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RESULTANTS AND THE ALGEBRAICITY
OF THE JOIN PAIRING ON CHOW VARIETIES

JUDITH PLUMER

ABSTRACT. The Chow/Van der Waerden approach to algebraic cycles via re-
sultants is used to give a purely algebraic proof for the algebraicity of the
complex suspension. The algebraicity of the join pairing on Chow varieties
then follows. The approach implies a more algebraic proof of Lawson’s com-
plex suspension theorem in characteristic 0. The continuity of the action of the
linear isometries operad on the group completion of the stable Chow variety
is a consequence.

INTRODUCTION

In [14] Lawson showed that a suitable stabilization C of the Chow variety of
effective algebraic cycles on projective spaces is homotopy equivalent to the product
[lis0 K(Z,2i) =: K(Z, even) of Eilenberg Mac Lane spaces K (Z, 2i). The proof of
the equivalence is based on the complex suspension theorem, which is fundamental
for Lawson homology [8]. The original proof of this theorem uses geometric measure
theory. Here we provide an algebraic and, as we think, more elementary proof
(Thm. 3.1) which goes back to the construction of Chow varieties via resultants [5].
Once the basic continuity statements are proved, we can stay close to the geometric
intuition [14], which is behind the measure theoretic arguments, by the Chow/Van
der Waerden approach to Chow varieties. The main observation is that one can
compute the Chow form of a suspended cycle (Prop. 2.2) from the original Chow
form, showing that the suspension is an algebraic map.

In order to prove that the join pairing is algebraic (Thm. 2.3), hence continuous,
one just has to combine the algebraicity of the complex suspension with well known
results (Barlet [1]). (Independently Barlet [2] obtained a proof of Thm. 2.3 using
different methods.)

In [4] the join pairing was used to define an infinite loop space structure on
K(Z, even) which is compatible with the infinite loop space structure on BU in-
duced by Whitney sum. The required continuity statements (Lemma 4.1) for the
operation of the linear isometries operad [4] also follow easily in the Chow/Van der
Waerden picture. So there are three sets of results:
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e The explicit description of Chow varieties and the complex suspension via
Chow coordinates (sections 1, 2), which makes the join pairing an algebraic
map.

e Another, more algebraic, proof of the complex suspension theorem in charac-
teristic 0 (section 3). (For a quite different algebraization see [8].)

e The continuity of the action of the linear isometries operad on the group
completion of a stabilized Chow variety (section 4), which makes the total
Chern class map an infinite loop map.

Throughout this paper we work in the category kTop of compactly generated,
weak Hausdorff spaces [18]. All proofs are given for algebraic cycles with support
in P"(C) but they directly work for cycles with support on an algebraic subset
X C P*(C) (see also [14]), except that one has to take care of mp—phenomena
(compare [8],[14, p. 265]).

As a counterpart to this paper, one may view Dalbec [6], who describes an
algorithm for computing Chow coordinates of joins.

1. REVIEW OF THE CHOW/VAN DER WAERDEN APPROACH
TO CHOW VARIETIES

There are many different ways to define the Chow form of a variety V' C P™(C)
([5],[12],]9]). The definition of Chow and Van der Waerden is constructive and
therefore very useful for proofs of algebraicity. We first introduce some notations
and basic definitions:

Definition 1.1. Let C C K C  be fields.

(i) A projective algebraic set Vi C P™(2) over K is the set of common zeros of
a homogeneous ideal I C K[xo, ..., Zy].

(ii) The vanishing ideal Ix (V) C K[xo,...,xy,] of a projective algebraic set Vi C
P"(Q) is the homogeneous ideal generated by

{f € K[xo,...,2,] | f homogeneous and f(v) =0Vv e V}.

An algebraic set Vx C P*(Q) is called irreducible or a wvariety iff Ix(V) C
Klxzo,...,x,] is prime. The dimension of a variety Vi is its dimension as a topo-
logical subspace of P™(£2) in the Zariski topology. It follows from the Noetherian
Normalization Theorem [13, Chap. II, Thm. 3.1] that the dimension of Vi C P"*(2)
is independent of the extension field 2 of K, which means

dim Vg = dim Vg NP*(K) .

From now on, 2 will denote a fixed universal field in the sense of Van der Waerden
[22], given as the algebraic closure of C(U), where U is a countably infinite set of
algebraically independent elements over C. K is always a subfield of Q2 with finite
transcendence degree over C.

Given £ = (&, ..., &) € Q"1 one can define K[¢] := K[, ...,&)]. If{ € P™(Q)
then K[¢] depends on the choice of a representative of £ in Q"*!. The definition of
a special representative of points in P () makes this ring adjunction unique up to
canonical isomorphisms. In the following the homogeneous coordinates of a point

& will also be denoted (o, .. -,&n)-
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Definition 1.2. Let (&,...,&,) = £ € P*(Q) and i minimal such that & # 0.
Then

7€ 1= <T%,...,T%,...,T%) e Q) T€Q—K(&,...,&n)-

For every point £ € P™(Q) the ring K [7¢] depends on choices of 7 up to canonical
isomorphisms, which extend to K —automorphisms of 2. From now on the condition
f(&) =0, f € Klzog,...,x], is understood as f(7€) = 0 for £ € P*(Q). Also one
defines K (7€) to be the quotient field of K[r]. - N

The advantage of viewing varieties in P™(K) as varieties in P*(Q) over K is that

varieties in P*(€2) over K are completely described by single points in P™(€2).

Definition 1.3. Let Vx C P"(£2) be an algebraic set over K. A point £ is a general
point of Vi if it satisfies the following conditions:
(1) § € Vi
(ii) whenever f € Klxo,...,x,| satisfies f({) = 0, then it follows that f €
Ix(V) C Klxo, ..., Tn)].

As with the definition of K [7¢] general points of a variety Vi are only determined

up to K-automorphisms of (2, that is, if £ is a general point of Vx and o a K-
automorphism of Q, then (0(&),...,0(&,)) is a general point of Vi, too. We also
say the general points are conjugate to each other. It is easy to show that an
algebraic set in P™(€2) has a general point iff it is irreducible. One can also prove
that the projective coordinate ring of a variety Vi is naturally isomorphic to K[|

for a general point § of Vi [22]. The isomorphism is given by B

ET§ . Klzo,...,xn] N K[T ]

Ik (V) S
z — Z, ze K,
T — (7€), 1=0,...,n.

Therefore a variety V' has infinitely many general points iff dim V' > 0.
For the definition of the Chow form of a variety over C one looks at the inter-
sections of varieties over K with K—general hyperplanes.

Definition and Notation 1.4. Let v} € Q, 7 =0,...,n, j = 1,...,7, be alge-
braically independent over K. Denote

up o U
U(n,r) = :
’LLS ... u;
The K -general linear subspace H,_, in P"(Q) of dimension (n — r) is the zero set
of U(n,r) - x viewed as r forms in Qlxg,...,z,]. Hy—1 is also called a K—general
hyperplane.

Observe that algebraic independence of the u]

the u/ = (uf), ...,ul), because linear dependence can be expressed in terms of
determinants of submatrices of U(n, r).

implies linear independence of

Lemma 1.5. Let Vx C P*(Q) be a variety of dimension r and H a K-general
hyperplane given by (u,z) = 0. Then the intersection of Vi and H is a variety
over K(u) of dimension r — 1.

Proof. [23, p. 140]. O
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Lemma 1.5 proves the following theorem:

Theorem 1.6. Let Vi C P™(Q) be a variety of dimension r over C and Hy,—, a C-
general (n — r)—dimensional linear subspace of P™(Q). The intersection Vo N Hy—yr
is a 0—dimensional variety over C(u',..., u").

O—dimensional varieties over a field which is not algebraically closed consist of
finitely many points. All of them are general points [22, §129].

Construction and Definition 1.7. Let V¢ be as in Theorem 1.6. Further let
Ve N Hn—r = {q*,...,¢%}. As mentioned above ¢*, k = 1,...,d, are general points
of VeNH,,_, viewed as a variety over C(u!,...,u"). Therefore they are conjugate to
each other over C(u?, ..., u"). On the other hand it is obvious that ¢*, k =1, ...,d,
are general points of V¢ viewed as a variety over C. B

Without loss of generality, one can fix m € {0,...,n} such that ¢¥, # 0 for all
k=1,...,d. Now choose

b (94 dm dn ) e
Pt = B R R R
dm 9 dm A

as a representation of gk, k=1,...,d. The pf are now algebraic over C(ul!,... u"),
because Ve N H,_, has dimension 0.
Let ud, ..., ul be algebraically independent over C(ul!,...,u") and define

Li = (u°,p"), k=1,...,d,

d n
ZHLk—HZu?p € o) [uf]
k=1 k=1 i=0

Now let Z be the splitting field of the minimal polynomials of the p¥,i = 0,...,n
k = 1,...,d, and notice that Z is a Galois extension of C(u!,...,u"), because
the characteristic of C is 0. Suppose ¢ is an element of the Galois group of Z
over C(u',...,u"). The general points of a variety are conjugated to each other,
therefore ¢(p¥) must be equal to p' for some [ € {1,...,d}. Hence one obtains
0(G(u")) = G(u?), that is, the coefficients of G' remain invariant under the Galois
operations and are therefore elements of C(u!, ... u").

Let ¢ € Clu!,...,u"] be the common denominator of the coefficients of G(u°).
Then

is an element of C[u®, ..., u"].

The form F(u°,...,u") is a Chow form of Vc. The degree of Vi is defined to
be the degree d of F as a polynomial in Clul!,...,u"][u’]. In fact F is multihomo-
geneous of multidegree d, which means it is homogeneous of degree d as a form in
Clu®,..., v/ttt . u"|[w/] for all j =0,...,r [5, p. 694].

It follows directly from the construction that the degree of a variety is the number
of points in which a general linear (n — r)—dimensional linear hyperplane meets the
variety. This definition of the degree of a variety coincides with the definition of
the degree by the Hilbert polynomial [11, p. 48].

The Chow form of a variety is uniquely determined up to multiplication by
elements in C*. Viewed as an element of C(u!,...,u")[u’] the Chow form F of a
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Therefore two varieties are equal iff their Chow forms coincide up to a factor in C*.
In the following some properties of Chow forms are described, especially their
relations to resultants.

variety V splits into linear factors (v, p*), where every ]_9’“ is a general point of V.

Lemma 1.8. The Chow form F(u°,...,u") of a r—dimensional variety V¢ is irre-

ducible in Clu®, ..., u"].

Proof. [5, p. 693]. |

Reminder 1.9. Let S be a subring of Q, and let fi,..., fx € S[xo,...,x,] be ho-

mogeneous polynomials. The resultant of the homogeneous equations
fi==fk=0

is an ideal J(f) C S, which is generated by determinants of matrices, where one
fixed row of such a matrix consists of coefficients of one f; [22, § 130]. Therefore

there is a set of elements in the polynomial ring in the coefficients of fi,..., fr over
7, whose image in S generates the ideal J(f). Because the ideal J(f) is generated
by determinants, it is homogeneous in the coefficients of each f;, 7 =1,...,k.

We also say J(f) is the resultant of the homogeneous polynomials fi, ..., fr. The
ideal J(f) has the following property [22, §130]:

f1 =+ = fi =0 has a solution in P™()
< J(f) is the zero ideal in S .

Let I(f) C S[xo,...,zn] denote the ideal which is generated by fi,..., fr. The
zero set of I(f) in P™(Q) is empty iff J(f) # 0, but the ideal J(f) depends on the
choice of generators of I(f). The radical of J(f) only depends on the radical of

I(f):

To see this let g1,...,9; € S[xo,...,2Z,] be homogeneous polynomials and I(g)
be the ideal which is generated by ¢1, ..., g;. Furthermore, let J(g) be the resultant
of gy = --- =g = 0. Suppose that 1/I(g) = /I(f). Then gy =--- =g, =0 has
a solution in P™*(Q) iff f1 =--- = fr = 0 has a solution in P*(Q2). Hence J(g) =0

if and only if J(f) = 0, which in turn implies that \/J(g) = \/J(f). Therefore we
denote by \/J(f) the resultant of the ideal I1(f).

The Chow form of a variety V¢ arises from the intersection with H,,_,.. If one cuts
this O—dimensional set with another sufficiently general hyperplane, the intersection
is empty. Therefore one gets a set of homogeneous polynomials, whose resultant is
not the zero ideal. In fact the radical of this resultant is generated by the Chow
form:

Theorem 1.10. Let Vo C P*(Q) be a r—dimensional variety, and let f1,..., fr be
homogeneous generators of Ic(V) C Clzo,...,z,]. The Chow form F(u®, ... u")
generates the radical VR C C[u®,...,u"] of the resultant R of the following equa-
tions:

Ji(@os - @) = = frl(zo, ..., xn) =0,
(1) udzo + -+ ubz, =0,
Un,r)-2=0

viewed as polynomials in C[u°, ... u"][zo,...,2n].
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Proof. The first step is to show that v/R is a prime ideal in C[u, ..., u"]:
The proof of this statement uses the same techniques as the proof of Lemma 1.5 in
23, p. 140]. Let

A= {(]g,go, o y") €P() x (P™(Q)) lpet, <]3,y0> =---=(py") =0}

The vanishing ideal of A is generated by the polynomials in (1). The projection
pry onto the first factor is again the set Ve = pri(A) and the projection pra of A
onto the second factor (P"(Q)) ™! gives us the zero set of R.

Now we can apply [21, 1.6.3 Th. 8] to pr1 and obtain that A is irreducible. Hence
pra(A) is irreducible, which proves that v/R is prime.

Now we can prove the theorem: The Chow form F of V¢ is F(u’,...,u") =
d
c [1{p* u®), where {p',...,p%} is the intersection of the zero set of U(n,r) - z and
i=1 - -

Ve, ¢ € Clut,...,u"]. Denote by Z C C(ul,...,u") the splitting field of the p§,
i=1,...,d,5=0,...,n.

Now view the polynomials in (1) as polynomials in Z[u’][xo,...,2,] and de-
termine the resultant R - Z[u’]. The zero set of R - Z[u"] equals the zero set of
d
[1(p",u"). This means that the radical of the ideal which is generated by R in
i=1
Z[u®] is the ideal which is generated by F:

(F)zwoy = VR Z[u] in Z[u"].
Cutting down with C[u?, ..., u"] we first obtain
(F)epwo,...ur) C (F)zuo) NC’, ... u"] .

Now let h € Z[u] such that F-h € (F)z,0NClu?,...,u"]. And let o be an element
of the Galois group of Z over C(u!,...,u"). Then F-h = o(F-h) = F -o(h) and
this means that h € C(u',...,u")[u’], because Z is a Galois extension. Therefore
h = Z—;, hy € C[uY,...,u"],hs € Clul,...,u"], and the common divisor of h; and
hs is 1. Now hs must be a divisor of F, and since F is irreducible and u° does not
appear in hg, then ho € C. Therefore

(F) 7wy NC’, ..., 1" = (F)epuo, . ur] -

Now it remains to show that VR equals y/R- Z[u%] N C[uP, ..., u"]. Obviously
VR C /R-ZWOINC’,...,u"] = (F)zpo) NCl,....u"] = (F)cfuo,...ur- For
the inverse inclusion we have to show that F' € V/R.

We have already seen that F' € /R - Z[u%] N C[u?,...,u"]. This means that

l
Fk:zgizi7 gZERazlEZ[ﬂo],keN*
=1

Z is a Galois extension of C(u?,...,u") and the Galois group G(Z : C(u?,...,u"))
is finite. Furthermore, F and g;, i = 1,...,[ are elements in C[u,...,u"] and
therefore they stay invariant under the action of the group G(Z : C(u?,...,u")).



RESULTANTS AND THE ALGEBRAICITY OF THE JOIN PAIRING 2193

Now one obtains:

l
| G(Z : (C(le cee 7QT)) | 'Fk = Z U(Z gizi)

G€G(Z:C(ul yowr))  i=1

l
=>4 > o(zi)

= c€G(Z:C(ul,...,um))

= 21'
and the Z; are invariant under Galois action, hence elements in C(u!, ..., u")[u’].
But then there are sy,...,5 € Clu®,...,u"] and t € Clu!,...,u"] such that
1
t'Fk:Zgi-Si.
i=1
Because ¢;, i = 1,...,1, are elements of R we have tF* € R. But that means

tF € v/R. We have proved that v/R is a prime ideal, therefore t € VR or F € V/R.
Suppose t € vR. We know that the polynomials (1) get common zeros [ Qd
if we set u® = (0,...,0). That means the resultant R is mapped onto the zero
ideal if u° is mapped to (0,...,0). But t € Clu},...,u"] and therefore it is not
mapped onto zero and hence not an element of v/R. That finishes the proof of the
theorem. O

If the multihomogeneous monomials in C[u’,...,u"] are lexicographically or-
dered, then the coefficients of a Chow form F of degree d define a point in PV (C),

+1 . .
N = (") 1, because Chow forms are only determined up to a factor in C*.

In the following the coefficients of a Chow form are also denoted Chow coordinates.
Therefore the space of r—dimensional varieties in P"(C) of degree d constitutes a
subspace of PV (C) and hence it is canonically topologized.

Definition 1.11. The Chow wvariety C,o(P"(C)) as a set is the free abelian semi-
group generated by the r—dimensional varieties V' C P*(Q) over C. Let V; be

r—dimensional varieties and Fj(u,...,u") the Chow forms of V;. The Chow form
of the cycle Y~ n;V; is defined to be
i=1
F@l,....u")=[]F@ ... ,u")".
i=1

The degree of > n;V; is again the multidegree of the multihomogeneous form
i=1

F(u,...,u") and hence equals Y n; - deg V;.
i=1

K2

The degree of cycles defines a natural filtration of the Chow variety C, o(P™(C)).
Definition 1.12. The Chow variety C, 4(P™(C)) is defined as follows:
Cra(P*(C)) :={V €C,o(P*(C)) | degV =d} .

The Chow variety C,.4(P"(C)) again can be topologized as a subset of PV (C),
by the definition of Chow forms.

Example 1.13. There are three natural homeomorphisms:
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(i) Co.a(P™(C)) is homeomorphic to the d—fold symmetric product SP?(P"(C))
of P*(C).

(ii) C,1(IP"(C)) coincides with G |" the Grassmannian of (r + 1)-dimensional
linear subspaces of C**!. The Chow coordinates of a linear subspace coincide
with its Pliicker coordinates.

(iil) Cn-1,a(P"(C)) 2 PN(C), N = ("}%) — 1, because the Chow forms of cycles
of codimension 1 and degree d coincide naturally with homogeneous forms of
degree d in Clzo, ..., z,].

Crq(P™(C)) is an algebraic set [5, Thm. 2] and hence compact. It consists of
algebraic cycles whose Chow forms are multihomogeneous forms of multidegree
d. The following theorem of Chow and Van der Waerden demonstrates which
multihomogeneous forms of multidegree d are Chow forms of algebraic cycles.

Theorem 1.14. Let F € C[u°, ..., u"] be multihomogeneous of multidegree d. F is
a Chow form of an algebraic cycle in C, q(P"(C)) iff the following conditions hold:

There are d points p* € C(u', ..., u") o {0} and c € C(ul,...,u") satisfying:
(1) F(u®,. —ch u®) , in C(ul,...,u")[u’].

(i) Li(uw’) == (p', uJ>—Of07’z—1 Ld,j=1...r

(iii) For everyi € {1,...,d} one has: Let ST be skew symmetric (n+1) x (n+1)-
matrices, j = 1,...,r, whose entries si’l € Q are algebraically indepen-
dent over C(p'), k,1 = 0,...,n. In this situation L;(u°) divides the form

F(u°, Sl_i, e Srgi) in C (Qi)[sé,o, e sfl,n][go].
Proof. [5, Thm. 1]. |
Remark 1.15. Let p € Q"' — {0} and L(z) := (p,z). Then it is easy to see that

v € Q" is an element of the zero set of L iff there is a skew symmetric matrix
S satisfying v = Sp. Therefore the third condition can be reformulated as: Let

’Ui €, k=0,....,n,5=1,...,7r and i € {1,...,d}, such that
L) =0Yj=1,...,r
Then L;(u®) divides F(u’,2',...,2") in C(p*)[2', ..., 2"][u].

Let Vg = Z n;V; € Cpq(P™(C)). Then the algebraic set supp(Vg) := U V; is

=1
called the support of V¢. From a given Chow form F' the support of the cycle,
whose Chow form is F', can be determined:

Lemma 1.16. Let Vi € Cpq(P™(C)) and F(u°,...,u") be the Chow form of Vg,
and let S* be skew symmetric (n + 1) x (n + 1)-matrices whose entries s;k are
algebraically independent over C. The coefficients of

F(S°,...,S8"z) € Clzo,...,xn] [58,1, R .
are denoted fi(xo,...,xn) € Clxg,...,z,]. Then the zero set of the fi is supp(Vc).
Proof. [5, Thm. 3]. |

From Theorem 1.10 one concludes directly the following corollary, which makes
the connection to Safarevit’s [21, p. 65] definition of Chow varieties transparent.
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The equivalence of the definitions of Chow/Van der Waerden and Safarevié is im-
plicitly shown in the proof of 1.10.

Corollary 1.17. Let F(u°,...,u") be the Chow form of V € Cpqa(P"(C)), then the
following statements are equivalent.

(i) p is contained in supp(V)
(i) F(u°,...,0") =0 for all2®,... 0" € Q"*! such that (0°,p) =--- = (v",p) =
0.

2. STABILIZATIONS AND PAIRINGS OF CHOW VARIETIES

The additive structure on the free abelian semi group C, «(P"(C)) is given by
formal addition of cycles, i. e. multiplication of the Chow forms of cycles. Therefore
Cr,o(P"(C)) is a topological semi group. In particular there is a continuous pairing

+: Cr.a, (P"(C)) x Cr.4, (P"(C)) — Cr.ay 44, (P"(C)) -

There is a second pairing on Chow varieties: Let V' C P*(2) and W C P™(Q)
be varieties and I¢(V) C Clxo,...,2,] and Ic(W) C Clzpt1,- -, Tntm+1] be the
vanishing ideals of V and W. Define V#W C P"t™*1(Q) to be the zero set of
the ideal J C Clxg, ..., Zn+m+1] which is generated by the elements of I¢(V) and
Ic(W) viewed as elements in Clxo, . .., Tnitm+1]-

Definition 2.1. The algebraic set V#W is called the complex join of V and W
and we call the join with a point ¥V := P(C)#V the complex suspension of V.

There are other equivalent ways to define the join of varieties. For example let
C (V) and C(W) be the affine cones of V and W, i. e. C(V) is the zero set of Ic(V)
in C**!. Then the join of V and W is uniquely determined by

C(VH#W) := C(V) x C(W) .

From the second definition we deduce that the dimension of V#W is dimV +
dim W + 1, and one also obtains VAW = (V#P™(C)) N (P*(C)#W).

The join of two varieties is again a variety, and one wants to calculate the degree
of the join of two varieties:

The varieties V#P™(C) and P"(C)#W intersect transversally, hence by Bezout
[19, Chap. 5, Thm. 5.16]:

degV#W = deg(V#P™(C)) - deg(P"(C)#W)
= degV -degWW .

By linear extension to algebraic cycles the join defines an associative pairing on
Chow varieties:

CT1,d1 (]Pml ((C)) X CT27d2 (Pnz ((C)) - CT1+T2+1,d1d2 (Pn1+n2+l((c))'
Proposition 2.2. The complex suspension ¥ : Cr—1,4(P"1(C)) — C,.q4(P"(C)) is
algebraic and hence continuous.

k
Proof. Let F(u',...,u") be the Chow form of V.= Y n;V; € Cr—1.4(P"71(C)).

m=1
Let u' = (u},...,u}), i = 1,...,7, and let v} € Q be algebraically independent
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over C(ul,...,u"), k=0,...,n,j=0,...,7.
For suitable Ql € (C (u?,...,u")) ,1=1,...,d, the Chow form of V splits:

I=1k=1
1 1 d
e Z u11 ..... uZd Z pG’(ll) ..... po_(Zd) ,
1<i1 <---<ig<n UEZ(i17...,id)
=Gy, i, (W2 u")
such that Gy, ;, € C[u?,...,u"]. The group X(i1,...,i4) is that subgroup of 3,
which only permutes the numbers i1,...,i4 € {1,...,n}. Each 1_9[ is contained in
one of the V; and is a solution of the following equations:
(u',z) =0, 1=2,...,7.

On the other hand the Chow form of ¥V is obtained from points gl of one of the
¥V, which are solutions of the equation:

1,1 1
UO 'Ul . e Un 1‘0
s z | =0
T T T
vy U] vy, T,
This equation is equivalent to
1 1 1
) A [P (% To
0 vy —ovhd ... v2ef—ovlvd 1
= O 5
0 vivg—ovtvy ... vlod—olvh T
= A
and the entries of the matrix A are algebraically independent over C (u!, ..., u").
Step 1: Observe the following injective ring homomorphism:
¢: Cl?,...,u" %0 — C[R°%...,07,
' i 01 1,0 F_ _
uy, — VU5 — VG, =2, ., k=1,...,n,
c — c Ve e C% '] .

It is extendable to an automorphism ¢ of 2. Then one obtains:

1,1 1

Vg v5 fug

o 0 wuy ... wu;
v (A) = .

Now one can calculate the points ¢' from which the Chow form of ¥V arises:

gz = (t17§0(p’i)7---7<p(p11))3 ) i: 17"'7d7
b= ue) + -+ ()
3 ’Ué .

With this one determines the Chow form as in Construction 1.7. We start with the
form G using the notations of 1.7 multiplied by (v$)?. Let I be the index set
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I = {(i1,...yig) € NI |1 <y <-ov < <myl <dgyq < o0 < ig < n} for
0<k<d.
d n d n
G ...,v") = (v})? HZ(];-’U? = H vhtivg + Zvégo(p;-)vo
i=14=0 i=1 j=1
n
=TI [ —(le@) +- + vho@i))ed + Y voe))v)
i=1 j=1
n n
=TI [ -o0D_vjelm)) +v5 ) ewi)ef
i=1 j=1 j=1
d
k d—k
= Z Z(_Ug) Ui11 e Uilk (’Ué) ’Uz(')k+1 e U?d Z (p(p(r(zl)) (pa'(zd))
k=0 Iy UEZ(i17...,id)
k d—k d
= ZZ(—US) Uill e 'Uilk (”5) U?Hl e 'U?d TP Z p(lf(il) " Po(ig)
k=0 I €S (i1, yia)
d
k d—k
=3 (v e Vg, (0g) Fvp e 0 @Gy, iy (WP, u)
k=0 I

This calculation shows that the coefficients of the form G are polynomials in the co-
efficients of Fy,. These polynomials depend only on the dimension, the codimension
and the degree of V.

Step 2: The form G € C[v°,...,v"] is homogeneous of degree d in v°,v?, ... v"
and homogeneous of degree rd in v'. Therefore G is not the Chow form of ZV but
as in Construction 1.7 there is a T € C(v!, ..., v") such that

G@°,...,v") = FZV(QO, oo T

where Fyy denotes the Chow form of ¥V. Let Ty € Clv',...,v"] be the common
denominator of T'. Then T has to be a divisor of Fyy, in C[v°,...,v"]. But this can
only happen if 71 € C*, because the irreducible factors of Fyy  are polynomials of
positive degree in v°. This proves that 7' € C[v!] and T is homogeneous of degree
(r—1)d.
For the case r = 1 the theorem is proved. For the case » > 1 one has to show that
T(v') = (v})"~V9, Without loss of generahty assume that V is a variety:

Step 3: Determine the zero set of T'(v!) as a polynomial in C[v!]:
Let w = (0,v,...,v}) and @ = (v},...,v.). Then one obtains:

ren

:Z Z (o) ol ol 097 F0) ) o(Gy Ly (W)

= Z (=00) vy oo iy - Gy g (08 08 0 )

= (_Ug)d Z Uill' Uzld (Ug)d """ (Ug)d G’Ll ﬂd(iv' 7@)
1<in <-<ig<n
= (_Ug)d . (Ug)d ..... (vg)d Z vill . ""Uild Gy g (@, )

1<ip < <ig<n

= (=uf)* () wp)* Fr (@, ..., ).
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But Fy (@, ..., w) must be zero, because the dimension of V' is greater than 0, and
Fy(@,...,w) is a divisor of a resultant which has to be 0. It is easy to show that
the Chow form Fyy (v°, w,v?,...,2") # 0 using the property that Fyy generates
the radical of a resultant. Therefore T'(0,v:,...,vL) =0 for all vf,... v} € Q and
hence v} divides 7.

Now we claim that v§ is the only irreducible factor of T': Suppose T'(w) = 0 such
that wo # 0, w € P*(C). We may assume wg = 1. For the Chow form of XV one
has

Fw(yo,w,f, conv") =0iff (pw) =0forallpe YV N H,__1y.

But this would mean (z,w) € C[z] is an element of Ic(¥V) because ¥V N H,,_(_1)
contains general points of ¥V. This implies that wg = 0, because (z,w) is irre-
ducible and Ic(¥V) is generated by elements in Clz1,...,2,]. This is a contradic-
tion to the assumption wg = 1.

On the other hand we have G(v°, w,v?,...,v") = 0, because T'(w) = 0. That
means there is a point p € YV satisfying the following equation:

0 0 0
Vg vy . vy,
1 wi e wk T
2 1,2 2 1,2
0 vf —wyg Up — Wyl =0,
: : T,
0 o] —wiv ol — wivd
1 10 n n Y0
which is equivalent to
vyl vy
1wl wk o
2 2 2
Vg U1 Un, : =0 ,
: Ty
T T T
vy vl ... Uy

because in the case where V' is irreducible, the form G equals ¢(Fyy ) up to a
factor in C[v}]. But this means that Fyy (09, w,v?,...,v") = 0, which leads to a
contradiction as above. O

As a corollary we obtain that the complex join is an algebraic map:
Theorem 2.3. The join map
Crvots (B™ (€)) X Cry (B (C)) — Crptraanas (B F7271(C))
is algebraic. In particular, it is a continuous map.
Proof. The image of the continuous map (F#P™2, P™" #):
Cruyds (B™) X Cry oy (P™2) — Cryomy 1, (B2 X iy 41,0, (P72

consists only on pairs of cycles whose irreducible components intersect transversally.
Therefore the intersection pairing is well defined and analytic on the image of
(#P™2, P™14) [1, Thm. VI.2.10 and p.142]. The Chow varieties are compact and
hence the join is algebraic by GAGA (e.g. see [10, Chap. IV.1]). |
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Now we want to define stabilizations of Chow varieties. For this purpose let
L € C,1(P"(C)) be a fixed linear subspace. Further let inc be the map of Chow
varieties, which is induced by the inclusion
inc: P™(Q) — PrHL(Q)
(p07"'7pn) — (pOa"'apn70)

The following diagram is commutative:

Cras1(P(C)) Cras1(P™(C))
/ /
r
Cr.a(P™(C)) me s Cpa(PmY(C)) ¥
l r
¥ Cri1,a+1(P"TH(C)) = Cry1,a+1(P"H3(C))
+¥L l +¥L
Cr1,a(P"H(C)) Crp1,a(P"H2(C))

The map +L is obviously continuous. The continuity of the map inc follows directly
from the definition of Chow forms. Hence we can define several stabilizations of
Chow varieties:

Notation 2.4.
C.(P*(C)) := liglcT,d(]I””(C)), D(d) := lim C, 4(P™(C)),

rn

C:=lim C.4(P"(C)),  &:=]][D(a).
d

r,d,n

From the examples 1.13 one deduces that Co(P™(C)) is homeomorphic to the
reduced infinite symmetric product éf’(P" (€)), and that D(1) is homeomorphic to
BU, the classifying space of U-bundles.

The spaces C.(P"(C)) and C are commutative topological monoids by formal
addition of cycles with unit L, and € is a commutative topological monoid by
formal addition of cycles with unit () the empty cycle.

Intertwining coordinates, the join pairing extends to a multiplicative pairing on

C, ¢, and D(1), which on the latter space coincides with the Whitney sum on BU.
In the next section the homotopy type of C will be determined.

3. THE COMPLEX SUSPENSION THEOREM

The following theorem is due to H. B. Lawson [14]. We are providing a more
algebraic proof of the theorem, as well as giving a few more details.

The Complex Suspension Theorem 3.1. The complex suspension
¥: Cr(P™(C)) — Crpa(B"TH(C))

is a homotopy equivalence.
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As in [14] the theorem will be proved in two steps. First one can show that
YC, a(P"(C)) is a strong deformation retract of a space 7y C Cr41,4(P"T1(C)). The
second step is to show that the inclusion 7 < C,.11(P"T}(C)) induces isomorphisms
on homotopy groups.

Definition 3.2. Let P*(C) C P""!(C) denote the hyperplane given by the equa-
tion zg = 0. Then define

14 := {Z”sz € Crr1,a(P"TH(C)) | Vi ¢ P*(C) ,i =1,. ..,m} '

i=1
Fixing an element of 77, whose intersection with the hyperplane P*(C) is the base
point of C, 4(P™(C)), one defines 7 := lim 7j.

d—oo

Let V € Cpi1,4(P"™(C)) and Fy be the Chow form of V, and note that V is
an element of 7y iff Fy (u°,...,u",e) # 0, e = (1,0,...,0). This is obviously true
for varieties, since Fy generates the radical of a resultant by 1.10. Hence it is also
true for cycles. This condition is polynomial in the coefficients of Fy ; hence 7y is
a Zariski open subset of C,41,4(P"T1(C)).

We first construct a homotopy ¢ on Chow varieties, induced by

Prtl(C) x Ry, — Pr+L(C),
((p07"'7pn+1)7t) — (tpﬂvplv"'7pn+1)-
The map ¢ retracts 7q to 3C, q(P™(C)). But first one has to check how this induced
map is defined on Chow forms.

Lemma 3.3. LetV € Cpry1,4(P"1(C)) and Fy (u°,. .. ,u 1) its Chow form. Then
@(V,t) has the Chow form Fy (*u°, ... 'u"*1), where 'u’ = (tuf, ul, ..., ul ).

Proof. Let V be a variety and f1, ..., fr homogeneous generators of Ic(V). Then
Fy generates the radical of the resultant of

fl(xOJ"'7$n+1)7"'7fk(x07"'7x7’b+1)7 : :
U6+1 e u;'_"’__]i Tn41

The Chow form of ¢(V,t) is the generator of the radical of the resultant of

0 0
Ug N u 1 X0
1 1 m
fl(g:r’()a--';xn+l)v---7fk(¥$05--~71‘n+1)7 . .
r+1 r+1
Ug o U Tn+1

which is obviously the same as the radical of the resultant of

0 0 0
tug uy o Upgg Zo
fl(x07"'7$n+1)7'"7fk?(x07"'7x7’b+1)7 : : :
r+1 r+1 r+1
tug Uy T Uply Tn41

The algebraic independence of the uf remains invariant under multiplication with
t; hence the lemma is proved. O

Suppose V lies in the image of ¥. Then the vanishing ideal of each irreducible
component is generated by polynomials in C[zy,...,%s+1], which means g does
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not appear in these generators. Hence one obtains directly from the proof above
that

¢( 1) Iye, (B (C))= re. an(c)) VEERL .

On the other hand the algebraic independence of the uf remains invariant under
the multiplication with ¢ which implies

Fy@®,...,u",e) #0 <= Fy('u°,...'u" te) #0.

Hence ¢(74,t) C Tg. We claim that ¢ extends continuously to 73x]0,00]. The
following lemma is very useful for this purpose:

Lemma 3.4. Let V € Cry1.4(P"1(C)) be a variety and Fy be a fized representa-
tive of the Chow form of V. Suppose

Fy(td®, ...ty = thV(go, U™ Ve €,
then V' lies in the image of ¥ and k = d.

Proof. Let {p',...,p"} be the intersection of V with a C-general (n—r)-dimensional

linear subspace H,,_,. Then the Chow form Fy splits in C(u!, ..., u" +1)[u]:
Fv(tﬂo, . ,tg'r—i-l) — thV(ﬂOa . ’Qr+l)
th
= a1t )
i=1
Lk d n+1
= 22 LT | poctud) + > _(twj)uf
i=1 j=1
t’“10"+1t’“10d i0n+1i0
= t—dpo(tuo) + Zl(t_dtpj)uj _H2 po(tug) + Zl(tpj)uj .
j= i= j=

(ph, tpt, ..., tpl, 1) is a general point of V for every t € C*. Hence (tp§, p}, ..., p%4q)
is a general point for V, too. One has pj) # 0 unless k = 0. Now let f € I¢(V) and
observe that tpf is a zero of f(xo,p},...,p44,) for every t € C*. But this means
that the polynomial has infinitely many zeros and hence there must be a set of
generators of Ic(V) which are constant as polynomials in xg. Therefore V lies in
the image of ¥. Hence k = d because (u3)?t? is a monomial of the Chow form of V
whose coeflicient is constant in ¢. O

Now we want to extend ¢: Let V' € 73 and Fy be a fixed representative of
the Chow form of V. Let k be the degree of Fy (‘u, ... ,'u""!) as a polynomial
in ¢t. For {¢, € ]0,00[}nen one obtains a sequence {¢(V,t,)}nen in the Chow
variety. If one divides the n-th element of this sequence by (t,)*, the sequence
remains invariant, because Chow forms are only determined up to a factor in C*.
If lim ¢, = oo we obtain that the original coefficients of (¢,)* remain invariant

n—oo
and the original coefficients of (tn)l , I < k, tend to zero, showing that the se-
quence is convergent. Therefore ¢(V, 00) 1= tlim ¢(V, 1) is an element of the Chow
— 00

variety Cpy1,4(P"T1(C)). Furthermore we have already seen that the Chow form
Fyv,e)(tu’, ... 'u"t1) is homogeneous of degree k as a polynomial in ¢.

If one could check that this degree k in t equals d, then by 3.4 the map ¢
retracts 7y to ¥Cp 4(P™(C)): The degree k in ¢ cannot be lower than the degree d
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of V, because the monomial (u)?¢ appears in the Chow form of V' € 7;. Hence
k>d.

On the other hand from Lemma 3.4 for each irreducible component V; one knows
that Fy(v, o0)(‘u’, ..., "u""!) is homogeneous of degree deg V; or of degree zero
as polynomial in ¢. But in the case where the degree is zero for one irreducible
component one obtains k < d. This contradicts k > d. Hence k has to be d. This

proves the following lemma:

Lemma 3.5. The map ¢ : Ty x [1,00] — Ty is a homotopy, which retracts Ty to
¥C:r a(P™(C)).

The first part of the complex suspension theorem is proved. We need some
preparations for the second part of the proof, where we have to check that the
inclusion 7 < C,41(P"™}(C)) induces isomorphisms on homotopy groups:

Notation 3.6. In the following let z; := (1,1,0,...,0) € P"*2(C) and

r+1.dE" €)= A{V € Cryr,a(P"T2(C)) | 21 & supp(V)} -
Further let pry : P"*2(C) — {z,} — P"*1(C) be the projection from z; onto the
hyperplane given by the equation xy = 0.

Suppose V' € Cl. . 4(P"*(C)), then the algebraic set pri(supp(V)) has dimen-
sion r 4+ 1 because the projection is an algebraic map, and the restriction pry |V
has finite fibers (otherwise z; € V). Now we want to define a map my for cycles
Vel 4(P"3(C)) such that supp(mi(V)) = pri(supp(V)).

Let 6 be the following ring homomorphism:

0 : C[u07'."7g7‘] — C[Qov"j7ﬂr]a
u}) — —ul, i=0,...,m
z — z vz e Cla@°,...,a",
where @ := (u), ... ,ufl_ﬂ) and u/ = (u),... 7U£L+2)'

Lemma 3.7. 6 maps the Chow form of a cycle V € C. | 4(P"T*(C)) to the Chow
form of a cycle, which is denoted 71 (V), in Cpry1,a(P"T(C)), such that

supp(m1 (V) = pri(supp(V)) .

Proof. Let V' € C| ., 4(P"*3(C)) be a variety and Fy be the Chow form of V.
Further let fi,..., fi € Clzg, ..., Tyt2] be homogeneous generators of the vanishing
ideal of V, and let g1,...,9; € Clz1,..., 2y 2] be homogeneous generators of the
vanishing ideal of prq (V). Fy is the generator of the radical of the resultant of the
following equations:

ug  uf u 4o
(2) filw) == fulx)=| ¢ : z=0 .
up uf e Upgo

But the resultant of (2) is surjectively (R. 1.9) mapped under 6 onto the resultant
of

_u? u? .. u2+2
(3) filz) == felz) = z=0
—ui  uj Upto
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Therefore the radical of the ideal which is generated by 8(Fy )in C[@", ..., 4"] is the
radical of the resultant of (3). But the resultant of (3) is the same as the resultant
of

I -
(4) @) =-=g@)=| : S : =0.
uy Up o Ln+2
To check this let v°,...,v" € Q"*2 be a zero of the resultant of (3). That means
the equations
_U? U? . Ug+2
filz) == fi(z) = S : z=0
—vp vy Vpt2

have a solution (qo, . .., qnt+2) € V. But (g1 —qo, G2, - - -, Gn+2) is contained in prqy (V)
and therefore a solution of the equations

’U? PR v;+2 xl
gi(z)==gz)=| : ; : : = 0.
vy Upyo Tn-2

Therefore the radical of the resultant of (4) is a subideal of the radical of the
resultant of (3). In the analogous way one checks the inverse inclusion.
This shows that §(Fv) = F7 ) for some m € N — {0}. Since 6 is a homomor-

S
phism of rings, we obtain for an arbitrary cycle V = Y n;V;:

=1
(V) = ()™ o ()™
for some myq,...,ms € N— {0}, where Fy, denotes the Chow form of V;.
This proves that §(Fy ) is a Chow form of multidegree d and the support of the
cycle 71 (V'), whose Chow form is 6(Fy ), is pri(V). O

Notation 3.8. The Chow variety C,4+1.4(P""2(C)) of effective divisors of degree
d can be identified with the equivalence classes of homogeneous polynomials in
Clzo, - . ., Tnt2] of degree d (Lemma 1.13), where f ~ g iff f = zg for some z € C*.
Let Div/, C Cpi1,4(P"2(C)) denote the set of cycles

Gnt2

. . io DR
E : a10>»»»,1n+2$0 $n+27

905y 2=0d

such that Qq,o0,...,0 7é 0 and E Qi i ,0,..., 0= 0.
i0+i1=d

Divl; is a quasi projective algebraic subset of Cy,+1 .4(P"T2(C)) of codimension 1.
Hence it has dimension ("*2%) —2. Because elements in Div/; are only determined
up to a factor in C*, we can suppose aqo,..0 = 1. The space Div/ is an affine
subspace of Cp,41,4(P"+2(C)), hence it is contractible for instance by the following
homotopy: Let I be the index set I := {(ig,...,in+2) € No | 0 + *+* + tpyo =
d,io # d}.

D Div}; x [0,1] — Divl,

d i0 Gn42 d i0 in42
(‘TO + E Qig,...ing 2L " T2 t) Zg + Z t- Qig,...yint2lo *" " Tpg2-
I I
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®(Div)},0) is the hyperplane zp = 0 with multiplicity d. Simple calculations show
that zo := (1,0,...,0) and z; := (1,1,0,...,0) are not contained in the support of
any cycle in Div/,.

Now we are able to define a map which will prove the second part of the complex
suspension theorem:

Definition 3.9.
U =7 0N0 (,®):Cry1.a(P"T(C)) x Divy, x [0,1] — Cpy1.ax(P"TH(C)) ,
where N denotes the intersection of cycles in the sense of Barlet [1].

We want to check that ¥ is well defined: First we have ®(Divy, [0, 1]) C Div,.
Each irreducible component of a cycle in ¥C,41,4(P"*1(C)) meets the point z,, and
zo is not contained in the support of any element in Divj. Therefore a pair of
cycles in ¥C,11,4(P"(C)) x Divy, is in general position and the intersection is well
defined. The support of the resulting cycle is just the geometric intersection of the
supports of the original cycles. Hence the support of the resulting cycle cannot
contain the point z;, because z; is not contained in the support of any cycle in
Divj,. That means the map 7 is well defined in this situation.

The maps ¥, ®, and m are algebraic and N is analytic; hence ¥ is analytic.
¥ has nice geometric properties. First the map W(_,_ ,0) is multiplication by k.
Moreover it moves subsets of C,+1 ¢(P"T(C)) — 74 to Ty for fixed D € Divj,. On
the other hand ¥ maps cycles in ¥C, q(P™(C)) to cycles in ¥C, qx(P™(C)).

Lemma 3.10. The map ¥ |Z)Crd(]Pm((C)) x Div, x [0,1] is the map which sends a
cycle V€ ¥Cp q(P™(C)) to the cg,/cle k-V.

Proof. The support of an element in ¥C, 4(P"(C)) can be viewed as a union of
points lying on lines through points (0,p1,...,pnpr1) and (1,0,...,0) in P*+1(C).
Therefore it suffices to check the case r = 0 and d = 1. U first takes the complex
suspension of this line [. The complex suspension is cut with a cycle D € Divy,
and the common points of D and [ are projected from z; to the hyperplane zo =0
in P"*+2(C). See Figure 1.

Therefore the support of ¥(l, D,t) is a closed subset of ! which has dimension
1. But a closed 1-dimensional subset of a line is the line itself. Hence ¥ (I, D,t) =
k-l O

For a fixed D € Divj, the map ¥ is a homotopy. We now determine which
divisors D € Div}, move V € Cpy1,4(P"1(C)) to an element in Zgy.

Lemma 3.11. Let my denote the projection from z, onto the hyperplane xo = 0.

There is an isomorphism F := (my |—3 )~L PPHY(C) — 7 H(PR(C)) such
™

1 (P*(C))
that

U(V,D,1) & Ta, = F(supp(V)) C supp(D) .

A proof of this lemma is given in [14, pp. 286, 287], where no arguments of
continuity are needed, one only has to check this pointwise.

For a fixed cycle V' € Cpy1.4(P"T(C)) let B(V) denote the set of those cycles
D € Divj, such that W(V, D, 1) & Tg,. As one has already seen B(V) = {D € Divy, |
F(supp(V)) C supp(D)}. In general B(V) is a proper subset of Divy,.
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FIGURE 1

Lemma 3.12. Given V = 5 n;V; € Cry1.4(P"T1(C)), the complex codimension of
i=1
B(V) in Divj, satisfies:

1
codimg B(V') = max codime B(V;) > (r + : + ) —1.

Proof. We expand the ideas of [14, p. 288] (see also [8, p. 83]). It suffices to check

the case m = 1, therefore let V be a variety. The embedding of V' in P"*2 can be

viewed as an affine variety in C"*2? = P"+2(C) — H, where V ¢ H and z, € H.
n+2

So H is the zero set of > a;x; for some aq,...,an42 € C. First we want to check
i=1

that if V' ¢ H then F(V) is not contained in H:

Let p:=(0,p1,...,pns2) € V C P"2(C). It follows directly from the definition
of F' (Lemma 3.11) that F'(p) = (=p1,p1,.-.,Pnt2). Hence if p ¢ H, which means
n+2

Zl a;p; # 0, then F(p) ¢ H.
i=

For simplicity we assume H to be the zero set of x,12 = 0. In this situation the
set Divj, can be viewed as a subset of the polynomials of degree < k in zq, ..., Zp41.
And the set B(V') C Diwvy, is the set of those polynomials, which vanish on F(V) N
Ccr2,

Since F(V) is r + 1-dimensional, if one projects F(V) N C"*? onto a linear
subspace of dimension r+1, then without loss of generality the image of F(V)NC"+2
has dimension r + 1, too, because F'(V) N C"*2 contains regular points. Up to
linear isomorphisms one can suppose the linear subspace to be the zero set of
Lrg1 = = Tn41 =0.

In this situation a polynomial f € C[xy,...,z,] can only vanish on the image of
F(V) N C"2 under the projection, if f = 0. This is obvious, because the zero set
of f is a r—dimensional subset of the linear subspace.
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Therefore the complex codimension of B(V) in Cpy1,(P"1(C)) is greater or

equal to the dimension of the space of polynomials in Clzo, ..., z,] of degree < k.
This is (T+Z+l). Because Div}, C Cp41,5(P"12(C)) has codimension 1 the lemma is
proved. O

Now let B denote the following set:

B o= (Ve pr1(0)) x Divy x (1)) Crenas®™H(C)) = Tar)
= {(V.D) € Crar a(B™(C)) x D}, | (V. D. 1) & Tus}

The set Cry1.dk (P"+1(C))—Tas is an algebraic set and W is an analytic map, hence B
is an analytic set. Let V € C,41.4(P"T!(C)) then (V x Div},)NB C B(V). Therefore
the codimension of B is greater or equal (""#*!) — 1. Now choose E(r,d) € N such
that ("TFT) — 1 > dim C,11,4(P"1(C)), Vk > E(r,d). Further denote by pra the
projection from C,41,4(P"(C)) x Div), onto the second factor. Then one obtains
dimpra(B) < dimB

< dimCppr,¢(P"HY(C)) + dim Divj, — (") 4+ 1
< dim Divj, .

Hence the projection from B on Divj, cannot be surjective Vk > E(r,d). There-
fore one obtains a cycle D € Divj, for each k > E(r,d) such that the map
U 2 Cryr,a(P"TH(C)) x {D} x [0,1] — Cpy1,ax(P"T(C)) has the following prop-
erties:

U(V,D,0)=k-V and U(Cry14(P"T(C)),D,1) C Ta. .

To finish the proof of the complex suspension theorem one has to check that the
inclusion i : 7 < C,41(P""1(C)) induces isomorphisms on homotopy groups. For
this purpose let ¥P"(C) be the basepoint * of 7 and C,41(P"*1(C)). First of all
the monoid C,41(P"*'(C)) is connected. This is obvious from the properties of
V. Furthermore, the addition on homotopy groups, which is induced by the H-
cogroup structure of the spheres, coincides with the addition which is induced by
the topological monoid structure of 7 and C,41(P"1(C)).

Surjectivity: Let o € m;(Cr11(P""!(C))). There is d € N such that o : $7 —

Cri1.a(P"H(C)). For k > E(d,r) there exists oy € 7;(Tqx) such that i, [o] = [k-a].
Therefore a1 — o € m;(7T) and iy [ogy1 — o] = a.

Injectivity: Let § € m;(7) such that i,[5] = *. Without loss of generality
suppose 3 : S7 — YC,.(P*(C)), because ¥C,(P"(C)) is a deformation retract of 7.
Now there is a map h : S7 x [0,1] — C,y1(P"T1(C)) such that h( ,0) = i.(3) and
h( ,1) = . There exists d € N such that (57 x [0,1]) C Cr41,4(P"*1(C)). For each

k > E(d,r) there exists hy : S7 x [0,1] — g such that i.[hg] 2 [k - h]. Because
U restricted to ¥C, 4(P™(C)) is multiplication by d one obtains hy( ,1) = * and
hx( ,0) = k- 8. In this situation one obtains (hg1 — hy) : S x [0,1] — 7 such
that (hgt1 — he)( ,1) =+ and (hgr1 — hg)( ,0) = 5.

The complex suspension theorem enables one to determine the homotopy type
of the monoids C, (P"(C)).
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Corollary 3.13. The topological monoid C.(P"(C)) is homotopy equivalent to a
product of Filenberg—Mac Lane spaces:

Q) ~ ]:[ K(Z,2i)
=1

Proof. Let H be the unreduced singular homology theory. By Dold/Thom [7, Satz
7.1] we have

SP(P""(C)) =~ [ K(H:(P"7(C), Z).3)
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Hence G, (P*(C)) 2 ... £ ¢o(P"—7(C)) = SP(P""(C)) ~ 7_11ij(2, 2). O

It follows that C is homotopy equivalent to the weak product [] K(Z,2i). The
i>0
naive group completion of € = [[D(d) is then homotopy equivalent to C x Z [15,
d
Thm. 5.4] using the complex suspension theorem and Dold/Thom [7, Thm. 6.10.II1].
The naive group completion of € is homotopy equivalent to the homotopy theoretic
group completion QB(€) by [16, Thm. 4.4’]. Hence we obtain QB(¢) ~ [[ K(Z,2i).
i>0

The inclusion BU 2 D(1) < C represents the total Chern class [15, Thm. 3.6].
Assuming continuity Boyer, Lawson, Lima—Filho, Mann and Michelsohn [4] proved
that there is an Z,—functor T [17] which induces an infinite loop space structure
on QBE€ compatible with the infinite loop space structure on D(1) & BU induced
by Whitney sum of vector bundles. Hence the total Chern class map is an infinite
loop map.

4. THE CONTINUITY OF THE Z,—FUNCTOR DEFINED BY CHOW VARIETIES

The authors of [4] provided a framework for producing an Z,—functor (cp. [17,
Def. 1.1.8]) from Chow varieties. Here we show, how continuity assertions in [4] can
be derived in the language of resultants. The continuity of the Z,—functor T follows
from the following lemma.

Lemma 4.1. Let V. C C™ be a n—dimensional vector space and W C C™ a p-—
dimensional vector space. If f : V — W is a linear, isometric embedding, then the
map

Tf: ]E[Cn—l,d(P(V ev) — ]E[CP—lvd(P(W oW))
c — P(f(V)* @ {ow})#(f & f)«(c)
is algebraic.

Proof. The complex join is algebraic and building orthogonal complements is an
algebraic map on the Grassmannian. Hence it suffices to check that

(f@f). ]_[cnld (Vo) —»]_[cnld P(W & W)

is algebraic. We shall calculate the Chow form F{sq ), (c) of the cycle (f @ f).(c).
We can extend the map (f @ f) to an automorphism of the vector space C*™ by
choice of the orthogonal complement of V' @V in C?™. This automorphism is given
by an invertible (2m x 2m)-matrix A over C.
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Without loss of generality suppose ¢ to consist only on one irreducible compo-
nent. Let g1,...,9x € Clxo,...,Zom—1] be homogeneous generators of the vanish-
ing ideal of ¢. Then (f @ f).(c) is the irreducible zero set of

g1(A7 ), gr(AT )
The Chow form F, of ¢ generates the radical of the resultant of
0 0

Ug T Uy
gi(z) = = gi(z) = : : x=0 .
ug ™t gty

The solutions of this equations are the same as the solutions of

w) e ud,
(5) gl )= =g(Az)= : : A7z =0 .
ug_l u;r:Ll—l

Therefore F, generates the radical of the resultant of (5), too. The following map
is a ring automorphism:

Pr - C[QO’.'t7£n—l] - C[Qoa'_'wﬂn_l]v
u; — (wA);, i1=0,....n—1,7=0,...,2m — 1,
z — z Vz e C,
because the (giA)j are algebraically independent over C, i = 0,...,n—1, j =
0,...,2m—1, for the entries of A are elements of C. The equations (5) are mapped
onto
W
6) g ly)=-=gAd =] 5 AAT'z =0 .
ug’_l e ug’_l

Hence ¢¢(F.) = F.(u’A4,...,u" ' A) generates the radical of the resultant of (6).
But Fisg ), () is a generator of the radical of the resultant of (6), too. Hence oy (F)
and F{yg ), (c) coincide up to a factor in C*. But this means that ¢f(F¢) is the
Chow form of (f @ f)«. ¢s depends on an extension of the linear isometry (f @ f)
to a matrix A. But oy (F.) coincides with Fi g ), and is therefore independent of

a chosen extension.
We obtain, that (f & f). is given on Chow forms by the map ¢y, which is
polynomial in the coefficients of Chow forms. Hence (f @ f). and T f are algebraic.
O
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