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JET COHOMOLOGY OF ISOLATED HYPERSURFACE
SINGULARITIES AND SPECTRAL SEQUENCES

XIAO ER JIAN

ABSTRACT. We study jet cohomology of isolated hypersurface singularities
defined by partial differential forms and prove formulas to compute jet coho-
mology groups by linear algebra.

We use jet sheaves of finite order (or equivalently infinitesimal neighbourhood
of finite order) and related exterior differential forms to define cohomologies for
singularities of mappings and varieties. (See [2], [3],[4], [5],[6],[7] and this paper.)
They are new invariances. They were first defined and studied in [2] for smooth
functions. In this paper we study jet cohomology H: p(Q'V7 k_,70) defined by partial
differential forms with respect to y for isolated hypersurface singularities. They can
be computed by linear algebra (See Theorem 1 and Theorem 2.) and can distin-
guish singularities whose classical cohomological invariances and Milnor numbers
coincide.

For example, if X is a quasi-homogeneous hypersurface with isolated singularity
0. QY g is the complex defined by ordinary exterior differential forms. H?(Qy o) =
0, p>1, and HO(QXO) = C. (See [1].) But the cohomology groups defined by
jets can tell. For example: (1) f = % + z3. Milnor number p = 12. If the
order of jets k = 3, dimcH(Q5_ o) = 6. (2) f = 2} +al. p =12, If k = 3,
dimcHO(Qiy 5 ) = 7.

It is interesting that the cohomological groups defined by jets are determined by
higher derivatives of f. (See Theorem 1 and Theorem 2.)

All results and proofs in this paper are true not only for complex holomorphic
cases but also for real analytic cases.

The author would like to express his gratitude to Phillip A. Griffiths for enlight-
ening discussions with him and various supports he and the Institute for Advanced
Study offered during the time the author visited TAS.

The main results of this paper are as follows.

Let
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548 XIAO ER JIAN

which is finitely dimensional (see [2]). (For %, . and other symbols see the
following context or [2].)
Let

Ubiini ={w e Wi vy 6y o+ f = F)w =0, fw=0}.
Rj‘\jk_—lN-i-l ={(6,n) € W;Yk_—lN-i-l ® W;Yk_—lN-i-l : f0+ Fn =0},
SJ]‘\,]k_—lN+1 ={(-[¢., €] € W;Yk_—lN—i-l D W;Yk_—lN+1 § € HQﬁZiNH,oL
T}Yk_—lN+1 ={(-Fw, fw) € W;Yk_—lN+1 & W;Yk_—lN+1 tw e W;Yk_—lN-',-l}?
Vi v = (W + FWE ) N HY T o),
TNy = kerEY v o2 vin), EN = {we ) y: Fw =0}
They are all finitely dimensional.

Theorem 1. If f € Oy, 0 is its isolated singularity, f and % have no common
factors, 1 =1,--- N, then

(a) If N >4,
. Ou,o
HOQy o) = —2,
( V,k ,O) fOU)O
HP(Q'VJC_,’O) =0, 0<p<N —4.
(b) If N >4,

— . ~ 77N —
av B(QV,k—~,O) = Uf,k—1N+1'

If N =3, the sequence

Ou,o
) 0/0) 2
0— FOuo — H'(Qy o) — Uiy —0
is split exact.
(c) If N >3,
e LEe N
St +T,
N-2/0) f—N+1 TNy
H (QV,k—-,O) = N )
fh—N
N-—-1
DUs N1
hence

dimoHN 72Dy o) = dimo R}, 2y + dime DUy

—(dime (S yr + Thlvg) + dimeTY, ).
If N =2, the following sequences are exact:
73"

H (D jm o) = —55—2—1—7
( V,k ,0) B?’O—Fle’_l
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where F(l)’o = BY N ker(xb1). It is split exact.

BYY+HQo(B—A) B0y zh-t

— — T2 ko — 0,
F(l),o F(l),o fs
1 1/ By’ + HQ%J,k—l.O(B —A)
0 —Uf s NH (Qyy_. o) — L
Bl
7_‘,1,71 1 1
— Sip1 + Tpp1 — 0,
HO(Q:,
dimc# =dimcR},_,
fOu,o
— (dimeT g + dime(S) gy + Tfp_y) + dimeUf . N H (4 o))
(d)

N-—1
Wik N

HY N Qg 0) & 5 VAT
E=N+1Vf¢ k_N+1

By [2] dich;Yl_l, dich%)o < o0. In [7] a canonical basis was given for
W;Yl_l. The matrices 61, I were given with respect to the canonical basis. The
linear subspace {[¢] € W;Yl_l EEH QJJ l_é} can be easily computed with respect to
the canonical basis (see [7]). The process to compute the matrix F'X : W;Yl_l —
W;Yl_l was given in [7]. The matrix fX : W;Yl_l — W;Yl_l can be computed by
the fact 6 f = f6 and a process similar to the process of computing F'X. I‘j}fl can be
computed by the matrices Fx : Q) ; — QF, j and fx : QF, o — QF, ;. Hence
HP(QV)k__)O),p =N —3,N—2,N —1 can be computed by linear algebra.

~ 0 . ~
Let HO(Qi_. o) = —Coei=0) and HP(Qi,_. o) = HP Qo) p # 0. Define
fou,0
N ~
X = Y _(~1)PdimcH? (. o)-
p=0

Theorem 2. Under the hypothesis of Theorem 1,

Xf.k :(—1)N_3dimcr§\fk—1v + (—1)N_2dimck‘iT(A}\jk—N,oi’Agk—N,o)

_(—l)N_2<]l\€[__21>u
f@) N )

+ (—1)N_3dimck€T(E§¢'\fk_N_1 —)‘:‘f,k‘—N-‘rl
+ (_1)N_2dimcker(A}\ik—N—l&A}\ik—N—i—l)
~ lal
where f(x) =3 oc)0)<k L 2 6yf(§y) (x —y)* and

v =dimg A OU’O_aL .
(fs gars )Ou.0

Y Oz N
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X7,k can be computed by linear algebra too.

U is an open set in CN. 0 € U. (x1,---,zy) are coordinates of U. V is a
hypersurface defined by the holomorphic function f. 0 is an isolated singularity of
V. Oy (or Oy(x)) is the sheaf of germs of holomorphic functions on U. Oy = -2

fOu”
o Ov,o(x)
Qy() (2L, 2 )0ue(@)

(U®), Op) and (V®) Oy y) are the k-th infinitesimal neighbourhoods of U and V
with structure sheaves Oy, and Oy, respectively. Here k is a nonnegative integer.

Ouyx = Z Ou(y — )%,

lo| <k

where y = (y1, - .yn) and @ = (a1, ,an). Oy = (fOu,Sl-ii—FkOu,k)' Let Q,lﬂ =
Zi]\il Oy, dy; be the differential form module with respect to dy1,--- ,dyn. Q)
A’ Q. Let D be the partial differential with respect to y1,- -+, yn.

In [2]7[7] we defined three kinds of complexes. Let Q% ;. = Ov;

P
D _ QUk —p

S — e > 1.
Fik— T p
P DFAQEE

) -

0 Ouvwk .
Afk FOux’

P
P QU/’cp

A
fik— ,
P FQL, 4+ DFAQLL

Q({J/)k = OVJc%
P
OP QUk: —p
Vker T pQp L FQE S+ DEAQEL

p>1.

We have three complexes
Qp . = {2 4 _,, D}p>o,

Ay ={A% ) Dlp>o,
and
Q. ={W k_ps D}p2o-

Remark (1). We use finite order jet sheaves not infinite order jet sheaves, because
Ou,k, k < 00, is a coherent Oy module. The D in the above complexes are induced
by the partial differential with respect to y. Hence their cohomological groups are
coherent Oy modules. For isolated singularities their stalks at the singular point
are finitely dimensional vector spaces.

Remark (2). In the definitions of the above complexes we reduced the order of jets,
eg D: Q"’,7 hep — fokl 1+ 1t is due to the following facts. The natural inclusion

(U,0yp) — (U®), Oy ) induces a relative differential module

U(k)/U ZOU k:dyla
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and differential
D . OU,k e Qllj(k)/U'

But (y; —2:)"" =0, i=1,---,N,in Oyp. (k+1)(y; —z;)’dy; = 0in Q},
Hence

Uk U

oo 18 Mot a free Oy, module. So we reduce the order and take

N
W1 = Qoo ® Ovjk—1 = ZOU,k—ldyi~
Ou .k i=1
In [2] (p. 256) we proved that Q}])k_l = Qllﬂk)/U ®0Uk Ou,k—1 is a free Oy -1
module with free basis dy1,--- ,dyn.

Let II; : Oy; — Oy, -1 be the natural projection. It induces natrural pro-

Jectlons II; QUZ — QUl 1 Q — sz I A — Afl , and

1O, — Q. They are all surjectlve Let HQ,, = {w E Qp, : Mw = 0}

E)NeLcon&der stalks at 0 of the above sheaves, e.g. Q7 is the stalk of QF, ,  at
et

Qj}’lol

N-1

Wi = por=z—r 120
f£1+1,0

The following three basic lemmas were proved in [2] and [5].

Lemma A. If w € QUlO’ 0<p<N-1, DF Aw = 0, then there exists
RS QU)LO such that w = DF A .

D » D
Lemma B. The sequence 0 — Ouo — Ovko — Qyj_10 — - — Qe Lo
p+1 N )
QUkplO _>QU]€ N+1O_>QUk N0—>0186I(lct.
Lemma C. If f and have no common factors in Oygo, i =1,--- ,N; 0,1 €

Ouvk0, k > 0. Then f9—|—FT] = 0 if and only if there exist (,& € OUkO such that
Ml =0and = FC+&n=—fC—¢.

Remark. The hypothesis of Lemma C is equivalent to f having no multi-factors i.e.
if f= f1---f, is an irreducible decomposition of f, f; # f;, i # j.

In [2] we proved

Theorem D.

H(Q 4 0) @OUOF

Hp(Qf,k—-ﬁ) = 07 p 75 07N - 17

Ok—N+1

HN_l(Qf,k—.,o) = W;Yk_—lN'
If [w] € HN_l(Q'f)k_,)O), Dw = DF N6, then §k—n+1[w] = [0].

dimcHY "N Qo) = )dichf(w)-

k
N+1
Ifk <N, HN-HQ;, ) =0.
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Lemma 1. Suppose w € 95,237 0 € Qg,l__lljo,Their cosets [w] € W;Yl_l, 0] €
WNTL. Then & w] = [0] if and only if Dw = DF A+ DF A Dn, where 1) € le_g

Proof. If éj[w] = [0], it means [w] € HN‘l(Q'”JrN_l__,O) C WJfVJ_l.Dw = DF A
¢.[¢] =1[0]. Hence { =0+ Dn+ DF AN{. Dw = DF A @+ DF A Dn. The inverse
part is clear. O

Take indeterminate elements A, B and DB. Define their degrees: degA = 1
degB =1, degDB = 2. Define dega = 0,Va € Oy,;0 and degdy; =1,i=1,--- ,N
Convention: A = B = (DB)? =1, A" = B" = (DB)" =0, if n < —1.

_mN op : .
Q= B, U i_p o Is an exterior Oy o-algebra. Let

3

ol o= N Q. AB(DB)".
l+r=p
s+t+r=q

Qﬁ’_“’p =0, f p< —1lorg<—1. Let Q(A4,B) = an QZ’EP. It is a commutative
Oy, 0-algebra. Here ”commutative” means: if a,b are homogeneous elements of
(A, B), ab= (—1)deeadesbpg 6o AB = —-BA, AA=0, BB =0. Hence

1, = O AB(DBY! + Q1 A(DB)

O o BIDB)™ + QL (DB)”.

The partial exterior differential D : Qp — € induces the differential D :
Or(A, B) — Qk(A, B) as follows: Let D(A) = 0, D(B) = DB, D(DB) = 0. If
w € Qfyos D(wB) = DwB + (1)’ IiwDB. degD = 1 and DD = 0 in Qy(4, B).
D: Qifp — Qif;’fl. For fixed q, {Qif]mD}pzo is a complex.

D(w(p—q+2)AB(DB)"™? +6(p — ¢ + 1) A(DB)*™*
+n(p—q+1)B(DB)"" +((p — q)(DB)?)
=Dw(p—q+2)AB(DB)1?
+ ((=1)P~ 13 _pw(p — ¢+ 2) + DO(p — ¢ + 1)) A(DB)**
+Dn(p—q+1)B(DB)*™!
+ (1P M pn(p — ¢ + 1) + D¢(p — ¢))(DB)1.
Proposition. For the differential algebra Qi (A, B),

H°(Q%(A, B), D) = Oy, + Op,0A,

HP(Qk(AvB>7D> =0, p=>L
Proof. Take filtration
Fu(4,B) = 3" Qi g AB'(DB)'.

l,s,t
r>n

It is clear that F,,Qk(A, B) D F,,41Q4(A, B) and D(F,Qx(A, B)) C F,Q,(A, B).

Fn s n
= Oy o AB(DB)".

n __
Ey = 7
n+l l,s,t
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dy : By — E§. By Lemma B,
E} =Y OuoA*B'(DB)".
s,t
dy: Ep — EPT

=> Et'= Y OuolDB]|B'

t=0,1

+( ) OvolDBIB")A,

t=0,1

where Oy o[DB] is the polynomial algbra of one variable [DB] on Oy.
> Ouo[DB]B!
t=0,1

is the Koszul complex of one variable B on Oy [DB] with differential D(B) = DB.
Hence

By =Y E} =O0uyo+OvoA. O

Corollary.
OU,07 q= 07
HY(Q;% ,D)={ Opod, q=1,
0, q=>2.

HP(Q;,D)=0, p>1.

Define the second differential 0 : Q. (A, B) — Qi(A, B). degd = —1, 097, ( =
0,p=0,---,N, A = f, 0B = F, 9(DB) = —DF. For homogeneous elements
a,b € Qp(A,B), d(ab) = (da) - b+ (—1) 98 % . 9b. It is clear that D + DI = 0
and 99 = 0. 9 induces P9 : Qifp — ng;l.

I w(p—q+2)AB(DB)1? +0(p — ¢+ 1)A(DB)**
+n(p—q+1)B(DB)*' +((p — q)(DB)?)

=(—=1)P"7"3(qg — 2)w(p — ¢ +2) ADFAB(DB)?™3
+ ((=1)P= 930 (p — g+ 2)F + (=1)P~ 72 (¢ — 1)0(p — ¢+ 1) A DF)A(DB)"~>
+ (1720 — g+ 2)f + (1" "*2(¢ = )n(p — g+ 1) A DF)B(DB)?*
+ (=1 O(p— g+ 1) f +nlp—q+1)F +q((p — q) ADF)(DB)I™".
Let
KP4 =Qp~ 1, 'd=D,"d = 0.

It is a double complex. K"*ZPH o, KP4 1t is clear KP9 =0,if p+qg < -3 or
p+g>N+lorp>k+lorp<—lorg<—1.KP'=Qp, .
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Remark. This double complex is essentially the same double complex used in [5],
but modified a little so as to make it clearer and easier to handle.

”Eil’p _/ HP(K"q,/d).

By the corollary,

OU,O) q= 07
”Ei}’o = OU)OA, q=-—1,
07 q 75 07 —1.

"EPP =0, p#O0.

Ou,o o
/IEg)P: {fOU,o’ p_q_o’

0, otherwise.
Ou,o _
(k) = 4 7ove =0
0, n # 0.
R = Kro = QRO = KO = QR0 = O BT = VI d) =
Ho(Q2,,0). 'BY” = O, o Hence "ER = HP ().

Now we prove the theorem by computing ’ E§>0. Let d = D + 0 be the total
’ ,0
differential of the double complex. 'E2°? = ﬁ 750 D 'FyyaKP,
1 1
'ZPh SR, L KP, . Hence

/Z§’0
' Fpy2 KP
/Z{H'lv*l +/Bf’0 °
"Fpi2KP

/ES,O —

Denote

Z5° = {aP® + a?tH 7t € KPO 4 KPTETL: Dl 4+ 9aP T = 0},

ZPthl = fgptliml g gpHlol ggptli—l — )

)

Bf,o — {(Dbp—l,o + ab;m—l) 4 (Dbp,—l + 8bp+1,—2> .
p= 10 ¢ gp=hO0 ppl ¢ gpml pptlm2 ¢ gptlm2y
Then

p,0
/Ep,O _ Z2
2 1,—1 .
ZyhT 4 Bpo

(a) f1<p< N-—4,

p,0 _ OP
K _QU,k—p,O7

p+1,—1 _ p+1 p+1 P
K =104 Ty 10B+ Qe p1.0DB.
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Suppose a?® = ((p) € KP°? and a?"1 = O(p + 1)A+ n(p + 1)B + ((p)DB €
Kprti—1
0 =DaP? + §aP 1
(1) =D{(p) + (=1 (B(p + 1)f +n(p + 1)F +((p) A DF).
< fDO(p+1)+ FDn(p+1)+ (=1)P"';_p_1n(p+ 1) A DF
(2) + D((p) AN DF
(3) = fDO(p+ 1) NDF + FDn(p+ 1) NDF =0,
<=DOp+1)ANDF =w(p+3)F —&(p+3), Up_p—2£(p+3)=0,
Dn(p+ 1) ADF = —w(p+3)f +&(p+3).
=1I;_p_ow(p+3) ANDF =0.
=1 p_ow(p+3) =Ur_p_opu(p+2) ADF.
:>DHk_p_19(p + 1) ANDF = FHk_p_Qu(p + 2) ANDEF,
(4) Dly—p-1n(p+1) ADF = — flly—p_op(p + 2) A DF,
=DIl_p_10(p+1) = Fllj—p_op(p+2) + Hp—p_2A(p+ 1) A DF.
By [7] HP*1 (A}, o) = 0, hence
Hk—p—le(p + 1)
=DI,_,0' (p) + (—1)P" 21 0(p + 1)F + (—1)P+2I0,_,_1 0 (p) A DF
=1 p_ou(p+2) ADF = (—1)P*2DIl;,_,_1w(p + 1) A DF.
Substitute into (4)
D([y—p—19(p + 1) + (=1)? fll—p_1w(p + 1)) A DF = 0.
By Theorem D, HP*H(Q;, o) = 0.
Me—p—1n(p+1) + (=1)" fllk—p_1w(p + 1) = DIe_p7 (p)
+ (=P 1n(p) A DF,
=0(p+1) = DO (p) + (—1)**Fuw(p +1)
+ (—1)p+15(p) ADF +a(p+1), Ij_p_1a(p+1)=0,
n(p+1) = Diy'(p) + (-1)"" fw(p+ 1)

+ (=1 (p) ADF +5(p+1), g—p1f(p+1) =0.
Substitute into (3)

D(fa(p+ 1)+ FB(p+1))ADF =0.
<—=D(a(p+1)+8(p+1)) ADF =0.

—a(p+1)+ B(p+1) = DY (p) + (1) ¢(p) A DF.
=0(p+1)=DE (p) + ¢'(p)) + (~1)PPw(p+ 1)F

+ (=1)P(6(p) + 6(p)) A DF — B(p +1).
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Denote ¢'(p) + ¢ (p) still by ¢ (p) and 6 (p) + d(p) by 0(p).

O(p+1) = DO'(p) + (~1)P*20(p + 1)F + (~1)P*10(p) A DF

(5) = Bp+1), y—p1Bp+1)=0,
n(p+1) =Dn'(p) + (-1)’ 'w(p+1)f + (—1)*"'n(p) A DF
+B(p+1).

Substitute into (2)

(6) D((=1)" 1 (£0(p) + Fn(p)) + (—1)" M iy (p) + C(p)) A DF = 0.

=((p) = (—1)"Ix_pn' (p) + (=1)P(fO(p) + Fn(p))

+ D¢ (p—1) + (=1)P2¢(p— 1) A DF.
Substitute into (1)

D(¢(p) + (=1)"*1(f0'(p) + Fn'(p) + ¢'(p — 1) ADF)) =

~ *

((p) = DC(p = 1) + (=1)P(f0'(p) + F'(p) + {'(p — 1) A DF).
Let
= (p—1) € K7,
“t=0'pA+1'(p)B+C'(p-1)DB e KM
W2 = 5(p + 1)AB + 0(p)ADB + 1(p) BDB
+¢(p—1)(DB)? € KP+h2,
=a"" = DbP~ 10 4 9pP L,

a?th=t = DpP 4 vt 4 B(p + 1) (B — A).

But B(p + 1)(B — A) € ZP*1:=1 because I;_p—18(p + 1) = 0. Hence
H?(Qyp-.p) =0, 1<p<N-4
If p=0, (5) and (6) are true. By Theorem D,

C(O):Hkn()‘f'f@ )+ Fn(0 +Zaz , a; € Opp.

Substitute into (1)

Dam:zmmﬂn+F#®»+DQ:¢i1

k-1

- 1 .

€(0) = f0'(0) + Fn'(0) + Z i 1ain+1 +a, a€Oyy,
i=0

— 10O+ P (0)+ 3

i:OH—l

a;F") + a.




JET COHOMOLOGY AND SPECTRAL SEQUENCES 557

We can rewrite

k-1 _
C0) =T/ () + Y —aiF™) + £6(0)
1=0
g g | i
+F(n(0)+ Y Tt ),

=0
k—1 3 k—

n(1) = D(n'(0) k") —w)f Z a1+1F )DF + 3(1).
1=0 1=0

Denote 7/(0) + 17, ZJhazF still by 7/(0) and 7(0) + Y07 a1 F' by 1(0).

Let 5%~1 = 0'(0)A + 1/(0) B, and b'~2 = w(1)AB + 0(0)ADB + (0) BDB.

—a%0 =a + 00",
a1 = Dp% 7+ apt 2 4+ p(1)(B — A).
Ov,o
Ovon (BY’ + 2071

= H Q) =

If 91 ¢ KO~ pb=2 ¢ K1L.=2 and V1 € le’_l. ob0—1t + DpO%—1 4 9pl—2 4
chl=qe Ou,o. Then

a=ob% 1

If 8%~ = 0'(0)A + 1/(0) B, we have a = fb, b € Op,.
Conversely, for all fb, b€ Opp. Let b%~1 = bA, b1=2 =0, ¢~ = 0. We have
fb=0b""1. Hence

. Ovu,o
HOQy o) = .
( V,k ,O) fOU,O
(byp=N-3, N >3.
KN30 = Qg,ﬁsz,o?

—2,— N
KN 2t QUk2N+2OA‘—i_S-2Uk N+20B+QUk N+2ODB
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Suppose aV =30 = (N — 3) € KN=30 and V=271 = §(N — 2)A +n(N — 2)B +
C(N —3)DB € KN-2-1,

0= Da" 730 4 9o 21

= DC(N = 3) + (=)NT2(B(N = 2)f + (N = 2)F + (N = 3) A DF).
(1) =0=(-1)""*DO(N —2)f +n(N = 2)F +((N —3) ADF).

= fDO(N —2)+ FDn(N — 2)

+ (1) M- n+2n(N = 2) + DC(N = 3)) A DF.

—fDO(N — 2) A DF

(8) + FDy(N —2) A DF = 0.

<= There exist

w(N),&(N) € Qi np1,0 Te-n1E(N) =0,

such that

o) {DG( 2) ADF = w(N)F — £(N),

Dn(N)ANDF = —w(N)f + &(N).

By Lemma B, w(N) = Dw(N —1), &(N) = D{(N — 1), where w(N —1), {(N—1) €
O k- n2,00 Mien26(N 1) 0.
DO(N —2) A DF = D(Fw(N — 1) — £(N — 1)) — DF Allj_now(N — 1),
Dn(N —2)ANDF = D(—fw(N —1) 4+ &(N —1)).
e=D(Fw(N — 1) — &(N — 1)) = DO(N — 2) A DF + DF Alj_yaw(N — 1).
— fw(N —1)+ &N — 1) = (N — 2) A DF + DA(N —2).
O np2lFo(N = 1) = &N = 1)] = [x-nyow(N = D] € WL
flwN =1 = €N = 1] =0, in Wiy
<:>(6k_—1N+2 + f = F)[i-ni2w(N = 1)] =0,
Fllg_Nyow(N —1)] = 0.

Define a map

N-2,— N-3,0 N-1
N B Zy o Wch—N-i—l’
RN-21(gN=30 1 oN-21) = [T, _ypquo(N — D] 752712550 € Uy .
Conversely, if w € W;Yk__lNH, (0pt nyotf—F)w =0, fw = 0. By the surjectivity
of Iy N y2, there is (N —1) € O ;. n100, [Me-ny2w(N —1)] = w. By the above
inference, there are (N — 2), n(N — 2) € QJJ;ENH o> such that

fDO(N —2)ANDF + FDn(N —2) ADF = 0.
= D(f0(N —2) ADF + Fn(N —2) ADF) = 0.
=  (fON=2)+ Fn(N —2)) ADF = Du(N - 2),



JET COHOMOLOGY AND SPECTRAL SEQUENCES
where u(N —2) € QJJEENH’O. By HN_Q(Q'f),H_l__)O) =0,
w(N =2) = (=1)N"1((N = 3) A DF + Dy(N —3).
= (fO(N —2) + Fp(N = 2)) A DF = (~1)V "' D{(N - 3) A DF.
=D((N = 3) = (~1)N"2(f0(N — 2) + Fy(N — 2) + ((N - 3) A DF).

Hence there exist

— —2.— N-3,0
CLN3’0+CLN2’1EZQ )

)

such that

7TN—2,—1(aN—3,O i aN—2,—1) —w,
ie.

aN-2-1. Zév—3 ,0 U;Vk 1N+1

is surjective.
If (DbN—4,0 + 8bN_3’_1) + (DbN_?”‘l + aBN—Q,—Q) c B{V_B’O,

* *

pN =51 = G(N = 8)A+7(N — 3)B+ (N — 4)DB,

WYN-2-2 = 5(N — 2)AB + (N — 3)ADB
+7(N —3)BDB + ((N — 4)(DB)?.

— (DO(N —3) + (~)N"1G(N — 2)F + (~1)N"26(N — 3) A DF)A
Di(N —3) + (~1D)VN2G(N = 2)f + (-1)N27j(N — 3) ADF)B

+(
+ (=1)N 3T nsan(N = 3) + DE(N — 4)
+ (=1)N3@(N = 3)f + (N — 3)F + 2{(N — 4) A DF))DB

*

D(DO(N —3) + (-1)VN7'&(N - 2)F

+(=1)N"2(N = 3) A DF) A DF = (~1)N"'FD&(N — 2).

*

D(Dn(N - 3) + (-1)N2G(N = 2)f + (-1)N")(N — 3) ADF) A DF

= (-1)N?fDG(N - 2).

Hence 7V =2-1(BN=3.0) = .

559
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If V=271 e V7271 N2 = 9(N — 2)A+ (N —2)B + ((N — 3)DB.
(10) 9a™ 271 =0(N —2)f + n(N —2)F + ((N —3) ADF =0,

(11)
= fO(N -2)ANDF +Fn(N —2)ADF =0

<=0(N —2) ADF = (-1)N'FG(N — 1) — o(N — 1),
n(N —2)ADF = (=1)V"2f&o(N — 1) + o(N — 1), Ix_ni20(N —1)=0.
= FIl;_n420(N — 1) ADF = 0.
— ;N 2@(N —1)ADF =0.
— T N 2@(N — 1) = _y420(N — 2) A DF.
=wW(N—-1)=0(N—-=2)ADF +7(N —1). Ij_nyo7(N—-1)=0.
=—=0(N —2) ADF = (-1)"'FG(N — 2) A DF
+ (=)NIFPr(N - 1) —o(N - 1),
n(N =2)ADF = (-1)N"2fG(N —2) ADF
+ (=D)N2fr(N = 1)+ o(N - 1).

DNTLPTL, vy 2@(N —2)
N2,y 420(N — 3) A DF,
1)N Hk N+2w(N—2)

= Hp_n420(N —2)

+

Op-ny2n(N —2)

+ (=1)N 72—y 427(N — 3) A DF,
= 0N -2)=(-1)"'FG(N -2)
+(~1)N"20(N — 3) A DF — £(N - 2),

DY FH(N - 2)
DY 7N = 3) A DF — §(N —2),

where Hk_N+2§(N - 2) == 0, Hk—N-i— (N )
Substitute them into (11),

— f(=&(N —2) + &(N —2)) ADF = 0.

(=
(=
(=
(=
(=
(=
n(N =2) = (-
+ (=

— (N -2)=¢&NN —2)+v(N —3)ADF.
Adjust (N — 3), we get
O(N —2) = (—1)N"'FG(N = 2) + (—1)N"20(N — 3) ADF — £(N — 2),
(N —2) = (=D)VN2fG(N = 2) + (=1)N2[(N —=3) ADF + £(N — 2).
Substitute them into (10),
— ((-1)N"2fO(N — 3) + (=1)N2F7j(N = 3) + ((N — 3)) A DF = 0,
= ((N = 3) = (-D)N3(fO(N = 3) + Fj(N — 3) + 2((N — 4) A DF).

Let bV =22 = 5(N — 2)AB + (N — 3)ADB + j(N — 3)BDB + ((N — 4)(DB)2.
— aV"2Tl = ¢(N - 2)(B—A)+apV 272,
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It is clear 7V ~"2"1(¢(N — 2)(B — A)) = 0. Hence 7N~-2-1zN=2-1 _,
Suppose a¥ 7304 V=271 € Zév_g“o, such that 7V =271 (V=304 ¢N=-2-1) = (.

— Ij_niaw(N —1)
= DI N2 AN = 2) + (=)' _ N4 2@(N — 2) A DF.

— W(N —1) = DA(N = 2) + (-1)N"'&(N —2) ADF + (N — 1),
IMy_ny20(N —1)=0.
Substitute into (9),
DO(N —2) ADF = (~1)N"ID(FG(N = 2)) ADF + D(fo(N — 1) — £(N — 1)),
Dn(N —2)ADF = (=1)N2D(f&(N —2)) ADF — D(fo(N — 1) — &(N — 1)),
= DIl_n420(N —2) = (=1)V ' D(FI_ y12&(N — 2)) + a(N — 2) A DF,
DI non(N = 2) = (=1)V 2D(fTx-n+20(N = 2)) + B(N = 2) A DF,
By HN=2(;,_,0) =0,
M- ni20(N —2) = (=1)VN1FT,_n 2@(N — 2)
4 (“1)N 2, n428(N — 3) A DF + DIL_n50(N — 3),
Mi—nion(N —2) = (=1)V 2 fIl—y420(N — 2)
+ (=)0, Ny 2f(N — 3) A DF + DIl yi3n(N — 3).

(=1
(—1)N=2G(N — 3) A DF + DO(N — 3) + (N — 2),
NN =2) = ()" 2fG(N - 2)
+ (=1)N"2(N = 3) ADF + Dy(N — 3) + v(N —2)
where Ij_ no7(IV ) =0, Hgp_ny2v(N —2)=0.
Substitute into (8)

= f(DT(N —2)ADF + Dy(N —2) ADF) =0

—  D(r(N —2)+ (N —2)) = (N — 2) A DF.
By HN— (Qf)k )0) =0,
= 7(N—=2)+v(N —2)=Dp(N —3)+ (N —3)ADF.

Adjust §(N — 3) and 9( —3),

)
— AN -2)=(-DVFG(N -2)
+ (—1)N 2 ( 3)/\DF—|—D0( —3)—v(N —2),
n(N —2) = (=D)¥ 2 fG(N - 2)
+ (=DN=25(N = 3) A DF 4+ Dy(N — 3) + v(N — 2).
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Substitute into (7),
D((~1)N2(JO(N = 3) + Fij(N - 3))

+¢(N = 3) + (~1)N 720, _n13n(N — 3)) A DF = 0,
D((-1)N=2(fO(N — 3) + Fi(N — 3))
(12) + (N = 3) + (-1)N L ny3n(N — 3)) = x(N — 3) A DF.

IfN >4, by HN3(Qp, 1 ) =0
C(N =3) = (=1)V3(fO(N = 3) + Fij(N — 3) + 2((N — 4) A DF)

+ (1) P waali(N = 3) + DC(N — 4).
Let

" *

pN =51 = G(N = 8)A+7(N — 3)B+ (N — 4)DB,

WYN=272 = 5(N — 2)AB + (N — 3)ADB + (N — 3)BDB + {(N — 4)(DB)>2.
— VTP = p(N =2)(B - A)+ DbV N AR
DGN_3’0 _ _aaN—27—1 _ DabN_S’_l.
. gN3.0 _ gpN-3.-1 —|—DbN_4’O, pN—40 o [N—4,0.
—  gN=30 4 o N-2-1 va—2,—1 _|_Bi\f—3,0.
— LernN—2-1 ZN 2—1+BN 3,0
If N =3, by H(Q,_,_. o) = S1—p OvoF! and (12),

C(N =3) = fO(N = 3) + Fij(N = 3) + (N = 3) + > _ arF",

where a; € Oyp.

N—2,—2 _ k=2 41 i N-3,—1 _ k-1
Let e =>.2 501 F'BDB and e ZJ 0 g+1aJF 'B.

—  9eNT272 4 peN -3l ZalF DB.

a1

v(1)(B — A) + 8(b1 T2 e ) + DO+ 07,
— Da"" = —9ab~! = DO(VO T 4 %7,

— CLO’O = 8(1)07_1 + 607_1) + ZblFl, b € OU,07

k—1
=00 +¢% ) + (D b1 FY)B) + bo.
=0
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On the other hand, 9(OypA) = fOuy.

kerml—1 OU70

>~

B+ 2z JOus

The conclusion of (b) is true.
b)p=N—2, N>2.

N-2,0 _ oN-2
K = QU,k—N+2,O'

N—1,-1 _ N—1
K = kN, OA+QUk N+1, OB+QUk N+1,0DB.

Suppose aV 20 4 VN -1L-1 ¢ Zév_2’0, aN—20 = C(N —2)e KN=20 gN-1-1 =
O(N — A+ (N —1)B + (N — 2)DB € KN-1-1,

0= Da"VN720 4 9N -1—1
(13) = D{N =2)+ ()N THON = 1)f +n(N = 1)F + ({(N —2) A DF).
= in Wf i N+17 [O(N =1)]f+[n(N —=1)]F =0, where [#(N —1)] and [n(N —1)]

are the cosets of (N — 1) and n(N — 1) in W;Yk_—lzv 41 respectively.
Define a map

N-1,-1. »N=2,0 N-1 N-1
s 1 2, — Wiin @ W Nis

7.rN—l,—l(aN—Q,O + aN—l,—l) — [H(N _ 1)] fast [ (N — 1)] Then

N—1,-1/,N-2,0
7T (Z, )= Rfk N+1-
It is clear HQY (B—A)czN 1!
Uk N+1,0 1 :
ZN 2,0
/E.N—Q,O _ Biv 20+HQU; N+1, o(B—A)
- ZN 1,—1
1

Z{V71,7103{\772’0+H52L1\/'],21N+1,0(B_A)

Suppose (DbN 30 4+ N2 4 (DbN_2 14 gpN-1-2) e BN 7?0 where

pN-2-1 _ 9( - 2)A + 77( - 2)B + C( _ SN)DB € KN-2-1 pN-1-2
O(N —1)AB +6(N — 2)ADB +ij(N — 2)BDB + ((N — 3)(DB)? € KN-1-2,

DbN_27_1 +8bN—1,—2

— (DO(N —2) + (—D)NFG(N — 1) + (—1)N"1G(N — 2) A DF)A
(Dn(N = 2) + (=DVN VBN = 1) + (-1)N (N —2) ADF)B
+ (=) T y42n(N — 2) + DCAN —3)
+ (=DN"2(O(N —2)f + (N — 2)F + 2((N — 3) A DF))DB

Hence
,n_N—l,—l((DbN—S,O —|—8bN_2’_1) 4 (DbN—2,—l +abN—l7—2))
= (—)V[EWN = DIF, (~D)N (N = 1)]15).

N—17—1(B{V—270> _

N-1
T = Tf,k—N+1'
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Clearly
N-1,—-1 N-1 _ aoN-1
™ (HQU,k—N+1,0(B —A)) = Sf,k_N_,_l-

Suppose aN=2.0 4 gN-1-1 ¢ ZN—20 alV-20 — 5(N _ 2)7 aV-1-1 —

OV 1)A + (N~ 1)B 4 C(N ~2)DB, such that x¥-1—(a¥-20 1 gN-1-1) _ g

— O(N —1) = (~1)N"'G(N — 2) A DF + DO(N — 2),
n(N —1) = (=1)N"'5(N = 2) A DF + Dip(N — 2).

Substitute into (13),

— DN —2)+ (~)N"(fDO(N = 2) + FDi(N — 2))
+ (fO(N —=2)+ Fij(N —2) + (=1)N"1¢(N = 2)) ADF = 0.
—  D(UN —2)+ (~1)V (AN — 2) + Fi(N —2)))
+ (v 20 (N = 2) + fO(N = 2) + Fij(N —2)
(14) + (=1)NI¢(N —2)) ADF =0.

If N >3, by HN-2(Q;, ) = 0,
s SN = 2)=(=1)N"2(fO(N — 2) + Fi(N — 2) + (N — 3) A DF) + DE(N — 3).

Substitute into (14),

= (-1~ QDC( —3) ADF + (I n42n(N — 2)
+ fO(N —2) + Fi(N —2) + (~1)V"1¢(N = 2)) ADF =0
= (N -2)=(-1)"Mp_ni2n(N - 2)
+ DN = 3)+ (~)N 2N - 2)f
+ (N — )F+2§( —3)ADF).

*

Let bN=30 = ((N —3), bV =271 = §(N - 2)A+ n(N —2)B + ((N — 3)DB
WN-L=2 = (N — 2)ADB +7)(N — 2)BDB + ((N — 3)(DB)?.

s N-20 4 GN-1-1 (DbN_3’0 + 8bN—2,—1) + (DbN—z,—l + (%N—l,—z).
Hence if N > 3,

N-2,0 N-1
Z By N

N—-2,0 N-1 N-1 :
Bl +Hng1N+10(B A) ka N+1+Tfk N+1
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If V-0t e ZzN"bTh ) gN-L=1 — g(N —1)A+n(N —1)B + (N — 2)DB.
0=0daN 171
(15) =(=)N"HON = 1)f + (N —1)F + {(N — 2) A DF),
fON —1) ADF 4+ Fyp(N —1) A DF =0,
O(N —1) ANDF =w(N)F = ¢§(N), I—n418(N) =0,
n(N —1)ADF = —w(N)f + £(N),
= (F~ flwN)=(F - )lli-n+1w(N) = (O(N = 1) + n(N — 1)) A DF,
SN y1w(N) = Oj_ni1n(N — 1) A DF.

—
—

Define a map

~N-1,-1. N—1,-1 N
0 1 Z — I

aN=L=1(@N =171 = [T[;_ ny1w(N)]. Clearly it is a surjective.
AL @M = [ vw(N)] =0

- yp1w(N) = (=1)MI,_y 1 &(N — 1) A DF,

W(N) = (-DNG(N = 1) ADF 4+ 7(N), Mp_ny17(N) =0.

O(N —1)ADF = (~1)NFG(N — 1) A DF 4 (f7(N) — £(N)),
{TI(N ~1)ADF = (-1)N"' f&(N = 1) A DF — (fr(N) = £(N)).
N1 10(N —1) ADF = (=1)NFI,_y1&(N — 1) A DF,

Oy nyn(N —1)ADF = (=1)V 1 fIl,_n1&(N — 1) A DF,
O(N —1) = (-1)NFH(N — 1) 4+ (=1)N"19(N — 2) A DF — ¢(N — 1),
NN —=1)= (=D (N = 1)+ (=1)V'5(N —2) ADF + v(N — 1),

where Ix_n110(N —1) =0 and Ix_n1v(N — 1) =0.
Substitute into (16),

= ¢(N—1)ADF =¢(N) - fr(N) =v(N — 1) A DF.

I

—  y(N=1)=0(N —1)+ u(N —2) A DF.

3

Adjust (N —2

)
=N —1) = (-)NFG(N = 1) + (-1)N"'(N —2) ADF — o(N — 1),
n(N-1)= (DN oV - 1)+ (-D)N (N = 2) ADF + (N — 1).
Subatitute into (15),

— ((N=2)ADF+ (-1)N"Y(0(N = 2)f + (N — 2)F) A DF = 0,
(N =2) = (—)N"2O(N = 2)f +7(N — 2)F + 2((N — 3) A DF).

565

Let bV =172 = 5(N — 1)AB + (N — 2)ADB + j(N — 2)BDB + (N — 3)(DB)2.

— VLTl = g(N = 1)(B—A)+apV 172,
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Clearly 7V -1=1(OKN=1.72) = 0 and %N_l’_l(HQg’;iNH,O(B — A)) = 0. Hence
kermNThTh = OKNTR TR HOQUL L (B = A).

va_l’_l FN-1,-1

~

N
= Dipn

OKN-L=2+ HOY 1\ ) (B — A)
Now we compute
N-1,—1 N—2,0 N—1
Z N By T HQy 0B -4
OKN-L=2 4 HOY Ly o(B—A)

(DbN_3’0+8bN_2’_1) + (DbN—Q,—l _|_abN—1,—2) c Z{V—l,—l
= DYV opN AT =0,
— oD%l =y,
Suppose bV =271 = é(N —2)A+7(N -2)B+ Z(N - 3)DB.
ADYN=2=1 — (L1)N=1(fDO(N — 2) + FDH(N — 2)
+ ()N PN y2n(N = 2) + D{(N = 3)) ADF) =0
By the proof of (b), it is equivalent to
DO(N —2) ADF = FDS(N — 1) — DE(N — 1), T ns26(N — 1) =0,
DH(N —2) ADF = —fDS(N — 1) + DE(N — 1).
<:>(51:—1N+2 +f- F)[Hk—N+2¢t’(N - 1] =0,
Fi— N 42w (N = 1)] = 0.

The map
7*rN_L_l : va_L_l A B{V—ZO - U}Yk__lNH
defined by
F T DB R bV 2) = [y alo(N — 1)
(with DN =271 = 0 ) is surjective. It is clear
7*TN—l,—l(aKN—L—?) =0,

for the corresponding bN~2~1 = 0. Because
—1 N—-1 N—1 .
6k—N+2Wf,k—N+l =H (Qf,k+1—~,0)a
—1 N—1
Do n oW h—nia =0
Hence
N—1 N
DUf,k?—N-‘rl C Ff,k—N'
Clearly

N-1,-1
* ! _ =N-1,-1
D7 =T |Z{V—1,—IQB{\]—2,O.
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«N—1,—
If Dx (DbN_2’_1 + 9bN=172) = 0, where 9DbY =2~ = 0. Then

*

D[Hk_N+2w(N 1)] 0.

DIl yiow(N — (DN, _n 1 @(N — 1) A DF.

DF = (-1)NFIly_n1@(N — 1) A DF.
DF

)=
— DIl n420(N — 2) A
)ADF = (—1)N7! fIl;_y 1 @(N — 1) A DF.

DIlj,—non(N — 2
Adjust (N — 1) suitably
= DO(N —2) = (~D)NFG(N — 1) + (~1)¥"18(N —2) A DF — &(N — 1),
O n1E(N —1) =0,
Dp(N —2) = (=D)V " fa(N = 1) + (-D)VN '[N —2) ADF + §(N —1).
Substitute into (17),
— ()T npan(N = 2) + DN = 3)
=(—1)N‘2(f9(N—2)+Fﬁ(N 2) +2({(N — 3) A DF).
— DVW R _EN-1)(B-A)+ob
where 5" 2 = G(N —1)AB +8(N — 2)ADB +7(N — 2)BDB + ¢(N — 3)(DB)?.
Hence
ZY By T HOY Ly o(B — AR
OKN=L=2 4 HQp Ly (B — A)

N-1
>~ DUNviy

If N =2. We have the map
T Zy — W e W

Suppose a®® = ((0) € K%, o'~ = (1)A + n(1)B + ((0)DB € K1 a%0 4
ab~le Zg 0, such that 7171 (a%% + ab~1) = 0.

s 9(1) = —0(0)DF + DA(0),
n(1) = —7(0)DF + Di(0).

+(Ien(0) + £0(0) + Fij(0) — <<0>>DF =0.

— ((0) = f6(0) + Fn(0 +ZalF a; € Opy.

k—1

= ¢(0) = IL7(0) + £6(0) + F(0) + > (I + Dar1 F'.
=0
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Let
B =0(0)A+ (n(0) + > a1 FHB
l_

B
[

b2 = 0(0)ADB + (7(0) + Y (I + 1)ai2F')BDB.

N
Il
<

— " ot =00% 7 4 (DVO T bt T?) +ap € B + Opp.

where the coefficient of AB in b2 is zero. Hence
—0,0
kerrt~' =B + Oy,

—0,0 0,0 —
where B, = B}"" N kerrb~1. The sequence

Ov,o Zy° 1
0— : —= — R;,_, —0
fOU7O F(IJ)O fik—1

is split exact.
We have the surjective map
bt le)_l - F?‘,k—z-

Suppose b1+ (Dp% 1 4—(%1 _2) € Z; 7 'NBY? <= 9b%~! = 0. We have proved

FLL(@H01) = 0. Let 6%~ = 0(0)A + 7(0) B.
ot = (0)f+n( JF =0.
s 0(0) = Fuw(0) — £(0), T£(0) =

7(0) = — fu(0) + £(0).
(OO 4 (DO 3B 2) =,

I

1,—1 0,0
N Z1 —|—31
BOO+HQUk 10(B—A)
Zl,—l F1,-1
= 0,0 . ka 2°
20 TN BYY + HOQY, (B~ A)

Hence we get the exact sequences
0,0
By + HQpy_y o(B — A)

0 —-0,0

By

711 goo
AN LS )
B,
—0,0
0—s (BY + HQpy oy o(B = A))N (B + Ouy)
—0,0
B,

BY 4+ HO! B-A
1 U,k— 10( )—’ka1+Tfk1—>0

—0,0

By
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Clearly
—0,0
(BY + HQllj,k—l,O(B —A)N (B, +Ovyo)

={b+ta:be E?’O,a € Oy, s-t. a=0b" 1,
Db+ 0bY 7% € HQ oy o(B — A)}.

Now we prove

—0,0
(B%O + HQ 4 o(B—A)N (B, +Ouy) .
— =00 = Ufl,k—l N Hl(Qm—,o)'
1

Let
\V4 :{bO,—l + bl,—Q c KO,—l +Kl,—2 .
O+ DY+ 9682 € O + HOp g1 0(B — A)}.

Suppose 0%~ = 8(0)A + 7(0)B, b2 = 5(1)AB + 8(0)ADB + 7j(0) BDB.

— a=0(0)f + NO)F
DOO0) + H(1)F — §(0)DF = —r(1), Thr(1) =0,
Dn(0) = &(1)f = (0)DF = 7(1),

IL,7(0) + (8(0) f + 7(0)F) = 0.

(12) * .
— 0= DEO)f +O)F)
£DO(0) + FDij(0) + DF AL (0).

(fDO(0) + FDH(0)) A DF = 0.

DO(0) A DF = w(2)F — o(2),

Dn(0) ADF = w(2)f + o(2)

Il

where II;_;0(1) = 0.
Let w(2) = Dw(1), 0(2) = Do (1), Iw(1) = 0, xo(1) = 0.

= D(Fuw(l) - o(1)) = D8(0) A DF — Iyw(1) A DF,

D(fw(1) — (1)) = —=Dn(0) A DF.

in Wiy 6([Fol) —o(1)]) = [Myw(1)],
flw@)] = [o(1)] = 0.
= '+ f-F)[w(l)] =0
flzw(1)] = 0.

<~
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On the other hand

DO(0) A DF = —F3(1) A DF — 7(1) A DF,

Dn(0) A DF = f&(1) A DF +7(1) A DF,
—  DIw(1) = Ix_1&(1) A DF.
= [w(1)] € H Q5. 0)-
Define a map

TV — U NHY Q)

707191 4 b1 72) = [[pw(1))].
Conversly, suppose w € U})k_l N Hl(Q'f)k__)O)7 w = [[Ixw(1)]. By the above
inference (18) holds. Hence

D(£0(0) + Fi(0)) A DF = 0,
(6(0) + Fij(0)) A DF = D(0).
k+1
0) = ZClFZ, c € OU)O.

I

I

*

k
= f0(0) + Fn(0) = > (I+ 1)cp F".
=0

But
DIlw(1) = DF ATl_1&(1).
= w(2)=Dw(l) =DF Aw(1)+£((2), T-1&(2)=
—  DO(0) = —F&(1) + §(0)DF — 7(1),
Dn(0) = f&(1) + 7(0)DF + 7(1).
where I;_17(1) = 0. Let

*

0t =0(0 ZaHlF

b2 = G(1)AB + 6(0)ADB + (77(0) = > (I + 1)a;2F')BDB.

E
V)

N
I
=

= %10 ) = w.

Hence 7% ~1 is Surjective

Suppose 701 (b1 4 p1=2) = 0.
—  w(l) = DA(0) —@(0)DF + (1), II7(1) = 0.
—  DO(0) A DF = —D(Fw(0)) A DF + D(f7(1) — o(1)),
Dn(0) A DF = D(f@(0)) A DF — D(fr(1) — o(1)).
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By Lemma A
DIL8(0) = ~D(FILG(0)) + a(0)DF,
DILn(0) = D(fIx@(0)) + B(0) DF.
N k—1
= I0(0) = —FIL,w(0) + Za , a € Oy,

k—1
11,7(0) = fIL@(0) + Y biF', b € Oy,
=0
N k-1
= 0(0) = —Fw(0) + Y _aF' ++(0), Mxy(0) =0.
=0

k—1
= f@(0) + Y b F' —(0)
=0

= a= f6(0)+ Fn(0)
k-1
= fao + Z(fal 4+ 1) F' 4 by FF.
=1

By Theorem D, HO(Q;,_1_ ) = @1 Ov,oF" is direct sum.
=  a= fap; bpy—1=0; b =—fau, 1=0,---,k—2.

k—2
= 0(0) = —F(@(0) = > a1 F") +~(0) + ao,

Adjust @(0),

= 2(0
il

_—
= 0(0) = —Fw(0) — ILw(0) — £(0), IMx-1£(0) =0,
w(1) = Dw(0) + w(0)DF) + Da(0) + £(0)DF 4+ 7(1) = 0,
— f(@(1) = Dw(0) + w(0)DF) — (Da(0) + £(0)DF + 7(1)) = 0.
— (1) = D5(0) — w(0)DF + (1), IL_jo(1) = 0.
Let (72 =w(0)AB € K*72, ¢»72 =w(0)ABDB € K173,
= O 42 =0 4 (D2 + 9ch )
+ apA+ a(0)(A— B)+0(1)AB +£(0)(B— A)DB
Mya(0) =0, Tg_10(1)=0, Ix_1£(0)=0
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Conversely, if b 71 4b1 =2 satisfies (19), 7%~ 1(6%~14+b1:=2) = 0 by the definition
of 7%~ directly. Hence

kern®—! = {8607—2 + (D72 4 9t =3)
aoA+ a(0)(A - B) +0(1)AB + £(0)(B — A)DB
02 g K02 (-3 ¢ 13
Mpa(0) =0, Iy—10(1) =0, IIx—1£(0) =0}

Let
A={a€O0yo: W e K" p-2ecKH?
st.a=00""", Db+ 0bM 7% € HQp oy o(B — A},
A={aeA: "+ (D" !+ 02 e BY"}
It is clear
A BY +HOY, | o(B=4)0 (B +0vo)
X B0 |
Define a map
p:V— =

by (%71 +b5=2) = 9p%~L. Tt is surjective clearly.
Suppose b%~! 4+ =2 € V, such that

*

A%t = 0(0)f + n(0)F = 0.

— 6(0) = —~FA(0) + a(0), Ta(0) =0,
1(0) = fA(0) — a(0).

— (0) A DF = —FD(X0) A DF).
= a0 e = 0.

Hence ¢ is well defined.
By the definition of 7%~ clearly

7710+ D)kert® 'mod o, K1) =0

Hence o(kern®=1) C V. B
Conversely, if 9b%~1 + (Db~ + 8b1’_2) = a € A. By the above inference to

compute kewr 7_1, we can choose bb~2 = §(0)ADB + 7j(0)BDB (i.e. &(1) = 0).
Therefore 7%~ (b%~1 + b1=2) = 0. ¢ induces the isomorphism
. v [a=3 A
7 kerno1 T A

The proof for case N = 2 has been completed.
(d)p=N-1, N >2.

N—-1,0 N-1
K QUk N+1,0°

KNt = QUk N0A+QUk NOB+QUk n,oDB.
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aN=10 4Nl g ZV 10 gN=10 = (N —1) € KN=10, N1 = §(N) A+7(N)B+
((N —1)DB.

0= Da"V 10 4 §gN:—1
=D((N = 1)+ (=1)N(O(N)f + n(N)F + (N — 1) A DF).

Let (N) = DO(N — 1), n(N) = Dn(N — 1). Define a map
=l Zév_l’o — W;Yk_—lN'

a1 (aVN =10 4aN ) = (= 1)V n11n(N —1)+¢(N—1)]. Clearly it is surjective.
Suppose

L (e S A ()

& (~D)NM_npn(N = 1) + (N - 1)
= DC(N —2) + (—1)N"128(N — 2) A DF,

= a1 = D(O(N — 1)A + (N = 1)B + (N — 2)DB)
+0(C(N —2)(DB)?).

Let 5 77" = (N — DA+ (N — 1)B + ((N — 2)DB € KN-1-1, V77 =

((N=2)(DB)2 € KN=2.0 = DaV=1049aN~1 = DaN~1049Dp" T aN =10 =
_N_1,21 —N—-2,0

ab + D" 0

Hence a¥ =10 4 aV-=1 € BN 10 Suppose bV 11 = (N — 1) A+ (N —1)B +
C(N —2)DB e KN-1-1,

D=1~ — DO(N — 1) A+ Dij(N — 1)B
+ ((_1)N_1Hk—N+l7>§(N — 1)+ DN - 2))DB
— 7D L) = ()M ey il (V — 1)
(_1)N_1Hk—N+l7>§(N — 1+ DEN =~ 2)] =0.
— YD <o

Because OKN~2 c ZV' ™! we need only to compute 7N-=1(Z"1)

Suppose a1 = O(N)A+n(N)B+((N —1)DB € Z"""' 0(N) = DO(N — 1),
n(N) = Dn(N —1).
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— (—1)NgaN

=0(N)f+n(N)F +((N —-1)ADF
=D(O(N - 1)f +n(N —1)F)

+ ()N y41n(N — 1) + (N — 1)) A DF,
= 0p-n+1([0(N — )] f + [n(N — 1)]F)

= (—DN[(=)Np-npan(N — 1) + (N = 1)),

N @) = () No- N (0N = V)] f + [n(N = 1)]F).
=[0(N = D]f +[n(N = 1)]F € HY Q4 )-

=T

Wwi-1
o Wikey
6k—N+1 Vf,k—N+1
The proof of the theorem has been completed. O

Corollary 1. If f is quasi-homogeneous, H™~ 1(QVk 0)=0.
Proof. By [7],

FW;Yk_—lN+1 = HN_l(QV,k—.,o)-
By Theorem D

Shona1 : HY TNy o) & W;Yk_—lN'

Now we prove Theorem 2. Suppose first N > 3. By the theorem,
Xfk = (_1)N_3(dimCUjf\,fk_—lN+1 - dimcDU}\fk_lNH
+dimely)_y + dimo(SY iy + T ni)
. N—1 . N—1 N—1
— dzmch,k—N-',—l — clzchﬁk_N+1 + dzchf’k_N.

By the following exact sequences and equality,
N-1 N-1 N-1
0—’Rfk N+1 fk N+1@Wfk N+1—>fok N+1+FWf7k—N+1—>0'
N-1 N-1
0— Vf N1 — Wi T EW N — DVf v — 0.

Dka i1 = no+ FOY i no-

ng‘\fk—N,O + FQ?{k—N,O
—

FQ?{k—N,O

N N N
00— FQf_no— [ p_no+ FQUf p_no —

fQ?,rk No T FQ%@—N,O

0.
FOQN _>

0— keT(Agf\fk—N,Oi}A?{k—N,O) - Agf\fk—N,o -
f.k—N,0
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0— keT(ng\fk—N,O i’ng\fk—N,o) - Qg‘\fk—N,O - FQ%@—N,O — 0.

N F N N F N N
0— keT(Qf,k—N,o—ﬂf,k—N,o) - Qf,k—N,o—>Qf,k—N,o - Af,k—N,o — 0.
Hence

2dimeW Iy = dimeRY !y 4+ dimo Vi 4 dimeQf g
f
- ker(A%k—N,O_)A%k—N,O)'
By the exact sequence

N-1 N—-1/0) N-1 D N-1
0 —Uppnpr VHY T (o) — Upponpa— DU s — 0,

Xfk = (_1)N_3(d7;mCUJJ‘\,Tk_—1N+1 N HN_I(Qf,k—,o) + dimCF%k—N
— dmckeT(A?{k_N’OLA;\fk_N’o) — 2dich;Yk__1N+l
+dimeW Ny + dime QY y o+ dimo(SY vy + TN i)
UJJ‘\,rk_—lN+1 n HN_l(Qf,k—.,o)

={we HN " (o) : fw =0,

(03t nio + f — F)w =0}
By the canonical basis in [7] it is clear

My _Ny2: HN_l(Q},kJrl—»,o) — HN_l(QIf,k—wO)
is surjective.

O lngz +f = F)w=0, fw=0,
= 6l yaollke N = (F = fl@, fHi_niow =0.

where w € 1‘[1\’_1(Q'f)k__)0)7 w € HN_l(Q'f),ﬁ_l__)o)7 and ITg_ ny20 = w.
— Ij_Ni2@ = Sp—ny2(F — [,
= (F'— f)op-Nt2w0 =0,

— (F-fo=0,

ST N420 = 0.
- Ny2w = 0.

—1 _
fHk—N+26k_N+2W =0,
where W = 0p_ ny2w € W;Yk_—lN-i-l' Hence w = Hk_N_;,_Q(S]:_lN_i_zw.

— (F-flu=0, fli_n420=0,

— Fo=[], fo=[, ¢€HY  nio
Let

P v ={@eWi v i Fo=1¢, fo=[¢, ¢eHQ!

“N41,0)
The sequence
N—1 N—1
N—1 N1 (CFx 0 S e Nt T TN
00— Prinet — Wikn GN-T —0
fik—=N+1
is clearly exact. Let

HW;Yk_—lN+1 ={lf] € W;Yk_—lN-H S Hﬂﬁiml,o}-
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Clearly H W;V N1 CP ;Yk_—lN+1 and

N-1
-1 . fik=N+1 o i yN—1/0y-
Me-nt2bhonyo t ponmt— S HTT (Qe0)-
fk—N+1

It induces the isomorphism
N—-1

fik=N+1 -1 mHN—l(Q- )

N—1 =Vrk—N+1 Uk—-,0):

HW N

Hence
dimcU;\,]k_—lN+1 N HN_l(QU,k—-,o) = dimcHN_l(QU,k—-,o)
—dimo(SP ity + Thn i) +dime Sy
By the canonical basis
. _ kY .
dzmcS}\fk_lN_H = (N) dimcQy.

By the Theorem D

. _ E+1Y\ .
dzch;Yk_lNH = (N L 1) dimcQy.
. 10 . _ k .
dimcHYN "Qup_.0) = dzch;Yk_lN = (N 4 1>dzchf.

. k .
dzmcﬂ}\jk_N)O = (N n 1) dimcQy.

We get the conclusion of Theorem 2 for N > 3. O
Similarly we can prove the case N = 2.

Corollary 1. If N > 3,
dimoHN (Do) = dimoU 4+ dimeW Ny — dime Vil 4
If N =2,
dimcHYN ~2(Qy4_ o) = dimeW} _y — dimc Vi) — dimeT%
+ dimcker(A?)k_ZOLA?),C_ZO).
Corollary 2. If k= N + 1, then

Xsn+1 = (=)
f(y)
+ (=1)N3dimc{a € Q¢(y) s af =0,a =0,4,j=1,---,N}.
(-1) fae Qs o )
If moreover f is quasi-homogeneous, then
i)

xrn+1 = (DY 2u+ (=D)NBdime{a € Q(y) i,j=1,---,N}.

ca——2L =,
Dy 0y

Proof. If f is quasi-homogeneous, Ag}fl = E?{l = Qﬁc\fl. O
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Example 1. f =z} + z3.

= v = 12. The basis of Qs is

{2 x? iy =0,---,3;i2=0,---,2}.

2 2
gﬁ% = 2043, OF o, g_mé = 1222. Hence

8I13$2
{a€Qy:az} =0,a23 =0} = {2 2P iy =1,2,3; ia =1,2}Qy.

If k=3, xy3 =6 and dimcﬁo(ﬂ'v?g_,p) =6.

Example 2. f = 23 + 7.

%f 2
922 = 071, 72,94,

X

i = v = 12. The basis of Q; is
{a922 i =0,1;i3=0,--- ,5}.
=0, % = 4223. Hence

{a€Qf:axy =0,a25 =0} ={alal iy =1; in=1,---,5}Q;.

It k=3, xy3="7and dimCﬁO(QV,B—»,O) =T
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