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INTEGER TRANSLATION OF MEROMORPHIC FUNCTIONS

JEONG H. KIM AND LEE A. RUBEL

ABSTRACT. Let G be a given open set in the complex plane. We prove that
there is an entire function such that its integer translations forms a normal
family in a neighborhood of z exactly for z in G if and only if G is periodic
with period 1, i.e., z+1 € G for all z € G.

1. INTRODUCTION AND PRELIMINARIES

Let S be a space of functions defined on an open set G. For each positive integer
n, we let T}, be an operator from S into itself. Our concern is the normality of the
family {T,,(f): n=0,1,2,...} for a function f € S. In this paper, we consider the
case T,,(f(z)) = f(z + n), translation by n.

To discuss the normality of families of meromorphic functions, we need the fol-
lowing notion.

Definition 1.1. Let f be a meromorphic function in the complex plane C. We
define the spherical derivative of f at z by

1/ (2)l
2)) = ————.
Theorem (Marty [6]). A family F of functions f(z), meromorphic in a domain
D, is normal in D if and only if the set {p(f(2)): f € F} is uniformly bounded on

every compact subset of D.
Now we state our definition and an example.

Definition 1.2. For a meromorphic function f, we define the set N(f) to be the
set of all zp € C such that the family {f(z +n): n = 0,1,2,...} is normal in a
neighborhood of zj.

Example 1.3. Let f(z) = zsinmz; then N(f) = C\Z where Z is the set of all
integers.
Proof. For all integers n,
f(z+n)=(z2+n)sinw(z +n) = (2 +n)sinmz;
thus we have
=0, ifzeZ,

— o0, ifz&Z and n — co.
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Hence no subsequence of { f(z+n): n =0,1,2,...} converges on any neighborhood

of any integer. But the sequence {f(z4+n): n =0,1,2,...} converges uniformly to

infinity on any compact subset which does not contain integers. These facts prove

that N(f) = C\Z. |
2. SOME PROPERTIES OF N(f)

From the definition, the set N(f) is open in the complex plane C and is periodic
with period 1.

The set N(f) may not be connected. For a certain meromorphic function f, the
set N(f) has infinitely many components.

Example 2.1. Let f(z) = tane?; then the set N(f) is not connected.
Proof. We let
I.={2€C: Im z=km,k=0,+£1,42,...},
and we shall show that N(f) = C\I.. For z = z + kni € I., we have
|f(z +n)[? = | tan e* T HFT2 = tan? e tn
and
(2 + )| = |ePTnHhmi goc? grtnthmi| — gatn go o2 potn,

So for every real number  with e*T" £ km + T (k=0,%1,%2,...),

ew-i—n sec2 ew-i—n

p(f(z +n))

1 + tan? ez+n
ew—i—n

sin? e#+7 + cos? ez +n

— ez+n 5 00

as n — oo. But for an integer [ every neighborhood of x + lmi contains a point
@' + Imi such that e® ™™ #£ kr + 7. Hence by Marty’s Theorem, x + Imi ¢ N(f) for
all real x.

Now for zg & I.., we choose a positive number ¢ so that B(zg,e)NI. = &. Let F
be a compact subset in B(zp,¢); then for z = x + iy € F, we have

_|(tane* )|
p(f(z + n)) - 14 |tanez+"|2

|ez+n sec2 ez-l—n|
T 1y | tan ext7 |2
x|

- |sine*t7|2 4 | cosetn |2

(2.1)

For z = x + iy, it is easy to show
|sinz|? + |cosz|* = (e® + e~ %)

and since

et = " cosy 4 ie” T siny,

we can write

|sin ez+n|2 + |COS ez-l-n|2 _ %(6261+" siny + e—2ez+" siny).
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Thus from (2.1),
2€m+n

p(f(z+n)) =

z+n g _oeT+n gj
(22) 626 siny 4 ¢ 2e siny
2ew+n

— e2|sinyleztn’

We let § = min{|siny|: 2z = x+1iy € F'}; then § > 0. We define a function g on the
real line R by

2et
g(t) = poTrE

then we get
g'(t) = 277 25¢" (1 — 26¢h).

So the positive continuous function g takes the maximum value % at t = —log 26.
Hence from (2.2), we have

Pz 4m) < glotm) < 5

for all z € F and n = 0,1,2,.... Therefore zy belongs to the set N(f). This
completes the proof. O

Let A be the space of all entire functions equipped with the topology of uniform
convergence on compact subset of the complex plane C.

Theorem 2.2. If F is a family of entire functions which is dense in A, then the
family F is not normal on any open set in C.

Proof. For a given open set 2 and 2y € €2, we choose a positive number € so that

B(zp,e) C Q is a compact subset. By the density of F, there exists a sequence
{gn(2)} C F, such that

1
n(2) = n(z = 20)| < =
lgn(2) = n(z = z0)| < —
for all z € B(z0,¢). So we have

1
n ——0
lgn(20)| < n
asn — oo. o
On the other hand, for z € B(zp,¢)\{20},
1
9n(2)] > nlz — 20] = = — o0

as n — 0o. Hence the family F is not normal on €. O

An entire function f whose translates are dense in A is called a universal entire
function. In 1929, the existence of a universal entire function was proved by G. D.
Birkhoff [1]. For a proof of the following theorem, see [5, pp. 60-61].

Theorem (Birkhoff [1]). There is an entire function whose integer translations are
dense in the set A of all entire functions.

Birkhoff’s Theorem and Theorem 2.2 have the following consequence.

Corollary 2.3. There is an entire function f such that N(f) = @.
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In Definition 1.2, we considered positive integer translations only. At this time
we allow the negative integer translations also.

Definition 2.4. Let f be a meromorphic function in the complex plane C. We
define as set Ng(f) by the set of all zy € C such that the family {f(z +n): n =
0,£1,+2,...} is normal at 2.

By the same reasons as in N(f), the set Ng(f) is a periodic open set with period
1. And clearly Ng(f) is a subset of N(f). But Npg(f) is different from N(f) for a
certain meromorphic function f.

Theorem 2.5. There is an entire function [ such that Ng(f) # N(f).

Proof. We shall show that the entire function

e

f(Z)ZW

satisfies the property by proving 0 € N(f)\Ng(f).
(1) 0 ¢ Np(f): Let 0 < e < ;5 and n be a positive integer. Since

2I(z) =T (2 + 1),

we have
I'(e —n)= F(E%nrj_l)
['(e)
C(e—n)e—n+1)---(e—1)
and
e(s—n)2 —n —n —
(2.3) 1f(e —n)| = (e—n)e—n+1)---(e-1) .

I'(e)

The right-hand side of (2.3) tends to infinity as n — oo. But f(—n) = 0 for all
positive integers. Hence 0 does not belong to Nz (f).
(ii) 0 € N(f): Since

I(2) z—1
I'(z) __7+Z m(z+m—1)

where
. 1 1 1
v=lim (1+ -+ -+--+——logn
= 0.5772157 - - -,
we get
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Let K be a compact subset of B(0, %0) Then for z € K and positive integer n,

|f(z+n)| = ﬂ<2(z+”)+7_i z4n—1 )‘

I'(z+n) m(z+n+m—1)

m=1

(2(n+1)+’7+ni %)

m=1

elzn)?

L(z+n)

IN

e(zn)?

T (2(n+1)+'y+%2n).

So we can write

2
oz 4m)

T'(z+n)

(2(n+1)+7+ %271)

e(z+n)? 2
T'(z+n)

(2(n+1)+’7+%2n>.

p(f(z+mn)) <
(2.4) L+

I'(z+n)
e(z+")2

By Stirling’s formula,

I(z+n)

|\/%(Z +n)z+n—l/26—(z+n)|
e(z+n)? ~ ’

|e(=+m?|

(2.5)

But for all z € K C B(0, &), we have

Re((z +n)? + (2 4+n)) > n? —l—g

and

|Z+n|z+n—l/2 < enlog(n-l—l)'

Thus we have

1 |(Z 4 n)z+n—l/2€—(z+n)|
E - |e(z+n)2|
- 1 en log(n+1) en2+% — nem log(n+1)
n e’ ts ne”’t3
en2 _ enlog(n—!—l)
> ———— > 0.
enta

With (2.5), for sufficiently large n we obtain an inequality,

V2
< ﬂ-.

n

I'(z+n)

(2.6) o

So we can write (2.4) as
2 2
p(f(z+n)) < —Vn” <2(n—|— 1) 47+ %n) <16

for all z € K and every positive integer n. Hence by Marty’s theorem 0 € N(f).
This completes the proof of the theorem. O
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3. MAIN RESULTS

Now we shall prove our main result. We know that, for every meromorphic func-
tion f, the set N(f) is a periodic open set with period 1. To prove the existence part
we shall construct an entire function with the help of the Weierstrass factorization
theorem.

Theorem 3.1. Let G be an open set in the complex plane C. Then there exists an
entire function f such that N(f) = G if and only if G is periodic with period 1.

Theorem 3.1 is also true for the set Ng(f). We can prove it by a slight modifi-
cation of the proof of Theorem 3.1.

Theorem 3.2. Let G be an open set in the complex plane C. Then there ezists an
entire function f such that Ng(f) = G if and only if G is periodic with period 1.

Proof of Theorem 3.1. If G = C, then we take a constant function for f. We
assume G is a proper subset of C. Since G is a periodic open set with period 1, it
is enough to check for the set {z € G: 0 < Re z < 1} to show N(f) = G. Because
of its length we divide the proof into three steps and put each step as a section.

3.1. Construction of an entire function. Let G be a periodic open set in the
complex plane C with period 1. For each positive integer i, we let

Wi:{’wijijZi}

be a countable dense subset of R; = {z € G°*: 0 <Rez < 1,i— 1< |Im z| < i}
(for some i, the set W; can be empty or finite). We let W = |J;=, W; and

(3.1) 6§={2€G°:0<Re z<1}.

Then W is a countable dense subset of G§.
From the set W, we form a sequence Z = {z;;} in G¢ as in Table 3.1 so that it
has no finite limit point. In the construction of the sequence Z, for some positive

TABLE 3.1. Sequence Z = {z;;}

Ch Cs Cs
zZ11 = w11+ 2 | 212 = wy1 + (23 + 1)' Z13 = w11 + (33 + 1)'
229 = W12 + (23 + 2)! 293 = W1 + (33 + 2)!
239 = Wag + (23 + 3)! 233+ = Waa + (33 + 3)!
243 = w13 + (33 + 4)!
253 = Wao3 + (33 + 5)!
263 = W33 + (33 + 6)'

integer ¢ if the set W; contains only finitely many elements, for instance, suppose
that W; = {w;;: i < j <k}, and if z4 is a translation of w; where { > k, then
we skip the term zg. So if we let ||C}|| be the number of the elements in the jth
column of the Table 3.1, then we have

JjG+1)
(32) oyl < 22
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And for each z;; € Cj, we have

i(7+1
and
i(7+1
(3.4) (J':”Jrl)!<|Zz'j|<j+1+(J'?’Jr]—(j;L )>!.

We define a function g on the complex plane C by

(3.5) g(z) = H H (1 - i) .
From (3.2) and (3.4) we have

>y

j=1 Zij ECJ'

1 G+ 1
< E -
1 = 2 (72 +1)!

<e.

Therefore the function g is entire and its only zeros are at the points z;; € Z.
Finally, we define a function f on the complex plane C by

(3.6) f(2) = €g(2).

Then f is an entire function whose zero set is equal to that of g.
We shall show that f is a suitable function.

3.2. For all z € G, we have z € N(f). For zy € G (we assume 0 < Rezy < 1),
0<e< %0’ let ' = B(zp,¢) be a compact subset of G. Since G¢ is a closed set,
there is a positive number ¢ such that

(3.7) d(F,G°) = e.
Let n be a sufficiently large positive integer and suppose that k is the largest integer
such that

(3.8) 1+ <k3 + < n.

k(k+1)

)
We fix n for a moment and estimate the value of |g(z + n)|, for z € F, and then we
show |f(n + z)| — oo uniformly on the compact set F' as n — oo.

To estimate the value |g(z + n)|, for z € F, we consider the following four cases.
Throughout this paper C; denotes the jth column of Table 3.1.

Case 1. j <k

For each z;; € C; and z € F', we have

|zij — (2 +n)| > Re(z +n — z;5)

(i1
>n—2—<j3+j7(];— )>'
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by (3.3). Thus from the inequalities (3.4) and (3.8), we obtain

z+n 1

Zij

‘1— |zij — (2 +n)|

T
n—9— (j _|_J(J+1))|
- 3 JUHD) Y

JH1+ (53 + 25=)!
(k3+@)!—1—(j3+7(7;1))!

. . 1(7+1
j+1+ (53 J(J;‘ ))!
> 1.

Hence we can conclude

zZ+mn

(3.9) H II 11— > 1.
j=1z2;;€C;
Case 2. j =k
If 2, = wir + (K3 + (kH )! € Cy, then for all z € F we have

|z — (2 +n)| > €0

by (3.7). Thus by (3.4), we get
z4+n > €0
k14 (k3 + B

(3.10) ‘1 -

Zik

Now we suppose zix # wi, + (k3 + k(k“)) Then from Table 3.1, we get

k(k+1
Re zik<1+(k3+%—l>!
and
k(k+1
lzin) <k +14+ (k%—%—l)!.
Hence for each z;; € Ck (zix # wrr + (k3 + k(k+1)) ), we have
zZ+n 1
1—— f
1= )

n—Re zjp — 1
|Zik|
n— (kg k(k-‘rl) _ 1)|
=z k(k+1 :
k+1+(k3+ +)—1)!

But we defined k > 2 in (3.8) so that 1 + (k% + 21 < . Thus
(kg (k-‘rl)) (k3 k(k+1) _ 1)' -1
k14 (k3 + chrl)—1)!

z4+n

-

(3.11) Zik

> 1.

From (3.10) and (3.11), we conclude
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(3.12) II

2ik €CL

z+n

Zik

€0
k(k
k14 (k3 4 BEEDY)

1-—

for all z € F.
Case 3. j=k+1
‘We shall show that

o ol 41 4 2) (g 1) 4

0 (k+1)(k+2)
2

[k+2+ ((k+1)3+W)!]

(3.13) 11

zi5€CK+1

for all z € F.
Let zaj, 23, € Cj be the first and second nearest points to the compact set F'+n;
then from (3.7) and Table 3.1, we have

€0, if Zij = Zaj OT 23,

215 — ( ) {(334—2)!—(]3-1-1)!7 if zij # zaj and zg;.

So by (3.2) and (3.4), we have

IL.,ec, 1zis — (2 +n)]

— FIFESS)
(5 +1+ (3 + 250))
)!)ju;l) 9

l_z—i—n

[

zi; €05

Zij

(3.14)
5 (P +2) = (° +1
> €0 iG+1) C

(G+1+ (2 +22)) 7

Put j = k+ 1 into (3.14); then it becomes (3.13).
Case 4. j>k+1
We define a sequence {ax} by

(3.15) ar = min ﬁ 11 <1—Z+”)

o
nEN (k) |i=k+2 2:;€C; Y

where

N(k):{n: 1+<k3+w>!<n§1+((k+1)3+w2(k+2)>!}.

Since F' C G, by the periodicity of G, we have F'4+n C G for all positive integers
n. Hence |g(z 4+ n)| # 0 for all z € F. Thus a; > 0 for all positive integers k.
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We shall show that {aj} is eventually an increasing sequence. For convenience,
we write min, ,, and min_/ ,, instead of min .cp

andmin . .p (and likewise
n1€N (k) n2€N (k+1)
for max). To prove that ay is increasing, we examine the ratio:

A1 iz’ n,

’
+
I1 ks Ly e, (1 — 2222

ar
maxys n,

H‘(])ik-‘rQ Hzi]‘ GC]‘ (1 - Z-Z"_TL1

Zij
Zij — (Z + ’IL1>

> min H
Z,n1

2 €CK 42

MmN/ ng l_IzéjeCkJr:3

MaXz,n, Hzij €Ck+3

z;j—(z’-i-ng)
zi]
zij—(z4n1)

Zij

MmN,/ nq HZ;]'GCIH»AL

max, n, HZU €Chss

(3.16) = min II

2i; €EClyo

X

Zij
Zij — (Z + ’IL1>

minz’ﬂlz Hzgjeck+3 |Zzlj - (Z/ + n2)|

maxe n, [, ec, , 125 — (2 +m1)|
minz’ﬂlz Hz;jeck+4 |Zzlj - (ZI + n2)|

X
maXz,n, Hz”eckﬂ |25 — (2 +n1)

= min H
zZ,n1

Zij GC}C+2

Zij
Zij — (Z + ’IL1>

X min H |2i; — (2" + n2)|
=one zl €Cy
ij +3

minz’ﬂlz Hz;jGCkJr‘L |Z;g - (ZI + n2)|
X

Mmaxz ny I_Iz,i]~e(/‘,c+3 |zi5 — (2 +n1)|

minz’ﬂlz Hz;jGCkJrs |Z;g - (ZI + n2)|
X

>< o
Mmaxz ny Hz”eckﬂ |zi5 — (2 +n1)|

We can easily check that the first and second terms of the last equation of (3.16) are
greater than 1. From (3.4) and Table 3.1, for all z € F', ny € N(k) and z;; € Ciq1-1
(I > 4), we have

k+1—1)(k+1
|Zij—(z+n1)|<|2ij|</€+l+((k+l—1)3+( * 2)( + )>!

and for 2/ € F, ny € N(k+ 1) and zgj € Ci4 (I > 4), we have

|2 = (z 4 n2)l = Rezj; — (2 +n2)|

> ((k+17 +1)1—2— K(kﬂ)uw)!]
> ((k+ D7+ 1= (k +3)°L

So we have an inequality,
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255 — (2" +m2)| = |zij — (2 + 1)
> ((k+0)%+1)! = (k+3)%

_ [k+l+((k+l—1)3+ (k+l_1)(k+l)>!]

(3.17) 2

= (k + 3)°! [(k+l)3+1)-~-((k+3)3+1)—1

(k+1—1)(k+1)
2

—(k+l+(k+l—1)3+ >-~((k+3)3+1)].

It is easy to check that
(k+1-1)k+1)
2
for [ > 4. Hence the right-hand side of (3.17) is greater than 0 and we have

zij — (2 +n2)

Zij — (Z + nl)
for all z,2" € F, ny € N(k), no € N(k + 1), z;; € Cryi—1 and zz'-j € Ciy. Since
[Crtill = [[Crti-1]l; we have

k+1?+1>k+1+(k+1-1)°+

>1

minz’,fm HZQjECkH |Zz/j - (Z/ + TL2)|

maxzn, [1.. ec,,, , 7 — (z +n1)|

for all I > 4.
Now we can conclude that ak“ > 1. Therefore {a;} is a positive and eventually

increasing sequence.
From (3.9), (3.12), (3.13) and (3.15), for all z € f and n € N(k), we can write

[f(z+n)l = leg (Z+n)|

Z+"|><H H 1_z—|—n H 1_z—|—n
j=1 z;;€C; zi; €C Zij
z4+n z+n
< I p-22t oI (-2
ZijGCk+1 Jj= k+2 ZIJGC
€0

(3.18) > ape”
k14 (k3 4 BEE)Y)

S[(B+1)2+2)! = ((k+1)%+
50 (k+1)(k+2) k+2
[k +24 ((k +1)8  LED(RE2) ) ']
[(k+1)? +2)! = (k+ 1P + D

[k+2+((k+1)3 (1) (k+2) '}

)'] gk+1)(k+2) _2

k+1)(k+2

3 n
> Epake GHD(42) |

Here we will show that
(3.19)

loge™ — <W+1> log [k+2+ ((k+1)3+w2(k+2)>!] > 0.
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Since n € N(k), 1+ (k3+ kH)) < n by the definition of N (k). We apply Stirling’s
formula to the left of (3.19); then we have

loge™ — (W + 1) log [k+2+ ((k+ 13+ mlgﬂ”

> <k3 + @) (k +2)2log(k + 2)?!

k(k+1 1
~<k3+%>.—§k+2 )2log /21 (k + 2)3e~ (Ft2° () 4 2)3(k+2)°

= <k3+w>'+ (k+2)°

N =

2
- %(k +2)%(3(k +2)* log(k + 2) + log /27 (k + 2)3)

> <k3 + @)v - g(m 2)5log(k + 2)

>0

for large enough k. This implies

(3200 fz )] > arl((k+ 1P+ 20— (k1P 1)
and the right-hand side of (3.20) tends to infinity as k — co. From (3.8), k — oo as

n — 00, so |f(z +n)| — oo uniformly on the compact set F as n — oo. Therefore
20 € N(f)

3.3. If z € G°, then z ¢ N(f). Since W is a countable subset of G§, for each
wesr € W and 6 > 0, we can choose a number &g, 0 < g < 6, so that ws + 6g # Wy
(and # wg; + 1) for all wy; € W. From the construction of the sequence Z, t is the
smallest integer such that C; contains the translation of wg;. And the translations
of wg; have the form

(3.21) Zyn = Wst + (0 +7)!

where n > ¢ and v = t(tT_l)—l—s. We fix wg and show | f(zyn +80)| — 00 as n — oo.
For each positive integer n, we let

)
(3.22.1) =11 II (1 - Z”—”> ,
j=1 z;;€C; Zij
)
(3.22.2) Jo=[I (1- Lﬂ) :
z'ijecn ZZJ

and

(3.22.3) H I1 < ZV”“L‘SO).

j=n+1 z;;€C;
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We fix n for a moment and write

(3.23) 9(z9n +60) = H H< zvn+50)

j=1 zi;€C;
=1, x J, x K,.

We examine the moduli of I,, J,,, and K.
(i) Estimation of |I,,| : Assume 6y < 1; then by (3.4), for each z;; € C; where
1<j<n,

31

Zym + 60 n°!
> G0
Zij G+ 1+ (53 + L)
n3!
Z n(n—1)
n + ((n — 1)3 + T)'
> 2.
So we obtain
1_Z’Y7~L+6Q > Z’yn+60
Zij - Zij
> 1
and
nt+0
(3.24) L] = H IT |t —ZV Tl
j=1 z;;€C;

(ii) Estimation of |J,|: Since
min{|zyn — Zin|® Zin € Cn, Zin # Zyn}
> |z1n — 22n| > Re(zan — 21n)
>3 4+2) — ((n®+ 1) +1)
> (n® 4+ 1)!
and

1
= 11 1_ Zm T 0%
2in€Ch
Z'yn"'(s() ~

Zyn

> b 11
|Z7n| 2in€Ch
Zin?fz»yn

Zin

Zyn + do
Zin

1-— 1-

[I

2in€Ch
ZinFZyn

Zin — (Z'yn + 60)

Zin

)

with (3.2) and (3.4), we obtain the following inequality

NGRS

31!
(3.25) |Jn| > b0 (n” + 1) FICESTE
(n+ 1+ (n3 + n(n+l)) ) 3
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(iii) {|Kn|} is an eventually increasing sequence: We consider the ratio (for
convenience, we let zyq = Zy(n+1)) :

0 _ zyatdo
ke H Hz;jecjﬂ (1 Zij
K - . Zyn~+00
n j=n+1 qu cC;(1- P
H 1— 2y +60
_ H Zij « zéjECnJrz z;j
. an-i'tso)

B R R R (1

H 1_ zZya+80
2;;€Cny3 B
X

Zyn+8o
Hzijecn+3 (1 - 'YZU )
(326) H Zij % Hzéjecn+2 (Z'Zj - (Z’Yﬁ + 60))
2i;€Cn 41 Zij B (Zvn + 60) Hzijecn+2 (Zij - (Zvn + 60))
Hz;jean (zz/g — (2ya + 00))

X X oo
Hzijeanrs (2ij — (2yn + 60))

- 1I %x [T Gh = (290 + 60))

>
2i;€Cn41 2}, €Ch12

Zij

Hz;jecn+3(2§j — (2ya + 60)) Hz;jecn+4(zz"j — (2ya + 60))
X

X
L, ccn..(zii = (zyn +60)) 1., 0., (25 = (2yn + 60))
>< “ e

The moduli of the first and second parts of the last equation of (3.26) are greater
than 1. And for zl’»j € Cpyit1 and z;; € Cpy, I > 2, we have

|Z1(j — (292 + o) |Zz/g — |2y + ol
|2ij — (29n + o) |2i;]

(n+14+1)3+1)— [(n F1)+1+ ((n +1)3+ 7("“);“2))!}

- nt L1 ()P 4 )
(n+1+1pP3+1)! = (n+2)%
(n+10)3 4+ (n+10)?)!
>1

for sufficiently large n. Since ||Cpyi41]] > [|Crall,

Hzgijecn#»li»l |Zzlj - (Zvr”z + (So)l
Hzijecn+z |Zij - (zij + 60)|

>1

for all [ > 2. Hence we can conclude that |K;<+:1| > 1 for sufficiently large n.
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Now we can estimate the value |f(zyn + 60)|. From (3.23), (3.24) and (3.25), we
obtain

|f(zyn + 60)| = e T g(zyn + 60)|
i RARPAREA

(8:27) ((n? + 1)) "5

> e(77,3+'y)!—160

gy [ Kl
n(n+1 2
(n+1+(n3+—( 2“)!)

Here we let
e(77,3+'y)!— 1

n(n+1)°
n(n+1
(n+1+ <n3+—(2 ))!)

Then for large enough n, by Stirling’s formula we get

Qp =

1
log a, > (n® +7)! — @ log(n® 4 n?)!

1 :

~ (n3 + ) — "(nT"') log \/27(n3 + n2)e_("3+"2)(n3 + n2)n3+n2
1

=(n®+y)!+ @(ﬁ +n?)

1
- @[( 3 4 n2)log(n® + n2) + log /27 (0% 1 n2)]
3 1 2
> (n® 4+ ) — w log(n® 4 n?)
> 0.

So a;, > 1 and the inequality (3.27) becomes
nn+1l)
|f(z'yn+60)| >60|Kn|((n3+1)') 2 1'
Since {|K,|} is an increasing sequence, |f(zyn + 60)| — 00 as n — oco.
But for each positive integer n,

f(zym) = f(ws + (n® + 7))
=0

by the definition of the function f. So ws does not belong to N(f). We choose
wg arbitrarily from the set W and W is a dense subset of Gfj. Hence no point in
& can be in N(f). |
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