
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 349, Number 2, February 1997, Pages 789–807
S 0002-9947(97)01726-1

LIMITING SUBHESSIANS, LIMITING SUBJETS

AND THEIR CALCULUS

ALEXANDER D. IOFFE AND JEAN-PAUL PENOT

Abstract. We study calculus rules for limiting subjets of order two. These
subjets are obtained as limits of sequences of subjets, a subjet of a function f
at some point x being the Taylor expansion of a twice differentiable function
which minorizes f and coincides with f at x. These calculus rules are deduced
from approximate (or fuzzy) calculus rules for subjets of order two. In turn,
these rules are consequences of delicate results of Crandall-Ishii-Lions. We
point out the similarities and the differences with the case of first order limiting
subdifferentials.

1. Introduction

The interest in second order nonsmooth analysis seems to be growing in recent
years, motivated both by applications and by analysis itself. In the classical calculus
there are two possibilities for defining second order derivatives: as the derivative
of the first order derivative or by means of the 2-jet, i.e. the second order Taylor
expansion. As we know, the two definitions are not equivalent unless the function
or the map is twice continuously differentiable. Not surprisingly, we should expect
different results from extensions of these two approaches to nonsmooth settings.

The objects to be studied in this paper pertain to the second approach men-
tioned above. Moreover, they possess a unilateral (or one sided) feature which is
characteristic of most nonsmooth concepts. In fact these objects are the second or-
der generalized subjets introduced in [4], [5]. Our purpose is to develop a calculus
of these generalized 2-subjets comparable to what we have for first order subdiffer-
entials, more specifically, for “approximate” subdifferentials studied geometrically
by Mordukhovich [14], [15], and analytically by Ioffe [9] and Kruger [12]. We follow
here the analytic pattern which includes first a development of a “fuzzy” calculus
of “Fréchet 2-subjets” similar to first order Fréchet or Dini subdifferentials, and
then obtain calculus rules by passing to the limit (cf. [9], [10]).

It turns out, however, that at each of the two steps we run into technical diffi-
culties which have no analogues in the first order theory. At the “fuzzy calculus”
stage the penalization technique similar to what has been used in the first order
case does not by itself provide the separation of variables needed for subdifferentia-
tion of various “composite” functions. At the “passage to limit” step the difficulty
is caused by the fact that Fréchet 2-subjets are always unbounded.
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At the first step the difficulty is overcome with the help of a decomposition lemma
of Crandall-Ishii-Lions [5] relying on some work of Jensen [11]; at the second step it
is overcome with the help of a notion of “efficient subjet”, which allows us to split a
converging part off from a sequence of subjets going to infinity and to define a second
order analogue of singular differentials. All this makes the second order calculus
substantially more complicated technically than the first order calculus, but, as a
result, the main formulae for subdifferentiation of a sum and a composition receive
second order counterparts. This fact paves the way for applications which are not
considered here.

2. Definitions and elementary properties

Throughout the paperX,Y, Z denote the real finite-dimensional Euclidean spaces
and A,B,C linear operators between them (or their matrices). We use the follow-
ing notation: L(X,Y ) denotes the space of linear operators from X into Y ; Ls(X)
stands for the space of symmetric linear operators in X and L+

s (X) for the cone
of positive semidefinite elements of Ls(X). The inner product is denoted by (u|v),
and its associated norm is ‖x‖ = (x|x)1/2, whatever the space is. The unit sphere
is the set S = {x : ‖x‖ = 1}.

On the space Ls(X) we consider a norm A 7→ ‖A‖ satisfying the following
monotonicity property:

B ≥ A ≥ 0⇒ ‖B‖ ≥ ‖A‖,(1)

where A ≥ 0 means that (Av|v) ≥ 0 for all v. Among the norms satisfying this
property are the supremum norm given by

‖A‖ = max
v∈S
|(Av|v)| = max(|λ1|, . . . , |λn|),

where λ1, . . . , λn are the eigenvalues of A, and the Frobenius norm given for A =
(ai,j) by

‖A‖ :=

√ ∑
i,j=1,...,n

a2
i,j =

√
tr(A2).

For A ∈ Ls(X), B ∈ Ls(Y ), C ∈ L(X,Y ) we set

Q(A,B,C) =

(
A C∗

C B

)
∈ Ls(X ⊕ Y ).(2)

As a rule we consider extended-real-valued functions, and for such a function f
we set

dom f = {x : f(x) <∞}.

Definition 2.1. Given x ∈ dom f , the set ∂2
−f(x) of all pairs (x∗, A) ∈ X×Ls(X)

with the property

lim inf
‖v‖→0

‖v‖−2(f(x+ v)− f(x)− (x∗|v)− 1
2 (Av|v)) ≥ 0

is called the Fréchet second order subjet of f at x.
The set

∂2
−f(x, x∗) = {A ∈ Ls(X) : (x∗, A) ∈ ∂2

−f(x)}
is the set of Fréchet subhessians of f at (x, x∗) (cf. [17]). It is a closed convex
subset of Ls(X), as we can easily see.
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The preceding definition contains a slight abuse of language since traditionally
the 2-jet of a twice differentiable function f at x is the triple (f(x), Df(x), D2f(x))
of R×X∗×L2

s(X,R) or its image (f(x),∇f(x),∇2f(x)) in R×X×Ls(X) through
the usual identification, and its 2-subjet should be

J2
−f(x) = {(f(x), x∗, A) : (x∗, A) ∈ ∂2

−f(x)}.
To place the objects just introduced in proper perspective we recall the well-

known notions of (first order) Fréchet subdifferential, (lower or) contingent deriva-
tive, and lower second order epiderivative (see [1], [9], [10], [20]).

The first is defined as the set ∂−f(x) of all x∗ with the property that

lim inf
v→0
v 6=0

‖v‖−1(f(x+ v)− f(x)− (x∗|v)) ≥ 0,

the second as

f ′−(x, v) := lim inf
(t,u)→(0+,v)

t−1(f(x+ tu)− f(x)),

and the third as

f ′′−(x, x∗, v) = lim inf
(t,u)→(0+,v)

2t−2(f(x+ tu)− f(x)− t(x∗|u)).

Proposition 2.1. Let f be lower semicontinuous (l.s.c.) near x and finite at x.
Then the following four properties are equivalent :

(a) (x∗, A) ∈ ∂2f(x);
(b) for any ε > 0 the function

v 7→ f(x+ v)− f(x)− (x∗|v)− 1

2
(Av|v) + ε‖v‖2

has a local minimum at zero;
(c) x∗ ∈ ∂−f(x) and (Av|v) ≤ f ′′−(x, x∗, v), ∀v ∈ X ;
(d) x∗ ∈ ∂−f(x) and (Av|v) ≤ f ′′−(x, x∗, v), for any v such that (x∗|v) = f ′−(x, v).

The proof is not difficult and is left to the reader.
In the next section we shall see that second order Fréchet subjets have analytic

properties similar to (first order) Fréchet subdifferentials, and now we proceed with
the definition of the basic limiting objects.

Definition 2.2. Let f be lower semicontinuous near x and finite at x. The ap-
proximate or limiting 2-subjet of f at x is defined as

∂
2
f(x) = lim sup

u
f→x

∂2
−f(u),

where lim sup is understood in the classical sense of Painlevé-Kuratowski, and u
f→

x means “u→ x and f(u)→ f(x)”.
We also set

∂
2
f(x, x∗) = {A ∈ Ls(X) : (x∗, A) ∈ ∂2

f(x)}
and call this set the set of approximate or limiting subhessians of f at (x, x∗).

An interpretation of ∂
2
f(x) can be given by using the graph J2

−f of the mul-
timapping x J2

−f(x) given by

J2
−f = {(x, f(x), x∗, A) : (x∗, A) ∈ ∂2

−f(x)};
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one has

∂
2
f(x) = {(x∗, A) : (x, f(x), x∗, A) ∈ cl J2

−f},

where clS denotes the closure of the set S.
To finish the introduction of our basic concepts we extend the last definition to

mappings between spaces X and Y .

Definition 2.3. Let F be a continuous map from X into Y defined in a neighbor-
hood of x. For any y∗ ∈ Y ∗ we set

D
2
F (y∗, x) = lim sup

(u,z∗)→(x,y∗)
∂2
−(z∗ ◦ F )(u)

and call the set-valued map y∗ → D
2
F (y∗, x) the (approximate, or limiting) second

order cojet of F at x.

The first order analogue of this object coincides with the coderivative introduced
by Aubin and Mordukhovich (see [1], [15]), which is obtained by subdifferentiation
of the indicator function of the graph of F and extends to set-valued maps as well.
The other type of (“scalarized”) coderivatives was studied by Ioffe in [9]. The scalar-
ization formula proved in [9] states that both derivatives coincide for Lipschitzian
mappings between finite-dimensional spaces. Otherwise they can differ. We do not
discuss here possible second order extensions of the second scheme (which can be
obtained from Definition 2.3 if we keep z∗ equal to y∗).

3. “Fuzzy” calculus of Fréchet subjets

In this section we develop a “fuzzy” calculus for Fréchet 2-subjets similar to that
developed for first order Dini-Hadamard and Fréchet subdifferentials in [9], [10]. It
will consist of two basic theorems, one for a sum and another one for a composition.

Theorem 3.1. Let the functions f1, . . . , fk be lower semicontinuous (l.s.c.) near
x and finite at x. Set f = f1 + · · ·+fk and assume that (x∗, A) ∈ ∂2

−f(x). Then for
any ε > 0 there are k triples (xi, x

∗
i , Ai), i = 1, . . . , k, such that, for i = 1, . . . , k,

(x∗i , Ai) ∈ ∂2
−f(xi), |fi(xi)− fi(x)| < ε, ‖xi − x‖ < ε, and

‖x∗1 + · · ·+ x∗k − x∗‖ < ε, A1 + · · ·+Ak ≥ A− εI.

If moreover the functions f1, . . . , fn are convex, we may assume that Ai ≥ 0.

Changing Ai into Ai − 1
k (
∑k
j=1 Aj −A + εI), we may write the last relation in

the equality form:

A1 + · · ·+Ak = A− εI.

The proof of the theorem is based on the following results.

Lemma 3.2 ([5, Theorem 3.2]). Suppose that ϕ1, . . . , ϕk are functions on X which
are l.s.c. near x1, . . . , xk respectively, and finite at these points. Suppose fur-
ther that ϕ is a C2-function on X × · · · × X and the function (x1, . . . , xk) 7→
ϕ1(x1) + · · · + ϕk(xk) − ϕ(x1, . . . , xk) attains a local minimum at x1, . . . , xk. Let

H = D2ϕ(x1, . . . , xk). Then for any ε > 0 there are (x∗i , Ai) ∈ ∂
2
ϕi(xi) such that
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(x∗1, . . . , x
∗
k) = ∇ϕ(x1, . . . , xk) and

A1 0 · · · 0

0 A2 0
...

... 0
. . .

...
0 · · · · · · Ak

 ≥ H − εI.
If moreover ϕ1, . . . , ϕk are convex, we may assume that Ai ≥ 0.

Proof of Theorem 3.1. It is sufficient to consider the case of two functions, say f
and g, and assume that x = 0, x∗ = 0, A = 0, f(x) = g(x) = 0.

So let (0, 0) ∈ ∂2
−(f + g)(0). As both f and g are l.s.c., given an ε > 0, we can

find a ρ > 0 so small that

f(x) ≥ −ε, g(x) ≥ −ε if ‖x‖ ≤ ρ.(3)

By Proposition 2.1 there is a 0 < δ < min(ε, ρ) such that

f(x) + g(x) + 1
2ε‖x‖

2 > 0 if ‖x‖ ≤ δ, x 6= 0.(4)

Set

hn(u, v) = f(u) + g(v) + n
2 ‖u− v‖

2 + ε
2 (‖u‖2 + ‖v‖2).

We have hn(0, 0) = 0, and hn(u, v) ≥ −2ε if ‖u‖ ≤ δ, ‖v‖ ≤ δ. Let (un, vn)
be a point at which hn attains its minimum on B(0, δ)×B(0, δ). As hn(un, vn) ≤
hn(0, 0) = 0, we conclude from (3) that

n

2
‖un − vn‖2 ≤ 2ε,

which means that ‖un − vn‖ → 0 as n→∞.
Assuming without loss of generality that (un) and (vn) converge, we conclude

that they have a common limit point w. Then, by lower semicontinuity,

f(w) + g(w) + ε‖w‖2 ≤ lim inf
n→∞

hn(un, vn) ≤ 0

and (4) implies that w = 0. Thus (un) → 0 and (vn) → 0; in particular ‖un‖ <
min( ε2 ,

1
2 ) and ‖vn‖ < min( ε2 ,

1
2 ) for large n. From now on we fix such an n.

We are now in a situation suitable for application of Lemma 3.2 (with ϕ1 = f ,
ϕ2 = g and ϕ(u, v) = − 1

2 (n‖u − v‖2 + ε‖u‖2 + ε‖v‖2)). Observe that as ϕ is
a quadratic function, it coincides with the quadratic function associated with its
Hessian at 0, and

∇ϕ(un, vn) = (−n(un − vn)− εun, n(un − vn)− εvn).

Thus, applying Lemma 3.2 along with the definition of limiting 2-subjets, we
find points y and z within ε/2 of un, vn, hence within ε of 0, such that |f(y)| < ε/2,
|g(z)| < ε/2 and (y∗, A) ∈ ∂2

−f(y), (z∗, B) ∈ ∂2
−g(z), with

y∗ = −n(un − vn)− εun, z∗ = n(un − vn) + εvn(5)

and

(Au|u) + (Bv|v) ≥ ϕ(u, v)− ε

2
(‖u‖2 + ‖v‖2) ∀u, v.(6)

From (5) we get

‖y∗ + z∗‖ ≤ ε(‖un‖+ ‖vn‖) < ε
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and from (6), setting u = v,

(Au|u) + (Bu|u) ≥ −2ε‖u‖2, ∀u,
that is, thatA+B ≥ −2εI. This completes the proof of the first part of the theorem.
To prove the second statement we only need to observe that by Lemma 3.2 both A
and B can be chosen positive semidefinite if both functions are convex.

Next we consider the composition operation, first for the simple case when the
interior map is a projection.

Proposition 3.3. Let x ∈ X, y ∈ Y , and let g : Y → R∪{∞} be l.s.c. near y and
finite at y. Consider the function f on X × Y given by f(u, v) = g(v).

(a) For any (y∗, B) ∈ ∂2
−g(y) and any A ∈ Ls(X), A ≤ 0, S ∈ L(X,Y ) one has,

setting D := B + S ◦A ◦ S∗ and C := S ◦A,

((0, y∗), Q(A,D,C)) ∈ ∂2
−f(x, y);

in particular, ((0, y∗), Q(0, B, 0)) ∈ ∂2
−f(x, y).

(b) Conversely, if ((x∗, y∗), P ) ∈ ∂2
−f(x, y) and P = Q(A,D,C), then x∗ = 0,

A ≤ 0 and for any positive α there exists an S ∈ L(X,Y ) such that C = S◦(A−αI),
B := D − S ◦ (A− αI) ◦ S∗ ∈ ∂2

−g(y, y∗) and Q(0, B, 0) ≥ P −Q(αI, 0, 0).

Proof. (a) The inclusion ((0, y∗), Q(0, B, 0)) ∈ ∂2
−f(x, y) for any x is trivial. On

the other hand, for D = B + S ◦A ◦ S∗, C = S ◦A we have

((Q(A,D,C)−Q(0, B, 0))(u, v)|(u, v))

= (Au|u) + 2(SAu|v) + (SAS∗v|v)

= (A(u+ S∗v)|u+ S∗v) ≤ 0.

(b) By Proposition 2.1, for any ε > 0 there exists ρ > 0 such that

f(x+ u, y + v)− f(x, y)− (x∗|u)− (y∗|v)(7)

≥ 1
2 ((Au|u) + 2(Cu|v) + (Dv|v)) − ε(‖u‖2 + ‖v‖2)

whenever ‖(u, v)‖ ≤ ρ. Taking v = 0 here, we get from (7)

(x∗|u) ≤ − 1
2 (Au|u) + ε‖u‖2 when ‖u‖ ≤ ρ,

which implies that x∗ = 0, and A ≤ 2εI. As this is true for any ε, we conclude
that A ≤ 0. Therefore, for any α > 0, the operator Aα = A − αI is nonsingular;
set S = C ◦A−1

α .
From (7) we have

g(y + v)− g(y)− (y∗|v) ≥ 1
2 ((Aαu|u) + 2(Cu|v) + (Dv|v)) − ε(‖u‖2 + ‖v‖2)

for all (u, v) close to zero. Taking u = −S∗v in this inequality with ‖v‖ small
enough, and setting ε′ := ε(1 + ‖S∗‖) we get

g(y + v)− g(y)− (y∗|v)

≥ 1
2 (SAαS

∗v|v)− (CS∗v|v) + 1
2 (Dv|v) − ε′‖v‖2

= 1
2 ((D − SAαS∗)v|v)− ε(1 + ‖S∗‖)‖v‖2.

As ε is an arbitrary positive number, we conclude that B := D − SAαS
∗ ∈

∂2
−g(y, y∗). The last inequality of the statement follows from part (a), in which we

have shown that Q(Aα, D,C) ≤ Q(0, B, 0) when D = B+SAαS
∗ with Aα ≤ 0.
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Using the proposition, we can establish the following general fuzzy chain rule. It
can also be written in an equality form which closely emulates the smooth case.

Theorem 3.4. Let F : X → Y be a map of class C1 near x ∈ X and let the
function g on Y be l.s.c. near y = F (x) and finite at y. Set f = g ◦F , and assume
that (x∗, A) ∈ ∂2

−f(x). Then, for any ε > 0, there are u, u∗ ∈ X, v, v∗, w∗ ∈ Y ,
B ∈ Ls(Y ) and C ∈ Ls(X) such that ‖u − x‖ < ε, ‖v − y‖ < ε, ‖u∗ − x∗‖ < ε,
‖v∗ − w∗‖ < ε, and

(u∗, C) ∈ ∂2
−(w∗ ◦ F )(u), (v∗, B) ∈ ∂2

−g(v),(8)

C + F ′(u)∗ ◦B ◦ F ′(u) ≥ A− εI.(9)

Proof. As in the proof of Theorem 3.1, we can assume for simplicity that x = 0,
y = 0. Fix an ε > 0 so small that F is C1 in the 2ε-ball around zero, and let
k ≥ ‖F ′(u)‖ for all u with ‖u‖ ≤ ε.

Set h1(u, v) = g(v), denote by h2 the indicator function of the graph of F , and
let h = h1 + h2. Then for any (u, v) either h(u, v) = ∞ ≥ f(u), or v = F (u) and
h(u, v) = g(v) = f(u). Therefore for any δ > 0

h(u, v)− h(0, 0) ≥ f(u)− f(0) ≥ (x∗|u) + 1
2 [(Au|u)− δ‖u‖2],

provided u is sufficiently close to zero. This means that

((x∗, 0), Q(A, 0, 0)) ∈ ∂2
−h(0, 0).

Applying Theorem 3.1, we can find xi, yi, x
∗
i , y
∗
i and Pi, i = 1, 2, such that

((x∗i , y
∗
i ), Pi) ∈ ∂2

−hi(xi, yi), i = 1, 2,(10)

P1 + P2 ≥ Q(A, 0, 0)− ε(2 + 2k2)−1I,

‖x∗1 + x∗2 − x∗‖ < ε, ‖y∗1 + y∗2‖ < ε.

By Proposition 3.3 we have x∗1 = 0, and there is a B ∈ Ls(Y ) such that (y∗1 , B) ∈
∂2
−g(y1) and Q(0, B, 0) ≥ P1 −Q(ε(2 + 2k2)−1I, 0, 0), so that

Q(0, B, 0) + P2 ≥ Q(A, 0, 0)− ε(1 + k2)−1I.(11)

On the other hand, if we set

G(u) = F (x2 + u)− F (x2),

then the inclusion for i = 2 in (10) implies in particular that for any δ > 0

0 ≥ (x∗2|u) + (y∗2 |G(u)) + 1
2 (P2(u,G(u))|(u,G(u)))− δ(‖u‖2 + ‖G(u)‖2)(12)

for all sufficiently small u.
As F is differentiable at x2, we have

G(u) = F ′(x2)u+ o(‖u‖).(13)

Furthermore, defining C ∈ Ls(X) by

(Cu|u) = (P2(u, F ′(x2)u)|(u, F ′(x2)u))

and calculating the values of the corresponding quadratic forms at (u, F ′(x2)u), we
find from (11) that

F ′∗(x2) ◦B ◦ F ′(x2) + C ≥ A− εI.
On the other hand, we obtain from (12), (13) that for any δ > 0
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−(y∗2 |F (x2 + u)− F (x2)) ≥ (x∗2|u) + 1
2 (Cu|u)− δ‖u‖2,

provided u is sufficiently close to zero.
By definition this means that

(x∗2, C) ∈ ∂2
−(−y∗2 ◦ F )(x2).

To conclude the proof, it remains to set v∗ = y∗1 , w∗ = −y∗2 , u = x2, u∗ = x∗2.

Let us observe that it can be shown that Theorem 3.1 is in turn a consequence
of Theorem 3.4. It suffices to take Y = Xk, F (x) = (x, . . . , x), g(y1, . . . , yk) =
f1(y1) + · · ·+ fk(yk) in the following corollary.

Corollary 3.5. Suppose F : X → Y is twice differentiable around x (resp. linear
and continuous) and g : Y → R ∪ {∞} is l.s.c. around y = F (x) and finite at y.
Let f = g ◦ F . Then for any (x∗, A) ∈ ∂2

−f(x) and any ε > 0 there are u, u∗ ∈ X,
v, v∗, w∗ ∈ Y , B ∈ Ls(Y ) such that ‖u − x‖ < ε, ‖v − y‖ < ε, ‖u∗ − x∗‖ < ε,
‖v∗ − w∗‖ < ε, |g(v)− g(y)| < ε, u∗ = w∗ ◦ F ′(u), (v∗, B) ∈ ∂2

−g(v), and

w∗ ◦ F ′′(u) + F ′(u)∗ ◦B ◦ F ′(u) ≥ A− εI (resp. F ′(u)∗ ◦B ◦ F ′(u) ≥ A− εI).

4. Efficient subhessians and singular subjets

The set ∂2
−f(x, x∗), if nonempty, is necessarily unbounded, since with any A it

contains A+B if B ≤ 0. This may be a source of trouble when calculating limits, if
we try to pass from the fuzzy calculus of Fréchet 2-subjets to an “exact” calculus of
limiting 2-subjets. In addition, A+B can hardly provide more information about
f than A itself if A ∈ ∂2

−f(x, x∗) and B ≤ 0. It is therefore worth trying to get rid
of these “parasite” elements.

Passing to maximal elements with respect to the usual order ≥ on Ls(X) is of no
help, for it may just happen that no such elements exist as, say, in case of X = R,
f(x) = |x|, x = 0, x∗ = 0 (in this case ∂2

−f(x, x∗) = Ls(R)). We use a different
strategy, selecting elements of ∂2

−f(x, x∗) which are representative enough. The
following definition gives a precise sense to this expression.

Definition 4.1. Given a subset A of Ls(X) and an A ∈ A, we say that A is
efficient in A if for each B ∈ A with B ≥ A we have ‖B‖ ≥ ‖A‖.

In other words, A is efficient in A if

‖A‖ = min{‖B‖ : B ≥ A,B ∈ A}.
This definition corresponds to the usual notion of efficiency (or maximality) in

the sense of Pareto for the multiobjective criteria A 7→ (A,−‖A‖) when Ls(X)×R is
endowed with the strict preorder associated with the pointed cone L+

s (X)× (0,∞):
A is efficient if and only if there is no B ≥ A with −‖B‖ > −‖A‖.

Efficient elements of ∂2
−f(x, x∗) will be called efficient subhessians of f at x

w.r.t. x∗. We shall denote the collection of such elements by ∂2
efff(x, x∗), and we

set

∂2
efff(x) = {(x∗, A) : A ∈ ∂2

efff(x, x∗)}.
The following existence result is an immediate consequence of the fact that any

nonempty closed subset of Ls(X) has an element of least norm.
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Proposition 4.1. If ∂2
−f(x, x∗) is nonempty then ∂2

efff(x, x∗) is also nonempty.
Moreover, for any C ∈ ∂2

−f(x, x∗) there is an A ∈ ∂2
efff(x, x∗) such that A ≥ C

and ‖A‖ ≤ ‖C‖.

Examples. (a) A positive semidefinite matrix A is efficient in any subset A of
Ls(X) containing it, since the norm is nondecreasing on the cone of positive semi-
definite matrices.

(b) If Ls(X) is endowed with the supremum norm, a matrix A such that ‖A‖ =
‖A+‖ is efficient in any subset A of Ls(X) containing it: if B ≥ A, the greatest
eigenvalue of B is not less than the greatest eigenvalue of A, so that ‖B‖ ≥ ‖A‖.
Here A+ = 1

2 (|A| + A) and A− = 1
2 (|A| − A), with |A| = (A2)1/2 (see [13] for

instance).
(c) Let A be a subset of Ls(X) which is stable by addition of elements of L+

s (X),
or more generally, which is such that for any A ∈ A one has A+ ∈ A. Suppose the
norm on Ls(X) satisfies

‖A‖ ≥ max(‖A+‖, ‖A−‖)
for each A ∈ Ls(X). This assumption is satisfied when ‖ · ‖ is the supremum norm
or the Frobenius norm. We claim that if A is efficient in A then ‖A‖ = ‖A+‖. In
fact, if A is efficient, as A+ ≥ A we have ‖A+‖ ≥ ‖A‖ ≥ max(‖A+‖, ‖A−‖) ≥ ‖A+‖
and ‖A+‖ = ‖A‖. Moreover, if the norm is such that ‖A‖ > ‖A+‖ when A− 6= 0,
and if A is efficient in A, then A− = 0 and A ≥ 0. Let us observe that this property
holds when the norm is such that

‖A‖ = (‖A+‖2 + ‖A−‖2)1/2,

in particular for the Frobenius norm. Taking Example (a) into account (and the
fact that if A is efficient in Ls(X) it is efficient in any subset), we get that for such
a norm A is efficient in A iff A ≥ 0.

(d) Let us consider the set A := {A ∈ Ls(X) : A ≤ H}, where H is a given
element of Ls(X) when this space is endowed with the supremum norm. We claim
that if A is not positive semidefinite then A is efficient in A, provided A ≥ µI,
where µ is the minimal eigenvalue of H. (If A is positive semidefinite, it is efficient
by (a).) For B ∈ A, B ≥ A, we have

µ ≤ min
v∈S

(Av|v) ≤ min
v∈S

(Bv|v) ≤ min
v∈S

(Hv|v) = µ,

so that equality holds in these relations, and maxv∈S(Av|v) ≤ maxv∈S(Bv|v), so
that we get ‖B‖ ≥ ‖A‖, which means that A is efficient.

(e) Consider now two spaces X,Y and a function g on Y ; let us define f on X×Y
by f(x, y) := g(y). Suppose that for each B ∈ Ls(Y ) one has ‖Q(0, B, 0)‖ = ‖B‖;
this is the case with the usual norms considered above. Let us prove that for any
y∗ ∈ ∂−g(y) and any B ∈ ∂2

effg(y, y∗) one has Q(0, B, 0) ∈ ∂2
efff((x, y), (0, y∗)). We

already know from Proposition 3.3 that Q(0, B, 0) ∈ ∂2f((x, y), (0, y∗)) and that
for any P := Q(A,D,C) ∈ ∂2f((x, y), (0, y∗)) we have A ≤ 0. If P ≥ Q(0, B, 0),
taking v = 0 in the relation

(Au|u) + 2(Cu|v) + (Dv|v) ≥ (Bv|v), ∀u, ∀v,
we get A ≥ 0 and A = 0. Then, for each v ∈ Y , the linear form u 7→ (Cu|v) is
bounded below, hence is zero, and C = 0. Thus D ≥ B. Moreover, D ∈ ∂2g(y, y∗),
as is easily seen. As B is efficient in this set, we get ‖P‖ = ‖Q(0, D, 0)‖ = ‖D‖ ≥
‖B‖ = ‖Q(0, B, 0)‖, as expected.
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On the other hand, the example of the functions f on R2 given by f(x, y) = |y|
shows that ∂2

efff((x, y), (x∗, y∗)) may be larger than the set of Q(0, B, 0) with B ∈
∂2

effg(y, y∗), as for (x, y) = (0, 0), (x∗, y∗) = (0, 0) the subhessian Q(0, 0, c) of f at
((0, 0), (0, 0)), with c arbitrary, corresponding to the quadratic form (u, v) → cuv,
is efficient.

Definition 4.2. The set

∂2
∞f(x) = lim sup

u
f→x

λ→0+

λ∂2
efff(u)

will be called the singular 2-subjet of f at x. If F : X → Y is continuous near x,
then we define the singular 2-cosubjet of F at x by

D2
∞F (y∗, x) = lim sup

u→x
z∗→y∗
λ→0+

λ∂2
eff(z∗ ◦ F )(u).

Clearly, ∂2
∞f(x) is a cone; it may, in principle, depend on the norm on Ls(X).

We note, however, that if A and A′ are singular 2-subjets of f at x corresponding
to different norms ‖ · ‖ and ‖ · ‖′ on Ls(X), then for any A ∈ ∂2

∞f(x) there is an
A′ ∈ ∂2

∞f(x) such that A′ ≥ A and ‖A′‖′ ≤ ‖A‖′. This follows easily from the
preceding proposition.

Let us examine singular subjets of some important classes of functions. Recall
that f is paraconvex [21], [18] (or semiconvex [5], or lower-C2 [19]) at x with index
α ≥ 0 if there exists a convex neighborhood of x on which f + 1

2α‖ · ‖2 is convex,
finite and continuous; we call f paraconcave at x with index α if −f is paraconvex
with index α. We say that f is paraconvex (resp. paraconcave) on a subset A of X
if it is paraconvex (resp. paraconcave) at each point of A.

Proposition 4.2. Suppose f is paraconcave with index α on a ball B(x, r) with
center x and radius r and bounded above by m on B(x, r). Then for any ρ ∈ (0, r)
there exists β in R+, depending only on m, r, ρ and α, such that for any (u∗, A) ∈
∂2
−f(u) with u ∈ B(x, ρ) one has ‖u∗‖ ≤ β and A ≤ αI.

Therefore for any u ∈ B(x, ρ), (u∗, A) ∈ ∂2
∞f(u) one has u∗ = 0 and A ≤ 0.

Proof. We first observe that by [16], Theorem 5.1, the convex function g given by
g(u) = −f(u) + 1

2α‖u−x‖2 is Lipschitzian on B(x, ρ) with rate λ := 2m′(ρ− r)−1,

where m′ = m+ 1
2αρ

2. Thus f is Lipschitzian with rate β = λ+ αρ on B(x, ρ). It
follows that for any u ∈ intB(x, ρ), (u∗, A) ∈ ∂2

−f(u), v ∈ X we have

〈u∗, v〉 ≤ f ′(x, v) ≤ β‖v‖;
hence ‖u∗‖ ≤ β and, for v∗ = −u∗ + α(u− x),

(Av|v) ≤ f ′′−(u, u∗, v) ≤ −g′′−(u, v∗, v) + α‖v‖2 ≤ α‖v‖2,
since g′′−(u, v∗, v) ≥ 0 as g is convex.

The last statement follows easily by taking limits.

A stronger conclusion can be given when f is both paraconvex and paraconcave.

Proposition 4.3. If f is both paraconvex and paraconcave near x, then there are
β > 0, µ > 0 and ρ > 0 such that whenever ‖u−x‖ < ρ and (u∗, A) ∈ ∂2

−f(u), one
has ‖u∗‖ ≤ β and ‖A‖ ≤ µ. Therefore, in this case,

∂2
∞f(x) = {(0, 0)}.
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Proof. If the function is both paraconvex and paraconcave near x, then by a result
of [6] it is of class C1,1 (i.e. differentiable with a locally Lipschitzian derivative),
and one can easily verify that if µ is a Lipschitz constant for ∇f in a neighborhood
of x, then |f ′′−(u, u∗, v)| ≤ µ‖v‖2 for any v ∈ X and u in a neighborhood of x, with
u∗ = ∇f(u). Then Proposition 2.1 and Example (c) above give the result.

It should be observed that convex functions may have singular subhessians which
are not positive semidefinite, as the following example shows.

Example. (f) Consider the convex function f on R2 given by f(x, y) = |x − y|.
Then the matrix

A =

(
n 0
0 −n

)
= Q(n,−n, 0)

clearly belongs to ∂2
−f(0, 0). Let us show that A ∈ ∂2

efff(0, 0) if Ls(X) is endowed
either with the supremum norm or with the Frobenius norm. It is sufficient to show
this only for n = 1. The case of the supremum norm follows from Example (b)
above. Consider the case of the Frobenius norm. Then, for B = Q(α, β, γ) ≥ A =
Q(1,−1, 0) and B ∈ ∂2

−f(0, 0) we must have α ≥ 1, β ≥ −1, γ2− (α−1)(β+1) ≤ 0

and γ = − 1
2 (α+ β). Then the minimization of ‖B‖2 = α2 + β2 + 2γ2 under these

constraints gives α = 1, β = −1, γ = 0. It easily follows that (0, Q(1,−1, 0)) ∈
∂2
∞f(0).

5. The main results

This section contains statements and proofs of the two main theorems about
generalized 2-subjets of a sum of several functions and of a composition of a function
and a map.

Theorem 5.1. Let f1, . . . , fk be extended real-valued functions on X which are
l.s.c. near x and finite at x. Assume that the following qualification assumption
holds :

if (x∗i , Ai) ∈ ∂2
∞fi(x), i = 1, . . . , k and x∗1 + · · ·+ x∗k = 0, A1 + · · ·+Ak ≥ 0,

then actually x∗1 = · · · = x∗k = 0, A1 ≥ 0, . . . , Ak ≥ 0.

(QA)

Then

∂
2
(f1 + · · ·+ fk)(x) ⊂ ∂2

f1(x) + · · ·+ ∂
2
fk(x).

The following two corollaries are easy consequences of the theorem.

Corollary 5.2. If all the functions f1, . . . , fk are paraconcave near x, then the
conclusion of the theorem holds.

Proof. Apply Proposition 4.2.

Similarly, applying Proposition 4.3, one gets the following consequence.

Corollary 5.3. If the functions f1, . . . , fk are l.s.c. near x, finite at x and all but at
most one of them are both paraconvex and paraconcave near x, then the conclusion
of the theorem holds.

As a particular case one gets:
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Corollary 5.4. If f1 is l.s.c. near x and finite at x, and if f2 is C2 near x, then

∂
2
(f1 + f2)(x) = ∂

2
f1(x) + (∇f2(x),∇2f2(x)).

Proof. As f2 is C2, hence C1,1, the inclusion

∂
2
(f1 + f2)(x) ⊂ ∂2

f1(x) + (∇f2(x),∇2f2(x))

follows from the preceding corollary. Setting g1 = f1 + f2 and g2 = −f2, we get the
opposite conclusion.

Proof of Theorem 5.1. Let f = f1 + · · ·+ fk, and let (x∗, A) ∈ ∂2
f(x). This means

that there exist sequences (xn), (x∗n), (An) such that (xn) → x, (f(xn)) → f(x),
(x∗n)→ x∗, (An)→ A and (x∗n, An) ∈ ∂2

−f(xn) for each n ∈ N.
By Theorem 3.1, given a sequence (εn) of positive numbers with limit 0, there

are sequences (xi,n), (x∗i,n), (Ai,n) for i = 1, . . . , k such that for each i and each n

one has ‖xi,n − xn‖ ≤ εn, |fi(xi,n)− fi(xn)| ≤ εn, ‖
∑k
i=1 x

∗
i,n − x∗n‖ ≤ εn and

k∑
i=1

Ai,n ≥ An − εnI, (x∗i,n, Ai,n) ∈ ∂2
−fi(xi,n).(14)

Replacing, if necessary, Ai,n by other elements of ∂2
−fi(xi, x

∗
i,n), we can make sure

that
∑k
i=1 ‖Ai,n‖ = µn where

µn := min

{
k∑
i=1

‖Bi‖ : Bi ∈ ∂2
−fi(xi,n, x

∗
i,n),

k∑
i=1

Bi ≥ An − εnI
}
.

In this case Ai,n ∈ ∂2
efffi(xi,n, x

∗
i,n) for i = 1, . . . , k, n ∈ N.

Let us set

rn =
k∑
i=1

(‖x∗i,n‖+ ‖Ai,n‖).

When (rn) has a bounded subsequence we can extract a converging sequence of
(x∗i,n, A1,n, . . . , x

∗
k,n, Ak,n), and a passage to the limit in (14) concludes the proof.

So it remains to show that if (rn)→∞ then we reach a contradiction. Let us set
u∗i,n = r−1

n x∗i,n and Bi,n = r−1
n Ai,n. Since the sequences (u∗i,n)n≥0 and (Bi,n)n≥0

are bounded, we may assume that they converge to some u∗i and Bi respectively,
for i = 1, . . . , k. By definition, (u∗i , Bi) ∈ ∂2

∞fi(x), and it follows from (14) that

u∗1 + · · ·+ u∗k = 0, B1 + · · ·+Bk ≥ 0,

so that by (QA) we get u∗1 = 0, . . . , u∗k = 0 and B1 ≥ 0, . . . , Bk ≥ 0. Let βi = ‖Bi‖,
so that β1 + · · ·+ βk = 1, and set

Dn :=
k∑
i=1

Ai,n − (An − εnI) ≥ 0,

A′i,n = Ai,n − βiDn = (1− βi)Ai,n + βi(Ai,n −Dn), i = 1, . . . , k.

Since A′i,n ∈ ∂2
−fi(xi,n, x

∗
i,n) and

k∑
i=1

A′i,n ≥ An − εnI

we will reach the desired contradiction if we show that
∑k
i=1 ‖A′i,n‖ < µn.
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Let us set

αn = ‖r−1
n (An − εnI)‖+

k∑
i=1

‖r−1
n Ai,n −Bi‖,

so that (αn)→ 0. We have

Ai,n −Dn = An − εnI −
∑
j 6=i

Aj,n,

and for each u in the unit sphere S of X , as Bj ≥ 0 for j = 1, . . . , k, we have

(r−1
n (Ai,n −Dn)u|u) ≤ (r−1

n (An − εnI)u|u) +
∑
j 6=i

((Bj − r−1
n Aj,n)u|u) ≤ αn,

as we may suppose without loss of generality that |(Tu|u)| ≤ ‖T‖. Hence

(r−1
n A′i,nu|u) = (1− βi)(r−1

n Ai,nu|u) + βi(r
−1
n (Ai,n −Dn)u|u)

≤ (1− βi)(Biu|u) + (1− βi)αn + βiαn

≤ (1− βi)βi + αn,

and similarly

(r−1
n A′i,nu|u) = (1− βi)(r−1

n Ai,nu|u) + βi(r
−1
n (An − εnI)u|u)− βi

∑
j 6=i

(r−1
n Aj,nu|u)

≥ (1− βi)(Biu|u)− βi
∑
j 6=i

(Bju|u)− αn

≥ −βi
∑
j 6=i

βj − αn = −βi(1− βi)− αn

(again because Bi ≥ 0). It follows that

‖r−1
n A′i,n‖ ≤ (1− βi)βi + αn.

Since µn =
∑k
i=1 ‖Ai,n‖ ∼ rn, we get

lim supµ−1
n

(
k∑
i=1

‖A′i,n‖
)
≤

k∑
i=1

(1− βi)βi < 1

and we arrive at the expected contradiction:
∑k
i=1 ‖A′i,n‖ < µn for n large enough.

Now let us turn to composition.

Theorem 5.5. Let f = g ◦ F , where F : X → Y is a map of class C1 at x and
g is a function on Y which is l.s.c. and finite at y := F (x). Suppose the following
condition is satisfied :

(y∗, B∗) ∈ ∂2
∞g(y), (0, C) ∈ D2

∞F (y∗, x),

F ′(x)∗ ◦B ◦ F ′(x) + C ≥ 0⇒ y∗ = 0, B = 0.
(QC)

Then for any (x∗, A) ∈ ∂2
f(x) there exist (y∗, B) ∈ ∂2

g(y) and C ∈ Ls(X) such

that (x∗, C) ∈ D2
F (y∗, x) and

A = F ′(x)∗ ◦B ◦ F ′(x) + C.
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Proof. The proof is similar in structure to the proof of the previous theorem. Since
calculus rules for efficient subhessians are not available, we cannot deduce the result
for composition from the theorem for sums, as in the fuzzy case of Theorem 3.4.
By definition there exists a sequence ((xn, x

∗
n, An)) with limit (x, x∗, A) such that

(f(xn)) → f(x) and (x∗n, An) ∈ ∂2
−f(xn) for each n. Let (εn) be a sequence of

positive numbers converging to 0. Theorem 3.4 ensures that there are un, u
∗
n ∈ X

and vn, v
∗
n, y
∗
n ∈ Y such that ‖xn − un‖ < εn, ‖vn − yn‖ < εn for yn = F (xn),

|g(vn) − g(yn)| < εn, ‖x∗n − u∗n‖ < εn, and ‖v∗n − y∗n‖ < εn, and such that the set
Mn of (B,C) ∈ Ls(X)× Ls(Y ) satisfying

(v∗n, B) ∈ ∂2
−g(vn), (u∗n, C) ∈ ∂2

−(y∗n ◦ F )(un),(15)

u∗n = F ′(un)∗y∗n, F ′(un)∗ ◦B ◦ F ′(un) + C ≥ An − εnI(16)

is nonempty. We choose (Bn, Cn) in this set in such a way that

‖Bn‖+ ‖Cn‖ = min{‖B‖+ ‖C‖ : (B,C) ∈ Mn}.(17)

This is possible since Mn is closed. Let us set

rn = ‖y∗n‖+ ‖Bn‖+ ‖Cn‖.
When (rn) has a bounded subsequence we conclude the proof by passing to a
converging subsequence of ((y∗n, Bn, Cn)), replacing the limit point C of (Cn) by
some C′ ≤ C if necessary.

It remains to prove that (rn)→∞ leads to a contradiction with condition (QC).
Let us set

y∗ = lim r−1
n y∗n, B = lim r−1

n Bn, C = lim r−1
n Cn,

assuming without loss of generality that the limits exist. Since our choice of
(Bn, Cn) in Mn ensures that Bn ∈ ∂2

effg(vn, v
∗
n) and Cn ∈ ∂2

eff(y∗n ◦ F )(un, u
∗
n),

we get

(y∗, B) ∈ ∂2
∞g(y), (0, C) ∈ ∂2

∞F (y∗, x), F ′(x)∗ ◦B ◦ F ′(x) + C ≥ 0.(18)

It follows from (QC) that y∗ = 0, B = 0, C ≥ 0. Thus ‖Bn‖+ ‖Cn‖ ∼ ‖Cn‖ ∼ rn.
Setting

C′n = An − εnI − F ′(un)∗ ◦Bn ◦ F ′(un),

we see that C′n ≤ Cn, (Bn, C
′
n) ∈Mn and

lim ‖Cn‖−1‖C′n‖ = lim ‖r−1
n (An − εnI)− F ′(un)∗ ◦ r−1

n Bn ◦ F ′(un)‖ = 0,

so that ‖Bn‖ + ‖C′n‖ < ‖Bn‖ + ‖Cn‖ for n large enough, a contradiction with
(17).

Applying the proof of Theorem 5.5 (with a reference to Corollary 3.5 rather
than to Theorem 3.1) to the case of twice continuously differentiable F , we get the
following result.

Corollary 5.6. Suppose that F : X → Y is twice continuously differentiable near
x, and let g be a l.s.c. function on Y which is finite at y = F (x). Set f = g ◦ F
and assume that the following qualification condition is satisfied :

(y∗, B) ∈ ∂2
∞g(y), F ′(x)∗ ◦B ◦ F ′(x) + y∗ ◦ F ′′(x) ≥ 0⇒ y∗ = 0, B = 0.

Then for any (x∗, A) ∈ ∂2
f(x) there is a (y∗, B) ∈ ∂2

g(y) such that

A ≤ F ′(x)∗ ◦B ◦ F ′(x) + y∗ ◦ F ′′(x).
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In particular, when F is a linear mapping we get

Corollary 5.7. If F : X → Y is a linear mapping, f = g ◦ F and

(y∗, B) ∈ ∂2
∞g(y), F ∗ ◦B ◦ F ≥ 0⇒ y∗ = 0, B = 0,

then for any (x∗, A) ∈ ∂2
f(x) there is a (y∗, B) ∈ ∂2

g(y) such that A ≤ F ∗ ◦B ◦F .

For the still more special case of F a projection operator, Proposition 3.3 allows
us to obtain a slightly weaker form of second order chain rule but without any
qualification condition.

Proposition 5.8. Let g be an l.s.c. function on Y , let X be another space, and let
the function f on X × Y be defined by f(x, y) = g(y).

(a) For any (y∗, B) ∈ ∂2
g(y), A ∈ Ls(X), A ≤ 0, x ∈ X and S ∈ L(X,Y ),

((0, y∗), Q(A,D,C)) ∈ ∂2
f(x, y),

where D = B + SAS∗, C = SA.

(b) Conversely, if ((x∗, y∗), Q(A,D,C)) ∈ ∂2
f(x, y), then x∗ = 0, A ≤ 0, and,

for any α > 0,

(y∗, B) ∈ ∂2
g(y), Q(0, B, 0) ≥ Q(A,D,C)− αI,

where S = C(A − αI)−1, B = D − S(A− αI)−1S∗.

Proof. Both parts follow directly from the corresponding parts of Proposition 3.3
when we apply the definition of the limiting subjet and pass to the limit. It only has
to be observed in the proof of the second part that the supremum norm of (A−αI)−1

is not greater than α−1, so whenever ((0, y∗n), Q(An, Dn, Cn)) ∈ ∂2
−f(x, yn) and

An, Dn, Cn converge to certain A,D,C, then the operators Sn = Cn(An − αI)−1

are uniformly bounded, and so are the operators Bn = Dn−Sn(An−αI)−1S∗n.

We conclude this section with the observation that, contrary to the fuzzy calculus
rules of Theorems 3.1 and 3.4, we cannot state that Theorems 5.1 and 5.5 are
equivalent. Theorem 5.1 does not follow from Corollary 5.7, for the qualification
condition of the latter, B = 0, would result in the stronger requirement that A1 =
· · · = An = 0 in the situation of Theorem 5.1. We must note, however, that
Corollary 5.2 does follow from Corollary 5.6 in that way.

On the other hand, we could use Theorem 5.1 to get a chain rule for a composed
function using the same approach as in the proof of Theorem 3.4. But this would
result in a different (from Theorem 5.5) statement involving efficient subhessians of
the function f(x, y) = g(y) of two variables in the qualification condition, which, as
we have seen in Example (e) of the preceding section, is substantially bigger than
what would come from the set of efficient subhessians of g.

6. Comparison with other works

Let us first clarify how the notion of approximate subhessian is related to the
concept of generalized hessian. Recall that for f : X → R• := R ∪ {∞} the

generalized hessian ∇2
f(x, x∗) of f at (x, x∗) ∈ X × X is the set of limits of

sequences (∇2f(xn)), where (xn) is a sequence in the domain of the second order
derivative ∇2f of f such that (xn) → x, (f(xn)) → f(x), (∇f(xn)) → x∗. This
notion has mainly been considered in the case when f is of class C1,1.
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Proposition 6.1. For any l.s.c. f : X → R• and (x, x∗) ∈ X×X∗ with f(x) <∞,
one has

∇2
f(x, x∗)− L+

s (X) ⊂ ∂2
f(x, x∗).

If f is continuous and paraconcave around x, equality holds.

Proof. Clearly if H = limn∇2f(xn), where (xn)→ x, (f(xn))→ f(x), (∇f(xn))→
x∗ and ∇2f(xn) exists, then ∇2f(xn) ∈ ∂2

−f(xn, x
∗
n), where x∗n = f ′(xn), so that

(x∗, H) ∈ ∂2
f(x) or H ∈ ∂2

f(x, x∗).
Conversely, by the argument of [5], Lemma A4, rephrased in [17], Lemma 3.2, if

A ∈ ∂2
f(x, x∗) one can find H ∈ ∇2

f(x, x∗) with A ≤ H. In fact, if (xn, x
∗
n, An)→

(x, x∗, A) with (f(xn)) → f(x) and (x∗n, An) ∈ ∂2
−f(xn) for each integer n, then

we can find Hn ∈ ∇
2
f(xn, x

∗
n) such that An ≤ Hn ≤ αI for some α > 0; taking a

subsequence, we may assume (Hn) converges to some H ∈ ∇2
f(x, x∗).

The following result settles positively an open question in [7] (Remark 3.2).

Corollary 6.2. If f is continuous and paraconcave around x and attains a finite

local minimum at x, then there exists H ∈ ∇2
f(x, 0) with H ≥ 0.

Proof. The result is a rewording of the inclusions

0 ∈ ∂2
−f(x, x∗) ⊂ ∂2

f(x, x∗) = ∇2
f(x, x∗)− L+

s (X).

The preceding result enables us to relate the limiting subhessians of a function
which is both paraconvex and paraconcave, hence differentiable, with the general-
ized second order derivative given by

f◦◦(x;u, v) = lim sup
t→0+
w→x

t−1[f ′(w + tu, v)− f ′(w, v)]

(see [3] and [8]).

Proposition 6.3. Let f : X0 → R be a function which is both paraconvex and
paraconcave on an open subset X0 of X. Then for any x ∈ X and v ∈ X one has,
with x∗ = ∇f(x),

f◦◦(x; v, v) = max{(Av|v) : A ∈ ∂2
f(x, x∗)}.

Proof. By [6], f is of class C1,1, so that if one denotes by ∂2
Hf(x) the convex hull

of ∇2
f(x) := ∇2

f(x, x∗) with x∗ = ∇f(x), one has by [2], Theorem 2.1, for any
x ∈ X0, v ∈ X ,

f◦◦(x; v, v) = max{(Av|v) : A ∈ ∂2
Hf(x)}

= max{(Av|v) : A ∈ ∇2
f(x)}

since A → (Av|v) is linear on Ls(X). Then the result follows from the preceding
proposition.

Corollary 6.4 (second order Taylor’s expansion). Let f : X0 → R be a function
which is both paraconvex and paraconcave on an open subset X0 of X. Then for
any x, y in X0 such that the segment [x, y] is contained in X0 there exist z ∈ [x, y]

and A ∈ ∂2
f(z, z∗) with z∗ = ∇f(z) such that

f(y) = f(x) + (z∗|y − x) + 1
2 (A(y − x)|y − x).
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Proof. Let r = 2(f(y) − f(x) + f ′(x, v)), where v = x − y, so that the function
g : [0, 1]→ R given by

g(t) = f(y)− f(y + tv) + tf ′(y + tv, v)− 1
2rt

2

satisfies g(1) = 0 and g(0) = 0. Since f is of class C1,1, g is continuous. As
g(1) = g(0), we cannot have D+g(t) < 0 for each t ∈ [0, 1). Thus, there exists some
z = y + tv with t ∈ [0, 1) for which we have

0 ≤ lim sup
s→0+

s−1(g(t+ s)− g(t))

= t lim sup
s→0+

s−1(f ′(z + sv, v)− f ′(z, v))− rt;

hence

r ≤ f◦◦(z, v, v).

Proposition 6.3 ensures that for z∗ = f ′(z) we can find A ∈ ∂2
f(z, z∗) such that

r = (Av|v). Therefore the definition of r yields the result.

Let us now introduce a notion of strict (or circa-)epi-derivative of order two and
point out a link with limiting subhessians.

Recall that if T and W are metric spaces, if q : T ×W → R ∪ {∞}, and if S is
a subset of T , then for r ∈ S, v ∈W one sets

lim sup
s
S→r

inf
w→v

q(s, w) = sup
V ∈N (v)

inf
R∈N (r)

sup
s∈R∩S

inf
w∈V

q(s, w)

= sup
(rn)

S→r
inf

(vn)→v
lim sup

n
f(rn, vn).

With this in mind let us set

f↑↑(x, x∗, v) = lim sup
t→0

(u,f(u),u∗)
Jf→(x,f(x),x∗))

inf
w→v

2t−2[f(u+ tw) − f(u)− (u∗|tw)],

with

Jf = {(x, r, x∗) ∈ X × R×X∗ : r = f(x), x∗ ∈ ∂−f(x)}.
Clearly one has

f ′′−(x, x∗, v) ≤ f↑↑(x, x∗, v),

but this inequality does not suffice to prove the following result.

Proposition 6.5. For any x ∈ dom f, x∗ ∈ ∂f(x), v ∈ X and A ∈ ∂2
f(x, x∗) one

has

(Av|v) ≤ f↑↑(x, x∗, v).

Proof. For A ∈ ∂2
f(x, x∗) we can find a sequence (xn, x

∗
n, An) with limit (x, x∗, A)

such that (f(xn))→ f(x) and (x∗n, An) ∈ ∂2
−f(xn) for each n. Hence

(xn, f(xn), x∗n)
Jf→ (x, f(x), x∗).

Given ε > 0, for each n ∈ N we can find ρn > 0 such that

f(xn + z) ≥ f(xn) + (x∗n|z) + 1
2 (Anz|z)− ε‖z‖2
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for ‖z‖ ≤ ρn. Taking tn = min(2−n, (2‖v‖)−1ρn) so that for any sequence (vn)
with limit v we have ‖tnvn‖ ≤ ρn for n large enough, we have

2t−2
n [f(xn + tnvn)− f(xn)− (x∗n|tnvn)] ≥ (Anvn|vn)− 2ε‖vn‖2,

so that

lim sup
n

2t−2
n [f(xn + tnvn)− f(xn)− (x∗n|tnvn)] ≥ (Av|v) − 2ε‖v‖2.

Taking the infimum over (vn) and then the supremum over (xn, x
∗
n, tn)→ (x, x∗, 0)

and ε > 0, we get

f↑↑(x, x∗, v) ≥ (Av|v).
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