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JET COHOMOLOGY OF ISOLATED HYPERSURFACE

SINGULARITIES AND SPECTRAL SEQUENCES

XIAO ER JIAN

Abstract. We study jet cohomology of isolated hypersurface singularities
defined by partial differential forms and prove formulas to compute jet coho-
mology groups by linear algebra.

We use jet sheaves of finite order (or equivalently infinitesimal neighbourhood
of finite order) and related exterior differential forms to define cohomologies for
singularities of mappings and varieties. (See [2], [3],[4], [5],[6],[7] and this paper.)
They are new invariances. They were first defined and studied in [2] for smooth
functions. In this paper we study jet cohomology Hp(Ω·V,k−·,0) defined by partial
differential forms with respect to y for isolated hypersurface singularities.They can
be computed by linear algebra (See Theorem 1 and Theorem 2.) and can distin-
guish singularities whose classical cohomological invariances and Milnor numbers
coincide.

For example, if X is a quasi-homogeneous hypersurface with isolated singularity
0. Ω·X,0 is the complex defined by ordinary exterior differential forms. Hp(Ω·X,0) =

0, p ≥ 1, and H0(Ω·X,0) = C. (See [1].) But the cohomology groups defined by

jets can tell. For example: (1) f = x5
1 + x4

2. Milnor number µ = 12. If the

order of jets k = 3, dimCH̃
0(Ω·V,3−·,0) = 6. (2) f = x3

1 + x7
2. µ = 12. If k = 3,

dimCH̃
0(Ω·V,3−·,0) = 7.

It is interesting that the cohomological groups defined by jets are determined by
higher derivatives of f . (See Theorem 1 and Theorem 2.)

All results and proofs in this paper are true not only for complex holomorphic
cases but also for real analytic cases.

The author would like to express his gratitude to Phillip A. Griffiths for enlight-
ening discussions with him and various supports he and the Institute for Advanced
Study offered during the time the author visited IAS.

The main results of this paper are as follows.
Let

F =
∑
|α|≤k

1

α!

∂|α|f

∂xα
(y − x)α

and

WN−1
f,k−N+1 =

ΩN−1
f,k−N+1,0

DΩN−2
f,k−N+2,0
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which is finitely dimensional (see [2]). (For Ωpf,k−p,0 and other symbols see the

following context or [2].)
Let

UN−1
f,k−N+1 = {ω ∈WN−1

f,k−N+1 : (δ−1
k−N+2 + f − F )ω = 0, fω = 0}.

RN−1
f,k−N+1 = {(θ, η) ∈WN−1

f,k−N+1 ⊕W
N−1
f,k−N+1 : fθ + Fη = 0},

SN−1
f,k−N+1 = {(−[ξ], [ξ]) ∈WN−1

f,k−N+1 ⊕W
N−1
f,k−N+1 : ξ ∈ HΩN−1

U,k−N+1,0},

TN−1
f,k−N+1 = {(−Fω, fω) ∈WN−1

f,k−N+1 ⊕W
N−1
f,k−N+1 : ω ∈WN−1

f,k−N+1},

V N−1
f,k−N+1 = (fWN−1

f,k−N+1 + FWN−1
f,k−N+1) ∩HN−1(Ω·f,k−·,0),

ΓNf,k−N = ker(ΞNf,k−N
f−F−→ΞNf,k−N+1), ΞNf,l = {ω ∈ ΩNf,l,0 : Fω = 0}.

They are all finitely dimensional.

Theorem 1. If f ∈ OU,0, 0 is its isolated singularity, f and ∂f
∂xi

have no common
factors, i = 1, · · · , N , then

(a) If N ≥ 4,

H0(Ω·V,k−·,0) =
OU,0
fOU,0

,

Hp(Ω·V,k−·,0) = 0, 0 ≤ p ≤ N − 4.

(b) If N ≥ 4,

HN−3(Ω·V,k−·,0) ∼= UN−1
f,k−N+1.

If N = 3, the sequence

0 −→ OU,0
fOU,0

−→ H0(Ω·V,k−·,0) −→ U2
k−2 −→ 0

is split exact.
(c) If N ≥ 3,

HN−2(Ω·V,k−·,0) ∼=

RN−1
f,k−N+1

SN−1
f,k−N+1+TN−1

f,k−N+1

ΓNf,k−N
DUN−1

f,k−N+1

;

hence

dimCH
N−2(Ω·V,k−·,0) = dimCR

N−1
f,k−N+1 + dimCDU

N−1
f,k−N+1

−(dimC(SN−1
f,k−N+1 + TN−1

f,k−N+1) + dimCΓNf,k−N ).

If N = 2, the following sequences are exact :

H0(Ω·V,k−·,0) =
Z0,0

2

B0,0
1 + Z1,−1

1

,

0 −→ OU,0
fOU,0

−→ Z0,0
2

B
0,0

1

π1,−1

−→R1
f,k−1 −→ 0,
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where B
0,0

1 = B0,0
1 ∩ ker(π1,−1). It is split exact.

0 −→
B0,0

1 +HΩ1
U,k−1,0(B −A)

B
0,0

1

−→ B0,0
1 + Z1,−1

1

B
0,0

1

−→ Γ2
f,k−2 −→ 0,

0 −→U1
f,k−1 ∩H1(Ω·V,k−·,0) −→

B0,0
1 +HΩ1

U,k−1,0(B −A)

B
0,0

1

π1,−1

−→ S1
f,k−1 + T 1

f,k−1 −→ 0,

dimC

H0(Ω·V,k−·,0)
OU,0
fOU,0

= dimCR
1
f,k−1

− (dimCΓ2
f,k−2 + dimC(S1

f,k−1 + T 1
f,k−1) + dimCU

1
f,k−1 ∩H1(Ω·V,k−·,0)).

(d)

HN−1(Ω·V,k−·,0) ∼=
WN−1
f,k−N

δk−N+1V
N−1
f,k−N+1

.

By [2] dimCW
N−1
f,l , dimCΩNf,l,0 < ∞. In [7] a canonical basis was given for

WN−1
f,l . The matrices δ−1,Π were given with respect to the canonical basis. The

linear subspace {[ξ] ∈WN−1
f,l : ξ ∈ HΩN−1

U,l,0} can be easily computed with respect to

the canonical basis (see [7]). The process to compute the matrix F× : WN−1
f,l −→

WN−1
f,l was given in [7]. The matrix f× : WN−1

f,l −→ WN−1
f,l can be computed by

the fact δf = fδ and a process similar to the process of computing F×. ΓNf,l can be

computed by the matrices F× : ΩNf,l,0 −→ ΩNf,l,0 and f× : ΩNf,l,0 −→ ΩNf,l,0. Hence

Hp(Ω·V,k−·,0), p = N − 3, N − 2, N − 1 can be computed by linear algebra.

Let H̃0(Ω·V,k−·,0) =
H0(Ω·V,k−·,0)

OU,0
fOU,0

and H̃p(Ω·V,k−·,0) = Hp(Ω·V,k−·,0), p 6= 0. Define

χf,k =
N∑
p=0

(−1)pdimCH̃
p(Ω·V,k−·,0).

Theorem 2. Under the hypothesis of Theorem 1,

χf,k =(−1)N−3dimCΓNf,k−N + (−1)N−2dimCker(Λ
N
f,k−N,0

f−→ΛNf,k−N,0)

=(−1)N−2

(
k − 2

N − 1

)
ν

+ (−1)N−3dimCker(Ξ
N
f,k−N−1

f̃(x)−→ΞNf,k−N+1)

+ (−1)N−2dimCker(Λ
N
f,k−N−1

f̃(x)−→ΛNf,k−N+1)

where f̃(x) =
∑

2≤|α|≤k
1
α!
∂|α|f(y)
∂yα (x− y)α and

ν = dimC
OU,0

(f, ∂f∂x1
, · · · , ∂f

∂xN
)OU,0

.
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χf,k can be computed by linear algebra too.
U is an open set in CN . 0 ∈ U . (x1, · · · , xN ) are coordinates of U . V is a

hypersurface defined by the holomorphic function f . 0 is an isolated singularity of
V . OU (or OU (x)) is the sheaf of germs of holomorphic functions on U . OV = OU

fOU
.

Qf(x) =
OU,0(x)

( ∂f∂x1
, · · · , ∂f

∂xN
)OU,0(x)

.

(U (k), OU,k) and (V (k), OV,k) are the k-th infinitesimal neighbourhoods of U and V
with structure sheaves OU,k and OV,k respectively. Here k is a nonnegative integer.

OU,k =
∑
|α|≤k

OU (y − x)α,

where y = (y1, · · · .yN ) and α = (α1, · · · , αN ). OV,k =
OU,k

(fOU,k+FOU,k) . Let Ω1
U,l =∑N

i=1 OU,ldyi be the differential form module with respect to dy1, · · · , dyN . ΩpU,l =∧p
Ω1
U,l. Let D be the partial differential with respect to y1, · · · , yN .

In [2]–[7] we defined three kinds of complexes. Let Ω0
f,k = OU,k;

Ωpf,k−p =
ΩpU,k−p

DF ∧Ωp−1
U,k−p

, p ≥ 1.

Λ0
f,k =

OU,k
FOU,k

;

Λpf,k−p =
ΩpU,k−p

FΩpU,k−p +DF ∧ Ωp−1
U,k−p

, p ≥ 1.

Ω0
V,k = OV,k;

ΩpV,k−p =
ΩpU,k−p

fΩpU,k−p + FΩpU,k−p +DF ∧ Ωp−1
U,k−p

, p ≥ 1.

We have three complexes

Ω·f,k−· = {Ωpf,k−p, D}p≥0,

Λ·f,k−· = {Λpf,k−p, D}p≥0,

and

Ω·V,k−· = {ΩpV,k−p, D}p≥0.

Remark (1). We use finite order jet sheaves not infinite order jet sheaves, because
OU,k, k <∞, is a coherent OU module. The D in the above complexes are induced
by the partial differential with respect to y. Hence their cohomological groups are
coherent OU modules. For isolated singularities their stalks at the singular point
are finitely dimensional vector spaces.

Remark (2). In the definitions of the above complexes we reduced the order of jets,

e.g. D : ΩpV,k−p −→ Ωp+1
V,k−p−1. It is due to the following facts. The natural inclusion

(U,OU) −→ (U (k), OU,k) induces a relative differential module

Ω1
U(k)/U =

N∑
i=1

OU,kdyi,
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and differential

D : OU,k −→ Ω1
U(k)/U .

But (yi − xi)k+1 = 0, i = 1, · · · , N , in OU,k. (k+ 1)(yi − xi)kdyi = 0 in Ω1
U(k)/U

.

Hence Ω1
U(k)/U

is not a free OU,k module. So we reduce the order and take

Ω1
U,k−1 = Ω1

U(k)/U

⊗
OU,k

OU,k−1 =
N∑
i=1

OU,k−1dyi.

In [2] (p. 256) we proved that Ω1
U,k−1 = Ω1

U(k)/U

⊗
OU,k

OU,k−1 is a free OU,k−1

module with free basis dy1, · · · , dyN .
Let Πl : OU,l −→ OU,l−1 be the natural projection. It induces natrural pro-

jections Πl : ΩpU,l −→ ΩpU,l−1, Πl : Ωpf,l −→ Ωpf,l−1, Πl : Λpf,l −→ Λpf,l−1 and

Πl : ΩpV,l −→ ΩpV,l−1. They are all surjective. Let HΩpU,l = {ω ∈ ΩpU,l : Πlω = 0}.
We consider stalks at 0 of the above sheaves, e.g. ΩpU,k−p,0 is the stalk of ΩpU,k−p at
0. Let

WN−1
f,l =

ΩN−1
f,l,0

DΩN−2
f,l+1,0

, l ≥ 0.

The following three basic lemmas were proved in [2] and [5].

Lemma A. If ω ∈ ΩpU,l,0, 0 ≤ p ≤ N − 1, DF ∧ ω = 0, then there exists

η ∈ Ωp−1
U,l,0 such that ω = DF ∧ η.

Lemma B. The sequence 0 → OU,0 → OU,k,0
D→ Ω1

U,k−1,0 → · · · → ΩpU,k−p,0
D→

Ωp+1
U,k−p−1,0 → · · · → ΩN−1

U,k−N+1,0
D→ ΩNU,k−N,0 → 0 is exact.

Lemma C. If f and ∂f
∂xi

have no common factors in OU,0, i = 1, · · · , N ; θ, η ∈
OU,k,0, k ≥ 0. Then fθ + Fη = 0 if and only if there exist ζ, ξ ∈ OU,k,0 such that
Πkξ = 0 and θ = Fζ + ξ, η = −fζ − ξ.
Remark. The hypothesis of Lemma C is equivalent to f having no multi-factors i.e.
if f = f1 · · · fn is an irreducible decomposition of f , fi 6= fj, i 6= j.

In [2] we proved

Theorem D.

H0(Ω·f,k−·,0) =
k⊕
i=0

OU,0F
i,

,

Hp(Ω·f,k−·,0) = 0, p 6= 0, N − 1,

HN−1(Ω·f,k−·,0)
δk−N+1∼= WN−1

f,k−N .

If [ω] ∈ HN−1(Ω·f,k−·,0), Dω = DF ∧ θ, then δk−N+1[ω] = [θ].

dimCH
N−1(Ω·f,k−·,0) =

(
k

N + 1

)
dimCQf(x).

If k ≤ N,HN−1(Ω·f,k−·,0) = 0.
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Lemma 1. Suppose ω ∈ ΩN−1
U,l,0 , θ ∈ ΩN−1

U,l−1,0.Their cosets [ω] ∈ WN−1
f,l , [θ] ∈

WN−1
l−1 . Then δl[ω] = [θ] if and only if Dω = DF ∧ θ+DF ∧Dη, where η ∈ ΩN−2

U,l,0 .

Proof. If δl[ω] = [θ], it means [ω] ∈ HN−1(Ω·f,l+N−1−·,0) ⊂ WN−1
f,l . Dω = DF ∧

ζ. [ζ] = [θ]. Hence ζ = θ + Dη +DF ∧ ξ. Dω = DF ∧ θ +DF ∧Dη. The inverse
part is clear.

Take indeterminate elements A,B and DB. Define their degrees: degA = 1,
degB = 1, degDB = 2. Define dega = 0, ∀a ∈ OU,l,0 and degdyi = 1, i = 1, · · · , N.

Convention: A0 = B0 = (DB)0 = 1, An = Bn = (DB)n = 0, if n ≤ −1.

Ωk =
⊕N

p=0 ΩpU,k−p,0 is an exterior OU,k,0-algebra. Let

Ωp,qk−p =
∑
l+r=p
s+t+r=q

ΩlU,k−p,0A
sBt(DB)r.

Ωp,qk−p = 0, if p ≤ −1 or q ≤ −1. Let Ωk(A,B) =
∑
p,q Ωp,qk−p. It is a commutative

OU,k,0-algebra. Here ”commutative” means: if a, b are homogeneous elements of
Ωk(A,B), ab = (−1)dega·deg bba, e.g. AB = −BA, AA = 0, BB = 0. Hence

Ωp,qk−p = Ωp−q+2
U,k−p,0AB(DB)q−2 + Ωp−q+1

U,k−p,0A(DB)q−1

+Ωp−q+1
U,k−p,0B(DB)q−1 + Ωp−qU,k−p,0(DB)q .

The partial exterior differential D : Ωk −→ Ωk induces the differential D :
Ωk(A,B) −→ Ωk(A,B) as follows: Let D(A) = 0, D(B) = DB, D(DB) = 0. If
ω ∈ ΩpU,l,0, D(ωB) = DωB + (−1)pΠlωDB. degD = 1 and DD = 0 in Ωk(A,B).

D : Ωp,qk−p −→ Ωp+1,q
k−p−1. For fixed q, {Ωp,qk−p, D}p≥0 is a complex.

D(ω(p− q + 2)AB(DB)q−2 + θ(p− q + 1)A(DB)q−1

+ η(p− q + 1)B(DB)q−1 + ζ(p− q)(DB)q)

=Dω(p− q + 2)AB(DB)q−2

+ ((−1)p−q+3Πk−pω(p− q + 2) +Dθ(p− q + 1))A(DB)q−1

+Dη(p− q + 1)B(DB)q−1

+ ((−1)p−q+1Πk−pη(p− q + 1) +Dζ(p− q))(DB)q .

Proposition. For the differential algebra Ωk(A,B),

H0(Ωk(A,B), D) = OU,0 +OU,0A,

Hp(Ωk(A,B), D) = 0, p ≥ 1.

Proof. Take filtration

FnΩk(A,B) =
∑
l,s,t
r≥n

ΩlU,k−l−r,0A
sBt(DB)r.

It is clear that FnΩk(A,B) ⊃ Fn+1Ωk(A,B) and D(FnΩk(A,B)) ⊂ FnΩk(A,B).

En0 =
Fn
Fn+1

=
∑
l,s,t

ΩlU,k−l−n,0A
sBt(DB)n.
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dn0 : En0 −→ En0 . By Lemma B,

En1 =
∑
s,t

OU,0A
sBt(DB)n.

dn1 : En1 −→ En+1
1 .

E1 =
∑
n

En1 =
∑
t=0,1

OU,0[DB]Bt

+(
∑
t=0,1

OU,0[DB]Bt)A,

where OU,0[DB] is the polynomial algbra of one variable [DB] on OU,0.∑
t=0,1

OU,0[DB]Bt

is the Koszul complex of one variable B on OU,0[DB] with differential D(B) = DB.
Hence

E2 =
∑
n

En2 = OU,0 +OU,0A.

Corollary.

H0(Ω·,qk−·, D) =


OU,0, q = 0,

OU,0A, q = 1,

0, q ≥ 2.

Hp(Ω·,qk−·, D) = 0, p ≥ 1.

Define the second differential ∂ : Ωk(A,B) −→ Ωk(A,B). deg∂ = −1, ∂ΩpU,l,0 =

0, p = 0, · · · , N, ∂A = f, ∂B = F, ∂(DB) = −DF. For homogeneous elements
a, b ∈ Ωk(A,B), ∂(ab) = (∂a) · b + (−1) deg aa · ∂b. It is clear that ∂D + D∂ = 0

and ∂∂ = 0. ∂ induces ∂p,q : Ωp,qk−p −→ Ωp,q−1
k−p .

∂(ω(p− q + 2)AB(DB)q−2 + θ(p− q + 1)A(DB)q−1

+ η(p− q + 1)B(DB)q−1 + ζ(p− q)(DB)q)

=(−1)p−q+3(q − 2)ω(p− q + 2) ∧DFAB(DB)q−3

+ ((−1)p−q+3ω(p− q + 2)F + (−1)p−q+2(q − 1)θ(p− q + 1) ∧DF )A(DB)q−2

+ ((−1)p−q+2ω(p− q + 2)f + (−1)p−q+2(q − 1)η(p− q + 1) ∧DF )B(DB)q−2

+ (−1)p−q+1(θ(p− q + 1)f + η(p− q + 1)F + qζ(p− q) ∧DF )(DB)q−1.

Let

Kp,q = Ωp,−qk−p ,
′d = D, ′′d = ∂.

It is a double complex. Kn =
∑
p+q=nK

p,q. It is clear Kp,q = 0, if p+ q ≤ −3 or

p+ q ≥ N + 1 or p ≥ k + 1 or p ≤ −1 or q ≤ −1. Kp,0 = ΩpU,k−p,0.
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Remark. This double complex is essentially the same double complex used in [5],
but modified a little so as to make it clearer and easier to handle.

′′Eq,p1 =′ Hp(K ·,q,′ d).

By the corollary,

′′Eq,01 =


OU,0, q = 0,

OU,0A, q = −1,

0, q 6= 0,−1.

′′Eq,p1 = 0, p 6= 0.

′′Eq,p2 =

{
OU,0
fOU,0

, p = q = 0,

0, otherwise.

Hn(K ·) =

{
OU,0
fOU,0

, n = 0,

0, n 6= 0.

′Ep,q0 = Kp,q = Ωp,−qk−p .
′Ep,00 = Kp,0 = Ωp,0k−p = ΩpU,k−p,0,

′Ep,q1 = ′′Hq(Kp,·, ′′d) =

H−q(ΩP,·k−p, ∂). ′Ep,01 = ΩpV,k−p,0. Hence ′Ep,02 = Hp(Ω·V,k−·,0).

Now we prove the theorem by computing ′Ep,02 . Let d = D + ∂ be the total

differential of the double complex. ′Ep,02 =
′Zp,02

′Zp+1,−1
1 +′Bp,01

. ′Zp,02 ⊃ ′Fp+2K
p,

′Zp+1,−1
1 ⊃ ′Fp+2K

p, . Hence

′Ep,02 =

′Zp,02
′Fp+2Kp

′Zp+1,−1
1 +′Bp,01
′Fp+2Kp

.

Denote

Zp,02 = { ap,0 + ap+1,−1 ∈ Kp,0 +Kp+1,−1 : Dap,0 + ∂ap+1,−1 = 0 },

Zp+1,−1
1 = { ap+1,−1 ∈ Kp+1,−1 : ∂ap+1,−1 = 0 },

Bp,01 = {(Dbp−1,0 + ∂bp,−1) + (Dbp,−1 + ∂bp+1,−2) :

bp−1,0 ∈ Kp−1,0, bp,−1 ∈ Kp,−1, bp+1,−2 ∈ Kp+1,−2}.

Then

′Ep,02 =
Zp,02

Zp+1,−1
1 +Bp,01

.

(a) If 1 ≤ p ≤ N − 4,

Kp,0 = ΩpU,k−p,0,

Kp+1,−1 = Ωp+1
U,k−p−1,0A+ Ωp+1

U,k−p−1,0B + ΩpU,k−p−1,0DB.
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Suppose ap,0 = ζ̃(p) ∈ Kp,0 and ap+1,−1 = θ(p + 1)A + η(p + 1)B + ζ(p)DB ∈
Kp+1,−1.

0 =Dap,0 + ∂ap+1,−1

=Dζ̃(p) + (−1)p+1(θ(p+ 1)f + η(p+ 1)F + ζ(p) ∧DF ).(1)

⇐⇒fDθ(p+ 1) + FDη(p+ 1) + (−1)p+1Πk−p−1η(p+ 1) ∧DF
+Dζ(p) ∧DF(2)

=⇒fDθ(p+ 1) ∧DF + FDη(p+ 1) ∧DF = 0,(3)

⇐⇒Dθ(p+ 1) ∧DF = ω(p+ 3)F − ξ(p+ 3), Πk−p−2ξ(p+ 3) = 0,

Dη(p+ 1) ∧DF = −ω(p+ 3)f + ξ(p+ 3).

=⇒Πk−p−2ω(p+ 3) ∧DF = 0.

⇐⇒Πk−p−2ω(p+ 3) = Πk−p−2µ(p+ 2) ∧DF.
=⇒DΠk−p−1θ(p+ 1) ∧DF = FΠk−p−2µ(p+ 2) ∧DF,

DΠk−p−1η(p+ 1) ∧DF = −fΠk−p−2µ(p+ 2) ∧DF,(4)

=⇒DΠk−p−1θ(p+ 1) = FΠk−p−2µ(p+ 2) + Πk−p−2λ(p+ 1) ∧DF.
By [7] Hp+1(Λ·f,k−·,0) = 0, hence

Πk−p−1θ(p+ 1)

=DΠk−pθ
′(p) + (−1)p+2Πk−p−1

−
ω(p+ 1)F + (−1)p+2Πk−p−1

−
θ(p) ∧DF

=⇒Πk−p−2µ(p+ 2) ∧DF = (−1)p+2DΠk−p−1
−
ω(p+ 1) ∧DF.

Substitute into (4)

D(Πk−p−1η(p+ 1) + (−1)pfΠk−p−1
−
ω(p+ 1)) ∧DF = 0.

By Theorem D, Hp+1(Ω·f,k−·,0) = 0.

Πk−p−1η(p+ 1) + (−1)pfΠk−p−1
−
ω(p+ 1) = DΠk−pη

′(p)

+ (−1)p+2Πk−p−1
−
η(p) ∧DF,

=⇒θ(p+ 1) = Dθ′(p) + (−1)p+2F
−
ω(p+ 1)

+ (−1)p+1
−
θ(p) ∧DF + α(p+ 1), Πk−p−1α(p+ 1) = 0,

η(p+ 1) = Dη′(p) + (−1)p+1f
−
ω(p+ 1)

+ (−1)p+1−η(p) ∧DF + β(p+ 1), Πk−p−1β(p+ 1) = 0.

Substitute into (3)

D(fα(p+ 1) + Fβ(p+ 1)) ∧DF = 0.

⇐⇒D(α(p+ 1) + β(p+ 1)) ∧DF = 0.

=⇒α(p+ 1) + β(p+ 1) = Dφ′(p) + (−1)p+1
−
φ(p) ∧DF.

=⇒θ(p+ 1) = D(θ′(p) + φ′(p)) + (−1)p+2−ω(p+ 1)F

+ (−1)p+1(
−
θ(p) +

−
φ(p)) ∧DF − β(p+ 1).
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Denote θ′(p) + φ′(p) still by θ′(p) and
−
θ(p) +

−
φ(p) by

−
θ(p).

θ(p+ 1) = Dθ′(p) + (−1)p+2−ω(p+ 1)F + (−1)p+1
−
θ(p) ∧DF

− β(p+ 1), Πk−p−1β(p+ 1) = 0,(5)

η(p+ 1) = Dη′(p) + (−1)p+1−ω(p+ 1)f + (−1)p+1−η(p) ∧DF
+ β(p+ 1).

Substitute into (2)

D((−1)p+1(f
−
θ(p) + F

−
η(p)) + (−1)p+1Πk−pη

′(p) + ζ(p)) ∧DF = 0.(6)

=⇒ζ(p) = (−1)pΠk−pη
′(p) + (−1)p(f

−
θ(p) + F

−
η(p))

+Dζ′(p− 1) + (−1)p2
−
ζ (p− 1) ∧DF.

Substitute into (1)

D(ζ̃(p) + (−1)p+1(fθ′(p) + Fη′(p) + ζ′(p− 1) ∧DF )) = 0.

ζ̃(p) = D
∗
ζ(p− 1) + (−1)p(fθ′(p) + Fη′(p) + ζ′(p− 1) ∧DF ).

Let

bp−1,0 =
∗
ζ(p− 1) ∈ Kp−1,0,

bp,−1 = θ′(p)A+ η′(p)B + ζ′(p− 1)DB ∈ Kp,−1,

bp+1,−2 =
−
ω(p+ 1)AB +

−
θ(p)ADB +

−
η(p)BDB

+
−
ζ (p− 1)(DB)2 ∈ Kp+1,−2.

=⇒ap,0 = Dbp−1,0 + ∂bp,−1,

ap+1,−1 = Dbp,−1 + ∂bp+1,−2 + β(p+ 1)(B −A).

But β(p+ 1)(B −A) ∈ Zp+1,−1, because Πk−p−1β(p+ 1) = 0. Hence

Hp(Ω·V,k−·,0) = 0, 1 ≤ p ≤ N − 4.

If p = 0, (5) and (6) are true. By Theorem D,

ζ(0) = Πkη
′(0) + f

−
θ(0) + F

−
η(0) +

k−1∑
i=0

aiF
i, ai ∈ OU,0.

Substitute into (1)

Dζ̃(0) = D(fθ′(0) + Fη′(0)) +D(
k−1∑
i=0

1

i+ 1
aiF

i+1),

ζ̃(0) = fθ′(0) + Fη′(0) +
k−1∑
i=0

1

i+ 1
aiF

i+1 + a, a ∈ OU,0,

= fθ′(0) + F (η′(0) +
k−1∑
i=0

1

i+ 1
aiF

i) + a.
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We can rewrite

ζ(0) = Πk(η′(0) +
k−1∑
i=0

1

i+ 1
aiF

i) + f
−
θ(0)

+ F (
−
η(0) +

k−2∑
i=0

i+ 1

i+ 2
ai+1F

i),

η(1) = D(η′(0) +
k−1∑
i=0

1

i+ 1
aiF

i)− −ω(1)f − (
−
η(0) +

k−2∑
i=0

i+ 1

i+ 2
ai+1F

i)DF + β(1).

Denote η′(0) +
∑k−1
i=0

1
i+1aiF

i still by η′(0) and
−
η(0) +

∑k−2
i=0

i+1
i+2ai+1F

i by
−
η(0).

ζ̃(0) = fθ′(0) + Fη′(0) + a,

θ(1) = Dθ′(0) +
−
ω(1)F −

−
θ(0)DF − β(1),

η(1) = Dη′(0)− −ω(1)f − −η(0)DF + β(1),

ζ(0) = Πkη
′(0) + f

−
θ(0) + F

−
η(0).

Let b0,−1 = θ′(0)A+ η′(0)B, and b1,−2 =
−
ω(1)AB +

−
θ(0)ADB +

−
η(0)BDB.

=⇒a0,0 = a+ ∂b0,−1,

a1,−1 = Db0,−1 + ∂b1,−2 + β(1)(B −A).

=⇒H0(Ω·V,k−·,0) =
OU,0

OU,0 ∩ (B0,0
1 + Z1,−1

1 )
.

If b0,−1 ∈ K0,−1, b1,−2 ∈ K1,−2 and c1,−1 ∈ Z1,−1
1 . ∂b0,−1 + Db0,−1 + ∂b1,−2 +

c1,−1 = a ∈ OU,o. Then

a = ∂b0,−1.

If b0,−1 = θ′(0)A+ η′(0)B, we have a = fb, b ∈ OU,0.
Conversely, for all fb, b ∈ OU,0. Let b0,−1 = bA, b1,−2 = 0, c1,−1 = 0. We have

fb = ∂b0,−1. Hence

H0(Ω·V,k−·,0) =
OU,0
fOU,0

.

(b) p = N − 3, N ≥ 3.

KN−3,0 = ΩN−3
U,k−N+3,0,

KN−2,−1 = ΩN−2
U,k−N+2,0A+ ΩN−2

U,k−N+2,0B + ΩN−3
U,k−N+2,0DB.
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Suppose aN−3,0 = ζ̃(N − 3) ∈ KN−3,0 and aN−2,−1 = θ(N − 2)A + η(N − 2)B +
ζ(N − 3)DB ∈ KN−2,−1.

0 = DaN−3,0 + ∂aN−2,−1

= Dζ̃(N − 3) + (−1)N−2(θ(N − 2)f + η(N − 2)F + ζ(N − 3) ∧DF ).

⇐⇒0 = (−1)N−2D(θ(N − 2)f + η(N − 2)F + ζ(N − 3) ∧DF ).(7)

= fDθ(N − 2) + FDη(N − 2)

+ ((−1)N−2Πk−N+2η(N − 2) +Dζ(N − 3)) ∧DF.
=⇒fDθ(N − 2) ∧DF

+ FDη(N − 2) ∧DF = 0.(8)

⇐⇒ There exist

ω(N), ξ(N) ∈ ΩNU,k−N+1,0, Πk−N+1ξ(N) = 0,

such that {
Dθ(N − 2) ∧DF = ω(N)F − ξ(N),

Dη(N) ∧DF = −ω(N)f + ξ(N).
(9)

By Lemma B, ω(N) = Dω(N −1), ξ(N) = Dξ(N −1), where ω(N −1), ξ(N −1) ∈
ΩNU,k−N+2,0, Πk−N+2ξ(N − 1) = 0.

Dθ(N − 2) ∧DF = D(Fω(N − 1)− ξ(N − 1))−DF ∧Πk−N+2ω(N − 1),

Dη(N − 2) ∧DF = D(−fω(N − 1) + ξ(N − 1)).

⇐⇒D(Fω(N − 1)− ξ(N − 1)) = Dθ(N − 2) ∧DF +DF ∧Πk−N+2ω(N − 1).

− fω(N − 1) + ξ(N − 1) = η(N − 2) ∧DF +Dλ(N − 2).

⇐⇒δk−N+2[Fω(N − 1)− ξ(N − 1)] = [Πk−N+2ω(N − 1)] ∈WN−1
f,k−N+1.

f [ω(N − 1)]− [ξ(N − 1)] = 0, in WN−1
f,k−N+2.

⇐⇒(δ−1
k−N+2 + f − F )[Πk−N+2ω(N − 1)] = 0,

f [Πk−N+2ω(N − 1)] = 0.

Define a map

πN−2,−1 : ZN−3,0
2 −→WN−1

f,k−N+1,

πN−2,−1(aN−3,0 + aN−2,−1) = [Πk−N+2ω(N − 1)]. πN−2,−1(ZN−3,0
2 ) ⊂ UN−1

f,k−N+1.

Conversely, if ω ∈WN−1
f,k−N+1, (δ−1

k−N+2+f−F )ω = 0, fω = 0. By the surjectivity

of Πk−N+2, there is ω(N − 1) ∈ ΩNU,k−N+2,0, [Πk−N+2ω(N − 1)] = ω. By the above

inference, there are θ(N − 2), η(N − 2) ∈ ΩN−2
U,k−N+2,0, such that

fDθ(N − 2) ∧DF + FDη(N − 2) ∧DF = 0.

⇐⇒ D(fθ(N − 2) ∧DF + Fη(N − 2) ∧DF ) = 0.

⇐⇒ (fθ(N − 2) + Fη(N − 2)) ∧DF = Dµ(N − 2),
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where µ(N − 2) ∈ ΩN−2
U,k−N+3,0. By HN−2(Ω·f,k+1−·,0) = 0,

µ(N − 2) = (−1)N−1ζ̃(N − 3) ∧DF +Dν(N − 3).

=⇒(fθ(N − 2) + Fη(N − 2)) ∧DF = (−1)N−1Dζ̃(N − 3) ∧DF.
=⇒Dζ̃(N − 3) = (−1)N−2(fθ(N − 2) + Fη(N − 2) + ζ(N − 3) ∧DF ).

Hence there exist

aN−3,0 + aN−2,−1 ∈ ZN−3,0
2 ,

such that

πN−2,−1(aN−3,0 + aN−2,−1) = ω,

i.e.

πN−2,−1 : ZN−3,0
2 −→ UN−1

f,k−N+1

is surjective.
If (DbN−4,0 + ∂bN−3,−1) + (DbN−3,−1 + ∂BN−2,−2) ∈ BN−3,0

1 ,

bN−3,−1 =
∗
θ(N − 3)A+

∗
η(N − 3)B +

∗
ζ(N − 4)DB,

bN−2,−2 = ω̃(N − 2)AB + θ̃(N − 3)ADB

+ η̃(N − 3)BDB + ζ̃(N − 4)(DB)2.

DbN−3,−1 + ∂bN−2,−2

= (D
∗
θ(N − 3) + (−1)N−1ω̃(N − 2)F + (−1)N−2θ̃(N − 3) ∧DF )A

+ (D
∗
η(N − 3) + (−1)N−2ω̃(N − 2)f + (−1)N−2η̃(N − 3) ∧DF )B

+ ((−1)N−3Πk−N+3
∗
η(N − 3) +D

∗
ζ(N − 4)

+ (−1)N−3(θ̃(N − 3)f + η̃(N − 3)F + 2ζ̃(N − 4) ∧DF ))DB

D(D
∗
θ(N − 3) + (−1)N−1ω̃(N − 2)F

+(−1)N−2θ̃(N − 3) ∧DF ) ∧DF = (−1)N−1FDω̃(N − 2).

D(D
∗
η(N − 3) + (−1)N−2ω̃(N − 2)f + (−1)N−2η̃(N − 3) ∧DF ) ∧DF

= (−1)N−2fDω̃(N − 2).

Hence πN−2,−1(BN−3,0) = 0.
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If aN−2,−1 ∈ ZN−2,−1
1 , aN−2,−1 = θ(N − 2)A+ η(N − 2)B + ζ(N − 3)DB.

∂aN−2,−1 = θ(N − 2)f + η(N − 2)F + ζ(N − 3) ∧DF = 0,(10)

=⇒fθ(N − 2) ∧DF + Fη(N − 2) ∧DF = 0

(11)

⇐⇒θ(N − 2) ∧DF = (−1)N−1Fω̃(N − 1)− σ(N − 1),

η(N − 2) ∧DF = (−1)N−2fω̃(N − 1) + σ(N − 1), Πk−N+2σ(N − 1) = 0.

=⇒FΠk−N+2ω̃(N − 1) ∧DF = 0.

=⇒Πk−N+2ω̃(N − 1) ∧DF = 0.

=⇒Πk−N+2ω̃(N − 1) = Πk−N+2ω̃(N − 2) ∧DF.
=⇒ω̃(N − 1) = ω̃(N − 2) ∧DF + τ(N − 1). Πk−N+2τ(N − 1) = 0.

=⇒θ(N − 2) ∧DF = (−1)N−1Fω̃(N − 2) ∧DF
+ (−1)N−1Fτ(N − 1)− σ(N − 1),

η(N − 2) ∧DF = (−1)N−2fω̃(N − 2) ∧DF
+ (−1)N−2fτ(N − 1) + σ(N − 1).

=⇒ Πk−N+2θ(N − 2) = (−1)N−1FΠk−N+2ω̃(N − 2)

+ (−1)N−2Πk−N+2θ̃(N − 3) ∧DF,
Πk−N+2η(N − 2) = (−1)N−2fΠk−N+2ω̃(N − 2)

+ (−1)N−2Πk−N+2η̃(N − 3) ∧DF,
=⇒ θ(N − 2) = (−1)N−1Fω̃(N − 2)

+ (−1)N−2θ̃(N − 3) ∧DF − ξ(N − 2),

η(N − 2) = (−1)N−2fω̃(N − 2)

+ (−1)N−2η̃(N − 3) ∧DF − ξ(N − 2),

where Πk−N+2ξ(N − 2) = 0, Πk−N+2ξ(N − 1).
Substitute them into (11),

=⇒ f(−ξ(N − 2) + ξ(N − 2)) ∧DF = 0.

=⇒ ξ(N − 2) = ξ(N − 2) + ν(N − 3) ∧DF.
Adjust η̃(N − 3), we get

θ(N − 2) = (−1)N−1Fω̃(N − 2) + (−1)N−2θ̃(N − 3) ∧DF − ξ(N − 2),

η(N − 2) = (−1)N−2fω̃(N − 2) + (−1)N−2η̃(N − 3) ∧DF + ξ(N − 2).

Substitute them into (10),

=⇒ ((−1)N−2f θ̃(N − 3) + (−1)N−2F η̃(N − 3) + ζ(N − 3)) ∧DF = 0,

=⇒ ζ(N − 3) = (−1)N−3(f θ̃(N − 3) + F η̃(N − 3) + 2ζ̃(N − 4) ∧DF ).

Let bN−2,−2 = ω̃(N − 2)AB + θ̃(N − 3)ADB + η̃(N − 3)BDB + ζ̃(N − 4)(DB)2.

=⇒ aN−2,−1 = ξ(N − 2)(B −A) + ∂bN−2,−2.
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It is clear πN−2,−1(ξ(N − 2)(B −A)) = 0. Hence πN−2,−1ZN−2,−1
1 = 0.

Suppose aN−3,0 +aN−2,−1 ∈ ZN−3,0
2 , such that πN−2,−1(aN−3,0 +aN−2,−1) = 0.

⇐⇒ Πk−N+2ω(N − 1)

= DΠk−N+2λ(N − 2) + (−1)N−1Πk−N+2ω̃(N − 2) ∧DF.

=⇒ ω(N − 1) = Dλ(N − 2) + (−1)N−1ω̃(N − 2) ∧DF + σ(N − 1),

Πk−N+2σ(N − 1) = 0.

Substitute into (9),

Dθ(N − 2) ∧DF = (−1)N−1D(Fω̃(N − 2)) ∧DF +D(fσ(N − 1)− ξ(N − 1)),

Dη(N − 2) ∧DF = (−1)N−2D(fω̃(N − 2)) ∧DF −D(fσ(N − 1)− ξ(N − 1)),

⇒ DΠk−N+2θ(N − 2) = (−1)N−1D(FΠk−N+2ω̃(N − 2)) + α(N − 2) ∧DF,
DΠk−N+2η(N − 2) = (−1)N−2D(fΠk−N+2ω̃(N − 2)) + β(N − 2) ∧DF,

By HN−2(Ω·f,k−·, 0) = 0,

Πk−N+2θ(N − 2) = (−1)N−1FΠk−N+2ω̃(N − 2)

+ (−1)N−2Πk−N+2θ̃(N − 3) ∧DF +DΠk−N+3

∗
θ(N − 3),

Πk−N+2η(N − 2) = (−1)N−2fΠk−N+2ω̃(N − 2)

+ (−1)N−2Πk−N+2η̃(N − 3) ∧DF +DΠk−N+3
∗
η(N − 3).

=⇒ θ(N − 2) = (−1)N−1Fω̃(N − 2)

+ (−1)N−2θ̃(N − 3) ∧DF +D
∗
θ(N − 3) + τ(N − 2),

η(N − 2) = (−1)N−2fω̃(N − 2)

+ (−1)N−2η̃(N − 3) ∧DF +D
∗
η(N − 3) + ν(N − 2)

where Πk−N+2τ(N − 2) = 0, Πk−N+2ν(N − 2) = 0.
Substitute into (8),

=⇒ f(Dτ(N − 2) ∧DF +Dν(N − 2) ∧DF ) = 0.

=⇒ D(τ(N − 2) + ν(N − 2)) = γ(N − 2) ∧DF.

By HN−2(Ω·f,k−·,0) = 0,

=⇒ τ(N − 2) + ν(N − 2) = Dϕ(N − 3) + ψ(N − 3) ∧DF.

Adjust θ̃(N − 3) and
∗
θ(n− 3),

=⇒ θ(N − 2) = (−1)N−1Fω̃(N − 2)

+ (−1)N−2θ̃(N − 3) ∧DF +D
∗
θ(N − 3)− ν(N − 2),

η(N − 2) = (−1)N−2fω̃(N − 2)

+ (−1)N−2η̃(N − 3) ∧DF +D
∗
η(N − 3) + ν(N − 2).
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Substitute into (7),

D((−1)N−2(f θ̃(N − 3) + F η̃(N − 3))

+ ζ(N − 3) + (−1)N−2Πk−N+3
∗
η(N − 3)) ∧DF = 0,

D((−1)N−2(f θ̃(N − 3) + F η̃(N − 3))

+ ζ(N − 3) + (−1)N−2Πk−N+3
∗
η(N − 3)) = χ(N − 3) ∧DF.(12)

If N ≥ 4, by HN−3(Ω·f,k−1−·,0) = 0

ζ(N − 3) = (−1)N−3(f θ̃(N − 3) + F η̃(N − 3) + 2ζ̃(N − 4) ∧DF )

+ (−1)N−3Πk−N+3
∗
η(N − 3) +D

∗
ζ(N − 4).

Let

bN−3,−1 =
∗
θ(N − 3)A+

∗
η(N − 3)B +

∗
ζ(N − 4)DB,

bN−2,−2 = ω̃(N − 2)AB + θ̃(N − 3)ADB + η̃(N − 3)BDB + ζ̃(N − 4)(DB)2.

=⇒ aN−2,−1 = ν(N − 2)(B −A) +DbN−3,−1 + ∂bN−2,−2.

DaN−3,0 = −∂aN−2,−1 = D∂bN−3,−1.

=⇒ aN−3,0 = ∂bN−3,−1 +DbN−4,0, bN−4,0 ∈ KN−4,0.

=⇒ aN−3,0 + aN−2,−1 ∈ ZN−2,−1
1 +BN−3,0

1 .

=⇒ kerπN−2,−1 = ZN−2,−1
1 +BN−3,0

1 .

If N = 3, by H0(Ω·f,k−1−·,0) =
∑k−1
l=0 OU,0F

l and (12),

ζ(N − 3) = f θ̃(N − 3) + F η̃(N − 3) + Πk
∗
η(N − 3) +

k−1∑
l=0

alF
l,

where al ∈ OU,0.
Let eN−2,−2 =

∑k−2
i=0

i+1
i+2ai+1F

iBDB and eN−3,−1 =
∑k−1
j=0

1
j+1ajF

jB.

=⇒ ∂eN−2,−2 +DeN−3,−1 =
k−1∑
l=0

alF
lDB.

=⇒ a1,−1 = ν(1)(B −A) + ∂(b1,−2 + e1,−2) +D(b0,−1 + e0,−1).

=⇒ Da0,0 = −∂a1,−1 = D∂(b0,−1 + e0,−1).

=⇒ a0,0 = ∂(b0,−1 + e0,−1) +
k∑
l=0

blF
l, bl ∈ OU,0,

= ∂(b0,−1 + e0,−1) + ∂((
k−1∑
l=0

bl+1F
l)B) + b0.
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On the other hand, ∂(OU,0A) = fOU,0.

=⇒ kerπ1,−1

B2,0
1 + Z1,−1

1

∼=
OU,0
fOU,0

.

The conclusion of (b) is true.
(b) p = N − 2, N ≥ 2.

KN−2,0 = ΩN−2
U,k−N+2,0.

KN−1,−1 = ΩN−1
U,k−N+1,0A+ ΩN−1

U,k−N+1,0B + ΩN−2
U,k−N+1,0DB.

Suppose aN−2,0 + aN−1,−1 ∈ ZN−2,0
2 , aN−2,0 = ζ̃(N − 2) ∈ KN−2,0, aN−1,−1 =

θ(N − 1)A+ η(N − 1)B + ζ(N − 2)DB ∈ KN−1,−1.

0 = DaN−2,0 + ∂aN−1,−1

= Dζ̃(N − 2) + (−1)N−1(θ(N − 1)f + η(N − 1)F + ζ(N − 2) ∧DF ).(13)

=⇒ in WN−1
f,k−N+1, [θ(N − 1)]f + [η(N − 1)]F = 0, where [θ(N − 1)] and [η(N − 1)]

are the cosets of θ(N − 1) and η(N − 1) in WN−1
f,k−N+1 respectively.

Define a map

πN−1,−1 : ZN−2,0
2 −→WN−1

f,k−N+1 ⊕W
N−1
f,k−N+1,

πN−1,−1(aN−2,0 + aN−1,−1) = [θ(N − 1)]⊕ [η(N − 1)]. Then

πN−1,−1(ZN−2,0
2 ) = RN−1

f,k−N+1.

It is clear HΩN−1
U,k−N+1,0(B −A) ⊂ ZN−1,−1

1 .

′EN−2,0
2 =

ZN−2,0
2

BN−2,0
1 +HΩN−1

U,k−N+1,0(B−A)

ZN−1,−1
1

ZN−1,−1
1 ∩BN−2,0

1 +HΩN−1
U,k−N+1,0(B−A)

.

Suppose (DbN−3,0 + ∂bN−2,−1) + (DbN−2,−1 + ∂bN−1,−2) ∈ BN−2,0
1 , where

bN−2,−1 =
∗
θ(N − 2)A +

∗
η(N − 2)B +

∗
ζ(N − 3)DB ∈ KN−2,−1, bN−1,−2 =

ω̃(N − 1)AB + θ̃(N − 2)ADB + η̃(N − 2)BDB + ζ̃(N − 3)(DB)2 ∈ KN−1,−2.

DbN−2,−1 + ∂bN−1,−2

= (D
∗
θ(N − 2) + (−1)NFω̃(N − 1) + (−1)N−1θ̃(N − 2) ∧DF )A

(D
∗
η(N − 2) + (−1)N−1fω̃(N − 1) + (−1)N−1η̃(N − 2) ∧DF )B

+ ((−1)N−2Πk−N+2
∗
η(N − 2) +D

∗
ζ.(N − 3)

+ (−1)N−2(θ̃(N − 2)f + η̃(N − 2)F + 2ζ̃(N − 3) ∧DF ))DB

Hence

πN−1,−1((DbN−3,0 + ∂bN−2,−1) + (DbN−2,−1 + ∂bN−1,−2))

= ((−1)N [ω̃(N − 1)]F, (−1)N−1[ω̃(N − 1)]f).

πN−1,−1(BN−2,0
1 ) = TN−1

f,k−N+1.
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Clearly

πN−1,−1(HΩN−1
U,k−N+1,0(B −A)) = SN−1

f,k−N+1.

Suppose aN−2,0 + aN−1,−1 ∈ ZN−2,0
2 , aN−2,0 = ζ̃(N − 2), aN−1,−1 =

θ(N − 1)A+ η(N − 1)B+ ζ(N − 2)DB, such that πN−1,−1(aN−2,0 + aN−1,−1) = 0.

=⇒ θ(N − 1) = (−1)N−1θ̃(N − 2) ∧DF +D
∗
θ(N − 2),

η(N − 1) = (−1)N−1η̃(N − 2) ∧DF +D
∗
η(N − 2).

Substitute into (13),

=⇒ Dζ̃(N − 2) + (−1)N−1(fD
∗
θ(N − 2) + FD

∗
η(N − 2))

+ (f θ̃(N − 2) + F η̃(N − 2) + (−1)N−1ζ(N − 2)) ∧DF = 0.

=⇒ D(ζ̃(N − 2) + (−1)N−1(f
∗
θ(N − 2) + F

∗
η(N − 2)))

+ (Πk−N+2
∗
η(N − 2) + f θ̃(N − 2) + F η̃(N − 2)

+ (−1)N−1ζ(N − 2)) ∧DF = 0.(14)

If N ≥ 3, by HN−2(Ω·f,k−·,0) = 0,

=⇒ ζ̃(N − 2)=(−1)N−2(f
∗
θ(N − 2) + F

∗
η(N − 2) +

∗
ζ(N − 3) ∧DF ) +Dζ(N − 3).

Substitute into (14),

=⇒ (−1)N−2D
∗
ζ(N − 3) ∧DF + (Πk−N+2

∗
η(N − 2)

+ f θ̃(N − 2) + F η̃(N − 2) + (−1)N−1ζ(N − 2)) ∧DF = 0

=⇒ ζ(N − 2) = (−1)N−2Πk−N+2
∗
η(N − 2)

+D
∗
ζ(N − 3) + (−1)N−2(θ̃(N − 2)f

+ η̃(N − 2)F + 2ζ̃(N − 3) ∧DF ).

Let bN−3,0 = ζ(N − 3), bN−2,−1 =
∗
θ(N − 2)A +

∗
η(N − 2)B +

∗
ζ(N − 3)DB,

bN−1,−2 = θ̃(N − 2)ADB + η̃(N − 2)BDB + ζ̃(N − 3)(DB)2.

=⇒ aN−2,0 + aN−1,−1 = (DbN−3,0 + ∂bN−2,−1) + (DbN−2,−1 + ∂bN−1,−2).

Hence if N ≥ 3,

ZN−2,0
2

BN−2,0
1 +HΩN−1

U,k−N+1,0(B −A)
=

RN−1
f,k−N+1

SN−1
f,k−N+1 + TN−1

f,k−N+1

.
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If aN−1,−1 ∈ ZN−1,−1
1 , aN−1,−1 = θ(N − 1)A+ η(N − 1)B + ζ(N − 2)DB.

0 = ∂aN−1,−1

= (−1)N−1(θ(N − 1)f + η(N − 1)F + ζ(N − 2) ∧DF ),(15)

⇐⇒ fθ(N − 1) ∧DF + Fη(N − 1) ∧DF = 0,

⇐⇒ θ(N − 1) ∧DF = ω(N)F − ξ(N), Πk−N+1ξ(N) = 0,

η(N − 1) ∧DF = −ω(N)f + ξ(N),

⇐⇒ (F − f)ω(N) = (F − f)Πk−N+1ω(N) = (θ(N − 1) + η(N − 1)) ∧DF,
fΠk−N+1ω(N) = Πk−N+1η(N − 1) ∧DF.

Define a map

π̃N−1,−1 : ZN−1,−1
1 −→ ΓNf,k−N ,

π̃N−1,−1(aN−1,−1) = [Πk−N+1ω(N)]. Clearly it is a surjective.
If

π̃N−1,−1(aN−1,−1) = [Πk−N+1ω(N)] = 0

⇐⇒ Πk−N+1ω(N) = (−1)NΠk−N+1ω̃(N − 1) ∧DF,
⇐⇒ ω(N) = (−1)N ω̃(N − 1) ∧DF + τ(N), Πk−N+1τ(N) = 0.

=⇒
{
θ(N − 1) ∧DF = (−1)NFω̃(N − 1) ∧DF + (fτ(N)− ξ(N)),

η(N − 1) ∧DF = (−1)N−1fω̃(N − 1) ∧DF − (fτ(N)− ξ(N)).

(16)

=⇒ Πk−N+1θ(N − 1) ∧DF = (−1)NFΠk−N+1ω̃(N − 1) ∧DF,
Πk−N+1η(N − 1) ∧DF = (−1)N−1fΠk−N+1ω̃(N − 1) ∧DF,

=⇒ θ(N − 1) = (−1)NFω̃(N − 1) + (−1)N−1θ̃(N − 2) ∧DF − σ(N − 1),

η(N − 1) = (−1)N−1fω̃(N − 1) + (−1)N−1η̃(N − 2) ∧DF + ν(N − 1),

where Πk−N+1σ(N − 1) = 0 and Πk−N+1ν(N − 1) = 0.
Substitute into (16),

=⇒ σ(N − 1) ∧DF = ξ(N)− fτ(N) = ν(N − 1) ∧DF.

=⇒ ν(N − 1) = σ(N − 1) + µ(N − 2) ∧DF.

Adjust η̃(N − 2),

=⇒θ(N − 1) = (−1)NFω̃(N − 1) + (−1)N−1θ̃(N − 2) ∧DF − σ(N − 1),

η(N − 1) = (−1)N−1fω̃(N − 1) + (−1)N−1η̃(N − 2) ∧DF + σ(N − 1).

Subatitute into (15),

=⇒ ζ(N − 2) ∧DF + (−1)N−1(θ̃(N − 2)f + η̃(N − 2)F ) ∧DF = 0,

ζ(N − 2) = (−1)N−2(θ̃(N − 2)f + η̃(N − 2)F + 2ζ̃(N − 3) ∧DF ).

Let bN−1,−2 = ω̃(N − 1)AB + θ̃(N − 2)ADB + η̃(N − 2)BDB + ζ̃(N − 3)(DB)2.

=⇒ aN−1,−1 = σ(N − 1)(B −A) + ∂bN−1,−2.



566 XIAO ER JIAN

Clearly π̃N−1,−1(∂KN−1,−2) = 0 and π̃N−1,−1(HΩN−1
U,k−N+1,0(B −A)) = 0. Hence

kerπ̃N−1,−1 = ∂KN−1,−2 +HΩN−1
U,k−N+1,0(B −A).

ZN−1,−1
1

∂KN−1,−2 +HΩN−1
U,k−N+1,0(B −A)

π̃N−1,−1

∼= ΓNf,k−N .

Now we compute

ZN−1,−1
1 ∩BN−2,0

1 +HΩN−1
U,k−N+1,0(B −A)

∂KN−1,−2 +HΩN−1
U,k−N+1,0(B −A)

.

(DbN−3,0 + ∂bN−2,−1) + (DbN−2,−1 + ∂bN−1,−2) ∈ ZN−1,−1
1

⇐⇒ DbN−3,0 + ∂bN−2,−1 = 0,

⇐⇒ ∂DbN−2,−1 = 0.

Suppose bN−2,−1 =
∗
θ(N − 2)A+

∗
η(N − 2)B +

∗
ζ(N − 3)DB.

∂DbN−2,−1 = (−1)N−1(fD
∗
θ(N − 2) + FD

∗
η(N − 2)

+ ((−1)N−2Πk−N+2
∗
η(N − 2) +D

∗
ζ(N − 3)) ∧DF ) = 0

By the proof of (b), it is equivalent to

D
∗
θ(N − 2) ∧DF = FD

∗
ω(N − 1)−D

∗
ξ(N − 1), Πk−N+2

∗
ξ(N − 1) = 0,

D
∗
η(N − 2) ∧DF = −fD ∗ω(N − 1) +D

∗
ξ(N − 1).

⇐⇒(δ−1
k−N+2 + f − F )[Πk−N+2

∗
ω(N − 1)] = 0,

f [Πk−N+2
∗
ω(N − 1)] = 0.

The map

∗
π
N−1,−1

: ZN−1,−1
1 ∩BN−2,0

1 −→ UN−1
f,k−N+1

defined by

∗
π
N−1,−1

(DbN−2,−1 + ∂bN−1,−2) = [Πk−N+2
∗
ω(N − 1)]

(with ∂DbN−2,−1 = 0 ) is surjective. It is clear

∗
π
N−1,−1

(∂KN−1,−2) = 0,

for the corresponding bN−2,−1 = 0. Because

δ−1
k−N+2W

N−1
f,k−N+1 = HN−1(Ω·f,k+1−·,0),

Dδ−1
k−N+2W

N−1
f,k−N+1 = 0.

Hence

DUN−1
f,k−N+1 ⊂ ΓNf,k−N .

Clearly

D
∗
π
N−1,−1

= π̃N−1,−1|ZN−1,−1
1 ∩BN−2,0

1
.
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If D
∗
π
N−1,−1

(DbN−2,−1 + ∂bN−1,−2) = 0, where ∂DbN−2,−1 = 0. Then

D[Πk−N+2
∗
ω(N − 1)] = 0.

⇐⇒DΠk−N+2
∗
ω(N − 1) = (−1)NΠk−N+1ω(N − 1) ∧DF.

=⇒DΠk−N+2

∗
θ(N − 2) ∧DF = (−1)NFΠk−N+1ω(N − 1) ∧DF.

DΠk−N+2
∗
η(N − 2) ∧DF = (−1)N−1fΠk−N+1ω(N − 1) ∧DF.

Adjust η(N − 1) suitably

⇒ D
∗
θ(N − 2) = (−1)NFω(N − 1) + (−1)N−1θ(N − 2) ∧DF − ξ(N − 1),

Πk−N+1ξ(N − 1) = 0,

D
∗
η(N − 2) = (−1)N−1fω(N − 1) + (−1)N−1η(N − 2) ∧DF + ξ(N − 1).

Substitute into (17),

=⇒ (−1)N−2Πk−N+2
∗
η(N − 2) +D

∗
ζ(N − 3)

= (−1)N−2(fθ(N − 2) + Fη(N − 2) + 2ζ(N − 3) ∧DF ).

=⇒ DbN−2,−1 = ξ(N − 1)(B −A) + ∂b
N−1,−2

where b
N−1,−2

= ω(N − 1)AB+ θ(N − 2)ADB+ η(N − 2)BDB+ ζ(N − 3)(DB)2.
Hence

ZN−1,−1
1 ∩BN−2,0

1 +HΩN−1
U,k−N+1,0(B −A)

∂KN−1,−2 +HΩN−1
U,k−N+1,0(B −A)

∗
π
N−1,−1

∼= DUN−1
f,k−N+1.

If N = 2. We have the map

π1,−1 : Z0,0
2 −→W 1

f,k−1 ⊕W 1
f,k−1.

Suppose a0,0 = ζ̃(0) ∈ K0,0, a1,−1 = θ(1)A + η(1)B + ζ(0)DB ∈ K1,−1. a0,0 +

a1,−1 ∈ Z0,0
2 , such that π1,−1(a0,0 + a1,−1) = 0.

⇐⇒ θ(1) = −θ̃(0)DF +D
∗
θ(0),

η(1) = −η̃(0)DF +D
∗
η(0).

Substitute into (13)

=⇒ D(ζ̃(0)− f
∗
θ(0)− F ∗η(0))

+(Πk
∗
η(0) + f θ̃(0) + F η̃(0)− ζ(0))DF = 0.

=⇒ ζ̃(0) = f
∗
θ(0) + F

∗
η(0)) +

k∑
l=0

alF
l, al ∈ OU,0.

=⇒ ζ(0) = Πk
∗
η(0) + f θ̃(0) + F η̃(0) +

k−1∑
l=0

(l + 1)al+1F
l.
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Let

b0,−1 =
∗
θ(0)A+ (

∗
η(0) +

k−1∑
l=0

al+1F
l)B,

b1,−2 = θ̃(0)ADB + (η̃(0) +
k−2∑
l=0

(l + 1)al+2F
l)BDB.

=⇒ a0,0 + a1,−1 = ∂b0,−1 + (Db0,−1 + ∂b1,−2) + a0 ∈ B0,0 +OU,0.

where the coefficient of AB in b1,−2 is zero. Hence

kerπ1,−1 = B
0,0

1 +OU,0,

where B
0,0

1 = B0,0
1 ∩ kerπ1,−1. The sequence

0 −→ OU,0
fOU,0

−→ Z0,0
2

B
0,0

1

−→ R1
f,k−1 −→ 0

is split exact.
We have the surjective map

π̃1,−1 : Z1,−1
1 −→ Γ2

f,k−2.

Suppose ∂b0,−1 +(Db0,−1 +∂b1,−2) ∈ Z1,−1
1 ∩B0,0

1 ,⇐⇒ ∂b0,−1 = 0. We have proved

π̃1,−1(∂b0,−1) = 0. Let b0,−1 =
∗
θ(0)A+

∗
η(0)B.

∂b0,−1 =
∗
θ(0)f +

∗
η(0)F = 0.

⇐⇒
∗
θ(0) = Fω(0)− ξ(0), Πkξ(0) = 0.
∗
η(0) = −fω(0) + ξ(0).

=⇒ π̃1,−1(∂b0,−1 + (Db0,−1 + ∂b1,−2)) = 0.

=⇒ Z1,−1
1 +B0,0

1

B0,0
1 +HΩ1

U,k−1,0(B −A)

=
Z1,−1

1

Z1,−1
1 ∩B0,0

1 +HΩ1
U,k−1,0(B −A)

π̃1,−1

∼= Γ2
f,k−2.

Hence we get the exact sequences

0 −→
B0,0

1 +HΩ1
U,k−1,0(B −A)

B
0,0

1

−→ Z1,−1
1 +B0,0

1

B
0,0

1

−→ Γ2
f,k−2 −→ 0.

0 −→
(B0,0

1 +HΩ1
U,k−1,0(B −A)) ∩ (B

0,0

1 +OU,0)

B
0,0

1

−→
B0,0

1 +HΩ1
U,k−1,0(B −A)

B
0,0

1

π1,−1

−→ S1
f,k−1 + T 1

f,k−1 −→ 0.
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Clearly

(B0,0
1 +HΩ1

U,k−1,0(B −A)) ∩ (B
0,0

1 +OU,0)

= {b+ a : b ∈ B0,0

1 , a ∈ OU,0, s.t. a = ∂b0,−1,

Db0,−1 + ∂b1,−2 ∈ HΩ1
U,k−1,0(B −A)}.

Now we prove

(B0,0
1 +HΩ1

U,k−1,0(B −A)) ∩ (B
0,0

1 +OU,0)

B
0,0

1

∼= U1
f,k−1 ∩H1(Ω·f,k−·,0).

Let

∇ ={b0,−1 + b1,−2 ∈ K0,−1 +K1,−2 :

∂b0,−1 +Db0,−1 + ∂b1,−2 ∈ OU,0 +HΩ1
U,k−1,0(B −A)}.

Suppose b0,−1 =
∗
θ(0)A+

∗
η(0)B, b1,−2 = ω̃(1)AB + θ̃(0)ADB + η̃(0)BDB.

b0,−1 + b1,−2 ∈ ∇,

⇐⇒ a =
∗
θ(0)f +

∗
η(0)F.

D
∗
θ(0) + ω̃(1)F − θ̃(0)DF = −τ(1), Πkτ(1) = 0,

D
∗
η(0)− ω̃(1)f − η̃(0)DF = τ(1),

Πk
∗
η(0) + (θ̃(0)f + η̃(0)F ) = 0.

=⇒ 0 = D(
∗
θ(0)f +

∗
η(0)F )

= fD
∗
θ(0) + FD

∗
η(0) +DF ∧Πk

∗
η(0).

=⇒ (fD
∗
θ(0) + FD

∗
η(0)) ∧DF = 0.

⇐⇒ D
∗
θ(0) ∧DF = ω(2)F − σ(2),

D
∗
η(0) ∧DF = ω(2)f + σ(2)

(12)

where Πk−1σ(1) = 0.
Let ω(2) = Dω(1), σ(2) = Dσ(1), Πkω(1) = 0, Πkσ(1) = 0.

⇐⇒ D(Fω(1)− σ(1)) = D
∗
θ(0) ∧DF −Πkω(1) ∧DF,

D(fω(1)− σ(1)) = −D∗η(0) ∧DF.
⇐⇒ in W 1

f,k−1 δk([Fω(1)− σ(1)]) = [Πkω(1)],

f [ω(1)]− [σ(1)] = 0.

⇐⇒ (δ−1
k + f − F )[Πkω(1)] = 0

f [Πkω(1)] = 0.
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On the other hand

D
∗
θ(0) ∧DF = −Fω̃(1) ∧DF − τ(1) ∧DF,

D
∗
η(0) ∧DF = fω̃(1) ∧DF + τ(1) ∧DF,

=⇒ DΠkω(1) = Πk−1ω̃(1) ∧DF.
=⇒ [Πkω(1)] ∈ H1(Ω·f,k−·,0).

Define a map

π0,−1 : ∇ −→ U1
f,k−1 ∩H1(Ω·f,k−·,0),

π0,−1(b0,−1 + b1,−2) = [Πkω(1)].
Conversly, suppose ω ∈ U1

f,k−1 ∩ H1(Ω·f,k−·,0), ω = [Πkω(1)]. By the above

inference (18) holds. Hence

D(f
∗
θ(0) + F

∗
η(0)) ∧DF = 0,

=⇒ (f
∗
θ(0) + F

∗
η(0)) ∧DF = Dµ(0).

=⇒ µ(0) =
k+1∑
l=0

clF
l, cl ∈ OU,0.

=⇒ f
∗
θ(0) + F

∗
η(0) =

k∑
l=0

(l + 1)cl+1F
l.

But

DΠkω(1) = DF ∧Πk−1ω̃(1).

=⇒ ω(2) = Dω(1) = DF ∧ ω̃(1) + ξ(2), Πk−1ξ(2) = 0.

=⇒ D
∗
θ(0) = −Fω̃(1) + θ̃(0)DF − τ(1),

D
∗
η(0) = fω̃(1) + η̃(0)DF + τ(1).

where Πk−1τ(1) = 0. Let

b0,−1 =
∗
θ(0)A+ (

∗
η(0)−

k−1∑
l=0

al+1F
l)B,

b1,−2 = ω̃(1)AB + θ̃(0)ADB + (η̃(0)−
k−2∑
l=0

(l + 1)al+2F
l)BDB.

=⇒ π0,−1(b0,−1 + b1,−2) = ω.

Hence π0,−1 is surjective.
Suppose π0,−1(b0,−1 + b1,−2) = 0.

=⇒ ω(1) = Dλ(0)− ω(0)DF + τ(1), Πkτ(1) = 0.

=⇒ D
∗
θ(0) ∧DF = −D(Fω(0)) ∧DF +D(fτ(1)− σ(1)),

D
∗
η(0) ∧DF = D(fω(0)) ∧DF −D(fτ(1)− σ(1)).
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By Lemma A

DΠk

∗
θ(0) = −D(FΠkω(0)) + α(0)DF,

DΠk
∗
η(0) = D(fΠkω(0)) + β(0)DF,

=⇒ Πk

∗
θ(0) = −FΠkω(0) +

k−1∑
l=0

alF
l, al ∈ OU,0,

Πk
∗
η(0) = fΠkω(0) +

k−1∑
l=0

blF
l, bl ∈ OU,0,

=⇒
∗
θ(0) = −Fω(0) +

k−1∑
l=0

alF
l + γ(0), Πkγ(0) = 0.

∗
η(0) = fω(0) +

k−1∑
l=0

blF
l − γ(0),

=⇒ a = f
∗
θ(0) + F

∗
η(0)

= fa0 +
k−1∑
l=1

(fal + bl−1)F l + bk−1F
k.

By Theorem D, H0(Ω·f,k−1−·,0) =
⊕k−1

l=0 OU,0F
i is direct sum.

=⇒ a = fa0; bk−1 = 0; bl = −fal+1, l = 0, · · · , k − 2.

=⇒
∗
θ(0) = −F (ω(0)−

k−2∑
l=0

al+1F
l) + γ(0) + a0,

∗
η(0) = f(ω(0)−

k−2∑
l=0

al+1F
l)− γ(0).

Adjust ω(0),

=⇒
∗
θ(0) = −Fω(0) + γ(0) + a0,
∗
η(0) = fω(0)− γ(0).

=⇒ (θ̃(0) + Πkω(0))f + η̃(0)F = 0,

=⇒ θ̃(0) = −Fω(0)−Πkω(0)− ξ(0), Πk−1ξ(0) = 0,

η̃(0) = fω(0) + ξ(0)

=⇒ F (ω̃(1)−Dω(0) + ω(0)DF ) +Dα(0) + ξ(0)DF + τ(1) = 0,

− f(ω̃(1)−Dω(0) + ω(0)DF )− (Dα(0) + ξ(0)DF + τ(1)) = 0.

=⇒ ω̃(1) = Dω(0)− ω(0)DF + σ(1), Πk−1σ(1) = 0.

Let c0,−2 = ω(0)AB ∈ K2,−2, c1,−3 = ω(0)ABDB ∈ K1,−3.

=⇒ b0,−1 + b1,−2 = ∂c0,−2 + (Dc0,−2 + ∂c1,−3)

+ a0A+ α(0)(A −B) + σ(1)AB + ξ(0)(B −A)DB,

Πkα(0) = 0, Πk−1σ(1) = 0, Πk−1ξ(0) = 0.
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Conversely, if b0,−1+b1,−2 satisfies (19), π0,−1(b0,−1+b1,−2) = 0 by the definition
of π0,−1 directly. Hence

kerπ0,−1 = {∂c0,−2 + (Dc0,−2 + ∂c1,−3)

a0A+ α(0)(A −B) + σ(1)AB + ξ(0)(B −A)DB :

c0,−2 ∈ K0,−2, c1,−3 ∈ K1,−3,

Πkα(0) = 0, Πk−1σ(1) = 0, Πk−1ξ(0) = 0}.
Let

∆ = {a ∈ OU,0 : ∃b0,−1 ∈ K0,−1, b1,−2 ∈ K1,−2

s.t. a = ∂b0,−1, Db0,−1 + ∂b1,−2 ∈ HΩ1
U,k−1,0(B −A)},

∆̃ = {a ∈ ∆ : ∂b0,−1 + (Db0,−1 + ∂b1,−2) ∈ B0,0

1 }
It is clear

∆

∆̃
∼=

(B0,0
1 +HΩ1

U,k−1,0(B −A)) ∩ (B
0,0

1 +OU,0)

B
0,0

1

.

Define a map

ϕ : ∇ −→ ∆

∆̃

by ϕ(b0,−1 + b1,−2) = ∂b0,−1. It is surjective clearly.
Suppose b0,−1 + b1,−2 ∈ ∇, such that

∂b0,−1 =
∗
θ(0)f +

∗
η(0)F = 0.

=⇒
∗
θ(0) = −Fλ(0) + α(0), Πkα(0) = 0,
∗
η(0) = fλ(0)− α(0).

=⇒ D
∗
θ(0) ∧DF = −FD(λ(0) ∧DF ).

=⇒ π0,−1(b0,−1 + b1,−2) = 0.

Hence ϕ is well defined.
By the definition of π1,−1, clearly

π1,−1((∂ +D)kerπ0,−1mod′F2K
−1) = 0.

Hence ϕ(kerπ0,−1) ⊂ ∇̃.

Conversely, if ∂b0,−1 + (Db0,−1 + ∂b1,−2) = a ∈ ∆̃. By the above inference to

compute kerπ1,−1, we can choose b1,−2 = θ̃(0)ADB + η̃(0)BDB (i.e. ω̃(1) = 0).
Therefore π0,−1(b0,−1 + b1,−2) = 0. ϕ induces the isomorphism

ϕ :
∇

kerπ0,−1
∼=

∆

∆̃
.

The proof for case N = 2 has been completed.
(d) p = N − 1, N ≥ 2.

KN−1,0 = ΩN−1
U,k−N+1,0,

KN,−1 = ΩNU,k−N,0A+ ΩNU,k−N,0B + ΩN−1
U,k−N,0DB.
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aN−1,0+aN,−1 ∈ ZN−1,0
2 , aN−1,0 = ζ̃(N−1) ∈ KN−1,0, aN,−1 = θ(N)A+η(N)B+

ζ(N − 1)DB.

0 = DaN−1,0 + ∂aN,−1

= Dζ̃(N − 1) + (−1)N(θ(N)f + η(N)F + ζ(N − 1) ∧DF ).

Let θ(N) = Dθ(N − 1), η(N) = Dη(N − 1). Define a map

πN,−1 : ZN−1,0
2 −→WN−1

f,k−N .

πN,−1(aN−1,0+aN,−1) = [(−1)NΠk−N+1η(N−1)+ζ(N−1)]. Clearly it is surjective.
Suppose

πN,−1(aN−1,0 + aN,−1) = 0.

⇔ (−1)NΠk−N+1η(N − 1) + ζ(N − 1)

= D
∗
ζ(N − 2) + (−1)N−12ζ̃(N − 2) ∧DF,

⇒ aN,−1 = D(θ(N − 1)A+ η(N − 1)B +
∗
ζ(N − 2)DB)

+ ∂(ζ̃(N − 2)(DB)2).

Let b
N−1,−1

= θ(N − 1)A + η(N − 1)B +
∗
ζ(N − 2)DB ∈ KN−1,−1, b

N,−2
=

ζ̃(N−2)(DB)2 ∈ KN,−2. 0 = DaN−1,0+∂aN,−1 = DaN−1,0+∂Db
N−1,−1

, aN−1,0 =

∂b
N−1,−1

+Db
N−2,0

.

Hence aN−1,0 + aN,−1 ∈ BN−1,0
1 . Suppose bN−1,−1 =

∗
θ(N − 1)A+

∗
η(N − 1)B +

∗
ζ(N − 2)DB ∈ KN−1,−1.

DbN−1,−1 = D
∗
θ(N − 1)A+D

∗
η(N − 1)B

+ ((−1)N−1Πk−N+1
∗
η(N − 1) +D

∗
ζ(N − 2))DB

=⇒ πN,−1(DbN−1,−1) = [(−1)NΠk−N+1
∗
η(N − 1)

(−1)N−1Πk−N+1
∗
η(N − 1) +D

∗
ζ(N − 2)] = 0.

=⇒ πN,−1(DKN−1,−1) = 0.

Because ∂KN,−2 ⊂ ZN,−1
1 , we need only to compute πN,−1(ZN,−1

1 )

Suppose aN,−1 = θ(N)A+ η(N)B + ζ(N − 1)DB ∈ ZN,−1
1 , θ(N) = Dθ(N − 1),

η(N) = Dη(N − 1).
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0 = (−1)N∂aN,−1

= θ(N)f + η(N)F + ζ(N − 1) ∧DF
= D(θ(N − 1)f + η(N − 1)F )

+ ((−1)NΠk−N+1η(N − 1) + ζ(N − 1)) ∧DF,
=⇒δk−N+1([θ(N − 1)]f + [η(N − 1)]F )

= (−1)N [(−1)NΠk−N+1η(N − 1) + ζ(N − 1)],

=⇒πN,−1(aN,−1) = (−1)Nδk−N+1([θ(N − 1)]f + [η(N − 1)]F ).

=⇒[θ(N − 1)]f + [η(N − 1)]F ∈ HN−1(Ω·f,k−·,0).

=⇒′EN−1,0
2 =

WN−1
f,k−N

δk−N+1V
N−1
f,k−N+1

.

The proof of the theorem has been completed.

Corollary 1. If f is quasi-homogeneous, HN−1(Ω·V,k−·,0) = 0.

Proof. By [7],

FWN−1
f,k−N+1 = HN−1(Ω·V,k−·,0).

By Theorem D

δk−N+1 : HN−1(Ω·V,k−·,0) ∼= WN−1
f,k−N .

Now we prove Theorem 2. Suppose first N ≥ 3. By the theorem,

χf,k = (−1)N−3(dimCU
N−1
f,k−N+1 − dimCDU

N−1
f,k−N+1

+ dimCΓNf,k−N + dimC(SN−1
f,k−N+1 + TN−1

f,k−N+1)

− dimCR
N−1
f,k−N+1 − dimCV

N−1
f,k−N+1 + dimCW

N−1
f,k−N .

By the following exact sequences and equality,

0 −→ RN−1
f,k−N+1 −→WN−1

f,k−N+1 ⊕W
N−1
f,k−N+1 −→ fWN−1

f,k−N+1 + FWN−1
f,k−N+1 −→ 0.

0 −→ V N−1
f,k−N+1 −→ fWN−1

f,k−N+1 + FWN−1
f,k−N+1 −→ DV N−1

f,k−N+1 −→ 0.

DV N−1
f,k−N+1 = fΩNf,k−N,0 + FΩNf,k−N,0.

0 −→ FΩNf,k−N,0 −→ fΩNf,k−N,0 + FΩNf,k−N,0 −→
fΩNf,k−N,0 + FΩNf,k−N,0

FΩNf,k−N,0
−→ 0.

0 −→ ker(ΛNf,k−N,0
f−→ΛNf,k−N,0) −→ ΛNf,k−N,0 −→

fΩNf,k−N,0 + FΩNf,k−N,0
FΩNf,k−N,0

−→ 0.
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0 −→ ker(ΩNf,k−N,0
F−→ΩNf,k−N,0) −→ ΩNf,k−N,0 −→ FΩNf,k−N,0 −→ 0.

0 −→ ker(ΩNf,k−N,0
F−→ΩNf,k−N,0) −→ ΩNf,k−N,0

F−→ΩNf,k−N,0 −→ ΛNf,k−N,0 −→ 0.

Hence

2dimCW
N−1
f,k−N+1 = dimCR

N−1
f,k−N+1 + dimCV

N−1
f,k−N+1 + dimCΩNf,k−N,0

− ker(ΛNf,k−N,0
f−→ΛNf,k−N,0).

By the exact sequence

0 −→ UN−1
f,k−N+1 ∩HN−1(Ω·f,k−·,0) −→ UN−1

f,k−N+1
D−→DUN−1

f,k−N+1 −→ 0,

χf,k = (−1)N−3(dimCU
N−1
f,k−N+1 ∩HN−1(Ω·f,k−·,0) + dimCΓNf,k−N

− dmCker(Λ
N
f,k−N,0

f−→ΛNf,k−N,0)− 2dimCW
N−1
f,k−N+1

+ dimCW
N−1
f,k−N + dimCΩNf,k−N,0 + dimC(SN−1

f,k−N+1 + TN−1
f,k−N+1)).

UN−1
f,k−N+1 ∩HN−1(Ω·f,k−·,0)

= {ω ∈ HN−1(Ω·f,k−·,0) : fω = 0, (δ−1
k−N+2 + f − F )ω = 0}.

By the canonical basis in [7] it is clear

Πk−N+2 : HN−1(Ω·f,k+1−·,0) −→ HN−1(Ω·f,k−·,0)

is surjective.

(δ−1
k−N+2 + f − F )ω = 0, fω = 0,

⇐⇒ δ−1
k−N+2Πk−N+2ω̃ = (F − f)ω̃, fΠk−N+2ω̃ = 0.

where ω ∈ HN−1(Ω·f,k−·,0), ω̃ ∈ HN−1(Ω·f,k+1−·,0), and Πk−N+2ω̃ = ω.

⇐⇒ Πk−N+2ω̃ = δk−N+2(F − f)ω̃, fΠk−N+2ω̃ = 0.

⇐⇒ (F − f)δk−N+2ω̃ = 0, fΠk−N+2ω̃ = 0.

⇐⇒ (F − f)ω = 0, fΠk−N+2δ
−1
k−N+2ω = 0,

where ω = δk−N+2ω̃ ∈WN−1
f,k−N+1. Hence ω = Πk−N+2δ

−1
k−N+2ω.

⇐⇒ (F − f)ω = 0, fΠk−N+2ω = 0,

⇐⇒ Fω = [ξ], fω = [ξ], ξ ∈ HΩN−1
U,k−N+1,0.

Let

PN−1
f,k−N+1 = {ω ∈WN−1

f,k−N+1 : Fω = [ξ], fω = [ξ], ξ ∈ HΩN−1
U,k−N+1,0}.

The sequence

0 −→ PN−1
f,k−N+1 −→WN−1

f,k−N+1

(−F×,f×)−→
SN−1
f,k−N+1 + TN−1

f,k−N+1

SN−1
f,k−N+1

−→ 0

is clearly exact. Let

HWN−1
f,k−N+1 = {[ξ] ∈WN−1

f,k−N+1 : ξ ∈ HΩN−1
U,k−N+1,0}.
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Clearly HWN−1
f,k−N+1 ⊂ P

N−1
f,k−N+1 and

Πk−N+2δ
−1
k−N+2 :

WN−1
f,k−N+1

HWN−1
f,k−N+1

∼= HN−1(Ω·f,k−·,0).

It induces the isomorphism

PN−1
f,k−N+1

HWN−1
f,k−N+1

∼= UN−1
f,k−N+1 ∩HN−1(Ω·U,k−·,0).

Hence

dimCU
N−1
f,k−N+1 ∩H

N−1(Ω·U,k−·,0) = dimCH
N−1(Ω·U,k−·,0)

−dimC(SN−1
f,k−N+1 + TN−1

f,k−N+1) + dimCS
N−1
f,k−N+1.

By the canonical basis

dimCS
N−1
f,k−N+1 =

(
k

N

)
dimCQf .

By the Theorem D

dimCW
N−1
f,k−N+1 =

(
k + 1

N + 1

)
dimCQf .

dimCH
N−1(Ω·U,k−·,0) = dimCW

N−1
f,k−N =

(
k

N + 1

)
dimCQf .

dimCΩNf,k−N,0 =

(
k

N + 1

)
dimCQf .

We get the conclusion of Theorem 2 for N ≥ 3.
Similarly we can prove the case N = 2.

Corollary 1. If N ≥ 3,

dimCH
N−2(Ω·V,k−·,0) = dimCU

N−1
f,k−N+1 + dimCW

N−1
f,k−N − dimCV

N−1
f,k−N+1

− dimCΓNf,k−N + dimCker(Λ
N
f,k−N,0

f−→ΛNf,k−N,0)

If N = 2,

dimCH̃
N−2(Ω·V,k−·,0) = dimCW

1
f,k−2 − dimCV

1
f,k−1 − dimCΓ2

f,k−2

+ dimCker(Λ
2
f,k−2,0

f−→Λ2
f,k−2,0).

Corollary 2. If k = N + 1, then

χf,N+1 = (−1)N−2ν

+ (−1)N−3dimC{a ∈ Qf(y) : af = 0, a
∂2f(y)

∂yi∂yj
= 0, i, j = 1, · · · , N}.

If moreover f is quasi-homogeneous, then

χf,N+1 = (−1)N−2ν + (−1)N−3dimC{a ∈ Qf(y) : a
∂2f(y)

∂yi∂yj
= 0, i, j = 1, · · · , N}.

Proof. If f is quasi-homogeneous, ΛNf,l = ΞNf,l = ΩNf,l.
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Example 1. f = x5
1 + x4

2.

µ = ν = 12. The basis of Qf is

{xi11 xi22 : i1 = 0, · · · , 3; i2 = 0, · · · , 2}.
∂2f
∂x2

1
= 20x3

1,
∂2f

∂x1∂x2
= 0, ∂

2f
∂x2

2
= 12x2

2. Hence

{a ∈ Qf : ax3
1 = 0, ax2

2 = 0} = {xi11 xi22 : i1 = 1, 2, 3; i2 = 1, 2}Qf .

If k = 3, χf,3 = 6 and dimCH̃
0(Ω·V,3−·,0) = 6.

Example 2. f = x3
1 + x7

2.

µ = ν = 12. The basis of Qf is

{xi11 xi22 : i1 = 0, 1; i2 = 0, · · · , 5}.
∂2f
∂x2

1
= 6x1,

∂2f
∂x1∂x2

= 0, ∂
2f
∂x2

2
= 42x5

2. Hence

{a ∈ Qf : ax1 = 0, ax5
2 = 0} = {xi11 xi22 : i1 = 1; i2 = 1, · · · , 5}Qf .

If k = 3, χf,3 = 7 and dimCH̃
0(Ω·V,3−·,0) = 7.
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