ne1 + -+ Tpnen, and X admits an upper triangular representation with
respect to the ONB {e,, }2° ;. Computation shows that z, = a:‘j (n=1,2,---).

B
Thus |Zn,n,| — 00 (K — 00). Therefore K = K'U ¢ ranTap. |

Lemma 2.7. Let A, K € L(H) be given by Aey = 0, Aeptq = %en and Ke, =
Fmen (n=1,2,---), where {e,}52, is an ONB of H. Then K is compact with
[|K|| < € and K ¢ rantg4~.
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Proof. f AX — XA* = K for some X € L(H) and assuming that

then %(anm — Tpnpt1) = \/Lﬁ and |p4+1,n — Tnnt1| = /ne — 0o (n — 00). Thus
K ¢rantygs. O

Lemma 2.8. Given a domain 2, there exists an essentially normal and co-sub-
normal operator N such that for each € > 0, there is K compact with ||K|| < €
satisfying

(i) A(Y) =N+ K € B1(Q);

(i) o(A(Q)) = Q and o.(A) = 0Q;

(iii) 0p(A(Q) NN = 2.

Proof. Let N4 (%) be the Bergman operator on Ho = LZ(Q) and Sy = N4 (Q7)*,
where ; = QY. Denote 0 = Q1 — Q. Let {,}!,_; (0 <1 < o) be a dense subset
of o and let {H,}52; be a sequence of Hilbert spaces and {e}}7°, be an ONB
of Hilbert space H, (n = 0,1,2,---). Define A,e} = G Che1 = OR€ip (k =
1,2,---) and S, = pnl, + A,, where I, is the identity on H, (n = 1,2,---).
From a result of M. Cowen and R. G. Douglas [6], there is an analytic function
f Q1 — Ho such that f(\) # 0 and

(So—NfN) =0 (Ae).

Define
So 0\ Ho
i1 S Hi1

A =|c, 0 S Ho

with respect to H = @._, H,, where

C":mel ® f(un)* (n=1,2,---).

Then A(Q) = N + K, where

l
N = SO S (@ ,unIn>

n=1
is essentially normal and co-subnormal and

0 0
c, Ay
K=|[c, 0o 4

is compact with ||K|| < e.
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Thus 0(A(Q2)) D, ind (A — A(Q)) =1 (A € ) and 0.(A(Q)) = 0. (N) = 9.
Since 0,(S; )N =2 (n=0,1,2,---), ker(A — A(2))* =0 (A € Q7). Set

_ N Fn) g D et e L]
TSI Tl = Gamr | ©
C(F ) S () o~ (D a ey E

S T T T D ey ] KA

Then computation shows that z(\) € ker(A(Q2) — A) (A € ).
Set \/{z(\) P A€ 0} = H' and assume that @;:0 Yn € H'*, where y, € H,
and y, = Y, biel (n=0,1,2,---); then

€O, () = (~D)F*al - al )
MG 2= Gu—F

e(F N, Flj1n) = 0 o b
Il 2 G F

Since (f(N), yo) is analytic in ; (including ux (k= 1,2,---)) and since f(ui) # 0,
bp =0 (k =1,2,---; n = 1,2,---). Therefore \/{z(\) : X € Q} = H and
If A ¢ Q, then A\ € p(N). Since A ¢ 0,(A(Q)*), )
Since 0, (So) N0 = @ and since I C p(S,) (R =1,2,---), gp(A(Q)) NI
. O

(f()‘)7 Yo) =

4o

Given a compact subset o of C, consider the Sobolev space

W2(D) — { feL2(D,dA): the distributional partial derivatives of ﬁrst} ,

" and second order of f belong to L?(D,dA)

where D = (a,b)> D o and dA denotes the planar Lebesgue measure. It is well
known that W?22(D) is a Hilbert space of continuous functions (by Sobolev’s em-
bedding theorem) under the norm

1/2
[f|lw22(p) = (/D > |D°‘f|2dA) ;

laf<2

W?22(D) is a regular Banach algebra with identity under pointwise multiplication
and an equivalent norm whose maximal ideal space can be naturally identified with
D via “point evaluations”.

Consider the subalgebra WZ2(D) of W?%(D)

WE(D) = {f € W(D), flop = 0},
For each f € W?*(D), the operator My € L(Wg*(D)) is given by
MPg(\) = F(Ng(N), g € W5*(D).
Set mo(o) = {f € WZ*(D) : f|, = 0}. Then it is clear that mg(c) leaves

invariant under MY, i.e.
MY *
MO _ ( Mmoo (o) ) .
e R
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with respect to the decomposition W2 (D) = mg(o) @ [WF2(D) © mo(c)], where
MY is the operator “multiplication by A\” and MY (o) is the compression of M} to
Wi (D) & mo(0).

Lemma 2.9 ([20, Propositions 3.1, 3.2]). (i) o(M(0)) = 0.(M}(0)) = 0;
(i) nul(A — M2(0)) =0 and nul (A — MY(o))* =1 ()\ € ),
(iii) For each dense subset {\;}32, of o, /1o, ker(A;—M2(0))* = WE2(D)omo(o);

(iv) MY(o) ~ normal+compact;

(v) If o is connected, then MY (o) € (SI).

Denote Wy(o) = {MP(o) : f € W?*(D)}; then it is easy to see that Wy(o)

is a strictly cyclic operator algebra, where M})(U) is the compression of MJQ, the
multiplication by function f, to the subspace WZ%(D) © mg(c). It was proved
in [20] that A'(M%(0)) = Wo(o) and there is a vector f, € ker(M?(o) — p)*
such that (f, f,) = f(u) for each f € WZ*(D) & mo(c) and p € o. Thus, if
P is an idempotent and PM?(0)* = M{(0)*P, then Pf, € ker(M{(c) — p)*.
Since dimker(M{ (o) — u)* = 1, Pf, = a(u)f, for some number a(p). Since
P2=P a(u)=0o0r1 (u€o).
Lemma 2.10. Let Q) be a bounded domain, and let A be an operator on H in By ()
such that o(A) = Q and 0,(A) N OQ = @. Also let o be a compact subset of the
plane such that the components {on}nea of o each have more than one point. Let
o’ denote the union of those components of o which intersect O). Let D be an open
square containing o*, and set B = MY (c*)* acting on H1 = W*2(D) & mo(c™).
Then given € > 0, there is a compact operator D € L(H1, H) with ||D|| < € such
that D ¢ ranTap and having the property: if there are an idempotent P in A'(B)
and an operator X € L(H1,H) such that AXP — XPB = DP, then a(\)|,+ =0
and Pf, = a(p)fu for p € o*.

Similarly, there is a compact operator D' € L(H,H1) with ||D'|| < € such that
D’ ¢ rantga and having the property: if there are an idempotent P in A'(B) and
an operator X € L(H,H1) such that BPX — PXA = PD, then a(\)|,+ = 0 and
Pf,= a(ﬂ)fu for peo*.

Proof. Choose two sets {\}}52; and {u}}5°; of distinct complex numbers satisfying

(1) (A} 1CQand{#z}z 1 C o’

(ii) card{z pt € 0, } = oo for each o, 0, NON # @;
(iil) |p! — M| <3 (i=1,2,---).

Choose dense subsets { A, }52; of Q and {y}3°, of o such that \} = Ag;, pul = oy
(t=1,2,---)and A\; # Aj, pq # pj (4 # 7). Since \/{ker(\,—A4) : i=1,2,---} =H
and \/{ker(u; — B) : i =1,2,---} = Hy, it is completely apparent that A and B
have upper triangular matrices with respect to ONB {e, }°2 ; of H and respectively,
{fn}52, of Hy obtained by Gram-Schmidt orthnormalization of unit vectors in

Uie  {ker(\; — A)} and |J;=, {ker(p; — B)} respectively

A1 *\ €1
A= )\2 627

0 .

K1 #\ f1

B= 2 I2
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and

M1 *\ €1
UBU* =B = H2 €2
0 . .

where U is an unitary, Uf; =¢; (i =1,2,--+).
Define D’e;, = ajei, where

€

—, if k=21,
ap =420 ‘

0, otherwise;

then D’ is compact with ||D']| < e.
If AX — XB' = D’ for some X, then calculations show that X admits an upper

. L . i1
triangular matrix with respect to {e,}22,. Thus |xg; ;| = Mz‘ajiml > 2«

— 00
(i — OO), where X2i,2i = (Xegi,egi) (Z = 17 2, t )

Therefore D' ¢ ranTap and D = D'U ¢ ranTap. Suppose that P € A'(B) is
an idempotent and Pf, = a(p)f, (1 € o). If the function a(p) takes two values 1
and 0 on a o7;, then there is a sequence {hy}7°, C oy, such that hy, — ho (k — 00),
a(hy) =0 (k> 1) and a(ho) =1 (if a(hg) = 1 (k > 1) and a(hg) = 0, consider the
idempotent Iy — P, where I; is the identity on H1).

Set M = \{fz : a(p) =1, p€ o}, N=V{fz : a(p) =0, p € o}; then
fr, €M (k>1)and f, € N. Since M Cran P and N C ker P, M NN = {0}.

Since fy, — fr, weakly, fr, € M NN. This contradiction implies that a(u)
takes the same value (1 or 0) on each o}. Similar arguments show that a(u) is

continuous on o;;.
Assume that P satisfies AXP— XPB = DP for some X € L(H1,H). Note that
P has an upper triangular matrix representation

P1 *
P = p2

0

with respect to the ONB {f;}22;. Thus X P admits an upper triangular matrix
form

Y1 *
XP= Y2
0

with respect to the ONB’s {e;}5°, and {f;}52;.

Suppose that g, N2 # 0 and a(r) = 1 (u € 0,,). Also, suppose that u}j € oy,
(j = 1,2,---). Thus AXP — XPB = DP indicates that Xo;,y2i;, — voi;pios; =
a2i; P2ij; - )

Since a(fizi;) = 1, p2i; = 1. Thus yo, = — 00 (j — 00). This contradic-

tion implies that a(p)|,~ = 0. Same arguments work in the case that P satisfies
BPX — PXA=PD for some X € L(H,H1). O
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3. THE PROOF OF THE MAIN THEOREM

Let T be an essentially normal operator with connected spectrum. The spectral
picture of T"is determined by the sets

PR(T)No(T) :={A€o(T) : ind (T = AI) =0} = | Qu,

€A
pe(T) :={A€a(T) : ind(T — \I) >0} = U o,

i€Ao
pr(T) ={r€o() :ind(T - M) <0} = U Qs;,

i€A3

o =o(T)\int [pr(T)7],

where Q1;, Q9;, 3; are connected components.

Choose | J;cp, 01 C 0, where oy is a connected compact set consisting of more
than one point, oy Noy = & (I # ') and for each I, there exists at least one
connected component 2 of pp(7) N o (T') such that 0, NN # & and 0 = (J;c,, 01-

Construct operators A(y;) € B1(1;) and A(Q3,) € B1(27,) (Lemma 2.8) with
respect to §1; and, respectively, 3, (¢ € A1) and let the norm of the compact
operator K (in Lemma 2.8) be so small that ;¢ A(Q1;) and P, A(Q7;) are
sums of an essentially normal and co-subnormal operator and a compact operator.

For each domain 255, according to Lemma 2.5 and Lemma 2.8 construct operator
A(Q2;) € B1(€2;) and compact operator Q(£22;). Let

nj =ind (T'— X) for X € Qy;.

Using Lemma 2.8 construct operator

A(Q2j) € By —1(S225)

if n; > 1such that Q(Qa;) & Ta(0,,)A(0,) a0d ker T4, ) 4(,,) = 10} and the norm
of Q(€2;) is so small that @ Q(Qs;) is compact. Let the norm of the compact
operator K in Lemma 2.8 and Lemma 2.5 be so small that ®j€A2 A(Q;) and
D A(Q2;) are sums of an essentially normal co-subnormal operator and a compact
operator.

For each domain {3;, according to Lemma 2.8 construct operators A(Qs;) €
B1(Qsr) and A(Q%,) € Bi(5,). Let n =ind(T — A) for A € Q3. Using Lemma
2.5 and Lemma 2.8, construct operators A(Q3,) € By, (23;,) and Q(Q3,) compact
if |ng| > 1 such that

Q(Q5;) & ranTj(0: ya(Qz,) ker 7z, ) Az, = {0}

and the norm of Q(£2%,,) is so small that € Q(€25,,) is compact. Let the norm of the
compact operator K in Lemma 2.5 and Lemma 2.8 is so small that B, A(Qak),
Dren, A(23;,) and B A(S25,) are sums of an essentially normal co-subnormal op-
erator and a compact operator.

Set C(Qs1,) = A(Q5,,)* and C(Qs3r) = A(Q5,)*.

Construct B = [M{(c*)]* on Hilbert space W2 (D)&mg(o*) where D = (a,b)? D

o*.
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The first step:
Rearrange

{A(Q;) : j € Ao} = {Ar}, (0 <1l <0)
and
{A(Q)) : j € Ay, AQap); k€ As}={A2},  (0< 1y < o0).

Thus @, A and @, A% are essentially normal and co-subnormal + com-
pact type. Therefore,

15 I - l2 l2
o | Ak| = lU o(Ar)| ., o |EPAr _an( ")
k=1 k=1 k=1 k=1
Define
DA, Dy 0
G = 0 B Do on Hi1 ® Hy & Hs,
0 0 @AY
where Hy = @V, HL, Ha = WZ(D) & mo(0*), Hz = @Y, H3, and for each
k, Ay € L(H}), A% € L(H}). Assume that
g
D, = | D2 and Dy = (D? D2 ...).

Choose Dj, ¢ ranta, p and D, ¢ rantpas, Dy, D} are compact and the norms of
them are so small that Dy, Dy are compact (Lemma 2.10).
Suppose that P € A'(G) is an idempotent and

Py P2 Pi3\ Hi
P=|Pn P P3|H
P31 Pz Ps3) Hs

Then P3; = 0, Py; = 0 and P32 = 0 by Lemma 2.1. Since Ay € (SI) and
A% e (SI) (k=1,2,---), from Lemma 2.1, P, = @'L, 611} and Ps3 = @2, 6313,
where 6}(63) is 0 or 1, and I} (I?) is the identity operator on H}(H3), i =1,2,--.
Since Py € A'(B) is an idempotent, Paof, = a(it)fu(¢ € o) and a(p) takes
constant (1 or 0) on each o; (Lemma 2.10). Set Ay = {07 : a(p)]o; = 0}, Az =
{o1 + a(p)lo; = 1} and denote T'y = UAl o1, s = UA2 0;. ThusI'y UT'y = o and
I't NTy = @. Rearrange {Qli (Z S A1), Qo; (Z S AQ), Q3 (Z S Ag)} = {Qk}ézl,
set Az = {Q : a(p) =0, p€ U}, Ay = {Q : a(it) =1, p € 0 }. Denote
El = Fl @] [UAgﬁk] and 22 = FQ @] [UA4§I€]' Thus O’(T) = il UEQ. If Mo S
Y1 UXs, po € o, since jp is not in any (ﬁk)o. Suppose that py € T'y. Since
po € Yo, it is always possible to find a sequence {1 }22, C I'y such that pg — po.
Since a(fi) is continuous, a(fig) = 1. Similarly, if ug € T's, we get a(fip) = 0. The
contradiction implies that ¥1 N ¥y = @. Since o(T) = o(G) is connected, one of
31 and ¥ must be empty. Thus one of I'; and I's must be empty and a(ji) = 0 or
1 (u € o0),ie Pog =821, 62 =0 or 1, where I is the identity operator on Ha.
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Assume that

P}
Po= P,  Pu=(P3P2-..)
Then
(@ 6plp) D1+ PioB = (@ Ag)Pra + D1 Py
and
PyDa + Pos(EP Af) = BPas + Do (EP 6217)
imply
APl — PIB = Di(6} — 62) > (k=1,2,--- ,1y)
and

BP? — P?A: = (6 — 6),D: (k=1,2,--- ,15).

Using Lemma 2.10 with respect to the idempotents (6} —82)I> (k=1,2,---,1y)
and (62 — 63)I> (k =1,2,---,12), we know that §; = 67 = &, for all k. i.e. P =0
or I, where [ is the identity operator on Hy @ Ha @ Hs. Thus G € (SI).

The second step: Recovery of the positive indices.
Rearrange and reexpress {A(Q2;)} = {Ar}. Then o (P Ax) = [Uo(Ar)]
Define

©A, D 0
M = D A DBl D on Hy ® H1 ® Ho @ Ha,
2
0 D Ax
where H4 = @H%, Ak S E(Hk) (k = 1) 27 o ')7 and
D}, Di,

D3 = D%l D§2
D3- _ Q(ng)7 lf U(Ak) = U(Al) = ﬁgj;
ki 0, otherwise.

Thus D3 is compact.
Suppose that F € A’'(M) is an idempotent and

E1n Eia Ei3 Eu\ Ha

Ey1 Ey Ess FEoy | Hi <E11 Eiz) Ha

E3i Esy FEs3 Esqs | Ho \Ey FEj) Hi®Ha®Hs'
Eynn Ey FEiz Eu/) Hs

Then F41 = 0 and F3; = 0, since Lemma 2.1. From Lemma 2.1 and Lemma 2.5,
Es1 = 0. Since 0(Ag)° No(A4;)° = @ (k # j) and since Ay € (SI), E11 = @ 6L11,
6 =0 or 1, where I} is the identity operator on H} (k=1,2,---). Since G € (SI),
Ely =0or I} & Iy & I5. Assume that E)y = 0 (if By = I) & I & I3, consider
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I, &1 ® I ® I3 — FE). Thus we have E11 D3 + Elg(@ Ag) = (@ Ak)Elg. Suppose
that
Ly Lo ...
Eio=|La Loa ...|,

For each k, find i such that o(Ay) = o(4;); then AyLy; — Li; A; = 6Dy, implies
6% = 0. Therefore E =0 and M € (SI).

The third step. The recovery of the zero indices.
Take A\ € 0Ok (/{ =1,2,--- ,ll), A3k € 8ng (k =1,2,--- ,ZQ). Rearrange
{)\lkr (k - 17 27 e 7l1>7 )‘Sk (k = 17 27 e 7l2>} = {)\k}gclilb

Define By € L(Hi) by Bren = —ren—1 (n=2,3,--+), Brer =0, where {e,,}52 is
an ONB of Hilbert space Ry = H (k =1,2,--- ,l1 +13). Set B =@ By € L(Hs),
where Hs = € Ry.

Define
P Ay D5 0\ Hy
@ Ak D 1 Hl
DAL Di|Hs
0 B/ H;
where
Dty Diy

Dy= (D3 D3

and Dyi; ¢ rantagp;, Dj; is compact if ¢(Af)No(B;) # @ (Lemma 2.6), otherwise
Dj; = 0. Choose || Dj;| so small that Dy is compact. By the same arguments used
above, L € (SI).
Set Bj, = A\, + By, € L(Ry) and B’ = @ B;, € L(Hg), where Hg = D Ry
Define

&P Ay Ds 0 Hy
@ Ak D 1 H1
Q= B Do Ho
DA, D Hs
B Ds Hs
0 B’ He
where
D} 0
D5 = D3
0

and D} ¢ rantg _p;, D} is compact (k =1,2,---) (Lemma 2.7) and choose || D}||
so small that Ds is compact. Then @ € (SI).

Rearrange {C(QM) (Z € Al), C(ng) (k S Ag)} = {Ck}gg:l

Set C = @ Cy on Hy, where Hy = @)_, My, Cy, € L(My); then o(C) =
[Uo(Cr)]™-
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Define
@A, D 0 Hy
P A. Dy Hy
B D2 H2
R= DAL Ds H3
B Ds Hs
B’ Dg He
0 c Hr
where
DY 0
Dg = D
0

and D" ¢ ran Tc; Bre, Dy, is compact (k = 1,2,---) (Lemma 2.7) and choose || Df||
so small that Dg is compact. Then R € (SI).

The fourth step. The recovery of the negative indices.

Assume that {C(Qa1)} = {Cx} and set C = @Cx on Hg = PN, where
Cr € LNg) (k=1,2,---); then ¢(C) = [Ua(Cy)] ™.

Define

@Ak D3 0 H4
DA, D H,

B D, Ha

5 A5 D Hs

B Ds Hs
B' Dg Hs

where
D, Di,
D7 = Dg1 Dgz

and D, & rang, ¢, Djy, is compact if 0(C;) = o(Ck) (Lemma 2.5), otherwise
DY, = 0. Choose ||D], || so small that D7 is compact. Then S € (SI). It is a routine
exercise to check that S =essentially normal + compact, o(T) = o(S), 0.(T) =
0e(S) and ind(A — T) =ind(A — S) (A € pp(T)). Thus by the Brown-Douglas-
Fillmore Theorem [3], there is a compact operator K such that T + K is unitarily
equivalent to S and the proof of the Main Theorem is now complete. O

REFERENCES

1. R. A. Adams, Sobolev spaces, Academic Press, New York-San Francisco-London, 1975. MR
56:9247

2. C. Apostol, L. A. Fialkow, D. A. Herrero and D. Voiculescu, Approzimation of Hilbert space
operators, II, Research Notes in Math., vol. 102, Pitman Books, Ltd., London-Boston-Mel-
bourne, 1984. MR 85m:47002



10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

STRONGLY IRREDUCIBLE OPERATOR 233

. L. G. Brown, R. G. Douglas, and P. A. Fillmore, Unitary equivalence modulo the compact
operators and extensions of C*-algebras, Proceedings of a Conference on Operator Theory,
Halifax, Nova Scotia, 1973, Lect. Notes in Math., vol. 345, Springer-Verlag, 1973, pp. 58—-128.
MR 52:1378

. J. B. Conway, Subnormal operators, Research Notes in Math. 51 (1981). MR 83i:47030

. M. Cowen and R. G. Douglas, Complex geometry and operator theory, Bull. Amer. Math.
Soc. 83 (1977), 131-133. MR 58:17885

. M. Cowen and R. G. Douglas, Complex geometry and operator theory, Acta Math. 141 (1978),
187-261. MR 80f:47012

. R. G. Douglas, Banach algebra techniques in operator theory, Academic Press, New York and
London, 1972. MR 50:14335

. C. K. Fong and C. L. Jiang, Approzimation by Jordan type operators, Houston J. Math. 19
(1993), 51-62. MR 94d:47011

. C. K. Fong and C. L. Jiang, On irreducible operators, Northeastern Math. J. 8 (5) (1992),

385-390. MR 94b:47023

F. Gilfeather, Strong reducibility of operators, Indiana Univ. Math. J. 22 (1972), 393-397.

MR 46:2460

P. R. Halmos, Irreducible operators, Mich. Math. J. 15 (1968). MR 37:6788

D. A. Herrero, Approzimation of Hilbert space operators, Vol. 1, 2nd ed., Pitman Res. Notes

Math. 224, Longman Sci. Tech., Harlow, Essex, 1989. MR 91k:47002

D. A. Herrero and C. L. Jiang, Limits of strongly irreducible operators and the Riesz decom-

position theorem, Mich. Math. J. 37 (1990), 283-291. MR 91k:47035

D. A. Herrero, T. J. Taylor and Z. Y. Wang, Variation of the point spectrum under compact

perturbations, Topics in operator theory, Constantin Apostol Memorial Issue, OT: Advances

and Applications, vol. 32, Birkh&user-Verlag, Basel-Boston-Stuttgart, 1988, pp. 113-158. MR
89h:47018

Z. J. Jiang, A lecture on operator theory, The report in the seminar of functional analysis in

Jilin Univ., Chang Chun, 1979.

Z. J. Jiang and S. L. Sun, On completely irreducible operators, Acta Scientiarum Naturalium

Universitatis Jilinensis 4 (1992), 20-29.

C. L. Jiang, Strongly irreducible operators and Cowen-Douglas operators, Northeastern Math.

J. 7 (1) (1991), 1-3. MR 92e:47024

C. L. Jiang, Similarity, reducibility and approzimation of Cowen-Douglas operators, J. Op-

erator Theory 32 (1994), 77-89. MR 96d:47013

C. L. Jiang and Z. Y. Wang, The spectral pictures of completely irreducible operators and

decomposition theorem of Hilbert space operators, Northeastern Math. J. 10 (2) (1994), 145—

148.

C. L. Jiang and Z. Y. Wang, A class of strongly irreducible operators with nice property, J.

Operator Theory (to appear).

DEPARTMENT OF MATHEMATICS, JILIN UNIVERSITY, CHANGCHUN 130023, P.R. OF CHINA
DEPARTMENT OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU 610064, P.R. oF CHINA

DEPARTMENT OF MATHEMATICS, EAST CHINA UNIVERSITY OF SCIENCE AND TECHNOLOGY,

SHANGHAI, 200237, P.R. oF CHINA



