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CONFLUENCE OF CYCLES
FOR HYPERGEOMETRIC FUNCTIONS ON 73,41

YOSHISHIGE HARAOKA

ABSTRACT. The hypergeometric function of general type, which is a general-
ization of the classical confluent hypergeometric functions, admits an integral
representation derived from a character of a linear abelian group. For the hy-
pergeometric function on the space of 2 x (n + 1) matrices, a basis of cycles
for the integral is constructed by a limit process, which is called a process of
confluence. The determinant of the period matrix is explicitly evaluated to
show the independence of the cycles.

INTRODUCTION

The hypergeometric function of type A is introduced in [KHT1]. It contains the
classical confluent hypergeometric functions—Kummer, Bessel, Hermite and Airy
functions—and their generalizations in several variables as specializations, and is
expected to be a substantial object in the special function theory.

For the hypergeometric function of type A, we have an integral representation
whose kernel is given by the character of a linear abelian group. Then several
properties of the hypergeometric function are described in terms of linear abelian
groups. However, without specifying domains of integration (cycles), we could
study only formal properties. For the regular singular case, the cycles are studied
by Aomoto [A2], [A3] and Kita [Kt], and there a topological theory is established
for such cycles [IK1], [IK2]. For the confluent case, there is no systematic study of
cycles.

In this paper we construct cycles for the hypergeometric function of general
type with 1-dimensional integral representation. In [KHT2] we have defined the
confluence of linear abelian groups, which govern the hypergeometric functions, and
then obtained the confluence of cocycles. We shall show in §2 that we can define the
confluence of cycles so as to be compatible with the confluence of cocycles. Then
by step by step confluence starting from the twisted cycles for the regular singular
case owing to Kita, we construct cycles for the confluent case (Theorem 1.2.4).

Our construction makes it possible to evaluate the determinant of the period
matrix associated with the hypergeometric function. We give the explicit form of
the determinant in Theorem 3.1.3, and this shows the independence of the cycles
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we have constructed. As a corollary we see that the rank of the hypergeometric
system of type A on Zs 41 is n — 1 (§3.4).

The confluence of cycles together with the confluence of cocycles defines the
confluence of functions. Thus our result will make way for an analysis of fine
structures of the hypergeometric function. For cycles for multi-dimensional integral
representations, here we cite the works by Kimura [Km2], [Km3].

The author thanks Professor H. Kimura for valuable discussions, and Professor
K. Takano for perpetual encouragement.

Notation. e(a) :=exp(2nv/—1la) for a € C.

1. INTEGRAL REPRESENTATION OF THE HYPERGEOMETRIC FUNCTION
AND THE MAIN THEOREM

1.1. Hypergeometric function of type A. To fix the notation, we recall the
definition of the hypergeometric function of type A.
Let n,r be integers such that 1 < r < n. Set

Zriintl 1= {z = (zij)o<i<r € M(r +1,n+1;C) ; rank z =r + 1}.
0<j<n

Let
A=(14+Xo, 14+ X,..., 14+ X))
be a composition of n + 1; i.e.
1+ X, 14+ A,..., 14+ X €N,
I4+X)+A+A)+--+(1+X)=n+1
Set
Hy:=J1+X)xJA+X)x---xJ14+XN) CGL(n+1,C),

where J(m) denotes the Jordan group of size m in GL(m,C). Then every element
h of H is written as follows:

k k k
h((J ) hg ). hg\k)
¢ . . .
R*®) pk) = :
k=0 . hgk)
K

(1.1.1) h= 0<k<o).

We define the biholomorphic mapping ¢y : Hy — [[_;(C* x C**) by
k k k
i(h) = (oo (Y R R, ).

According to the composition A, we sometimes write z € Z, 11 n41 and o € Ccntt
as follows:

z = (zzj) = (z(O)vz(l)a .. .’z(l)),

20 = AT e M+ 1,1+ 0) (0<k<0),
(1.1.2) "
RONS (0<k<t 0<j< ),
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a a(© E’“;
) k
a a a
(1.1.3) a=| . |=1] .1, o®= 1, eCMtl (0<k <),
' © (k)
an, o alt
Definition 1.1.1. We define the polynomial 0y (x1, . .., xy) of k variables 1, . . ., z
(k=1,2,...) by the following generating function:
(1.1.4) log(1+ 21T + 22T% + -+ o T+ ) =Y O, ..., 2)T"

It follows that

(1.1.5) Hk(x17...,xk)22¢ Z Tiy o Ty

j=1 J i1+...+ij:,lg
01,...,35>1

The character y of the universal covering group H, is parametrized by a €
crtl:

(1.1.6)
V. (k) (k)
a(k) k hy h .
a(h) = xa(h, @) :kUO (F)yas epr :a( 0, ( (k),...,@ﬂ, h € Hy,

where we write h and «a as in (1.1.1) and (1.1.3). GL(r + 1,C) (resp. H,) acts on
Zr41n+1 by left (resp. right) multiplication of matrices:

GL(r+1,C) X Zrj1mt1 X Hx — Zryimy1, (9,2,h) — gzh.

Definition 1.1.2. Take a € C*T!. We assume
‘

(1.1.7) Z ® = —(r41).

k=

The hypergeometric function of type A on Zyi1n41 is a (multi-valued) function
Dy (2z) on Zy41 nt1\ {divisors} satisfying

(1.1.8) Py(gz) = (det g) '@y (2), Vg e GL(r +1,C),
(1.1.9) Dy (zh) = Pr(2)xa(h, ), Vh e Hy,
0? 0?
1. - P =0, 0<4,5< 0< <n.
(1.1.10) <3Z¢p8zjq ﬁziqﬁsz) A(2) , <4,j<r 0<pg<n

To indicate the parameter «, we write ®5(z) = ®5(z, ). The system of the infini-
tesimal version of (1.1.8) and (1.1.9) together with (1.1.10) is called the hypergeo-
metric system of type X\ on Zyi1 n41.

We want to find a systematic way to find an r-chain A in P"(C) so that

(1.1.11) fI))\(z,a):/AXA(L;l(tz),a)w,
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where
t = (to,t1,...,t,) € C"T1,
w= Z(—l)itidto Ao ANdti_g Ndtigr A+ A dty,
i=0
is convergent, and is a solution of the system (1.1.8)-(1.1.10). In this paper we only
work when r = 1.

1.2. Integral representation in the affine space (r = 1). In the following of
this paper we set r = 1. We normalize z € Z5 ,,11 as

s () - () -0)

Then the integral representation (1.1.11) is reduced to an integral on the affine
space C. Setting u = t1 /to, from (1.1.6), (1.1.7), (1.1.11) and (1.2.1) we obtain

(1.2.2) fIJA(z,a):/AUA(u;z,oc)du,

where
(1.2.3)

Ao
Ux(u; 2, a) = exp {Z 045»0)9 (zé?) +uzy, . zég) + uz:EO))}
=1

¢ (k) (k) (k)
)yo? 20 +uz] ZOJ Uz,

H 0 Uz ) exp [ZO‘ ( (97

k1 Zgo + Uz Zoo + uzqg

The chain A is a sum of paths in C, whose construction is the theme of this
paper. On the chain A we require that the integral (1.2.2) converges, and that
the integration by parts works so that (1.2.2) satisfies (1.1.8), (1.1.9) and (1.1.10).
Thus there comes the notion of twisted homology groups with supports.

Set I :={ke€{0,1,...,£}; \p > 0}. Take z € Zy 41 satisfying (1.2.1) and

LD LG
det [ 700 “00) 20 (0<ij <t i#j),

(1.2.4) 210 210

o ORI
det ((J?) 01 #0 (iely),

210 211

take a € C"*! satisfying (1.1.7) and

oM ez (1<k<o),

(1.2.5) o
ay, #0 (/C € I,\),

and fix them. We set

(k)
(1.2.6) ¢ = (gg) ePI(C) (0<k<Y).
210
Note that ¢(9 = 0o by (1.2.1). Set X := PY(C) \ {¢©,¢M),... ¢}, Let

(1.2.7) V :=d+dlogUx(u; z,a) A
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be the connection associated with (1.2.2). Let & be the complex local system of
the local solutions of Vi = 0, and let S denote the dual of S. Note that Uy is a
section of S.

For a p-simplex A in X and a branch Uya of Uy on A, we denote by A ® Uxa
the pair (A, Uxa). We define a family of supports ¥ by

U :={AC X closed ; RlogUy(u;z,a)la — —oo as u — ¢(*) (Vk € I,)}.
Set

Cef(\PX S { ZCAA ® Uxn; ca € C,{A} : locally finite, UsuppA cv }

the group of locally finite twisted p-chains in X with supports in ¥. The boundary
operator
y p <
9:CH (X, 8) — Ol (YX,S)
is defined by

p
I(ARUxa) :Z P) @ Ux o
7=0

o)

where A = (01---p) is a p-simplex, and Uy ;...;..,,y is the branch on (01 - Jeep)
determined by the branch Uy on A. Then we see that 9 o @ = 0. Set

ZH (X, 8) == ker(9: CH (YX,8) — O (YX,S)),

< p <

BY(YX,8):=0C (VX S).

Define
f (U &\ . f (U &\ plf Uy &
pr( Xa 8) T pr( X7 S)/Bpf( X,S),
and we call it the p-th twisted homology group of locally finite chains in X with
supports in ¥ (cf. [P1] and [P2]).
Now we are going to give elements of H ff (YX,S) to state the main theorem.

First we look at the condition defining the family of supports ¥. If Ay > 0, for
7=0,1,..., 2 — 1 we set

45 +1 (0) 45 +3 (0)
650):_{ﬂ R; 2 A s Ld }

T T — =

2)\0 )\0 2)\0 )\0
where () .= argaf\? + (Ao —Dm+ X argz%l). For k € I, k > 1, we set

4j+1 o 4+3 W
ol .= dveR; 9
j cR; I ™+ " <U < N T+ ”

for 7=0,1,..., A\ — 1, where

Y = argaly) + (= Dm + M arg((=10 261 — 200 211 )/ 710 )-
By using (1.2.3) and Definition 1.1.1, we obtain
Lemma 1.2.1. (i) Suppose \g > 0. If argu is constant and belongs to U)‘0 ! @(0
then

%logUA(u;z,a) — —00 as u — C(O) = 0.
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(i) Suppose A\, > 0 for some k > 1. If argu is constant and belongs to U;\io_l @;k),
then

Rlog Uy (u; 2,a) — —oo  as u — (P,
Next we give topological chains. For r € Rsg, ¥,9,9 € R, ¢,n € P}(C) we define
paths £,((;9), £(¢;9), ¢r(G:9,9) and b(¢, n) in X by
KT(C,’L?)(t) = (1_t)C+t(C+TeXp(V _119))7 te (07 1]7 lfCECa
0, (00;0)(t) =t~ 'rexp(vV=19), t€(0,1],

6.(G0)(t) =tC+ (1 —t)(C+rexp(v/—19), tel0,1), if(eC,
lr(00;9)(t) = (1 —t) 'rexp(vV—19), te[0,1),

cr(C0,9)(t) = C+ rexpvV—1((1 — t)8 + t9), tel0,1], if¢eC,
(0010, T)(t) = rexpVI(1— )3+ D), € [0,1],

b(¢,m)(t) =1 —-t)¢+1tn, tel0,1], if{,neC.

Using these notations, we shall define locally finite chains A?’(k) (z,a) (k=0,1,...,
¢ j =0,1,..., ). For the sake of simplicity, we assume that ¢ ¢ are
arranged as

. 0, ifj>k, .
1.2.8 @) — Ry Togk=1,...,L
(1.2.8) arg(¢ ) o i<k

Definition 1.2.2. Take R > 0 so large that [¢(®)| < R/2 (k= 1,...,¢), and take
r > 0 so small that |[¢) — ¢®)| > 2r (j,k=1,...,¢, j # k). For every k € I, fix
a permutation o of A\x letters, and choose

(k) (k)
79]’ € @Uk(j)
for j=0,1,...,  \x — 1.
(I) When 0 € I, (1e Ao > 0),
(i) for j =1,..., A0 — 1, we define
APz, 0) = a3 08 + en(¢O5 08, 08) + Tr(¢; 0

(0)).
) J—la i 1Yy
(i) if 1 & I (i.e. Ay =0), we define

3

AN (z,0) = Lr(¢O5 00 ) + er(CO 95y, m) + b(RE™V T (W) 4 remVT)

1
+ g (W7, 3m);
e(og’) —1

(iii) if 1 € Iy (i.e. Ay > 0), we define

A/A\;)(O) (z,a) := ﬂR(C(O);ﬁ&?_l) + cR(C(O); ﬁg?))_l,w) + b(Re”‘/__l7 C(l) + re“\/__l)
+ e (CVsm067) + (¢ 9Y).
(Il) When k > 1, k & I (i.e. A, = 0),
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() if k+1¢& Iy (ie. Agt1 =0), we define

A())\)(k) (z,) = TCT(C(H;O, 2m) + b(C(k) + o, D 4 Te’”/__l)

+ CT(C(]H'I);W, 3m);

e(a((Jk-&-l)) 1
(ii) if k € I (i.e. A > 0), we define
1
e(aék)) -1
+ CT(C(k+1);7T,19((Jk+1)) +Zr(6(k+1);19(()k+1))~

(II[) When k > 1, k € I (ie. A, > 0),
(i) we define

Aé’(k) (z,0) := fr(C(k);ﬁ((Jk)) + CT(C(k);ﬁ((Jk), 19ék) +2m) + ZT(C(k);ﬁ((Jk) + 2m);

Aé"(k) (z,0) := CT(C(k);O, 2m) + b(C(k) + 7, C(’”l) + Te’“/__l)

(ii) for j =1,..., A — 1, we define
X (k k k k - k
APz, a) = (W5 98) + e (¢ 08 08 + 2 (¢ 9,
(lll) ifk+1 ¢ Iy (1e )‘k+1 = 0), we define
AN (z,0) = 6,508 ) + e (CP5 901 0) + bW + 7, ¢FFD 4 pemVT)
e
E(Oéék-‘rl)) -1

(iv) if K+ 1 € I (i.e. Agy1 > 0), we define

+ CT(C(IH'I); T, 37);

Ai;(k) (z, Oé) = KT(C(]C)”L?S\IZ)—I) 4 CT(C(k);ﬁg\i)_p 0) + b(C(k) + 7 C(k+l) + Teﬂ'\/——l)
F e (CFHD g Y L 7 (¢, (D),

We use A;"(k) for A?’(k) (z, ) if there is no possibility of confusion. The locally

finite chains A;.\’(k) are illustrated in Figure 1.

With each locally finite chain A?’(k) we associate a branch of the multi-valued
function Uy (u; 2, ) in such a manner that, C' and C’ being component paths of
A?’(k), if the beginning points of C' and C’ are coincide, or if the beginning point
of C coincides only with the end point of C’, then the branches at that common
point conincide, and the branch at any point in C is determined by the analytic
continuation of the branch at the beginning point along C. Hence the branch at

every point on AM®) is uniquely determined by a branch at a point on AME) e

denote by A;\’(k) ® Uy, the locally finite twisted chain thus determined. By a similar
argument in [Kt, IT] together with Lemma 1.2.1, we obtain

Proposition 1.2.3. The locally finite twisted chains A;"(k) (z,0)@Uy (k=0,1,...,
l; 5 =0,1,..., ) are twisted cycles: namely,

APz a) e Uy e 21 (TX, S).
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We denote the homology class of the locally finite twisted cycle A;"(k) (z,a) @U»

by [A}wk) (z,a) ® Uy]. Now we state our main theorem.

Theorem 1.2.4. Assume (1.2.4) and (1.2.5). Then the set of (n — 1)-elements

{[A;)(O)(Zva)(gU)\] ; ]: 1)7)\0}
{—1

U A0 @ U] 5 5 =0,1,..., A}
k=1

VA (z0) @ Us] 5 5 =0,1,..., 0 — 1}
makes a basis of H (YX,8). (When Ao = 0 (resp. A = 0), the first (resp. the

last) set of the above union is empty.)
The theorem is a special case of Theorem 2 in [Kt, IT] when I = 0 (see also [A2],

[A3]). For the confluent case (I # 0), we construct the twisted cycles A;"(k) (z,0)®
Uy by confluence in §2. In §3 we evaluate the determinant of the period matrix to
prove Theorem 1.2.4.

1.3. Confluence of cocycles. Let a composition A, z € Z3 ,4; and a € crtl
be fixed as in §1.2. We denote by QP the rational p-forms in u with poles at

{C(0)7 C(l)a R C(E)} (p - 07 1), i.e.

1 1
0 _
Q' =C u’u—C(l)’”.’u—C(@ ,

Q' = Q%u.

Then we obtain the rational de Rham complex
(Q°,V):0 — Q050! — 0,
where V is the connection defined by (1.2.7). We set
N (z,a) = Ur(z,a)u " tdu

for k = 1,2,...,n — 1. By [p5(2,)] we denote the cohomology class defined by
k
o3 (z, ).

Theorem 1.3.1 (Kimura [Kml]). (i) H°(Q°*,V) = 0.
(ii) {[p5(z, )]sk =1,2,...,n — 1} is a basis of H*(Q®*, V).

Now we proceed to a confluence of cocycles.

In [KHT2| we gave a manner of confluence of linear abelian groups H, which
induces a confluence of characters of the groups, and hence a confluence of cocycles
associated with the integral representations of the hypergeometric functions of type
. Here we recall a manner of confluence which will be used later.

For m € Np, we consider the two compositions

i

~—

)\:(1—l—)\o,...,l+)\i_1,1+m,1,1,...71>,
w=14+MX,...;, 1+ X1, 1+ (m+1),1,...,1)



684 YOSHISHIGE HARAOKA

0 || ||

FIGURE 2

of n + 1. In this case p is said to be simply adjacent to A, and we write as A = pu.
The diagrams associated with the compositions A and p are given in Figure 2.
We define a holomorphic mapping g : C\ {0} — GL(n + 1,C) by

I;

(1.3.1) g(e) = : , ee€C\{0}.

For z € Za 41 and for a € C"*1, set
(1.3.2) z(e) == zg(e), ale):=g(e) ta.
Then we have
Proposition 1.3.2.
lim Uy (u; 2(¢), a(e)) = Up(u; 2, ).

e—0
A similar relationship holds for the cocycles ¢%(z, a).
Corollary 1.3.3.
tim K (2(6). a(e)) = @b (. 0),

fork=1,2....n—1.

2. CONSTRUCTION OF CYCLES BY MEANS OF CONFLUENCE

In this section we construct cycles for the integral representation (1.2.2) of the
hypergeometric function of type A. For every composition A, there is a chain
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of compositions such that AU) is simply adjacent to AU—1) for j = 1,2,..., N, where

which we call the basic composition. As we have noted after Theorem 1.2.4, it is
already known that the theorem holds when A = ¢, and we have a basis of cycles
for the hypergeometric function of type e. Hence, to obtain cycles for a general
composition, it suffices to construct cycles for p from those for A by means of
confluence when p is simply adjacent to A. Thus we study the confluence of cycles
for two particular cases (i) and (ii) in Figure 3, and then we will obtain the cycles
for a general composition. In the following we fix the following notation:

1 Z ... Z
z = (Zz’j)ogigl = ( ot 0”) ,

(2.0.2)

G

0<3j<n 0 211 - zin
205 .
= - ) J= 17"'7”7
le
Qg
aq
Qo

2.1. Case (i). In this subsection we restrict ourselves to the composition

[m]:==(1+m,1,1,...,1)

of n + 1, where m is a non-negative integer. Here we change some notation in §1.2
according to A = [m]. When m > 0, a,, # 0 and 211 # 0, we set
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(2.1.1)
m 4j+1 m(Z, 4j m(Z,
ol ](z,a):z deR; I+ W—w (= a)<19< J+37T_¢ (2, 0)
J 2m m 2m m
for 57 =0,1,...,m — 1, where
(2.1.2) Ym(z,a) := arga, + (m — 1)m + marg 11

[m]

Definition 2.1.1. For j =1,2,...,n— 1, we define locally finite chains Aj (z,)
as follows. Fix a permutation o of m letters.
(I) When m > 0, for j =1,...,m — 1 we define

[m] — Alm]:(0)
A (z,a) == A (z,)

— £r(00; ™)) + cr(o0; 90", 9I™) 4 T (00; 00™),

y V-1 y V-1 Yy
and for j = m we define
A (z,0) = A0 (2, a)
= Cr(o0i L) + er(oos Ly ) + b(RE™ T, Gy + €™ )
1
e(ams1) — 1
where 19£-m] € @g’gj) (z, ).
(IT) For j =m+1,...,n — 1, we define

Agm] (z,a) := Agn}’(j_m)(z,a)

Cr (<m+1; T, 37T))

1 e
N Wcr(Cj;0»2W)+b(Cj+r7Cj+1 +re™ )

er(Giprs m, 37).

We study the confluence [m] — [m + 1].
We assume that

(2.1.3)
det(l zm);ﬁo, det(zm ZOj);éO (i = 0,m+2,m+3,....n, i #j),
0 211 215 215
and
(2.1.4)
oo + Z a;j=-2, am1#0, o ¢Z (j=0m+2,m+3,...,n).
j=m+2
Set
1 1
1 €
g9(e) = : ;
1 em
€m+1

and set
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(2.1.5
z(e) = 2g9(e)
1
(1 ozt o zom lHezort o+ z0mga 20m+2 " Z0m
= 1
0 z11 - Zim ezt Zlmt2 0 Zin)
ap — e~ MmNy,
a1 — € M m+1
1 am — et +1
— m m
ale) =g(e) ta = "
(e) = g(e) e~ (Mg, oy
Omp+2
Qp

We are going to examine the variation of Ag-m] (2(g),a(e)) as e — 0.
For j > m + 2, from Definition 2.1.1 and (2.1.5) it follows that A" (2(c), a(e))
is independent of ¢, and we have

(2.1.6) A"l (z(e),a(e)) = A"z 0) = A"z a) (j>m+2).

First we assume m = 0. For j = 1, we have

mcr(ﬁ (£):0,27) + b(Ci(e) + 7, Co + 1™ T)
-1
+ mcr(@; ™, 3m),

Al (z(e), ale)) =

where

1+ €201
€211

Gle) =
which tends to co as ¢ — 0. Take 9 € R satisfying
(2.1.7) —g <argag — U < g (mod 27).
Lemma 2.1.2. Suppose that
(2.1.8) arge =9+ O(|e]) as |e] — 0.

Then we have:
i) There is a 95" € O z, ) such that arg((1(g)) ~ M as e — 0.
0 0 0

(i)

S Upoj (u; 2(€), af€))du — 0 as e — 0.
e(etar) -1 /cr@l«:);o,zw) .

(iii) / Upo) (u; 2(€), au(€))du converges as e — 0.
b(¢i(e)+r,Catremv=T)

Proof. (i) We have

1+ EZ01

mg@ma>—a@(—

~ T —arge —argzi,

) =7+ arg(l + €201) — arg(ez11)
€211



688 YOSHISHIGE HARAOKA

and the last member of the above belongs to @([Jl] (z,a) by virtue of (2.1.7) and
(2.1.8).
(ii) We note that

(2.1.9) Upoy (u; 2(g), a(€)) = (1 + (201 + uz11)) H zo0j + uz1j)”
j=2

Then by using (2.1.7) and (2.1.8) we have
(2.1.10) / Upoy (u; 2(g), au(€))du — 0
cr(¢1(€);0,2m)

as € — 0. On the other hand, as a function in &, 1/(e(¢ 'ay) — 1) has a pole of
order 1 when e 1oy € Z. By (2.1.7) and (2.1.8), ety € Z implies e 1oy € N,
and in this case the integral of (2.1.9) over ¢,.((1(¢);0,27) becomes 0. Thus the
poles are removable, and then we can modify the estimate of (2.1.10) to obtain the
assertion (ii).

The assertion (iii) is shown by noting the assertion (i). |

Using Lemma 2.1.2, we obtain
Proposition 2.1.3. Suppose (2.1.8) with (2.1.7). Define
19[1] =n—19—argz.

Then we have 19([31] € @([Jl] (z,a), and
/ Upoy(u; 2(e), a(e) ) du — Uny(u; 2, a)du
O1(2(e),a(e)) AV

as € — 0.
We sum up Proposition 2.1.3, (2.1.6) and Proposition 1.3.2 into
0 1
(A & U (2(2),a(e) — (A & Up)) (2, 0)

as e — 0 with (2.1.8),j=1,...,n— 1.
Next we assume m > 1. For simplicity, we assume that the permutation o which

[m] (

appears in the definition of A;™(z, @) is the identity; namely we assume

[m [m] c
19j €0;"(z,0) (j=0,1,...,m—1).
We set

14+ezp1+---+ Em+12’0m+1
gz11+ -+ €m+121 m-+1

Cm-ﬁ-l (E) =

)

which tends to co as € — 0. Take 9 € R satisfying
(2.1.11) —g < arg o1 — (m+ 1) < % (mod 27).

Then we may assume that
m 4(5 — 1 m 4(5 — -1
orip  MEamn AG-m)l e 4G-m)
m+1 2(m+1) m+1 2(m+1)
for some j € {0,1,...,m}. Suppose that

(2.1.13) arge =9+ O(le]) as|e] — 0.
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Then in a similar way as Lemma 2.1.2; (i), we have
(2.1.14) arg(Cmy1(e)) ~m— ¥ —argzn € @g-mH] (z, ).

Lemma 2.1.4. (i) Suppose (2.1.13) with (2.1.12). For any i € {0,1,...,m — 1},
there is a k € {0,1,...,m} \ {j} such that

0" (2(e), ale)) NO" (7, 0) £0.

(i) Suppose (2.1.13) with (2.1.12). For any i € {0,1,...,m — 1}, we have
=9 —argzy & O/ (2(e), ale))

Proof. (i) By (2.1.2), (2.1.5) and (2.1.13), we have

wm(z(s), OC(E)) = arg(am - E_lam—l-l) + (’ITL - 1)7T + margzi

~ arg Q41 +mm +margz;; — 0.

Putting (2.1.12) and (2.1.15) into (2.1.1), we obtain

(2.1.15)

(2.1.16) 6" (z,a) c O™ (2(e), ale)),
where
&l (2,0) = (—2m2 +3m+4mi+4i — 45 + 27r arg ey, — arg Qa1
L 2m(m + 1) m+1 "’
—2m? 4+ 5m 4 4mi 4 4i — 45 + 2 arg Qum+1
2m(m+1) ToateA T m——l—l)

(an open interval). We shall show that, for any i € {0,1,...,m — 1}, there is one
and only one k € Z such that
(2.1.17) Oz, a)nel™ ™z a) £ 0.

3

Since both of the lengths of the open intervals @Em} (z,a) and @EcmH] (z,) are
w/(m+1), (2.1.17) is equivalent to

—2m? +3m +4mi+4i — 45 + 2 arg 41
'( 2m(m + 1) TR T T )
4k +1 arg Am41 +mm + (m+ 1) arg z11 T
_<2(m+1)ﬂ_ mt 1 >‘<m+1'

Then we have

2mi+2i—25+1 2m+2mi+ 21— 25+ 1
<k< .
2m 2m
The difference between the right- and left-hand sides of (2.1.18) is 1, and the left
hand side does not belong to Z since the numerator is an odd integer while the
denominator is even. Hence (2.1.18) has one and only one integer solution k. In

(2.1.18)

our context we can regard @Lmﬂ] (2,a) as a subset of S = R/277Z, and so k is de-
termined as an element of Z/(m+1)Z. Thus we may assume that k € {0,1,...,m}.

Now for each of m integers i there corresponds only one integer k in m—+1 integers
0,1,...,m. Then there is one integer k € {0,1, ..., m} which has no associate. We
shall show that the integer £ is j; i.e.

égm] (z,a) N 92m+1] (z,0) = 0.
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Put k = j in (2.1.18) to obtain

1 1
SR S S
T ) ST T a1y
which has no integer solution i.
(i) From (2.1.1) and (2.1.15) it follows that
m 47+ 1 m 9
Ol (c(e) (o) ~ (gt = TE x4 2

(2.1.19) )
47 + 37T _argaumyl

2m m

)
— 7T —argzi1 +— |.
m
Assume that
(2.1.20) m—10—argzi € @Em} (z(g),ale))
would hold for some i. Then from (2.1.19) and (2.1.20) it should follow that

arg Qm+1 4(i—m)+37r< g < T8Ami1 4(i—m)+1ﬂ_
m+1 2(m+1) m+1 2(m+1)

which is never compatible with (2.1.12). O

Fori=0,1,...,m—1, we denote by k(i) the integer in {0, 1,...,m}\{j} which is
congruent modulo m + 1 with the unique integer k satisfying (2.1.18). By checking
the proof of Lemma 2.1.4 in detail, we see that

kE(j+imodm)=j+i+1 mod(m+1)
fori=0,1,...,m—1.

Proposition 2.1.5. Suppose (2.1.13) with (2.1.12). If necessary, for i = 0,1,...,
m — 1 we retake ﬁgm} € @Em} (z2(g),al(e)) so that
(2.1.21) 19£m] € égm] (z,) N @E:(Z;'l] (z, ).
(This modification causes only homologous change on the cycles Agm] (z(e),a(e)).)
Define 9! (i =0,1,...,m) by

o= 1 =0,1,...,m—1),
(2.1.22)

I = 7 — 9 —arg 21y,

and define a permutation o of m + 1 letters by

(2.1.23) o(i)=k() (i=0,1,...,m—1), o(m)=7j.
Then we have 19£m+1] € @([:Zi;rl] (z,a) for i=0,1,...,m, and

(AP © Upny)(2(0), () = (A" @ V) (2. )
fori=0,1,...,m, as e — 0 with (2.1.13).
Proof. 0" € Ol (2, a) follows from (2.1.14), (2.1.21), (2.1.22) and (2.1.23).
Fori =1,...,m — 1, Agm] (z(¢),a(e)) is independent of €, and coincides with
AEmH] (z,). On Al (z(e),a(e)) and ALTJ]rl(z(a), a(e)), the assertion follows from

a similar statement to Lemma 2.1.2, (ii) and (iii), which holds by virtue of (2.1.11).
O
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2.2. Case (ii). First we note that we use some notation in §2.1 for another
meaning.
We are concerned with the composition

i

—

m]:=(1,...,1,1+m,1,1,...,1)

of n+ 1, where m is a non-negative integer. When m > 0, a4, # 0, z1; # 0 and
21i204+1 — 20i214+1 7= 0, we set

(2.2.1)
m 45 +1 m (2, 454+ 3 m (2,
ol ](z,oc) =< eR; g+ 7r—|—w (2, 0) <Y< I+ 7r—|—w (2, 0)
J 2m m 2m m
for 57 =0,1,...,m — 1, where
(2.2.2) Y (2, ) := arg &g + (m — V)7 + marg(zuz()i'irlz_2 201 et )
1i

Definition 2.2.1. For j = 1,2,...,n— 1, we define locally finite chains Ag»m] (z, )
as follows. Fix a permutation o of m letters.
(I) Forj=1,2,...;i—2,i+m+1,i+m+2,...,n—1, we define

m Al zZ, if j<i—2
AE‘ ](2704) = A[m?],(j—mg ) e / N
o (z,) if j>i+m+1
1

B WCT(Q; 0,27) + (¢ + 7, Gpr + €™ )

+ (G, 3m).
(IT) When m = 0, also for j =i — 1,7 we define

Ag-m] (z,a) := A([Jm]’(j)(z, a).

(III) When m > 0, we define

AETll (z,a) := Agn]’(i_l) (2,a)

1
= a7 (G- 0:2m) 4 (G G re™ T

+ e (G, O™ 4 0 (G 05,

Agm] (z,0) 1 = Agm]’(i) (z, )
= 0G0 4 e (G 0™ 00 4 2m) + 20 (G5 00 + 27),

[m] . Alm]L)
A (2 ) i = AT (2,0)
= 0, (GO ) en (G0l Y 4 (G0l
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forj=i+1,...,i+m—1, and
N

1+m(z7a) = A[mL(Z)(z CY)
= 0G0 ) 4 e (G 0) (G + 7, Gy +re™ D)
-1
+ —C’I" ’L m ;ﬂ-? 37T b
e(ai+m+l) —1 (C +m+1 )

[m] [m]
where 19 € @U(J)

We assume that
208  20i+1 20k 20j
det 0, det 0
(2.2.3) ¢ (Zli Zli+1> 7 ¢ (Zlk ) 7
(k,j=0,1,....4,i+m+2,i+m+3,...,n, k#j),
and

(2.2.4) Zaj + Z =2, Qigm+1 #0,

Jj=i+m+2
o ¢Z (j=0,1,...,4,i+m+2,i+m+3,...,n).

Define g(e) by (1.3.1), and define z(g), a(e) by (1.3.2). Then we can study the
confluence [m] — [m+ 1] as e — 0.
2,i+m+2,i4+m+3,...,n— 1, we see by the definition

L=
€ ,a(s)) is independent of €, and we have

ATEe),0(0) = ATz 0) = AT (z0) (G<i=2 j2itm+2).

First we study the confluence [0] — [1] (i.e. m = 0). Owing to (2.2.5) we study
the confluence of Ag-m] (2(g),a(€)) only for j =i — 1,4 and i + 1. Set

20i + €20i+1
b)
21i + E21i41

Git1(e) = —

which tends to (; as € — 0. Since, in Definition 2.2.1, the particular value r has no
effect on the integral of Uy, (u; 2, a) over Ag-m] (z, ), we may have

Aﬂl(z(ﬁ)?a(g)) - e(Oéi—ll) -

+0(Gi1 + 7, G Fr(e)e™ ) +

ICT(Q—1§0727T)
—1
e(a; —e lagpr) — 1

Cr(e) (Clv T, 371—)7

1
Al alE) = oy Ty (6 0.27)

+b(C 4 7(2), Cigr () + r(e)e™ )

(G (e)im3m),

_|_ -
e(e tayp1) — 1
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©—>© : - @
€ Gisa(®)

FIGURE 4

1
—— i ;0,2
6(8_1061'+1) _ 1CT‘(€) (C +1 (6) ﬂ-)

+b(Gir1(2) +7(2), Giaa +re™ )

Al (z(e),ale)) =

6(8_10211) _ 1Cr(Ci+2; ™, 3m),
where
(2.2.6) 0<r(e) < %IQ —G(e)] as e—0.
Take ¥ € R satisfying
(2.2.7) —g <arga;41 — U < g (mod 27),
and suppose that
(2.2.8) arge =¥+ O(|e]) as|e| — 0.
Define 19([)1] by
(2.2.9) 96 =9+ arg<Z1iZOi+1Z_%ZOizli+1) -,

which belongs to @([31] by virtue of (2.2.7) and (2.2.8). Then, in a similar manner
as Proposition 2.1.3 together with (2.2.6), we have

(A, @ Up)(2(e), a(e)) — (AL, @ Up)(z,0).

Similarly we modify the estimate as in Lemma 2.1.2, (ii), (iii) by using (2.2.6) to
obtain

(elei — 7 aisn) = 1) - (A © Upg)(2(2), a(e)) — (A @ U (2, ).

The variation of the chain AZ[-O] (2(g),a(e)) is illustrated in Figure 4.
For the study of Az{-o_]l (z(e), a(e)), without loss of generality we fix the branch of

Upo)(u; 2, ) over AE-O] (z,a) as follows: Noting (1.2.8), we assume that

(2.2.10) arg(w —G)~0 for  k=1,....4

arg(u — Cg) =7 for k=j+1,...,n

when u € b(¢; + 7, (41 + re™ 1) j=1,...,n— 1. As explained after Definition
1.2.2, (2.2.9) determines the branches. When ¢ is involved in the twisted chains,
we understand the branches as the continuations of those determined as above,
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0O - (O

Ga(®) Giv1(8)

FIGURE 5

where we have assumed that arge is so taken that arg((;+1(e) — ¢;) = 0 when |e| is
sufficiently large. Then we obtain
(A, © U + A @ Ug) (=(e), ale))
1
= | 77— (G-1;0,2 b(Gi- G w1
6(041'_1)—10 (C 1, Y, 7T)+ (C 1+TC+T(‘€>€ )

+ o) (G, 0) + 0(G +7(€), Giyr(e) + r(a)e’“/__l)

— Cr(e) (Cz-i—l( ) 37T) ® U[O] (u;z(g),a(a)).

(2.2.11)

6(6_1051'4_1) -1

In Figure 5 we illustrate the variation of the chain in the right-hand side of (2.2.11).

Thus the right-hand side of (2.2.11) converges to (A[ ]1 ® Upp)(z, ).
Summing up the above, we have obtained the following result.

Proposition 2.2.2. Suppose (2.2.8) with (2.2.7). We fiz the branch of U (u; 2, )
by (2.2.10). Define 19%1] by (2.2.9). Then we have

(A @ U + AT @ U (2(e), ale)) — (AN} @ Uy)(z,a),
(e(ai — e aip1) = 1) - (A @ Up(2(e), a(e)) — (A @ Upy) (2, 0),
and
(A, @ U (2(e), ale)) — (AL, ® Upy)(z, ),
as € — 0.

Next we assume m > 1. Analogous argument to Proposition 2.1.5 yields the
following result.

Proposition 2.2.3. Take ¥ € R satisfying

(2.2.12) —g < Arg igmi1 — (m+1)0 < g (mod 27).

If necessary, for j =0,1,...,m—1 we retake ﬁg»m} € @Bm] (z(e), a(€)), which causes
only homologous change on the cycles Agm] (z(¢€),a(e)). Suppose that

(2.2.13) arge =9+ O(le]) as |e] — 0.

Then, by appropriately defining a permutation o of m + 1 letters, for j = i —
1,4,...;i+m,i+m+ 1 we have

(A" & U (2(0), ale)) = (A" @ U (2, )

as € — 0.
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3. DETERMINANT OF THE PERIOD MATRIX

3.1. For general composition \. In §1.2, Definition 1.2.2, we have given n — 1
elements A *@ (4 a) of the homology group HY (YX,S), and in §1.3, Theorem

1.3.1, we have given n — 1 generators ¢} (z, ) of the cohomology group H'(Q2*, V).
Between these elements we define the pairing by the integral:

(i
OO ey [ )
A.’(l)(z,a)

In this section we shall show that this pairing gives a perfect pairing between
HY (X, 8) and HY(Q®, V).
Definition 3.1.1. We call the (n — 1) x (n — 1) matrix
A G
(AT (z ), 0k () i
1<k<n—1

the period matriz associated with the hypergeometric function of type \. We denote
the determinant of this matrix by Dj(z, a):

Dy(z,a) —det((A (Z)(z,a),gpﬁ(aa)}) i -
1<k<n—1

When A is the basic composition e = (1,1,...,1), the determinant D.(z, ) is
evaluated by Varchenko [V] and Terasoma [T2]:

Theorem 3.1.2 ([V], [T2]). Suppose that (1,...,(n and aq, ..., o are real num-
bers, and that they satisfy (1 < -+ < {, and a; > —1 (1 < i < n). Then we
have

CTT. —vax . ey Dl +1)
a) = z . -
)= 1L=u (o okt 1)
n k—1 n

ARG - T @ -ar)

Jj=1 j=k+1
Using this result, by step by step confluences, we evaluate the determinant
D (z,a) for a general composition A.
To state our result, here we define several functions. First we recall that the
function 6y (x) = Ox(x1,...,x,) is defined in Definition 1.1.1. For k = 0,1,2,...,
the polynomial ¥ (z) = ¥r (a1, ..., 2x) is defined by

(3.1.1) ! — = iwk(w)T’“
k=0

14+ xT + 2212 +
For k = 1,2,..., and for j = 0,1,...,k (or k — 1), the polynomials & ;j(z) =
&kj(za, ..., ox) and ng j(x) = nk ;(x2, . .., xk) are defined by

1_T2 1_Tk7+1 )
(3.1.2) 9k<x1 s Ok ) Zg,w (z1,...,21)T7,

1—Tk1 .
(3.1.3) 9k<0,—x2T,...,—:rkT~ ) Z’?’w (22, ..., xp)T7.
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Let

y= Yoo Yor - Yoj v
Yo Y1 - Yy oo

be a set of indeterminates. We define

k-1
(3.14)  puly) == Z YooYirk—j — yOk—gylowj <y£ yﬁ) (k=1,2,...),

= YooY11 — Yo1Y10 Yo' W10

where ¢;(z) is given by (3.1.1). Noting that p;(y) = 1, we set

(3.1.5) p+(y) = (P2(y), p3(Y), - - - )-

Also we define

k
(3.1.6) @ (y) ::Zyo,ﬂ_ﬂpj<& y“—“) (k=2,3,...)

?
=0 Y11 Y11

by the help of (3.1.1), and we set

(3.1.7) a+(y) = (2(¥), a3(y), - - - )-

For another indeterminate (, we set

_ Yoo = youio

(3.1.8) c(y; Q) = y10(Yoo + y10¢) '

Finally, we set

Ioo={ke{l,...,00; A, >0} = I, \ {0},

(3.1.9) Ji={ke{l,....0}; \y =0}

Then we see that {0,1,...,¢} is a disjoint union of I§, J§ and {0}.
Theorem 3.1.3. On z € Z3 41 which is written as (1.3.1), we assume (1.2.1) and

(1.2.4). On a € C"! which is written as (1.1.3), we assume (1.1.7) and (1.2.5).
Further we assume

argzyy ~0 (1<k<Y),
argaék) ~0 (1 <),
(k)
(3.1.10) argay’ =0 (k€ ),
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where ¢¥) is defined by (1.2.6). Then we have

Daz)= ] { [T (e TL 1), (k)"

keJy “jedy jer!
<k i<k
. NO) . e
x [ [G), (k)2 - H[(])7(k)](>\;+1)( § +1)}
s
>k I
<1 { [T (G e - TT1G), ()t b
kel ~jeJdy jer
i<k j<k

x H [(4), (k)]a((’k)—m’ﬁl . H (), (k)](Aj+1)(a§,’“)+Ak+1)}

jeJds jer;
>k j>k
e .
X Hg&l) (z,0),
i=0
where
[(4), (k)] = ¢V = ¢tM,
(0) _ 1
9\ (z,a) =
’ L, o) +n)
Zf )\0 =Y,
9\ (z, )

697

= (2m)P0D/2 . ({D) =t ot 1)/2-X0, ag” .(z<0>)Ao<—n+<xo+1>/2—zf:1aé“)

0

Xexp[(—()\o—l)n—k)\()\o——’—l Za )

(D Et ) Rk 1A

jeJL ]EIA
(0)

+(ho—1) Zako)e <Z1(2))7'”7Z1k+1) Zo‘k an a4 (z

Ao—1

3 G RPN )3 ) (0)
i i=1 ](] + 1) (Oz/\o )7 no—m1 =T Mxo—mia
J:

mi+-+mjip1=Xo
mi,...,mjtp12>1

if Ao >0, and fori=1,...,¢,

i DN\ (n—1)al? i
9\ (z,0) = ()"0 T(ag) +1)
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if N =0,

9 (2. )
= (2m) X D)/2 . (a<i>)aé“+<xi+1>/2 (D) n=2AmDag” =X (i)

(k) — et e

ny (i) ()
xexp{(l—!—M—F)\ia )7T\/ 1+(n—-1) Za ( ,Zl—k>

! 3R
+ <Z + Z(/\j+1))
jeJ,  jeI

i
ol O )
i k
+ A Za )Hkp+ 1) Z kag P+ (z
k=1 Jj=1

k=1
I S L S

Jj=1 mit-tmipi=X\;
mi,...,mjp1>1

if Ay > 0.

By taking a chain (2.0.1) of compositions into consideration, the proof of Theo-
rem 3.1.3 is reduced to ones for two particular cases (i) and (ii) in Figure 3 (§2). In
§3.2 and §3.3 we prove the theorem for the cases (i) and (ii), respectively. Theorem
3.1.3 itself is proved at the end of §3.3.

3.2. For the case (i). Similarly asin §2.1, we restrict ourselves to the composition
[m]=(1+m,1,1,...,1)

of n+ 1. We restate Theorem 3.1.3 for the composition [m]. Since the theorem is
reduced to Theorem 3.1.2 when m = 0, we assume m > 0.

Proposition 3.2.1. Assumptions on z and « are as in Theorem 8.1.3. Assume
that m > 0. Then we have

Dy (2, @) = (2m)m=D/2 . g ~nH(mED/250 @y m(ene (m ) /2T )

n

" ﬁ 2,709 T Dlay +1)

Jj=m+1 j=m+1
k—1 n
T G- T @-a)
k=m+1 *j=m+1 Jj=k+1

xexp{<—(m—1)n+w_%+ 3

n
j=m+1

aj)w——l
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+ Z Zakek(zm+211Cj7'-'7ZOk+ZIij>

j=m+1 k=1
- z z

12 1k+1

m_1>zakek(_,...,_)
211 Z11

m k—1

E Qg Nk, 5 (2(2), - -, qr(2))

k=1 Jj=1

m—

J+1

J

I
-

mit-+mip1=m
ml,...,mj+121

Proof. We prove the theorem by induction on m.

1
(o
" 7)%] S O |
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First we shall obtain Dp;j(z, o) from Dygj(2, «) by the confluence. Define z(¢)
and a(e) by (2.1.5) with m = 0. Assume (2.1.8) with (2.1.7). Then, owing to

Propositions 1.3.2 and 2.1.3, we obtain

Dpy(z, @) = lim Dpyj(2(e), a(e))-

In order to fix branches of power functions so we can use the result of Theorem

3.1.2, we assume further
(3.2.1) arge ~ 0

when |e| is sufficiently large. We set

Then it follows from Theorem 3.1.2 that

(3.2.2)

Dio)(2(e), ale)) = (e21p) (et H (D
k=2

o L tar + DT, Tk +1)
Le=tar + Y p_y ok +1n)

< [[¢ — G =+
j=2

n

n k—1
<T@ -w TG - T G-
k=2 j=2 j

j=k+1

By (2.1.7) and (2.1.8) we have

b



700 YOSHISHIGE HARAOKA

—g <arg(e tay) <

0ol

for sufficiently small €, and then we can use Stirling’s formula to obtain

(3.2.3)
F(etog +1)
Fleton + Y ppar+n)

\/ﬂ( al) a1+1/2€—6710(1
b V2m(e=tay + Sp_y o + 1 — 1) Tt lig antn—1/2—(c a1t Xi_, artn—1)

“lta;—1/2
:e”—1+z7§—2ak< Zk 2ak+n—1) ey

6_1051

" —(Ch—p axt+n—1)
x g+ k= <a1 + 5(2 ap+n— 1)) .

k=2
Noting that

G —CGie) = e e (A + e(z01 + 211G5)),

we obtain
[1(G -Gy =+
3.24) 7 .
(e211) (Do =D D TT (1 4 €201 + 211G))T @ H!
j=2
and
H(Cl (e) — Cu)™
k=2
325) = [[{G = Gle)emy Ty

k=2

n

= g7 Xhma @ L 5y T Xima O o™V IT X o [T+ (201 + 211))™
k=2

Put (3.2.3), (3.2.4) and (3.2.5) into (3.2.2), and let ¢ tend to 0. Then we have
Dyoj(z(¢), a(e))

k=2 “j=2
2y~ (Sip axtn=1)

X exp {m/_z ax + Z Yag + 1) log(1 4 e(z01 + 211@))]

n k-1 n
~ Hzlk” D HF ap +1)- H{H(Cj—@)a’“ H (Cj—Ck)o‘”l}

« alf@k:z ak+n—1>
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Now the theorem for m = 1 follows by noting
(E_lal + 1) log(l + E(Zol + leCj)) — a6 (Zol + 211Cj).

Next we compute the confluence of Dp,,(z,a) to obtain Dy, 417(2, ). Define
z(e) and «a(e) by (2.1.5). Assume (2.1.13) with (2.1.11). Then it follows from
Propositions 1.3.2 and 2.1.5 that

(3.2.6) Dipg1)(2, @) = lim Dy,1(2(€), a(e)).

€—0

Further we assume (3.2.1) and

(3.2.7) arg(—eM =71 (k=1,2,...)
when |e] is sufficiently large. We set

m+1

m—+1 k
Zkzl EVZ1k

Cm-ﬁ-l (E) =

Further we set

k—1
k . 212 Z1 k41 ‘
Q[m](z> = (m — 1) (Z? RRE) T) - ;nk7j(q2(z>v - ak(2)),
A{m} () := — Z Cm—my Qi -

mite-tmj1=m
m17...,mj+121

By (1.1.4), (3.1.1), (3.1.3) and (3.1.6), we see that Qf“m] (z) depends only on zp1, ...,
20k, Z11s- -+ 21k, 21k+1- Moreover by using Sublemma 3.2.3 which will be given
later, we see that Qm] (z) does not depned on 21 ,,41. Hence we have

(3.2.9) Qi (2(6) = Qfy(2) (k=1,2,...,m).
Now, by noting (3.2.9), we obtain

Dimy(2(€), a(€))
= (QW)(m—l)ﬂ(am _ E—lam+1)—n+(m+1)/2—5’

(3210) X lem(_n+(m+1)/2_57m*1O‘m+1_z;z:m,+2 O‘j)

m+1 (n=1)e™™ otm41 n
: (Zskzl’“> BRI
k=1 j=m+2

m—1 n .
Am+1 _Zj:m,+2 Qj
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n

XxT(e™™ g +1) - H I(a; +1)

j=m+2
x H (CJ - Cm+1(€))67m71a7n+1+1
j=m+2
k=1 .
x H { Cm1(g) = C)™* - H (¢ — Cu) - H « —Ck)"”““}
- J=m2 j=k+1

Xexp[(—(m—l)—kw—l—|—€_m_1am+1—|— zn: aj>m/—_1

4 2 )
j=m+2

m
+ Z(ak — E_m_1+kam+1)9k(2:01 + 211Cm+1(€), e, 20k T Zlka+1(5)>

n m
+ Z Z(ak — E_m_1+kam+1)9k(201 + legj, .o, 20k F Zlij)

j=m+2 k=1
+ i( —m—1+k +m§:1 [m] a(e))
ag — € Q1)@
k=1 = —etamq1)

Owing to (2.1.11) and (2.1.13), we have

—m—1

™
3 < arg(e Umy1) <

vl 3

for sufficiently small €, and then we can apply Stirling’s formula to obtain
(32.11) T(e ™™ layyr +1) ~ \/ﬂ(s_m_1am+1)577%10”"“+1/2e_57m710‘m+1.
By noting (3.1.10), (3.2.1) and (3.2.7), we have

(3.2.12)

—1 —1
A — € Q1 = (€7 Qg1 — Qi

_ « =
=€ 1am+1<1—8a ml)eﬂ 1,
m+

)671'\/—_1

m—+1

m -1
G~ Gnn@ = ) (143 et o)) - (Do)
k=0

k=1

Cmr1(8) = Gk = (G = Gmaa ()™ T
= (ez11) T (1 + O(e)) - ™.
Putting (3.2.11) and (3.2.12) into (3.2.10), we obtain
Dimy(2(e), ae))
~ C(z,a) X <1 —€ dm >_6 o ) <§: skm—’q)m o
(3.2.13) A1 =

n m+1 e ™ Yot
X H (1 + Z <€k(20k + zlij)>

j=m+2 k=1
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X exp |:_€_m_10(m+1

NE

+) (k=™ o 1)0k (201 + 2116ma1(€); -+ 20k + 21kCma1(€))

>
Il
—

n

m
— E_m_lam+1 Z ZEkok(zol + leij -+ R0k + Zlij)

j=m+2 k=1
m el (E))
+ (ak - E_m_1+kam 1 + s
where we have set
Oz, 0) = (2m)™/2 - gy " FD/27 T2 2
11(m+1)(—n+(m+2)/2—2§;m+2 aj;)
% H le(n—l)a;‘ . H [(aj+1)
j=m+2 j=m+2
k—1 n
(3.2.14) X H { I - II - Ck)"”““}
k=m+2 “j=m+2 Jj=k+1
(m+1)(m+2) 1 -
xexp{(—mn—i——él —§+ Z a ™/ —1
Jj=m-+2
+ Z Z arbi(zo1 + 211G5, - - -, 2ok + Zlk(j):| .
j=m+2 k=1

We are going to compute the right-hand side of (3.2.13). Setting wy; = zor + 21(;,
by (1.1.4) we have

(3.2.15)
n m+1 57”"’71am+1
H <1 + Z 5kwkj)
j=m-42 =
X exp [—g_m Q1 Z ZE 01 ( wlj,...,wkj)]
j=m+2 k=1
n m—+1 m
= exp |:_€_m_1@m+1 Z {log<1 + Z Ek’wkj> - Zskﬁk(wlj, .. .,wkj)H
j=m+2 k=1 k=1

n

— exp{ Z am+10m+1(w1ja~-~vwkj):|~

j=m-+2
By Lemma 3.2.2 which will be shown later, we have
Ox (201 + 211Gm+1(€), - - - 5 20k + 216Cm+1(€))

3.2.16 Lok g N
( ) = _EE k+9k+Zgjnk+j7k:(q27"'7qk?+j)7

Jj=1



704 YOSHISHIGE HARAOKA

where we have set g := qx(z) (see (3.1.6)) and
Ok := Ok(212/211, .-, 21641/ 211).

Using (3.2.8) and (3.2.16), we have

(3.2.17)
(Z L 21 k+1) me " am
211
X exp |:Z ap — 6_m_1+k05m+1)9k(2:01 + Z11€m+1(6), ..., 20k T zlkaH(s))
k=1

+ Z kam+1>Q[m]( )}

k=1

= exp {ma_m_lam_ﬂ log<1 + Zakzlk—ﬂ>

z
1 11

—k 0o
o € . :
(ap —¢ R i) <—T + 0k + Z EJ"?k+j7k(Q+)>
i=1

+

+

Mz T

(o0 = & 100 ()|

k—1

exp =t {kik (=080 = S mstas) - Qb))

Jj=1

=
Il

1

+ gmtl <m9k - i 77m+1,j(q+)> + O(5m+2)}

Jj=1

m 1 m _
%a_k +e ™ a1 Z 7 + Z Qg (9k + Qf:m] (z)) + O(E)]
k=1

1 k=1

m1 m m
= exp{z ar Qb1 1(2) Z% kL emmelg Z% ]

k=1

plﬂs

=
Il

By Lemma 3.2.4 which will also be shown later, we have

ml - 5)) m mil —m—1+k ok
za_m Qi1 . m
m m AJ (a)
—k Ok [m+1]
— ———— 4+ 0(e).
DI DY ag TOE

k=1 j=1
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Hence we have
(3.2.18)

—e ™ oy, m—1 Aj (a(s))
<1 —¢€ Qm ) exp |:—E_m_10(m+1 + Z [m]_

Omp+1

j=1
- Ak __k —m—1 - 1
- —e& " +e¢ am+12—]
k=1 k k:lk
m Aj (a)
[m1] ]
— exp _—.
|:JZ_; Q417

Combining (3.2.6), (3.2.13), (3.2.14), (3.2.15), (3.2.17) and (3.2.18), we see that the
theorem for m + 1 holds, which completes the induction, and hence the proof. [

Lemma 3.2.2.
Ok (201 + 211Gm+1(€), - - -, 20k + 218Cm+1(€))
1 _, Z12 21 k+1 =
= ——€ —|—9k<—,...,— + elny kg2, Qrg)-
L 711 711 Jz:; Nk+3 ( +J)
Proof. Set

(o)
g(e) = Z e* zon,
k=0

=z
h(e) = Z ghZlhtl ,
P Z11

Then we have
fle)=>"ca,
k=0

where

k
212 21441
G =Y 20k (z_H”J—) = q(2)

=0 211
(see (3.1.6)). By considering modulo O(¢™*+?), we have

Cmy1(e) = —(ez11) "

|\/

€ -1
(5) = —(6211) f(E)

=4

Consider the generating function

(3.2.19) P(T) = (eT)*0k(201 + 211Cm41(E), - -, 20k + 218G 11())-
k=1
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By the help of (1.1.4) we obtain

(3.2.20)
F(T) = log(1 + (201 + 211Cmr1(€))eT 4 - + (20x + 214Cma1 () (ET)F +---)
=log(g(eT) — f(e) - T - h(eT))
=log(f(eT) —Tf(e))+ logh(eT)
1-Tk1

=log(1-T)+ 10g<1 —qTe? — . — qkTﬁa — ) +log h(eT)

0 St 1— Tk—l
k
Z Z 9k< _q2T7"'a_qkTW)
k=1 k=1
> Z1k+1
Py (a2 2,
k=1

211

Sublemma 3.2.3.

1_Tk—1
0110, —qT,...,—qpg T ————
k(a q24, y —dqk 1_T )

is a polynomial in T of degree k — 1 with the leading coefficient —qy,.
Proof. By (1.1.5) we have

| — Tk
—qT,...,—qxT —————
0k<07 q21, y —qk 1_T )

k
1 . ) o
==Y Y @O AT A T D) gy (L T+ T2,
j i1+ tij=k

from which the sublemma follows. O

In general, for a power series G(T') in T, we denote by [G(T')]x the coefficient of
G(T) in T*. Then, noting Sublemma 3.2.3, from (3.2.19) and (3.2.20) we obtain

Or (201 + 211Gm+1(€), - - -, 20k + 21kCm+1(€))
= e *[F(D))k
1 212 21 k+1 .
= — 0, (22, ZhtL et (G2 Qss)-
ks + k(Zu, S +;€ M+, (q2 Qr+j)
O
Lemma 3.2.4
m—1 m m+1l g 14k
Al (0(2)) —_— 1 O
o — e lam1)! ¢ o +1< Zk+ k Qmp1F1
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Proof. By (3.2.8) and (2.1.5) we have
s [m] a(e))

—& 1am+1)

j=1

. ] 1 Q. —J

Am+1

X Z (1 —gmtl Sy ) e (1 — gmj+1+1—am_mﬂ'+1

Om+41 41

Myt mi 1 =m

B(T)={1- 28m—1 N\ [ 3%m=2\p2 [ k1 Ok Nk
Gm+1 Qm+1 Am41

then we have

o0
LD DR (RFERLT SN P PRt
k=1

41 Om+41

mi+-t+mjip1=k
= B(T)"*!.

Hence we obtain

(3.2.21)

(3.2.22) F(T) = i ;-1£ (1 — e )_jB(T)j“-

Then we have

Q11 Om41
Noting that
(67%%) = A —k k
1-— B(T)=——[1+(T-1 T
() = 2 (14 - 0 3 SR,
k=0
we have

log <1 —em B(T))
Am41

=Z—+Zsk9k<

(T - )r2m=t (7 - 1)pht Skl
O5171+1 Am+1 Am+1

707

)

)
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Hence we obtain

(3.2.23)
F(T)Z { EZ Oy — k }
am+1
k k
1 « =T
) {Z—s’“(—’") LT
k= 1k Xm+1 =k
Qo —1 k—1O®m—k+1
+ a’“@( T-1T e (T=1)T 7)}
Z F am+1 ( ) Am41 ( ) Am4-1
4 TF — ok Om—k+1 k-1
Z 2

Sublemma 3.2. 5

(i) Ok (( 1) (T — 1)T%, (T - 1)Tk_l%) is a polynomial
Om+41 m—+1 m—+1
i T of degree at most k.
.. Am—1 k—1Om—k+1 .
ii Ol (T—1 T-)T——r,...,(T'=-1)T" "———— ] is a poly-
@) o (T2 (- T2 )T

nomial in T of degree at most k — 1.

This sublemma is also shown by using (1.1.5).
Regarding F(T') as a power series in &, we write as

= " fu(T)
k=0
From (3.2.23) it follows that
(3.2.24)
k k
ZT 27+ZT :
k=1 k=1
fi(T) = —2 (— TF+1+ —),
k J
1 1 O, Olymy—i i1 L[ anm
ST === <a ) + > e <a )
m—+1 itj=k m—+1 ] m+1
i,j>1
1 Qi _10m—Fk+1
— O (T —1 T —1)7+ !
e (Ve TRNCER Ay
m— T
+CY k+1Tk—1Z__
Op+1 =1 J
+ ) Aoy 0k<( — ) ,...,(T—l)Tk‘l—am_k+1>
ek Om+1 Um+1 Am+1
it+j=
i,j>1

Qm—k+1 k-1 (k>2).
Am4-1
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Then, by noting Sublemma 3.2.5, it follows from (3.2.24) that

(3.2.25)
1/ « F 1 O —k+1
T = —— [ —= R 1<k <m),
D =3 (22) + oy = k< m)
1 Qi m—+1
m T [ —
nia (T = =2 (22
1 & (—1)1t »
+ Z D Am4-1 J Z Oém+1—m1"'05m+1—mj+1-
amt1 4= 70 +1) b Tt =
mi,eemyp1 21
Thus we have
(3.2.26)
[F(T)m =Y e [fe(T)]m
k=0
"1 “ 1/ am \ 1 k1
==) 41+ F—o () + —
;k ;E < k(am+1> m—k+1 ampr )
m+1 m AJ
[0.5pc] +6m+1<——1 ( Gm ) - A[m+1](?<))
m+ 1\ amq1 Omt1 = Q1!
+O(gm*?)
The lemma follows from (3.2.21), (3.2.22) and (3.2.26). O

Remark 3.2.6. In [T3] Terasoma has evaluated the determinant Dp,,,j(2, @) in a dif-
ferent manner, and has obtained another expression of the determinant.

3.3. For the case (ii). In this subsection we are concerned with the composition

7

~

[m]:=(1,...,1,14+m,1,...,1)

as in §2.2. We assume m > 0.

Proposition 3.3.1. Assumptions on z and « are as in Theorem 3.1.3. Assume
that m > 0. Then we have
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D[m] (Z,Oé) — (27_‘,)(m+1)/2 .ai+mai+(m+1)/2 . Zli(n—l—Qm)ai—m(m+1)

ma;+m(m-+1)/2 H (n—1)ay

X (201'211'4-1 - 21i20i+1)

F(Ozk + 1)
(Zk;ﬁz—l—l ..... Ji+m Qg + n)

n

x H{H O (G — Q)T H ¢ — Ck>ak+1}

j=1 j=k+1
AL, itm

i—1 n
<[[-a I -
Jj=1 Jj=it+m+1
n k—1 n
< ] { I &= G—c)m I - @)“k“}
k=i+m-+1 j=1 j=k+1

21441 21tk
-1 ikl ey ——
+(n )Za+k k< . P )

1 1z

+ 0 > ki (e Gp(2D), (2 Gk (21))

G#4,...i+m k=1

+mzaz+k9k p+(z Zaz+k Z&m p+(z

k=1
m— 1 j 1 )
+ E + 1 _J § ai+m—m1 e ai-‘,—m—ijrl .
7=1 ] mi+-+mjp1=m

mi,...,mjp1>1
Proof. This proposition is shown in a similar manner as in the proof of Proposition
3.2.1 except for the confluence [0] — [1].

Define z(e) and a(e) by (1.3.2) with m = 0. Assume (2.2.8) with (2.2.7). Then,
from Propositions 1.3.2 and 2.2.2, it follows that

Dyyj(z,a) = lim(e(o; — e 'avi1) — 1) Digj(2(e), ale)).

E—
By noting that

—T

Do —e oy 1)= )
(CY © CY+1+ ) F(a_loélq_l—Oéi>SiH7T(ai—€_lai+1)

e(a; — 5_1ai+1) —1=2v—-lexp((a; — €~ 0<z+1)7TV 1)sinm(a; — € 1ai+1)7

we can modify the proof of Proposition 3.2.1 to obtain the proof. Details are
omitted here. |
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Proof of Theorem 3.1.3. Consider the composition
i

)\(z,m) = (1—|—)\0,...,1—|—)\1‘_1,1—|—m,1,...,1)
of n+1. When A = A(0;m), the theorem is just Proposition 3.2.1. Suppose that
1> 0. Define z(¢) and «a(e) by (1.3.2), and assume (2.2.13) with (2.2.12). Then by
Propositions 1.3.2, 2.1.3 and 2.1.5, we obtain
Daiany (2, ) = lim(e(ag” — e ag™) = 1)Daio) (2(2), (),
D)\(i;m—i-l)(za a) = gl_{% D)\(i;m) (Z(E), O‘(‘€>> (m > 0)

Thus the theorem is proved by induction similarly as in Proposition 3.3.1. Details
are omitted here. O

3.4. Proof of the main theorem.

Proof of Theorem 1.2.4. First we note that, by Proposition 6 in [KHT1], the di-
mension of H{'(YX,8) is at most n — 1. As we have noted in §3.1, there is a
pairing between Hff (YX,S) and H'(Q®,A), the latter of which has dimension
n — 1 by Theorem 1.3.1, (ii). Theorem 3.1.3 shows that, on the assumption (1.2.4)
and (1.2.5), this pairing is perfect. Then it follows that the (n — 1) elements

{[AYM (z,0) @ Up] by

of HY (Y X ,S) are linearly independent. This completes the proof. O
1

In the above we have also proved the following fact.

Corollary 3.4.1. Assume (1.2.4) and (1.2.5). Then the rank of the hypergeometric
system of type X on Zz pi1 tsm — 1.
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