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CYLINDRIC PARTITIONS

IRA M. GESSEL AND C. KRATTENTHALER

ABSTRACT. A new object is introduced into the theory of partitions that gener-
alizes plane partitions: cylindric partitions. We obtain the generating function
for cylindric partitions of a given shape that satisfy certain row bounds as a
sum of determinants of g-binomial coefficients. In some special cases these de-
terminants can be evaluated. Extending an idea of Burge (J. Combin. Theory
Ser. A 63 (1993), 210-222), we count cylindric partitions in two different ways
to obtain several known and new summation and transformation formulas for
basic hypergeometric series for the affine root system A, In particular, we pro-
vide new and elementary proofs for two A, basic hypergeometric summation
formulas of Milne (Discrete Math. 99 (1992), 199-246).

1. INTRODUCTION

In this paper we introduce a new object into the theory of partitions: cylindric
partitions. The most basic objects in the theory of partitions are linear partitions
[4]. MacMahon [34, art. 421] extended linear partitions to plane partitions (cf. [4,
Sec. 11.2], [34, Sec. IX, X], [17], [18], [24], [40]). Cylindric partitions are the next
link in this chain. Before proceeding to the definition of cylindric partitions, we
recall the definition of linear partitions and plane partitions.

A linear partition is a linear array © = (w1, ma,..., ) of integers m; such that
m > me > --- > m.. Linear partitions are usually called simply partitions.

Let A = (A1, Ao, ..., A\ and g = (u1, pa, - - ., f4r) be r-tuples of integers. A plane
partition of shape A/p is a planar array 7 of integers of the form

T2 ua+1 T2 1 +1  eeeee e T2 Ao

(1.1) . : —

7TT7M7‘+1 ......................... WT)AT

such that the rows and columns are weakly decreasing, i.e.,

(1.2) Tij = g1 and 7 ; > it 5.

Received by the editors June 1, 1995.

1991 Mathematics Subject Classification. Primary 05A15; Secondary 05A17, 05A30, 05E05,
11P81, 33D20, 33D45.

Key words and phrases. Cylindric partitions, plane partitions, A, basic hypergeometric series,
symmetric functions, Schur functions.

The first author was supported in part by NSF grant DMS-9306297.

The second author was supported in part by EC’s Human Capital and Mobility Program, grant
CHRX-CT93-0400 and the Austrian Science Foundation FWF, grant P10191-MAT.

©1997 American Mathematical Society

429



430 I. M. GESSEL AND C. KRATTENTHALER

In particular, a linear partition is a one-rowed plane partition. The left-hand array
in Figure 1 shows a plane partition of shape (7,6,4,4)/(3,1,1,0).

A cylindric partition is a plane partition with an additional relation between the
entries of the first and the last rows. More precisely, let A and p be r-tuples of
integers, as before, and let d be an integer. A cylindric partition of shape A/p/d is
a planar array of the form (1.1) such that

(1.3a) Tij = Tij+1,
(1.3b) i = Titl,js
and

(1.3¢) T 2 T1,j+d-

Note that (1.3a) and (1.3b) are the same as (1.2), while (1.3¢) is the additional
relation between the entries of the first and the last row of m. An alternative
formulation would be that a cylindric partition is a plane partition that remains a
plane partition if the last row, shifted d units to the right, is placed above 7. This
is illustrated in Figure 1. The left-hand array 7y in Figure 1 is a cylindric partition
of shape (7,6,4,4)/(3,1,1,0)/4. The right-hand array in Figure 1 shows 7y with
the last row, shifted by d = 4 units, put on top of it (displayed in italics). This
augmented array is a plane partition.

9 & 5 5
9 7 6 2 9 7 6 2
11 11 8 7 4 11 11 8 7 4
10 8 8 10 8 8
9 8 5 5 9 8 5 5
FIcure 1

We chose the name cylindric partition for these objects because the entries of
such an array m may be viewed as situated on the cylinder obtained by winding up
m and gluing together its first and last rows so that the entries 7, ; and 7 j44 are
adjacent.

As in the theory of plane partitions, we cannot treat completely general shapes.
Our results are subject to the restrictions (3.1) on the shape A/ /d.

We call the sum » 7 ; of all the entries of m the norm of = and denote it by
n(m). The norm of the array 7y in Figure 1 is n(m) = 102.

It is well-known [17], [18], [42], [8] that in order to find generating functions for
plane partitions it is convenient to convert plane partitions into nonintersecting
lattice paths. In section 3 we shall show how cylindric partitions correspond to
families of nonintersecting lattice paths subject to the additional condition that a
translate of the first path does not intersect the last path, and (in Proposition 1), we
derive a generating function for these families of nonintersecting lattice paths. This
is the basic result for all that follows. Using this theorem, in section 4 we express
the norm generating function ¢"(™) for cylindric partitions 7 of a given shape,
in which the entries in each row are restricted by an upper and lower bound, as a
sum of determinants whose entries are g-binomial coefficients (Theorem 2). More
generally, in Theorem 3 we find the norm generating function for (e, 3)-cylindric
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partitions, which are defined in section 4 as arrays of the form (1.1) such that the
entries decrease by at least a; along the rows from column j to column j+1 and by
at least ; along the columns from row i to row i+ 1. In particular, (0, 0)-cylindric
partitions are the (ordinary) cylindric partitions which we have already defined.
(Here 0 denotes the all 0 sequence.)

In some special cases the determinants in Theorems 2 and 3 can be evaluated in
closed form. These special cases are described in section 5.

The theorems in sections 4 and 5 contain many results in the literature. First,
many of the results about plane partitions (without symmetries) of a given shape
(see [17], [18], [24], [34], [40]) are special cases of Theorems 2, 3, 5-7. Next, Burge’s
generating function theorem [12] for restricted partition pairs is the special case
r = 2,a = 0 of Theorem 3, and the generating function theorem for partitions
with prescribed hook differences of Andrews et al. [6] is easily derived from the
special case r = 2, = (1,1,...,1) of Theorem 3. Finally, by virtue of Stanley’s
theory of (P,w)-partitions [41], Krattenthaler and Mohanty’s [30] formulas for the
major counting of n-dimensional lattice paths in a particular bounded region are
corollaries of Theorem 3.

Burge’s paper [12] is a source of inspiration for this paper. The main emphasis
in [12] lies on deriving identities by counting “restricted partition pairs” (which are
two-rowed (0, 3)-cylindric partitions in our language) in two different ways. This
idea carries over to («, 3)-cylindric partitions with an arbitrary number of rows.
Thus, in sections 6—8 we derive numerous multiple basic hypergeometric series iden-
tities. To be more precise, we extend many of Burge’s identities in section 6. In
addition, we add many more identities whose specialized forms do not appear in
Burge’s paper. The identities of section 6 form the basis for the subsequent sec-
tions 7 and 8. There we derive identities for basic hypergeometric series for the
affine root system A,.. Among the identities that we obtain are two identities, (7.5)
and (7.11), which were first obtained by Milne [36, Theorems 1.9 and 5.27]. In con-
trast to Milne’s proof, which used a great deal of machinery (especially for proving
(7.5)), our proofs are purely elementary. We also generalize Milne’s identities and
derive the A, basic hypergeometric summations (7.6) and (7.7), which are new. In
section 8 we generalize (7.5) and (7.7) to transformation formulas between A, basic
hypergeometric series of different dimensions (identities (8.2) and (8.4)), a type of
transformation that does not seem to have appeared before. It is our belief that
some of our identities (hopefully many) will inspire future research on ﬁr basic hy-
pergeometric series and eventually lead to the discovery of more general identities
for these series. Of course, we do not claim that our methods for deriving such
identities are the “right” ones. They have their restrictions. But they are unusual
and show connections between A, basic hypergeometric series and combinatorics.

There is a special case in which even more general weights for cylindric partitions
can be considered. This special case is discussed in section 9. As a corollary
we obtain the new elegant expression (9.6) for the expansion of the monomial
symmetric function m,)(x) in terms of Schur functions (cf. [33] for information
about symmetric functions), and the expansion (9.9) of the generating function for
partitions with a restricted number of repetitions in terms of Schur functions.

Finally, in section 10 we mention some open problems and areas for further
research.
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2. NOTATION

By paths we always mean lattice paths in the plane integer lattice Z? consisting of
unit horizontal and vertical steps in the positive direction. Given points u and v, we
denote the set of all lattice paths from u to v by P(u — v). If u = (uq, ..., un) and
v = (v1,...,0y,) are vectors of points, we denote the set of all m-tuples (P, ..., Py)
of paths in which P; runs from u; to v;, i =1,...,m, by P(u — v). A set of paths
is said to be monintersecting if no two paths of the set have a point in common.
Otherwise it is called intersecting. Let w be a function that to each horizontal edge
e in Z? assigns a weight w(e). Then the weight w(P) of a path P is defined to
be the product of the weights of all its horizontal steps. The weight w(P) of an
m-tuple P = (Pi, ..., Py,) of paths is defined to be the product [[;~, w(F;) of the
weights of all the paths in the m-tuple. For any weight function w defined on a set
A, we write

GF(Aw) = > w(x)
zeA

for the generating function of the set A with respect to the weight w.
We will use the “g-notations” [a], =1 — ¢%, [n]q! = [1]4[2]¢ - - [nlq, [0]¢! = 1,

>
|
—_

(a;9)k = || (1 —ag?) , with (a;9)o =1,

<.
Il
o

(a;q)oc = H(l —ag’) ,

n ) k 2 07
M _ !
q 0, k <O0.

Occasionally we shall use the Gasper-Rahman condensed notation

(ar,a2,...,ar;qQ)n = (a1;@)n (a2;@)n -+ (ar; @)n

The base ¢ in [alq, [n]q!, (a;@)k, (a;@)oo, and [} ], Will in most cases be omitted.
Only when the base is different from ¢ will it be explicitly stated.

3. CYLINDRIC PARTITIONS AND NONINTERSECTING LATTICE PATHS

As pointed out in the introduction, formulas for plane partition generating func-
tions are most conveniently found by converting plane partitions into nonintersect-
ing lattice paths (cf. [17], [18], [42], [8]). In this section we interpret cylindric plane
partitions in terms of nonintersecting paths and count these paths.

Let A = (A, A\a,..., A\r) and p = (p1, o, - - ., pirr) be r-tuples of integers and let
d be an integer such that

(31&) )\1Z)\Q—lz)\g—QZ"'Z)\T—(T—l)Z)\l—d—T,
(3.1b) > pe—1>pu3—2>->p.—(r—1)>pu —d—r.
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Let a1, as9,...,a, and by, bs, ..., b, be integers such that
(3.2a) ai—lz>a—-2>--->2a—-—r>2a—r—1,
(3:2b) bi—1>by—2> - 2b—r>b—r—L

We claim that cylindric partitions of shape X/p/d in which the entries in row i
are at most a; and at least b; correspond bijectively to families (P1, Pa,...,P.) of
nonintersecting lattice paths, in which P; runs from (—X\;+1,b;—1) to (—p;+1, a;—1),
and in addition P,., when shifted by (—r — d,r), does not intersect Py. In certain
cases it is necessary to add some additional conditions to the cylindric partition: if
Ai = Aig1 — 1 for some ¢ with 1 <4 < r—1, the restriction (1.3b) is also assumed to
hold for j = A\; +1 = Aj41 with m; 41 := b, and if A\, = Ay —d — 1 the restriction
(1.3c¢) is also assumed to hold for j = A, +1 = A\ — d with 7,y 41 := b,. Similarly,
if p; = i1 — 1 for some ¢ with 1 < ¢ <r — 1 then (1.3b) is also assumed to hold
for j = p; +1 = piy1 with miq 4, = as41, and if g, = gy —d — 1, the restriction
(1.3c) is also assumed to hold for j = u, + 1 = 1 — d with Ty = Q1.

The correspondence between cylindric partitions and paths is as follows. Let
7 be a cylindric partition of shape A/u/d in which the entries in row i are at
most a; and at least b;. First we subtract ¢ from the entries of the ith row of
m, ¢t =1,2,...,r, obtaining the new array 7. For example, consider the cylindric
partition 7 in Figure 1. For sake of simplicity let us choose a; = 11 and b; = 2,
i =1,2,3,4, as row bounds. The cylindric partition 7y with these row bounds is
displayed in the first picture in Figure 2. (Again the italicized numbers indicate the
shifted last row.) The second picture of Figure 2 shows the result of subtracting i
from the entries of the ith row of m.

By the operation described above, we obtain from the cylindric partition 7 the
array 7 that is weakly decreasing along the rows but strictly decreasing along the
columns. The relation (1.3c) between the entries of the first and the last row of 7
translates into the condition

(3.3) Trj £ > T j+d-

Let us call such an array a column-strict cylindric partition with first-last relation
(3.3). Relation (3.3) is the same as saying that taking the last row of 7, adding r
to each of its entries, shifting it d positions to the right, and putting it on top of T,
yields an array that still has strictly decreasing columns. Of course, the new row
bounds on 7 are a; — ¢ and b; — i. The italicized numbers on top of the array in
the second picture of Figure 2 indicate the last row with r = 4 added to each entry
and shifted by d = 4 units.

Next, in the usual way, the column-strict cylindric partition 7 is mapped to a
family of lattice paths. We recall that this is done by associating the ith row of
7 with a path P; from (—A; +4,b; — i) to (—p; + i,a; — i) where the entries in
the ith row are interpreted as heights of the horizontal steps in the path P;. Thus
from 7 we obtain the family P = (Py, ..., P,) of lattice paths. The third picture of
Figure 2 (without the dotted path) displays the family of lattice paths that results
in this way from the array 7y displayed in the second picture of Figure 2.

Clearly, the property that the columns of 7 are strictly decreasing translates into
the condition that (Py, P, ..., P,) is nonintersecting. The relation (3.3) translates
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11 >

11 >

11 > 11 11
11 > 10 8
11> 9 8

9
8
8
5

- 3 ©
B O
O

N

VIV IVIV IV
NN NN

1. cylindric partition my with row bounds

11 >
10 >
92>
82>
7> 5

2. column-strict cylindric partition 79 with row bounds

FIGURE 2. Family of nonintersecting lattice paths with noninter-

secting translate

into the condition that P, when shifted by (—r — d,r), does not intersect P;. The
dotted path in the third picture of Figure 2 indicates this translate of the path P;.

It is clear that this correspondence between cylindric partitions of a given shape
with given row bounds and families of nonintersecting lattice paths with given
starting and ending points, in which a translate of the last path does not intersect
the first path, is a bijection. Thus, to enumerate cylindric partitions, it is sufficient
to enumerate the corresponding paths. This is done in the next proposition, which

9
7
4

is the basic result of this paper.

In Proposition 1 we use the notation introduced in section 2 for lattice paths
and for the extension of a function on horizontal edges of the lattice Z? to lattice

= Ut ©

8
6
)
1

9 8§ 5 6 >2

6 5 1 >1

5 2 >0
> 1
> 2

paths and families of lattice paths.
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Proposition 1. Let S be the shift by (—a®,a¥) where o and oY are positive in-
tegers. (In particular, S is neither a horizontal nor a vertical shift.) Let w be a
function on the horizontal edges of Z? with the property that for all horizontal edges
e and some fized indeterminate z

(3.4) w(Se) = z - w(e).
Let u = (u1,ug,...,u,) and v = (vi,va,...,v.) be r-tuples of points in Z?* such
that u; lies to the northwest of u;41 and v; lies to the northwest of viy1 for i =
1,2,...,r — 1; Su, lies to the northwest of u; and Sv, lies to the northwest of vy;
and u; lies to the southwest of v; for i =1,2,....r. Then the generating function
S w(P), where the sum is over all families P = (Py, Py, ..., P.) of lattice paths in
which P; runs from u; to v; and (SP,, Py, ..., P.) is nonintersecting, equals
a”k? /2—vT ks ks, .

(3.5) > 1<cl?tt<T (2 hs GF(P(us — SFvy);w)),

Fidethe=0 ==

with v¥ denoting the x-coordinate of vy.

Proof. The basic idea for the proof of this proposition is the same as in the proof
that the Gessel-Viennot determinant [18, Cor. 2][42, Theorem 1.2] is the generating
function for “ordinary” nonintersecting lattice paths. However, the choice of the
“minimal” intersection point must be made more carefully.

In the case of “ordinary” nonintersecting lattice paths one considers permuta-
tions of the end points. Since in our situation a shift is involved, we must combine
shifts with permutations of the end points. More precisely, we consider families

(P1, Py, ..., P.) of lattice paths in which P; runs from w; to Skivg(i), where o is
a permutation in &,, the symmetric group of order r, and ky,ko,...,k, are in-
tegers with k; + ko + --- + k, = 0. Let us write k for (ki,k2,...,k.), v, for
(Vo(1), Vo (2)s - - - » Vo(r)) and Skv for (S¥1wy, S*2vy,...,S* v,). Then we are consid-
ering families P, ..., P, of lattice paths in the disjoint union
U P(u — S*v,).
ceS,
kot k=0

If P=(Py,...,P) is an element of P(u — S*v,) we define a weight w(P) by
(3.6) o(P) = [] 25/ 2 e haw(p,).
s=1

Let us extend our lattice path notation by writing P(u — v)* for the set of all
families (P, ..., Py) in P(u — v) for which (SP,, Py, ..., P,) is nonintersecting and
P(u— v)~ for the set of those families in P(u — v) for which (SP,, Py,..., P,) is

intersecting. We are interested in GF(P(u — v)™;w). Clearly we have
(3.7) GF(P(u— v)T;w) = GF(P(u — v)T;w)
' =GF(P(u—v);w) — GF(P(u— v) " ;w),

since w and w agree on P(u — S¥v,) when k = 0.
We shall construct an involution ¢ on

(3.8) U Pa—skv,)”
ceS,
k1+-+k.=0
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that is sign-reversing and weight-preserving with respect to w. To be more precise,
if P is in P(u — S¥v,)~ and ¢(P) is in P(u — S¥'v,/)~ then we shall show that
sgno’ = —sgno and
(3.9) w(e(P)) = w(P).

This will imply that

(3.10) Z sgno GF(P(u — S¥v,)";w) = 0.
gES,
kit tkye =0

Now we observe that

(3.11) P(u— S*v,)” =P(u — S¥v,) ifo #idor k #0.
This follows from the conditions on the points u1,...,u, and vy,...,v,.. Namely,
suppose there is a family (Py, ..., P.) in P(u — S*¥v,) such that (SP., P1,..., P;)
is nonintersecting. By assumption, Su,,uq,...,u, is a sequence of points, each
lying to the northwest of its successor. Similarly,

....S%0,,Sv1, ..., Svp, 01,0, ST 0y, L, ST e, ST 20, L
is an infinite sequence with the same property. If (SP,, P1,..., P,) is nonintersect-
ing, where P; runs from u; to S*i Vg(i), ¢ = 1,2,...,7, and therefore SP, runs from
Su, to S’“T"’lvg(,ﬂ)7 then the sequence

T N LT - L i

must also be a sequence with this property. In particular, Skr“vgm lies to the
northwest of S¥: Vg (i), Which in turn lies to the northwest of Skrvg(r). If o(i) < o(r),
we conclude that k; = k,, and if o(i) > o(r), we conclude that k; = k, + 1. From
Yoi_iki =0, it follows that —rk, = [{i : o(i) > o(r)}|. Since k, must be an
integer, k, is zero, and hence k; = 0 for all i. Therefore (Py, ..., P.) is an element
of P(u — v,). If o were not the identity, then there would exist ¢ and j, with
i < j, such that o(i) > o(j). But then v,(;) would lie to the southeast of v,(;) and
therefore P; and P; would intersect. Thus (3.11) is established.
By consecutive use of (3.7), (3.10), (3.11), and (3.6) we obtain

GF(P(u — v)T;w) = GF(P(u — v);w) — GF(P(u — v) " ;w)

=GF(P(u—v);w)+ Z sgno GF(P(u — S*v,) ;o)

o#id
k1+--+k.=0
= Z sgno GF(P(u — S¥v,); )
ceS,
ki+-+k-=0
T
= > smo [[eATR0M GR(P (- 88w )iw)
ce6,. s=1
ki+-+k-=0
= ¥ et (207FE/2=0iks GR(P(uy — S ;) w)).
1<s,t<r
kitothp=0 ==

Thus the proposition will be proved once we construct the sign-reversing, w-weight-
preserving involution ¢ on the set (3.8).
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the line

¥z +a®y = a¥p® + o p¥

FIGURE 3

To construct ¢, let P = (Py,..., P,) be an element of P(u — SXuv,) such that
(SP., P1,...,P,) is intersecting. Among all intersection points of (SP,., P1,..., P,)
we choose the one that is minimal with respect to a certain order which is induced
by the shift S = (—a®, a¥). More precisely, among all intersection points (z,y) of
(SP,, P1,...,P.) we search for those for which a¥x 4+ o®y is minimal, and among
all these we choose the right-most. Denote this point by p = (p*,p¥). Figure 3
gives a sketch of the typical situation.

Now we have two cases. Either p is the intersection point of two paths P; and
Pj, with ¢ < j, or it is the intersection point of the translate SFP,. and some path
P;. In the first case we exchange the terminal portions of P; and P; beginning from
p, i.e., we replace P; by P/ and P; by Pj where

(3.12)
P! = [subpath of P; from u; to p joined with subpath of P;
from p to its end point],
P; = [subpath of P; from u; to p joined with subpath of P;

from p to its end point].
Thus P = (Py,...,P,...,Pj,...,P.) is mapped to
(3.13) o(P)=(Py,...,P,....Pj,.... P).

Clearly we have that ¢(P) is an element of P(u — Sk(l’])vgo(ij)) where k(*7) =
(ki,....kj, ... ki,...,ky) and (¢ j) denotes the transposition that interchanges i
and j.

In the second case, we show that p is actually an intersection point of SP, and
P;. For suppose that p is an intersection of SP. and P;, ¢ > 2. Since Su,, the
starting point of SP,, lies to the northwest of ui, the starting point of P, Su,
also lies to the northwest of w;, the starting point of P;. Hence P; must intersect
either SP, or P; and this intersection “comes before p”, i.e., lies to the southwest
of p, contradicting the fact that p was chosen as the left-most and lowest of all
intersection points. Now, again, we exchange terminal portions of paths. However,
the definition of ¢ in this case is more delicate, since we are considering a translate
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Sv,.
U1
:0 Sy,
Su, |
Pl
Up
FIGURE 4

of a path. We replace Py by P{ and P, by P! where
(3.14)
P| = [subpath of P; from u; to p joined with subpath of SP,
from p to its end point],
P! = [subpath of P, from u, to S™'p joined with subpath of S™*P;
from S™!p to its end point].

So, what happens is that we shift P. to SP,, exchange terminal portions of P; and
SP,, thus obtaining P; and P/, and then shift back P/ to obtain P, = S™1P/ (see
Figure 4).

Thus P = (P, P, ..., P._1, P.) is mapped to
(3.15) o(P)=(P{,P,,...,P._1,P.).

Clearly ¢(P) is an element of P(u — Sk
kr—1,k1 —1).

Next we check that ¢ is an involution. Let P = (Py,..., P.) be an element of
(3.8). Let p = (p*,p¥) be the “minimal” intersection point of (SP., P,..., P.) and
let (P) = (Py, P, ..., P.). We have to show that p is also the minimal intersection
point for (SP,, Py,..., P,) since then applying of ¢ to ¢(P) will give back P.

It should be observed that the paths of P and ¢(P) agree with each other up
to the line a¥x + oy = a¥p® + o®pY. The only changes occur strictly above
this line. This follows from our assumption that the shift S is neither horizontal
nor vertical, which implies that the line oYz + oy = a¥p” + o p? is neither
horizontal nor vertical. Therefore p is an intersection point of (SP,, Py,..., P;)
that minimizes aYx 4+ a®y, and among those intersection points it is the right-most
since the intersection points of (SP,, Py, ..., P,) and (SP,, Py, ..., P,) are the same.

That ¢ changes the sign of the corresponding permutations is clear, since the
permutations are related by a transposition. Therefore ¢ is sign-reversing.

Finally we have to confirm (3.9), or equivalently, that ¢ is @w-weight-preserving.
Again let P = (P, ..., P.) be an element of P(u — S*v,) with (SP,., P1,..., P;)
intersecting and let p = (p®, p¥) be the minimal intersection point.

We consider two cases. First, suppose that p is an intersection of F; and P; for
some i < j, which implies that ¢(P) is defined by (3.12) and (3.13). In this case

Va'O(lT)) where k(l)r) = (kT + 17 kQa R
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©(P) is an element of P(u — Sk@'j)vgo(ij)), for k9 = (ky, ... ki, ..o kiy. oo k).
We have

w(p(P)) = w(P)
since no shift is involved. Hence in order to prove (3.9), by the definition (3.6) we
have to verify that

(e () (7)) — N K2
D (0" = e R = D (0 T = vg k).

s=1 s=1

Clearly, these sums can be transformed into each other by interchange of the ith
and jth summand; hence they agree.

Second, suppose that p is an intersection of P; and SP,, so that ¢(P) is defined
by (3.14) and (3.15). In this case ¢(P) = (P/, Pa,...,P-_1,P}) is an element of
Plu— S5 v (1), where k&™) = (k. + 1, ks, ..., ky—1, k1 — 1). We claim that

(3.16) w(p(P)) = zvem T ki=ke=1)=voq) y(P).

In order to prove (3.16), we recall that the weight of a horizontal edge e and the
shifted edge Se are related by (3.4). By (3.14), the path P| is identical with P;
up to p; then it follows SP.. We compare the w-weights of the horizontal steps
of P{ with those of the corresponding steps in P; and P,.. The w-weights of the
horizontal steps of Pj up to p are the same as those of P;. The w-weight of
each of the horizontal steps of P| beginning from p by (3.4) equals z times the
w-weight of the corresponding step of P.. The end point of SP, is Sk”’lvg(r) =
Vo(ry + (kr + 1)(—a”,a¥). Hence the portion of P/ beginning from p contains
Vo(r) — (kr + 1)a® — p* horizontal steps. Similarly, the weights of the horizontal
steps of P! up to S~!p are the same as those of P,, while the portion of P! beginning
from S~'p contains vi(l) — k1a® —p® horizontal steps, the weight of each being equal

to 27! times the weight of the corresponding step of P;. This establishes (3.16).
Therefore, by (3.6) and (3.16), relation (3.9) in this second case is equivalent to

- T (kg17r))2 T N T xT xT
(3.17) Z <a - U(ao(n))(s)kgl’ V) + (Vo) + (k1 — Ky — 1) —vgq))

s=1
- x (k5)2 x
_Z<Oé T—’UJ(S)ks .
s=1

In (3.17) the sums on both sides differ only in the first and last summand. So
(3.17), and hence (3.9), are equivalent to

el (ks — 17

2 Ua(r)(k?” +1)+a® D)

— vy (k1 — 1)
2 2

xT xT xT .:L‘k xT x T xT
+(UG.(T)+OC (kl —kr—l)—va(l)):a ?1—110.(1)]@14'0( ?_vd(’r‘)kr’

which is clearly true. This establishes (3.9) in the second case. Hence ¢ is w-
weight-preserving. This completes the proof of the proposition. O

Remarks. (1) It should be noted that while in the enumeration of (ordinary) non-
intersecting lattice paths we have to consider permutations of the end points of the
lattice paths, in the previous proof we considered permutations and shifts of the end
points. The reader who is familiar with reflection groups (cf. [21, especially chapter
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4] for an introduction) will immediately notice the connection with the affine Weyl
group of type A, a group that is generated by the permutations of coordinate axes
and an additional reflection with respect to a hyperplane that does not contain the
origin. In fact, the group that acts on the various configurations of end points of
lattice paths that we considered in the proof of Proposition 1 is exactly isomorphic
to this Weyl group, since it is generated by permutations of the end points and
the additional operation illustrated in Figure 4. This operation corresponds to the
additional reflection. The n x n determinants that arise in counting ordinary nonin-
tersecting lattice paths are alternating sums over the symmetric group S,,, a Weyl
group of type A,_1; the sum of determinants in Proposition 1 is an alternating sum
over the corresponding affine Weyl group of type A,,_1.

(2) The requirement in Proposition 1 that S is neither horizontal nor vertical is
crucial. If S is a horizontal or vertical shift, Proposition 1 holds only if the shift
S carries the path P, so far that it does not restrict P; at all. More precisely, if
S is a horizontal shift, Proposition 1 holds only if Sv, lies strictly to the left of
uy, and if S is a vertical shift, Proposition 1 holds only if Sv,. lies strictly above
u1. However, in these two cases we are reduced to “ordinary” nonintersecting
lattice paths. Indeed, (3.5) reduces to the usual Gessel-Viennot determinant [18,
Cor. 2][42, Theorem 1.2] because the determinants in (3.5) in these two cases can
be non-zero only for k1 = ks =--- =k, =0.

The proof of Proposition 1 fails for horizontal and vertical shifts because for them
it is no longer true that the changes caused by the mapping in this proof happen
only strictly above the line oYz + oy = a¥p” 4+ a®pY. So it is impossible to define a
unique “minimal” intersection point that remains “minimal” after the application
of the mapping (and this is necessary to prove that the mapping is an involution).
The problem with horizontal and vertical shifts is that a path can intersect its own
shift. It is easy to check by example that Proposition 1 is in fact false for horizontal
and vertical shifts (except in trivial cases). See item (1) of the last section for open
problems on this subject.

(3) The restriction that o® and oY are positive is no loss of generality. If either
o® or oY is negative then Su, could not lie to the northwest of u;.

(4) Proposition 1 could be generalized in several directions. For example, one
could consider paths with diagonal steps. One could also consider weights that are
induced not only by horizontal steps, but also by vertical steps or diagonal steps,
and more generally, weights that distinguish between types of steps. Results similar
to Proposition 1 could be derived for these generalizations, but we omit them since
we shall not need them. See items (2)—(4) of the last section for some more related
remarks.

4. THE MAIN RESULTS

In this section we apply the results of the previous section to compute the norm
generating function for cylindric partitions of a given shape that satisfy given row
bounds. We then generalize this result to («, 3)-cylindric partitions, which are
defined below.

Theorem 2. Let A = (A1, A2, ..., \) and p = (p1, pi2, - - -, firr) be r-tuples of inte-
gers and let d be an integer with d > —r such that (3.1) is satisfied. Suppose that
ai,az,...,a, and by, ba, ..., b. are integers satisfying (3.2). Then the generating
function > ¢, where the sum is over all cylindric partitions w of shape A/p/d,
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and the entries in row ¢ are at most a; and at least b;, equals

bs(As—s—pi+t—(r+d)ks)+ (e —t) (s—t+rks )+ (r+d) (rk2 /2+sks)
(4.1) Z 1<(1€,¥E<r (q
ki+-tke=0 T T

at—b5+)\s—ut—dks
As — e —s+t—(r+dks| )

If Ai = Xig1—1 for some i with 1 <i < r—1, the restriction (1.3b) is also assumed
to hold for j = \i+1 = A1 with m; x,41 := b;, and if \p = Ay —d—1 the restriction
(1.3¢) is also assumed to hold for j = A\, +1 = A\ —d with 7, x,4+1 := b,. Moreover,
if i = pip1 — 1 for some i with 1 <i <r —1, then (1.3b) is also assumed to hold
forj = pi+ 1= pip1 with i1 4, = a1, and if p, = py —d — 1, the restriction
(1.3¢) is also assumed to hold for j = pr +1 = p1 — d with m 4, = a1.

Proof. We already saw in section 3 that cylindric partitions 7 of shape A/p/d in
which the entries in row ¢ are at most a; and at least b; correspond bijectively to
families P = (Py, Pa, ..., P,) of lattice paths in which P; runs from (—\; +14,b; —4)
to (—p; +4,a; — i) and (SP., Py,..., P.) is nonintersecting, where S is the shift
by (—r —d,r). If we define the weight w, of a horizontal edge e = (e1,e2) by
wgq(e) := ¢ then this correspondence has the property

(4.2) qn(”) — quzl i(Ai_’“)wq(P).

Now we may apply Proposition 1 with u; = (=X\; +4,b; — 1), v; = (—p; +1,a; — 1),
w = 1wy, & =7r+d, a¥ =r. Observe that because of (3.1), the starting points u;
and the end points v; satisfy all the properties that are required in Proposition 1.
Clearly, a¥ = r is a positive integer, and since d is greater than —r, so is a® = r+d.
Moreover, for the weight function w = wy and the shift S by (—r—d, ), the relation
(3.4) holds with z = ¢". From Proposition 1 it follows that the generating function
> w(P), where the sum is over all families P of lattice paths as described above,
is
r(r+d kg 24r(pt—t)ks
(4.3) kl+v;€7:0 13(1?}9« (q (r+d)k /241 (e —t)

X GF(P((=As + 8,bs — 8) = (—pe +t — (r + d)ks, ar — t + rks);wg))).
By a standard partition generating function theorem (see [4, Theorem 3.1]) we have

c—a)—|—(d—b)]'

cC—a

(4.4) GF(P((a,b) — (¢, d)):w,) = ¢~ [(

If we use this in (4.3) and, because of (4.2), multiply the expression we obtain by
qXi=1"\i=#4) then after some manipulation we arrive at (4.1). O

Now we introduce (a, 3)-cylindric partitions. Just as (ordinary) cylindric par-
titions generalize (ordinary) plane partitions, (a, 3)-cylindric partitions generalize
(o, B)-plane partitions [24], [9].

Let r,d be integers, @ = (a1, as,...,a4) be a d-tuple of integers, and 8 =
(B1, B2, -, 5r), A= (A1, A2, .., An), o = (11, 2, .-, i) be r-tuples of integers.
An (a, B)-cylindric partition of shape A/u/d is an array 7 of integers of the form
(1.1) with

(4.5a) T = Tij+1 + O,
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where by convention a; = & moda ¢ for any 7,

(4.5b) i > Tig1,5 + Bi
and
(4.5¢) Trj = T1j+d + Br-

Note that the length of the sequence a equals the length of the “shift” d in the
shape, while the length of the sequence B equals the number of rows of the shape.
Clearly, in this new terminology “ordinary” cylindric partitions are (0, 0)-cylindric
partitions (recall that 0 denotes the all 0 sequence). Moreover, the various types of
plane partitions are also special (e, 3)-cylindric partitions. For example, column-
strict plane partitions (cf. [40]) are (0, 1)-cylindric partitions (1 denotes the all 1
sequence) of some shape A\/p/d where d is larger than the difference A\; — p, (so
that (4.5¢) becomes void and so there is no relation between the first and the last
row for these (0, 1)-cylindric partitions).

Again the norm of an (o, 3)-cylindric partition 7 is defined to be the sum ) 7; ;
of all the entries of .

The extension of Theorem 2 to (e, 3)-cylindric partitions reads as follows.

Theorem 3. Let A = (A1, \a,..., \r) and p = (u1, po, - . ., pir) be r-tuples of in-
tegers and d be an integer with d > —r such that (3.1) is satisfied. Let o« =
(a1, Qa,...,aq) be a d-tuple of integers and let B = (B1, B2, - .., Br) be an r-tuple of
integers with > _, B — Zzzl ap < r. Suppose that a1, as,...,a, and by,ba, ..., by
are integers satisfying

Hi
(4.6a) a;, +(1—36;)+ Z Q 2> Git1,
k:#i+1+1
(4.6b) (1-06)+ Z ag > bit1,
k=Xit+1
and
prtd
(4.6¢) 1=B)+ > o >a,
k=p1+1
Artd—1
(4.6d) (1-25)+ Z ap > by
k=1

Then the generating function " ¢™(™), where the sum is over all (e, B)-cylindric
partitions © of shape XN/ p/d in which the first entry in row i is at most a; and the
last entry in row 1 is at least b;, equals

T(s,t,k)
(4.7) Z 1<(1?tt§r (q

ki4-+k.=0 —

« at—bs+As—ut—ZQSﬁHaHZZ_Zﬁk ks(d — Zk L0k Y Ok)
As — e — s+t — (r+ d)ks



CYLINDRIC PARTITIONS 443

where
As—1 As—1
T(s,t,K) = bs(Ns =5 — e+t — (r+ d)ks) + Y ok — ) = Y onl(s —t+ (r+ d)ks)
k=pt k=1
s—1 T d
+ (e — ) (Z 1—Br) + ks (Z(l—,@k)+2ak>)
k=t k=1 k=1
k2 T d s—1
+(T+d)<7(2(1—/gk)+zak)+k5 (1—/3k)).
k=1 k=1 k=1
The sums are interpreted by
n—1
> Expr(k), n>m,
k=m
Z Expr(k) = 0, n=m,
m—1
— Y Expr(k), n<m
k=n

If \i = Nix1 — 1 for some 1 with 1 < i < r — 1, the restriction (4.5b) is also assumed
to hold for j = Xi +1 = Xiy1 with mx;+1 = bi —an;, and if A\r = M1 —d — 1 the
restriction (4.5¢) is also assumed to hold for j = Ar +1 = A1 —d with mpx, 41 1= by — ..
Similarly, if i = piv1 — 1 for some i with 1 < i <r — 1, (4.5b) is also assumed to hold
forj = pi+1= piy1 with it lmipq = Qit1+ iy, and if ur = p1 —d —1 the restriction
(4.5¢) is also assumed to hold for j = pr +1 = p1 — d with 71,4, = a1 + o, -

Proof. Following the proof idea of Theorem 2 we convert (c, 3)-cylindric partitions
to column-strict cylindric partitions that in turn are converted into a family of
nonintersecting lattice paths with nonintersecting translate of the last path. Then
we apply Proposition 1.

Let 7w be an (a, 8)-cylindric partition of shape A/u/d in which the first entry in
row ¢ is at most a; and the last entry in row ¢ is at least b;. Define the new array
T by

j-1 i—1
(4.8) Wi = 7r¢7j+Zak —Z(l — Bk).
k=1 k=1

Clearly, (4.5a) translates into 7; ; > ; j+1, (4.5b) translates into 7; ; > 741 5, and
(4.5¢) translates into

d T
(4.9) Trj+ > ak+ Y (1= Bk) > T1ja-

k=1 k=1

This shows that by (4.8) the (e, 3)-cylindric partitions 7 under consideration cor-
respond bijectively to column-strict cylindric partitions 7 of shape A/u/d with
first-last relation (4.9) in which the entries in the ith row are at most a; with

1—1
az—i-zak—z 1—B)
k=1

and at least b; with
i—1

(1 —Br).
1

Ai—

1
=b; + Z ap —
k=1

k=
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Note that by (4.8) the norms of = and 7 are related by

T Ai i
(4.10) n(m) :n(fr)—Z( Oéj(>\i—j+1)—20<j(ﬂi—j+1)>

+ XT: (()\i — i) Si(l - ﬁk))-
i=1 k=1

From section 3 we know that these column-strict cylindric partitions corre-
spond bijectively to families (Py, Py, ..., P.) of lattice paths in which P; runs from
(=i +1,b;) to (—ps +i,a;) and (SP,, Py,..., P,) is nonintersecting, where S is
the shift by (—r — d, 2221 ai + Y ._1(1 — Bk)). Moreover, this correspondence
transforms the norm of column-strict cylindric partitions into the weight w, (which
was introduced in the proof of Theorem 2) of families of lattice paths. Therefore, in
order to compute the generating function for the (e, 3)-cylindric partitions under
consideration, we may apply Proposition 1 with u; = (—=\;+1i,;), v; = (—pi+14,a;),
w = wy, 2 = ¢or= AT (0700 0F = p 4 d, ¥ = YL ap + 0 (1 — Br),
and multiply the resulting expression (3.5) by the power of ¢ that is determined
by relation (4.10). Then (4.4), with some manipulation, leads to (4.7). Since (3.1)
and (4.6) imply that the required conditions for the starting points u; and ending
points v; are satisfied, and since d > —r and Y ;_; i — 22:1 ap < r imply that
a® > 0 and o¥ > 0, we may now apply Proposition 1. O

Remarks. (1) In each of Proposition 1 and Theorems 2 and 3, ks may be replaced
by k; in the determinants inside the multisum. This may be seen by reordering
terms and renaming the summation indices.

(2) Theorem 2 is the special case a; = 0, 3; = 0 of Theorem 3.

(3) By extending the approach to plane partitions in [24] (see also [31]), we
could also prove Theorem 3 (and Theorem 2) by working directly with arrays, thus
avoiding the transformation to nonintersecting lattice paths.

(4) All of the conditions, (3.1), (4.6), d > —r, and >_._, B; — 2221 ar < r,in
Theorem 3, are really necessary. They ensure that after the cylindric partition is
transformed into nonintersecting lattice paths, the starting and ending points are in
the “right” order (see the formulation of Proposition 1) and that the shift is neither
horizontal nor vertical. It is easily seen that if the starting and ending points are
not in the “right” order, Proposition 1 does not hold. Also it does not hold for a
horizontal or vertical shift except for trivial cases (see Remark (2) after the proof
of Proposition 1). Hence, if any of the conditions in Theorem 3 were violated, the
theorem would not hold. The same is true for Theorem 2.

(5) Theorem 3 contains all determinantal formulas for norm generating functions
for plane partitions (without symmetries) of a given shape [18, Theorems 15], [16],
[24, Theorem 6.1], [26, Theorem 1, (3.3)], [41, Prop. 21.2] as special cases. This
is seen by choosing d > A1 — p,. This choice causes the restriction (4.5¢) to
be void and causes all the determinants in the sum (4.7) to vanish except for
ki=ky=---=k-=0.

(6) In [12] Burge considers restricted partitions pairs. In its most general form
[12, p. 220] these are pairs

((leale—lv s apl)a (qN2an2—1a B aQI))
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of partitions with
My >pn, 2pNi-122p1 20, Ma2qn, 2 qn,-12 - 2q1 20
and

Pi—Gitr(1—a) 2 1—a and ¢ —piyap =1-0.

If we define the two-rowed array m by 71; := pn,+1—; and m2; 1= AN +1—it(1—a)
then these restricted partition pairs in our language are two-rowed (0, (1—a, 1—/3))-
cylindric partitions of shape (N1, Ny +1—a)/(0,1 —a+ Ny — Na)/(a + b —2) in
which the entries in row i are at most M; and at least 0, for ¢ = 1,2. Thus the
r = 2, a = 0 special case of Theorem 3 immediately gives for the norm generating
function of these cylindric partitions

(4.11)
Z qk1<a+ﬁ)—kz(1—a+N1—Nz—2)(a+ﬁ>+(a+b)((a+ﬁ>(k%+k§>/2—k2a>
k1+ko=0

(M1 — k1(a+8) + N1 + (a+b)k1] [M2 — ka(a+ ) + Na + (a + b)k2
Ny + (a+ b)kl No + (a—|—b)k2

_ Z q—<1—a+N1—Nz)a+a—kz<1—a+N1—Nz—2)<a+ﬂ>+k2(a+ﬂ>+<a+b)((a+ﬂ><k%+k%)/2—kza>

My —a—ki(a+6)+ No+a+ (a+ bk
N2+a+(a+b)/<:1
« M +a—ke(a+8)+ N1 —a—+ (a+bd)ks
N1—a+(a+b)k2 ’

which agrees with Burge’s formula [12, p. 220] for his generating function
R(Ny, My, No, M3, a,b,a, 3). (Note that in Burge’s paper the roles of the partitions
p and g are as in our paper when he defines his generating function P(N, M, a, b, a, B);
however, they are interchanged when he defines his generating function R(Ny, M7,
Ng, MQ, a, b, a, ﬁ))

Since the conditions under which formula (4.11) holds are not addressed very
clearly in [12], we give the complete set of conditions here: The parameters a and
b must be nonnegative integers (this comes from (3.1a)), with at least one of them
non-zero (from d > —r). The same has to be true for @ and 8 (from (4.6b, d)
and Y., 3 < r). Moreover, we must have a > Ny — N > —b (from (3.1b)) and
a > My — My > —pf (from (4.6a, ¢)). If a = 0 it is understood that ¢ < a — 1, if
b = 0 it is understood that p; < g — 1, if Ny — No — a = 0 it is understood that
PN, > Ma+1—q, and if No— N7 —b = 0 it is understood that gy, > M;+1—3 (these
four conditions come from the exceptional readings of (4.5b) and (4.5¢) that are
explained at the end of the formulation of Theorem 3). If any of these conditions
is violated the expression (4.11) will not be the correct generating function (see
Remark (4)).

We note that a weaker form of Burge’s partition pairs previously was considered
by Krattenthaler and Mohanty [31] in lattice path formulation, and is thus also
covered by our Theorem 3.

(7) Linear partitions with restrictions on the hook differences were considered in
a number of articles [1], [2], [3], [5], [6], [10], [11]. The most general result, which
includes all the others, is contained in [6]. There Andrews et al. consider linear
partitions A = (A1, Aa,...;Anm), N > A1 > Ao > -+ > Ay > 0 where the hook
differences on diagonal 1 — (3 are at least i+ (341 and on diagonal o — 1 are at most



446 I. M. GESSEL AND C. KRATTENTHALER

K —i—a—1. In [6, Theorem 1] they find the generating function 3 ¢ for these

partitions, where again n(\) is the sum Zf\il A; of all the entries of A. Andrews et
al. give a proof using recurrences. We shall show how their result can be derived

by using the r = 2, a = (1,1,...,1) case of our Theorem 3 and ¢-Vandermonde
summation.

Let A be a partition as described above. We write A in Frobenius notation (cf.
33,p.3])as A= (0| 7), 0 =(01,02,...,0m), T = (11,7T2,...,Tm), Where m is the

(Durfee) rank of the partition A\. We have N —1 >0y > 09 > -+ > 0, > 0 and
M—-1>m >m7 > > Ty, > 0. The conditions on the hook differences imply
that

(Ojt1—g+i+1-=0)—(r5+j) = —i+B+1,
(crj+a_1+j+a—1)—(7'j+j)SK—i—a—l.

If we set T; = 7j45—1 then these inequalities can be written as

O'j ij—i—FQﬂ,
Tj 2 Ojratp—2 — K +i+2a

Let us define the two-rowed array by 71, := 04,1 < j <m,and mp j :=7;,2—03 <
7 < m+1—[. Thus we see that linear partitions A\, N > A1 > Ao > --- > Ajy > 0in
which the hook differences on diagonal 1 — 3 are > —i+ 3+ 1 and on diagonal a—1
are < K —i— a— 1 correspond bijectively to (1, (—i+ 28, —K + i+ 2a))-cylindric
partitions 7 of shape (m,m+1—3)/(0,1 — 3)/(a + 8 — 2), for some m (where 1
denotes the all 1 sequence) in which the entries in the first row are at most N — 1
and at least 0 and the entries in the second row are at most M — 1 and at least 0.
Moreover,

(4.12) n(A) = n(r) + m.

For fixed m, the case r = 2, o; = 1 of Theorem 3 gives us the generating function
> ¢"(™ for these cylindric partitions 7, namely

i g™ Ak (a4 B) (K—a—B)—kii(a+B)+hi K
k1=—o0
y {N + k(K —2a— 2ﬁ)] [M — k(K —2a — 26)}
m— (a+ Bk m+ (a+ Bk
_ i g™ —mHRE (a4 B) (K —a—B)—k1(at8)(28+i)—k1 K f— B+
k1=—o0
" [N+i—2ﬁ—k1(K—2a—26)] {M—i+26+k1(K—2a—26)}
m— B+ (a+ B)k: m+ 03— (a+ B)k: '
Finally, in order to compute the complete generating function ) ¢ for all linear
partitions A with prescribed hook differences as described above, by virtue of (4.12),

we have to multiply the above expression by ¢™ and sum over all m. Using the
g-Vandermonde summation (see e.g. [4, (3.3.10)])

S gw-nu-n [Ny M (N M
q L||H-L H |
L>0
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this leads to

i qk?(a+ﬁ)K—k1i(a+5)+k1K5 N+ M
N+ kK

k1:—00

_ Z ¢ (@B K —kui(a+8)— ki K5+ N+ M
N+i—kK|’

k?1:—00

which is the expression in [6, Theorem 1].

In [6] also, some necessary conditions on the parameters are missing. We give
the complete set of conditions below and slightly extend the range of validity of [6,
Theorem 1]. The parameters a and § must be nonnegative integers (this comes
from (3.1)), with at least one of them non-zero (from d > —r), with a4+ 8 < K
(from "', B; —d < r). Moreover, we must have —i+ 3 < N —-M < K —i — «
(from (4.6a, c)), i — 8 > 0 (from (4.6b)), and K —i — a > 0 (from (4.6d)). (This
means that in [6, Theorem 1] the condition 1 <4 < K/2 has to be dropped and be
replaced by the last two conditions.) If a = 0 it is understood that only partitions
A= (o1,...,0m | 71,...,Tm) are considered with o, < K—iand 7y > N—1—K+i,
and if 8 = 0 it is understood that only partitions A = (o1,...,0m | T1,...,Tm) are
considered with 09 > M — 1 — i and 7, < i (these two conventions come from
the exceptional readings of (4.5b) and (4.5¢) that are explained at the end of the
formulation of Theorem 3).

(8) Krattenthaler and Mohanty’s lattice path enumeration results [30, Theo-
rems 1], [2], which are g-analogues of [14], are corollaries of Theorem 3. We con-
centrate on [30, Theorem 2] since [30, Theorem 1] is a special case of the first.
Krattenthaler and Mohanty consider r-dimensional lattice paths consisting of pos-
itive unit steps from p = (1, p2, - -, fr) to X = (A1, Aa, ..., Ay) in the region

(4.13) T1 > Tg > >3, > a1 —d.

In [30, Theorem 2] they give an expression for the generating function 3~ g™ @ for
all these lattice paths @ where 7 is a fixed permutation in &, and maj, is a certain
statistic on lattice paths that generalizes MacMahon’s greater index (also called
major index) and lesser index. The link between our Theorem 3 and Krattenthaler
and Mohanty’s theorem [30, Theorem 2] is Stanley’s (P, w)-partition theorem [41,
Cor. 5.3+7.2]. It says that, given a poset P with labelling w, the generating function
U(P,w;q) for unbounded (P,w)-partitions is given by

W(P,w;q)

where
W(P,wiq) =Y ¢,

the sum being over all permutations ¢ in the w-separator [41, p. 17] of P. (|P]
denotes the cardinality of P, and maj denotes the (ordinary) major index.)
To apply this theorem, we take P to be the poset P(u/A/d) with underlying set

{(i,j)€Z2:1§i§randui<j§)\i},
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ordered by

i1 <ig and j1 < Jo

i1, 1o, if and only if
(i1,1) < (2, 72) Y {oril—r, io =1, and j; +d < jo,

and labelled by w,, which is defined by

i—1
we((,5)) =D _(Arrt)y = tr=1(t) + 5 — Br=1(3)-
t=1
We may describe w, by saying that w, numbers the elements of P by 1,2,...,|P|,

beginning with row 7-1(1), continuing with row 771(2), etc., with each row num-
bered from left to right. Then it is not difficult to see that the (P(A/u/d),w;)-
partitions are simply (0, c)-cylindric partitions of shape A/up/d, where ¢ =
(c1,¢2,...,¢) with ¢; = x(7(i) > 7(i + 1)). (Here x(A)=1 if A is true and
x(A)=0 otherwise.) Moreover, the w,-separator of P(A/u/d) corresponds to the
lattice paths from p to A in the region (4.13), such that the major index of ele-
ments of the w,-separator equals maj of the lattice paths. This is seen as follows.
Let |X — p| denote the cardinality of P(A/p/d) (which is >°._; (A — ;) and let
1= (ly <lp <--- < lja_p) be a linear extension of the poset P(A/p/d).
Then 1 defines an element in the w,-separator of P(A/u/d), namely

wT(l) = wT(ll)wT(ZQ) .. .w,,-(lp\_m).

Now we may define a map p from P(A/p/d) to {1,2,...,7} by p((4,7)) := i and
form the sequence

p(1) = p(l)p(l2) - - . p(ha—p))-

Then p(1) may be viewed as an r-dimensional lattice path from g to A in the region
(4.13) by reading p(l) from left to right and interpreting ¢ as a unit step in the
positive x;-direction, ¢ = 1,2,...,r. By observing that

maj(wr (1)) = maj, (p(1))

we see that W(P(X/u/d),w,;q) is the same as the generating function Y g™~ @
for these lattice paths ). Hence, by (4.14) this generating function equals [ |[A—p]],!
times the expression (4.7) with a; — 00, b; =0, a; = 0, §; = ¢; = x(7(i) > 7(i+1)),
ie.,

S Ia—mll! det (a7 s =kt (d R
kit +kr=0 -

The exponents T (s, t,k) are given by

s—1
Tr(s,t,k) = (ue —t) Y (1—ci) + ks( ut—t21—ck

k=t k=1
k2 T s—1
+(d+7) 2;(1—@c +k;1—ck .

Thus we recover [30, Theorem 2].
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5. SPECIAL GENERATING FUNCTIONS AND ENUMERATION RESULTS

For some particular choices of the parameters in Theorems 2 and 3 the determi-
nants can be evaluated in closed form by means of the following three determinant
evaluations (5.1)—(5.3), which are from [24], [25]. All of them result from a single
determinant lemma [24, Lemma 2.2]. It was shown in [24], [25], that all the known
product formulas for plane partitions of a given shape (without symmetries), such
as Stanley’s hook-content and hook formulas and MacMahon’s generating function
for plane partitions of rectangular shape, follow from (5.1)—(5.3). In particular,
the evaluation (5.3) was used in [25] to obtain new enumeration results for plane
partitions of staircase shape.

Lemma 4. There hold

(5.1)
det [ |Fot AT 2 S0 HlﬁiijT[Li — Lj] :fl[Li +A+ .1]!7
1<s,t<r Ls+1t [T [Li + ]! A+ 1—d)!

(5 2) det thS A — S il H1§i<j§T [LZ B LJ] H::l[A +i— ]‘]'
R ENE Ls+t [T Li+r)t Tl [A-L; -1V

and

BL,+ A
(5.3) 13(1?}9 < ( L+t ) )
[li<icjer(Li— Lj) (BL; + A)! - )
I (L + ) H (B-1)L; + A—1)! E(A = Bit1)i,

where (a)p, :=ala+1)---(a+n —1) denotes rising factorials.

Proof. For the proof of (5.1) replace Ay — s by Ly and a + o — b by A in the
computation on p. 188 of [24]. With the same replacements, (5.2) follows from the
computation on p. 189 of [24]. Finally, (5.3) is proved by replacing As — s by L,
a+a—bby A, and B by 1 — B in the proof of Theorem 5 of [25]. O

Remark. In fact (5.1) is equivalent to (5.2) with A replaced by —A — 1.

Our first theorem in this section concerns cylindric partitions of shape (¢")/p/d.
The notation (¢") means the r-tuple (c,c,...,c), as usual. It generalizes Stan-
ley’s hook formula for reverse plane partitions of a given (non-skew) shape with
unrestricted part magnitude [40, Proposition 18.3].

Theorem 5. Let p = (pu1, o, - - ., lir) be an r-tuple of integers and d be an integer
with d > —r such that py > po > -+ > p. > p1 — d. Then the generating function
ST @™ where the sum is over all cylindric partitions © of shape (¢")/u/d with
nonnegative entries, equals

(5.4) Z gD i K2/24d 7 ikidr ST piks
kit +k.=0
" [li<icjcrli + (r+d)ki — i — py — (r + d)k; + j]
[T le—pi— (r+d)k; +i—1]!
More generally, let a = (a1,2,...,aq4) and B8 = (B1,52,...,0-) be integer
sequences such that > ., Br— Zle ay < r. Then the generating function Y ¢"(™),
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where the sum is over all (o, B)-cylindric partitions  of shape (c")/p/d with 7, . >
0, equals

Z qu(k) H1§i<jgr[,ui +(r+d)k; —i—p; — (r + d)kj + j

(5.5) Ml (rtdk +i—1]! ’

ki+-+k-=0

where

N1(k):(T+A—B)(T+d)ik?/2+(d—A—FB)ZT:iki—F(T—O—A—B)imki

i=1 i=1 i=1

r c—1 T T
53 SENUEIBES SIND SRCS:
i=1 k=p,; k=1 i=k+1

with A :==Y"%_, ay, and B = Y1_, B

Proof. We prove here only (5.4); (5.5) may be established, with some more work,
in the same manner.

By Theorem 2 with A\; = ¢, b; = 0, a; — o0, and using Remark (1) after the
proof of Theorem 3, we see that the generating function for cylindric partitions of
shape (¢")/p/d with nonnegative entries is given by

Z qr(r—i-d) iy K /24 (i) (ki =)
ki+-+k,=0
X 1§%it§r (qs(ﬂt—t+(r+d)kt)/[c —pr—s+t—(r+ d)kt]!>,

Reversing the order of both rows and columns in the determinant (i.e., replacing s
by r+1— s and ¢t by r + 1 — t) transforms this expression into

Z qT(T-Hi) iy K /24 (i =) (rki =)+ (r+1) i, (ni+ (r+d)ki) —e("F1)
ki+-+k-=0
X det (qS(C—#T+1—t_(T+d)kr+1—t—t)/[C i1t — (- g1y — T+ S]!>'
Now the determinant can be evaluated by (5.2) with Ly = ¢ — pry1-5 —

(r+d)kyy1—s — s, A — oo. After a few simplifications we arrive at (5.4).
Of course, for (5.5) we use Theorem 3 instead of Theorem 2. |

Stanley’s formula for reverse plane partitions of a given shape with unrestricted
part magnitude [40, Proposition 18.3] results from Theorem 5, (5.4), by setting
d = ¢ — p,. This choice of d causes the condition (4.5¢) to become void. Thus we
are considering ordinary plane partitions of shape (¢")/u, which by a 180° rotation
become reverse plane partitions of shape (¢— p,, ¢ — ptr—1, ..., ¢— u1)/0. Moreover,
for d = ¢ — p, the sum in (5.4) consists of the single term k; = ko = --- =k, = 0.

The next result concerns cylindric partitions of “infinite rectangular shape”

(c0™)/0/d.

Theorem 6. Let d > —r. The generating function "), where the sum is over
all cylindric partitions © of shape (00”)/0/d in which the entries are between 0 and
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a, equals
H [T‘kj +j—7‘ki—i]
(5.6) Y OO NI k24 ik (SIS
kit k=0 [Ila+rki+i—1]!
i=1

Proof. We apply Theorem 2 with XA = (¢"), ¢ — o0, p = 0, a; = a, b; = 0 to obtain
for the desired generating function the expression

Z det q_t(s_t"‘rks)+(T+d)(rk§/2+sks) 1 '
byt k=0 VT [a+s—t+rks]!

By reversing the order of the rows and columns in the determinant and replacing
k; by ky41—;, we transform this expression into

Z qu:l(T+d)(rkf/2+iki)+23:1 i(i—a)
ki+-+k-=0

x det [ gtle—strkrii-s) ! )
1<s,t<r [a+t—s+rky11-s]!

Now we use (5.2) with the replacements A — oo, Ly — a — s + rk,41—s and obtain
(5.6) after a few simplifications. O

There is an overlap with MacMahon’s result for the generating function for plane
partitions of rectangular shape with restricted part magnitude [34, sec. 429, proof in
sec. 494]. Namely, the formula for plane partitions of arbitrary shape with restricted
part magnitude (that results by letting the width of the rectangle tend to oo) is also
the d — oo special case of Theorem 6. (For d — coonly the ky = ka=--- =k, =0
term of the sum remains.)

The last result in this section concerns staircase shapes.

Theorem 7. The number of cylindric partitions m of shape (A—L,A—2L,...,A—
rL)/0/Lr in which the entries are between 0 and a equals

(5.7)
S @+)® [ ki ki — i) [Jla+ 14 (A= Li)/(L+1))is
i+ +kr=0 1<i<j<r i=1
. (a+ A — L(rk; +1))!
X }_[1 (A= (L+1)(rk; +3)+ ) (a+rki +i— 1)U

where again (a)n = a(a+1)---(a +n — 1) denotes the rising factorial.

Proof. We apply Theorem 2 with \; = A —4iL, uy; =0, d = Lr, a; = a, b; =0,
q — 1 to obtain for the desired number the expression

Z dot a+A—L(rks + s)
1<s,t<r A= (L+1)(rks+s)+t) )"
k1+-+kr-=0

Here we use the determinant evaluation (5.3) with the replacements Ly — A
—(L+ 1)(rks +s), B— L/(L+1), A — a+ A/(L+1). Thus, after some
simplification we arrive at (5.7). O
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We know one more special choice of parameters in which the determinants in
Theorem 2 can be evaluated. This is the case of cylindric partitions of shape
(c")/0/0 with entries between 0 and a. In this case the generating function can be
written down in an even simpler form, since these cylindric partitions are actually
in bijection with certain linear partitions. Therefore we do not state the multisum
expression that would result from Theorem 2 as a separate theorem. On the other
hand, these considerations produce multisum summations that are interesting in
their own right; see (6.18) and (7.10).

Another case in which the determinants in Theorem 3 could be evaluated (by
means of (5.1)) is g = 0, a; = a, b = 0, oy = 0, B; = 1, i.e., the case of
“column-strict” cylindric partitions of shape A/0/d with entries between 0 and a.
Unfortunately, in this case the restriction Y., B < r is violated, so it is not clear
what, if anything, is actually counted by (4.7) with this choice of parameters.

6. IDENTITIES I: SUMS OF DETERMINANTS

In this section we extend ideas of Burge [12]. He derived a number of summation
formulas by considering special cases of his restricted partition pairs (which in
our language are two-rowed cylindric partitions; see Remark (6) after the proof of
Theorem 3). He chooses special cases in which the restricted partition pairs can
be transformed bijectively, by rearranging the parts, into linear partitions. Since
he gives the generating function for restricted partition pairs (with certain bounds)
in general and since, of course, the generating function for linear partitions (with
certain bounds) is well-known, he obtains an identity. We do the same for cylindric
partitions with an arbitrary number of rows. We systematically generalize all the
identities that Burge derived by this method.

We give a detailed description of the method in the simplest case first, and then
generalize. Consider cylindric partitions of shape (¢")/0/1 with entries between
0 and a. (As before, the notation (¢") means the r-tuple (¢, ¢,...,¢). So we are
considering cylindric partitions of rectangular shape, consisting of r rows and c
columns, with a shift of 1 relating the first and last rows.) By reading such a
cylindric partition along the columns, each column from top to bottom, and the
columns in order from left to right, it is seen that 7 actually is a linear partition
with rc parts that are between 0 and a. To be more precise, by (1.3b) and (1.3c)
we have for any such cylindric partition = = (m;;),

(6.1)
a>T1 > Mo > " 2Ty 2 T2 > T2 > > My > T3> 2> Tpe > 0.

Conversely, if 7 satisfies these inequalities, then it is a cylindric partition of shape
(c")/0/1 with entries between 0 and a. Since by Theorem 2 (with A\; = ¢, u; = 0,
d=1, a; = a, b; = 0) we know the generating function ) _ g™ for these cylindric
partitions, and since we also know the generating function for the linear partitions
with re¢ parts all of which are between 0 and a (see [4, Theorem 3.1]), we obtain
the identity

(62) Z q(T;l) o1 k(1) i ik

ki+-+k-=0
t(t—s—rks) a+c—ks _ a+re
% 13(1?}9 <q [c —s+t—(r+1)ks re |’
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Burge’s doubly bounded Euler’s Theorem [12, p. 216] is the special case r = 2,
a=M,c=N of (6.2).

For the next several paragraphs we fix d = 1. We now work with (a, 3)-cylindric
partitions instead of just (ordinary) cylindric partitions. The restrictions (3.1)
allow more general shapes than just rectangular ones, and the restrictions (4.6)
allow more general bounds where the same idea works to produce a g-binomial
summation formula. We shall consider 9 such cases. For the “left border” p of
the shape we choose either the skew border g = (1™,0"~™) or the “shifted” border
p = (0",1""). For the “right border” X of the shape we choose either the skew
border A = ((¢ + 1)™,¢"~™) or the “shifted” border A = (¢™, (¢ + 1)"™™). We
shall combine the choice = (17,0"~") (skew border) with two different choices
of upper bounds a, and the choice A = ((¢ 4+ 1)™,¢"~"™) (skew border) with two
different choices of lower bounds b. Pairing the three choices (u,a) “on the left”
with the three choices (A, b) “on the right”, we obtain 9 cases.

Since d = 1, the requirement that a;; = &j mod ¢ for all j implies that all the a;
are identical. Let us therefore write o for o; in what follows.

Case 1. Take A = ((¢+ 1)™,¢"™™), where 0 < m < r, p = (1™*,0""), where
0<n<r,d=1,a; = a—zz_:ll Br—a-x(i<n), b = —22;11 Br+a-x(i>m+1).
Here and in the sequel, x(A)=1 if A is true and x(.A)=0 otherwise. Since we want
to apply Theorem 3, we require that Y, _, Bx < + . Note that (3.1) is satisfied
for this A and this p, and the choice of a; guarantees that (4.6a) is satisfied. On
the other hand, (4.6¢) is satisfied if and only if >, _, B < 1+ c. Similarly, with
this choice of b; the restriction (4.6b) is satisfied, while (4.6d) holds if and only if
Soreq Bk < 14 a. Thus, if >, _; B < min{l + a,r — 1 + o} then the generating
function ¢"™ | where the sum is over all (c, 8)-cylindric partitions 7 of shape
((c+1)™, ¢"=™)/(1™,0"™)/1, in which the first entry in row 4 is at most

i—1

ai:a—Zﬂk—a-X(iSn)
k=1

and the last entry in row ¢ is at least

i—1
b; = —Zﬁk—i—a-x(iZm—i-l),
k=1
equals
(6.3) Z q S Bre(r—k) =T | Bu(m—E)+Yr_, Br(n—k)+ar("$')—nea
kit k=0

x gD (@i (1-80)) Sy 2/2+ (1) Sy ks

X det <q<><<t§">—t>(s—t+ks(a+zz1<1—ak>))
1<s,t<r
« at+c+x(s<m)—x({t<n)—ac—ks(1—a+>,_,0k)
c+x(s<m)—x(t<n)—s+t—(r+1k, -

On the other hand, if, here and in the sequel, we make the convention Gy =
Bk mod r, we have by (4.5b) and (4.5¢) and by the row bounds for rows n + 1 and
m7
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(6.4)
n r—1
a— Zﬁk > Tpt1,1 = Tng2,1 + Bpt1 > - 2> 1 + Z Bk
k=1 k=n-+1
r r+1
> T2+ Z B = 2,2 + Z B
k=n+1 k=n+1
rj—r+i—1 rc+m—1 rc
> zmgt Y Bz ZTmennt Y, B> Y B
k=n-+1 k=n-+1 k=n+1

Conversely, let (m; ;) be an array that satisfies (6.4). Let us also assume that
Y p—1 Bk > a. Then it can be seen that 7 must be an (o, 3)-cylindric partition
of shape ((c+ 1)™,¢"=™)/(1™,0"~™)/1, in which the first entry in row ¢ is at most
a; = a— Y05 B —a-x(i < n) and the last entry in row i is at least b; =
- 22;11 Bk +a-x(i >m+1). In fact, (4.5b) and (4.5¢) are trivially satisfied. For
establishing (4.5a), we observe that by (6.4) we have

rj—r4+i—1 rj4+i—1
mi,j + E B > mij1 + § Br
k=n+1 k=n+1

and since we assume »_,_; B > «, we get

s
Tij = T +1 + E Br > T j+1 +
k=1

which is (4.5a). Thus 7 is indeed an (e, 8)-cylindric partition of shape
((e+1)™,c™)/(17",077™) /1.

Now for n+1 < i < r, (6.4) implies that 751 + Y441 B < @ — iy B
Equivalently, for n+1 < ¢ < r the first entry in row ¢ is at most a — 22;11 Qk. Since
we are assuming that Y, _; Br > «, we may also conclude m; 2 < a — };”1_1 B <
a— Z;;ll Bk — «, in particular for 1 < i < n. This establishes that indeed the first
entry in row i is at most a; = a — 2;11 Bk — a - x(i < n), for all ¢. Similarly, we

see that the last entry in row i is at least b; = — 22;11 Bk +a-x(i>m+1).
Therefore, by setting 7; j = m; + Z;J:—:l_l Bk, from the array © = (m; ;) we

obtain an array 7 = (7; ;) with

T

a+ Zﬁk > Tpt1,1 = Tng2,1 > 0 2> T
=1

m,c+1 Z (C+ 1)Zﬂk .

k=1

> Mg 2 Moo >+ 2>

Bl

Thus 7 = (7; ;) is actually a linear partition with rc 4+ m — n entries, all of which
are between (¢ + 1)> ;B and a + >, _, k. Hence, by using the partition
theorem [4, Theorem 3.1] again, the generating function ) ¢ for these arrays

7 is easily computed. So, by the relation 7 = m; ; + Z;ij‘l B we finally obtain
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that the generating function ) _ ¢"™ for (o, B)-cylindric partitions 7 of shape
((c+1)™,cm=™)/(1",0"~")/1, in which the first entry in row 7 is at most a; =
a— 22;11 Br — a-x(i < n) and the last entry in row i is at least b; = — 22;11 B +
a-x(i > m+1) also equals

(6.5) q(erDretm—m) Tl fu-IEI " T B |0 ¢Xkm1 B Fre+m—n

' rc+m-—n '
Equating (6.3) and (6.5) we obtain a g-binomial identity. Replacing a by a + ac
and > ,_, Bk by € + a, and further simplifying, we may write this identity in the
following form.

Theorem 8. For 0 < m < r, 0 < n < r, 0 < e < min{l,r — 1}, we have

(6.6) Z D= iy K /24(r+1) XIy ki
kit dke=0
« det [qOtsm-nls—tte—ok) | @ +et+x(s <m) —x(t <n)—(e+1)ks
1<s,t<r c+x(s<m)—x(t<n)—s+t—(r+1)ks
_ r(F)=noe [atc(r—e)+m—n
¢ rc+m—n - U
Identity (6.2) (with ¢ replaced by ¢+ 1) is the special case e =0, m=r, n =0
of (6.6). So, Burge’s doubly bounded Euler’s Theorem [12, p. 216] for his partition
pairs generating function P(N, M, 1,2,1,1) is the special case r = 2, ¢ =0, m = 2,
n=0,a=M,c=N—1of (6.6). Moreover, his summation at the top of p. 221 of
[12] is the special case r =2, e =0, m=1,n=0,a= M, c= N of (6.6).

Case 2. Take the same choices for A, p,b as in Case 1 (and d = 1 of course),
e, A= ((c+1)™ ™), where 0 < m < r, p = (1",0""), where 0 < n < r,
d=1,and b; = —22;11 Br+a-x( >m+1), but take a; = a + 22;11(1 — )
— - x(t <n). Then it is easily checked that (3.1) and (4.6) are satisfied. If we
assume » ,_; B > a + n it can be seen that our («,3)-cylindric partitions of
shape ((¢+ 1)™,¢"~™)/(1™,0"~™)/1, in which the first entry in row ¢ is at most
ai = a+ (1= B) —a-x(i < n) and the last entry in row i is at least
b, = — Z;C;ll Bk + a - x(i > m+1) can be characterized by

(6.7)
n r—1
a+ Z(l = Bk) 2 Tnt11 > Tng2,1 + Bog1 = - 2 Tt + Z B
k=1 k=n+1
r r+1
> T2+ Z B = 2,2 + Z B
k=n-+1 k=n-+1
rj—r+i—1 rc+m—1 rc
> zmgt > ez 2 Tmennt Y B> Y B
k=n+1 k=n-+1 k=n-+1

In fact, what has to be checked is that an array (m; ;) satisfying (6.7) “obeys the
upper row bounds a; = a + Z;;ll(l — Br) —a-x(t < n)”, ie., that m;; < a; for
n+1 <14 <7, and that m; 2 < a; for 1 <i < n. Everything else was already checked
in Case 1. Now, because of (6.7) we have a + > r_ (1 — Bx) > m1 + 22—21”“ Br
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for n+1 < i < r, or equivalently, m;,1 < a + Zz_:ll(l — Br) — (i —=n —1). This
implies the first assertion. Likewise, because of (6.7) we have a + > ,_,(1 — Bx) >
T+ 22':7;11 Bk for 1 < i < n. Using our assumption that >, _; Bx > a +n, we
conclude

r+i—1 1—

1
T2 <a+n— Z ﬁkSCH-Z(l—ﬁk)—oc—(i—l),
k=1 k=1

which implies the second assertion.

As in Case 1, we may equate the generating function for our (e, 3)-cylindric
partitions that results from Theorem 3 with the expression that results from the
fact that by (6.7) these (o, 3)-cylindric partitions are essentially linear partitions.
The identity that we obtain, after again replacing a by a + ac and Y ;_,; i by
€ + «, is the following.

Theorem 9. For0<m <r,0<n <1, n<e<min{l,r — 1} we have

(6.8)
Z gD =) Timy K} /24+(r+1) iy iks
k1+-+kp=0
det (q<x<tsn>—t)(s—t+<r—s>ks> {a tetx(s<m)—x(t<n)—1+t—(c+ l)ks} )
1<s,t<r c+x(s<m)—x{t<n)—s+t—(r+1)ks

= g (5)-nee { telrmetm g
rc+m-—n

Case 3. Take the same choices for A;b as in Case 1 (and d = 1), ie., A =
((c+1)™ ™), where 0 <m <r,d=1,b=— 22;11 Bk +a-x(i>m-+1), but
take p = (0™,1""), where 0 < n < r and a; = a — 22;11 B —a-x(i >n+1).
Also, we assume here that & < >, _; B < min{1 + o, 7 — 1 + a}. This guarantees
that (3.1) and (4.6) hold, as is easily checked. Again the (a, 3)-cylindric partitions
under consideration turn out to be essentially linear partitions. However, there is a
little detail that is different from the previous two cases. Namely, our choices force
the entries in the first column to equal the upper row bounds. More precisely, since
tn = pint1 — 1, Theorem 3 (see the last paragraph in the statement of Theorem 3)
gives the generating function for (e, 3)-cylindric partitions that also satisfy (4.5b)
with i =n, j = pin +1 = ppe1 = 1, and Tp41,1 = a1 + @ =a— Y,y Bk, Le.,
M1 >a—y 0 B+ Bn=a— 2;11 Bk. From this and (4.5b) we have

n—1

a1=a27T17127T2,1+512-'-27Tn71+25k2a-
k=1

Hence, m;1 = a — Z;;ll Ok for 1 < i < n, as asserted. It can be seen that our
(e, B)-cylindric partitions 7 of shape ((c 4-1)™,¢"=™)/(0",177")/1, in which the
first entry in row ¢ is at most a; = a — 22;11 Bk —a-x(i > n+1) and the last entry
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- Z;;ll Br + - x(i > m + 1) can be characterized by

in row ¢ is at least b;

1—1
(6.9) Tl =a— Zﬂk, for 1 <i<mn,
k=1

rj—2r4+i—1
a—a>m>mea+ P> 2>+ Z B
k=1

re—r+m-—1 re—r

> > et + Z Br > Zﬁk'
k=1 k=1

In a manner similar to Case 1 and 2 we finally obtain the following identity.

Theorem 10. For0<m <r,0<n<r, 0<e <min{l,r — 1} we have

(6.10) R AR kZ /24 (r+1) iy ks
ki+--+kr=0
x det [gXCEnED=OG—ttG—oks) | @t et X(s<m) —X(E2n+1) (e + ks
1<s,t<r ctx(s<m)—x(t>n+1)—s+t—(r+1)ks

_ qan+rs(g) a+ (T - E)(C - ]') + m:| . O

rlc—1)+m

Case 4. Take X = ((c +1)™,c¢"™™), where 0 < m < r, p = (1",0"7"), where
0<n<rd=1a=a- 4 Br—ax(i <n), b =S (1=Fr)+a-x(i > m+1).
We assume that r +a—m < >, _, B < min{l + a,r — 1 + a}. Then we perform
analogous considerations as before. Note that the inequality r+a—m < >"7_ By is
needed so that an array of the type (6.4), but with lower bound m—1+3%,% . Bk
instead of 37,% ;| B, automatically satisfies m; . > 22;11 (1-B)+aform+1<
1 < r. We finally obtain the following identity.

Theorem 11. Forr—1<m<r, 0<n<r,r—m<e<min{l,r — 1} we have

(6.11) Z q(r+1)(r—5) T kD /2
k4t k=0

o det [gxttsm-nE—ok, [atctx(s <m) —x(t <n)—s+1—(c+ 1)k
1<saer \ c+x(s<m)—x(t<n)—s+t—(r+1)ks

Tc(m_l)_C(;)'f‘(m;")—i-(r(c;l)—nc)a a+ C(T‘ — 8) +1-— n] 0

rc+m-—n

Case 5. Take the same choices for A, p, b as in Case 4 (and d = 1 of course), i.e.,
A= ((c+1)m ™), where 0 <m <7, p=(1",0""), where 0 <n <r,d=1,
b; = 2;11(1—5;3)4—@-)((1' > m+1), but take a; = a+22_:11(1—ﬁk) —a-x(i <n).
We assume that max{a + n,r + a —m} < >, _, B < r. Performing analogous
considerations as before, we finally arrive at the following identity.
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Theorem 12. For 0 < m < r, 0 < n < r, max{n,r —m} < e < r we have

(6.12) Z grHDr—e) i k)2

ki+--+k-=0

% det q(X(t<”) ) (r—e)ks |+ C+ X(S < ’ITL) X(t < 77,) —s+t— (6 + 1)/€5
1<s,t<r ct+x(s<m)—x{t<n)—s+t—(r+1)ks

re(m—1)—c(5)+ ("5 ")+ (“F) —nc)e |:a +c(r—e)+ 1] O
rc+m-—n

=q

Burge’s summation for P(N, M,1,2,0,2) [12, p. 216] is the special case r = 2,

e=0m=2n=0,a=M,c=N-—1 of (612), and his summation for

P(N,M,1,2,0,1) [12, p. 217] is the special case r = 2, e = 1, m = 2, n = 0,
a=M,c=N—1of (6.12).

Case 6. Take the same choices for A\,b as in Case 4 (and d = 1), ie., A =
((c+1)™, e =™), where 0 <m <r,d=1,b; = ,_ 1(1 Br)+a-x(i >m+1), but
take p = (0",1"""), where 0 <n <rand a; =a— ) ,_ lﬂk—a x(i>n+1). We
assume that r + o —m < Zk:l Br <min{l + a,r — 1+ a}. Performing analogous
considerations as before we arrive at the following identity.

Theorem 13. Forr—1<m <r,0<n<r,r—m<e<min{l,r — 1} we have

(6.13) ST gUrteINia K3/
k14 +kr=0

(x(t>n+1)—t) (r—e)ks atc+x(s<m)—x(t>n+1)—s+1—(e+1)ks
X det q
1<s,t<r c+x(s<m)— X(t>n—|—1)—s+t—( + 1)ks
+ (

an+(c—1 rm—l—; 7;—3 T; s )(-1)“’1
= N DG -G e [+ 0 - } O

Case 7. Take XA = (¢™, (¢ + 1)T ™), where 0 < m < r, p = (1",0"""), where

0<n<r d=1, az—a—zk 1ﬂk—oc x(i < n), b; :—Zk lﬁk—Fa x(i <m).
We assume that a < Zk:l Br < min{l + a,7 — 1 4+ «a}. Similar considerations as
above give rise to the following identity.

Theorem 14. For 0 < m < r, 0 < n < r, 0 < ¢ < min{l,r — 1} we have

(6.14) Z gHDE—e) Tiny R/ 24+ D) iy ik
k14-+kr=0
« det [qxtsmmnGtrr—ak | atetx(s=m1) - x(t < (e + 1
1<s,t<r c—|—x(52m+1) (t<n)—5+t_

— g(r(5)=nle=1)e (T—e)(c—n1)+r—n}_ 0

Case 8. Take the same choices for A, p, b as in Case 7 (and d = 1 of course), i.e.,
A= (" (c+1)""™), where 0 <m <7, p=(1",0""), where 0 <n <r,d=1,
by = — Z_:ll Br + a - x(i < m), but take a; = a + 22;11(1 —Br) —a-x( < n).
We assume that a +n <>, _, B < min{l + a,7 — 1+ a}. Similarly to above we
obtain the following identity.
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Theorem 15. For 0 < m < r, 0 < n <1, n < e < min{l,r — 1} we have

(6.15) Z (T+1)(T &) Yh_y kP /24+(r+1) iy ik %
k14 +kr=0
det (x(t<n)—t) (s—t4+(r—e)ks) |@FCHXx(8>m+1) —x(t <n)—1+t— (e+ 1)ks
1<sier \ 1 ctx(s>m+1)—x(t<n)—s+t—(r+1)ks

@ ok e D] g
rCc—n

Case 9. Finally, take the same choices for A,;b as in Case 7 (and d = 1), i.e
A=(c",(c+1)"™™), where 0 <m <r,d=1,b; = Zk llﬂk+a x(i < m), but
take p = (0™,17~™), where 0 < n < r and q; —G_Zk 1ﬁk—a x(i>n+1). We
assume that a <Y, _, B < min{l + a,r — 1 + a}. The identity that is obtained
in this case is the following.

Theorem 16. For0<m <r, 0<n<r, 0<e <min{l,r — 1} we have

(6.16) Z (T+1)(T &) Yy kP /24(r+1) LIy ik %
k14 +kr=0
dot  [gx2ntD-t6—t+r-eks) | atctx(s 2m+1) —x(t > n+1) = (e +1)ks
1<ster \1 ct+x(s>m+1)—x(t>n+1)—s+t—(r+1)ks

=g (3 [t Ul ] =

Burge’s summation for P(N, M,0,3,1,1) [12, p. 216] is the special case r = 2,
e=0,m=n=1,a=M, c= N of (6.16).

Another choice of d that gives rise to identities is d = 0. So let us fix d = 0 for
the next several paragraphs. As before, we first explain the method in the simplest
case (which is again the rectangular shape), and then generalize. Consider cylindric
partitions of shape (¢")/0/0 with entries between 0 and a. By (1.3b) and (1.3¢) we
have

Tij = W25 2 0 2 Mpj = 75, for any j;
hence the entries in each column are identical. By (1.3a) we have
a>m1>me > > e 2> 0.

So by adding up the entries in each column we obtain (rmy 1,771 2, ..., 771,c), which
is a linear partition with ¢ parts, all of which are divisible by r and lie between
0 and ra. This correspondence is clearly a bijection. The generating function for
these linear partitions is [*}¢] .. On the other hand, Theorem 2 (with A; = «,
wi =0,d=0, a; = a, b; = 0) tells us the generating function for these cylindric
partitions. Since these are in bijection with the corresponding linear partitions, we
have proved

2 k24 Y ik t(t—s—rks) a-+c
LD DI (g [t )

k14 k=0
[a + c}
c -
q
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Burge’s summation for P(N,M,1,1,1,1) [12, p. 217] is the special case r = 2,
a=M,c=N of (6.17).

Given the rectangular shape (¢")/0/0, the restrictions (4.6) allow more general
row bounds for which the same idea works to produce a g-binomial identity. We
consider the choices a; = a or a + ¢ and b; = 0 or 4. In the theorem below we list
the identities that result from these 2 x 2 possibilities. The first comes from a; = a,
b; = 0 (and hence repeats (6.17)), the second comes from a; = a + ¢, b; = 0, the
third comes from a; = a, b; = i, and the fourth comes from a; = a + 4, b; = 1.

Theorem 17. There hold the identities
(6.18) S TR R et <qt<t—s—rks> [ a+e D

1<s,t<r c—s+t—rks
ki+--+k,-=0
B {a + c}
c -
q

25 2 .o
E T i ki 2+ Y ik t(t—s—rks) atct+t
(619) eyt Oq 1qu?ttgr (q |:C — S+ t— ’I”ks
IR S

_ [a+c+1}
= . -
q

2T k2 2—r ST ik a+c—s
(6:20) kit 2Jr:lc oq 1 1 13(1?}9 ([C —s+t-— Tkt})
oy A

P2 k22— YT ik at+c—s+t
(6.21) . ZJ;IC oq ' ' 13(1,6}9 (L —s+t—rk
Lt k=

— 6 [a+c—|c—1—r} O
q"

As was already remarked, Burge’s summation for P(N, M,1,1,1,1) [12, p. 217]
is the special case r = 2, a = M, ¢ = N of (6.18). Moreover, his summation for
P(N,M,1,1,0,2) [12, p. 217] is the special case r =2, a = M, ¢ = N of (6.21).

One could also allow more general shapes. Let us consider cylindric partitions
of shape ((¢c41)™,¢"~™=™ (c+1)™")/(1™,07~"="" 1"") /0 with entries between 0
and a. For convenience we assume that m+m’ < r and n+n’ > 0; i.e., that neither
column 1 nor column c+ 1 is completely filled. Of course, the considerations above
show that for each of these cylindric partitions the entries in column j, 2 < j < ¢,
have to be identical. Moreover, Theorem 2 with \; = c+1—x(m+1<1i <r—m'),
wi=1l—xn+1<i<r—n),d=0,a; =a, by =0 would not give the generating
function for all these cylindric partitions, but only for those where all the r —n —n’
entries in column 1 are equal a and all the m + m’ entries in column ¢ + 1 are
equal 0. This is because of the conventions for A\; = A\jy1 — 1 and p; = pip1 — 1
that are explained in the last paragraph of Theorem 2. Thus (4.1) with the above
choices of parameters is equal to q(r_"_"/)a times the generating function for linear
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partitions with ¢ — 1 parts, all divisible by r and between 0 and ra, and we obtain
the following identity.

Theorem 18. Let m,m/,n,n’ be nonnegative integers with 0 < m +m’ < r and
0<n+n' <r. Then

2 K/ 24r YT ik (x(n+1<t<r—n/)+t) (t—s—rks)
(6.22) . +§+:k Oq ' ' 15(1?;%7« (q
BTI N
at+c—xm+1<s<r—-m)+x(n+1<t<r-—n))
c—xm+1<s<r—m/)+x(n+1<t<r—n')—s+t—rks

— (r—-n—n")a at+c—1
q [c—l qr. O

Note that (6.22) covers (6.18)=(6.17) (set m = m’ =0, n+n' = r and replace ¢
by ¢+ 1).

The idea for d = 1 of obtaining identities by merging the entries of appropriate
cylindric partitions into linear partitions (or something equivalent) can be extended.
Again, we begin with the simplest example, and then generalize.

Consider cylindric partitions of shape ((md)")/0/d with entries between 0 and
a, where r, d, and m are arbitrary positive integers. Figure 5.a shows schematically
the shape of such a cylindric partition, where m = 4. The arrows indicate the
directions of (weak) decrease of entries. The last row is marked with a dotted line,
and its shift that dominates the top row is represented as a dotted row on top of the
shape. We may cut such a cylindric partition into m rectangular pieces as indicated
in Figure 5.a (where m = 4). Then we take the m pieces, which were originally
arranged horizontally, and rearrange them vertically, as in Figure 5.b. It is easy
to see that again there is decrease along the directions that are indicated by the
arrows. Moreover, the last column dominates the first as indicated in Figure 5.b.
Finally, we reflect the new array in some antidiagonal line to obtain an array as in
Figure 5.c. As suggested by the picture, this array is a cylindric partition of shape
((mr)h)/0/r.

If we apply the same procedure to the final array we recover our original array.
Thus, cylindric partitions of shape ((md)")/0/d with entries between 0 and a are in
bijection with cylindric partitions of shape ((mr)9)/0/r with entries between 0 and
a. (Note that r and d are simply interchanged.) Hence, their generating functions
must be the same. So, from this observation and Theorem 2 we obtain the identity

(6.23) Z q(r+d)r o1 k224 (r+d) T ks
ki k=0

t(t—s—rks) a + md — dks
x 1§Cl(?tt§r (q [md —s+t—(r+dks

_ Z q(r+d)d S 224 (rHd) S il
L+ +1g=0

t(t—s—dl,) a—+mr —rlg
x 15%?}91 (q [mr —s+t—(r+d)is| )"

Next we want to apply the same technique to (e, 3)-cylindric partitions of “ar-
bitrary” shape. What we shall finally obtain is an extension of (6.23), namely The-
orem 19 below. Let A, p be shapes contained in the rectangle (d") (i.e., \; < d and
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a. cylindric partition of shape ((md)")/0/d

c. after reflection, a cylindric partition of shape ((mr)4)/0/r
b. pasted together differently

FIGURE 5

wi <dfori=1,2,...,r). It is not difficult to see that the above procedure gives a
correspondence between (a, 3)-cylindric partitions 7 of shape A+ ((md)")/u/d and
(B, a)-cylindric partitions 7 of shape X'+ ((mr)?)/u’ /7. (The notation A+ ((md)")
means the vector (A1 + md, Ay + md, ..., \. + md), etc. As usual, A" denotes the
partition conjugate to A, cf. [33, p. 2].) Note that here e and 3 are interchanged,
as are r and d, while X and p are replaced by their conjugates. In particular, the
relation between entries of 7 and 7 is

(6.24) Tij = Ti—|(j—-1)/d)d,i+|(j—1)/d]r -

Since we are dealing with (o, 8)- and (3, a)-cylindric partitions, we also have
to consider non-trivial bounds on the entries. This makes the situation a little bit
more delicate.

We shall see that (v, 3)-cylindric partitions of shape A + ((md)")/u/d where
the first entry in row i is at most @ — Y35 Bk — 3.4, oy, and the last entry in
row i is at least — " B — 22:_11 ay, are (under suitable conditions) in bijection
with (3, a)-cylindric partitions of shape A" + ((mr)?)/u’/r where the first entry
in row ¢ is at most a — Z;;ll o — ZZ;1 Bk and the last entry in row ¢ is at least
St ay - 22;_11 Br. Observe that also with the bounds, o and 3, r and d are
interchanged, and A and p are replaced by their conjugates.

Since we want to apply Theorem 3 to compute the corresponding generating
functions, we have to check the relevant conditions. First, we have to require
—d <Y h_y Bk — ZZ:l ay < r, and because of (4.6¢) and (4.6d), =1 < >7_, B —
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22:1 oy, < 1. So, combining these conditions, we assume that

T d
max{—1,—-d+ 1} < Zﬁk - Zak < min{l,r — 1}.

k=1 k=1
Next, we investigate when an (e, 3)-cylindric partition 7 of shape A + ((md)")/
p/d with “upper row bound” a — S1_% B — S oy does indeed yield by the
above procedure a (3, a)- cyhndrlc part1t1on 7 of shape X' + ((mr)?)/p’/r with
“upper row bound” a — Zk Lo — Zk 1 Br, and vice versa. So let us take an
(v, B)-cylindric partition 7 of shape XA + ((md)")/u/d where the first part in row ¢

is at most a — k_ll Br — > re, ag. The latter assumption means

i—1 i
T+l < @ — E Br — E .
=1 =1

By (4.5a) we have for j > p; + 1 that m; 41 > m; + Zi;LH oy, and therefore

1—1 7j—1
(6.25) i < G—Z@c—zal«
k=1 k=1

In particular, for p; +1 < j < p;—1 the entry m; ; lies at the (upper) border of the
shape, hence after conjugation (as illustrated in Figure 5) it lies at the (left) border
of the new shape. By (6.24) m; ; corresponds to 7;;, and since this entry is at the
left border, 7;,; = 7 ;s +1. Thus (6.25) reads

Jj— j
(6.26) ﬁj#;_..l <a-— Zak - Zﬁk
k= =1

This holds for all j with p;+1 < j < p;—1, for some ¢. Certainly there exists such an
i for p+1 < j < d. Hence (6.26) would hold for all j if u,, = 0. However, if p, > 0
(which is the same as pj = r), then we have to add a further restriction, namely
Sy B < 22:1 ag. For if 1 < j < pu,, then by (6.25) we have the restriction for
T1,a+; (which by (6.24) corresponds to ;r11, which in turn is 7; /1) that

d+j—1

Tldj < G — Z ak<a—26k—zak

This is equivalent to (6.26) in this case.
Since we must also be able to go in the reverse direction, by symmetry we must

assume that Y, _; Bp > 22:1 ay, if py = d.
Similar considerations show that, given an (e, B)-cylindric partition of shape

A+((md)")/p/d with “lower row bound” — 30" 8, —S"2 " ay, by the conjugation
procedure we obtain a (ﬂ, )- cyhndrlc partition of shape A" + ((mr)?)/u’ /r with
“lower row bound” — >, _ 1 ap— Z ey ' Bk, and vice versa, provided that 37 w1 Bk <

S japif A <dand Y, B> 0 ap it N <.
Now that we have collected all the necessary conditions, we may substitute into
Theorem 3 our two equivalent choices; first r — 7, A = A+ ((md)"), p — w,

d—d, a — a— Z;;ll Bk — Y bty g, by — 22_11 B — 221_11 oy,; and second,
r—d, X = XN+ (mr)), p — ', d—r alea—zklak Zz;lﬁk,
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ka ka—1 Ce e e k1 ko
a o a—1 1
e i .
“ a—1 a—2 ‘ 0
FIGURE 6

by — — S o — 22;:_11 Br. We may then equate the two resulting expressions
for the generating function for these cylindric partitions. After cancellation, and
after replacing a by a+m Y ¢_, ay, and then Y _, B — S2¢_, ax by &, we obtain
the following identity.

Theorem 19. Suppose that max{—1,—d+1} <e <min{l,7—1} and let X and p
be shapes contained in the rectangle (d"). If Ay < d or py = r then in addition we
assume € < 0, and if N} < r or py = d then in addition we assume € > 0. Then

(6.27)

Z q(r+d)(r—6)27 1 K2 /24 (r+d) 7 ik
k1+--+k.=0

« det [qUuetis—trr—ok) | @ md+ Xs — pup — (d + )k
1<s,t<r md_")‘s_,ut_s‘i‘t—(T—Fd)ks

_ q(m(m;l)_m Shoy b )e

D S bR
li+-+1a=0

(W) —t) (s—t+(dte)ly) |@ T mr —me+ X, —py — (r—e)ls
X1§(i,ett§d< [mr—i—)\’ ut—s—i—t—(r—i—d)l =

Note that for d = 1 we recover Theorem 8. Moreover, identity (6.23) is the
special case A =0, up =0, e =0 of (6.27).

As in the proofs of Theorems 8-16, one could also try other row bounds here.
However, one is much more restricted in this more general case. Still, a choice of
row bounds different from that in the proof of Theorem 19 will be used in the proof
of Theorem 28.

To conclude this section, we apply a different trick to obtain a different type
of identity. Consider (0, (0,0, ..., —1))-cylindric partitions of shape (¢")/0/0 with
entries between 0 and a. Because of our choice of 8 and because of (4.5b) and
(4.5¢), each column of such a (0, (0,0,...,—1))-cylindric partition contains either
only one integer all over or two consecutive integers. In the latter case, the larger
integer occupies the top entries in this column, the lesser integer the bottom entries.
Let k; denote the number of j’s in the first row, j = a,a —1,...,1,0. Then it is
not difficult to see that a (0, (0,0,...,—1))-cylindric partition under consideration
can be visualized as in Flgure 6.
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In this figure each of the displayed regions contains only entries equal to the label
assigned to that region. Each region is a Ferrers diagram (cf. [39, p. 54]), which is
equivalent to a linear partition. Hence it is easy to write down an expression for
these cylindric partitions by again appealing to the standard partition theorem [4,
Theorem 3.1],

Yiny (Thi (i=1)+k;) T [Fi+r—1
Z == 111 { r—1 '

ko+ki+-+ko=c

Equating this expression with the one obtained from Theorem 3 (with «; = 0,
Bi=0for1<i<r—1,08=-1,\=¢ p;=0,d=0, a; = a, b; =0) we obtain
another identity.

Theorem 20. There holds
(6.28)

("3h) Sy ki i ik Ht—s—(r+1)ks) | @+ C+ ks
k+§+:k oq 2 12(1?;9 ! c—s+t—rks
By A

— S (G- T [+ =1
- Y & _Hl[?«_l O

hi++la<c

7. IDENTITIES II: SUMMATIONS FOR A, BASIC HYPERGEOMETRIC SERIES

In this section we consider special cases of Theorems 8-18 of section 6 in which
the determinants can be evaluated by means of (5.1), (5.2), or (5.3). We obtain
summations for multiple basic hypergeometric series of a particular type which we
now explain. For an introduction to (one-dimensional) basic hypergeometric series
the reader should consult the book of Gasper and Rahman [16].

A basic hypergeometric series for the root system A,_1 (also called a basic hy-
pergeometric series for U(r)) is a series of the form

(7.1) Z H M - (basic hypergeometric stuff)

keoskr=—00 \1<i<j<r

The reader who is familiar with the root system of type A,_; (cf. [21] for an
introduction to root systems) will have no problem in associating the positive roots
of A,_1 with the terms z;/x;, 1 <i < j <r.

By a basic hypergeometric series for the (affine) root system ﬁr_l we mean a
series of the form

(7.2) E I | 1z gv e/ AECTL . (basic hypergeometric stuff)
' . 1-— xi/xj
ki4-+k,=0 \1<i<j<r

Note that the difference lies in the range of summation. Such a series is usually
called a basic hypergeometric series for SU(r). However, in our context (in par-
ticular cf. Remark (1) after the proof of Proposition 1) it is more natural to call
it a basic hypergeometric series for ﬁr_l, or simply an Zr_l basic hypergeometric
series. For work on this subject (mainly undertaken by Milne and Gustafson) see
[36], [37], [20] and the references cited therein.
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For our first summation we let ¢ — oo in (6.2). The resulting determinants on
the left-hand side were already evaluated in the proof of Theorem 6 (set d = 1).
Thus the left-hand side equals (5.6) with d = 1. This gives the following theorem.

Theorem 21. Let a > 0. Then

(7.3) 3 )Tk Hlﬁi;jﬁr[rkﬂ' 9~ rki - 1_1 g
L la+rk;+i—1]! [a]!

ki+-+k-=0

Before continuing, we want to point out that this is indeed a series of type (7.2).
Namely, in (7.2) replace ¢ by ¢~" and x; by ¢~* to obtain

Z [i<icj<rlrks +3 —rki — 1]

— . (Other Stuff).
Kyt hen=0 h<icj<rli =1

The numerator of the above product is clearly in (7.3). The denominator, which
equals [];_,[j —1]!, is absorbed in the denominator of the summand in (7.3). This
remark also shows that the expressions (5.4)—(5.6) that we gave for the generating
functions of special sets of cylindric partitions are all A,_1 basic hypergeometric
series. Moreover, (5.7) is an A,_; (ordinary) hypergeometric series.

If one wants to know if an identity like (7.3) is already known one has to consult
the papers of Milne and Gustafson. In [36] one finds Theorem 1.9, which in our
notation can be rewritten as

(7.4) Z (—1)r=DSg("F") Zimy K20 ks H1§i<j§r[Tkj +3: —rki — 1]
It T s [L_ lrki +i—1]!
q(r+1)(531)
T

provided S > 0. This identity is strikingly similar to (7.3). In fact, it turns out that
(7.3) and (7.4) are equivalent. This is seen by what we call the “rotation trick”.
Let S be some fixed integer. Division of S by r gives a unique representation
S = Qr + R where Q, R are integers with 0 < R < r. Then in (7.3) replace k1 by
/€1+R—Q, 7I€r—R by kT—Q, kr—R+1 by kl—Q—l, ,/CT bykR—Q—l. So
the effect is a rotation of the summation indices, combined with a certain shift. If
we rewrite (7.3) after these replacements and finally replace a by a + S, we obtain
a summation that covers both (7.3) and (7.4).

Theorem 22. Suppose that a +S > 0. Then

(7.5) > (—1) D5 ("F) Ty KAZI ik HléiijT[Tkj +J - rki — i
k1t tkn=S [Ti_ la+rk; +i—1]!
q(r+1)(sgl)
T et S

Setting S = 0 in (7.5) yields (7.3) and setting a = 0 yields (7.4). Of course, the
rotation trick could also be used to derive (7.5) from (7.4). So (7.3) and (7.4) are
indeed equivalent. This is remarkable, since Milne used a great deal of machinery
to prove (7.4) (in fact a large part of his paper [36] is devoted to the proof of
this identity), while our proof of (7.3) is rather elementary. The ingredients are
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nonintersecting lattice paths, the simple bijection between cylindric partitions and
linear partitions, and the determinant lemma (5.2).

In addition, our method also produces new identities. Recall that (6.2) is just a
special case of (6.6). Now, in (6.6) set m =r, n =0, ¢ = 1, and again let ¢ — co.
Then a similar computation gives a summation related to (7.3) that appears to be
new.

Theorem 23. Leta > 0. Then
(7.6)

Z q(7'+1)(7'71) T kZ/2423T ik, H1gi<]‘§r[(r = Dkj+j— (r— ki — ] —0. 0O
[Tioila+ (r =)k +i— 1) '

ki+--+kr=0
See Theorem 27 for a generalization of this identity.
The next theorem results from Theorem 12 by letting a — oc.

Theorem 24. Letc>0,0<n<r, and0<e <r. Then

(7.7) Z q(T+1)(T—6) Sioa kY /2 (e 1) ST ki (r—e) i ki
k14 Ak =0
y H1§i<jgr[X(i <n)+(r+Dk—i—x(G <n)— (r+1k; +j]
[T_lc—x(i<n)—(r+ 1)k +i—1]!

X2

qs(r(g)—n(c—l))

[rc —n]!

Proof. To prove (7.7) for n < & < r we set m = r and replace ¢ by ¢ — 1 in
Theorem 12, and then let a — oo. With these replacements, and by changing kg
into k; (see Remark (1) after the proof of Theorem 3), (6.12) reads

Z grtr—e) tisy ki /2= (r—e) X7y iki+(r—e) X7y ki

ki+-+k-=0
c s n 1
_ <) _ 1 — e(r(5)—nle=1)+e(5)+("5)—nr___ L
Xlﬁcl?ttﬁr(l/[c X(t < n)=s+t—(r+1)k]!) = ¢°" v [rc —n]!’

Now in the determinant reverse the order of both rows and columns (i.e., replace
sbyr+1—sand ¢ by r+1—t)and then evaluate it by means of (5.1) with
Li=c—x(r+1—i<n)—i—(r+1k41-;, and A — co. A few simplifications
then lead to (7.7) in the case n < e < r.

To establish (7.7) for 0 < & < n also, we have to examine where the condition
n < ¢ is needed in the proof of (6.12). Recall that ¢ actually stands for >; | Bx—a.
So n < e is equivalent to Y, _; Bx > a+ n. It is not elaborated in Case 5, though
it is in Case 2 (see the passage around (6.7)), that >, _, Bx > a + n is needed
so that the linear partitions that are counted by the right-hand side of (6.12) will
automatically “obey the upper row bounds a; = a + 22;11 (1—=0k)—a-x(i<n)
when interpreted as (a, 3)-cylindric partitions. Therefore, if we drop the condition
> r—1 Bk > a + n there might be a difference between the two sides of (6.12). But
this difference would be due to linear partitions that (as (e, 3)-cylindric partitions)
do not obey these row bounds. Therefore, these linear partitions must contain at
least one part that violates such an upper row bound. But as a increases to infinity,
so does each upper row bound, so in the limit as a — oo the difference between the
two sides of (6.12) vanishes, for all ¢ with 0 < e < r. O
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Let us have a closer look at (7.7). For convenience, write y; for x(i < n) — 1.
Then, for r = 2, the series in (7.7) reduces to a single sum that can be written in
basic hypergeometric notation (cf. section 2) as

(1 — qyl_y2>
(@ @)y~ 1(q;q)c ya—1
y Z 3+(y1 yz)/2 q+(y1—y2)/2,q1+y1—c’q2+y1—c7q3+y1—c;q3)k
q(yl 92)/2,—q(yl_y2)/2,q2_92+c’ql_y2+c,qy2+c;q3)k

k=—o0

% (_1)kq(3—6s)(’;) (q—3—3€—(1+6)y1 +(a—2)y2+3c> k

So we see that (7.7) for r = 2 is a special case of Bailey’s very well-poised g1g-
summation [7, (4.7)][16, (5.3.1)] (cf. [16, (5.1.5)] for notation)

qva, —q\/a,b,c,de }
14, bed
V6| /G, /& aq /b, ag/ ¢, aq/d, aq /e © 19 /Pde
_ (qa,q,q/a,qa/bc,qa/bd, qa/be, qa/cd, qa/ce, qa/de; q) o
(qa/b,qa/c,qa/d,qa/e, q/b,q/c,q/d,q/e, qa?/bcde; q) oo

(take @ = ¢ %2, b = ¢*t1i=¢ ¢ = ¢#tvi—c d = @Bt and if ¢ = 0 let
e — oo, while if € = 1 let ¢ — 0.) Therefore, for general r, (7.7) should come
from Gustafson’s SU(r)-extension of Bailey’s gbg-sum [19, Theorem 1.15][20, The-
orem 4.1],

P iRy CLZ$,
(7.9) | | 1_%/2/% H bxj,

E1+-+k.=0 1<i<j<r
. (;9)5" H;,j:1(bi/aj;Q)oo H1§¢<j§r(q$i/$j§Q>oo (9 /74 q)oc
B (@7 [Tz (bi/ai); @)oo IT5 jo1 (a/ @iz @)oo (Dij5 @)oo
g/ iy aizisq) (¢ Ty bizis q)
However, it apparently does not. In basic hypergeometric notation the series in
(7.7) would read
H1§i<j§r(1 — qx(ién)—i—x(jén)ﬂ')
H;:1 (Q§ Q>c—x(i<n)+i—1
~ Z q—(r-‘rl)(a-i-l) S k24 (re+2) ST iki—(e+1) P Ky

(7.8)

k1+--+k.=0
1 — gr+Dki=(r+Dkj+x(E<n) —i=x(G<n)+j et _
—ctx(i<n)—i.
< ]I 1 — = —i—xG<n)+i XH(Q PO (1)
1<i<j<r

In order to generate the summand of the above series from (7.9), one would have
to replace ¢ by ¢"*t', z; by ¢X="~" and a; by ¢~ ¢*%. This is fine with the
product ngi <j<r 0 the summand. But it does not quite yield the product
[T, (¢"=txE=m=% g) 11y, in the numerator that is needed, not to mention the

i=
powers of ¢, and at this point one is stuck. So there is some mystery as to the
relation between (7.7) and (7.9). It seems that one has to look for an identity

involving a sum with “bigger” expressions, very likely for an SU(r)-extension of an
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s¥g-identity, such as [16, (5.6.2) or Ex. 5.12], for example. (See also item (8) of the
last section.)

Finally we consider (6.17)=(6.18). We may directly apply (5.2) (with A = a+e¢,
L; = ¢c—i—rk;) to evaluate the determinants on the left-hand side. Thus we obtain
the identity

(7.10) Z qr2 ) ngifjgr[Tkj +7- Tkz-' — i
oy S [[iolc—rki+r—4]
" [Ti_la+c+i-1]" [a—l—c}
[T lo+rki+i—-10 [ a |~
The rotation trick works here also: replace k1 by k1yr — Q, ..., kr—r by k. — Q,
kr—py1 by k1 —Q—1, ..., k. by kg — @ — 1, and then replace a by a + S, and ¢

by ¢ — S, and rewrite. This leads to

" [Licicj< (ki +3 —rki —1]
711 _1 (T—l)s r2 i1 k:,?/? 1<i<g<r J
(T1) 3 (D)"Y L lc—rk: +7—a]

k14 +k,=S
[ofotetioh o for
ITi_ la+rk; +i—1]! a+5{, "

This identity is less exciting than (7.5) or (7.7) since it is indeed just a special case
of Gustafson’s g¥g-summation (7.9) for SU(r) (veplace ¢ by ¢", x; by q S xG=r)
a; by ¢~ b; by =t ),

8. IDENTITIES III: TRANSFORMATION FORMULAS

In this section we proceed in the spirit of the previous section, but apply de-
terminant evaluations to special cases of Theorems 19 and 20. Here we obtain
transformation formulas between A, basic hypergeometric series of different di-
mensions, one more summation formula for A, basic hypergeometric series, and a
transformation formula between an A, basic hypergeometric series and an ordinary
multiple basic hypergeometric series. All the identities in this section are new. In
particular, transformation formulas between series of different dimensions do not
seem to have appeared before.

We begin with setting € = 0 and 4 = 0 in Theorem 19, and then let m — oo.
The resulting determinants (on both sides) were already evaluated in the proof of
Theorem 6. We thus obtain the following transformation formula.

Theorem 25. For a > 0 we have

(8.1) S Ui K2 ik [icicj<rlrks +5 —rki — ]
k-4 k=0 [[imila+rki +i—1]!
_ Z D) Sy /2 S s ngi;jgd[dlj +J — dl; — 1] .
Lt +1a=0 [Tizila+dli +i —1]!

Once more, the rotation trick can be applied (see the paragraph before Theo-
rem 22), this time for both sums simultaneously. This gives rise to the following
generalization of Theorem 25.
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Theorem 26. For a > 0 we have

(8.2) Z (_1>(r—1)Sqr(r+d) Sy kP /24d STy iki—d (ST —rS(S+d)/2
ki4-+k.=S
hicicj<ilrk; + 35— rki — 1]
[Ti_ila—S+rk +i—1]!
_ Z (_1)(d—1)qu(r+d) Sd /24 S ili—r (T —dT (T 1) /2

it +lg=T

" [Ti<icj<aldly + 5 — dli — 1]
[T la—T+dl;+i—1)

Note that by setting d = 1 and T = 0 in Theorem 26 we recover Theorem 22
(and similarly, by setting d = 1 in Theorem 25 we recover Theorem 21).

We might also start with setting ¢ = 1 and g4 = 0 in Theorem 19, and then
let m — oo. Note that because of the assumptions of Theorem 19, the choice
€ = 1 forces r to be at least 2. In this case the right-hand side vanishes, while
the determinants on the left-hand side can be evaluated like those in the proof of
Theorem 6. This leads to the following summation.

Theorem 27. Forr > 2 and a > 0 we have

(8.3) S UHeDE, K /24 (d+1) iy ik
k4 k=0
[licicj<, [(r = Dkj + 35 — (r — Dk — 1]
H;ﬂa +(r— 1)k +i—1]!

This identity generalizes (7.6). The fact that d appears only in the exponent of
q implies that in the sum we must actually have term-wise cancellation.

A different type of transformation formula is obtained by replacing m by m — 1
and A; by d in Theorem 19, and then letting a — co. The resulting determinants
(on both sides) have already been evaluated in the proof of Theorem 5. This proves
the next theorem when max{—1, —d+1} < e < min{l,r—1}. It requires a different
argument to show the theorem for —d < e < r.

=0. O

Theorem 28. Let —d < € < r and let p be a shape contained in the rectangle (d").
Then

(8.4) Z gUrrdr=—e) i, k2 /24 (d4e) Sy ikit(r—e) Y7_; piki

K1+ k=0
» [licicjcrlti + (r+ )k — i — pj — (r + d)k; + j]
[T md — pi — (r + d)k; +i —1]!
(ra(73)=(m=1) 27, i )e Z g rrdde) S 12 /24 (r—e) YO, ili+(de) L, pils
Ly +lg=0
« H1§i<j§d[/1’/i +(r+d)l; —i— M;' —(r+d)l; + j
T [mr — il — (r + d)l; + i —1]! '

=4q

Proof. Consider (e, 3)-cylindric partitions of shape ((md)")/u/d where the last
entry in row i is at least — Z;;(l — Bk) and where there is no upper bound on the
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entries. By the cut-and-paste procedure that led to a proof of Theorem 19 and is
illustrated in Figure 5, we see that these («, 3)-cylindric partitions are in bijection
with (3, a)-cylindric partitions of shape ((mr)%)/u’ /r where the last entry in row 4
is at least — Z;;(l — ay,) and where there is again no upper bound on the entries.
Hence, the generating functions for these two sets of cylindric partitions must be
the same. By Theorem 3 with the replacements r — r, \; — md, p; — p;, d — d,

a; — 00, by — — Z;:(l — Bk), the generating function for the first set equals

Z g™ det (1/[md — pe — s+t — (r + d)ky]!),
ki+-+k-=0
where

T

Nz (k) = (T+d)(T—B+A)Zk?/2+(T—B+A)Z(M—i)ki—(de—Zui)(ﬂrJrad)

i=1 i=1

_ md(é) + A(rd(?) —(m—-1) ;lh) + ;(r — )
T d T k d k
-l-mdzkﬂk +mTZkOék _Z/gkz#i - ZakZM,
k=1 k=1 k=1 =1 k i=1

=1
with A := ZZ:1 ap and B := >, _, B. In the determinant we reverse the order of
both row and columns (i.e., we replace s by r +1—s and ¢ by r 4+ 1 —¢). Then the
determinant can be evaluated using (5.1) with L; = md — ptpy1—s—i— (r+d)kry1—;
and A — oo. After a few manipulations we obtain for the generating function under
consideration the expression

Z N (k) [li<icjcrlpi + (r+d)ki — i — py — (r + d)k; + j]
! [L_ilmd — i — (r + d)ks +i — 1]! !

ki+-+k-=0
where

N3(k):(r+d)(r—B+A)ikf/2+(d+B—A)iiki+(r—B+A)imki

i=1 i=1 i=1

— (mdr — Zm)(ﬂr + o) + A(rd(?) —(m—1) Z“)
= r d r k:l:l d k

+md2kﬂk+mr2kak — ZBkZui —Zakzw.

k=1 k=1 k=1 =1 k i=1

=1

Obviously, the generating function for the second set is the same expression but
with 7 and d, a and B3 interchanged, and with p replaced by p'. If we equate
these two expressions and finally replace B — A by ¢ we obtain (8.4) after some
cancellation. O

Note that this transformation formula generalizes the summation in Theorem 24
(set d =1 in (8.4)). It is safe to speculate that (8.4) must be a special case of a
much more general transformation formula between ﬁr basic hypergeometric series
of different dimensions. See the last section, item (9) for more precise comments
on this subject.

Our last computation in this section starts with Theorem 20. If we let ¢ — oo, the
determinants on the left-hand side factor by the determinant evaluation in the proof
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of Theorem 6 (with r replaced by r + 1). This gives a transformation between an
A,_1 basic hypergeometric series and an ordinary multiple hypergeometric series.
Theorem 29. For a > 0 we have

(8.5) 3 qUE) R H1§i<jﬁrr[(r + Dk +3 - (7”' + Dki — i
[Lioila+ (r+1)ki+i—1]!

_ S =)+ T [+ =1
DI er—l . O

1,l2,,la>0

k1+--+k.=0

9. SOME SCHUR FUNCTION EXPANSIONS

A standard application of nonintersecting lattice paths is to prove the Jacobi-
Trudi identities for Schur functions (cf. [18], [39, 154-159],[15, sec. 3]). In this brief
section we apply nonintersecting lattice paths with a monintersecting translate of
the last path in a similar way to obtain expansions in Schur functions (see (9.6) and
(9.9) below).

Recall that in the proof of the Jacobi-Trudi identity for Schur functions [33, I,
(3.4)] by means of nonintersecting lattice paths, the weight assigned to a horizontal
edge e from (i —1,j) to (¢,7) is w(e) := x;. Given this weight, the only way to
satisfy (3.4) is to choose S to be a horizontal shift. But this is forbidden if we want
to apply Proposition 1. Hence, this weight assignment does not make sense in our
context.

On the other hand, in the proof of the dual Jacobi-Trudi identity [33, I, (3.5)]
(the Négelsbach-Kostka identity, see (9.2) below) the weight assigned to a horizontal
edge e from (i — 1, ) to (4,7) is w(e) := x4, so that the weight is invariant along
the antidiagonal direction. Therefore we may take this weight and choose S to
be a shift in the antidiagonal direction, say S = (—r,7). Then (3.4) is satisfied
with z = 1, and, given an appropriate choice of starting points u = (u1,ua, ..., u,)
and end points v = (v1,vs,...,v,), we may apply Proposition 1. We choose u; =
(—i+1,i—1)and v; = (¢c—i+1,n—c+i—1). Then by (3.5) the generating function
S w(P) for all families P = (Py, Py, ..., P.) of lattice paths, where P; runs from
u;=(—i+1,i—1)tov; =(c—i+1,n—c+i—1), and where (SP,, Py,..., P.) is
nonintersecting, equals

(9.1) Z det . (ec+5_t_ms (21,... ,acn))7

1<s,t<
k1+--+k.=0
where e, (21,...,2,) = Zl<i1<m<im<n Zi, -+ x;,, denotes the elementary sym-
metric function of order m in x1,...,xz, (cf. [33, p. 12]). By changing again k;

into k; (see Remark (1) after the proof of Theorem 3), and by using the dual
Jacobi-Trudi identity for Schur functions sx(z1,...,zy) [33, I, (3.5)],

(9.2) Sar(T1y ey Tp) = ciett (exi—t+s(T1,. o, 2n)),

we may write (9.1) as

(93) Z S(c—rkl,c—rk2,...,c—rkT)’(wla cee 71:71)'
ki+-+k-=0
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The reader should be warned when reading this expression that the subscripts for
the Schur functions in (9.3) will not always be partitions (i.e., the components of
(¢c—rk1,...,c—rk,) may be out of order) so one must apply the modification rule

(94) 5(...,Ai7)\¢+17...)/(x1a ) I’n) = _5(...,Ai+1—17)\¢+1,... )/(xlv v 7'1;77.))

perhaps repeatedly, to obtain a sum of Schur functions that are really indexed by
partitions. (See the example below.)

On the other hand, because of our choice of starting points u, end points v,
and shift S, all r lattice paths are forced to run in parallel. Hence, the generating
function under consideration also equals

(9.5) ec(T], 05, Ty) = Mpey(T1, T2, .+, Tn),

where

N A A
m(Al)w)\m)(xl,...,xn) = E $i11 $Z:

1<iq,..., im <n, i; pairwise distinct

denotes the monomial symmetric function in x1,...,x, (cf. [33, I, (2.1)]). Hence
again, by equating (9.3) and (9.5), we have an identity. The most convenient way
to write it is after taking the limit n — oo and changing the summation indices
from kl to —ki.

Theorem 30. Let x = (x1,%2,...). Then

(96) m(rc)(x) = Z S(ctrky,ctrka,....c+rk.)’ (X)v
A

where the right-hand side has to be understood according to the modification rule
(9.4). O

Let us consider an example. Take ¢ = 3 and r = 2. Then (9.6) and (9.4) give

m(g3y(X) = 83,3 (X) + 8(5,1)(X) + 51,5y (%) + (1,7 (X)
= 53,3y (X) + 5(5,1)/ (X) — 5(4,2)/ (%) — 86y (%)
= 5(2,2,2)(X) + 5(2,1,1,1,1)(X) - 8(2,2,1,1)(X) - 5(1,1,1,1,1,1)(X)-

We remark that it is not too hard to recover (9.6) from the combinatorial descrip-
tion of the inverse Kostka matrix given by Egecioglu and Remmel [13]. Thus in
particular, it is also seen that when straightened out by (9.4), the expansion (9.6)
is multiplicity-free; i.e., the coefficients on the right-hand side are 1, —1 or 0.

By applying the isomorphism w (cf. [33, pp. 14-17]) to both sides of (9.6), or by
making use of a duality principle in [32, (4.2), (4.3)], [38, Theorem 2.6(a)(b)], we
obtain the related identity

(97) f(Tc)(X) = (—1)(T_1)chc($§7 xg, ce. ) = Z 5(c+’rk:1,c+7‘k2,...70+7‘k7~)(X)'
kit k=0

(Here, fi,(x) denotes the “forgotten symmetric function”, cf. [33, p. 15].) What is
interesting about this identity is that it suggests what the expression (3.5) means
for horizontal or vertical shifts. More precisely, in Proposition 1 take u; = (i, 1),
v, = (c+14,00),1=1,2,....,7, S = (—7,0) (which is a horizontal shift), and the
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weight w(e) of a horizontal edge e from (i — 1, j) to (4, ) to be w(e) := x; (which
implies z = 1). Then, by the Jacobi-Trudi identity (see [33, I, (3.4)])

(98) SX (X) = (ie;ft (h)\t—t-i-s(x))v

(3.5) reduces exactly to the right-hand side of (9.7) (up to sign). Thus the left-hand
side of (9.7) tells us that in this special case the expression (3.5) has a very simple
meaning, despite the fact that the shift S is horizontal, so that Proposition 1 does
not apply. It would be interesting to figure out what is going on here. (See also
item (1) of the last section.)

Another way of looking at what we did in deriving (9.6) is to say that we counted
row-strict cylindric partitions (i.e., (1,0)-cylindric partitions, where 1 denotes the
all 1 sequence) of rectangular shape (¢")/0/0 with entries between 1 and n. The
weight of such a row-strict cylindric partition 7 is defined by w(rw) := [] z,, ; with
m;,; running over all entries of 7. This is seen by the translation of (e, 3)-cylindric
partitions into families of lattice paths that we gave in the proof of Theorem 3.

So, let us next consider row-strict cylindric partitions of shape (¢")/0/1 with
entries between 1 and n. Using again the translation into families of lattice paths,
Proposition 1, in combination with (9.2), tells us that the generating function for
these cylindric partitions equals

E S(c—(r+l)k1,c—(r+l)k27...,c—(r+l)k7~)’(xlv s 7'1;77«)'
ki+-+k-=0

On the other hand, given any such row-strict cylindric partition 7, we may line up
the entries of m by reading along the columns as in (6.1). Thus we obtain a linear
partition p = (p1, p2, - - ., pre) with the additional property that p; is strictly larger
than p;y,. This property is the same as saying that no part of p may be repeated
more than r times. Clearly, the generating function for these linear partitions
(with weight defined by w(p) := [[.5; z,,) is the homogeneous part of degree rc
in [T_,(1 +z; + 22 +---+a7). Of course, we can also play the same game with
row-strict cylindric partitions of shape A/0/1, provided A = (A1,...,\;) is some
partition with Ay — A, < 1. Taking n — oo, we obtain the following generating
function theorem.

Theorem 31. For the generating function of all linear partitions having the prop-
erty that no part is repeated more than r times we have the expansion in terms of
Schur functions

(9-9) (Ltai+al+-ta))= Y Yo st (X))

ki+-4k.-=0 X with A\ —\.<1

—

@
Il
=

wherek = (k1,..., k), A= (A1, A2, ..., Ar), and A+ (r+1)k is short for component-
wise addition and scalar multiplication. Again, the right-hand side of (9.9) must
be understood according to the modification rule (9.4). |

As an example, the case r = 2 of Theorem 31 gives

o0

H(1 +a i) = Z §(K)s(24,15

i=1 §,k>0
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where
1, ifk=0or1 (mod 6),
E&(k)y=4 -1, ifk=3o0r4 (mod6),
0, ifk=2or5 (mod 6).

By the duality principle in [32, (4.2), (4.3)], [38, Theorem 2.6(a)(b)], (9.9) is
equivalent to
H(1+xi+x?+-~+x§)_l
(9.10) =t

— Z (—1) TN Z S>\+(r+1)k(x) .

Er -t hop=0 A with A —A, <1

This corrects the expansion (4.8) of Lascoux and Pragacz [32]. However, their ar-
gument (specialize the Cauchy identity for Schur functions), if carefully completed,
would also give a proof of (9.10), after some work. It should also be remarked, that
by a general theorem of Remmel and Yang [38, Theorem 3.1], the expansion (9.9)
(and hence also (9.10)) is multiplicity-free.

It should be noted that (9.10) is related to a special case of (3.5) with a horizontal
shift S. More precisely, in Proposition 1 take u; = (i,1), v; = (A +i,00), i =
1,2,...,r, where X is a partition with \y — A\, <1, S = (—r — 1,0) (which is a
horizontal shift), and the weight w(e) of a horizontal edge e from (i — 1, §) to (i, j)
to be w(e) := z;. Then, again by the Jacobi-Trudi identity (9.8), the expression
(3.5) reduces exactly to the homogeneous component of degree Ay + --- + A, in
the right-hand side of (9.10) (up to sign). Again, this could be a hint of what the
expression (3.5) means for horizontal or vertical shifts S. (See also item (1) of the
last section.) What we did so far in this section was to transfer the ideas that
lead to Theorems 8-18 to counting row-strict cylindric partitions. What about
the method that lead to (6.23) and finally to Theorem 197 In particular, what
happens if we consider row-strict cylindric partitions of shape ((md)")/0/d, with
arbitrary d? The cut-and-paste method illustrated in Figure 5 should again give us
an identity. When applying cut-and-paste to such a row-strict cylindric partition
we obtain a column-strict cylindric partition, i.e., a (0, 1)-cylindric partition, of
shape ((mr)?)/0/r. Unfortunately, after translating the latter into lattice paths,
we would have to consider a horizontal shift S, and Proposition 1 does not apply
in this case. So the problem remains of extending Proposition 1 to horizontal (and
also vertical) shifts.

10. FUTURE DIRECTIONS AND OPEN PROBLEMS

(1) Extend Proposition 1 so that it also holds for horizontal and vertical shifts S.
Alternatively, is there anything reasonable counted by (3.5) when S is a horizontal
or vertical shift? The two cases discussed in section 9 (see the remarks concerning
(9.7) and (9.10)) should give hints in this direction.

(2) In [8], [9] Brenti considers what he calls dotted plane partitions. These can be
translated into nonintersecting lattice paths consisting of 3 types of steps (horizon-
tal, vertical, and diagonal). He gives a number of very interesting applications, in
particular in connection with Hall-Littlewood functions and ¢-Stirling numbers. So
it should be a nice project to explore the implications of considering nonintersect-
ing lattice paths with a nonintersecting translate of the last path, where the lattice
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paths consist of 3 types of steps, and also of considering weights different from ours
(this is for the ¢-Stirling part).

(3) In [27] it was shown by one of the authors how to enumerate nonintersecting
lattice paths with respect to the major index, and, more generally, in [29] with
respect to weighted turns. Currently, M. Prohaska is working out the analogous
theory for enumerating nonintersecting lattice paths with nonintersecting translate
of the last path by major index and weighted turns. In particular, this will give rise
to more identities.

(4) In [27], [15], [29], [28], the enumeration of nonintersecting lattice paths that
are bounded by a line (diagonal or vertical) was studied. This was shown to have
interesting applications to tableau and plane partition counting. Therefore it is
natural to ask for enumerating nonintersecting lattice paths with nonintersecting
translate of the last path which in addition are bounded by a line. In particular,
since the enumeration done in [29], [27] related to C, basic hypergeometric series,
this should produce C, basic hypergeometric series identities. This project is also
currently being undertaken by M. Prohaska.

(5) Is there any representation theoretic meaning of cylindric partitions? A
few remarks are in order to motivate this question. As is well-known, column-strict
plane partitions of a given shape index the weights of GL- (or SL-) characters. When
translated into lattice path language, column-strict plane partitions correspond to
nonintersecting lattice paths (see [17], [18]). The Weyl group associated with GL-
characters is the symmetric group, the Weyl group of type A. When counting
nonintersecting lattice paths it is exactly this group that acts on the end points
(or equivalently, starting points) of the lattice paths. Next, symplectic tableaux
(introduced by King and El-Sharkaway [23]) of a given shape index the weights
of Sp-characters. It was shown in [15] that, when translated into lattice path
language, symplectic tableaux correspond to nonintersecting lattice paths that are
bounded by a diagonal line. The Weyl group associated with Sp-characters is the
hyperoctahedral group, the Weyl group of type C' (which is the same as the Weyl
group of type B). It is formulated slightly differently in [15], but what happens in
essence in the enumeration of nonintersecting lattice paths that are bounded by a
diagonal line (cf. [27, sec. 2.2]) is that exactly this group acts on the end points (or
on the starting points, as formulated in [27]).

Now, in this paper we considered cylindric partitions that correspond to nonin-
tersecting lattice paths with nonintersecting translate of the last path. As already
mentioned in Remark (1) after the proof of Proposition 1, the affine Weyl group
of type A acts on the end points of the lattice paths. This Weyl group appears in
the representation theory of Kac-Moody algebras of type AL (see [22]). Hence, is

there a connection between Kac-Moody algebras of type Agl) and cylindric parti-
tions? Even more speculatively, is there a connection between Kac-Moody algebras
of type Cr(l) and nonintersecting lattice paths with nonintersecting translate of the
last path that in addition are bounded by a line? This question is motivated by the
fact that exactly the Weyl group corresponding to this Kac-Moody algebra (the
affine Weyl group of type C) would act on the end points (or starting points) of
the lattice paths.

(6) In [12, pp. 217-218] Burge develops a sort of Bailey chain for his partition pair
generating functions. The most interesting results of his paper, two doubly bounded
summations [12, pp. 219-220] that contain both Rogers’s and Schur’s previously
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unrelated proofs of the celebrated Rogers-Ramanujan identities, is derived by his
Bailey chain argument. It is very unfortunate that we failed to find a Bailey chain
for r-rowed cylindric partitions, for general r. Once found, it would give rise to
many more interesting identities.

(7) Since cylindric partitions proved a special case of Gustafson’s g1)g-summation
(7.9) for SU(r): Are there more general weights for lattice paths which would lead
to a proof of the full formulas (7.9) or at least of some terminating cases such as
Milne’s ¢s-summation for SU(r) [35, Theorem 1.49]?

(8) What is the relation between our summation (7.7) and Gustafson’s gig-sum
(7.9) for SU(r)? Is there a generalization of (7.9) that would also cover (7.7)7
As mentioned in section 7, the answer to these questions would very likely be an
SU(r)-extension of some gig-identity, such as [16, (5.6.2) or Ex. 5.12], for example.

(9) The transformation formula (8.4) must be a special case of a more general
formula. What is it? In particular, by setting y;; := x(the cell (¢, ) is contained in
the shape ), we could rewrite (8.4) in basic hypergeometric notation as

d g S 4
H1§i<j§r(1 — quA Yil Y1 Yt J)
T .
HiZI (q7 Q>md—zld:1 yi+i—1
% Z g~ DA+ iy kY /24 (r+2d4e) Ty iki—(d+e) T, Y1 vigki

ki+-+k-=0

(10.1)

1— q(T+d)ki—(T+d)kj+Z§i:1 Yir—i—Yim Y +i " B a .
[T == v )y apie
i=1

< I

1<i<j<r L

1 —_ qZ?:l yZi—i—Zle ylj+j)

_ o (ra(®)~m=0 1 ) [Ticicj<al
d
[l (& Dmr—xp, is+i1

> § q—(r+d)(r—5) 4 12/24(d+2r—e) N4 il —(r—e) L, i1 Yiili
li+-+1g=0

r4+d)l;—(r+d)i+>7_ c—i=ST g d
» H 1 — q( ) ( ) J Zl,l Yii 2171 YijTJI H( 1—m'r‘+zl7‘:1 i, )
q 1 4) (r+d)1;

1<i<j<d

1 — g2icayii—i=3 0 v +i .
=1

Is there a transformation connecting the two series appearing in (10.1) for arbitrary
Yij? _

(10) Are there more transformation formulas between A, basic hypergeometric
series and ordinary multiple basic hypergeometric series? In particular, can (8.5)
be generalized?

(11) Many identities in sections 6-8 are subject to rather strange restrictions
on the parameters (in particular on €). Special cases show that they are actually
wrong outside the range of these restrictions. There must be some more general
identities that would explain the “difference” occurring outside this range.
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